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On the basis of the current experimental data, a survey is given of our knowledge of the physical

nature and mechanism of direct nuclear reactions—processes in which most of the energy and

momentum of the incident particle is transferred to a single nucleon or to a relatively small group of

nucleons. It is shown why it is particularly advantageous to make use of high-energy particles to

investigate the nature of direct reactions. The interrelationship of nuclear physics and elementary

particle physics is discussed. An outline is given of the theoretical fundamentals of the study of

direct reactions. Consideration is given mainly to the determination of the mechanism of direct

reactions involving three or more particles in the final state. The pole and triangle Feynman

diagrams, as well as an approximate method of allowing for the contribution of other diagrams, are

discussed in detail. The following types of reactions are considered: quasielastic processes, double

charge exchange of pions, elastic pd scattering, the K-d interaction, and the nuclear capture of

pions and kaons. The experimental data are analyzed and compared with the theoretical results.

Desirable directions of further experimental investigations are indicated.
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I. INTRODUCTION

Direct nuclear reactions include those processes in
which most of the energy and momentum of the incident
particle is transferred to a single nucleon or to a rela-
tively small group of nucleons. As a result, one ob-
serves fast particles that are correlated with the direc-
tion of the incident beam, and weakly excited (or com-
pletely unexcited) residual nuclei. Protons and composite
particles show up in many direct processes in the same
way. An example is provided by knock-out reactions like
(p, pd), (p, pa) and (ex, 2a), in which the kinematic picture
is similar to that of a free-particle collision and does
not differ in any way from that of the processes (p, 2p)
or (p, pn).

Practically all known direct reactions are now inter-
preted in terms of a "direct-interaction" picture, i.e.,
a direct collision of the incident particle with a small
group of nucleons which leave the nucleus. Investiga-
tions of recent years have shown, however, that, in spite
of the naive ideas which prevailed quite recently, it is
not a simple matter to test the direct-interaction hy-
pothesis. The solution of this problem is related to a
number of contemporary problems of nuclear physics.

A number of experimental investigations of direct
nuclear reactions are considered in detail in certain
reviews C l " 6 ]

; which, however, are devoted mainly to the
prospects of obtaining spectroscopic information on the
positions and properties of nuclear levels.

The aim of the present paper is to examine, on the
basis of the current experimental data, the state of our
knowledge of the physical nature and mechanism of
direct reactions. This problem has been discussed
earlier in the review literature (see [ 7 " 1 9 ] ) , but the ex-
perimental data and theoretical results which have ap-

peared since then necessitate a fresh examination of
the problem.

The new ideas that have been introduced in the study
of direct nuclear reactions in the past five years are
connected mainly with the utilization of high-energy
particles and with methodological progress in the tech-
nique of multi-dimensional analysis of the data. This
has made it possible to carry out a number of informa-
tive experiments that are dictated by current theoretical
ideas.

1. Why high energies?

High energies are of interest in studying the nature
of direct reactions for the following reasons:

a) The possibility of transferring small momenta and
high energies extends the boundaries of the physical
region and allows one to examine the dependence of the
amplitudes within a much greater range of variation of
the kinematic variables than at low energies. This makes
it possible to observe the irregularities (whose scale is
determined by the value of the binding energy of the
particles in the nucleus) that are characteristic of the
mechanism under consideration. In certain cases, one
can come closer to the singular points of the reaction
amplitude, where the mechanism for the process shows
up more clearly. Moreover, at high energies it is pos-
sible to transfer large excitation energies to the nu-
cleus without significantly suppressing the reaction
probabilities. (This required small momentum trans-
fers, q£ l/R, where R is the radius of the nucleus.)

b) One enlarges the diversity of particles which take
part in the reaction. The utilization of meson beams
makes it possible to realize reactions involving differ-
ent charge states of the incident and final particles un-
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der practically identical kinematic conditions. This
circumstance is important for the determination of
reaction mechanisms, as well as for the study of nu-
clear structure. Direct reactions of pion capture play
a special role in the study of the dynamical correlation
of the nucleons in nuclei.

Reactions involving the virtual production of nucleon
or hyperon isobars, which take place when high-energy
particles collide with nucleons inside the nucleus, con-
stitute an additional source of information about the re-
lation between the nuclear process as a whole and the
"elementary event", owing to the characteristic energy
dependence of its amplitude (a baryon resonance may be,
as it were, an indicator of a direct process).

c) Current ideas about the nature of direct processes
assume their universality (with respect to the scale of
energies). A proof of this would be given by a descrip-
tion of high-energy cross sections in terms of the nu-
clear constants (reduced widths) measured in experi-
ments at low energies.

2. Plan of the review

In what follows, we shall be concerned mainly with
the determination of the mechanism of those direct
reactions in which there are three or more particles
in the final state. The point is that one must carry
out a complex investigation (the measurement and com-
parison with the theory of a large number of charac-
teristics of a reaction) to identify the mechanism. From
this point of view, it is a simpler problem to identify
the mechanisms of reactions involving three final par-
ticles than to ascertain the mechanism of a binary
reaction from the experimental data. This is so be-
cause of the large number of independent kinematic
variables, as a consequence of which the theoretical
predictions are richer. In particular, the various
symmetries that are peculiar to the simplest diagrams
show up more clearly; secondly, there appear moving
complex singularities of the amplitude, which lead to
characteristic irregularities in the behavior of the
cross section as a function of the kinematic variables.
This will be demonstrated below for the case of two
simple mechanisms: the pole and the "triangle" mech-
anism υ . We shall consider the following class of re-
actions: quasi-elastic processes (knock-out reactions),
reactions described by the triangle mechanism (double
charge exchange of pions, pd elastic scattering, and the
K~-deuteron interaction), and the nuclear capture of
pions and kaons. The theoretical foundations of the
study of direct reactions are outlined in Chap. II. We
describe in detail the characteristics corresponding to
the pole and triangle Feynman diagrams, as well as an
approximate method of allowing for the contribution of
other diagrams. This is followed by an analysis of the
experimental data and their comparison with the theo-
retical ideas: in Chap. Ill for quasi-elastic processes,
inChap. IV for reactions described by the triangle mech-
anism, and in Chap. V for the capture of pions and
kaons.

II. THEORETICAL FOUNDATIONS

Current ideas about the nature of direct processes
can be reduced briefly to the following [ 7 > 8 ] . The nucleus
is a dynamical system which virtually emits and re-
absorbs all possible particles. These virtual particles,

which are emitted for a very short time, 10"21-10"23

sec (of the order of the duration of the direct reaction),
form the periphery of the nucleus in the same way that
virtual pions form the periphery of a nucleon, the par-
ticles which are the least bound to the nucleus being
the most "peripheral." A direct process is the result
of the collision of the incident particle with one or with
several virtual particles. This collision causes a nuclear
reaction in which some of the products may be cap-
tured, with the formation of a residual nucleus, while
the others are emitted externally.

A formalism which is adequate for this picture is
the Feynman-diagram technique, which, from the very
beginning, incorporates all particles, including nucleons
and more complex structures like deuterons and a par-
ticles, on an equal footing. In the diagrammatic language,
direct processes correspond to graphs with a small
number of internal lines (i.e., virtual particles), and the
idea of a reaction mechanism acquires a precise mean-
ing in accordance with the diagram which gives the
dominant contribution to the rapidly varying part of the
reaction amplitude 2 ) .

The special advantage of the diagrammatic technique
is that it enables us to avoid the use of nuclear wave
functions. Generally speaking, the system "relativistic
particle + nucleus" has no wave function, since new par-
ticles can be produced. The system "relativistic par-
ticle + nucleon" has no potential. In the traditional
formalism of direct processes, one must make new ad-
justments for all these attributes whenever new mech-
anisms are introduced. In the diagrammatic method, the
basic concept of the theory is not the wave function, but
the amplitude for a real or virtual process. The ampli-
tude for a process always exists. In a direct process,
the amplitude for a reaction on a nucleus is expressed
in terms of the amplitude for an elementary event.

Another significant virtue of the diagrammatic lan-
guage is its generality. It enables us to describe a wide
range of nuclear reactions and to follow the analogy
with processes involving the interactions of elementary
particles.

1. The pole mechanism (single-particle exchange)

It is meaningful to consider some particular diagram
individually only in that region of the kinematic variables
in which it is distinguished from the remaining diagrams;
as a rule, this is the region near the singularity of the
diagram in question. The pole diagram of Fig. 1 has a
singularity in the variable tAB> which is related to the
momentum transfer from the target nucleus A to the
residual nucleus Β:

i A f l = — ( p A — mB){EA — EB)= — - (2.1)

this singularity is at the point t^g = 2miBe; here ρ, Ε
and m are the momenta, kinetic energies and masses,
q is the momentum of the nucleus Β in the laboratory
system, miB is the reduced mass of particles i and B,
and e is the binding energy of particles i and Β in the
nucleus A, given by e = mB + mi— m^ 3 ) . As a rule, this

FIG. 1. The pole diagram corresponding to
the reaction A + x-*-B + y + z.
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singularity of the amplitude is the closest one to the
physical region for the reaction

A+x-*B + y + z (2.2)

in the variable tAB (the physical region for the three-
body reaction (2.2) is determined by the condition tAB
^ 0 ) . We may therefore expect that, in a number of cases,
the pole diagram of Fig. 1 will give the main contribution
in the region of small momentum transfers (q< 100-150
MeV/c) to the amplitudes for processes such as the
(p, 2p), (p, pd) and (π, πΝ) quasi-elastic knock-out reac-
tions, as well as reactions like (η*, 2ρ), (ir~, ny), (ρ, ud),
etc. The problem of how to test the validity of the fore-
going statement is the main content of this subsection.

a) The pole diagram. The amplitude for the reaction
(2.2) corresponding to the diagram of Fig. 1 can be ex-
pressed in terms of the amplitude Γ for the decay

A-+B+i (2.3)

determine the probability of the decay (2.3). If the decay
were actually possible, its probability would be given by
λ= I yl2Q, where Q is the energy release in the process
(2.3) and y2: = Z^jyy. In using the Butler form factors,
we have the following relation between y2 and the dimen-
sionless reduced width Θ2 that is employed in nuclear
spectroscopy C 8>2 1 ]

ϊπ = - (2.8)

and the amplitude M' for the reaction

i + x-+y + z

as follows:

(2.4)

where R is the channel radius, and h;1' is the spherical
Hankel function of the first kind (or the singular solu-
tion of the Coulomb problem, if the particles are
charges) 4 ) .

The amplitude M' can also be expanded in invariant
amplitudes which depend only on the invariant variables
t x z (defined in analogy with (2.1)), syz (to within a factor,
coinciding with the energy of particles y and ζ in their
c.m.s.) and, generally speaking, since particle i is
virtual, on the square of the 4-momentum of this par-
ticle (which is uniquely related to tAB)Cl8'2°'23:l· The
corresponding formulas are given in Appendix I. To
illustrate the spin structure of the pole diagram, we also
give there a graphical scheme for summing the Clebsch-

[24J

mA

ι ν* ρμΒμ; /Λ/'Λ
μζ. in 5) Gordan coefficients that occur in evaluating I Ml , the

q2-j-x2 ±-l A tx snnarp nf thf» mnrinlns nf thp matrix plpmpnt. snmmpH

here /c = (2mBie)1/2, and μ.^ is the spin projection of the
k-th particle in the z-axis. It is convenient to extract

square of the modulus of the matrix element, summed
over the spin states of the final particles and averaged
over the spin states of the initial particles:

βββϊ
the spin dependence in the quantity Γμ^ in an explicit
form and expand it in invariant form factors F, which
are functions of tAB alone (or, equivalently, functions
of the relative momentum of particles i and Β, which
coincides with q) C l s ' 2 0 ] :

= 2n Σ Ylm (ηίΒ). (2.6)

(2.9)

With the normalization which we have chosen for the
amplitude and with allowance for the laws of conserva-
tion of energy and momentum, the differential cross sec-
tion for the reaction (2.2) with unpolarized particles is
related to I Ml2 by the equation

The quantities J and μ have the interpretation of the
total spin of particles i and Β (the channel spin) and its
projection I, the orbital angular momentum of the rela-
tive motion of particles i and Β in the nucleus A, and
niB is a unit vector in the direction of the relative mo-
mentum of these particles. By virtue of the conserva-
tion of spatial parity, the expansion (2.6) contains either
only even I (if the product of the intrinsic parities of the
particles A, B and i is +1) or only odd I (if this product
is -1). The F;j(q) are form factors characterizing the
momentum distribution of the virtual particles, nor-
malized by the condition F;j(i«:)= 1. For small q~ l/R,
where, strictly speaking, it is meaningful to consider
only the pole approximation (R is the channel radius,
i.e., the minimum distance between the particles i and
Β for which their relative motion may be regarded as
free or determined entirely by the Coulomb interaction),
the structure of the form factor is determined mainly
by the quantity R, and a good approximation is provided
by the so-called Butler form factor C 8 ] , which corre-
sponds to allowance for the wave function of the relative
motion of particles i and Β only for r >R. The Butler
form factors are independent of the channel spin. We
quote their forms for / =0 and 1:

F(,{g) = e-xR (c

d'a P\PU

-1 Λ/ Ρ; (2.10)

ΪΓ-J}
(2.7)

We note that F;(q)~(qR)* for q R « l .

The constants y£j, known as the reduced vertex parts,

dQz da,, dEy .lab """ (2π)» px | pz (ωζ — ωο)/ωζ — pxzx! —

here dUz and dily are the elements of solid angle for
the final particles, ζχζ and zyz are the cosines of the
corresponding angles, ω0 is the total energy of the
colliding particles, and ωβ, ωχ, Wy and u>z are the
total energies of the corresponding particles in the
laboratory system. The problem of how to express the
other experimentally observable characteristics in
terms of I Ml2 is considered in detail in the review [ 2 5 ] .
In Appendix II we quote a number of formulas which
express da/dq, da/dpz, etc., in terms of the differen-
tial cross section for the reaction (2.4).

b) Cases in which the cross sections factorize. In the
case of unpolarized particles, the amplitude for the re-
action (2.2) factorizes in the pole approximation, i.e., it
can be represented as a product of two factors, one of
which refers to the left-hand vertex of the diagram of
Fig. 1 and depends only on t^B. while the other is the
amplitude for the virtual reaction (2.4) and is a function
of t x z , SyZ and tAB (tAB appears because of the de-
pendence of this amplitude on the square of the 4-mo-
mentum of the transferred particle i). Thus, the am-
plitude depends on only three invariant variables, while
in the general case the number of such variables is five
for the five-point function (one may add, for example,
SAX and SBy, which are related to the energy of the
initial particles and the relative energy of particles Β
and y). This circumstance leads to an isotropic distribu-
tion in the Treiman-Yang angle (see below). Moreover,
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the cross section for the process (2.4) appears simply
as a factor in the cross section for the reaction (2.2).

In the general case of particles with spin, the sum-
mation over the spin states of the virtual particle in Eq.
(2.5) leads to a breakdown of factorization, and the prob-
ability for the reaction (2.2) does not reduce to a product
of the probabilities of the virtual processes A —B+i
and i + x—y + z. However, if the virtual particle i is
nonrelatiyistic (for this, particle Β must be nonrela-
tivistic in the laboratory system, and the binding energy
of particle i in the nucleus A must be much less than
the mass of this particle), then there exists a wide class
of reactions for which I Ml2 factorizes [ 2 0 j . In this case
I M'l2, the square of the modulus of the amplitude for the
reaction (2.4), averaged over the spin states, appears
as a factor 5 ) :

\M Γ = iai21w I y " iz I F u w la ιM> ι2- ( 2 . i i )

in turn is related to the differential cross section
for the reaction i + χ — y + ζ6) .

dQ cm. (2π)2(ω,,+ω2)2 p,
(2.12)

where all quantities refer to the c.m.s. of particles y
and z.

Thus, just as in the spinless case, the differential
cross section for the reaction (2.2) contains the cross
section for the reaction (2.4) as a factor. Let us list the
cases in which the square of the modulus of the ampli-
tude factorizes:

1) The spin of the virtual particle, ji, is 0 or l/2.
In the case when the spin of the transferred particle is
1, I Ml2 factorizes [ 2 7 : if the quadrupolarization of par-
ticle i is small in the inverse reaction of (2.4), namely
y + z —i + x. We stress that I Ml2 no longer factorizes
if the virtual particle i has spin l/2 but is relativistic,
since the effect of relativistic spin flip appears when
transforming from the laboratory system (i.e., the
center-of-mass system of the reaction A —• B + i) to the
c.m.s. of the process (2.4).

2) The main contribution in the vertex corresponding
to the decay A —B + i comes from the form factor
associated with zero orbital angular momentum of the
relative motion of particles Β and i (1 = 0).

3) The main contribution in the vertex A —B + i comes
from the state with J = 0 or l/2 (we recall that J is the
total spin of particles Β and i).

Factorization holds in the foregoing cases even when
the particles x, y and ζ at the right-hand vertex are
relativistic. However, if all the particles which take
part in the reaction are nonrelativistic, we have the
following additional cases of factorization:

4) Only the terms with the total spin of particles i
and χ (ίϊχ) equal to 0 or l/2 are important in the ex-
pansion of the amplitude for the reaction (2.4) in the
invariant amplitudes (see Eq. (A.I) of Appendix I).

5) Only the terms with L = 0 are important in the
same expansion (this corresponds to the absence of a
spin-orbit interaction).

c) Program for the identification of the pole mech-
anism. To establish the pole mechanism, one must
compare the experimental data with a number of theo-
retical distributions that are characteristic of this

mechanism. We shall list below the experimental meas-
urements that are desirable.

A number of the features which are characteristic of
the pole mechanism are connected with the fact that the
form factor of the process (2.3) and the pole denominator
distinguish small values of q~ l/R, V2mi€. Consequently,
in distributions such as that in the momentum of one of
the fast particles at a fixed angle or in the angle between
two outgoing fast particles, maxima are observed at
points corresponding to the kinematics of the reaction
(2.4) on free particles i. However, the form of such
dependences depends essentially on the dynamics of the
processes (2.3) and (2.4), especially on the structure of
the form factor Fjj(q), and may in principle be similar
to that which is given by other diagrams I l l ] . As we
shall see below (see Chap. Ill), such dependences are
not very crucial.

We shall begin the discussion of the program of
identifying the pole mechanism with a criterion which is
independent of the specific form of the amplitudes for
the virtual processes. This is:

1) The Treiman-Yang criterion. In the cases of fac-
torization enumerated above, I Ml2 depends only on the
variables tAB, txz and syz. Let us transform to the
anti-laboratory system (i.e., the system in which ρχ = 0).
We shall denote the momenta of particles in this system
by primed variables. It is easy to see that the invariants
tAB, txz and Syz are unaltered if the (p£, pz) plane is
rotated about the direction of the momentum of the
virtual particle:

pi = PA-pi = Pi+p;. (2.13)

Thus, I Ml2 is also unchanged under such a rotation,
i.e., the distribution must be isotropic in the Treiman-
Yang angle φ C 2 8 ], defined as the angle between the
(Py. Pz) a n d (PA> PB) planes 7>.

The Treiman-Yang criterion is applicable to a wide
class of reactions such as (p, pN), (p, pa) and (π, πΝ),
as well as reactions on nuclei A in which the residual
nucleus Β and the pole particle i are in an s state,
and also certain other processes L2O>ao'1, As we shall see
in Chap. ΙΠ, this criterion is one of the most sensitive
ones.

The Treiman-Yang rotation is in fact equivalent to
an azimuthal rotation in the c.m.s. of the reaction
i + x —y + z, and the isotropy of the distribution in the
Treiman-Yang angle reflects the azimuthal symmetry
of this reaction. If none of the foregoing conditions for
factorization are satisfied but the amplitude is dominated
by the pole diagram, then the square of the modulus of
the matrix element turns out to be a polynomial in
cos ψ, and an upper bound on the degree r of this poly-
nomial can be specified C 3 i :

C 3 i : :

rsSmin{2Z, 2Lj,

where [j] = 2j for integral j and 2j — 1 for half-integral
j ; the quantity L is introduced in Eq. (A.I) of Appen-
dix I.

Invariance with respect to a reflection in the plane
formed by the momenta of particles A, B and i in the
anti-laboratory system implies that the distribution in
the Treiman-Yang angle must be symmetric with re-
spect to ψ = 0, independently of which diagrams describe
the reaction amplitude.

Like all the other criteria, the Treiman-Yang cri-
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terion is a necessary, but not a sufficient, condition for
the pole mechanism. It is difficult to give a general
answer to the question as to how convincingly isotropy
of the distribution in the Treiman-Yang angle indicates
that the contribution of all diagrams other than the pole
diagram is small. The simple theoretical estimates that
have been made so far t 3 2 ] , on the basis of the study of
triangle diagrams and the interference between the pole
and triangle mechanisms, indicate that an admixture of
mechanisms other than the pole mechanism generally
leads to an appreciable breakdown of the isotropy in the
distribution in φ (one must consider those kinematic re-
gions in which the relative energies in all three pairs of
final particles are not very small). The existing experi-
mental data (see Chap. Ill) also indicate that the
Treiman-Yang criterion is very sensitive to the reac-
tion mechanism. Nevertheless, a reliable determination
of the mechanism requires a check of several further
predictions of the theory.

2) Dependence of the differential cross section on the
momentum of the residual nucleus. The pole mechanism
enables us to predict the dependence of the cross section
on the momentum of the residual nucleus. As we have
already mentioned, it distinguishes small q. The cross
section falls off sharply when q is greater than the
characteristic momentum q0 of particle i in the nucleus
A (qo~ V2mie, l/R). At q = 0, the matrix element has a
maximum if 1 = 0 and vanishes if 1*0. However, other
diagrams may also give such a behavior in principle C l l ] ,
so that even a pronounced q-dependence cannot in itself
constitute a demonstration of the pole mechanism of a
reaction.

3) Distribution in the polar angle of the residual
nucleus. The amplitude corresponding to the pole dia-
gram of Fig. 1 gives at small q a completely deter-
mined distribution in the polar angle at which the re-
sidual nucleus is emitted. (Examples of this type, as
well as other theoretical distributions, will be demon-
strated in Chap. III.) The study of (π", π"ρ) reactions
on C12 and Li has shown that this distribution is very
sensitive to an admixture of other mechanisms.

4) Dependence of the cross section on the initial
energy. If one of the cases of factorization applies, then

I Ml2 is independent of the initial energy. Thus, by meas-
uring the differential cross section at various initial en-
ergies but fixed values of the invariants tAB> txz and
syz, we may test this consequence of the pole mechanism.
There have so far been no such experiments in the do-
main of nuclear reactions.

5) Absolute value of the differential cross section. In
the pole approximation, the cross section for the reac-
tion (2.2) is expressed in terms of the probability of the
virtual decay A — B + i and the cross section for the re-
action (2.4). The A —B + i decay probability can be de-
termined independently by studying other direct reactions
whose diagrams contain the same nuclear vertex, such as
a stripping or pick-up reaction. The cross section for
the reaction (2.4) can be taken from experiments involv-
ing free particles. There is another possible way of test-
ing the hypothesis that the pole diagram has a dominant
role. It often turns out to be convenient to carry out such
a test by comparing the reduced widths obtained from
data on different reactions or from data on a single re-
action at different energies. It seems that such an
analysis was first performed for the reaction C12(7r",

7Tn)C in L 3 3 J (see also ). Specific examples are
given in Chap. III.

6) Measurement of the cross section for the reaction
A + x--B + y + z as a function of the independent kine-
matic invariants of the reaction i + χ — y + ζ. The differ-
ential cross section for the first reaction must duplicate
the behavior of the cross section for the reaction i + x
— y + z. For example, a resonant behavior of the cross
section for the reaction (2.4) leads to a resonance maxi-
mum in the cross section for the reaction (2.2) [ 3 3 ] 8 ) .
Here we can note a characteristic such as the momen-
tum distribution of one of the fast secondary particles
at a fixed angle. If the reaction (2.4) takes place on a
free particle i, this distribution has the form of a
6-function. For quasi-elastic scattering, the peak is
broadened and shifted towards lower energies (see,
e.g., C 3 5 ] ) . As we have already pointed out above, such
distributions depend strongly on the dynamics of the re-
action (2.4) and the decay (2.3) and are apparently not
very sensitive to the mechanism (we shall discuss this
point in detail in Chap. III).

7) Polarization effects. A number of further possibil-
ities occur in experiments involving polarized nuclei or
the measurement of the polarization of the secondary
particles C l l ' 2 7 > 3 6 ' 3 7 ] , One may expect polarization phe-
nomena to be more sensitive to the reaction mechanism
than other characteristics, making it easier to detect an
admixture of any other mechanism in addition to the
basic one. The point is that the basic mechanism (for
example, the pole diagram) often leads to a vanishing
polarization and asymmetry, and the polarization effects
are then determined by its interference with the addi-
tional terms or simply by the additional terms.

The polarization and quadrupolarization of the fast
particles y and ζ or the asymmetry in the production
of these particles in reactions involving a polarized
beam of particles χ are, in their general form, the
same as for the reaction i + x —y + z, but taking place
with particle i in some special polarized state (which is
determined by the properties of the vertex for the virtual
decay A —Β +i [ 2 7 : l ) . However, in the above-mentioned
cases in which I Ml2 factorizes, the situation becomes
simpler, and the foregoing polarization effects should
be the same in the pole approximation as for the re-
action i + x —y + z with free particles.

A number of predictions can be made about the
asymmetry in the reaction (2.2) with a polarized target
and the polarization of the residual nuclei. In a large
number of cases, these quantities can be expressed in
terms of the polarization Pj of particle i in the in-
verse reaction of (2.4), namely

y +z->- i (2.14)

This will be the case, for example, if one of the condi-
tions for the factorization of ΓΜ? is satisfied and if the
virtual decay A —B + i is described entirely by a single
invariant form factor. Let us introduce the concept of
asymmetry for a reaction involving the production of
three particles. Let σ| and ffj be the differential cross
sections for the reaction (2.2) when P B , Py and p z are
fixed, but with values P A and - P A of the polarization of
the target nucleus, and let σ0 be the cross section on an
unpolarized target. We shall define the asymmetry rf as
the ratio

2σ0
(2.15)
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We shall quote the results for two of the simplest cases.
Let 1 = 0. Then

• L (/;+!) B ]A JA

For example, when ji = l/2,

Jl·
- ( P A P i ) , if ; B = / A - l

(2.16)

(2.17)

For arbitrary I, but with ji = l/2, the asymmetry can
be expressed in terms of the quantities (PA · Pi) and
(Pi"niB)(PA"niB), where niB is a unit vector in the direc-
tion of the motion of particles i and Β. More complex
cases are analyzed in [ 2 7 : l. The foregoing discussion is
also applicable to reactions of the type (e,ep). However,
owing to the small polarization in ep scattering, a po-
larized electron beam is also required. There is so far
no experimental information on polarization effects in
three-particle reactions. The study of polarization
phenomena can not only yield information about the re-
action mechanism, but also allows a determination of
the quantum numbers of the residual nucleus. This is of
special interest in connection with the indications of the
existence of highly excited nuclear states (the excitation
energy reaches 50-70 MeV for S32 and Ca40) from the
data on (p, 2p) and (e, ep) reactions C38>39:I. These states
are interpreted as (Is)"1 and (lp)"1 hole levels. To con-
firm this interpretation, it is important to know the quan-
tum numbers of the levels. One can hardly expect to ob-
tain the necessary information by studying other reac-
tions. Moreover, it is not possible to ascertain the na-
ture of the observed maxima (whether they actually
correspond to nuclear levels) without at the same time
establishing the reaction mechanism. Our understanding
of this problem could be greatly advanced by carrying out
the program outlined above.

8) Test of isotopic relations. If several three-par-
ticle reactions are described by the pole mechanism, the
nuclear vertices of the corresponding diagrams being
identical, and if there exist isotopic-type relationships
among the cross sections for the processes correspond-
ing to the right-hand vertex of the diagram in Fig. 1,
then these conditions imply a definite relationship among
the cross sections for the original reactions.

Such a test has been carried out experimentally i i o :

for reactions of the type (π, ττΝ) in the vicinity of the Δ33

resonance. The total cross sections for the two-body
reactions at the resonance energy satisfy the relation-
ship

α (η~η ->- nrn)

σ (π+η -»- π+η) + σ (π+ra - - , = 3 . (2.18)

The analogous ratio for the corresponding quasi-elastic
processes is expected to be somewhat smaller. For ex-
ample, it was shown in [ 3 4 3 that the ratio of the total
cross section for the reaction C12(TT~ , 7Tn)Cn to the
sum of the cross sections for the reactions C12(TT+,
Tr+n)Cn and C 1 2 (/ , 7r°p)Cu should be 2.5-2.6. The reason
for this is that, owing to the motion of the nucleons in-
side the nucleus, the cross section for the reaction (2.2)
at a fixed initial energy involves the cross sections for
the process (2.4) at various relative energies of particles
y and ζ C 3 3 ] . The contribution of the isospin-l/2 state of
the TTN system then becomes appreciable, and this leads
to a reduction in the value of (2.18).

For the reactions Ο12(π, tfN)C", it has been found ex-
perimentally that the ratio in question has a value close
to unity C 4 0 ] . This indicates that, despite the fact that the
data on the resonance behavior of the excitation curve
for the reaction C1Z(;T, π"η)Οη U l 3 are in good agree-
ment with calculations in the pole approximation 9 ) ,
there is an appreciable contribution from mechanisms
other than the pole mechanism (the two-stage process
TTC1 2 - T T C 1 2 * , C12* - C 1 1 + n [ 3 4 ' 4 0 ' 4 3 ] or charge exchange
of the knock-out neutrons [ 4 4 ] are possible)-which is
another confirmation of the fact that agreement with
calculations on one or two characteristics is not suffi-
cient to establish any particular reaction mechanism!
At the same time, the experimental value of the ratio of
the cross sections for the reactions Ββ9(π", 7rN)Li8 and
Be9(7r+, ir+p)Li8 C 4 0 ] is very close to the calculated valueC34].
The agreement is also much better for the shape of the
excitation curve. We may expect the contribution of non-
pole mechanisms to be much smaller in this case.

As we have already pointed out, the realization of the
program which we have outlined requires the execution
of experiments in which all the independent kinematic
variables of the reaction are measured. In this case, it
is desirable to have the means of isolating a definite
state of the residual nucleus, which requires a resolu-
tion in the excitation energy of the order of 1 MeV. It is
therefore preferable to study reactions on light nuclei,
which have a greater spacing between the low-lying
levels. It is also desirable to achieve statistical reli-
ability of the distribution in the Treiman-Yang angle for
different ranges of variation of variables such as the
momentum of the residual nucleus, the" relative energy
of particles y and z, and the momentum transferred
from χ to z. The same also applies to other distribu-
tions (for example, in the polar angle of the residual
nucleus or in the momentum of a fast secondary particle
at fixed angle).

To conclude the discussion of the pole mechanism, we
note that the frequently encountered claim that knock-out
reactions can provide information about the momentum
distribution of the nucleons in the nucleus is hardly justi-
fied; at small momentum transfers, the behavior of the
differential cross section is determined by the binding
energy and the nuclear radius and provides practically
nothing as a test of dynamical models; at large momen-
tum transfers, however, as we shall see below, the pole
mechanism ceases to be dominant, as a consequence of
which the momentum distribution of the residual nuclei
is no longer directly related to the momentum spectrum
of the nucleons inside the nucleus.

2. The triangle diagram

In a direct process, the incident particle interacts
with a particle which is virtually emitted from the nu-
cleus. A reaction takes place, whose products either
leave the nucleus (this corresponds to the pole diagram
of Fig. 1) or take part in an (elastic or inelastic) inter-
action with the residual nucleus or with any of the con-
stituents of this nucleus. The simplest diagram corre-
sponding to the second variant is a triangle diagram
such as that of Fig. 2a. Thus, the first fact which estab-
lishes the importance of studying the triangle diagram
is that we must always deal with this diagram when sec-
ondary processes are considered. In particular, the
singularity structure and the behavior of the various
kinematic quantities determined by the reaction mech-
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FIG. 2. Triangle diagrams for a three-body reaction (a), a binary
reaction (b), and the isobar mechanism of double charge exchange of
pions (c).

anism are important in extracting information on the
characteristics of these secondary processes. This in-
formation is unique in a number of cases (for example,
if the secondary process in question is nn scattering
or a reaction involving an unstable particle).

Certain classes of nuclear reactions are definitely
two-stage processes, since the quantum numbers cannot
change in the required way for a single interaction. An
example is the double charge exchange of pions at low
energies. Here again the triangle mechanism is the
simplest one.

The kinematic distributions corresponding to the dia-
gram of Fig. 2a are generally less distinguished than
those of the pole diagram of Fig. 1. The distribution in
the momentum of the nucleus B, while limited to small
momenta, is still usually much broader than that for the
diagram of Fig. 1 and is more difficult to separate from
the distributions given by more complex graphs. The
distributions are not so clearly distinguished in the po-
lar angle of the residual nucleus, in the Treiman-Yang
angle (this distribution has a complex non-polynomial
form 3 2 ] ) , in the momentum of the fast particle z,
etc. 1 0 >. It is clear from these considerations that it is
difficult to identify the triangle mechanism. We note
that, if there exist characteristic singularities in the
elementary processes

3 +
and

Β +y,

(2.19)

(2.20)

txz, the square of the momentum transferred from χ
to z. This second singularity leads to a characteristic
maximum in the cross section as a function of the en-
ergy EBy, and the position and shape of this maximum
vary with t x z . The above-mentioned movement of the
singularity can be detected by experimentally deter-
mining the differential cross section as a function of
EBy at various values of txz. To do this, it is nec-
essary to be able to vary EBy in the wide range from
0 to -100 MeV (the upper limit of variation of EBy
must be much greater than the characteristic nuclear
binding energies) for small momentum transfers txz
« m 2 , where m is the nucleon mass. These conditions
can be satisfied only for incident particles of high
energy.

a) The formalism. The amplitude corresponding to
the diagram of Fig. 2a can be expressed in terms of the
amplitude for the decay of the nucleus A into the virtual
particles 1 and 3, which we shall denote by Γ , and the
amplitudes for the virtual processes (2.19) and (2.20),
which will be denoted by Mi and M2. In accordance with
the general rules C 7 ' 8 ]

χ Σ (pf — 2m,£ 1 — ι η ) ( ρ | — 2πι2/ι2 — ί
3 — irj)

then they will also be reflected in the amplitude for the
process as a whole, which will facilitate the determina-
tion of the mechanism. For example, a resonance be-
havior of the cross section for the reaction (2.20) would
lead to a maximum in the distribution of events of the
reaction (2.2) in EBy, the relative energy of particles Β
and y (the Migdal-Watson effect in the final-state inter-
action) , but the shape and width of this maximum will
also be determined by the singularities of the diagram
of Fig. 2a itself.

However, in the problem of identifying the triangle
mechanism, there occurs a very important circumstance,
which was hitherto absent. The point is that the triangle
diagram leads to moving complex singularities in the
amplitude for the reaction (2.2) [ 4 5>4 6 ] . For a definite
choice of the range of variation of the momenta of the
particles participating in the reaction, these singulari-
ties come close to the physical region, thereby produc-
ing characteristic irregularities in the behavior of the
differential cross sections, by which the reaction mech-
anism can be recognized C 4 7 : . The diagram of Fig. 2a
has a square-root singularity in the energy EBy (a
"cusp" in the cross section), as well as a logarithmic
singularity whose position depends on the variable

The rather complex spin structure of this expression
can be seen more clearly by making use of the repre-
sentation of the amplitudes Γ , Mi and M2 in terms of
invariant amplitudes (which is analogous to (2.6)) and a
graphical scheme for summing the Clebsch-Gordan co-
efficients. Such formulas are given in Appendix II.

As a rule, the amplitude MA does not factorize, and
Ι ΜΔΙ 2 does not simply contain I Mil2 and I M2i

2 as fac-
tors. Such a situation holds only in exceptional cases;
one of the instances will be considered below in Chap.
IV. Moreover, there is usually no simple relationship
between the scalar amplitudes for the reaction as a
whole and the scalar amplitudes for the "elementary"
processes (2.19) and (2.20). This is so, not only be-
cause of the complex spin structure, but also because of
the integration contained in Eq. (2.21).

There can be a simple relationship between the am-
plitudes only if one of the amplitudes Mi or M2 has a
weak dependence on its variables and can be removed
from the integral sign in (2.21); in addition, strong re-
strictions are imposed on the spins of the virtual par-
ticles and the orbital angular momenta at the vertices[ 1 8 ].

If we may neglect the presence of spin for the virtual
particles, as well as the dependences of Γ , Mi and M2 on
their natural variables, regarding these quantities as
constants, then the integral (2.21) can be evaluated1 4 5'4 7 3.
It is convenient to write the expression for MA in terms
of dimensionless variables ξ and λ defined as follows:

η2 mA

Ui 2(mx—mz){EBy — Qo)— t
n3 2 (mfl-fmj ε

where
e = m,-(-m3 — mA,

Q = mi + m2 — mB — my.

(2.22)

(2.23)

(2.24)

the last quantity being the energy of particles Β and y
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in their center-of-mass system, and

t = -(P* - P*)2 + 2 K - m2) (Ex - EJ.

The variable ξ may be either negative or positive in
the physical region of the reaction (2.2). The variable λ
can be expressed in terms of the momenta of particles χ
and ζ in the laboratory system:

I -» I +

.t — Pz)2

(2.25)

and is always greater than zero (provided that the initial
nucleus A is stable).

In the variables ξ and λ, the expression for the re-
action amplitude has the form

(Ι, λ). (2.26)

where the constant C includes Clebsch-Gordan coeffi-
cients depending on the spin projections of the initial
and final particles, and

(2.27)
if.KO,

the arctg function being defined in the range from 0 to π.

The function f A has two singularities in the variable
ξ: a square-root branch point ξ = 0 (a normal threshold)
and a logarithmic branch point

| Δ = λ - 1 + 21 /"λ. (2.28)

As a function of λ, the quantity f& has only one singu-
larity-a logarithmic branch point

λΔ = ξ - ΐ + 2 ί / 1 . (2.29)

We note that the function fΔ( ξ, λ) is universal-it is
the same for all reactions, since it is independent of the
masses of the participating particles.

Equation (2.27) is also useful for describing the
amplitude for a binary reaction (Fig. 2b) [ 4 8 > 4 9 \ i n this
case, λ is defined as

and λ and ξ are no longer independent variables, but
can be expressed in terms of each other; ΜΛ is in
essence a function of only the initial energy.

b) The case of an unstable virtual particle. The vir-
tual particles in the triangle diagram considered above
may be not only nucleons or the lightest nuclei, but also
baryon resonances. As an example, we cite the possible
reaction mechanism of double charge exchange of pions,
considered in t 5 0 ] , which corresponds to the diagram of
Fig. 2c. The virtual reaction in this case is the process
Tri + N — Δ33(1236) + 7Γ|:, and one of the virtual particles
is the Δ33(1236) isobar. (The results of the experimental
work t 5 1 3 provide evidence that processes involving iso-
bar production in the double charge exchange of high-
energy pions play a significant role.)

The instability of the virtual particle (for definite-
ness, let it be particle 2) is taken into account by add-
ing to its mass an imaginary part related to the res-
onance width Γ : m2 —-Μ2-ϊΓ/2, and a corresponding
replacement ml — ml —im2r in the propagator of par-
ticle 2 written in a relativistically covariant form. This
leads to the replacement

where

p =
"Ί2Γ

(2.30)

(2.31)

Thus, ξ, which we shall encounter below, is a real
quantity, being defined by Eq. (2.22), in which m2 should
be interpreted as the real part of the mass of particle 2.
The variable λ is not changed in any way by the intro-
duction of a complex part in the mass of particle 2. Now

I tarctr
+ i a r c t g

where again 0 s arctg χ<π, and the quantities A and Β
are defined as follows: for ξ ̂  0

and for ξ < 0

A =- ^ >--&••

(2.33a)

(2.33b)

It is easy to see that Eq. (2.32) reduces to (2.27) when
Γ = 0.

These relations are also applicable to the amplitude
for a binary reaction A + x—B + y if the expression
(2.23a) is used for λ.

The amplitude for the reaction (2.20) may have its
own singularities in the energy (i.e., in ξ). If particle 2
is an isobar, it is possible that it (like the nucleon) has
a resonant interaction with the nucleus, forming a com-
pound system-a multi-baryon resonance ("isonucleus")
with an excitation energy and width of the order of the
isobar values C5O>52] U ) . This would lead to a specific
ξ-dependence of the amplitude C503, whose experimental
observation would be one of the methods of deciding
whether "isonuclei" exist.

c) Allowance for the nuclear form factor. The ap-
proximation in which the form factor corresponding to
the nuclear decay A — 1 + 3 is assumed to be constant
is not always a good one, especially for I ̂ 0 (where I
is the relative orbital angular momentum of particles
1 and 3). Since both particles 1 and 3 are off the mass
shell, the form factor Γ depends, in general, on two
variables. However, in a potential model, there remains,
as in Chap. II.1, a dependence on only the single variable
p, the relative momentum of particles 1 and 3.

This dependence in the triangle diagram of Fig. 2a
is most readily taken into account by transforming to the
coordinate representation 1 2 ) . Let us introduce the wave
function corresponding to the form factor Tj(p):

t(r) = . (2.34)

If the amplitudes for the virtual reactions (2.19) and
(2.20) are assumed to be constant, as before, then the
amplitude corresponding to the triangle diagram of
Fig. 2c takes the form

i]>(r)/,(l/lxr)exp(jylxr)rdr (if ξ>0),
^ (2.35a)

M& = C'Ylm(i) jt(r);,(/ixr)exp(-/=fxr)rdr (if. ξ < 0);

(2.35b)

here q = Px—Pz (Px and p z are the momenta in the lab-
oratory system), and a cap over a variable denotes a
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FIG. 3. Re ΜΔ as a function of ξ for the case of a constant form
factor (a), and IH^p as a function of ξ for the double charge-exchange
reaction on C1 2 with allowance for the nuclear form factor (b).

unit vector. The constant C' implicitly contains the
Clebsch-Gordan coefficient associated with Yim(q)·
The positive values are taken for the quantities u , /ξ
(for ξ 2 0) and ν^ξ (for ξ<0); ύ is a spherical Bessel
function.

Equation (2.27) for the case of constant vertices is
obtained from (2.35) if 1 = 0 and ψ{τ) is replaced by its
asymptotic expression ip(r) = e-Kr/r.

If one of the virtual particles is unstable (let it be
particle 2, as before), the expressions (2.35) remain
valid, but we must make the substitution /ξ —iA + B in
(2.35a), where A and Β are given by (2.33).

To illustrate the picture of the moving singularities,
Fig. 3a shows Re Μ Δ as a function of ξ for various
values of λ, calculated using a constant form factor (this
calculation was made for the double charge-exchange
reaction on the nucleus C1 2, which corresponds to the
diagram of Fig. 2c, in accordance with which Γ = 120
MeV and p = 4.9) [ 5 4 ] . Figure 3b shows the ξ-dependence
of I M^l2 for various values of λ, calculated in this case
with allowance for the form factor at the C12 —-Cn + p
vertex (a Gaussian form factor with I = 1 was
adopted) C 5 4 ] . The movement of the maxima of the
curves is clearly seen in both figures. If detected
experimentally, this would provide evidence for an
appreciable contribution from the triangle diagram.
However, this would clearly require an extremely ac-
curate experiment.

Some applications of triangle diagrams in describ-
ing direct nuclear reactions and a comparison with the
experimental data will be reported in Chap. IV.

d) Relation to the Schrodinger formalism. Many cal-
culations carried out in the traditional Schrodinger
formalism using wave functions correspond to allow-
ance for the simplest triangle diagrams [ 5 5 > 5 6 : . we may
cite, as examples, the impulse approximation for elastic
scattering, replacement reactions, the second iteration
of the Faddeev equations for the reaction p + d—p+p+n,
etc. In particular, the impulse approximation for elastic
scattering (or single scattering in the Glauber approxi-
mation) is equivalent to the triangle diagram in which the
fast incident particle is scattered by one of the nucleons
of the nucleus.

Most of the theoretical calculations of quasi-elastic
knock-out reactions, as well as stripping and pick-up
reactions, have been carried out in the plane-wave or
distorted-wave impulse approximation, which corre-
sponds to allowance for the pole diagram and the triangle
diagrams involving elastic rescattering in the initial and
final states [ 5 β ) 5 7 ί . Such calculations are hardly well-
founded, since they make no allowance for either mul-

tiple scattering or the large number of graphs involving
inelastic processes (one example is provided by the di-
agrams which involve an intermediate nucleus in an ex-
cited state, where this excitation is eliminated in the
secondary interaction). Thus, there are many graphs
that are not taken into account, whose singularities in
the momentum transfer lie as far from the physical
region as those of the triangle diagrams in the distorted-
wave method. In other words, the triangle diagrams in-
volving elastic rescattering are not distinguished in
any way.

A more consistent method of taking into account the
contribution of all the diagrams other than some prom-
inent one will be outlined below.

3. Allowance for the contribution of more complex
diagrams

Even if we are in the kinematic region near the
singularity of a certain diagram, we cannot in general
say that this diagram gives the main contribution. The
contribution of other (usually more complex) diagrams
may turn out to be important here. Sometimes this
situation is favored by additional circumstances. For
example, if the nuclear form factor corresponds to
I * 0 in a pole diagram which is prominent in the region
of small momenta q of the residual nucleus, then this
diagram vanishes at q = 0, and the entire amplitude at
this point is determined by the contribution of more
complex diagrams.

However, in the case in which the singularity of the
diagram in question is much closer than the singularities
of other diagrams, we can usually say that it gives the
main contribution to the rapidly varying part of the am-
plitude. This leads to the following method of analysis,
which is more consistent than the distorted-wave method
and, at the same time, more general, simpler, and at
least as informative [7>47>58] 1 3 )

: considering a sufficiently
narrow range of variation of the kinematic variables, we
take into account explicitly the diagrams which dominate
the rapidly varying part of the amplitude (what is implied
is the variation in that variable in which the singulari-
ties of these diagrams are the nearest ones); the con-
tribution of all the remaining diagrams, being a slowly
varying function of this variable, is approximated by a
complex constant, which must be chosen to give the
best fit to the experimental data.

In carrying out the foregoing program, allowance
must be made for the fact that the particles which par-
ticipate in the reaction have spin, and the correction
term must have the correct spin structure. We must
therefore expand the amplitude in a set of independent
spin tensors [ 1 8 ' 6 ο : and take the invariant form factors
in this expansion to be constants. In the general case,
the amplitude for the reaction (2.2) contains (2jA+l)(2jB
+ l)(2jx+ l)(2jv+ l)(2jz+ 1) invariant form factors, each
of which provides one complex free parameter in the
calculations. Since the errors on the existing experi-
mental results do not permit us to introduce a large
number of free parameters, we must artificially reduce
the number of invariant amplitudes employed in the
calculations. For example, in one work C 5 8 ] concerned
with the theoretical analysis of (p, 2p) reactions at small
momentum transfers, the spin structure of the correc-
tion term was chosen to have the same form as for the
triangle diagram involving rescattering of one of the
protons (after which the amplitude was of course ap-
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FIG. 4. Comparison of the theoretical predictions with the experi-
mental data on the (p, 2p) reactions on He4 at 460 MeV (a) and on Li7

at 185MeV(b)[ 5 8 ] .
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FIG. 6. Angular distributions for the reaction Li6(p, 2p) at 155 (a)
and 185 MeV (b) [ " ] .

FIG. 5

involving the three-body decay Li6 — He4+p + n of the
initial nucleus l s > . The simplest model is the diagram
of Fig. 5. If allowance is made for this diagram , it
is possible to achieve a marked improvement in the
description of the data on the angular distribution (Fig.
6) and mutual agreement between the values of the re-
duced proton width of the Li6 nucleus obtained from
different reactions (see Chap. ΙΠ).

propriately antisymmetrized with respect to the out-
going protons) 1 4 >. One free complex parameter ap-
peared in these calculations. All the remaining parame-
ters were determined from different experiments (the
main diagram was , of course, the pole diagram).

The procedure outlined above makes it possible to
give a satisfactory description of the data on (p, 2p)
reactions for all the nuclei that we have considered,
except Lis (the case of Li6 is discussed below). In Fig. 4
we show the results for He4 (at 460 MeV) and Li7 (at 185
MeV), together with the experimental data. The values of
the reduced widths obtained from the analysis of (p, 2p)
reactions are, as a rule, in agreement with the analo-
gous quantities obtained from reactions of the type (n, d),
(p,d) or (ττ, πΝ).

While the differential cross sections are not very
sensitive to the spin structure of the slowly varying
part of the amplitude, there is quite a different situation
regarding polarization effects and the distribution in
the Treiman-Yang angle. The first attempts to analyze
polarization phenomena and the distribution in the
Treiman-Yang angle with allowance for the non-pole
"background" were made in : i 8 ' 3 2 ' 3 7 1 . A number of fur-
ther applications of the method that we have described
are considered in Chap. IV.

The main contribution to the rapidly varying part of
the amplitude does not always come from a simple pole
diagram like that of Fig. 1, even in the region of small
momentum transfers. For example, as we have already
mentioned, the analysis of Li6(p, 2p) reactions in which
allowance was made for the pole diagram and a "back-
ground" in the form of a constant does not provide a
satisfactory description of the experimental data (an
analysis based on the distorted-wave method leads to
the same conclusion): if one studies the distribution in
the scattering angle of the protons in the symmetric
coplanar case (see Chap. Ill), the theory predicts a deep
minimum at an angle in the region 80-85°, whereas this
minimum is quite shallow experimentally. However,
there are grounds for supposing that, owing to the in-
stability of the He5 nucleus produced in the reaction in
question, there can be a large contribution from events

I I I . QUASI-ELASTIC PROCESSES (EXPERIMENT)

1. Experiments of the simplest type

Experimental high-energy nuclear physics came into
being together with the first experiments using relativis-
tic accelerators about 20 years ago. The experimental
arrangements that were used to investigate elastic pp
scattering also made it possible to study the quasi-
elastic process. Measurements were made of either
a) the distribution in the scattering angle between the
two protons C 6 2 : (in the case of elastic pp scattering,
the scattering angle is close to 90°) or b) the momentum
spectrum of the protons at a fixed angle Cf53>641. As an
example of the results, we show in Fig. 7, taken from
the paper of Chamberlain and Segre C 6 2 ], the distribution
in the scattering angle between the two protons that are
produced when lithium nuclei are bombarded with 345-
MeV protons. A maximum is clearly seen in the vicinity
of the peak for elastic pp scattering, but it is displaced
somewhat with respect to the precise position of the
peak and has a width which exceeds that associated with
the resolution of the experimental arrangement (the
latter is indicated by the solid curve).

Other processes have also been studied in variant b),
in particular (γ, π+η) : 6 5 ] and (e, ep) C 6 6 ] , as well as the
knock-out of light nuclei. The first experiment in which
outgoing deuterons were observed was performed in
Dubna C f " a ] in 1956, immediately after the detection of
elastic pd scattering at an angle close to 180° [67*>].
Measurements were made of the spectrum of secondary
particles ejected at 7.6° from D, Li, Be, C and Ο tar-
gets bombarded by 675-MeV protons. Figure 8 shows
the spectrum of positive particles ejected from a
lithium target. The peak for elastic pLi scattering is
clearly seen. The high-momentum component of the
spectrum obtained after subtracting the background (see
the inset) is of special interest. This component results
mainly from deuterons and has a maximum whose posi-
tion coincides almost exactly with the expected position
of the peak for elastic pd scattering. In other words,
we see a typical picture of quasi-elastic scattering by
deuterons "inside the nucleus" 1 6 ) .

Subsequently, an improved experimental technique
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FIG. 7. The number of events as a function of the difference between
the scattering angle of the detected protons and the expected angle for
elastic pp scattering, (p, 2p) reaction on a lithium target. Ε = 345
MeV [6 21.

FIG. 8. The spectrum of positive particles emerging at 7.6° from a
lithium target exposed to protons with Ε = 675 MeV [ 6 7 ] . The dashed
curve shows the background of protons. The inset shows the deuteron
spectrum.

was used to study the spectra of deuterons from (p, pd)
reactions at 1 GeV on the nuclei He4, Li6, C1 2, O16 and
Pb C 6 9 ] and at 670 MeV on a large group of nuclei from
Li to Pb in recent Dubna experiments

[70]
In Chap.

IV.2 we shall return to the results of recent experi-
ments in which both (p, pd) and (p, 7r+d) processes were
observed.

It should be noted that the cross section for deuteron
knock-out is relatively small. The cross sections for
the knock-out of heavier fragments are still smaller
(see [ 7 1 ] ) .

The data discussed in this subsection have played a
major role in the formulation of current ideas about the
nucleus. In particular, they have compelled us to take
the virtual particles emitted by the nuclei to be not only
nucleons, but also deuterons, tritium nuclei, etc. More-
over, the experiments of the simplest type are inadequate
as a test of current theory. As we have already men-
tioned, we require for this purpose experiments in which
all the independent kinematic variables are measured.

2. "Two-track" experiments

Such experiments were begun in 1957 with an investi-
gation of (p, 2p) reactions at 185 MeV C 7 2 : . They involve
measurements of the energies and scattering angles of
the two fast particles, and this enables one to calculate
all the characteristics of the residual nucleus.

Most of the experiments were originally aimed at the
study of nuclear properties: the energy levels of the
residual nucleus and the orbital angular momenta of the
knock-out particles. This essentially spectroscopic
problem determined the details of a number of experi-
ments. These experiments were generally arranged in
the so-called coplanar symmetric geometry, i.e.,
spectrometers were symmetrically positioned with
respect to the incident beam and a selection was made
of secondary particles of the same momentum lying in
a single scattering plane. It is obvious that the scatter-

50° θ

FIG. 9. The energy spectrum of the residual nucleus in the reaction
Be9(p, 2p)B8 (a) and the distributions of the number of reaction events
as a function of the angle between the protons in three ranges of the ex-
citation energy (b and c).

T=l№ MeV

SBO 7B0L, MeV

0 Ί0 SO 120 f», MeV
FIG. 10. The spectrum of excitation energies of the residual nucleus

in the reaction Ca4 0(e, ep) [ 3 9 ] .

ing angle of the nucleus is then fixed, and this severely
limits the prospects of studying the knock-out reaction
mechanism itself.

The study of (p, 2p) reactions has been pursued by
several groups: in Chicago (460 MeV) C733, in Uppsala
(185 MeV) t 7 4 \ in Orsay (155 MeV) t 7 5 \ in Liverpool
(385 MeV) C 3 8 3, etc. The resolution in the excitation
energy of the residual nucleus in these experiments was
about 3 MeV. A resolution of 1 MeV at an initial energy
of 1 GeV was obtained in an investigation [ 7 6 3 of (p, 2p)
reactions on C12 and D. The results of the experimental
studies have usually been the spectra of excitation en-
ergies of the residual nuclei and the distributions in the
angle between the outgoing protons for various ranges of
excitation energy. Typical results are shown in Fig. 9,
taken from t 7 3 ] . In Fig. 9a we show the excitation spec-
trum of the B8 nucleus from the reaction Be9(p, 2p)B8.
Transitions to the ground state and to two excited levels
(with excitation energies 9 and 16 MeV) are distinguished.
The angular distribution of Fig. 9b, with a characteristic
central minimum, indicates the knock-out of p-wave
protons (more precisely, protons with orbital angular
momentum I>1); the distributions of Fig. 9c, having
maxima in the vicinity of the peak for elastic pp scat-
tering, are typical s-wave distributions.

Similar results have been obtained in studying reac-
tions of the types (p, pd), (p, pa) and (a, 2a) t l ' 7 7 > 7 8 ] . i n

addition, a number of investigations have been made of
(e, ep) reactions t39>79>801. The greatest interest in these
cases lies in the spectra of excitation energies of the
residual nuclei. An example of such a spectrum for the
reaction C a ^ e , ep) is shown in Fig. 10. The authors in-
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terpret the irregularities in the behavior of the curve
as a superposition of several maxima associated with
transitions to excited levels of the residual nucleus, and
they then draw the conclusion that there is a broad level
with an excitation energy 50-60 MeV. It is not at all
obvious that such an interpretation is justified. The need
for a reliable identification of the reaction mechanism
becomes particularly acute in this situation. This ap-
plies also to the conclusions that there exist highly ex-
cited states, which were reached on the basis of an
analysis of (p, 2p) reactions on many nuclei at 385
MeV C 3 8 ] .

We could proceed with the discussion of spectroscopic
information obtained in using high-energy particles to
study nuclei. We shall confine ourselves to a reference
to a detailed data compilation C 8 1 ] . We stress once more
that all these data are obtained under the assumption
that the reactions have a quasi-elastic character. The
criteria for the applicability of this approximation have
not been tested. As we shall see below, it has not been
possible to test the most sensitive criteria because the
experiments have been staged with the symmetric co-
planar geometry. To establish the reaction mechanism,
we require "complete" experiments, and we now turn
to the discussion of the latter.

3. "Complete" experiments

By "complete" experiments, we mean here those
experiments in which one measures the cross section
as a function of all the independent kinematic variables
(excluding the spin variables). In these experiments, at
least one of the secondary fast particles is detected
within a sufficiently large solid angle. For practical
purposes, however, it is important to stress that in
specific experimental conditions it is quite unnecessary
for this angle to be An or thereabouts. To obtain infor-
mation within the entire range of variation of, say, the
Treiman-Yang angle, it is quite sufficient to detect the
knock-out particle within a solid angle of the order of a
radian. This is so because the events of greatest inter-
est are those involving moderate momentum transfers,
where most of the quasi-free scattering events are
concentrated.

The first "complete" experiments which made it
possible to test the majority of the criteria for the ap-
plicability of the pole approximation listed in Chap. II
were begun in 1968 and are being successfully pursued
at the Institute of Theoretical and Experimental
Physics 1 7 >. The (π~, π~ρ) reaction mechanism was
studied at an initial pion momentum of about 1 Gev/c
on the nuclei D, Li6, C12 and ΑΙ27 [ Β 3 " 8 6 ] . The scattering
angle of the secondary pion, whose momentum was
measured by a magnetic spectrometer, was in the
range 18-22°. The scattered protons were detected in
a spark chamber placed near the target and subtending
an angle of ±20°. The protons were stopped in the
chamber, and their energy was measured according to
their range. The experimental arrangement gave a poor
resolution (~20 MeV) of the excitation energy of the re-
sidual nucleus and did not make it possible to obtain data
referring to the individual levels. This was the chief
shortcoming of these experiments, although it did not
prevent definite conclusions from being drawn about the
reaction mechanism.

In Fig. 11 we show typical distributions of the num-
ber of reaction events for a given momentum transfer q.
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FIG. 11. The number of events of the (π", π"ρ) reaction as a function
of the momentum transferred to the residual nucleus for the reaction on
Li6 (a), Al27 (b) and C1 2 (c).

This figure also shows the theoretical curves calculated
in the pole approximation. We see that these curves
provide a good description of the experimental data for
small q, but deviate significantly from them for large
momentum transfers. The theoretical curves are nor-
malized so as to give the best fit in the small-q region;
the normalization coefficient determines the reduced
width of the transition A — B + p. It should be remem-
bered that there is another free parameter-the channel
radius, which characterizes the form factor of the
vertex. If the final-state level is not the only one, sev-
eral parameters appear. In this case, allowance must
be made for several form factors, generally with differ-
ent I. Whenever this was a possibility, data from
(p, 2p) reactions at lower energies were used for the
channel radii and relative transition probabilities. Of
course, as long as we consider only the distributions in
the momentum of the residual nucleus, we may also
achieve a better fit of the theory to the experimental
data at large q by varying the shape of the form fac-
tor and the values of the reduced widths. However, the
constants which characterize the A — B + p vertices
will then themselves begin to depend on the range of q,
the incident energy, the type of reaction and the nature
of the incident particles. Such an ambiguity is inherent
in one way or another in all known experimental data.
It is clearly insufficient to consider only the distribu-
tions in q. Let us examine the other distributions that
are obtained-and this is important-under identical con-
ditions in a single experiment.

Figure 12 shows a typical form of the number of
events of the (π~, π~ρ) reaction as a function of the
Treiman-Yang angle, in various ranges of the momen-
tum transfer q, for the case of the Li6 nucleus. We see
clearly that the isotropic distribution that is character-
istic of the pole diagram is compatible with the experi-
mental data only for small q~qo = V2me, i.e., in the re-
gion in which the pole diagram gave a satisfactory de-
scription of the distribution in q. It is known that the
pole diagram does not describe the entire process at
larger q. This conclusion does not depend on the choice
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FIG. 12. The number of events of the (π", ττ'ρ) reaction on Li6 as a
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FIG. 13. The differential cross sections ofr the reaction Si2 8(p,
2p) Al27* as a function of the polar angle of the residual nucleus, for
four ranges of the excitation energy of the nucleus and the momentum
transferred to it [ 8 7 ] .

of the form factor or on any model-dependent ideas. It
is well confirmed by the distribution of recoil nuclei in
the polar angle. Figure 12a shows the angular distribu-
tions of recoil nuclei for Li6, together with the theoreti-
cal curves calculated in the pole approximation, for
three ranges of q; we also show the data on the distribu-
tions in the Treiman-Yang angle (Fig. 12b). Similar re-
sults are obtained for other nuclei (C12, Al27).

In Fig. 13 we show the distribution in the polar angle
of the residual nuclei for another class of reactions,
namely the (p, 2p) reactions studied at an initial energy
of 600 MeV in . We have taken the reaction Si28(p,
2p)Al27* as an example. The four graphs in Fig. 13 cor-
respond to different ranges of the excitation energy of
the residual nucleus and the momentum transferred to it.
To be sure, we are considering in all cases relatively
small momentum transfers. The curves show the theo-
retical results, which represent in practice the calcula-
tion according to the pole diagram (although allowance
is made for distorted waves, the distortions are small).
The shape of the curves is determined to a great extent

b)

FIG. 14. The distributions of the number of events of the (π", ?Γρ)
reaction on the nuclei C1 2 (a) and Li6 (b) as a function of the angle be-
tween the pion and proton. The upper curves are for momentum trans-
fers q < q0, and the lower curves are for q > q0.

1050
a) Ar.*v/. b ) A.M.V/C

FIG. 15. The spectra of pions emitted by the nuclei C1 2 (a) and
Li6 (b). The upper curves are for momentum transfers q < q0, and the
lower curves are for q > q0.

by the efficiency of the experimental arrangement used
in ΐΒΐΊ. The normalization of the curves can, of course,
also be varied in this case. It is clear from these and
other data of this work that the curves provide a good
description of the experimental results. The CERN
work ί8Ί: was carried out with a "coplanar" geometry,
which did not make it possible to obtain the distribu-
tions in the Treiman-Yang angle.

So far, we have discussed the distributions which are
characteristic of the nuclear vertex in the pole diagram.
It is instructive to look at the experimental data obtained
under the same conditions, but referring to the vertex at
which virtual scattering takes place. In Fig. 14 we see
the distributions in the angles at which the pion and pro-
ton emerge from C12 and Li6 nuclei in (IT, πρ) reactions.
Figure 15 shows the spectra of pions from the same
nuclei at fixed angle. Both sets of data, taken from the
ITEP work, are shown for various ranges of the mo-
mentum transfer. The distributions are different, but
their comparison with the theoretical curves (the solid
curves in the figures correspond to the pole diagram)
indicates that the experimental points are satisfactorily
described by the pole model in both of the ranges of mo-
mentum transfer q<qo and q>qo. Further examples can
be given. This shows that the various criteria have dif-
ferent sensitivities to the reaction mechanism and that
the most crucial distributions are those in the Treiman-
Yang angle and in the polar angle of the residual nuclei.

Those distributions (the spectrum of secondary par-
ticles at fixed angle) whose form was regarded as a dem-
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onstration of the quasi-elastic character of the reaction
in the early ("single-track") experiments turn out to be
insensitive to the mechanism. To permit a comparison
with experiments carried out using the old technique, the
work on the (π~, π'ρ) reaction on Li6 which we cited
above [ 8 4 ] also gave the spectrum of pions emerging at a
definite angle for the case in which we are not interested
in the remaining particles, i.e., when neither the value
of q nor even the reaction channel is fixed. The curve
calculated according to the pole diagram provides a
good description of the spectrum. And this is so despite
the fact that, as is known from the detailed analysis of
the reaction Li6(7r', π"ρ), only 40% of the events at the
maximum are related to the pole mechanism! This
figure is obtained as the ratio of the effective number of
protons Neff = 0.6 (0<q< 170 MeV/c) determined from a
correct analysis of the data to the number (Neff = 1.5
±0.2) determined from the area under the spectrum in
the region ρττ>950 MeV/c. The ratio of the two values
of Neff shows, incidentally, what a large error one may
commit in extracting spectroscopic information from
the results of single-track experiments.

It would seem very important to carry out a test of
the mechanism which is based on a comparison of the
absolute values of cross sections. To be specific, it
would be convenient to make such a test by comparing
the reduced widths referring to a particular nuclear
vertex but determined in different experiments, in dif-
ferent reactions and at different energies. Unfortunately,
such a program cannot be fully realized at the present
time. The trouble is that a large portion of the data on
direct reactions has been obtained under conditions in
which it is impossible to distinguish either transitions
to particular states of the final nucleus or the region of
small momentum transfers. In other cases (including
stripping and pick-up reactions and most of the (p, 2p)
reactions that have been studied), no detailed investiga-
tion of the mechanism of the processes has been made,
and it is not entirely certain that the pole mechanism
dominates and that the corresponding reduced width is
extracted correctly from the experimental data.

In spite of this, two important conclusions can be
drawn. First, there are no known instances in which dif-
ferent data are clearly incompatible. Second, the values
of Θ2 are in good mutual agreement in those cases in
which a more or less correct comparison can be made.
We shall quote the figures for the proton width of the
C1 2 nucleus when the B11 nucleus is produced in its ground
state C 5 8 ] . The (p, 2p) reaction yields Θ2 = 0.78 ±0.10
(460 MeV) and 0.35±0.04 (155 MeV); from the data on
the (π, πΝ) excitation curve one obtains 0.55±0.10, while
from an analysis of the (π~, π"ρ) reaction in the region
of small momentum transfers one finds 0.72 ±0.15. The
existing discrepancies between different values of the
reduced proton widths of the Li6 nucleus C 8 4 ] were elim-
inated when allowance was made for the mechanism dis-
cussed at the end of the preceding section (see Fig. 5);
this mechanism is important here because of the in-
stability of the He5 nucleus. For production of He5 in
the ground state, one finds for θ ρ the value 0.39±0.06
from the (p, 2p) data and 0.50±0.20 from the (τΤ,,τΓρ)
data [ 6 1 3 . Nevertheless, to be sure, a true crucial com-
parison of the reduced widths, like the determination of
the precise values themselves, is a matter for the future.

We have so far discussed experiments performed with
the aid of electronics that has recently been connected
to spark chambers. It might appear that bubble cham-
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FIG. 16. The distribution of the number of events of the (π+, π*ρ)
reaction in the Treiman-Yang angle, for two ranges of momentum trans-
fers ! 8 8 ] .

bers and emulsions, with which measurements can al-
ways be made with a geometry close to 4ir, are highly
suitable for a "complete" experiment. However, the
shortcomings of these techniques (the impossibility of
selecting and analyzing a sufficient number of events of
a given type, the difficulties of reliably identifying a re-
action in photoemulsions, etc.) substantially reduce their
effectiveness for a detailed study of the reaction mech-
anism. Nevertheless, some interesting data are obtained
in these cases.

A specific study of the mechanism of nuclear reactions
was carried out by the Leningrad group [ 8 8 ] in 1970 by
means of nuclear photoemulsions. An investigation was
made of (ir+, 7r+p) and (π*, ττ°ρ) processes at an incident
pion energy of 112 MeV. Unfortunately, the data refer to
a mixture of light nuclei and the statistics are poor.
However, certain perfectly concrete conclusions can be
drawn. In Fig. 16 we give the most significant distribu-
tion in the Treiman-Yang angle, for two ranges of q
that are comparable with those of the ITEP works C 8 3-8 6 ] .
It is readily seen that analogous results are obtained,
on the basis of which the authors draw analogous conclu-
sions. The same reactions of tr* mesons in the carbon
nucleus at 130 MeV were recently studied using a pro-
pane bubble chamber C 8 9 ] . Finally, mention should be
made of a study of the D(p, pn)p reaction carried out
with a liquid hydrogen bubble chamber exposed to a beam
of fast deuterons C 9 0 ]. So far, only the traditional dis-
tributions have been published: proton momentum spec-
tra and the number of reaction events as a function of
momentum transfer. The results are in accord with
those which are already available from experiments at
other energies. However, we would like to point out the
experimental technique itself. While enjoying the ad-
vantages of the chamber technique, it is free from one
of its significant shortcomings, namely the impossibility
of studying events involving small momentum transfers,
since the slow recoil nucleon in the anti-laboratory sys-
tem is a sufficiently fast particle in the laboratory
system.

4. Estimate of the contribution of the pole mechanism

The data which we have considered enable us to say
that, independently of the initial particle and its energy
and the initial and final nuclear states, the pole mech-
anism gives the decisive contribution to the knock-out
reaction in the region of small momenta q < q0 trans-
ferred to the nucleus. Other diagrams provide a signifi-
cant contribution at large momentum transfers.

In t 8 4 1 it was attempted to give a quantitative estimate
of the contribution of the pole diagram in relation to the
contribution of the other diagrams over various ranges
of q on the basis of the data on the (ir~, ir'p) reaction on
the Li6 nucleus, using a representation of the reaction
amplitude in the form Μ = Mpole + C, where Mpole is the
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FIG. 17. The ratio of the contribution of the pole diagram to that of
all possible processes, as a function of the square of the momentum trans-
fer in a reaction of the type Li6(?r", π'ρ).

FIG. 18. The number of events of the reaction ϋ(π", π'ρ) as a function
of the momentum transfer (a), the polar (b) and the azimuthal (c) scat-
tering angle of the neutron. The various curves in b) and c) refer to dif-
ferent ranges of momentum transfer.

amplitude for the pole diagram and C is a q-independent
quantity which has a phase vr/2 with respect to Mpole·
Therefore I Ml2 = I Mpolel2 + ICI2. It is assumed that the
dependence of C on the other variables (including the
spin variables) is such that the distributions in the
Treiman-Yang angle and in the polar angle of the re-
sidual nucleus given by C do not contain a significant
isotropic component. In that case, the anisotropic com-
ponents of the distributions in the scattering angle of
the nucleus and in the Treiman-Yang angle can be at-
tributed entirely to non-pole mechanisms. The results
are shown in Fig. 17. We have plotted here along the
horizontal axis the value of q2 in units of q2, i.e., in
units of the square of the distance to the pole, which
lies at the point q 2 = - l . Along the vertical axis, we have
plotted the ratio of the contribution of the pole diagram
to that of all possible processes. Points indicated by
different symbols have been obtained by analyzing differ-
ent distributions; the light circles are from the distribu-
tion in q, the crosses are from the distribution in the
Treiman-Yang angle, and the dark circles are from the
distribution in the polar angle of the recoil nucleus. Since
the various points must be regarded as independent,the
fact that they are in agreement within the statistical er-
rors is to some extent a justification of the assumptions
made above. The solid curves in the figure are the theo-
retical results, which have the form of the ratio of the
pole term to the sum of the pole term and a constant
which makes crude allowance for the background. The
value of the constant was varied. The inset to the figure
shows χ2 as a function of the value of the constant. The
optimum value is 0.05*Sloi. The corresponding curve pro-
vides a good description of the experimental points and
of course attains the value 1 at the pole.

FIG. 19. The mass spectrum of the Λρ sys-
tem from the reaction K'd -* π'Λρ [ " ] . The
Λρ kinetic energy is plotted along the hori-
zontal axis.

Figure 17 enables us to draw the following conclu-
sions. First of all, the pole contribution amounts to
80-90% for small q< 1, which allows us to say that the
pole diagram gives the decisive contribution in this
region. The contribution of the pole diagram falls off
rapidly with q2 (it is a curious fact that its fall-off is
more rapid than for the (η, 2π) reaction on the nucleon).

The rate of fall-off of the curve in Fig. 17 depends
on the positions of the singularities which are nearest
to the pole. In the case of the deuteron, for which the
pole is anomalously close (qo = 45 MeV/c), we may expect
a compression of the region in which the pole diagram
dominates. Such a compression is actually observed up
to q~ 120 Mev/c, as can be seen, for example, from the
experimental data on the reaction D(TT", ττ~ρ)η near
1 GeV/c C 8 5 ] . This follows from the distributions in the
polar and azimuthal scattering angles of the recoil nu-
cleus for the various q shown in Fig. 18. We see that,
within the statistical accuracy, the pole curves describe
the experimental points in all of the ranges of q that
were studied. To be sure, the deviations from the pole
curves become appreciable for still larger q [91]

IV. THE TRIANGLE MECHANISM

Let us turn to the discussion of some specific reac-
tions for whose successful description it is important to
allow for the triangle mechanism: K~d-~7r~Ap, the
(p, dir*) reaction on light nuclei, and large-angle elastic
pd scattering (an example of a binary process involving
a large momentum transfer).

1. Mass spectrum of the Λρ system in the reaction K'd
->· π"Λρ

When one studies experimentally the mass spectrum
of the Λρ system produced in the capture of stopped
K" mesons by the deuteron (see, e.g., [ 9 2 ] ) , a pro-
nounced maximum is observed near 2130 MeV, corre-
sponding to the threshold for the reaction Λρ —-ΣΝ. One
of the possible explanations is the assumption that there
exists a resonance of mass 2130 MeV in the Λρ sys-
tem. However, as has been shown in [ 9 3 ] , there is no
need to introduce a new resonance to describe this peak,
and one can explain it as a consequence of the threshold
singularity of a diagram in which allowance is made for
the interaction ΣΝ —Λρ in the final state (see the inset
in Fig. 19). In a theoretical treatment, the amplitude for
the reaction K'd — π"Λρ near the threshold for the re-
action Λρ — Ση was represented in the form

Μ (ω) = ΜΔ (ω) + C, (4.1)

where ω is the kinetic energy of the Λ and ρ in their
c.m.s., MA(U) is the amplitude corresponding to the
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FIG. 20. The momentum spectrum of deuterons emitted at 9.5°
from the C1 2 nucleus exposed to 670-MeV protons [ 7 0 ] . The thin solid
curve takes into account only the pole diagram; the heavy solid curve
also takes into account the triangle diagram shown in the inset; the
dashed and dot-dash curves show the contributions of the triangle dia-
gram and the interference term.
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FIG. 21. Diagrams for elastic pd scattering.
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diagram under consideration, and C is a complex con-
stant which gives the contribution of all the other dia-
grams. The Hulthen form was employed for the deuteron
wave function, the amplitude for the reaction ΣΝ —Λρ
was assumed to be constant, and the amplitude for the
reaction K"n —• τΓΣ was taken in the zero-range ap-
proximation. The real and imaginary parts of the con-
stant C were adjustable parameters.

The results of the calculation are shown in Fig. 19.
We also show there the experimental data. It can be
seen that the theoretical curve is in good agreement
with the experimental data. The spectrum from C 9 2 ]

shown in Fig. 19 is not normalized. Consequently, we
cannot use these results to estimate the cross section
for the reaction ΣΝ —Λρ. However, if we make use of
the data on the mass spectrum in a wider interval of the
variable ω and assume that the entire "background" is
produced by the pole diagram involving the vertex K"n
— 7τ"Λ, we may conclude that the amplitude for the reac-
tion ΣΝ —Λρ at threshold is of the same order of mag-
nitude as the elastic Λρ scattering length (—1.5 F).

Of course, none of the foregoing considerations rule
out the possibility that there exists a resonance of mass
2130 MeV in the Λρ system. To clarify the nature of
the maximum in the mass spectrum, it would be nec-
essary to study the reaction K"d -*π"Λρ with fast kaons.
If the maximum is really due to the singularities of the
diagram in Fig. 19, then the shape and position of this
maximum should vary with the momentum transferred
from the kaon to the pion (see Chap. II).

2. Pion rescattering in the (ρ, άπ) reaction

In Chap. Ill we have already mentioned investigations
of the spectra of fast deuterons produced in the interac-
tion of 670-MeV protons with nuclei t 7 o : . The main com-
ponent of the spectrum is associated with the (p, dir)
reaction. A calculation based on the pole diagram in-
volving the vertex p + N—-d + π gives a good result for
the high-momentum component of the spectrum, but
leads to too low a value for the cross sections at lower

momenta. The authors of C 7 C ] noted that rescattering of
the produced pions by the residual nucleus may play a
major role here. The point is that, when the scattering
angle of the deuterons with respect to the proton beam
is ~10°, the pions produced in the reaction pp — d7r+ have
an energy close to the resonant energy (-160 MeV) at
which there is a maximum in the pion-nucleus interac-
tion cross section. If allowance is made for the dia-
gram shown in the inset to Fig. 20, the fit to the ex-
perimental data is greatly improved. In Fig. 20 we
show the momentum spectrum of deuterons emerging
at 9.5° from the C12 nucleus (the maximum at p= 1600
MeV/c is associated with the (p, pd) reaction). The
dashed curve shows the theoretical result corresponding
to the two pole diagrams for the (p, pd) and (p, d7r) re-
actions. The solid curve, which provides an excellent
description of the experimental data, also includes the
diagram of Fig. 20. This diagram turns out to be in-
sufficient for heavier nuclei. In this case, more complex
processes apparently play a major role.

3. Large-angle elastic pd scattering

Medium- and high-energy elastic pd scattering at
angles near 180° is one of the simplest nuclear processes
involving a large momentum transfer. There is no reli-
able theory of such processes at the present time. It
may turn out that the main contribution here comes not
from the mechanisms that have traditionally been con-
sidered in nuclear physics, but from more "exotic"
ones such as those involving the virtual production of a
pion or of nucleon isobars.

The experimental data c ' 9 4 : exhibit a sharp rise in
the differential cross section towards 180° and an ir-
regularity (an indication of a peak) in the energy depen-
dence of the cross section at fixed angle in the energy
range 600-700 MeV (this is the isobar, or resonance,
region, since the Δ(1236) isobar can be produced here
in the two-nucleon system).

The simplest mechanism that leads to a peak in the
backward cross section is single-nucleon exchange (the
diagram of Fig. 21a). However, while giving a satisfac-
tory description of the experimental data in the low-
energy region, the pole diagram of Fig. 21a already
yields a cross section which is an order of magnitude
below the experimental one at 1 GeV. Other possibilities
have also been discussed in the literature: the exchange
of one or of several nucleon isobars, beginning with the
Ν (1688) [ 9 5 ] (Fig. 21b), the impulse approximation (Fig.
21c), and double scattering C 9 6 ] (Fig. 21d). For a number
of reasons, all of these models prove to be unsatisfac-
tory (see C 9 7 3 for further details). Moreover, they do not
give a maximum in the energy dependence of the cross
section at resonant energies. At the same time, owing
to the large cross section for the reaction

ρ + p-+d + π* (4.2)

at these energies, the two-stage mechanism correspond-
ing to the diagram of Fig. 21e turns out to be dominant:
the incident proton interacts with one of the nucleons of
the deuteron and the reaction (4.2) takes place, after
which the pion which is produced is absorbed by the sec-
ond nucleon. A pronounced resonance behavior of the
cross section for the reaction (4.2) would lead to a corre-
sponding peak in the pd scattering cross section. This
mechanism for elastic pd scattering was proposed in : 9 8 1

and studied in detail in t 9 7 ] 1 8 ) .
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sight, and in the reaction v'd ^ Ν Δ , which has recently
been studied theoretically [102]

JOB 500
T o , MeV

FIG. 23

FIG. 22. The angular distribution in elastic pd scattering at large
angles for 600-MeV protons. Curve 1 is calculated with the Hulthen
wave function, curve 2 with the Gaussian wave function, and curve 3
with the third function of Moravcsik [ 9 7 ] .

FIG. 23. The energy dependence of the cross section for elastic pd
scattering at 180° in the c.m.s. [ 9 ? ] .

The angular distribution at 600 MeV, calculated in
accordance with the diagram of Fig. 21e, is shown in
Fig. 22 for various deuteron wave functions (Hulthen and
Gaussian functions, and the third function of Moravcsik).
It is readily seen that the result is strongly dependent on
the choice of the wave function. Allowance for D-waves
in the deuteron does not lead to significant modifications
(see the dashed, dot-dash and dotted curves). In the
same figure we show the experimental data, which are
in qualitative agreement with the theory.

In calculating the energy dependence of the elastic pd
scattering cross section, we added to the diagram of Fig.
22e a certain "background," which has a smooth energy
dependence and corresponds to the contribution of the
other diagrams (see Chap. II.3). As a model for the en-
ergy dependence of the background, we took the ampli-
tude of the pole diagram of Fig. 22a, but with a certain
factor determined by requiring the best fit to the ex-
perimental data. The results of such a fit at 180° are
shown in Fig. 23. The background contributes about 4%
to the cross section at the maximum. It is clear that
the theoretical curve reflects more or less correctly
the position and absolute value of the experimentally
observed maximum in the energy dependence of the
cross section. This fact favors the mechanism in
question.

The study of polarization effects would open up a
further possibility of elucidating the role of the diagram
of Fig. 21e in the isobar region. The polarizations of the
outgoing particles and the asymmetry in a reaction in-
volving polarized incident particles can be expressed in
terms of the analogous quantities for the process (4.2)
or its inverse process igi:l. Unfortunately, there are as
yet no good data on the polarization and asymmetry in
large-angle pd scattering, and it does not appear to be
possible to test these predictions of the theory.

The mechanism under consideration apparently
plays a major role not only in elastic pd scattering,
but also in a number of other nuclear processes involv-
ing large momentum transfers, in particular in photo-
nuclear (y, p) reactions C l 0 l 3

J where it affords an ex-
planation of certain effects that are unexpected at first

V. PION AND KAON CAPTURE

The energy spectra and angular correlations of the
particles produced by the absorption of slow ir~ and K~
mesons indicate that we are dealing with a direct process
in an appreciable fraction of the events. In accordance
with the subject of the present paper, we shall examine
only the possible mechanisms of the capture. Other as-
pects of the physics of such processes are treated in
the reviews t s ' 1 O 3-1 0 6 3.

Single-nucleon capture of a slow pion is improbable,
since, owing to the laws of conservation of energy and
momentum (the nucleus contains a large energy and zero
momentum), it can take place only on a nucleon which
moves inside the nucleus with a momentum ~500 Mev/c.
Since there are very few nucleons inside the nucleus
with such a high momentum, a group of nucleons must
take part in the absorption of pions. The fundamental
problem is the following: does the capture of a meson
occur on a virtual deuteron, a particle or other corre-
lated group of nucleons that is virtually emitted by the
nucleus (in this case, the reaction is described by the
corresponding pole diagram or by the simplest diagrams
which allow for the interaction of the secondary parti-
cles), or does a dynamical correlation of the nucleons
occur in the capture process ? The second alternative
would imply that the correlation occurs during the direct
capture process itself and is not "prepared" before-
hand in the nucleus. Consider, for example, the reaction
of producing a pion in a collision of two free (not nuclear)
nucleons, N + N—Ν + Ν+π. The amplitude for this reac-
tion is a function of the kinematic variables, in particu-
lar the momentum transfers. This means that the par-
ticles will be correlated in a definite way, and this cor-
relation will obviously depend on the reaction mechanism.
Capture of a pion by a nucleon pair, π + Ν + Ν ^ Ν + Ν, is
the inverse reaction of the production process and is de-
scribed by the same amplitude (with reversed signs of
the momenta and spin projections). The correlations
that are observed in the capture may be determined
not so much by the nuclear wave function as by the
amplitude for the free-particle process itself.

The greatest number of testable consequences can be
obtained for the first of the above-mentioned mech-
anisms (the relative probabilities of the various chan-
nels, the energy and angular distributions of the products,
and the dependence of the cross section on the energy of
the absorbed pion). In this case, it is important to con-
sider not only possible capture by a virtual deuteron,
but also by other particles-a, t, etc. (there are no
grounds for assigning a prior preference to any one of
the enumerated virtual particles; moreover, for differ-
ent nuclei and under different kinematic conditions, the
main contribution may come from absorption by differ-
ent virtual particles). It is well known that the two-
nucleon capture mechanism C l 0 7 ]

) the simplest variant of
which corresponds to the graphs a and b of Fig. 24,
gives an appreciable contribution, at least in the region
of small momenta transferred to the residual nucleus.
For (π", ηη) reactions, this region corresponds to a
scattering angle between the two neutrons close to 180°.
The experimental study of the reaction Li6(7T, nn) shows
conclusively that the neutrons are correlated in such a
way that the angle between them is approximately
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FIG. 24. Diagrams corresponding to π'-meson capture.
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FIG. 26

FIG. 25. The distribution in the angle between the neutron and
proton from the reaction Cn(ir', n p ) B 1 0 [ 1 0 9 ] . The upper curve is the
calculation according to the α-particle model, and the other curves are
the calculations according to different variants of two-particle capture.

FIG. 26. The relative yields of protons, deuterons and tritium nuclei
above 24 MeV [ 1 1 4 ] .

180°C l 0 8 ]. An equally sharp maximum in the angular
dependence is observed in the reaction C12(TT",
np)B10 C l 0 9 ] , as can be seen from Fig. 25. The curves
are the results of the theoretical calculations. The
group of lower curves shows the calculated results
according to different variants of the model for two-
nucleon absorption. The upper curve corresponds to
α-particle capture, which leads to an angular correla-
tion, but not such a sharp one. The experimental picture
can be attributed to either capture by the deuteron, fol-
lowed by charge exchange of one of the neutrons, or cap-
ture by a biproton pair. A sharp correlation also occurs

in the second case
tno]

[109]

Until recently, there had been no observations of the
peak in the nucleon spectrum at ~(50-60) MeV which
should occur if the capture takes place on two nu-
cleons t l l l ] . However, it was shown in a recent work
that this peak is seen if one considers only those events
in the reaction C12(7T, np)B10 which correspond to pro-
duction of the ground state of the B10 nucleus.

In addition, there may also be a large contribution
from a multi-nucleon capture mechanism such as the
α-particle mechanism (Fig. 24c) 1 9 ) . The large quantity
of data accumulated in works using bubble chambers and
photoemulsions (see, e.g., t U 2 ] , where references to the
earlier investigations can be found) have not been able
to provide information on multi-nucleon capture, since
no distinction was made in these data between protons,
deuterons and tritium nuclei. Such a distinction was
first made in C u 3 3 , where it was discovered that many
deuterons and tritium nuclei are produced when slow
pions are absorbed by the light nuclei of a photoemul-
sion. Figure 26 shows the relative yields of p, d and t
that were recently measured with the electronics of C l l 4 \
For light nuclei in the region of carbon, the relative
yields of hydrogen isotopes are approximately the same
as for capture by He4. The p, d and t spectra obtained
in

l l l 3 :

are in agreement with the α-particle model

The α-particle model of capture was proposed theo-

ΊΟ SO Z0 BO WO
Energy E, MeV Ε MeV

a) b)

FIG. 27. Spectra of fast particles produced in capture by carbon, a)
The spectrum of tritium nuclei from [ 1 1 4 ] , b) spectra of protons, deu-
terons and tritium nuclei detected in coincidence with neutrons [ 1 0 9 . 1 1 7 ] .

retically in [ 1 1 5 ] and analyzed in detail in L11°>i">"". it
was shown C l i o : that a qualitative explanation can be given
of all the comparatively crude experimental data on the
angular correlations, spectra and absolute capture prob-
abilities if allowance is made for both the two-nucleon
mechanism and the α-particle mechanism. More detailed
experiments, permitting a quantitative comparison with
the α-particle model, were begun comparatively re-
cently > n 7 ] . In Fig. 27a we show the spectrum of
tritium nuclei produced in π~ capture by carbon C l l 4 ] .
The theoretical curves are from , and the dashed
curve shows the phase space. The solid curve and the
dot-dash curve are calculated according to the diagram
of Fig. 24c without and with allowance for a nuclear
form factor. We see that these two curves are in good
agreement with the experimental data. The deuteron
spectrum obtained in C l l 4 ] is also in good agreement with
the model of α-particle capture.

Figure 27b gives the spectra of protons, deuterons
and tritium nuclei obtained in another work t l l 7 ] . Charged
particles were detected in coincidence with neutrons in
capture by carbon. The dashed curves are calculated ac-
cording to the α-particle m o d e l t l l l ] . Figure 28 shows
the angular correlations of (n, t) and (n, d) pairs ob-
tained in C l l 7 : . The theoretical curves, taken from I u e ] ,
are again calculated according to the α-particle model.
The nature of the (n, d) correlation indicates a contribu-
tion from the diagram involving He3 exchange. The same
experiment gave the excitation spectrum of the residual
nuclei from the reactions C12(TT~, nt), C 1 2 (TT, nd) and
C12(7T, np), for events with a scattering angle between
170 and 180°. While a clear maximum is seen in the
spectrum of nuclei from the first reaction, correspond-
ing to production of the Be8 nucleus in its ground state,
no such maximum occurs in the spectra of nuclei from
the second and third reactions. This again indicates
that multi-nucleon capture plays a major role. It is well
known, for example, that the α-particle mechanism
simulates a broad excitation spectrum if nucleon pairs
are detected [118]

Mention should be made of one more experiment, in
which a photoemulsion technique was used to investigate
the spectra of secondary particles and the angular cor-
relations in the reaction τΓ+C1 2 — Li8 + He3 + n C l I 9 ] . It
was found that these characteristics are in good agree-
ment with the model of absorption by Li4. Here, how-
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FIG. 28. The distribution in the angle between the pairs (n, t) and
(n, d) after π" capture by carbon [ l 1 7 ] .

ever, one requires a further test of whether these dis-
tributions can be the result of secondary processes
which follow capture by a deuteron or a particle. The
point is that the channel Li8He3n is rare (its relative
probability is 2.2X 10~4), and various secondary proc-
esses, even if they are improbable, may give an appre-
ciable contribution.

Thus, the existing experimental data indicate that
multi-nucleon capture plays an important role. Never-
theless, a number of important questions remain un-
answered. The possible role of rescattering of the
particles after the process of pion capture (and, in
general, the role of secondary processes) has so far
been poorly studied theoretically. To study the a-
particle capture mechanism experimentally, it would
be especially valuable to make a more detailed study
of the (π", tn) reaction in the region of small momenta
of the residual nucleus, as well as the (π*, He3p) reac-
tion at low energies. For the capture of pions in flight,
there is an additional opportunity of testing the mech-
anism-the utilization of the Treiman-Yang criterion.
Desirable experiments are discussed in greater detail
in t l 4 ] . In investigations carried out with a high accu-
racy, it would naturally be necessary to allow for the
fact that the pions are captured from various meso-
atomic orbits t l 2 0 ] , and this affects the characteristics
of the process.

The currently available information on K"-meson
capture is much more limited. In this case, in contrast
with π'-meson absorption, single-nucleon capture ac-
companied by pion emission is possible, corresponding
to the reaction K"+A—Υ + π + Β (where Υ is a hyperon,
and Β is the residual nucleus). The energy spectra
and angular correlations of the pions and hyperons pro-
duced in K" absorption by He4 nuclei C m ] , in a propane-
freon mixture and in photoemulsions il05>1221 are in qual-
itative agreement with the predictions of the simple im-
pulse approximation (the pole diagram involving nucleon
exchange). However, the above-mentioned characteristics
have so far been measured with very poor accuracy. The
theoretical calculations here are also unreliable, since
they make no allowance for the effect of the nearby sub-
threshold Υ (1405) and Υ (1385) resonances in the KN
system, which lead to an appreciable energy dependence
of the KN interaction amplitudes C l 2 3 : . Allowance for
these resonances in the K" capture process and the
determination of the parameters of their interaction
with nucleons or with the residual nucleus represent
some of the most interesting problems of the physics
of kaon-nuclear interactions.

The non-mesonic captures K"+A —Y + N + B can take
place only on a group of nucleons. The fraction of such

captures is (1.22 ±0.9)% for deuterons C l 2 4 ] and (16.5
±2.6)% for He4 nuclei C l 2 1 3. For light nuclei (C, Ν and O),
the fraction of non-mesonic captures is close to the
figure for He4 and amounts to 17-20%. Measurements
have also been made of the spectra of fast nucleons,
the distributions of stars in the number of rays, and the
probabilities of various non-mesonic channels in the
capture by deuterons t l 2 4 ] and by nuclei C l 2 5 \ The data
on the energy spectra of particles produced in K"
capture by light nuclei are compatible with our ideas
about the α-particle capture mechanism [ l 0 6 ] .

Interest in studying the interaction of slow kaons
with nuclei is associated to a great extent with the ques-
tion of the neutron periphery of heavy nuclei. The point
is that K"-meson capture should be very sensitive to
the abundance of neutrons at the periphery of the nu-
cleus, since, as a consequence of the high probability
of capture (single-nucleon capture is allowed), the K"
mesons are absorbed mainly at the surface of the nu-
cleus. It is also significant that different channels are
realized for capture by neutrons and by protons (capture
by neutrons proceeds mainly according to the scheme
K" + η — Σ" + π0, Σ°(Λ°) + π ", while capture by protons
proceeds according to the scheme Κ" + ρ — Z± + rf,
Σ°(Λ°) + 7Γα). It is inferred from the data on K" capture
by heavy nuclei that the radius of the neutron distribu-
tion is appreciably larger than that of the proton dis-
tribution, i.e., that the periphery of the nucleus consists
mainly of neutrons : i 2 6 ] (see also £ ΐ 2 7 ] ) . This conclusion
is based on the fact that the ratio of the probabilities of
the channels realized in K" capture by the neutron and
by the proton is four times as large for heavy nuclei as
the corresponding quantity for light nuclei. However,
there exist here a number of unresolved problems of
both an experimental and theoretical nature (there is no
reliable information on the capture mechanism, and it
is difficult to make proper allowance for the strange
resonances).

The analysis of the data on the intensities of the
transitions in kaonic atoms C l 2 8 ] also seemed to require
the assumption of a neutron periphery. However, more
precise calculations t l 2 9 ] , allowing for distortion of the
Coulomb wave function of the kaonic atom at small dis-
tances caused by the strong interaction, have shown that
this conclusion is premature, and the existing data (see
also C l 3 0 ]) are consistent with the assumption that the
proton and neutron distributions have the same radius.
The results of a recent investigation of the interaction
cross sections of positive and negative pions of mo-
mentum 0.71 to 2.0 GeV/c with lead nuclei £ l 3 1 ] give
evidence against the neutron periphery.

Thus, it is difficult to reconcile the available data
with the assumption that there is a significant difference
between the radii of the proton and neutron distributions.
The question of a possible small difference remains open.

VI. CONCLUSIONS

In summary, it can be said that our theoretical ideas
about the nature of direct processes at high energies
are confirmed by the experimental data obtained in re-
cent years. This means that the theoretically predicted
dependences of the differential cross sections on the
kinematic variables (the momentum transfer, scattering
angles of the recoil nuclei, etc.) are observed experi-
mentally. The experimental data also confirm the esti-
mates of the domain of applicability of the theory, which
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is confined to small momentum transfers to the nucleus.
This shows that direct processes at high energies, by
their physical nature, actually lead to an interaction of
the incident particles with groups of nucleons that are
virtually emitted by the nuclei.

The experimental data have shown, in particular, that
the angular and momentum distributions that have been
generally measured in the past are insensitive to the re-
action mechanism and are therefore insufficient for a
quantitative investigation of direct processes. The dis-
tributions which are most sensitive to the mechanism
of the process are found to be those in the Treiman-
Yang angle and the scattering angle of the recoil nucleus
(with respect to the direction of the beam of incident
particles). Recent results of the study of direct reac-
tions induced by high-energy particles indicate that
present-day experiments are capable of yielding the in-
formation required for the identification of the mech-
anism of a direct process.

At the present time, the firmest conclusions can be
drawn about the mechanism of reactions of the quasi-
elastic type. We note that, although such reactions have
been studied for some time, it has been possible only
very recently (and, moreover, in experiments with
relativistic accelerators) to establish the domain of
applicability of the pole mechanism corresponding to
the picture of "simple knock-out" from the nucleus of
nucleons, deuterons and other light nuclei ("clusters")
by the incident particle. As was to be expected theo-
retically, simple knock-out occurs only when a rather
small momentum is transferred to the residual nucleus,
when, as a rule, no compression of the region of large
momentum transfers is observed. In other words, quasi-
elastic scattering takes place at the periphery of the
nucleus. While this fact has been established quantita-
tively only for the knock-out of nucleons, it is worth
emphasizing in this connection that there is no basis for
the claims encountered in the literature that nuclei have
a "cluster" structure, as if this has been demonstrated
by experiments on direct reactions involving the knock-
out of light nuclei. It is more likely that "clusters" are
found with a certain probability only at the periphery of
the nucleus.

When the program of theoretically desirable experi-
ments formulated in the present review is compared with
the experiments that have already been carried out, it
can be seen that the study of direct reaction mechanisms
more complex than the pole mechanism is still at its
earliest stages. Next comes the informative experi-
ments on the identification of some more complex mech-
anisms , in particular those corresponding to various
triangle diagrams. It should be noted that practically
no studies have been made so far of the relative roles
of elastic and inelastic interaction processes in the
"final" state of direct reactions.

We have already mentioned several times that in-
vestigations of direct nuclear reactions are of great
interest for both the study of the nucleus and the deter-
mination of the properties of elementary particles. In
this last case, we have had in mind mainly the extrac-
tion of information on the interaction of elementary
particles from nuclear experiments. In conclusion, we
would like to point out yet another, perhaps somewhat
unexpected, aspect of the "collaboration" between nu-
clear physics and elementary particle physics. In re-
cent years, it has been found that there is a certain

similarity between the strong-interaction processes of
elementary particles at high energies and nuclear proc-
esses. Briefly, a number of phenomena that accompany
the collision of two particles with very high energies
(of the order of 10 GeV in the c.m.s.) look as if these
particles, like nuclei, have internal degrees of freedom.
This circumstance has been reflected in the well-known
"parton" model of high-energy collisions (partons are
certain virtual "constituents" of an elementary particle,
which exchange energy and momentum on undergoing
collisions). The basic ideas of the parton model are bor-
rowed from nuclear physics and correspond to the pic-
ture of direct reactions (at present, in the most primitive
variant). Thus, the study of the mechanism of nuclear
reactions may prove to be a significant heuristic aid in
elucidating the physical nature of the interaction proc-
esses of elementary particles at high energies (the in-
terrelationship of these two fields is also facilitated at
the present time by a common theoretical language).

APPENDIX I

The amplitude M' for the reaction i + x —y+z can
be expressed in the following way Cl2>20>233 j n terms of
the invariant amplitudes f, which depend only on the
kinematic invariants characterizing this reaction:

W)

(A.I)
("zy)-

If the product of the intrinsic parities of the initial and
final particles is equal to 1, then

r_i £/2, if L is even,
r~ X (£+i)/2, if L is odd.

If this product is equal to —1, then

(i+D/2,
L/2,

L is even,
L is odd.

The quantity λ runs over all integral (if r is integral)
or half-integral (of r is half-integral) values for which
the triplet r - λ , r+λ, L forms a triangle, nix and nzy
are unit vectors along the relative velocities of particles
i and χ and particles ζ and y. jix and jzy are the
spins of the incoming and outgoing channels, and L is
their vector difference.

This representation is not unique. We could have
written an expression for M' by introducing the total
spins of the crossed channel, etc. A more detailed ac-
count of pertinent material can be found in C l 2 ' 2 0 ] .

By making use of Eqs. (2.6) and (A.I) and a graphical
method of representing the sum of Clebsch-Gordan co-
efficients C l 2 ' 2 4 ] , w e obtain for the quantity i Ml2, Eq.
(2.9), the following schematic representation 2 0 ) :

Μ |2 ~ 2 yvtt.j.Fu fa) Ff.j, (?) / (iixhyLX)

X /* O t a V * ' ) (2<"+1) (2i> +1) (2c +1) <Dabe (n f I , nzy, n i B )

Ji Jix

J' Ji Mx L'

(A.2)

The summation runs over J , J ' , I, V, jix, j z y , j{x, j z y , L,
λ, L', λ', a, b and c, and <i>abc are rotationally invari-
ant combinations of the vectors nix, nzy, and ηϊβ:
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Φ«ί* («ι., η 2 Β , n i B ) = ^ ( ma mb mc ) Y<"»a

 ( " i J Y»mb {"zy) *'c mc {°>B)- ( A " 3 ^

Since Ζ and /' have the same parity, c is necessarily
even.

APPENDIX II

We shall write down a number of formulas expressing
the distributions in the reaction A + x—B + y + z in
terms of the total (σ0) and differential (dao/dO) cross
sections for the reaction i + x —-y + z when the amplitude
is described by the pole diagram of Fig. 1.

Let px be the momentum of the incident particle in
the laboratory system, and q and ζ be the momentum
and cosine of the polar angle of the nucleus B. Then,
introducing the notation

(A.4)

we have
* 11UI

2) dq, (Α.5)

where syz is the square of the sum of the 4-momenta
of particles y and z:

η 1 I I 1 2 _
x J f !"'/(

qmax is defined by the expression

where
!mu = Bz + y'B~z^ + C,

(A.6)

(A.7)

The distribution in the momentum of the residual nu-
cleus can be expressed as

(A.8)

V = m a x I

2 , , /l_2where, for q 2 « 4 m g ,

The distribution in the invariant mass of the (y + z) sys-
tem is given by

-T_ O0{s,,,) \ Φ (q) q dq. (A.9)

FIG. 29

where ρ is the momentum of particles Β and y in the
P-system.

APPENDIX III

Let us apply the graphical method of representing
sums of Clebsch-Gordan coefficients : 2 4 3 and present
the graphical scheme for carrying out the summation
over the spin projections of the virtual particles in Eq.
(2.21) for the triangle diagram. We employ for the
amplitudes Mi and M2 expansions of the type (A.I) in-
volving the invariant amplitudes fi and f2, and Eq. (2.6)
for the amplitude Γ . We then obtain, accurate to within
numerical coefficients (a sum over all the parameters
except fi, f2 and f3 is implied).

Κ'"' ( Λ / ' 'μ ' ϊ 2 (VOu$ = y"F" (5«3) fi (7to/3z'-l>-l) h V I'J Kl^t) Υ lm (»lj!

X Υ*2+ ) Α ('!•

where A denotes a quantity which, to within factors of
the form (2ji + l) and a sign, coincides with the 3jm co-
efficient represented by the diagram of Fig. 29.

The limits of integration are determined by very sim-
ple considerations. There are, as it were, two final-
state particles —the nucleus Β and the system y + z of
mass Vsyz; qmin and qmax a r e reached when the angle
between the directions of the momenta of the nuclei A
and Β is equal to 0 and 180° in the c.m.s. Unfortunately,
the explicit expression is rather cumbersome (see,
e.g., ).

The last distribution which we shall consider is the
momentum distribution of the particles ζ detected at a
fixed angle. To calculate this distribution, it is con-
venient to go over to an integration over the solid angle
4ff in the c.m.s. of particles Β and y (the P-system),
expressing q and the variables on which I M'l2 depends
in terms of the variable angles θ ρ and <?p:

n5dcosepd<i>p, (A.10)

"By the triangle mechanism we mean the set of three elementary inter-
action events corresponding to the triangle Feynman diagram.

2)The general theoretical foundations of the method of nonrelativistic
Feynman diagrams and its application to direct nuclear reactions are
covered rather thoroughly in [ 7 | S | 1 7 ] . In what follows, we therefore
confine ourselves to the study of some of the simple, but most impor-
tant, diagrams. We shall also not consider the problems connected with
the kinematics of a reaction, phase-space distributions, etc., as these
problems are discussed in detail in [ 8 . 1 3 · 1 8 ] .

3) We shall adopt throughout this paper the system of units in which h
= c= 1.

4)The reduced width Θ2 is often written in the form Θ2 = Se2

0, where S
is a spectroscopic factor and fig is the single-particle width (i.e., the
width that we would have in a single-particle model) [ 2 2 ] .

5>Eq. (2.11) is written for the case in which only the reduced vertex part
with definite values of / and J is non-zero. In the general case, there
would appear a sum over these parameters.

•"'Problems connected with the fact that one of the particles taking part
in the reaction i + χ -» y + ζ is virtual are considered in [ 8 ] . In some
cases, its virtual nature can significantly alter the result (see, e.g., [ 2 6]).

"For sufficiently high energies in the cases of small q, if the particle ζ
is fast, the Treiman-Yang angle coincides with good accuracy with the
"azimuthal" angle, defined as the angle between the (p x , pjj) and
(p x , pz) planes (all momenta are in the laboratory system) [29].

8)Some caution is required here, however. For example, if we examine
the distribution in the relative energy of particles y and ζ in the reac-
tion (2.4) at a fixed initial energy, it will be concentrated near a cer-
tain value determined by the kinematics and by the fact that the pole
mechanism distinguishes small q. In this case, a resonance in the reac-
tion (2.4) will lead to a shrinkage or distortion of the peak in the dis-
tribution in SyZ. When analyzing different dependences of the cross
section on the kinematic variables, one must also take into account
the fact that the phase space is a rapidly varying function of these
variables in many cases [ 8 | 1 3 1 .

9)We note that the numerical results of [4 2J, in which the diagram in-
volving rescattering of the isobar by the nucleus was considered for
the reaction C12(n~, 7r"n)C", are not quite correct. The corresponding
mechanism does not lead to a maximum in the cross section in the
energy region 120-150 MeV.
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""Fortunately, exceptions sometimes occur, when one may establish
definite isotopic relations [ 3 4 ] , predict polarization effects (see
Chap. IV. 3), observe the dependence in the energy behavior of the
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the case for the pole mechanism.
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retically in [ s 3 ] .
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closer than that of the pole diagram involving the vertex Li6 -* He5 + p.
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