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1. INTRODUCTION

IT was found in the last decade that the kinematics of
the electrons of the metal in a magnetic field are de-
termined by the topology of the Fermi surface!'!, This
has uncovered ways of experimentally studying the

Fermi surface of the conduction electrons. As a result,

the Fermi surfaces of most metals are known by now
(see the reviewm). It turned out that the Fermi sur-
faces of at least all the transition metals coincide, in
first approximation, with the results obtained from
calculations by the almost-free-electron model. In
this model it is assumed that the conduction electrons
behave like free ones, but owing to the periodic poten-
tial of the lattice they experience Bragg reflection
from the boundaries of the Brillouin zone.

The calculation results can be fully reconciled with
the experimental data only after taking into account the
interaction between the electrons and the ion core.
Inside the unit cell of the lattice one can usually sepa-
rate the regions outside and inside the ion core. Out-
side the ion core, the potential energy is low and the
wave function is smooth and close to a plane wave,
Inside the ion core, on the other hand, the wave func-
tion oscillates rapidly, so that the kinetic energy can-
cels in part the potential energy of the core. To take
these oscillations into account, it is convenient to use
the wave functions of the internal shells. Accordingly,
the wave functions of the electrons are expanded in
plane waves orthagonalized with respect to the wave
functions of the internal shells {the method of ortho-
gonalized plane waves (OPW)).

For the OPW there appears in the Schrodinger
equation of the smooth electron function, as a result
of elimination of the oscillating part, a repulsion poten-
tial acting in the region of the ion core. This potential
cancels to a considerable degree the initial attraction

potential. The resultant potential, customarily called
pseudopotential, turns out to be weak enough to be
treated by perturbation theory.

There exist several different methods of calculating
the pseudopotential. Unfortunately, none are suffic-
iently reliable, so that the final results are corrected
to fit metal parameters that depend on the choice of
the pseudopotential. These characteristics may be the
Fermi surface of the metal, the energies of the crystal
and the band structures, the lattice vibration spectrum,
etc. All these properties can be used to refine the
pseudopotential parameters, which by now have been
determined for a number of metals. Methods of calcu-
lating the pseudopotential are analyzed in detail in
Harrison’s monograph!!

It should be noted that the OPW and the pseudopo-
tential concept can be used only in the case of strongly
localized internal shells of electrons. This limits
significantly the number of metals that can be success-
fully described by the OPW method. In particular, all
transition metals are excluded from consideration.

When corrections are introduced for the action of
the pseudopotential in the case of nontransition metals,
it becomes possible to reconcile the results of the cal-
culation of the Fermi surface with the experimental
data, It turns out that allowance for the interaction
does not affect strongly in this case the value of the
Fermi energy, although the remaining characteristics
of the electrons may be somewhat altered in compari-
son with the model of almost free electrons. In particu-
lar, for example, the effective mass of the electrons
becomes somewhat altered, although in most metals
this change does not exceed some 10%. The results of
the calculations of the change of the effective mass of
the electrons due to the interaction between the elec-
trons and the ions are given in Table II below. The
Heine-Abarenkov potential was used in the calcula-~
tion'*] (see®h),
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We have assumed everywhere above that the ion
cores are immobile. Actually, they can vibrate about
an equilibrium position in the lattice. These lattice
vibrations are described by using the phonon concept.
The presence of an interaction between the electrons
and the ion core causes the electron and phonon sys-
tems in the metal to be coupled to each other. There
exists in a metal a noticeable electron-phonon inter-
action (EPI). This interaction plays an important role
in the formation of the lattice-vibration spectrum; it
alters considerably the connection between the energy
and the momentum of the electrons near the Fermi
surface; this interaction is responsible also for
superconductivity. The present article is devoted to
the consideration of different aspects of the EPI in
metals. We first present briefly the results of a theo-
retical analysis of the problem, and then discuss the
experimental data. The principal attention will be paid
to the change produced by the EPI in the electron sys-
tem. The role of the interaction between the electrons
and the ions in the formation of the lattice-vibration
spectrum will not be considered here. Those interested
can find the corresponding data in Harrison’s mono-
graph'®! or in the paper of Brovman and Kagan'®!,

2. ELECTRON-PHONON INTERACTION PARAMETERS
AND THEIR CALCULATION FOR A METAL IN THE
NORMAL STATE

The calculation of the EPI reduces in final analysis
to allowance for all the possible energy-exchange
processes between the electron system and the phonons.
Of course, in this case we deal with virtual phonons
that can be excited in a solid. The general theory of
this interaction is described in detail in a number of
easily accessible monographs!®”!; we present only a
few of the most important conciusions. Thus, the EPI
changes the electron energy and damping Ep and T'p.
We note that the electrons are regarded as quasiparti-
cles of the entire Fermi system:

E,=ES+ReX(p, E,+ily),
Ip=Im 2 (p, Ep + iTp),

where p is the electron momentum and ¥ is the ir-
reducible self-energy part of the Green’s function of
the electrons, in which all the possible exchange
methods are taken into account. The possibility of a
fully correct calculation of £ became obvious follow-
ing publication of Migdal’s 1958 paperm, where it was
shown that the corrections to the zeroth term are of
the order of smallness (m/M)Y?>~ 10 (m and M
are the masses of the electron and of the ion), and can
therefore be neglected.

After calculating ¥, Migdal pointed out that Re 2
is proportional to wp at small wp, where wp is the
electron energy reckoned from the Fermi surface.

From this it followed directly that the EPI should
change the state of the electrons near the Fermi sur-
face, for example,

vy, =0E p/0p=0E}/dp+ (?Re3/0FE,)0E ,/dp,
Up = Up, pana+ (@ Re Z/OE) vy,

or, denoting by A = -5 Re /0E the average EPI
parameter, we obtain

" the EPI, while v, m, and N

i+ R

Yp = Phana
and accordingly

m=my, {1 -+2A), N = Noma(l 4 ). 1)

where vpand, Mpand, and Nphapgq are the velocity,
mass, and density of the elect/x;ons in the absence of
re the same quantities in
the presence of EPI. One can speak of renormaliza-
tion of the state of the electrons as a result of the EPI,
if one introduces the renormalization coefficient

Z =144
then
m = mMypnaZ, ¥ = N4 Z.

Subsequent calculations by Prange and Kadanoff(®)
have shown that the EPI does not change the Fermi
energy, the anomalous skin effect, the spin-related
magnetic susceptibility, all the galvanomagnetic-
thermal coefficients, the electron mean free paths and
the transport coefficients, the nuclear spin-lattice
relaxation, and the frequency of the de Haas~—Van
Alphen effect.

It follows from (1) that the renormalization of the
electron states as a result of the EPI is determined by
the parameter ). Obviously, in final analysis x should
be expressed in terms of the parameters of the elec-
tron-ion interaction and the lattice vibration spectrum
of the metals!™

— 3, /
bp = lband’Zv

A= 2 S g (o) o do, (2)

where
2
e =3 [ @ [ep Lm0y, f[ep @)
¢ 8 8 )

vF is the velocity of the Fermi electrons. The inte-
grals with respect to p and p’ are taken over the
Fermi surface S. They take into account all the possi-
ble electron transitions from the initial state |p) to
the final state | p’ ). These transitions are realized
via excitation of the phonon field. dpp’o is the electron-
phonon interaction constant, and ¢ is the polarization
of the phonon-spectrum branches over which the sum-
mation is carried out. In the simplest case this is one
longitudinal and two transverse branches. The phonon
frequencies wp-p’ ¢ corresponds to the modes of the
first Brillouin zone. With the aid of the pseudopotential
method"*®) it is possible to express qpp’c in terms of
the form factor {p’|®W|p) of the scattering of the
electrons from the state |p’) intc |p’) on the Fermi
surface (seef®);

(P—p 22 (p—p) (' | B |p2
o = PP | W |py ) (4)

Op—p’, UMN

where M is the mass of the ion, N is the number of
ions per unit volume, e(p ~ p’,|o) is the polarization
vector corresponding to the phonon frequency wp-p’,0.
All these expressions are simplified if one assumes
a spherical Fermi surface and a local approximation
for the pseudopotentialts], in which {(p’| | p) depends
only on the change of the momentum q = p — p’; then

g(‘”):N_lz g (Zn)—:} diqLs (9)6[m—wq,0]v (5)

o <2kp

where
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Lo (@)= (miad) LE0 0L | m g,
B {q) is the local form factor of the pseudopotential,
the integral d°q is taken in a sphere of radius 2kF.
Following!**'?], g(w) is frequently represented in the
literature in the form
g (0) = &* (o) F (o),

(6)
where
F@)=~"1Y) [ (2n)2d%d (0 — g, ol
. ,

is the density of states of the lattice vibration spec-
trum. F(w) can be calculated, for example, from the
dispersion curves for the lattice-vibration spectrum,
which are determined usually by neutron diffraction.
0®’(w) is the EPI parameter, which can be determined
by comparing the corresponding relations (5)—(7);
such an expression for g(w) is convenient because it
turns out that a®(w) varies more smoothly with energy
than F(w), and accordingly relation (6) emphasizes
once more the change of g{w) is connected primarily
with F(w). As will be shown later on, the function
g(w) can be determined from the experimental data.

As noted by McMillan'**)| yg( ) does not depend on
the phonon energy (see relation (3)):

(M

{ 08 (@) do = Npppq 1 (@220,
3 .

where N, is the density of the electrons on the Fermi
surface, {q*) is the square of the electron matrix
element averaged over the Fermi surface. When rela-
tion (2) is used, we obtain for ) the approximate expres-
sion )

A= Nband_ (@M (0%, (8)
where .

(0% = Smg (®) do)/S g (0) o' do.

By using the expressions (2)—(5) given above, we
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Table I
Refer- | Employed pseudo- | Al Pb
ence potential

1 Semiempirical 0.18 1 0.49 | 1,12
15 Heine-Animalu 0.13-|1 0.5 |1.67

1 0PW [°]
16 Heine-Animalu 0,13 | 0.533 | 1.55

20pPW [°
v Heine-Ani[m]alu ¢l | 042 ] 0.46 ] 1.69
Heine-Animalu [*] 0.1510.53 | 1.34

can numerically calculate the averaged EPI parameter
A. One of the first numerical calculations of the
averaged parameter was made by Ashcroft and
Wilkins(**! for Na, Al, and Pb (Table I). They used a
local pseudopotential in the calculation, and the inte-
gration was carried out over the Fermi surface altered
by the electron-ion interaction. The calculation for
these metals was subsequently repeated many
times!**"!"), Although several different pseudopoten-
tials were used, the values obtained for A were all
close (see Table I). The possible influence of the de-
tailed form of the pseudopotential was verified also
separately for lead in!!®),

The integration in the calculation of the averaged
parameter A causes all the quantities to be averaged.
As a result, allowance for the anisotropy of the phonon
spectrum seems to have no noticeable effect on the
results in the case of metals with a cubic lattice.
Thus, with sodium as an example!*®), it was shown that
the maximum anisotropy of A, due to the anisotropy of
the lattice-vibration spectrum, does not exceed 2%.

Table II lists the values of X calculated by Allen
and Cohen for a number of nontransition metals,
In*"), a spherical model was used for most metals,
both for the electrons and for the lattice vibrations.
The pseudopotential used in the calculation is noted in
Table II with the appropriate literature citation.

Table II
Pseudopotential in | Caloula- he **, alculati
Metal: | Ter K | 0p, oK | y.mi/ w | ecleulaionor | fonof | 4| (cdoulaton (atoton™ | agand on, Moy
) le-" K and A* and/ | (caleula- | from (12); ) MeV
gmole- Mband m, tion of**)| see below) | *°¢ below)
Na - 157 1.8 | 1.26 | Heine-Animalu! 1,00 | 0.5 -
0,19 0.2421
Mg — 406 1.35 1.33 » » 1,01 0.35 -
22| 1.00 0,31 0.33 — 0.2—0.322
Be 0.026 139023 0.184 0.37 » |4 1.28 0.1 —
24| 0.3 0,26 0.24 0,27 0.1—0,224
cd 0.52 209 25 0.69 0.74 » » 087 | 0.1 -
- ) 2861 0,54 0.40 0.36 0.43 0.2—-0.327
Zn 0.875 309 0,65 0,86 » » 0.93 0,27 —
2 (. 0,59 0,42 0.46 0.44 0.2—-0.427
Ga 1.09 325258 0.60 0.59 » » 0.96 0.25 — 0,45 —
Al 1.2 420 1,36 1.47 » » _| 1.04 0.53 0.4—0,828
35| 0.97 0.52 0,47 0.44 — 0.5—0.628
0.634
Tl 2.39 78.532 1.47 1.10 » » 0,82 1.07 0,63 0,82 0.78 0.4—0.833
0.55 (5)
In 3.40 109 1.80 1.44 » » 0.89 0.89 0.6 0,81 0.83 0,634
30} 0.74 0,84 (6.9) 0.5—0,730
Sn 3.72 202 1.82 1.30 » » 0,93 0.79 0,56 0.66 0.72—-0.78 0,638
371 0.73 0.99 9.6)
H, 4.15 72 2.0 — 0.8 0.89 1.10 1.6 0,7538
d ? ’ 39 0.98 — — 3.3y 1.2—1.4490
Pb 7.2 94.5 3.0 2.0 » » 0.86 1.34 1.33 1.32 1.5 1—1.44
41 1.32 — 5.2)
*In the case of two values of mpapd/mg for the Heine-Animalu potential, the upper value is calculated from [*] and the lower one from ['7].
**The arithmetic mean value of myand/mg was used in the calculation of A...
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Usually the calculation was carried out with a local
potential. For metals with hexagonal structure, such
as Be, Mg, Zn, and Cd, nonlocal potentials were also
used!??%281 which made it possible to describe more
accurately the singularities of the Fermi surface of
these metals. The results obtained with these pseudo-
potentials seemed to be more reliable. The Weiss
pseudopotential'®) used to calculate the value of A of
tin, as follows from!*] is apparently less accurate
than the Heine-Abarenkov potential.

The errors in the obtained values of A can probably
reach 10—20%. They are connected with the leeway in
the choice of the pseudopotential and with the approxi-
mations used to calculate the lattice vibration spec-
trum.

3. ELECTRON-PHONON INTERACTION AND SUPER-
CONDUCTIVITY OF METALS

We have considered the change of the states of the
electrons of a normal metal. All these results actually
have a limited region of applicability. The point is, as
shown by Cooper(*®] that the mutual attraction between
the electrons gives rise to an electron bound state that
is energywise more stable than a free electron gas. In
this new state, the system of electrons is supercon-
ducting. Accordingly, all the results obtained for the
normal state pertain either to the region above the
temperature T, of the transition into the supercon-
ducting state, or to fields stronger than the critical
magnetic field of superconductors.

The theory of the onset of superconductivity is de-
scribed in detail in the papers of Bardeen, Cooper,
and Schrieffer**! or Bogolyubov, Tolmachev, and
Shirkov'*®). It was shown by them that the temperature
of the transition to the superconducting state is

T, = 0,70p¢ /N band ¥ 9)

where @p is the Debye temperature and W is the
potential of interaction between the electrons. We shall
be interested only in the connection between the EPI
parameters and the superconductor-pair binding
energy A.

The analysis of the EPI is made complicated in the
case of superconductivity by the fact that the EPI in
this case, unlike in the normal state, can no longer be
regarded by perturbation theory. The reason is that
the restructuring of the entire electron system as a
result of the EPI has a qualitative character. Here,
too, however, the problems become simplified if the
method applied by A. B. Migdal to the normal state is
used. With the aid of this method, Eliashberg!*®) suc-
ceeded in finding a system of equations connecting the
parameters of the electron-phonon interaction and
A(w). Taking into account the Coulomb repulsion of
the electrons, which was considered by Bogolyubov
et al.[*®) and later in'*"}, these equations take the fol-
lowing integral form!”>'!):

A (@)= @(0)/Z (@), A(dy) = Ay,

A (0") do”
[0"2—A (@")2]'/2

)
Qe
p@)= | Re (0 0" (0, ', 0)do’ —Ue (o) |
§ J el |(10>
gt Re lwldet
Z(w)=1 (u‘SRe (o2 — A (@R J

.Y

S g(0)0 (0", 0, ©)do’,
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where

0% — 1 1

= ; —— +
@ -re’ el T e e’ —e—id

(86— 0),

Uc(w) is the Coulomb potential introduced in'*"):

Uc (@) = Ny Ve 1 4 NV o (Bxfec)l ™, Uc (00 = u*,

(1)

where V¢ is the Coulomb interaction averaged over
the Fermi surface, and we is the end point of the
lattice vibration spectrum.

If we compare relations (1), (2), and (10), we can
easily see that the changes of the electron system in
the normal and superconducting states actually define
one and the same function g(w).

The system of integral equations (10) can be solved
with respect to Ay or T, the parameters of the lattice-
vibration spectrum and the EPI, under certain simplifi-
cations. The best-known at present is the solution of
McMillan'*!, who determined numerically an expres-
sion for Tc. He replaced g(w) in the calculation by
the function F() determined for niobium by neutron
diffraction. For the simplfied calculation, McMillan
assumed that g(w’) = 0 at o’ < 10 MeV; we = 30 MeV.

Under these assumptions,

Te=(Op/1.45)exp | — =gt (12)
or
1o (@120 exp [ — =y | (13)
where
() = { g @) do/ | g (@ 0 do. (14)

Approximate expressions for T¢ of superconductors
were obtained also by Garland et al.[*®) and by Geilik-
man'®®), These expressions, as well as relation (12),
are not absolutely exact, but they are perfectly suitable
for an estimate of the parameters. Table II lists the
values of AT, calculated from T¢, 8D, and McMillan’s
relation (12). It was assumed in the calculation that u*
= 0.13 for all metals, and the values of ®p are given
in Table II.

As is well known, the lattice-atom vibration fre-
quency and ® D are proportional to MY % where M is
the mass of the atom. This makes it possible to verify,
using samples with different isotopic compositions, the
degree to which relations (9)—(12) actually describe
the change of the critical temperature of the samples.
Table III gives the results of an investigation of the
isotopic effect in different superconducting metals,
namely the values of g determined from the T, ~ MP
relation (the values of § were taken from the review(®),
According to the BCS theory [Eq. (9)] one should ex-
pect B = 0.5, and it was assumed for some time that
only this value could obtain in metals in the case of
superconductivity due only to the EPI, Actually, how-
ever, B is smaller than this value for a number of
metals.

The decrease of 8 was explained by Morel and
Anderson'"}, who pointed out that the dependence of
u* on ®@p should change the connection between T
and M. As follows from (8), for example, A should not
change when the mass of the atom changes. The influ-
ence of u* on the isotopic effect can be easily traced
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Table IIT
Metal | Bexp | Bcatc’’| Beale” wei Metal | By, Bealc”|  Beale™ u¥*
Pb [0.48::0.01| 0.47 0.485+0.005| — | Mo ]0.33+:0.05| 0.3 | 0.35..:0.075 0.1
Hg | 0,5:00.03] 0.46 | 0.487-0.005] — | Re [0.39+0.01] 0.41 [0.355+.0.0050.1
Sn [0.47+0,002 0.42 [0.4550.01 | — | Os [0.20:-0.05| 0.25 [0.2254:0.1 |0.12
TL | 0.5:0.1 0.480.02 | — || Zr 0.0 0.30 | 0.15£0.17 | 0.17
Cd | 0.5+0.4 | 0.34 [0.385%0.025] — | Cu | 0.040.1 | 0.35 [0.0654:0.15 |0.15
Zn | 0.3%0.01| 0.35 |0.41530.015|0,12
by using (12), from which we obtain The dashed line in Fig. 1 shows the prediction of the
P 6p 2 140.62h BCS theory, according to which A is independent of w,
D : . . . .
f=—7 (”* In o ) T+r ° while the solid line shows the experimental results. At

Table III lists the values of 3 calculated by Morel and
Anderson'*") and by Garland®), The calculated values
of B are close to the experimental ones.

Thus, the deviation of the isotopic effect from the
predictions of the simplest BCS theory still cannot
serve as a basis for stating that the superconductivity
in a given metal is connected with a nonphonon mecha-
nism. Allowance for the Coulomb repulsion explains
the deviation of g8 from 0.5.

We can use an inverse procedure and calculate the
value of u* from B8 and T¢/e@p under the assumption
that x < 1, in accordance with the relation

u* = (1 — 2B) [In (Op/1,45T )]

The values obtained in this manner for a number of
metals were given in Table III. They do not contradict
the value u* = 0.13 assumed in the calculation of AT

The values of aT, determined with the aid of (12)
are not very accurate. The error in AT, can reach
10—15%; the error is particularly large for metals
with a large ratio T;/@p, since F(w) and g(w) for
these metals extend to the low-energy region. More
reliable results will be obtained, of course, by calcu-
lating A directly from the experimentally determined
function g{w).

4. EXPERIMENTAL DETERMINATION OF THE
FUNCTION g(w)

The possibility of determining g(w) from tunnel
characteristics of superconductors is connected with
the 1962 paper of Giaever et al.[*], By measuring the
characteristics of a tunnel junction with lead at
T < 1°K, the authors observed a distinct deviation
from the predictions of the BCS theory at an energy on
the order of the Debye energy of lead, According to
this theory (see also!™!!I), the current through a tunnel
junction consisting of a normal metal and a supercon-~
ductor is equal at T =0 to

A4
) j No(@)do, Ny=N,Re[|al(e*—A%"2, (15)
0
where c¢ is the transparency of the barrier and A is
the width of the gap in the superconductor electron
spectrum,

Giaever’s results were subsequently repeated and
obtained in a more district form!®*!, In these and all
the subsequent studies, a modulation procedure was
used to measure dI/dV. As seen from (15),
lol

dlgn/dV
(@2— Az)llz

dlpn,/dV

R(V)= — x_: == Re ~ 1+ (20%) 7' Re A%,

(16)

4,5, and 9 MeV one can see an appreciable disparity
between the predictions of the theory and experiment.
The nature of these deviations can be understood on
the basis of Eliashberg’s equations (10). Unlike the
BCS equations, they made it possible to determine the
change of A with changing energy «w when w > Ao, and
to connect this change with other parameters of the
metal. Thus, Scalapino and Anderson!*! found that
although A(w) and F(w) are connected by a system of
integral equations, all the main features of the phonon
density of states F(w) should appear in the A(y) de-
pendence, and by the same token in the tunnel charac-
teristics. Finally, Schrieffer et al.'**) have shown how
by properly choosing the function g(w) it is possible
to describe qualitatively the experimental results using
(10) and (16).

Further progress in this direction was made by
McMillan and Rowell'®), who showed that the experi-
mentally determined function R(V)exp can be used to
determine numerically the function g(w). g{w) was
calculated by a successive-approximation method,

gelw)
exp calculated from

relations (10), (16), and ge(w) is compared with the
experimental function R(V)exp. The calculation con-

tinues until R(V)%gfg’) and R(V)exp are completely

reconciled. During each state of the iteration of g(w),
the Coulomb potential u* is chosen such as to make the
calculated A, = A(A,) coincide with the experimental
value.

The results of the reconstruction of g(w) of lead in
accordance with the data of McMillan and Rowell are
shown in Fig. 2. When g(w) is compared with the pho-

during the course of which R(V)

i)
w4

a5

495

I3
V4 7z
£V-4, MeV w, MeV

FIG. 1. Energy dependence of the relative density of states of the
electrons Ng/Np, of lead in the superconducting state. 1 —Experimental
data obtained from tunnel measurements; 2-calculation by the BCS
theory; 3--calculations [''] from Eliashberg’s equations (10) with g(w)
represented by curve 4.
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non density of states F(w) calculated from the meas-
urements of Brockhouse!®), it turns out that these
curves differ strongly both in position and in the type
of principal maximum. This discrepancy could not be
attributed to a®*(w), which changes little with changing
energy, and its causes were not understood until 1967,
when the neutron-diffraction measurements of the dis-
persion curves of lead were repeated”’). Then, unlike
in the preceding experiments, the measurements were
performed also for many asymmetrical directions of
the crystal lattice. These results were used for new
calculations of the phonon density of states!®®). It
turned out that the corrected value of F(w) agrees
better with g(w) (see Fig. 2). Some systematic differ-
ence between the positions of the maxima is possibly
connected with the difference between the temperatures
of the tunnel and neutron-diffraction measurements.
All these measurements dispelled whatever doubts
there were concerning the possibility of reconstructing
the function g(w), which describes the EPI in a metal,
from the tunnel characteristics.

Lead is one of the metals having the strongest EPI.
Therefore the singularities of its tunnel characteristics
are still strongly pronounced. In other superconduc-
tors they are not so large, and their measurement
calls for a more sensitive procedure, say the measure-
ment of d’1/dV? in addition to dI/dV.

By now, singularities of g(w) were observed in the
tunnel characteristics of most investigated supercon-
ductors: Alss’ T159—61’ In54,59-32’ Snsq,sg’ Hgss, Ta64,65,
La®, Nb*™, and a number of alloys.

In the case of metals with a very simple lattice,
three singularities usually appear, and are connected
with the transverse and longitudinal oscillation modes,
and also with the end point of the spectrum. Metals
having several atoms per unit cell (Sn, Hg) exhibit
also optical modes. The number of singularities on the
tunnel characteristics is large in this case; in the case
of tin, for example, there are seven of them (see Fig.
6 of'®Y) and it is difficult to identify all of them, all the
more since the dispersion curves are usually deter-
mined for symmetrical directions. But this, as seen
with lead as an example, is not sufficient to determine
the exact form of F(w).

The function g(w) was completely reconstructed
for a number of metals. It is shown in Figs. 2—4. For
tin, the figure shows in addition to the g(w) curve also
the results of neutron-diffraction measurements of
F(w) by Kotov et al.[%), The dispersion curves for Sn
were measured by Rowelll®]. The agreement between
the measured g(w) and the neutron-diffraction data is
perfectly satisfactory if the low accuracy of the latter
is taken into account.

Recently Rowell and Dynes!™, comparing all the
known tunnel and neutron-diffraction data on the
lattice-vibration spectrum, reached the conclusion
that they are in satisfactory agreement.

The functions g(w) obtained from an analysis of the
measurements of the tunnel effect can be used to cal-
culate the parameter A (see relation (2)). The obtained
values of Ag are listed in Table II. This is apparently
the most consistent method of determining the EPI
from the superconducting characteristics. The possi-
ble error in the presented values of Ag is probably not
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FIG. 2. Comparison of g(w) of lead, reconstructed from tunnel
measurements in accordance with the data of {3*]1(1), with the phonon
density of states F(w) determined by Brockhouse et al. [5°] from an
analysis of neutron-diffraction measurement only along the symmetry
directions (2), and the data of Stedman et al. {3¢] (3), in which asym-
metrical directions were also taken into account.

more than 3—4% in the case of Hg and Pb, The re-
sults of the calculations of Ag known to us lie within
the same limits, with the exception of the first 1965
paper by McMillan and Rowell’™) (xg = 1.33). For the
remaining metals, the possible error in the presented
values of g may probably reach 10—15%. This is
connected both with the smaller amplitude of all the
singularities due to g(w) and with the strong influence
of the Coulomb potential u* on the results of the re-
construction of g{ ). The program employed to recon-
struct g(w) leads to noticeable differences in Ags de~
pending on the choice of u*.

5. DETERMINATION OF THE PARAMETERS OF THE
ELECTRON-PHONON INTERACTION FROM THE
CHARACTERISTICS OF THE METAL IN THE
NORMAL STATE

As already indicated, the EPI leads to a change in
the electron density, the effective mass, and the elec-
tron velocity near the Fermi surface. Obviously,
measurement of all these quantities can yield the EPI
parameters (see (1)).

a) Specific heat. It is known from the electron
theory of metals that at low temperatures the specific
heat of free electrons Ce is equal to

Co = (4n2mk?/3h%) vy, (3n/m)'s T, (17)

where k is Boltzmann’s constant, n is the number of
electrons per unit volume, and m is the electron mass.
After substituting the numerical values we have

€.=0,130ps'anY/sT mJ/g-mole =T,

where vy, is the molar volume, ng is the number of

conduction electrons per atom, ;= m/mo and m, is

the mass of the free electron. From (17) we obtain
p=mfmy =73 (nat) "%y (18)

The specific heats of metals at low temperatures
have been measured quite reliably by now. Table II
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FIG. 3. The function g(w) for T1 [#'], Hg [**?], In [5*], and Ta
[65], reconstructed from the tunnel characteristics.

lists the values of @p and y, which are the coefficients
in the linear term of the specific heat. For most
metals, the values were taken from the review!’!), For
certain metals, Table II gives more accurate data that
agree with the latest publications listed in the bibli-
ography.

From the values of ¢ for metals one can calculate
with the aid of (18) the effective mass of the conduction
electrons. For most metals, it differs from the free-
electron mass. This difference may be connected,
first, with a certain deformation of the Fermi surface
by virtue of the electron-ion interaction. Second, the
density of the electrons may be altered by the elec-
tron-electron and electron-phonon interactions.

The influence of the deformation of the Fermi sur-
face can be calculated by using the known pseudopoten-
tials of the metals. The obtained values of mpand/mg
are listed in Table II. The electron-electron interac-
tion usually causes insignificant changes in the mass,
and will be neglected. The deviation of m/mpand from
unity will be attributed mainly to the EPI. We can then
calculate from the measured values of the specific
heat Ce

(19)

The values obtained in this manner are listed in Table
1I.

b) Cyclotron mass. As is well known, in a magnetic
field the electron moves in a momentum-space plane
perpendicular to the direction of the field H. For
free electrons, the frequency of revolution around the
field is

Ae = (Me/Myang) — 1.

(20)

where c is the speed of light. Such a periodic motion
is experienced in the metal also by the conduction
electrons. The frequency of revolution of the electrons
(the eyclotron frequency) can be determ]igxed from the
high-frequency resistance of the metal!®}, In this

Ooy= eH/rr%-yc,
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FIG. 4. The function g(w) for Sn, reconstructed from the tunnel
characteristics by McMillan [54] (a), and F(w) determined by neutron
diffraction by Kotov et al. [$8] (b).
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FIG. 5. Energy dependence of the renormalization coefficient Zp
in the normal state for Pb [54], Sn [*], and Hg [%®]. Z, and Z, are the
real and imaginary parts of the renormalization coefficient.

case, however, the electron mass differs significantly
from the mass of the free electron. Moreover, one
usually observes several masses, the values of which
change in a complicated manner when the sample
orientation is changed. The reason for it is that in a
metal the electron moves on the Fermi surface along
a trajectory that is strictly specified by the experi-
mental conditions. Accordingly, the role of the mass
in (20) is played by

1)

where S is the extremal area of the orbit in momen-
tum space and @ is the energy. Obviously, mpand

= m, for free electrons only in the case of a sphere.
For each experiment, using (21), the influence of the
shape of the trajectory, and the Mpand.cy obtained in
this manner can be compared with the cyclotron mass
calculated from (20).

Another way of determining the electron mass is to
measure the temperature dependence of the amplitude
of the de Haas-—van Alphen effect. The accuracy of
this method is however not as high as that of the cy-
clotron-resonance method.

M band cy =(2J‘[) -t dS/d(;),
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The results of such a comparison shows that al-
though allowance for the influence of the shape of the
trajectory does indeed explain both the presence of
several masses and the unisotropy of the cyclotron
mass, nevertheless mcy turns out to be systematically
larger than mpand.cy. This difference, just as in the
case of the specific heat of a metal, can be attributed
to the EPI and the parameter x can be determined by
one more method, using a relation similar to (9). The
values of Acy obtained in this manner are listed in
Table II.

The accuracy with which the parameter a is deter-
mined in this case is determined primarily by the re-
liability of the calculation of mpand.cy. The error in
the experimental measurement of mcy usually does
not exceed a fraction of 1%, which is much smaller
than the uncertainty in the value of mpand.cy. For
example, mband.cy for tin was calculated(3¢] using the
model of almost free lecetrons; as a result, the values
of Acy listed in Table II are apparently underestimated.

For a number of metals, Table II gives several
values of Acy. The reason is that usually the ratio
mcy / Mband.cy depends on the Fermi-surface trajec-
tory for which it is determined. Obviously, this is
connected with the appearance of anisotropy of the EPI.
In this case, unlike the specific heat, the averaging of
the EPI parameters is only along the experimentally
specified trajectory on the Fermi surface.

In a comparison of the results of the calculation
with experiment it was noted that very frequently
mcy/ mpand.cy differs systematically for electron
trajectories passing through different bands of the
Fermi surface. Thus, calculation of the experimental
data of Khaikin and Mina for lead!™) and indium**! has
shown that in the case of lead (mcy/mpand.cy)s = 2.0
for all electron trajectories pertaining to the fourth
hole band, and (mey/mband.cy)s = 2.2—2.4 for the
trajectories of the fifth electron band. In the case of
indium, (mcy/mpand.cy)z = 1.48—1.53 and
(mcy /mpand.cy)s = 1.6—1.7 for the trajectories of the
second and third bands, respectively. For thallium in
the third and fourth bands, (mcy/mpand.cy)s~ 1.4 and
(mcy /mpand.cy) ~ 1.8. Such a systematic discrepancy
is observed only when the calculations are based on
the measurement of the cyclotron mass, and it is dif-
ficult to assume that it is connected with errors in the
calculation of the Fermi-surface parameters. The EPI
parameter x of these metals probably differs by
20—30% for different bands of the Fermi surface.

Such data can be of undisputed interest for the
understanding of the nature of the anisotropy of the
energy gap of superconductors. The point is that the
author has previously observed!™ in tin a relation
between the size of the gap and the band whose elec-
trons make the main contribution to the tunnel current.
Subsequently such results were obtained also for
gallium!™) and lead!™). It would be very desirable to
compare the EPI parameters of different bands, deter-
mined in the normal state, with the anisotropy of the
gap in the superconducting phase. Of course, one can-~
not expect to be able to calculate directly the aniso-
tropy of A from the anisotropy of the parameters of
the EPI of the normal phase, since superconductivity
is a typically collective effect, but a correlation be-
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tween these quantities is quite probable. This problem
has not yet been dealt with adequately either experi-
mentally or theoretically. For example, Eliashberg’s
cited system of equations (10) for the gap was obtained
only for an isotropic metal.

Results on the gap anisotropy of Pb"’, Ga’® Nb™,
and Re’®, measured by the tunnel-effect method, were
published recently. In the case of transition metals
(Nb and Re), no direct connection was established in
these papers between the anisotropy of the gap and the
structure of the Fermi surface. From among the
latest calculations of the gap anisotropy, we note the
calculations of the anisotropy of Al by Dynes and
Carbotte!™].

We have considered a number of ways of determin-
ing the EPI parameters for metals. As seen from
Table II, all lead to values that agree within 10—20%.
Only in individual cases are larger discrepancies in
the values of ) observed, probably due to errors in the
calculations, for example the approximate character of
relations (12), errors in the calculation of mpand, etc.
Of all the considered methods, the most reliable at
present is the determination of the EPI parameters
directly from g(w), although this method is applicable
to a limited number of superconductors. The greatest
accuracy can be obtained in measurements of acy,
although additional calculations are needed here, and
their accuracy is low. So far, apparently, we can de-
termine the values of ) only with an error reaching
10%.

It would be very desirable to determine the EPI by
a direct method requiring no additional calculations.
To this end we must examine, first, how the EPI
varies when the state or the parameters of the system
of electrons and phonons is altered.

6. DEPENDENCE OF THE ELECTRON-PHONON
INTERACTION ON THE ELECTRON ENERGY

As already indicated, all the expressions considered
above pertain to the limiting case T =0, or, more
accurately, w <« wq, where w and wq are the electron
and phonon energies. Usually the energy of the Fermi
electrons is many times larger than the phonon energy.
Consequently, if we stay within the framework of the
Fermi-system concepts, we can regard the EPI also
outside the indicated limitation w « wq. We can
separate three different regionsm: W< wg, W~ wg,
and w > wq. The resuits pertaining to the first region
were already considered; EPI causes here a renormali-
zation of most characteristics of the electron state, In
the second region, energy exchange between the elec-
tron and phonon systems increases to such an extent
that the quasiparticle damping coefficient turns out to
be of the order of their energy. Obviously, under these
conditions the very concept of electron as a quasiparti-
cle becomes meaningless. Finally, in the region
w > wq all the eifects connected with the EPI vanish
gradually.

Figure 5 shows the calculated energy dependence of
the renormalization coefficient Zp for lead, mercury
and tin. The calculations were made using the g(w)
shown in Figs. 2—4, and were based on relation (10)
for Z, in which A(w) = 0 was assumed. One sees
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both a sharp increase of the imaginary part of Zp at
w ~ wq, characterizing the damping of the quasiparti-
cles, and a gradual decrease of the role of the EPI
with increasing energy, Z(w) — 1 as w — .

From the dependence of the characteristics of the
metal on the energy one could determine directly the
renormalization parameter Z, and by the same token
the EPI. Such experiments are at present still in the
initial stage.

From among similar experiments, we consider first
the experiments aimed to determine the energy depend-
ence of the cyclotron mass. In these experiments, the
average electron energy was increased by increasing
the sample temperature. The most thoroughly investi-
gated were the changes of the cyclotron mass of lead
lead [®%®} and zinc™). In both metals, an increase of
the cyclotron mass was observed when the temperature

was raised from 1 to 7—10°K (in the case of lead mcy(T)

= mcy,o(1 +1.07 x 10°°T?). This effect turned out to be
in good agreement with the results of theoretical esti-
mates of the possible EPI-induced increase of the
mass!®), At this stage these experiments, besides
confirming the role of the EPI, uncover a possibility
of verifying by one more method the character of the
variation of g(w) of the investigated metals as

w — 0. The results obtained in the case of Pb and Zn
show that g(w)~ ", where n = 2, as ¢ — 0.

All the experiments revealed also a strong broaden-
ing of the cyclotron-resonance line with increasing
temperature, thus indicating a decrease in the quasi-
particle lifetime 7. For example, in the case of lead
77 = 750+ aT**%® where 714 = (0.7%° = 1.2%)-10°° sec
and a = (1.72% - 1%1).10°® sec-°K™>. This effect is
connected with the increase of the imaginary part of
Zp with increasing w (see (3)). The decrease of the
lifetime of the quasiparticles limits primarily the
possibility of performing experiments on the energy
dependence of the renormalization parameter.

Although the influence of the temperature on the
renormalization parameter has now been observed for
zinc, lead, and probably also mercury (see the refer-
ence in[“]), it can obviously be observed also for other
metals.

The Z(w) dependence should apparently also be
manifest in a change of the specific heat of metals with
changing temperature. As a result one should expect
deviations from the linear law Ce = yT, amounting
according to the calculations of!®23to ~20% for Pb
and Hg, and apparently about 10% for Sn and In.
Obviously, this effect must be taken into account in a
rigorous analysis of the specific heat of metals, and
primarily when an attempt is made to resolve the
specific-heat components due to the electrons and the
lattice. Although this effect was first considered in
1962 by Eliashberg!®), it was unfortunately usually
disregarded.

7. OTHER METHODS OF DETERMINING THE
PARAMETERS OF THE ELECTRON-PHONON
INTERACTION

In addition to the methods listed above for deter-
mining the EPI parameters, other measurements can
also be used.

As follows from (1), one can use for this purpose
the results of the measurement of the velocity of the
normal electrons, In addition to high-frequency
methods, one can use for this purpose phenomena
connected with the quantization of the energy levels of
thin plates of thickness d, primarily the so-called
Tomasch effect, which consists in the following. When
the electrons are specularly reflected from the surface
of the plate, the energy levels are quantized, with
spacings €q = hy/2d, in a direction perpendicular to
the plane of the plate. Tomasch!®! observed a mani-
festation of this quantization in the tunnel characteris-
tics of films of superconductors (In, Pb, Sn) with
thickness larger than 2.

The quantization was manifested in the form of a
system of additional almost equidistant maxima on the
characteristics of the tunnel junction. From the dis-
tance between the maxima it was possible to measure
€q and by the same token the electron velocity. It was
shown in the theory of this effect'®® how to reduce the
experimental results. The Tomasch effect was used
recently to determine the energy dependence of the
quasiparticle lifetime!®),

With the aid of the Tomasch effect it is possible to
measure simultaneously, with one sample, the gap in
the superconducting state and the coefficient of re-
normalization of the electron velocity in the normal
state. Such experiment could yield useful information
on the anisotropy of the EPI in metals. Results of a
similar experiment for lead were published
recently(®®],

The tunnel current in the normal state does not de-
pend on the renormalization parameters!®! in the case
of a symmetrical barrier, Usually the barrier in the
tunnel junction has a certain asymmetry, and from the
tunnel characteristics one can obtain certain informa-
tion on the EPI'™!, Recently, Jouce and Richards!®
observed the manifestation of the EPI in the adsorption
of the infrared radiation in lead. All the methods con-
sidered above are still in the development stage. So
far they have yielded no new characteristics of the
EPI. However, since the investigation of the EPI is
vigorously persued everywhere, one can expect in the
nearest future new interesting results also in these
new directions.

8. INFLUENCE OF PRESSURE ON THE ELECTRON-
PHONON INTERACTION

Having become acquainted with different methods
of EPI investigations and with research devoted to the
influence of the electron energy or temperature on the
EPI parameters of a given metal, we proceed now to
consider a number of studies in which attempts were
made to determine the influence exerted on the EPI
by different physical characteristics of the substance.
All these investigations involve a study of the depend-
ence of the properties of the electron system on ex-
ternal parameters. Such parameters may be the inter-
atomic distance, the degree of physical distortion in
the lattice, the number of extraneous impurities, the
isotropic composition of the atoms, etc. All these in~
vestigations make it possible to compare the effects of
the different parameters on the properties of metals.




ELECTRON-PHONON

Vil 4 72y

a/% 472
Sn

L 1 T — L

TR S

N AN NN ﬂZéfi/l/’Z/f/él'

U=t By, ) Mev AL/ Y AR

FIG. 6. Pressure-induced displacement of the tunnel characteristics
of Sn and In [%7] (in the case of tin, the scale changes at 6 MeV).

We begin with work on the influence of the hydro-
static pressure on metals. At the present time there
are many known studies of the electron structure under
pressure. It has been established that the pressure
usually leads to a negligible change in the large parts
of the Fermi surface (comparable in dimension with
the reciprocal lattice); an appreciable change is ob-
served only in some small sections of the surface. In-
formation concerning the change in the characteristics
of the phonon spectrum under pressure could be
obtained until recently only from indirect measure-
ments, for example from the temperature dependence
of the thermal expansion of crystals. Only recently
did Frank and Keller(®®), Zavaritskif, Itskevich, and
Voronovskii [*°*) and Galkin and co-workers'®) deter-
mine, by the tunnel-effect method, the displacement
under pressure of the main singularities of the phonon
spectrum of a number of superconductors.

We consider first the results of Zavaritskii et al.[?],
who determined the shift of the singularities of the
spectrum of the Pb, Sn, or In lattice, the change in
the gap, and calculated the change of g(w) of Pb, In,
and Sn under pressure. Figure 6 shows the tunnel
characteristics of the systems Al-Al;O;-Sn and
Al-Al1;0;-1In, plotted at 1°K under a pressure of
~10 kbar and without pressure. The arrows mark the
positions of the singularities whose pressure-induced
displacements were studied. The numerical charac-
teristics are listed in Table IV,

The results of reconstruction of g(w) for P =0 and
P =10 kbar show that in the case of lead under pres-
sure we have not only a shift of g(w) along the ( axis,
in agreement with the data of Table IV, but also an
approximate 10% decrease of the absolute value of
g(w) without a noticeable change in the Coulomb inter-
action (Fig. 7). In the case of tin and indium, g(w) is
decreased by 4—5% at a pressure of 10 kbar.

The change of g(w) under pressure does not con-
tradict the present-day theoretical concepts. Thus,
analyzing the relation (3)—(5), Trofimenkoff and
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FIG. 7. Change of the function
g(w) of lead under pressure, in
accordance with the data of
Zavaritskii et al. [%7]. 74

Carbotte have noted that if the spectrum of the lattice
vibration is shifted under pressure by a factor §, then

(22)

where B =~ 1 is a coefficient that takes into account the
change, under pressure, of the square of the matrix
element of the pseudopotential. The change of g(w) at
10 kbar, calculated from (22), amounts to 12—~13% for
lead, which agrees satisfactorily with the data obtained
by reconstructing g{w).

The results were used to calculate, by means of
relation (2) the averaged EPI parameter x and Z,
which are listed in Table IV, where a summary of the
changes in the characteristics of Pb, Sn, In, and T1
under pressure is given, In all the considered metals,
the density of the electron states on the Fermi surface
N was measured under pressure!®’»*®], But correspond-
ing values of d In N/dp are listed in Table IV. We re-
call, (see relation (1)) that N = NpandZ and accord-
ingly d In N/dp = (d In Npand/dp) + (d In Z/dp). As
seen from the table, d In N/dp ~ d ln Z/dp for all the
metals considered. This has made it possible to con-
clude that the change of the EPI is determined mainly
by the dependence of the density of the states of the
electrons of Pb, Sn, and In on the lattice parameters.

This conclusion is confirmed also by the following
simplest estimates, As is well known!®®], the value of
d In Npand/dp of Pb, Sn, and In coincides with the
value that follows from the free-electron model, or is
even smaller. In this model d In N/dp = —«/3, where
x is the compressibility of the matter. Using the data
of Table II, we can readily find that d In Z/dp
=ax(1 +1)*xdInx/dp~ (1/2)d Inr/dp in the case of
Pb, Sn, and In; furthermore, using (8) we obtain
dlna/dp = (-2)d In {(w )/dp. For all these metals, as
seen from Table IV, d In w/dp ~ 3. Consequently,

d In Npand/dp = (1/10)(d In Z/dp).

One more manifestation of the singularities of the
EPI was noted in a comparison of the pressure-induced
changes of the energy gap and of the critical tempera-
ture of lead'®®. According to the BCS theory, the ratio
24y/kTe is a universal constant for all the supercon-
ductors. From the point of view of this theory one
should expect the quantities d In a,/dp and
d In T /dp to coincide. Actually, however, for most
investigated superconductors we have |d In A, /dp|
>|dln Te/dp| (see Table IV). This difference is
largest for lead. It was known earlier!'®®! that the de-

g (8w) == B6~%¢ (v),
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duction of the BCS theory, that 2A,/kT. is constant,
is not quite accurate. Actually this ratio increases
somewhat with T¢/@p.

Geilikman and Kresin''°'), analyzing this question
within the framework of the equations derived by
Eliashberg, have shown that actually

280/kT, = 3.52 11 + 5,3 (To/0o)? In (0,/T), (23)
where @, is the characteristic energy of the phonons
interacting with the electrons. Using (23), Geilikman
and Kresin were able to explain the increase of
2A0/kTe of lead and mercury, although they have as-
sumed that the electrons interact only with the longi-~
tudinal phonons.

The results of the reconstruction of g(w) show that
actually transverse phonons participate in the interac-
tion. Moreover, all the relations contain g(w)/w, and
even if g(w) differs from zero in a wide energy inter-
val, the main contribution to all the effects is made by
the region of low energies. Thus, these are phonons
with energy ~4.5 MeV the case of lead and ~6 MeV in
the case of tin and indium, although the lattice-vibra-
tion spectra of the last two metals extend to ~18 MeV.
If this is taken into account and w, in (22) is replaced
by the energy corresponding to the maximum of
g( w)/w, then we obtain for lead values of 2A,/kT,
that practically coincide with the experimental value
(seel®).

The ratio w/T¢ of semiconductors usually increases
under pressure. As a result, the ratio 2A,/kT¢ ap-
proaches the value 3.52. If we calculate d In A,/dp
for Pb, Sn, and In from relation (23), and the values
of d In T¢/dp and d In w/dp, then the obtained values
turn out to be in good agreement with the experimental
results (see Table 1IV).

The quantity d In A,/dp was included in the pro-
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gram for reconstructing g{w) and naturally cannot be
used to verify the theory. The quantity d In T¢/dp,
calculated from ), da/dp, and dw/dp with the aid of
the McMillan relation (12) is shown in Table IV. As
seen from the table, the McMillan equations can be
used only in first approximation to calculate the
changes of T, under pressure.

The main experimental results of Franck and
Keller'®? and Galkin et al.[°*) are listed in the table.
The results of Franck and Keller are less reliable than
the remaining ones, since the authors were able to
perform the measurements only up to 3.3 kbar at 2°K.
In the remaining studies, the measurements were made
up to 15 kbar. The reconstruction of g(w) of lead was
also carried out by Franck et al.!'®]), According to the
figure of that article, no decrease of g(w) under pres-
sure was observed. According to the estimates in®? it
should amount to ~3% at 3.3 kbar, which is close to
the possible error in the program for reconstructing
g(w). The values of g(w) and da/dp given in that ref-
erence, however, coincide with the results of Zavarit-
skii, Itskevich, and Voronovskii {®]. Analysis of the
change of T¢ of superconductors under pressure, on
the basis of the equations of McMillan, was made also
in the review of Boughton et al.l'®) and in!*®),

At the present time, we see no noticeable discrep-
ancy in the different measurements of the character-
istics of superconductors under pressure. In all the
investigated metals, the change of the EPI is deter-
mined mainly by the displacement, under pressure, of
the spectrum of the lattice vibrations. This effect
plays the predominant role in comparison with the
pressure-induced change of the electron Fermi sur-
face. This conclusion cannot be extended, of course,
to all metals. It pertains probably only to most non-
transition metals. We shall return to this question
later on.
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[—9,5] ¥**)
Wer 3.8 3247 2 8.4 3.5 22448 6.3 - 8,25 214342 6,5 3.99 | 14.847c¢ 3.7
Mev 2614 ¢
4.45 ggiz a 8.0 4.8 224102 4.6 4,6 26442 5,7 9.5 5.4541¢ 5.8
+4c
4.9 32+7a 8.5 7.6 504202 6.5 12,9 48452 3.7
33+4bc
4.45 4042 9.0 10.6 42458 4.0 15,0 75+108 5.0
() *¥*¥) 2443 b (e}
8.45 6016 a FA 14.2 55474 3.9 ’
(or) 59766 b
B64+ébc 3
9.9 70+10a 74 15.9 6772 4.2
(we) .
17.4 W0+142 4.0
(@) -
A _1.49 —28+2a —18.8 0.79 | —6.3+0,74] -8 0,82 |-—8,0+0,82 —9.8
z 2.49 —284-22 —11+1 179 | —6.3+0,7 | —3.440.4 | 1.82 | —8+0,88| —4.4+0,4
N —8.341.59 —3.6£0.5 98 —3.60,7 98
*® 2.28 1.8 2,39 2.73
*The numbers in the square brackets are obtained by calculation from McMillan’s relation (12).
**The superscripts a, b, and c denote the data of Zavaritskif et al. [$7*%], the data of Frank and Keller [*2], and the data of Galkin et al.
[>%], respectively.
***Calculation in accordance with the Gellikman and Kresin relation (23), with d In T./dp anc d In w/dp from the table.
****The center of gravity of the envelope curve d*V/dI* at T > T of Al
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9. ELECTRON-PHONON INTERACTION IN METALS
WITH EXTREMELY DISTORTED LATTICE

Experiments with pressure show that within the
framework of the EPI theory it is possible to explain
the dependence of the electronic properties of lead, tin,
and indium on the interatomic distance. It is natural
to attempt to consider within the framework of these
concepts also the properties of metals having an ex-
tremely distorted crystal lattice. Such distortions can
be produced by condensation of the metal at helium
temperatures.

Back in 1938, Shal’nikov{!**) observed that the
critical temperature of tin increases if the sample is
prepared by condensation on a surface cooled to
helium temperatures. Subsequent experiments!!°® ¢
have shown that these effects take place not only for
tin, but for most other superconductors, while Buckel
and Hilsch!'®! have established that the relative in-
crease of T¢ depends on the ratio T¢/@p.

To obtain additional information on the properties
of metals obtained under such anomalous conditions,
the present author undertook to investigate the EPI by
the tunnel-effect method for a number of superconduc-
tors condensed at helium temperatures. The investiga-
tions initiated in{'°"1!®} were subsequently continued
in other countries!'®****), Tests were made on Al'”,
InlOB’ Sn108,110, Pb107’108,110, BilOB—lll, Ga108,109,112. In[ms],
the tunnel junctions were prepared in the glass tube
shown in Fig. 8. The films were evaporated on the
bottom of a small glass vessel 1. Electric contact with
the films was produced through platinum contacts 2
deposited by cathode sputtering and by platinum leads
3 fused into the glass. The shape of the film was de-
termined by moving screens 4 secured to the small
vessel by wire 5. The metal was evaporated from

| 2
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FIG. 8. Instrument used by the author [1%] for the investigation of
superconductors prepared by condensation at low temperatures.

previously heat-treated coils 6; the screen 7 protected
the evaporator from mutual contamination. The glass
insulator 8 secured the evaporators.

The sample was prepared in the following sequence.
The assembled instrument was heated at ~500°K in a
vacuum up to 10°° Torr. An aluminum layer was then
evaporated at 300°K. Highly dehydrated air was ad-
mitted into the instrument to a pressure 400 Torr,
and the aluminum was oxidized at 500°K to produce
an Al,O; film. The oxidation time ranged from 2 to
12 hours, depending on the investigated metal. After
the oxidation, the instrument was evacuated and sealed.
During the time of evaporation of the investigated
metal, the instrument was immersed completely in
liquid helium maintained at temperature below 2°K.

By varying the pressure over the liquid helium in
the helium bath it was possible to perform measure-
ments in the interval 1—4.2°K. To obtain higher tem-
peratures, a miniature heater and a carbon resistance
thermometer were placed inside the cavity of the small
vessel 1 of the instrument. By measuring the power
released in the heater it was possible to carry out
measurements in the range 4.2—30°K in an instrument
completely immersed in liquid helium.

In the experiment we usually recorded the charac-
teristics dV/dl and d®V/dI’ as functions of the voltage
V, and the gap A, was primarily determined from
these characteristics. The values of A, and T; for all
the investigated metals are indicated in Table V,
which gives the different characteristics of the super-
conducting metals condensed at helium temperatures.

The characteristics of all the investigated systems
reveal at eV > A, singularities that could be clearly
registered on the d®V/dI® characteristics. These
singularities appear on the d*V/dI® curves in the form
of a series of maxima and minima, the positions of
which are practically independent of the temperature.
The amplitudes of these singularities decrease grad-
ually when the temperature is raised to T¢, where they
vanish. After heating the samples to room temperature,
these singularities go over smoothly into singularities
that are usually attributed to g(w). It was natural to
assume that the singularities of the tunnel character-
istics of a metal condensed at helium temperatures
are connected by relation (10) with the function g(w)
at ev > Ao.

To reconstruct g(w) it is ncessary first to deter-
mine R(V) = (dIs/dV)(dIn/dV). In the case of films
condensed at low temperature, additional difficulties
arise here. The point is that the quantity dI,/dV can
depend on the voltage. Usually to measure this quantity
accurately the superconductivity of the metal is de-
stroyed by an external magnetic field. For a metal
condensed at 1°K, the critical magnetic field is very
large (for example, He &~ 10° Qe for Bi at 1°K['*¢]),
and this method of determining dI, /dV is difficult.
The values of (dIp/dV)(VT=1°K in experiments with
metals condensed at 2°K were therefore determined
usually by extrapolating the measurements performed
at T > T¢. This, naturally, gave rise to a large error
in the value of dlI,/dV and by the same token in the
value of R(V). According to the data off'°®)  the rela-
tive error in the value of R(V) can reach 3 x 107%,
which is comparable with the magnitude of the effect
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used in the calculations of g(w). Thus, the deviation

of R(V) from the predictions of the BCS theory amounts
in the case of lead, bismuth, gallium, and tin to 30

x 107% 20 x 107%, 10 x 107%, and 7 x 107, respectively.

Figure 9 shows most of the known attempts to re-
construct g(w) for different metals condensed at
helium temperatures. Some numerical characteristics
are given in Table V. Although the results indicate in
general a similar character of the variation of g(w),
the curves differ noticeably in their details. This dif-
ference can be due to two factors. First, g(w) were
calculated in accordance with different programs, and
the relative error in g(w) reconstructed from the
data of R(V) curve could reach, according to!*®),
10—-15%. Second, discrepancies in the R(V) curves
used for the calculation are possible for all metals. In
those cases when numerical data are given for the
calculation, this difference is usually noticeable. The
discrepancy is particularly large in the case of Bi,
amounting to 5 x 10~° between the data of!**®) and [1°),
Taking all the foregoing into account, it is not sur-
prising that there is no complete agreement between
the calculated function g(w).

Let us examine the change of g(w) as a result of
low-temperature condensation. Comparing Figs. 2—4
and 9 we see that the change of g(w) occurs in two
directions; first, the singularities of the g(w) curve
becomes smeared out, and accordingly all that remains
pronounced on the d?V/dI® curve is the maximum cor-
responding to the longitudinal modes and to the end
point of the lattice vibration spectrum. Second, there
is an appreciable increase of g(w) at low energies,
and a smearing of the corresponding maximum up to
w=0.

The shift of the center of gravity of the entire g(w)
curve in the region of small energies, and the decrease
of { w), cause an increase of the EPI. As a result, all
the superconducting properties of the metal are
changed.

As is well known, the width of the gap A, is used to
reconstruct g(w). By the same token, obviously, within
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the framework of the theory describing the EPI, the
increase of y, and accordingly of T, can be attributed
in natural fashion to the change of g(w). The shift of
the maximum of g(w) into the region of low energies
should lead also to an increase of the ratio 2A,/kTe.
In Table V are shown, for all the metals condensed at
low temperatures, the values of 24,/kT¢, calculated
from the relation (23), and the values of T¢ calculated
from (13). As seen from the table, they are in satis-
factory agreement with the experimental data.

Experiments with pressure show that the change of
g( w) is determined primarily by the change in the
spectrum of the lattice vibrations. Obviously, this
takes place also in the case of a metal condensed at
low temperatures. Although all these ideas have been
under development since our 1967 papers, one cannot
indicate unambiguously at the present which mecha-
nism causes the change of the lattice-vibration spec-
trum. This may be connected, for example, with the
appearance of additional lattice-vibration modes near
the lattice defect, with an increase in the amplitude of
the vibrations in the lattice, with dislocations, etc. The
last model was considered in detail by Garland et
al."*®] n particular, they were able to explain the
result of Buckel and Hilsch concerning the connection
between the relative increase of T and the ratio
T¢/®p. This conclusion follows from relation (12),
which shows that dTs/dx should decrease sharply with
increasing A.

At the present time the idea that the increase of the
critical temperature of superconductors condensed at
low temperature is connected with a change in the
spectrum of the lattice vibrations is apparently
universally accepted. These representations were
used later also to explain the increase of the critical
temperature of finely granulated samples!***!, a num-
ber of alloys with unstable lattices, etc.

A number of recent publications are devoted to the
properties of superconductors that are condensed at
low temperatures'*®! and likewise confirm the ideas
presented above.

Table V
Refer- | T, 24

Metal enc; o |28, MeV ﬁ;" o1 o2 | ®e | @] 2 w* [{IC(]'
Ga 108 | 8.4 3.12 4.25(4,3y%); 5 18 25 5.8 j1.4 |0.L 7.2

109 | 8.56 3.32 4.5 3 17.5 5,4712.25]0,17 | 8.5

111§ 8.47 3.29 4.5

122 1 8.4 3.30 4.5

13 | 8.45 3.02 4.1
Pb 108 Z.Z 2.82 4.5(4,5) %) | 4.5 8.5 {10 3.8 {2.8 |0.1 7.6

110 7.2 2.70 4.4 3.7411.91)0.008| 6.3
Bi w08 | g 2.37 4.6(45)5—— 3—3.9] 8.5 12 2.9 12.7 104 5.8

—4,3) %)

ios | 6.11 2.42 4.59 2.2 8.5 2.8612.45|0.1 5.4

11| 5.93 2.33 4.50

110 | 6.4 2.44 4.6 2.9811.85)0.01 | 5.7

13 (6.1 2.2 4.2
Sno| 18 122 ) 15 | 4.05(4)% [3.5—4/14 [17.5}4.9 {1.6 |0.4 6.6

10 4.5 1.54 7.9 |0.84{0.07 | 5.6
In | 108 {4 2| 1.7— 13.5 [16

3.8 |—1.3%%)
*200 /KT, was calculated from w,, T, and relation (23) of Geilikman and Kresin

['®']; w,; and w, are the positions of the maxima of g(cw), we is the end point of the
spectrum, {w} was calculated according to (14) (all in MeV); [T, ] was calculated using

A, {w), and McMillan’s relation (13).

**Depends on the thickness of the In film.
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10. ELECTRON-PHONON INTERACTION IN ALLOYS
OF NONTRANSITION METALS

We shall consider investigations of EPI in alloys by
the tunnel-effect method. The following systems were
investigated Pb — In!*"!1] pp _ )[11%,119)

Pb, xBixTlx ¥°), In - ey, Samples with a given
chemical composition were usually prepared by suc-
cessive complete evaporation of many (~100) small
pieces of an alloy with given concentration.

We consider first the results obtained with the PbIn
system. As is well known!?!!, Pb and In form a system
of substitution solid solutions in a wide range of con-
centrations. The atomic weights of Pb and In differ
by a factor of almost two, and this system is conven-
ient for the study of the changes of the EPI or the
spectrum of the lattice vibrations when atoms with
strongly different masses penetrate into the lattice.
Figure 9 shows the reconstructed g{w) for this sys-
tem in accordance with the data of( !} and(!!®b],

The penetration of an impurity changes g(w) of
lead in two ways. First, the principal maxima of the
lead are broadened somewhat and their amplitudes are
decreased. Second, a new additional maximum of the
function g(w) appears at 9.5 MeV. This maximum is
probably connected with the local impurity-atom modes
considered by I. M. Lifshitz[?*!*%] The theory of{'**]
makes it possible to calculate the position of the ad-
ditional maximum, which turned out to agree with the
experimental datal''") (see also!**",

As seen from Fig. 10, the additional maximum does
not change its position when the indium content is in-
creased up to 25%. With further increase of the im-
purity content, its shifts towards higher energies. The
probable cause is that whereas at relatively low con-
centrations the indium atoms are in the field of the
lead atoms, when the impurity content is increased
interactions between neighboring indium atoms come
into play. As a result, the maximum shifts towards the
position of the corresponding maximum of g(w) of
indium, which is located at 13 MeV. We note that in
this case one deals with a maximum due to the ex-
tremely short-wave lattice vibrations.
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FIG. 9. The functions g(w) for Pb, Sn, Bi, and Ga, obtained by con-
densation at low temperatures. Solid curves—the author’s data [198],
dashed curve for Sn and Pb—data of ['°], for Bi and Ga-data of [1?°].

Local impurity-atom modes were observed so far
only in the Pb-In systems. Attempts to observe the
modes in other systems were unsuccessful. This per-
tains, according to the data by the author, to atoms
introduced by the method of low-temperature simul-
taneous condensation.

The system In-T1 has a different behavior. When
the T1 concentration is increased(*?!} the system goes
over in succession from a face-centered tetragonal
lattice to a face-centered cubic lattice (at ~20% T1)
and then (at 50—70% T1) to a body-centered cubic
lattice, and finally to the hexagonal lattice of pure
thallium{**).

The reconstructed functions g(w) for each of the
modifications are shown in Fig. 11. Each of the curves
shows the results of an x-ray diffraction investigation
of the structure of the corresponding sample. The ex-
perimental data show that for the face-centered tetra-
gonal and face-centered cubic modifications the func-
tion g(w) are very similar. The g{w) curves show
two easily distinguishable peaks, which pertain to the
transverse and longitudinal vibration modes. The
g{w) of a body-centered cubic system has three dis-
tinct peaks, two corresponding to two transverse modes
and one corresponding to a longitudinal mode. The
hexagonal system is characterized by the presence of
a sharp peak at low energies and a number of weaker
maxima at higher energies. It is seen from Fig. 10
that the function g(w) of the sample with body-
centered cubic lattice is noticeably shifted towards
lower energies in comparison with g(w) of other sam-
ples. If the shift into the region of low energies, due
to the presence of the low-lying modes, is typical of a
body-centered cubic structure, then it becomes under-
standable why superconductors with body-centered
cubic lattices have the highest critical temperature.
This tendency is clearly noticeable for the In-T1 sys-
tem. The maximum T. is possessed by the sample
with the body-centered cubic structure.

Dynes also points out that the transition from the
face-centered to the body-centered cubic structure is
not accompanied by a qualitative change of g(w) and
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FIG. 10. The function g(w) for the alloys Pb-In [!!7:!18P] | _Pure
lead, 2--Pbg,75Ing.25, 3—Pbo ¢Ing_4 (curves from [113]),
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is possibly close to a second-order phase transition.

The maxima of g(w), especially the one correspond-
ing to the longitudinal modes, are noticeably smeared
out. This is evidence that the phonons have a finite
lifetime in a nonideal lattice. The relative smearing of
the Aw/w maximum near pure In or Tl is proportional
to the impurity concentration.

The smearing of the maxima of g(w) were observed
also in other investigations of alloys. This phenomenon
is typical of a nonideal structure. As shown by Knorr
and Barth!''% even for films condensed at low tem-
perature it is still possible to increase the widths of
the maxima of g(w) by simultaneous condensation of a
metal and a dielectric.

For a number of alloys investigated by the tunnel
effect method there are known also neutron-diffraction
measurements of the lattice-vibration spectrum!***],
The phonon density of states F() calculated from the
neutron-diffraction data agrees satisfactorily!!®,12s)
with g{w).
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FIG. 11. The function g(w) for the system In-Tl in accordance with
the data of [%!]. The results of x~ray diffraction investigations of the
alloy and the values of u* = u, used in the calculation of g(w) are
marked on each curve.
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11. ELECTRON-PHONON INTERACTION IN TRANSI-
TION METALS

The internal shells of the atoms of transition metals
are not filled, and it is impossible to separate in the
unit cell an ionic core with localized internal shells of
the atom. As a result, one of the main premises of the
pseudopotential theory is violated here; relations (2)—
(6) can therefore not be used to calculate the EPI.
However, it is still possible to use here all the rela-
tions based on the Eliashberg equations (10), from
which it is also possible to calculate the value of the
parameter AT,.

The electronic bands connected with the internal
shells of the atoms are usually narrower than the
bands due to the external shells. The density of the
electronic states is accordingly larger. Consequently,
the specific heat of the electrons of most transition
metals greatly exceeds the specific heat of nontransi-
tion metals. In addition, in this case the density of the
electron states depends nonmonotonically on the elec-
tron energy or on the number of the electrons per
atom. This makes it possible for small impurities to
alter signficantly the density of states of the electrons.
On the basis of this circumstance we can attempt to
use the results of the investigation of the characteris-
tics of transition-metal alloys to assess the role of the
density of states of electrons in the EPI parameters.

Table VI shows the results of the investigation of
most binary alloys of transition metals of superconduc-
tors. Table VI was compiled by using the data of{'%!%"],
The values of A given in the table were calculated
from T¢ and ®p with the aid of the inverted relation
(12). The density of electrons per atom Npand was
calculated from the relation

Npana = 3v/20%2 (1 + A).

Comparing the characteristics of different super-
conductors, McMillan!'*] pointed out that in body-
centered metals Npznd( qz) in relation (8) for )
changes by not more than 1.5—2 times when Npand is
changed by up to 10 times. Npand{q®) ~ 7 eV/(A )%

Table VI
+ 1 PR
2| 8

5 S1El |2 s |3 g

3 -k 33 i3 2

g |2 z 5 PR Y z

5 C I S 3 ¥oEls | B =

g N N s o b 2l oa g S by

= S 2 E <2 = - lo| & % < | =
Ti 0.39426] 3.32]0.52!0.38] 1.55) Mo 0.92 | 4601 1.8710.42{0.41 |1,02
Tip,eVo,e | 3.5 (235 6.9 [1.46[0.54{0-77} Te 8-22 1 351(4.4 (0.57/0.5 |0.89
Tig,7Vo,3 | 6.14]244/10.0 ;1.31|0 62]0.99| Ru 0.49 | 55013.0 |0.46(0.38 10,84
Tig,5Vo,5 7.3 |262/10.8 | 1.39]0 65| 0,95] La 4.9 [142/9.4 11.1210.85 [0.55
TiomsVors | 7.16|27010.6 | 1.36] 0 65 0.95| Ht 0.09 | 252| 216 0. 34| 0.34 | 0-58]
Tio 1 Vorss | 7.02{283[10.3 [ 1.32(0 65/0.98] Ta 4.48 | 258/6.0 |0.77]0.65 {047
A\ 5.3 1399 9.9 |1.31j0 60[ 0.90) W 0.012| 390/ 0.9 10.15]0.28 | 0.82
VosCrot | 3.21370] 8.15)1.13|0 53 0-92] W oReo,q [0.7 |375/1.63| 0.240.42 | 0.98
VoruCros | 1.90]400] 7.15]1.02] 0 48| 092 Wo ssReq.15| 2.26 | 365)2.1 |0.29] 0,5 |0-04
V0,75Cr0,05 | 1.36| 425 6.75/0.99] 0 45{0.90f Wy sReg o 13.2 [359/2.2 0.3 [0.54 |0.98]
VoeCron® | 0:37] 4501 5.40) 0:83{ 0 38| 0.90) Wo 7sReqg| 4.64 | 351 2.30{0-3 |0-6 |1-10
VosCros | 001 |470] 4.850.77|0 33| ¢.84) W 1oReq.ae| 4.47 | 332| 3.76| 0.47/0-7 | 0.82
Zr 0.55]290) 2.79/0.42/0 41]1.07) Re 1.65 [ 415)2.3 J0.33/0.46 [0.75)
ZrosNbos | 9.3 |238] 8.3 [0.930 88[1.03{ Os 0.65 1500( 2.3 {0-35( 0-339] 0.59
Zro,e5Nbg,75 [10.8 1246 8.9 [0.9810 93 1.02) It 0.14 |420(2.2 [0.51(0.32 | 0.35
Nb 9.2 [277| 7.8 [0.94 0 82{0.97 Mog,95Req,05| 1.5 {450[2.2 10.32/10.45 [1.41
Nby,ssMog 15| 5.85 | 265| 6.3 | 0.79 0 70| 0.96] Moy gReo 1| 2.9 |440|2.6 10.36/0 51 | 136
Nb o Moga| 0.6 |371] 2.87|0:43 0,41 1.03] Mog sRegs | 8.5 | 420/ 3.8 [¢.48{0.68 [1.25
Nby sMooe| 005 | 420| 1-62|0.260.31| 1.27| Moy 1Regs | 1.08 | 395 4.1 |0.49 0770 | 1.26
Nby sMog 7| 0-)16| 442 1.42]| 0.24|0,29(1, 25 Moy, gReg,q | 1.26 | 3401 4,4 1 0.5 (0.86 (1.27
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This has enabled him to advance the hypothesis that
the EPI parameters of transition metals are deter-
mined only by the characteristics of the lattice-
vibration spectrum, M{ ) and

A = c/M(w?. (24)

If, however, we turn to the data of Table VI, then we
can note that for one class of substances, Npapd®D
also remains constant with the same accuracy, and
consequently A = Npgnd. The existence of a depend-
ence of A on Nband or y was noted earlier both in
McMillan’s paper'®®! and in the communication of
Ishikawa and Toth/*®!, Moreover, it turns out (see
Table VI) that for almost all the binary alloys of the
transition metals x/Npand{ M) ~ const = 107%, and
accordingly

A =108, (M), (25)

where ( M) is the average mass of the atoms of the
alloy.

Although relation (25) does make it possible to de-
termine the value of the EPI from the parameters of
the alloy with good accuracy, one can hardly ascribe
too much significance to this empirical relation, and
incidentally also to relation (24); all the more, one
can not conclude on this basis that any of the factors
in the EPI of transition metals predominates. In this
case an important role is apparently played both by
the change of Npand and by the change of the lattice
vibration spectrum.

For example, it is known (see the review['®!) that
dT./dp 2 0 for a number of transition metals, If it is
recognized that the frequencies of the lattice vibration
spectrum increase under pressure, then it is difficult
to explain this effect within the framework of the de-
pendence of A only on ( w?). To explain these results
it is probably necessary to consider also the change
of Npand.

An increase of the critical temperature of a super-
conductor under pressure was observed also for a
number of nontransition metals and alloys!*?%%%°) In
this case, however, the increase of T¢ occurs only in
a limited range of pressures, after which, as for most
superconductors, T, begins to decrease with further
increase of pressure. This anomalous change of T¢
under pressure was explained by Makarov and
Bar’yakhtar''*®) by assuming a partial restructuring of
the Fermi surface under pressure. Alekseevskii (!*]
however, relates a similar change of T( under pres-
sure with the anomalous restructuring of the lattice-
vibration spectrum.

As is well known, the electron and phonon systems
can be considered to be independent in metals only in
first approximation. Actually, each change of the elec-
tron system leads to a change in the phonon system.
Consequently, additional difficulties arise when it comes
to determine the dependence of the EPI on the electron
density. There is no doubt that additional research is
necessary here.

The main part of the article was written during the
author’s stay, at the clinic of the first Moscow Medical
Institute, with Professor Yu. A. Pytel’, to whom the
author is sincerely grateful.
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