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The theory of impact-radiation recombination (ionization) in a low-temperature plasma is based on
the representation of this process as a random walk of a recombining (released) electron in the dis-
crete space of the atom’s energy levels. Different methods of studying recombination (ionization)

are considered. The described modified diffusion approximation, combining the possibilities of the
previously developed approaches, takes into account the real energy structure of the atom, the influ-
ence of the radiative transitions, and the relationship between the non-equilibrium distributions of the
atoms over the levels and of the electrons over the energies. A solution is presented for the Fokker-
Planck equation expressed in finite-difference form, and analytic expressions are obtained for the
ionization and recombination coefficients. The results are compared with the published experimental

data.
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1. INTRODUCTION

RECOMBINATION of charged particles in a plasma
may be the consequence of different elementary proces-
ses. Several recombination coefficients (radiative,
impact, etc.) were introduced earlier in this connection.
Each of these coefficients is in essence a characteris-
tic of a definite elementary process and does not depend
on the concentration of the recombining particles. The
ionization coefficients were introduced analogously. It
became clear later on, however, that this approach
calls for a qualitative review. Appreciable progress in
this direction was made by determining the decisive
role played by the excited atoms in the kinetics of the
appearance and vanishing of the charged particles.
Thus, under a wide range of conditions, the highly-ex-
cited atoms are ionized directly (the ionization cross
sections and the statistical weights of these states are
the largest). Consequently, each ionization act is the
result of a number of successive elementary acts that
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cause the atoms to become excited, change their excita-
tion, and only then become ionized. The same pertains
to recombination. An electron captured on one of the
excited levels covers a long and ragged path before it
reaches the ground state. The individual stages of this
path are governed, generally speaking, by different
elementary processes. In this connection, the distine-
tion between impact, radiative, etc. ionization or recom-
bination becomes meaningless. The problems of the
kinetics of ionization and recombination, excitation
and de-excitation of a set of energy states must be
solved simultaneously with allowance for the different
elementary processes. The solution should yield ioniza-
tion and recombination coefficients that take into ac-
count the entire aggregate of the processes, and depend
generally speaking not only on the temperature but also
on the concentration of the participating particles.
Different variants of electron motion in the ioniza-
tion and recombination processes are traced schematic-
ally in Fig. 1. The most general problem of determining

Copyright © by American Institute of Physics 1973
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FIG. 1. Different variants of electron motion in energy space of the
atom during the process of ionization (recombination).

the recombination and ionization coefficients on the
basis of the kinetic balance equations was formulated

by Bates and co-workers'*?), With a number of simpli-
fying assumptions, the complicated system of equations
was solved numerically for a certain range of condi-
tions. At the same time, the motion of a bound electron
over the energy levels of the atom (Fig. 1) recalls the
meandering of a diffusing particle. In fact, the energy of
a bound electron can, with almost equal probability,
either increase or decrease under the influence of colli-
sions with other plasma particles. The analogy becomes
more complete if it is recognized that the probability
Wi n Of collisions between the excited atoms and the
freé electrons is maximal for transitions to neighboring
levels, n = m + 1, With increasing difference between
the energies of the final and the initial states Wi ,n de-
creases noticeably, w. ~ (Em —En) . This méans
that the electron energy changes little when averaged
over several collisions. In such a situation, it is natural
to use the diffusion approximation. If the electron
spends the greater part of the recombination time
passing through strongly excited states (where

|E — Ep 1 < T), then the energy spectrum can be re-
garded as quasicontinuous. The recombination coeffi-
cient is proportional to the particle diffusion flux calcu-
lated by solving the Fokker-Planck equation. This ap-
proach to the problem has been intensively developed
starting with the work of Belyaev and Budker ! and
Pitaevskif and Gurevieh[*®],

In many cases, however, replacement of the dis-
crete spectrum by a continuous one leads to large er-
rors, particularly when the principal events take place
between the ground state and low-lying excited states of
the atom. To simplify the problem, the real level
scheme of the atom was simulated in some cases by
two or three effective levels.

The authors of the present review have recently de-
veloped a s% called modified diffusion approximation
(MDA . This approximation is based on the
d1ffus1on- approximation principle, but unlike the latter
it takes into account the discrete character of the change
of energy in the transitions. From the point of view of
the MDA, recombination is the meandering of an elec-
tron over discrete energy levels of the atom. Corre-
sponding to this process is a diffusion equation ex-
pressed in finite differences, which goes over into the
Fokker-Planck equation in the limiting case of infini-
tesimally small energy change.

Within the framework of the MDA, the plasma is re-
garded as a unified system of its interrelated compon-

BIBERMAN, VOROB’EV and YAKUBOV

ents. Account is taken of the influence of the inelastic
collisions on the electron energy distribution and of the
opposing influence of the non-equilibrium character of
this distribution on the populations of the excited atoms
and on the ionization and recombination coefficients. It
is known that conditions under which a Maxwellian dis-
tribution cannot be maintained (especially at energies
much lower than thermal) correspond to low degrees of
ionization and are frequently realized. It is also impor-
tant that the modified diffusion approximation takes into
account not only the collision processes but also radia-
tion processes. Both optically transparent and dense
plasma are described. If the plasma volume in question
is homogeneous enough, the local character of the prob-
lem is preserved.

The present review is devoted almost entirely to
impact-radiative recombination and ionization. The
range of parameters covered corresponds to electron
concentrations ~ 10°—10'° cm™, electron temperatures
~ 10°~10°°K, linear plasma dimensions ~ 10°—10° cm,
and relaxation times ~ 1—10* usec. These ranges are
presently the most important from the point of view of
a number of applications.

2. FUNDAMENTAL EQUATIONS

We consider a volume element of a non-equilibrium
plasma containing n heavy particles (atoms and ions),
whose translational temperature is T,. The electron
concentration (ng) and the concentrations of the atoms
in different states (ny, nz, ..., ng, ...) at the initial instant
are specified. The problem is to determine the rate of
change of ng with time. It turns out to be closely rela-
ted to the problem of the distribution of the atoms over
the states in a non-equilibrium plasma. The average
electron energy (€) = 3To/2 is assumed known, al-
though the electron energy distribution function, gener-
ally speaking, must still be determined.

From balance considerations, we write down the rate
of change of the electron concentration

2.1)

Ze = 3| (noh. —niwd) — V1.
k. q
The quantities qu characterize the ionization probabili-
ties of an atom on the level k as a result of the g-th
elementary process, and wd characterize the recom-
bination probabilities. These quantities can be func-
tions of Tg, ng, and of other parameters, depending on
the process q described by them. The quantities v *Jg
take into account transport in space. The bulk of the
present review deals with volume ionization and recom-
bination. Effects due to transport in space will be dis-
cussed only in certain cases, As a rule, therefore, we
omit v - J, in the equation for ong /ot.

Equation (2.1), which contains the unknown quantities
ni, must be supplemented by a system of balance equa-
tions for the atoms in different energy states:
6nh

2 (rnt0l — npiohy); (2.2)

characterize the probablhtles of transitions be-
tween different states; ? implies summation over all

the bound states and integration over all the states of
the free electrons,
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Since an important role among the processes that
determine the kinetics of the ionization and excitation
is played by collisions with electrons (q = e), and their
energy distribution function f(¢) can be non-Maxwellian,
it is necessary to supplement the system (2.1) and (2.2)
with the Boltzmann equation

2 .3 S, ). (2.3)
q
The right-hand side is the sum of the sources of elec-
trons with energy ¢. The distribution f(¢) is normalized

e}

by the condition [ f(e)de = 1.

0

The solution of Egs. (2.1)—(2.3) is a rather compli-
cated task. In addition, it is very closely connected
with the concrete initial conditions. However, if we are
not interested in not too short elapsed times from the
start of the development of the process, we can use the
so-called ‘‘quasistationary’’ approximation. Then, solv-
ing the system (2.2)—(2.3) and substituting the solutions
in (2.1), we can reduce the problem to a solution of only
one equation

an,

5t =nand—ne,

(2.4)

where o and 3 are the generalized ionization and re-
combination coefficients, to the calculation of which the
main part of the review is devoted.

a) ‘‘Quasistationary’’ approximation. Quasistationar-
ity of the distribution of the atoms over the excited
states means that during the evolution of the ionization
(recombination) the quantities ny have time to ‘“attune
themselves’’ to the other relatively-slowly-varying
parameters of the plasma (m, ng, Te, etc.). There is
therefore no explicit time dependence of ny, and the
system (2.2) can be written in the form

) (awls — nawd) = 0. (2.5)
n. e

The possibility of using (2.5) is connected with the
fact that the inequality

2 s, (2.6)
is satisfied under a wide range of conditions. This is
connected to a considerable degree with the small value
of the configuration weight of the excited state in com-
parison with the weight of the ground state and of the
continuous spectrum. If (2.6) is valid, then the states n,
and ng are, so to speak, reservoirs of particles; parti-
cles flow from one reservoir to another through a chan-
nel produced by the excited states.

The times required to establish quasistationarity of
ny are usually 1077~ 107° sec and become larger only at
small values of ng or very small Te. It is obvious that

T & ( 2 wgn)'l. We note that for certain problems the
q,n

quasistationarity approximation may not be valid”?, We

DIf the principal role in the kinetics is played by collisions with
electrons and by radiation, then a simple estimate can be obtained by
using [5¢] 73 = A + [42mY2 A, Exenel [mTe)2(E, ,—F)1 ™,
where Ex is the energy of the k-th fevel reckoned from the continum.
Af is the effective probability of the radiative transitions, and the con-
stants are A, = 0.01-0.05 and A, 0.2 atk = 2.
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have in mind processes whose evolution time is com-
parable with the relaxation time of an individual excited
state (107—107° sec). Such conditions arise, e.g., in the
investigation of the possible inversion of the populations
of some pair of levels during the plasma decay process.
In this case it is necessary to solve the nonstationary
system of balance equations. Examples of numerical
calculations of this kind can be found in the papers of
Gordiets et al.l®) and Son[*3.

It will be convenient to introduce the concept of the
electron flux in energy space ji, which is proportional
to the number of particles passing per unit time through
a section drawn between the pair of levels withk — 1
and k. Obviously,

Je= E 2 (nnwgm‘—”mwsvm), (2.7)
n<k m=k
and (2.2) takes the form
'%‘L]'k—jh+i=A]'k- (2.8)

ot

The quasistationarity approximation is equivalent to
the assumption that j, does not depend on the number of
the level k, and is therefore sometimes called the
‘“‘constant outflow’’ approximation. Obviously, the flux
in the energy space of the atom determines the ioniza-
tion (recombination) rate: ang /8t = j. If excitation and
ionization predominates we have j > 0, and if radiation,
quenching, and recombination predominate we have
j < 0. Finally, a stationary regime with flux j = 0 is
possible. In this case the total number of ionization
acts in a given volume element is equal to the number
of recombination acts. But such a regime is not neces-
sarily in equilibrium, for the balance may be upset by
radiation to the outside.

In the presence of transport of electrons in coordin-
ate space we have ang /ot = j + v+ Jo- Inthe stationary
regime we have j =—v * Je, i.e., stationarity is insured
by the outflow (or influx) of electrons and ions from the
volume element in question and the influx (outflow) of
atoms in the ground state. In this case the circuit for
the flux in energy space is closed in coordinate space.

In analogy with the concept of quasistationarity of ny
one introduces the approximation of quasistationarity
of the electron energy distribution f(¢). It makes it
possible to replace Eq. (2.3) by the simpler relation

Zq) Fy(€) = 0. The times 7(¢) required to establish quasi-

stationarity of f(€) are determined, naturally, by the
frequencies of the most intensive collisions, usually be-
tween the electrons. 7(¢) depends on the electron en-
ergy € and is usually quite small for thermal electrons
(owing to the large value of the Coulomb cross section).
We should be concerned primarily, however, with the
““tail’”’ of f(€) at the threshold excitation energy e = E;
— E2. The corresponding time

T (B)emiiy— By == 2 AN,/ (2m) 2B — Ey)r2

may not be small enough (7 ~ 107" sec at ng = 10* cm™).
In any case, this circumstance must be taken into ac-
count in those essentially non-quasistationary problems
mentioned above. Apparently, however, no such studies
have been reported as yet.

b) Structure of transition probabilities. For excita-
tion by electron impact we have
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o= 5 £(2) wnn (€) de = ne 5 £(8) O () (26/m) "2 de,
E—Ey En_Eh

where o_, (€) is the cross section of the n — k transi-
tion and depends on the energy e of the incoming elec-
tron (see[“a] among the latest reviews on the cross
sections of inelastic transitions); (E, — Ek) is the thres-
hold energy; E, and Ey are the level energies reckoned
from the continuum,

If f(e) is identical with the Maxwellian £ (¢) (the
superscript 0 will always denote equilibrium quantities),
then

nR(Wia)? == na(win)?.

The probabilities way of the transitions resulting from
collisions between heavy particles are expressed in
similar fashion. Although the 0k for these collisions
are small, they can be significant under certain condi-
tions,

Let us consider the probabilities of the radiative
transitions. ¥ n > k, then wfl‘k = A, Where A , is the
Einstein spontaneous radiation probability. Analogously,

ek = Yok is the probability of radiative recombination

at the level k. On the other hand, if n <k, then wh
characterizes a transition to a higher level as a result
of absorption of the radiation. Allowance for radiation
absorption calls for the use of the radiation transport
equation. This, generally speaking, does not make it
possible to determine « and 8 in terms of local quanti-
ties.

Radiation transport theory“z], however, admits of
an approximate analysis, according to which A is re-
placed by an eifective quantity A} that takes into ac-
count the difference between the radiative transitions
n — k and k — n. In this approximation we have

wh = A% =48,  (n>k), wB=0, (n<k), (2.9)

where @, is the probability of non-absorptive photon
emission from a given point outside the volume occu-
pied by the plasma. The dependence of &, on the coor-
dinate should be weak. In the absolute case, such an ap-
proach is not valid (boundary-layer plasma, in discon-
tinuities accompanying the passage of shock waves,
etc.).

We present two simple expressions for @p. If the
characteristic dimension of the problem is R, then we
have for a dispersion line shape

B~ 1/3 [ (kp)ua R,
and for a Doppler shape

Onn & 14V 7 (ko)nsR {In [(ko) R} ™,
where (k). is the absorption coefficient at the center
of the given line. Reabsorption is significant for tran-
sitions to the ground state and to much lesser degree
for the remaining transitions.
c) Structure of the collision integral. The sources
Sq(€) are customarily divided into Sgl(e) and S‘iln(e), de-

termined by elastic and inelastic collisions, respec-
tively. In more specific conditions, f(€) can also be
affected by radiative transitions and by external fields
(e.g.,['**J), Since only a small fraction of energy is
exchanged in each elastic collision, the 53 (¢) have a
simple Fokker- Planck form (see, e.g., th%l splendid re-
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view! '), For collisions between electrons

e e o
e oy 0 [ 2meth [ f L2 8 (i oy (1
Sugey=2 WL—% § fde TT36—(2—1/?) (bffeds+s/ Smde)]} ,
where A = log (9Tg/87nye®) + 1 is the usual Coulomb
logarithm. We are interested primarily in conditions
under which the ‘‘core’’ of f(€) is Maxwellian, and f(¢)
is significantly non-equilibrium only in the far ‘‘tail”’
(¢ > Tg). In this case a fast electron collides prin-
cipally with Maxwellized electrons; S€ l(e) takes on the
usual linearized form €
f a(_f
T (o) ]}

Teth
S (e == |-
For elastic collisions with ions and atoms we have

e (2.10)

St= { B ervyen[ ot 1.2 (L))

where v, and v; are the frequencies of the elastic colli-
sions determined by the values of the cross sections
(va = n(2e/m) 0, (€), 0 aa(€) is the cross section and
depends on the energy).

The source Sj,(¢), due to the inelastic collisions,
can be easily expressed in a sufficiently general form.
Difficulties arise when one considers the influence ex-
erted on f(€) by transitions between numerous excited
states. This question is discussed int®Cd, where criteria
have been found that make it possible to evaluate the
role of these effects. In the present review we confine
ourselves to the case when the electrons cause inelastic
transitions from the ground state of the atom to the
first excited state 1 == 2, As is well known, it is pre-
cisely these processes that can exert a strong influence
on f(e) at € > T,. We write S;,(€) for this case in the
form

Sin(®) =nf () wip (&) —ny f (") way (&),
where €’ = € - E; + E,.

(2.11)

3. METHODS OF CALCULATING THE IONIZATION
AND RECOMBINATION COEFFICIE NTS

There exist numerical and model methods for calcu-
lating the ionization coefficients (IC) and the recombina-
tion coefficients (RC). The former have gained wide-
spread use in the last decade in connection with the de-
velopment of computers. Model methods can be
schematically divided into two groups corresponding to
two alternate notions concerning the kinetics of ioniza-
tion and recombination. In one case, by simplifying the
real discrete structure of the level scheme, the authors
have tended to obtain a model with two or three ‘‘effec-
tive’’ levels. The second trend is based on the notion of
electron diffusion during the recombination (ionization)
in energy space, which is assumed continuous. Let us
stop to discuss these methods in detail.

a) ‘‘Prompt ionization,”” ‘‘block of excited states,”’
and ‘‘bottleneck’’ approximations. It can be assumed
that during the ionization process the electron spends a
long time in passing through the energy gap between the
ground and the first excited states of the atom, and that
the passage through the entire aggregate of the excited
states is rapid. We then arrive at the so called ‘‘prompt




KINETICS OF IMPACT-RADIATION IONIZATION AND RECOMBINATION

ionization’’ approximation. According to Petschek and

Byron[“], the ionization coefficient takes in this case
the form

an,
atz =nnf, = Z Wik -+ Wie-
B22

(3.1)

The inverse processes are not taken into account in
(3.1). This can be easily done by using the method of the
“‘block of excited states’*[*®d | according to which the ex-
cited states are in relative equilibrium with one another
and with the continuum at an electron temperature T,.
Such a situation is possible as a result of the high fre-
quency of the impact transitions between the excited
states. Within the framework of this approach it is easy
to take into account the radiative corrections to the
ground state. The expressions for « and 3 are

o= N {(nhwn/ndK,) + wey - 1t [(n8An/niK ) + 0er)),

k=22

(3.2)

ﬁ=k§2wu«+wm (3.3)
where K, is the ionization-equilibrium constant (see
(4.13) below), and ni’{ and n{ are determined by the tem-
perature Tg. This method was used to consider a num-
ber of problems, e.g., ionization relaxation behind a
strong shock wave''”) | non-isothermal plasma
decay “’a], deviation from thermodjynamic equilibrium
as a result of outgoing radiation'’®? | and the state of
plasma in a thermoelectric converter'®”>. However, as
will be shown subsequently, the region of applicability
of (3.2) and (3.3) is bounded on the side of low tempera-
tures and small ng.

In the ‘“bottleneck’’ method proposed by Byron
et al.tt®] , the entire aggregate of the energy levels is
divided into two parts. It is assumed that several of the
low-lying excited levels are in relative equilibrium
with the ground state, while the group of the highly-ex-
cited states is in equilibrium with the continuum. The
rate of transition of the recombining electron between
these two groups determines the recombination rate.
The problem reduces to a determination of the position
of the level k* that separates these groups of states, or,
as is customarily stated, to a determination of the
‘‘bottleneck’’ in the energy spectrum. To determine k*,
it is proposed to find the minimum deactivation rate
Dy calculated as a function of k assuming relative
equilibrium with the electrons:

D= (nhinK ) it <2 (newhn - Arn), (Didmin = Diae
-

a is then calculated in the following manner:
(3.4)

1t is clear that, depending on the plasma parameters,
the position of the ‘‘bottleneck’’ can change. This me-
thod was used int?®*!J and elsewhere to describe the
development and fall-off of ionization in ‘‘inert gas

+ alkali additive’’ mixtures.

The distribution of the atoms over the excited states,
proposed in this method, is actually far from always
realized. There is an entire group of levels that are in
no partial equilibrium whatever. The authors of %%}
have therefore introduced in formula (3.4) an indeterm-
inate factor y = 0.25—1, which must be determined by
comparison with experiment.

o = Dyx/ng.
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The ‘‘bottleneck’ concept becomes particularly pro-
nounced in the so-called ‘‘single-quantum’’ approxima-
tion'™3, Even though the energy levels in the atom are
Ho—t*equidistant, an analysis of the data on the tran-
sition cross sections shows that the most frequent tran-
sitions are those between neighboring energy levels.
Retaining all of these transitions and neglecting all
others, we obtain the single-quantum approximation.
The flux (2.7) in energy space between the levels k and
k + 1 is written in this case in the simple form
j= Wk,ku“f; (Vi ~ Vi .,)» Where yy = n /ng. Expressing
Vg in terms of y, _, ..., ¥1, and Yk. in terms of
Viogr voes Yo = ni(/ngz, we obtain '

j=— yﬁ)/kz1 (Rhwn, et (3.5)

A certain analogy can be drawn between (3.5) and Ohm’s

law for a section of a circuit consisting of resistors
0,~1 . N P

(W K+ i)  connected in series. The conductivity of

the circuit elements has a minimum, since wi ., in-
creases with increasing k, and nfi decreases. "I‘ohe value
of k corresponding to the minimum of (W, k- ) de-
termines the position of the ‘‘bottleneck’’. The bottle-
neck is more or less sharply pronounced, depending on
the conditions.

Let us discuss the influence of violation of equili-
brium of the free electrons on the IC and the RC. This
effect was investigated many times in the ‘‘prompt ion-
ization approximationt**P?22%] | The rate of excitation
and ionization from the ground state is averaged over
the obtained non-Maxwellian distribution f(¢). The
effect of the velocity dependence of the cross section
012(v) on the resultant IC was explained in-**}. Kagan
and Lyagushchenko[m, in a large cycle of papers, in-
vestigated in detail the influence of the non-Maxwellian
distribution on the kinetics of the processes in the
plasma of a positive-columél discharge of medium pres-
sure. It was assumed in"*®P#225) that the opposing
processes, impacts of the second kind, can be neglected
in the expression for Sj,(¢€). This greatly simplifies the
problem, since the ionization rate turns out to be inde-
pendent of the distribution over the excited states. At
the same time, this assumption greatly limits the reg-
ion of applicability of the results.

b) Electron diffusion in energy space. Let us exam-
ine the motion of a bound electron in energy space. A
characteristic feature of this motion is that the elec-
tron energy changes little in each collision. We intro-
duce the distribution function of the bound electrons
over the energies f(E) and write a kinetic equation for
f(E). Taking the foregoing into account, we can use a
differential representation for the collision integral
(seet*)). We obtain

g(E)—'gjy-;{E[B(E)g(E) (Z+L 1.

(3.6)

where g(E) is the density of states for the bound elec-
trons. In the classical limit, g(E) is equal to the volume
of the configuration space for a bound electron with en-
ergy E:

g(E)y= ZS (2nh)7% 8 (p? (2m) — (e¥/r) + E) dp dr =Ry*/z/E¥z2, (3.7)

where Ry = me*/2h°. An equation of the (3.6) type was
investigated by Pitaevskif and Gurevich[*®,
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B = 8(E)?/ot is the mean squared change of the energy
of the bound electron per unit time due to collisions
with other electrons. This quantity was calculated int®;

(3.8)

where A is the so-called Coulomb logarithm for bound
states.

Solving gg .6) for stationary conditions, assuming that
f(E) ~ ek as E— 0 and f(E) — 0 as E — «, we find

= 4 (2n)Y2e*n AE/3 (mT )"z,

@ = (e AT | S exp (— E/T.) dE/g (E) B (E) [“ ,
)

or, using (3.8), we obtain’®]

@ = (4 (2m)Y2eN/ImYz) T,/ (3.9)

We note that a similar dependence of @ on the plasma
parameters is obtained on the basis of Thomson’s crude
modell?7, Following Thomson, we consider the re-
combination of an electron and an ion with kinetic en-
ergy on the order of T. For recombination of these
particles it is necessary that they approach each other
to a distance rg, at which the interaction potential is

e /rc 2 T. In order for the recombination act to take
place it is necessary that at this instant a third particle
(electron) be situated w1th1n the radius r,. The proba-
bility of this event is ~ nerc We write for these condi-
tions the rate of vanishing of the electrons an /at

~ nenlvanerc, or, recognizing that for partlcles inter-
acting in accordance with Coulomb’s law the energy-
-transfer cross section is 0 ~ e*/T*, and also that

v~ (T/m)‘/2 apart from a numerical coefficient that is
not determined within the framework of this analysis,
we obtain (3.9).

An analysis of the recombination kinematics, based
on a solution of a differential eﬁuatmn of the Fokker-
Planck equation, is contained int110:27-50) " he main
assumption, connected in one way or another with the
form of the differential equation describing the transi-
tions between discrete levels, consists of smearing out
the latter into a certain continuous distribution of the
density of the bound states. This is justified under con-
ditions when the recombining electron spends most of
the time in passing over strongly excited states, which
are indeed close to one another. Otherwise the diffusion
approach can lead to an error whose magnitude is diffi-
cult to estimate.

¢) Numerical methods. The numerical methods of
determining the IC and RC are based on a system of
kinetic balance equations, written out with respect to a
large number of excited states with allowance of both
the collision and radiative processes. The problem of
calculating the RC of this case was formulated by Bates,
Kingston, and others (see ]) A Maxwellian energy
distribution of the free electrons was assumed.?) The
radiation is taken into account in the approximation of
an optically thin layer. In certain cases, data were
presented for the case when a part of the spectral lines
was completely trapped in the volume. A calculation
performed in the quasistationary approximation yielded

DFor certain particular conditions, the system of the balance equa-
tions for the population of the atomic levels was solved in [??] simul-
taneously with the kinetic equation. The influence of the non-equili-
brium distribution of the electron energy on the distribution of the
atoms over the levels and on the ionization equilibrium was investigated.
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tables for the IC and RC as functions of ng and T. The
tabulated quantities were defined in the following man-
ner:

an,
ot

= —yni=Snmn, —a*nl.

S is equal to the coefficient 8 introduced by us in (2.4),
and a* = ang.

Figure 2 shows the dependence of the IC for an op-
tlcally thin hydrogen plasma in accordance with the data
oft . It is clearly seen that at large ng the quantity
o= a*/n ceases to depend on ng, since the recombina-
tion becomes purely collisional. At small ng, radiative
corrections are quite important.

Since they cover a wide range of conditions, the
tables of Bates, Kingston, and McWhirter can serve as
a reliable test of different approximate model methods.
Similar calculation methods were performed for an
H plasma’®'} | for a He plasma'®J| for a Cs plasmal’®®’
and for an N plasma[m. The shortcomings of the
numerical method of determining the IC and RC become
significant when complex problems are solved, in which
the determination of the IC and RC is only the initial
stage of the solution, or the IC and RC are determined
during the course of solving the problem.

4, MODIFIED DIFFUSION APPROXIMATION

The main shortcoming of the diffusion approximation
discussed in Sec. b of Chap. 3 is the complete neglect
of the discrete character of the energy structure of the
atoms. Such an assumption is justified if the recombin-
ing electron spends most of the time in highly-excited
states. In a wide range of conditions, this assumption
is not valid. At the same time, the character of the
motion of the electron through levels separated by
large energy gaps remains in a certain sense the same,
in that transitions between neighboring levels are the
most probable. This indicates that one can attempt to
generalize the diffusion approximation in such a way as
to take into account the discrete structure of the scheme
of the atomic terms. Such a generalization was carried
out by us int"+%J_ It consists of regarding the ionization
and recombination processes as diffusion in a discrete
energy space. This called for a derivation and solution
of a finite-difference Fokker-Planck equation.

a, cm® sec™

}”43 A

FIG. 2. Dependence of the IC «
and Te in an optically thin hydrogen v
plasma at different electron concen-
trations.
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a) Kinetics of collision ionization and recombination.
Among the processes leading to ionization and recom-
bination, we take into account first only the collisions
of free electrons with atoms and triple electron-elec-
tron-ion collisions. We assume an equilibrium energy
distribution function. The problem consists of obtaining
an equation describing the diffusion of the bound elec-
trons in the discrete spectrum and its subsequent solu-
tion.

Equation (2.2) for ény /8t was already rewritten in
the form (2.8), i.e., in the form of a ‘‘divergence’’ of
the particle flux in the discrete energy spectrum Ajy,.
We transform Ajy to the diffusion form. We begin with
the formal device used in the derivation of the Fokker-
Planck equationt®®?., We set up the quantity

DR Ajy = 12 R; [; (rator; — nawiy)] = Z n; [g (Ruwix— Raw)], (4.1)

where R; is a certain auxiliary function that vanishes
together with its differences at finite summation points.
We expand the function Ry in (4.1) in a series of finite
differences at the point i = k{%7;

R, =~ R; + (AR;_/AE;_ ) (Ex — E}) (4.2)
<A (AR; JAE; )/(E;oy — Eix)} (Ex — E)) (Ey — E;j2y) + ..

Substituting (4.2) in (4.1), we obtain

P RAji= 2 ni {{AR:/AE ) ai + [A (AR o/ AE: ) (Es 1 — Eir1)) i},
(4.3)

where ay and bi are the first and second moments of the
transition probability

a,=§wih (Ex—Ey), 4.9

bi= X win (En—Ei1) (Ex—E,). (4.5)
If we were to retain the third difference in the ex-
pansion (4.2), we would get the third moment

=§wih(Eh~—Ei-1) (Ex—E;) (Ex —Ey). (4.6)
We see from (4.4)—(4.6) that single-quantum transitions
contribute only to the first two moments and make no
contribution to the succeeding ones. This enables us to
discard in the expansion (4.2) the terms with third and
higher differences. Applying the Abel transformation

for summation by parts-*) (2 xjay; = xy;l;

— 23¥;.,A%;) once to the first term in the right-hand
1

side of (4.3) and twice to the second term, we obtain
ultimately
Ajy = — A (maay/AEy ) + A{(AEy ) A Tny iy /(g — Eh)]i
=A{l—ap + A (bpo/(Ex_p — ER) (ma/AE, ) (4 7)
+ by L/ (En_ 2“Ek)] Any JAEy 4}, k>
In (4.7), & is the operator forming the finite difference.
For example, AEy = Ey — Ei,,. Equation (4.7) is the
diffusion equation in discrete space, expressed in terms
of finite differences.

It is easy to verify that on going to the continuous
energy spectrum, Eq. (4.7) is transformed into the
divergence of the flux, written in the usual Fokker-
Planck form (cf. (3.6)). On the other hand, the expres-
sion in terms of finite differences makes it possible to
take exact account of transitions between close-lying

states, the so-called single-quantum transitions as
k — k+ 1. The latter becomes clear if we rewrite (4.7)
in a somewhat different form:

(4.8)

Ajr = A (2x_y, p kot — Zp, k-1Pk)s
where

Zhog, p = ba W/ AEy 4 (Bp_y — Ey),
Ty not = bR/ AEx g (Exoy — Epo)l + ap (AE)

In the limiting case when transitions are possible only
between neighboring levels (the single-quantum approxi-
mation), we obtain a flux j;. in the form of a difference
between the transition numbers k— 1 —kandk — k— 1.
It is therefore convenient to call Zy Lk and Z k-1 the
effective probabilities of the single-quantum transitions.

Multiquantum transitions are taken into account in
(4.8) approximately. The resultant error is offset to a
certain degree by means of a procedure customarily
used in the diffusion approximation. Under equilibrium
conditions, the expression for the flux should vanish.
This requirement leads to the relation zk_l’knf(_‘

=2y k_lnf{ between the moments. Using this relation,
we obtain

Sy = A gy oy — (nk"g—t/”g)]} = A (2p -1 whe1 Ayp_y).

(4.9)

In the last equation of (4.9) we have introduced the
‘‘relative’’ populations yj = my /nf(, which characterize
the degree of deviation from the equilibrium values
calculated for T,. Similarly, we introduce below
Ve = Ig /n“’3 as the degree of deviation from the value
determined by the Saha equation.

In the quasistationary approximation we have Ajy
= 0, and we get for the flux

J= 2ot aMR g BYR_y,  Dyrey = Yuot — Yoo

(4.10)

Thus, the system of balance equation has been reduced
to a system of pairwise coupled equations, which can
be solved directly. This yields not only the RC and IC,
but also the non-equilibrium distribution of the atoms
over the excited states:

F= (g —v 2 S,
[l

yr={y iZh Si+yi Z‘ Sz‘)r’,z1 §

NP

4.11
= (nkak, re)) ™ ( )

The explicit forms of the IC and RC are
ﬁz(nen‘;;isk)“, a=[ne (i 3 il (4.12)

= =1

The quantities n? and ng, as already mentioned, are cal-
culated from the Saha formula with the electron tem-
perature Tg:

nd)? = Ky, n{=n—n
where K, is the ionization equilibrium constant

Ky = 23; (gh 3" 2umTo)¥2 exp (—EJT.); (4.13)

Z; is the partition function of the residual ion, and g, is
the statistical weight of the ground state.

b) Calculation of effective transition probabilities.
The calculation of Zg key reduces to a determination of

the moments ag and by, which are connected with the
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average energy transferred to the atom upon collision
with the electron, and its square. It is known that fre-
quently the latter quantities are easier to calculate than
the individual cross sections that define them.

Let us calculate the first moment. Prior to averag-
ing over the electron distribution f(€), we have for the
first moment, by definition,

ay (e) = ne ; win (8)(En—Ep) =n, g Okn (2) (26/m)/? (Ep —Ey).
Substituting here the cross section oy, (¢) in the Born
approximation and taking into account the sum rutet®”

2 Ex—En) | (B e n P = — n2g/2m
(4 is the transferred momentum and r, is the radius
vector of the electron), we obtain
ay (&) = — 4ne*n,Au/(2me)'e,

where Ay is the Coulomb logarithm for the k-th bound
state.

The moment by(¢) is conveniently represented in the
form

by (8) = 2 wkn (8) (En— En)* — (B — En) Z Wi (€) (Ex —Ey).

The quantity 2 Wy, (€) (Ey — Ex)” is calculated in the
n

Bethe- Born approximation with allowance for the sum
rulet®”]

S HEs —Ew?| (z)un [P = 2mE4/3,

where (X)), is the matrix element of the dipole-moment
projection. As a result we obtain

by () = lame*Ayn,/(@me)' /el (M3 Ep — Ep + Ep_y) = dne*Agn Ey_i/(2me)'/e.

The moments calculated in this manner enable us to
find the effective transition probabilities z | _ (€).
These expressions are valid, strictly speaking, at
sufficiently high energies, when all the transitions from
the level under consideration are possible and the sum
rules are satisfied. We can verify, however, that ex-
trapolation of zk’kﬂ(e) to lower energies does not lead
to appreciable errors.

We can now calculate the probabilities z_ (%%

averaged over the Maxwellian distribution £'“’(¢)

Zp w1 = L4 @) A n By i/ (mT Y2 (Exoy — Epyt) (En — Ente)]
% exp |— (Ex — Epe)iTel, k> 1.

For k = 1 we have (4.14)

2, = l4 @n)VeetAgn l(mT ) (By — Ej)l exp [— (Ey — En)/T.).

(4.15)
We note that the moment by, practically coincides at low
energies E; with the corresponding quantity obtained
in'®) from quasiclassical considerations.

The values of A, and A, in (4.14) and (4.15) are
consequently quantities averaged over the energy dis-
tribution of the electrons. These quantities can be cal-
culated on the basis of the experimental data available
in the literature concerning the excitation cross sec-
tions. It turns out that they depend primarily on the
relative threshold energy AE/T,, and this dependence
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is universal to a sufficient degree. It is shown in Fig. 3.

We note that the disappearance of an explicit depen-
dence on the cross sections of the individual processes
and the expression of all the quantities in terms of cer-
tain moments that are averaged over a large number of
transitions are the consequence of the main premises
of the diffusion approximation. After using the sum
rules, all the calculations can be carried out without
using data on the individual cross sections. Of course,
it is necessary to stipulate here the method of calculat-
ing the Coulomb logarithms. Only in gome particular
cases (e.g., when the Bethe- Born approximation is not
valid, when there are forbidden transitions that play a
noticeable role in the kinetics, etc.) must the moments
be calculated from the initial formulas, using measured
or calculated cross sections.

¢) Ionization and recombination kinetics for a non-
equilibrium electron energy distribution. A non-equili-
brium distribution of the atoms over the states should
violate the Maxwellian distribution of the electrons.
This violation can be small if the role of the Maxwelliz-
ing collisions is sufficiently large. In the opposite case,
the absence of equilibrium in the electron distribution
is essential and influences in turn the population of the
atomic levels. In the general case it is quite difficult to
obtain self-consistent atom and electron energy distri-
butions. We consider below a particular but very im-
portant case, when the predominant role in the kinetic
equation is played by interelectron elastic collisions (as
the Maxwellizing factor) and inelastic collisions between
the electrons and the atoms. Since the frequency of the
interelectron collisions decreases sharply with increas-
ing energy, the inelastic collisions can exert the strong-
est influence in the ‘‘tail’’ of the Maxwellian distribution
(¢ ~ E, — E;). We confine ourselves therefore to allow-
ance for transitions between the ground and excited
states.

Using (2.10) and (2.11), we write down the kinetic
equation in the quasistationary approximation. Instead
of f(€) we introduce tentatively y(¢) = f(¢)/°(€), which is
the deviation of f(¢) from the Maxwellian value

2 (e) = 2n (aT,)~%"2) & exp (—e/T,).

Then
8 [2 @m)"/hn3 ~e/7e 3y (€)
P L @mr,) e

—nf* (e) 212 (¢) [y 1y () — g2y ()] 6 (') = 0. (4.16)
In (4.16) we have (') =1 at ¢’ = 0 and §(¢') = 0 at

e’ < 0. The frequency of the inelastic transitions 1 = 2,
which is contained in (2.11), is replaced, in accordance
with the general MDA by the effective value 2,:(€),
which was calculated in the preceding section:

FIG. 3. Coulomb logarithm Ak for e
bound states as a function of the rela-

tive transition energy Te/AE. o
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3y () = 4me*An,/ (2me)'is (Ey — Ea).

Z12(€) takes into account the transitions from the ground
state into all the excited states. As a result, (4.16) is a
second-order equation with constant coefficients. The
solution of the linear equation (4.16) must be sought in
the form of a superposition of exponentials that contain
in their arguments the roots of the characteristic equa-
tions in the two energy regions ¢ < E;—~ E: and € = E,
— E:. The values of the coefficients of the exponentials
are determined from the conditions of the continuity of
y(€) and y'(€) at € = E, —~ E;, and the normalization con-
dition (which reduces to y(0) = 1). The value of y(w=)
follows from the balance of the inelastic collisions at
high energies.

Without presenting y(¢), which has a very simple
forrn[Bc let us consider the result of its substitution
into Eq. (4.10), written for the interval 1 == 2 with al-
lowance for the possible absence of a Maxwellian dis-
tribution
j=nt |y (&) — oy (e — Es - B9 £ () 212 (e) de = nizoF (i~ ) (4.17)
Carrying out the integration in (4.17), we obtain an ex-
pression for F:

F = ct[(1 + 49" — 1[4 + 402 + 1 (4.18)

where
€ = MZp/Netee = (2ry/ng) [T J(Ey — E)| Ay/h.

The structure of the system (4.10) remains by the same
token unchanged. Allowance for the non-Maxwellian
character has reduced formally to the appearance of
the function F in that equation which characterizes the
energy interval 1 = 2 (4.17). This allows us to use the
solution (4.11), (4.12). By merely redefining the quantity
S, = (n{Fz;)"" we obtain the IC and RC, and also an
atomic-level distribution that takes into account the
non-equilibrium character of f(¢).

If y, exceeds y. appreciably, and consequently the
particle flux in the interval 1 == 2 is due mainly to the
excitations 1 — 2, then F can be easily interpreted. It
takes into account the decrease of the number of 1 — 2
transitions as a result of the shortage of fast electrons
in the ‘“tail’’ of the function f(¢). The function F inter-
preted in this manner was calculated by many authors.
It is very important, as shown by Wojaczek!**7, that F
depends little on the behavior of the 1 — 2 excitation
cross section with changing €; all that matters is the
correct valuel® of the cross section at the energy
€~ E]_ ~E: + Te.

The character of the influence of the non- Maxwellian
distribution on the IC and RC will be discussed in de-
tail in Chap. 5. The interrelated distributions of the
atoms over the levels and of the electrons over the en-
ergies may be of independent interest. By way of illus-
tration, these distributions are shown in Fig. 4 for a
hydrogen plasma. y; and y(€) are plotted in the regions
of negative and positive energies E, respectively (y(e)
characterizes the deviation from the Maxwellian distri-
3) Therefore A, in (4.18) can differ somewhat from the value aver-
age over f(€) in (4.15). This circumstance can be easily taken into ac-
count if more accurate calculations are desired. See the solution obtained
for the similarly formulated problem in [®%].
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FIG. 4. Electron distribution Pxd
functions in the discrete and contin-
uous spectra. ;
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bution). The curves were plotted for T, = 8000°K and

n = 10" cm™ at different degrees of ionization: ng/n
=107 (1), 10™ (2), and 107 (3). The same figure shows,
for comparison, the behavior of y; (dashed lines) calcu-
lated under the assumption that the distribution is
Maxwellian. As seen from Fig. 4 (particularly in case
3), the deviation from Maxwellian distribution greatly
decreases the population of the excited levels. The non-
equilibrium behavior is determined primarily by the
coefficient ¢, which is the ratio of the number of inelas-
tic 1 — 2 collisions to the number of interelectron colli-
sions zge. Under typical conditions we have A ~ 10 and
Ay ~ 0.01-0.05. This means that at T, ~ 1 eV the ab-
sence of a Maxwellian distribution is important if the
degree of ionization is small, ng /n < 107-10°°.

We call attention to the fact that the obtained form-
ulas take into account only one type of elastic colli-
sions—interelectron collisions, and are not valid at
very small degrees of ionization. For example, when
the Maxwellizing collisions are elastic electron-atom
collisions we have

ne/ng K (MIM) 0o0/0,e (8 & Ey — Ey). (4.19)

Here O /°ee is the ratio of the electron-atom and
electron- electron elastic collision cross sections,
taken at an electron energy € = E,— E.. Usually n, /n1
<107— . Such conditions can be realized, e.g.,
a posmve column plasma. In spite of the fact that the
number of electrons is small, T, >> T, and the ioniza-
tion is determined just by the electrons. Such a plasma
was investigated by a number of workers. The most de-
detailed investi Lgatlons were performed by Kagan and
Lyagushchenko When the inequality (4.19) is satis-
fied, the function F must be modified and should depend
on the concrete form of oae(e). However, reasonable
estimates can be made by using the following simple
expressions:

F=(140¢"" ¢=2/z,~

2t AV(Ey — E) T040 (e = Ey — Ey),

the meaning of which is obvious.

d) Kinetics with allowance for radiative processes.
Turning to (2.7), we write down the contribution made
to the flux j by the radiative transitions:

== l;ﬂ (kz np Al + niae). (4.20)
The motion of the bound electron over the energy spec-
trum, as a result of radiation acts, has a directional
character, and at first glance the diffusion approxima-
tion cannot be used. It is possible, however, to simplify



FIG. 5. Scheme for taking the radiative transitions
into account (for any atomic level n).

expression (4.20) and include it in the MDA scheme.

We use the fact that at not too large 7 and k we have
Ag; ~ KU/ — %), If k is fixed, Ay ; changes rela-
tively little with increasing I. To the contrary, if [ is
fixed, Ay ; decreases rapidly with increasing k. In other
words,

Aet D Adisnss A ™ A,y (k3> 2).
Then (4.20) takes the form

(4.21)

JR ~ —n,a® — niag,

where
WBe= 3 (nh/n) D Awg, 28 = D) e
h2n I<h i<n

If we substitute jg in the expression for ann/at, then we
can verify that the radiative transitionn +1 —n, as
well as the transitions from the level n to all the lower
states with! < n, is taken into account exactly. The
transitions with m + n — n (m = 2) are taken into ac-
count approximately, but in view of the inequality (4.21)
their role in the kinetics is small. Figure 5 shows the
transitions that are taken into account exactly by thick
wavy lines, and all others by thin lines.

The inequalities in (4.21) are valid, as noted above,
for not too large I. However, when ! is increased the
cross sections of the inelastic processes increase
sharply, and the radiative-transition probabilities de-
crease. Therefore the direct influence of the radiative
transitions on the populations of the higher levels is
small. By the same token, the method used to take into
account the radiative transitions at large [ ceases to be
important. Naturally, the method used by us to take into
account the radiative transitions calls for refinement
when an extremely rarefied plasma is considered. On
the other hand, in an extremely dense plasma, the in-
equalities (4.21) may cease to be valid when Ap; is re-
placed by Ay, in accordance with (2.9), In'®@ there are
given expressions that are valid for a and aﬁ under
these conditions.

We now write down an expression for the fluxj in
discrete energy space, taking into account both the im-
pact and the radiative processes. We obtain the follow-

ing system of coupled equations:
T=nuy pas — Rpyy @parp + ally)) — nial.

(4.22)

Solving this system in analogy with the solution obtained
in the section on collision ionization and recombination,
we obtain the impact-radiation IC and RC

B=(nnill; 3 S0, (4.23)

a=[1 +ng1 aft1 (n2)? S,.l/[n.s(nz)*k;‘l Sul,
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I, = H [1+ (aB,,n/2n, artmita)]s
nzk

81 = 2PnSl, St =2n, n bl (4.24)

;> 2),

Iy is a factor that takes into account the influence of the
emergence of the radiation in the spectral lines on the
population of the (k + 1)-st level. On the other hand, the
first factor in & takes into account the role of the re-
combination continuum. From (4.23) there follows a
relation between a and 8:

B=a(nt/n)° 11+ kZA (n9)? a1 Sal I

A detailed discussion of the expressions obtained and of
their use will be given in the next chapter of the review,
In concluding this section we note that within the frame-
work of the MDA it is easy to take into account the in-
elastic collisions with heavy particles, say with atoms.
This can be done in universal fashion by assuming that
the probabilities of the collisions with the atoms satisfy
the requirement that the MDA be applicable. Things
are not completely clear herxe, although for transitions
between strongly excited states the situation seems to
be as described heret*], Thus, it is necessary to add in
(4.22) a term that takes into account the atom-atom
collisions: nkzﬁ,k* Ry 1Z§ v1, K where zi’k! , are
the corresponding effective probabilities. The values
of[ga'imd B8 with allowance for these processes are given
in .

Expression (4.27) pertain to the stepwise ionization
and recombination coefficients. The total IC and RC
are the sums of the stepwise and direct transitions

p="Bu+Ba,

Bq and a4 are determined by the probabilities of the
elementary acts of ionization from the ground state and
recombination to the ground state, and are well known
(see, e.g.,[*%).

e) Comparison of the results of the modified diffu-
sion approximation with experiment. The MDA des-

o= Qg + ag;

cribed above was compared int™%) with various ex-
perimental data. It is important to note that the com-
parison concerned not the RC and IC (such a compar-
ison is given in Chap. 5), but to the distribution of the
atoms over the excited states, which are more sensitive
to various Kkinds of inaccuracies in the description of
the phenomenon. The comparison was both for station-
ary("®J) and nonstationary conditions “***°!, The com-
parison revealed a number of characteristic regulari-
ties in the distribution of the atoms over the excited
levels in the process of recombination (ionization), and
this factor is apparently of interest. Table I contains a
brief summary of the considered conditions. In all
these cases, the agreement between theory and experi-
ment was perfectly satisfactory. By way of example,
Fig. 6 shows a comparison of the calculated datal®?®]
with the experimental onest**J,

The figure shows the relative concentrations y/yie of
helium atoms in ®D states as functions of the binding
energy E (reckoned from the continuum) and of the prin-
cipal quantum number n. In[*5] they considered three
regimes: 1 - Tg = 3140°K, ng = 5.6 -10™ em™;

2 — 2200°K, 1.8-10" and 3 - 1510°K, 6.2 10" em™.
For the regime with ng = 6.2 x 10” em™ and T,
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Table 1
Refer-| Plasma " T, ineti
once positioh "' M 3 L . Character of kinetics Plasma source
Stationary Plasma
4 H 1028 9 Electron-atom Arc discharge
collisions
a2 Ar 1013 13 Strongly Maxwel- Low-f dis-
i istributie h
4 ) Ar-+Cs | 10121018 3 Rﬁﬁg:fb" on M:diaulz-ne-pressum dis-
" H fo13 100 iati cherge
Radiation Phillips manometer
Nonstationary Plasma
45 He 10131014 | {,5-3 | Radiation, plasma decay | Steltarator
38 N 1014—1018 | 10-16 | Electron-atom collision, |Shock tube
development of
ionization
39 Cs 101304 2—3 | Electron-atom collision, | Medium-pressure
decay discharge
2L Ar+K | 10121014 3 Electron-atom collision, | Voltage pulse
development of
ionization
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= 1510°K, three theoretical curves were plotted,
namely: 4—without allowance for radiation, 5—complete
reabsorption of the lines of the resonance series,
6—optically transparent plasma. For the remaining

two cases, only curves 5 were plotted. As seen from
Fig. 6, the levels with n 2 5 are in relative equilibrium
with the continuum, y/y% = 1. The populations of the
lower-lying levels are not in equilibrium, and agree-
ment with experiment was reached when account is
taken of the radiative transitions between the excited
states.

5. CALCULATION OF THE IMPACT-RADIATION
IONIZATION AND RECOMBINATION COEFFICIENTS

The general expressions obtained in the preceding
sections for o and B are quite complicated. They can
be greatly simplified, however. This chapter is devoted
to a derivation of simple expressions for ¢ and 8, in
which the main features impact-radiative recombination
(ionization) are reflected. To this end we stop first to
discuss the qualitative features both in the case of pure
collision and under conditions of noticeable influence of
radiative transitions.

a) Qualitative features of the kinetics of impact-
radiation recombination and ionization. It was noted
above that usually a relatively small group of atomic
levels forms a ‘‘bottleneck’’ for the flow of recombining
electrons. Let us determine the position of the ‘‘bottle-
neck’’ in the case of purely collisional kinetics. We
simplify first the expression for the distribution of the
atoms over the levels, changing over to continuous var-
iation of the energy. The sums in (4.23) must then be
replaced by integrals in accordance with the following
scheme:

Em
X G nuand) ~ | te-E1meEg (E)] dE,
R=zm )
where g(E) = Ry*”/E®”? is the density of the hydrogen-
like states (3.7). From this we readily obtain the dis-

tribution of the atoms over the excited states:
Y(E) = yox (E/T) + g2 [l — y (E/T ), (5.1)

where

¥ (@) = (4/3V n) Se"talzdt.
0

A plot of x(x) is shown in Fig. 7. It was assumed in
(5.1) that E; >> Tg, i.e., that x(E;/Te) ~ 1.

Figure 8 shows a characteristic plot of y(E). The
group of strongly excited states is in relative equili-
brium with the electrons. The lower excited levels are
closely coupled to the ground state. The group of inter-
mediate levels is the ““bottleneck.’” In fact, the flux j
has in the same approximation the form j ~ 1 (E) dy/dE,

w(E) ~ Eg(E) e B/ Te, The quantity y(A) characterizes
the mobility of the electrons in energy space. Obvi-
ously, it is minimal if dy/dE is large. Therefore, put-
ting d>y/dE® = 0, we obtain the position of the bottleneck
E* =3T, /2. The lower limit of the bottleneck is deter-
mined from the requirement that dy/dE decrease by a
factor e in comparison with the value at the maximum.
This yields a value ~ 7T,/2. Thus, at low temperatures
the ‘‘bottleneck’’ lies in the region of highly excited
states and gradually drops with increasing temperature.
In the former case one can replace the discrete spec-
trum with a quasicontinuum and in the second we can
confine ourselves to transitions between several low-
lying energy states. We arrive accordingly at simpli-
fied pictures of the kinetics—the diffusion approxima-
tion and the prompt ionization approximation, consid-
ered in Chap. 2.

In the presence of radiative transitions, the picture
becomes distorted. Let us consider the case of low

e
7

b
FIG. 6. Comparison of experi-
mental and calculated populations
of different excited levels of the
helium atom.
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temperatures, when the bottleneck lies in the region of
highly excited levels. The intensity of the radiative
transitions decreases sharply with decreasing binding
energy Ey (the oscillator strength is f ~ k®), whereas
the intensity of the i 4pact processes increases sharply
(cross section oy ~ k). This enables us {o separate
distinctly the energy interval into two regions:

1) E < ER, where impact transitions predominates,

and 2) E > ER, where radiative transitions predominate.

The position of the level ER is determined from the
condition that the frequencies of the impact and radia-
tive transitions be approximately equal at Iy, ~ 2.
Assuming the strongly excited levels to be hydrogen-
like and neglecting the reabsorption of the radiative
transitions between them, we can obtain[®J the follow-
ing expression for the est1mate of ER:

Ex = Ry n/* (n'se'A/Ry (T ) 2)s (¢ = (3 + 4)-10% gge™h).

It is convenient to rewrite this formula in the form

Epw~ T, (nJdnt)1, nt = 45402 72 em™ (7, in eV),

Various cases are possible, depending on the ratio of
_the lower limit 7T¢/2 of the ‘‘bottleneck’ to Eg.

At high temperatures, the bottleneck corresponds to
the interval between the ground and first excited level.
The emission connected with transitions to the ground
state can be quite appreciable. Allowance for this emis-
sion reduces primarily to an increase in the number of
impacts of the second kind by a factor [I,. The two-
level model would yield I} = 1 + (A, /Wz1). The MDA
modifies thls quantity (sometlmes quite significantly):
I, = [1 + (a3/22)] [1 + (af/za)]...

The influence of the non-Maxwellian distribution on
the kinetics reduces, formally to replacement of zy; by
zpF. If F <1, then zy, is replaced by zqq and the num-
ber of 1 = 2 transitions is determined by the rate of
appearance of fast electrons with energy € ~ E; — Es.
In the presence of a non-Maxwellian distribution the
position of the ‘‘bottleneck’’ can change. Indeed, the re-
sistance to the electron motion in energy space, exerted
by the individual sections of the spectrum is
~ [“i){zk,ku]_l’ and therefore when F < 1 the most

difficult interval for the passage of electrons may be
the section 1 — 2. In the presence of a noticeable devia-
tion from Maxwellian distribution, the dependence of the
IC and RC on the plasma parameters can be strongly
modified.

b) Electronic ionization and recombination. In this

case Iy = 1, af = 0, and from (4.23) and (4.24) we get

a=ndmR 3 S p=a(nlf/nl. (5.2)
We see that @ and S8 are connected via the ionization-
equilibrium constant K, = (ne)z/nl, and this holds true
also in the absence of a Maxwellian distribution®’. If

F =1, then @ and 8 are only functions of Tg. On the
other hand if F < 1, then o and 8 depend also on n,. To
obtain approximate expressions for « and 8, we proceed

as follows. We separate the term with k = 1 in the sums

9 This result is due to the fact that we are considering one specific
cause of violation of the equilibrium distribution of the electron ener-
gies at large energies, namely elastic collisions with atoms.
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FIG. 7. Plot of the function x(x).
FIG. 8. Characteristic form of the distribution of the levels in the
regime where ionization predominates (Yg <)

(5.2) and change over in the remaining group of terms
to a quasicontinuous variation of the energy, as was
done above. As a result we get

ﬁ_’ = ﬁx_‘ + ﬁ;lx (EZ/Te)f (5.3)

a1 = a7t + a3y (EL/T.), (5.4)
where the subscript 1 marks the IC and IR contributions
of the transitions between the ground and first excited
level, and the subscript 2 marks the contributions of the
transitions between the excited states.

The case ;' > B;'x(Ez/Te) and a;' >> az'x(E2/Te)
corresponds to the immediate ionization approximation,
and the inverse sign of the inequalities means that the
diffusion approximation is applicable.

In formula (5.3) we put

By = T'A [Ry*AF/ T3 (B, — E,)] e~E1-EayTe,

T = 4 20)tm¥ Ry*h = 1,710~ em®/sec (6.9)

In the limit of strong deviation from Maxwellian distri-
bution we have F << 1, so that the rate of the transitions
1 = 2 is determined by the rate of the appearance of
electrons with ¢ ~ E; — E;, and

By = ' (Ry /T )™* (An/2n)) e~(E1~Ea)Te, (5.6)

The contribution made to o by the 1 == 2 transitions is
o = T(Ag)/ S )RY® FI (Ey — Ey) T e¥9/Te, T, = hiet/nm? Ry3.(5.7)

Actually o, is proportional to the rate of deactivation of
the first level. It is curious to note that deviation from
Maxwellian distribution can decrease .he value of o;.

The contribution of the transitions between the exci-
ted states is determined from the expressions
2y = T,(2A8V'7) (Ry/T)", B, = I(ZAZ /3ntag \Ry/T,)® e-Fv/Te (5.8)
where A =~ 0.2 is the mean value of the Coulomb logar-
ithm for the excited states, and Z; is the partition func-
tion of the ion. Naturally, we obtain o ~ Te"/2 in this
case. A similar dependence is obtained from the diffu-
sion approximation, where the discreteness is disre-
garded from the very beginning. Expression (5.8) for a
does not depend on the type of atoms. This circumstance
is natural, for in this case the rate of recombination
(ionization) is determined by the passage of the electron
through strongly excited hydrogen-like states.

Figure 9 compares the values of o calculated for a
hydrogen plasma in accordance with (5.4), with the re-
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Table II
T, 10°°K 2 4 6 8 10 12 14
a:K 1,2-23 | 4,9-%6 | 4,372 | 9§27 3.4~27 ( {.7-% —
N 1.2-28 1.9-25 | 6.8 1.4727 3.3~28 | 1.6-28 8.0-29
Ar 1,228 8.0-2¢ 9.8-28 7.2729 2.0~29 8.3-30 4.5-30
H 1.2-23 1.9-26 6.0-%7 8.0%28 2.6~28 1.2-28 6.8-29
T,, 103°K 16 18 20 24 28 32
'K — — — — —
* N 5.9-29 3,928 3.7-29 1.5-29 1.0-29 8,0-30
Ar 3,2~30 2.3-30 1.7-30 1.4730 1.1-30 1.0-30
H 9,1-29 5,0-2¢ 2,72 1.7-2¢ 1.3729 1.1-29
1.37* denotes 1.3 X 10™* cm® sec™!, etc.
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FIG. 9. Coefficient of triple recombination (in accordance with the
electron-electron-ion shceme) as a function of Te for different elements.

sults of Bates[‘j, which are marked by the black cir-
cles. We point out that inl*J the cross sections of the
inelastic collision transitions are taken after Gryzinski.
Our calculations were performed in an entirely different
method—they are based on cross sections taken in the
Bethe- Born approximation. Nonetheless, the agreement
is on the whole quite good, thus indicating once more
that o is not very sensitive to the cross sections of the
individual transitions. An exception is the temperature
Te = (8—16) x 10°°K, precisely where the dominant
contribution to ¢ is made by only one transition 1 =
(the ‘“bottleneck’’ is at the ground state). Some dis-
crepancy in the RC is due to the difference in the cross
section of the 1 = 2 transition, particularly in the be-
havior near the threshold. At higher temperatures,

Te > 16 x 10*°K, the influence of the near-threshold
behavior of the 1 == 2 cross section levels out, and this
decreases the discrepancy.

The foregoing pertained to hydrogen. Let us see
what differences occur when the theory is applied to
complicated atoms. According to the MDA formulas,
each level is characterized by an energy Eyand by a
statistical weight gp. In a real level scheme there are
many levels and sublevels having close values of the
energy. Allowance for all the possible transitions be-
tween them in the MDA approach would be an exaggera-
tion of the accuracy, so that it is advisable to make the
energy spectrum ‘‘somewhat rougher’’ combining a
group of nearby states into a single level, to which we
ascribe a summary statistical rate and an average en-
ergy. For many elements, it is reasonable to combine
into a single level most states with given principal quan-
tum number n (as a rule, this is a state with large 7).
After obtaining such a ‘‘crude term scheme,’’ we have
a set of data {E,, g,}, {Ez, g:}, {E2, &} etec. (the ar-
rangement is in order of decreasing energy).

Usually {E,, g1} is the ground state of the atom®’

{Ez, gz} is a group of low~lying excited states or an

2

91f a group of closely-lying states is located near the ground state,
it is advisable to carry out the unification indicated above. For example,
for the nitrogen atom near the *S ground state there are the levels 2D
and 2P.

individual separated level, {E;, g;} is the next group of
excited states, etc. On going over to more excited
states, such a unification becomes more and more na-
tural, since the levels become hydrogen-like. The ion-
ization kinetics is now determined by the effective
single-quantum transitions between these groups of
levels with probabilities 2 ko1 calculated in accord-

ance with formula (4.14). With this taken into account,
Fig. 9 shows the values of & for a number of elements,
and Table II gives the numerical values.

Let us examine the dependence of & on the specifics
of the arrangement of the atomic levels, At T,
< 3000°K as seen from Fig. 9, @ ~ T-*? for all ele-
ments. The straight line 1 in Fig. 9 corresponds to this
dependence With increasing T,, deviations from the

® begin. For atoms with a relatlvely uniform level

den51ty in the spectrum (K, Cs), the Te9 law is natur-
ally more applicable. For He, which has the maximum
gap E, - E;, the deviations from Te ~9/2 begin much ear-
lier (the case of Ar will be dlscussed later on) and the
‘“‘prompt ionization’’ approximation is quite suitable.
Hydrogen and nitrogen occupy intermediate pasitions.
The specifics of the atom become manifest not only in
the value of E, — E.. At large T,, the value of o depends

noticeably on the ratio El/g1 Formula (5.7) explains
why the values of o practically coincide for the pairs
H, N and He, Ar. These atoms have close values of
Zi(E1 — E2)/g, and Ea.

Without performing the calculations, we can not
easily trace the course of a(T,) also for a few other
elements. For Xe, for example, o should be very close
to that of Ar. For Mercury, which has a relatively uni-
form level density, a(T) should recall the variation of
o for alkali metals, although the deviations from the
T, "2 Jaw should appear at somewhat lower tempera-
tures

Figure 10 shows the ionization coefficients 8 as func-
tions of To/E, for Argon (curves 1—4) and potassium
{5-—9). Curve 9 for potassium corresponds to the diffu-
sion approximation (5.8), curve 8 corresponds to the
prompt-ionization approximation (5.5), and curve 5 is
plotted in accordance with formula (5.3). We see that
the diffusion approximation for potassium is valid for
almost the entire range of Te /E, under consideration.
The situation with argon is different. Curve 1, con-
structed in accordance with (5.3), coincides with the
curve constructed in accordance with (5.5), i.e., the
immediate ionization approximation operates m the en-
tire T,/Eg interval.



FIG. 10. Dependence of the ioniza-
tion coefficient 8 on the relative temper-
ature.

Vad

Y

Yad

L

404 a0

1wk

The influence of the deviation from Maxwellian dis-
tribution on the rate of ionization of an argon plasma is
shown in Fig. 10 (E, is the ionization energy). We see
that at low degrees of ionization g is proportional to the
concentration of the electrons and decreases sharply in
magnitude, corresponding to the limiting formula (5.6).
Curves 1—4 in Fig. 10 correspond to ng/n; = 1072, 107,
107, and 107°, respectively.

Let us examine the influence of the discreteness of
the atomic levels on the values of @ and 8. If the term
with k = 1 is not separated in 5.2, and integration is
carried out with respect to the energy up to the ground
level, we obtain

=B (BT,

If Tg is not too large, then E;/Tg > 1 and x(E,/Te)
= 1 (see Fig. 7), and actually 8 = 8. and @ = ¢;. Conse-
quently, a is described by the ¢“9/2 law.”’ Its applica-
bility can be readily traced in Fig. 9. The largest
deviation (up to several orders of magnitude) occurs
for elements having a large energy gap between the
ground and the excited levels (He and Ar, followed by
H and N). For K and Cs, the approximation that neglects
the discreteness gives better results, since the level
energies of these atoms are more uniformly distribu-
ted.

¢) Impact-radiation recombination and ionization.
When the influence of radiation becomes appreciable,
a and B are no longer connected by the detailed-balanc-
ing relation, and it is necessary to calculate both ¢ and
8, since these quantities depend differently on the
plasma parameters. In the presence of reabsorption,
the additional difference is connected with the influence
of the linear dimensions of the plasma and of other
parameters that determine the effective lifetimes,
Allowance for these effects is contained in formula
(4.23). Let us discuss the extreme cases and the possi-
ble simplifications. If we decrease ng and by the same
token increase the role of the radiation Il >> 1, then in
the limit there follows from (4.2) the so-called ‘‘radia-
tive recombination’’ coefficient

ol = a7y (ET,).

a=ag= ()" ; k-

In this extreme case, o is determined by the summary
number of primary acts of recombination with radia-
tion, A* + E — A + hv. For all k we should have in this
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case Iy >> 1. For large k, reabsorption can be neglec-
ted and this inequality can be rewritten in the form

ne & 101 (In k/K7) (T /Ry)a, (5.9

A criterion similar to this was obtained by Griem!**]
from qualitative considerations.

If the inequality (5.9) is reversed, then the radiation
emitted becomes negligible and we return to the form-
ulas of the preceding section. In the intermediate con-
ditions, impact-radiation recombination (ionization)
takes place. Let us write down approximate expres-
sions for « and R in the case of impact-radiation re-
combination, starting from the same considerations as
in the derivation of (5.3) and (5.4). We obtain

Bt =Pl + pix (EIT,) I, (5.10)

ot = (auI1)~ 4 a7y (BIT)), (5.11)
where E = min (Ee, ER). These formulas differ from
(5.3) and (5.4) in that they contain II, and that y has a
different argument. The factor Ii; follows naturally
from the general expressions (4.23), and reflects the
influence of the radiative transitions on the rate of
passage of the electrons through the interval 1=2, It
slows down the ionization and accelerates the recom-
bination. When ER < E, the factor x(Eg/T,), reflects
the influence of the radiative process on the kinetics of
the transitions between the excited states. Its appear-
ance can be explained by starting from the following
considerations. The radiation begins to play a role in
the kinetics of transitions between excited states, if the
level ER < 7T¢/2 is the lower limit of the bottleneck.
In this case the recombining electron spends most of
the time at the levels with E < Eg, and then falls
rapidly, via a cascade of radiative transitions, to a
lower excited state (the contribution of the transitions
2 = 1 is taken into account separately). In such a situa-
tion, the length of the bottleneck reduces, as it were, a
fact that can be accounted for by replacing y(E:/Tg) in
(5.4) by x(ER/Te) at ER < E.. We note that a procedure
based on a similar idea was used earlier by Hinnov and
Hirschbergl*®l.

Various factors connected with radiation were taken
into account, with different degrees of accuracy, in a
number of papers. For example, Kuznetsov and
Rafzer[“], in their analysis of recombination, took into
account factors that are analogous in the appearance of
1;, while Abramov and Smirnovt?® actually introduced
the analog of x(ER / Te). The regions of applicability of
the results of these papers correspond to high[?®] and
low[?%) temperatures.

The radiation affects ¢ and 8 quite differently. At
low temperatures, while having liitle effect on the RC,
the radiation can radically change the IC:

B=8/ x (Er / Te)II,. This result is qualitatively under-
standable, since the electron, before it is released, must
negotiate the energy interval E; — ER. On this path there
is an appreciable probability of returning to the ground
state. Only a fraction of electrons ~ [ y(Eg/Tg) ™
reaches the energy level ER.

By way of example, Fig. 11 shows, for an argon-
potassium plasma, a plot of I1; against the parameter
R¢£, where R is the linear dimension of the plasma and
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FIG. 11. Dependence of I1; on the
parameter R§ for the mixture Ar + K.
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£ is the ratio of the number of potassium atoms to the

number of argon atoms. Curves 1—3 were constructed
for different ng = 10", 10*° and 10™ em™, respectively.
It follows from Fig. 11 that I, can reach large values,

especially at small ng.

Figure 10 shows plots of the IC B for a potassium
plasma. Curves 5—7 were constructed in accordance
with formula (10) for n, = 10™, 10**, and 10" cm™
respectively (R£ = 107%). At large ng (ng 2 10™ em™),
the radiation is negligible and we return to formula
(5.3). At smaller ng, the role of the radiative transi-
tions is large. It is curious to note that if in addition
there is also a strong deviation from the Maxwellian
distribution, then g ~ nfe or even ~ nZ, which can greatly
stretch out the initial stage of ionization develop- .
mentt2%3,

Figure 12 shows a plot of the RC o against T, for an
argon plasma at different degrees of influence of the
radiative transitions (formula (5.11)). For the solid
curves the value of Il; is indicated in the figure, and
X(ER/Te) = 1. For the dashed lines, the figure shows
both the values of I1, and the values of Eg (in Ey). The
thick line corresponds to a ~ Tg'®. We note that II, de-
pends mainly on n, and on the optical depth kR, whereas
x(ER/T,) depends to a larger degree on Te and comes
into play at much smaller ng.

Thus, if we decrease ng or R, then I, increases, and
a curious situation arises. The first them in (5.11)
vanishes, and we return at high temperatures to the
a ~ Tg'? law. The specific features of the atom drop
out, This is now the consequence of the strong radiation
of the lower excited states (the ‘‘bottleneck’’ shifts
towards the region of the hydrogen-like levels). At suf-
ficiently low ng, the factor x(ER/T,) comes into play
at low temperatures. The RC begin to exceed the values
given by the formula a ~ Tg'>. Then the result is again
independent of the specifics of the atom. In the case of
very strong de-excitation, when II, >> 1 and
Xx(ER/Te) << 1 simultaneously, the specifics of the atom
come into play again at high temperatures. Then the RC
also exceed the values given by the formula a ~ Tég’z.
Such a dependence of the RC on the factors describing
the radiation is typical of a plasma made up of many
elements.

A similar analysis can be carried out for 3. In the
case of development of ionization as a result of strong
radiation, the approximation of ‘‘prompt ionization’’ for
B1 may no longer be valid at very high temperatures.
Formulas (5.10) and (5.11) determine the limits of ap-
plicability of the previously obtained expressions and
makes possible estimates and calculations in the inter -
mediate cases.
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FIG. 12. Dependence of the coefficient of impact-radiative recom-
bination for Ar on Tg (formula (5.11)).

With the aid of (5.10) and (5.11) it is also easy to find
the conditions under which the processes of direct ion-
jzation or recombination come to the forefront. The
direct ionization can become noticeable at very high
temperatures, when there is no longer a difference be-
tween the exponential exp[— (E, — Ez)T,]), which is con-
tained in 8y, and exp[—~E,/Tg] to which the direct-
ionization coefficient 84 is proportional. However, if
the radiation in the lines (I, >> 1) is very intense and
the continuum is still reabsorbed, then 84 can become
appreciable also at noticeably lower temperatures.
This obviously follows from the expression for the
total IC: 8 = [B1' + ix (ER/Te) 3;?" + B4 — B>
I, >1.

In concluding this section, we call attention to the
fact that, strictly speaking, the foregoing analysis of the:
influence of radiation pertains to the kinetics in the
central regions of the plasma. In boundary layers or in
other regions where the gradients of the parameters
are large, the expressions for ¢, given in Sec. b of
Chap. 2, no longer hold. In this case it is necessary to
use for 6 more complicated formulast*™ or to use ap-
proximate methods for solving the transport equation
for the radiation in the plasma. The character of the
influence of the radiation on the kinetics can become
entirely different. ““Illumination’’ with radiation from
‘‘hotter’’ regions of the plasma can accelerate the ion-
ization or slow down the recombination, e.g., during
the first stage of ionization relaxation behind a shock
wave(*®) | at the entrance into the channel of an MHD
generator*®) | or for passage of a shock wave in
T-tubes %%,

d) Influence of collisions with atoms on the ioniza-
tion and recombination coefficients. The three-particle
recombination coefficient in ion-atom-electron colli-
sions was obtained in the diffusion approximation by
Pitaevskiil*l:

a = [32 2n) 23] m'2 M0, T %204/,

(5.12)

Og4e I8 the cross section for elastic scattering of an
electron by an atom, M is the mass of the atom. This
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result was later obtained by a different method by Bates
and Khare"*. m!®} formula (5.12) was extended to
include the case of a non-isothermal plasma, when

Ty # Te:

@ = [32 (2n)1/2/31m1 280, o(Tol MT?/2) 0/, (5.13)

As already noted, within the framework of the MDA,
collisions with heavy particles can be taken into account
and included in the general scheme. In the limiting
case of an optically dense and weakly-ionized gas, ex-
pressions analogous to (5.1) are(%3:C]

a= [g (Kinne/(z5, spa)) 8 p=Kan. (5.14)
In the low-temperature limit, when the atomic term
scheme can be regarded as quasicontinuous, we obtain
(5.12) from (5.14) after specifying the concrete zf
Atom-atom collisions can be important also during
the first stage of ionization development at high atomic
temperatures. In fact, if Ty = T, then, inasmuch as the
cross sections for the excitation and ionization of atom-
atom collisions are of the order of 107°°—107° ¢m?,
these processes are important at degrees of ionization
<107°—107" If T, > T, then the atom-atom collisions
are important also at higher degrees of ionization.

We present below an expression for 8, in which
allowance is made not only for collisions with electrons
but also for atom-atom and radiative transitions 1 == 2:

B = (B + (BE)7N
By = (ne21s + g 242}/ no2y2;
E2 = (RetyZig + nizfy) (noar + A 4 ng 33) 7t [ne (T

As before, the first term in (5.15) corresponds to the
limit of ‘‘prompt ionization,”” and £, reflects the growth
in the number of excitation acts as a result of atom-
atom collisions. The second term in (5.15) character-
izes the rate of passage of the electron over the excited
states. £. is approximately the ratio of the population
of the second level n: when account is taken of atom-
atom collisions and radiation, to the Boltzmann popula-
tion ng(Te) at the temperature Te. By the same token,
& takes into account the influence of these processes on
the rate of stepwise ionization.

k+1°

} (5.15)

6. COMPARISON OF EXPERIMENTAL AND CAICU-
LATED RECOMBINATION AND IONIZATION
COEFFICIENTS

We will recall the equations for the ionization
kinetics:

dn,ldt = nn p — nda -+ VJ,. (6.1)

(6.1) describes the rate of change of ng, as a result of
generation in the volume and transport in coordinate
space. Stationary and nonstationary conditions are pos-
sible.

Non-equilibrium stationary conditions. In a number
of experiments, non-equilibrium stationary conditions
dng/dt = 0 are realized. The generation of the elec-
trons inside the volume is offset by their influx (outflow)
resulting from transport in space. To determine Vv -Jq
it is necessary, generally speaking, to solve the prob-
lem of the spatial distribution of the plasma parameters
with concrete conditions on the boundaries. In a num-
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ber of cases, however, it is possible to use also simpler
estimates. For example, if the transport in determined
by ambipolar diffusion, then for the central regions of
the plasma we have V - Jo ® —ng /7p, where 7p = R°/pD,
is the characteristic diffusion time, D, is the coeffi-
cient of ambipolar diffusion, R is the linear dimension
of the system, and p is a numerical coefficient that de-
pends on the geometry of the volume.

A detailed solution of Eq. (6.1) for non-equilibrium
stationary conditions is given in the last paper oft®3],
where a number of relations that determine ng in a non-
equilibrium plasma was obtained (they are sometimes
called the generalized Saha equations). For example, if
the only cause of the non-equilibrium distribution is
diffusion of the charged particles from the central parts
of the volume, then this equation takes the form

ni + Kinp, — Kyin [1 — (Brpn)-1l = 0. (6.2)

Equation (6.2) is valid of B7pn 2 1 (on the other hand,
if Brpn > 1, then Eq. (6.2) yields a small correction to
the Saha formula). The experimental conditions under
which (6.2) is valid were realized in‘**3, When other
factors of the non-equilibrium conditions are taken into
account, the equation for n, becomes more complicated.
Thus, if the radiative transitions between the ground
and first-excited levels plays 4n appreciable role, with
account taken of the non-equilibrium distribution of the
free electrons, n, is given by a fourth-degree equation.

Table I, which is taken from[ % , gives the experi-
mental and calculated values of g = ng/n under station-
ary conditions.

In'**} | the main cause of the deviation of the distri-
bution from equilibrium was the diffusion towards the
boundaries of the arc, whereas in'**J the causes were
diffusion and radiation, while in“**'**J there was an ap-
preciable deviation from a Maxwellian distribution of
the electron energy. As seen from Table III, in all
cases the agreement between the experimental and
calculated values is quite satisfactory. We note that if
ng is calculated under the conditions of-****J neglecting
the violation of the Maxwellian distribution, then the
calculated values exceed the experimental ones by sev-
eral orders of magnitude.

b) Nonstationary conditions. If the term v - J, in
(6.1) is small, and either ionization (y, > y) or recom-
bination (¥, > yi) predominates, then @ and 3 can be
determined by measuring the time dependence of ng(t).
On the other hand, if both the ionization and the recom-
bination term are significant in (6.1), then @ and B can
not be determined directly from the dn,/dt dependence.
However, when one of the coefficients is known, the
other can be determined.

Inl*%%] they investigated the decay of H and He
plasma obtained with installations of the stellarator
type. The quantity nin8 was negligibly small under the
conditions of these experiments, so that the RC was de-
termined directly from the decrease of dng/dt. T, was
determined by measuring the relative population of the
highly-excited levels, and n, was determined by the
method of the phase shift of a microwave beam. The
results are in good agreement with theory. Some of the
many experimental points are shown in Fig. 9, where 3
corresponds to measurement!*>**] for hydrogen and 4
for helium. They fall in the low-temperature region
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Table I

Refer- L. Ly 3 T, es exper-| g, calcu- | ve, Saha

ence b"mp'”""’"] mom” | P g0tk | Reom [Tt | Jation | equation
11 H - Ar 2,218 216 9,3 0,15 0,9-3 1,33 8,0-3
43 Cs- Ar 1,618 512 3,1 0,8 0,31 0,45 0,9
43 Cs++Ar 4,312 212 3,9 1,0 0,46 0,53 1,0
a2 Ar 6,016 2,711 25 0,6 4,576 4,578 1,0
42 Ar 6,018 4,612 13 0,6 7,86 8,7-5 4,71
L] He 6,717 411 66 0,6 6,0-¢ 1,7-5 1,0

A X 10" is designated A",

Te S 3000°K. The experiment was performed at low
pressures (p ~ 1 mm Hg) and the lines corresponding
to transitions to the ground state are weakly reabsorbed,
II; > 1. This leads to a strongly unbalanced population
of the lower excited states of the atom (see Fig. 6,
which was uiscussed above), but does not influence the
recombination rate, which is determined by the time
required to pass through the highly-excited states.
Under these conditions we have y(ER/Tg) ~ 1, and
therefore a ~ TS (see (5.8)).

Approximately at the same ng and somewhat larger
Te, Chenl®®) performed measurements under conditions
in which the plasma was produced by discharging a
capacitor bank through a low-pressure chamber. The
‘“‘bottleneck’’ determined by the collision with the elec-
trons shifted towards lower levels, where radiative
transitions are important. As a result of the latter, the
size of the ‘‘bottleneck’’ was reduced (x(ER/Te) < 1)
and the rate of recombination increased and exceeded
the values given by the relation o ~ Tég/z . Figure 12
(points 1) shows a group of points from®®}, pertaining
to different ng, and the theoretical values of a with
ER = 0.2 and 0.5 eV and I, &~ 10°—~10%, which corre-
sponds approximately to the experimental conditions.
We see that there is reasonable agreement.

Plasma with higher T, (up to 10*°K) and with larger
ne (ng > 10" ¢m™) was obtained by Funahashi and
Takeda'®] in a shock T-tube at an initial gas pressure
p ~ 10 ¢ Hg. The plasma decay began after the initiat-
ing discharge was turned off and the shock wave was
reflected. The results obtained in hydrogen[“b] agree
fairly well with the calculated values fromt!?, The
measurements performed in argon correspond to n,
= 10¥—10% cm™. The authors of'%?J have noted that
the measured values of the RC can be fitted well to a
plot of Té"/z (see the group of points 2 in Fig. 12). This
result is directly connected with the discussion given in
Sec. ¢ of Chap. 4. Owing to the intense transitions be-
tween the ground and excited states (as in***, we have
here I, > 1, but X(Er/Te) = 1), the ‘‘bottleneck’’
shifts towards the higher levels. As a result, the
individuality of the plasma is lost. The RC is practically
independent of the composition of the plasma and is
described by the ‘“9/2 law.’”’ Under the conditions of
of'*%a] 11, = 10—10" and y(ER/Te) = 1.

Let us discuss the experiments performed at the
highest temperatures and densities of the electrons. In
these cases, the radiation does not influence the IC and
the RC. Generalov et al.[®") measured the growth rate
of cascade ionization behind a strong shock wave in
xenon. The measurements of the absorption and trans-
mission of microwave radiation gave the values of ng
and Tg (ng ~ 10°°—10" ¢m™); n; was known from the
conditions behind the shock. The obtained value of 38

was used to calculate o. The results of'®") are in good
agreement with the MTA (see the group of points 3 on
Fig. 12)%.

The values of @ in hydro§en at high T, and no were
obtained by Craggs et al.[®®), The plasma was pro-
duced by a strong-current spark discharge. The pure
decay regime was investigated. The results are shown
in Fig. 9 (group of points 5). It is seen that they are in
full agreement with our calculation.

Several investigations were devoted to the measure-
ment of the RC in alkali-metal vapor-?"**®’, Since the
‘‘low-temperature’’ region for alkali metal is the
broadest, all the measurements lie in this region. At
small n,, however, radiative transitions come into play
(x(ER/Tg) < 1). On the whole, the theory describes
satisfactorily the experiment. The solid lines 1-3 in
Fig. 13 are plots of formula (5.11) for different values
of the electron concentration, 10, 10**, and 10* e¢m™,
respectively. The figure shows also the experimental
data oft®®3 (4),08 (5), and'®* (6). The figures on Fig.
3 next to certain experimental points correspond to the
values of n? measured under these conditions (in units
of 10** em™). We note that the theoretical data given by
the MDA are in fair agreement with the numerical re-
sults of Norcross and Stone*3, which are shown
dashed, and also with the results of!®3,

In*] they investigated a potassium plasma with in-
creasing ionization under the influence of a field pulse.
The ionization coefficient 8 was measured. It turned out
that these quantities contradict strongly the values of «
obtained in a decaying plasmal?:®*®183)  The cause of
the discrepancy remained unclear.

Desai and Corcoran'®J and Aleksandrov et al.®’
measured the RC in an argon plasma at atmospheric

a, cm® sec™

o
7@

i

Vi 24

15 Z0 i
L

FIG. 13. Recombination functions in K and Cs plasmas.

9 The values of « under these conditions were quite close for Ar and
Xe. This is due to the closeness of the values of E, and the excitation
cross sections for the transition 1 — 2.



FIG. 14. Populations of the excited
levels of argon vs the binding energy for
different coordinates along the tube axis:
1-4.3,2-6.2,3-8.1,4~-10, and 5-12
cm.

2 J
EW'K

pressure. However, as shown int*? the values of a
obtained by them do not agree with the directly meas-
ured quantities. This was the consequence of an incor-
rect determination of Tg from the spectral-line intensi-

ties”. The authors of'®*"**] determined T from the
slope of the straight-line plot of the function In(n,/g,)
~ {(Tg). Such a procedure is legitimate only for levels
that are in relative equilibrivm with the continuum. In
the general case this method yields a certain distribu-
tion temperature T gt # Te. In the case of ionization
Taijst < Te, and in the case of recombination Tyig¢

> Te. The appendix gives the relations obtained on the
basis of the MDA, which make it possible to determine
ne and Tg under non-equilibrium conditions from the
populations of three excited states.

Figure 14 shows the distribution of the atoms over
the excited states, obtained in'®3, The dark circles
correspond to the core configurations 3 p° ¢P}z), and
the light ones to 3p® (*P3/), while the solid line is the
calculated curve ®), The slope of the dashed straight
line corresponds to To. We see that the levels whose
populations were measured are not in relative equili-
brium with the continuum, and the line formally drawn
through the experimental points does not correspond to
Te. After correcting Tg, the values of the RC agree
satisfactorily with MDA calculations (II; > 1 under the
conditions oft®*}). The RC values obtained in‘®3 py re-
ducing the measurements ofl%) are shown in Fig. 12
(group of points 4).

7. CONCLUSION

The theory of impact-radiation ionization and re-
combination, which is based on the idea that this proc-
ess is a random wandering of the electron over discrete
energy levels, has made it possible to obtain simple
analytic expressions for the corresponding coefficients.
We took into account here the real energy structure of
the atoms and the relation between the non-equilibrium
distribution of the atoms over the levels and of the elec-
trons over the energies. The obtained expressions are
in satisfactory agreement for the experimental data
" pertaining to a great variety of conditions.

Among the ionization (recombination) mechanisms
and the low-temperature plasma, the impact-radiation
ionization (recombination) has apparently been investi-
gated to the greatest extent. However, in a molecular
plasma or in an atomic plasma containing molecular
ions, an important role is played also by the mechanism
of dissociative recombination and associative ioniza-

Din [%5) they also used obsolete oscillator-strength data to deter-
mine the level populations from the absolute line intensity.
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tion. It has been established by now that the products of
the dissociative recombination are predominantly exci-
ted atoms, while associative ionization can proceed
from excited states: A} + e == A* + A,

The presence of excited atoms in the mechanism of
the process is evidence that associative ionization and
dissociative recombination must be considered in con-
nection with the kinetics of the atomic excited states.

If, e.g., the dissociative recombination is accompanied
by the appearance of atoms on excited levels, lying
above the ‘‘bottleneck’’ in the atomic spectrum, then the
resultant recombination rate is determined by the rate
of impact-radiation recombination. On the other hand,
if these excited levels are below the ‘‘bottleneck,”’ then
it is precisely dissociative recombination which deter-
mines the rate of vanishing of the charge particles. The
construction of some general scheme is made difficult
at present by the lack of data on the probabilities of the
elementary processes.

APPENDIX

The determination of n, and Ty under non-equili-
brium conditions from the absolute intensity of the
spectral lines can be based on the following rela-
tions®®J. We write down the equation connecting the
concentration at three arbitrary levels m, k, and! (in
increasing order of binding energy), which follows from
(4.22)

(yp/Mg) (2 == 2)) = Y/ Ty) (25 — 21} + (/I (2, — ) (A.1)
02Xy — Xp) (25 — 2 + (X — X {2y — =),
where

Im = E (2o, nenfIL),  and X, = 2 g (Znan PR Il,) 1 (AZ)

If the inequality (Ep > E;) is satisfied and the kinetics
of the transitions between the level m, k, and [ is deter-
mined only by the collisions, then (A.1) can be simpli-
fied by assuming all 1) = 1 and o = 0. If in addition
E,,; Ek, E; = Tg, then one can replace all the sums in
(A.2), without a substantial error, by integrals, after
which we obtain

(rpfgn) ek o (u) — % (u))
= (npemigm) [1, () — % ()] + (e gy) [y, (1) — % (up)l,

(A.3)

where u, = E, /T, and y(u) is determined by the re-
lation (5.1).

Making in (A.3) the substitution of njeWg;

2.3 3/ . .
— ngh’/2Z;(27mTe)*”, we connect ny and n,, with n§:

(nn/gr) e*hy (un) = (npe¥m/gy) % (up)

+ [neh¥/22; (2amT ™ 2] [(x (up) — X (u)le (a-4)

Relations (A.3) and (A.4) makes it possible to determine
ne and T in a nonequilibrium plasma from the popula-
tions of three excited states. We note that in the case of
equilibrium they are satisfied identically.
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