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The question of the form of the momentum-energy tensor of the electromagnetic field
(in a medium) remains debatable to this day. The dilemma of whether the photon mo-
mentum in a medium is equal to nhy/c (Minkowski) or hv/nc (Abraham) therefore re-
mains unresolved (n is the refractive index). Simple considerations based on the law
governing the motion of the center of gravity of the "field + medium' system lead, how-
ever, to a unique choice of Abraham’s tensor. The Jones-Richards experiments do not
contradict this, although they do not lead to a solution of the problem. In principle, meas-
urements of the Jones-Richards type (of the pressure of light in media) in the pulsed
regime would yield the solution of the problem. Considerable space is allotted to an
analysis of the question of the “'rejection" of Abraham’s tensor, a question advanced by
Laue and supported by many authors, It is shown that the use of the Laue criterion is
based on an error in the very formulation of the question. The arguments advanced in
this connection are illustrated by using as an example analogous relations in the case of
the motion of a simple static system, namely a charged capacitor. The conservations
laws applied to a static electromagnetic field having angular momentum also lead to
Abraham’s expression for the field momentum density.
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INTRODUCTION

The question of the momentum-energy (m—e) tensor?®
of an electromagnetic field in an electrically polarizable
medium should long ago have been relegated to the
archives of classical physics.

During the last decade or two, however, many papers
have been published in which the authors returned to this
theme. The central point in this literature is occupied
by the question of the relative estimate of two tensors,
those of Abraham and Minkowski, which were proposed
more than half a century ago.

A paradoxical situation has developed in the history
of the problem, as a result of which problems concern-
ing certain basic premises of classical electrodynamics
have been under discussion to this day. The literature
of the question abounds with contradictions and variants,
and the result is that concepts which seemingly should
not be debatable still remain unclear. We shall return
~t the end of the article to these contradictions, which
often appear to be based on slipshod treatment of the
physical meaning of various formal constructions.

A highly adverse influence on the entire subsequent
history of the question was exerted by a characteristic
episode. In 1950, Laue ] called attention to certain
limiting requirements that must be satisfied by the
transformadtion properties of the components of the mo-
mentum-energy tensor of a light wave. These require-
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ments follow (according to his assumption) from the
following considerations.

Imagine a light pulse propagating in the form of a
wave packet and moving jn a medium with velocity c/n
(n is the refractive index) relative to an observer who
is immobile in this medium. Moving together with this
packet (at the same velocity ¢/n) is a certain object which
is situated at all times in the field of the light beam, and
consequently remains at all times illuminated by this
beam. Obviously, this object will also be seen as illum-
inated by another observer moving with an arbitrary
velocity relative to the first observer. In order for this
condition to be satisfied it is necessary that the velocity
of the light-wave packet be transformed like the velocity
of a material point on going from the reference frame of
the first observer (in which he is immobile) to the
"'second-observer system."

According to Laue’s assumption, he had proved that
the Abraham tensor should be eliminated from consider-
ation since it contradicts, as it were, the criterion indi-
cated above. Assuming on this basis Minkowski’s ten-
sor, Laue drew far-reaching conclusions from this,
Inasmuch as Laue’s arguments (which from our point of
view are inconsistent) continue to be constantly referred
to, and inasmuch as analogous considerations leading to
rejection of Abraham s tensor were subsequently devel-
oped also by Moller 2 , this question will be considered
by us in greater deta11
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This article is not a review of the literature of the
problem. A sufficiently complete list of papers devoted
to the subject can be found in a recent review[*J,

There are a number of papers of formalistie nature,
whose authors approach the solution of the question by
using generalizations, formulated in postulates, as a
basis for subsequent application of a variational method.
In most cases this formal approach seems to lead to a
solution in the form of the Minkowski tensor (see,

e.g., £sl ). The authors of another group of papers

(de Groot[®) and co-workers) followed the path of
microscopic consideration of the problem, This method
calls for introduction of an exceedingly cumbersome
computation formalism which is difficult to visualize.

It might seem that the just-indicated group of papers
should have been prefaced by a fully unambiguously es-
tablished scheme of concepts within the framework of the
Maxwell-Hertz electrodynamics®.

The fact that the alternatives in the choice of the form
of the m~e tensor of the field (the Abraham tensor or
the Minkowski tensor) still remains unresolved leads,
however, to an ambiguity in the construction of this
scheme of basic premises, inasmuch as the question of
the ponderomotive® forces in the electromagnetic field
and of the momentum of this field remains debatable.

However, analysis of the question on the basis of
simple models leads to the unigque conclusion that, within
the framework of the phenomenological picture and when
applied to limiting cases of idealized dielectric media,
the correct solution of the problem was given by
Abraham '@ in the form of the tensor proposed by him.
This conclusion, under certain conditions and simplifica-
tions, can be drawn on the basis of ideas advanced back
in 1954 by the Hungarian physicists Marx and Gyorgyil®,
and in part also in an earlier paper by Beck %1%,

If we stipulate satisfaction of the conservation laws
in conjunction with the Maxwell-Hertz equation, the re-
sult is, as will be shown, a definite and sufficiently
strong "selection rule” (for the theories).

A different "selection rule'' was used by Laue—one
that appeared to follow from his aforementioned criter-
ion—and this has led to erroneous conclusions.

In view of the contradictions in the basic scheme of
the concepts, it is advisable at this stage to disregard
the complications introduced by taking the laws of
thermodynamics into account. We assume for this pur-
pose that the dielectric constant of the medium is a con-
stant that does not depend on the electric field intensity
or on the parameters characterizing the state of the
medium.

The two models considered in detail below satisfy,
for example, a requirement that is necessary in this
connection: the density of the medium, expressed in
terms of the number of particles (dipoles) per unit vol-
ume, remains unchanged (does not depend on the field
intensity).

The use of this abstraction is expedient and seemingly
also permissible just as, for example, it is permissible
and expedient to consider in theoretical mechanics the
laws of motion of an absolutely rigid body, disregarding
the elasticity and plasticity properties.

In the exposition that follows, only elementary and,
inasmuch as possible, illustrative deductions will be
used.
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For the sake of simplicity, the medium is assumed
nonmagnetic and the particular case of the electromag-
netic field of a plane wave is considered.

1. PHOTON MOMENTUM AND
CONSERVATION LAWS

In connection with the situation outlined above, no
clear-cut answer has as yet been given to the question
of the value of the photon momentum in a medium, say
an ideal one characterized by a constant refractive index
(that does not depend on any parameters).

The Minkowski and Abraham tensors lead to essen-
tially different expressions for the density (g) of the
field momentum.

Anticipating the results of derivations that will be
given below, we present these expressions here. In vec-
tor form they are given by

(1.1)¥

g¥ = (1/4ne) [DBI
according to Minkowski (see, e.g., ")) and
g* = ({/4nc) [EH] (1.2)

according to Abraham (see [7]); here E, H, D, and B are
the vectors of the intensities and inductions of the elec-
tric and magnetic fields.

When speaking of a photon, we imagine a "packet" in
the form of a "train" of plane (plane-polarized) waves,
carrying an energy equal to & = hv, According to
Maxwell’s equations, the relation H = nE holds in the
field of a plane wave. (For simplicity we assume here
and throughout p = 1.)

At an appropriate orientation of the coordinate axes
we obtain, according to (1.1) and (1.2),
g™ = n*EYhne = nule (L.3)

and
(1.4)

(since D = €E and ¢ = n%; u = n’(E® + H%)/8n); here (and
throughout) u is the light wave energy density.

g = nEhne = ulnc

From this we get the following expressions for the
"photon'* momentum (GM and GA) in the medium:

GM = gM] = nulle = nhvlc

according to Minkowski (I is the length of the train,
1 = hy/u), and

(1.5)

GA = gl = hv/ne
according to Abraham.

(1.6)

We note first that the question is also unclear from
the experimental point of view., Experiment does not
yield a direct answer to this question, and this will also
be discussed later on,

A unique answer is, however, obtained by turning to
the laws of conservation of the momentum and velocity
of the center of gravity (as applied to the "field + med-
ium’’ system). This, in any case, is the situation if we
regard as correct the concept of the inertial character
of the energy in accordance with the Einstein relation
& = me®,

From the simple scheme of the "Gedank experiment,"
which will now be considered, it follows that Minkowski’s
assumption contradicts the law of constancy of the veloc-
ity of the center of gravity of the ""radiation + material
body" system. This was first indicated in[**3.
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For the proof, we consider the "packet of light waves
+ medium [a transparent plate (rectangular parallele-
piped) whose faces are parallel to the coordinate plane]
system.”" Let us compare the displacements of the cen-
ter of gravity of this entire system along the x axis
(direction of beam propagation) in two cases:

a) The "packet' is outside the medium moving
towards its (left-hand) boundary, passes through the
medium, and then, at the instant of time chosen by us,
is in a position that is symmetrical to its initial position
relative to the medium (Fig. 1).

b) The initial and final positions of the packet rela-
tive to the medium are also symmetrical. But the packet
has bypassed the medium in moving from the first posi-
tion to the second. (The fact that the packet now moves
as a result along a trajectory parallel to the x axis but
not coinciding with it is obviously of no importance for
the derivation,) X the medium were immobile during the
time of passage of the light packet through it, then the
displacement of the entire system (''light + medium')
as a whole along the x axis would be the same in the two
indicated cases. However, in the former case the time
required to displace the light over the length of the light-
conducting plate is larger in the first case, since the
speed of light ¢/n is less in the medium than in vacuum
outside the medium (we assume that n > 1). Since the
velocity of the displacement of the center of gravity of
the system is the same in both cases, the displacement
of the center of gravity along the x axis from its initial
to the final position should be larger in the former case.
This means that the light-conducting medium will not
remain immobile and should be displaced in the light-
propagation direction. In other words, this means that
when the light enters the medium it transfers to it a mo-
mentum in the beam direction, in contradiction to
Minkowski’s assumption (the momentum of the light
n& /c in the medium is larger than the momentum E/c in
vacuum).

Thus, simple qualitative considerations would seem-
ingly be sufficient to exclude Minkowski’s hypothesis.
On the other hand, if we write down the equations for the
conservation of the momentum and the constancy of the
velocity of motion of the center of gravity, then we can
also obtain a quantitative result.

We denote by X, the coordinate of the center of grav-
ity of the system, by M the mass of the plate, by p the
mass equivalent to the light energy, and by G the mo-
mentum of the wave packet in the medium. From the
definition of the center of gravity of the system we ob-
tain, by differentiation, the following equation:

dX Jdt = [M (dzi/dt) + p (dzy/dD)/(M + p); (1.7)
here x; and x; are the coordinates of the center of grav-
ity of the plate and of the light packet, respectively®’.

Let (dX /dt); be the velocity dX,, /dt prior to the entry

of the light into the medium:

(dXJdt)y = pe/(M -+ p). (1.8)
We denote further by (dX, /dt). the value of the velocity
for the time interval during which the light passes
through the medium. The momentum-conservation
equation yields

M dz,/dt = (€/c) — G. (1.9)
Here dx./dt = ¢/n, and consequently, according to (1.7)

(dX /dt), = [(&lc) — G + p (c/m)II(M -+ p). (1.10)
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But the constancy of the velocity of the center of gravity
of the system calls for the equality

(dX Jdty; = (dX.[di),. (1.11)
Substituting (1.8) and (1.10) in (1.11), we obtain
pe = [(&e) — G + p (e/n). (1.12)
Hence
G = (€/c) + p le/n) — ¢l = E/ne, (1.13)

inasmuch as
w o= &l

Thus, Abraham’s expression (1.6) follows from the
conservation laws for the photon momentum.

In these simple calculations we have, of course,
tacitly assumed that the energy flux is constant over the
entire path of the beam, and consequently that energy
losses due to reflection from the boundary of the med-
ium have been excluded. This means that we have tacitly
assumed that a '""nonreflecting' transition layer with a
smooth transition of the refractive index from the value
of n in the medium to the value 1 outside the medium is
coated on the boundaries of the medium at the points
where the beam enters and leaves. Such "nonreflecting'
faces of the medium are presently widely used in laser
technology. In the theoretical limit (and to some degree
also in practice) it is possible to realize conditions
under which the reflection losses are reduced to an arbi-
trarily small value.

In addition, it should be noted that we have identified
the group velocity of the light with the phase velocity,
something that can also be realized with any desired ac-
curacy if the wavelength band is chosen such that the
anomalous-dispersion bands are situated somewhere in
a remote region of the spectrum and exert no influence
(the refractive index does not depend on the wavelength
in this band).

The choice of an expression for the momentum den-
sity of the field leads uniquely to a definite conclusion
concerning the density of the forces exerted by the wave
field on the medium,

2. MAXWELL'S THEOREM, PONDEROMOTIVE
FORCES, AND ELECTROMAGNETIC
MOMENTUM

We recall the initial data on the ponderomotive forces
to which Maxwell’s equations lead, and primarily the
theorem of the Maxwell stresses, which makes it possi-
ble to simplify the derivations presented below and to
clarify them to a certain degree.

For the case with static fields, this theorem states
that the resultant K of forces applied to bodies situated
within a certain closed surface S is expressed by the
integral over the surface (S) of the Maxwell stresses

gT(n)dS= JYffds2=K, 2.1)

where dQ is the volume element and £ is the force den-
sity.
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Since we shall subsequently have frequent reference
to Eq. (2.1), and since the very concept of the stress
tensor follows from this equation, we recall some per-
tinent relations and definitions.

The vector T(n) introduced under the integral sign in
the left-hand side of the equation is the tension force
acting on a surface element dS, the outer normal to which
is directed along a specified unit vector n. The compon-
ent Ty(n) of the vector T(n) is defined by the relation

2.2)
and T,.

Tyo(n) = texcos (n, 7) + tyy cos (n, y) + t., cos (n, z).

Analogous relations hold for the components Ty

The nine quantities (t,,, txy’ tyz) plus the six others
entering in the analogous expressions for Ty and T,
form a three-dimensional symmetrical (''relative")
stress tensor.

The four-dimensional m—e tensor (the spatial com-
ponents of which make up the so-called "absolute" stress
tensor®) is obtained by generalizing the three-dimen-
sional tensor Ty, which will be discussed later on.

Returning to our interrupted exposition, we refer first
to the following calculation result, If in the particular
case of the electrostatic problem we deal with a field in
the absence of true electric charges in an "ideal" dielec~
tric with a dielectric constant ¢, then, as shown by cal-
culation, Maxwell’s theorem leads to the following ex-
pression for the density of the ponderomotive force £
acting on the dielectric ([™J, pp. 150—154);

f = —(E%8n) grad e. (2.3)
It can easily be shown, taking Maxwell’s equations into
account, that (2.3) is the equivalent of

f = (P-grad) E — grad (PE/2), (2.4)

where

(P-grad) = P, (3/0z) + P, (0/ay) + P, (0l02); (2.5)
P is the polarization of the dielectric. Formulas (2.3)
and (2.4) will be needed by us later on. Both terms in
(2.4) have a simple physical meaning, to which we shall
return.

By introducing the concept of electromagnetic mo-
mentum, Abraham generalized Maxwell’s theorem to the
case of alternating and high-frequency fields.

Assume that we are considering electric charges on
conducting bodies situated inside a closed surface S in
vacuum,. In the case of the electrodynamic problem,
transformation of the integral of the Maxwell tensions
over the surface S leads to the equation

S T(n)dS — K = S (1/4nc) (0 [EHN/02) dQ, (2.6)
where E and H are the electric and magnetic field in-
tensities.

As postulated by Abraham, the right-hand side of
(2.6) now contains the derivative dG/dt, where G = [gdQ
is the electromagnetic momentum of the field in the en-
tire volume inside the surface S and, accordingly, g is
the density of this momentum.

If there are no true charges inside the surface S, and
consequently K = 0, then Eq. (2.6) in the case of a field
in vacuum takes the form
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ST (r) dS = (1/4nc) S (0 [EHV/81) dQ = S (9g/or) 4. (2.7)
Therefore g (in vacuum) is given by
g = (1/4nc) [EH]. (2.8)

However, if the space inside the surface S is filled
with a homogeneous medium and there are no true
charges in this space, as before, then the appropriate
transformation of the surface integral into a volume in-
tegral yields

S T (n) dS = (9/0%) S (epfhsic) [EH] dQ, (2.9)
where ¢ and u are respectively the dielectric constant
of the medium and its magnetic permeability. In this
case one cannot introduce a priori and in a unique man-
ner an expression for the electromagnetic momentum
density in the medium,

If it is assumed that no forces act, even in an alter-
nating electromagnetic field, on a homogeneous elec-
trically uncharged transparent medium (and in the ab-
sence of constant magnetic moments), and if it is as-
sumed at the same time that Abraham’s interpretation
of the expression in the left-hand side of (2.9) remains
in force, then, in accord with the meaning of this equa-
tion, the integral in the right-hand side yields the mo-
mentum of the field. According to Minkowski it is
necessary to assume that the density of the ponderomo-
tive forces is zero under the conditions indicated above.
This leads to the conclusion that the radiation-momen-
tum density is

g™ = (ep/dnc) [EH] (2.10)

(or, if we assume conversely that the density gM is given
by (2.10), we arrive at the conclusion that there are no
ponderomotive forces).

On the other hand, according to Abraham, expression
(2.8) for the momentum density remains in force also in
the case of a field in a material medium:

gt = (1/4nc) [EHI. (2.11)

This means that if the right-hand side of 2.9) is re-
written in the form

(1/4n¢) [S (2 (EHY/at) dQ + { (2/01) (ep. — 1) [EH] dsz] ,

and consequently
T (n) dS = (dGA/dY) + K
fTm (dGA/dr) + 2.12)
— (dGA/dY) + 5 (8131) [(ep — 1)/dne] [EH] dQ

(a natural assumption), then we have the density of the
ponderomotive force in the integrand of the second term
of the second equation of (2.12).

The forces exerted by a light wave on a transparent
dielectric (or magnetoelectric) were introduced by
Abraham "hypothetically.” These "Abraham forces,"
however, have a simple physical meaning. The question
is considered in detail in'®, We advance here in this
connection only the following considerations:

Let us return to expression (2.3) for the density of
the force £ in an electrostatic field. This expression
(and the equivalent (2.4)) is valid only if the total
(internal) energy can be identified with the "free' en-
ergy. Stipulating that we are dealing with an "ideal"
dielectric, we assume that this condition is satisfied.
The models which will be considered below satisfy the
indicated requirements.
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We shall henceforth consider the field of a plane elec-
tromagnetic wave. The first term of the expression (2.4)
does not play any role in this field. In the second term
we have the gradient of the quantity P - E/2, where P is
the polarization and E is the electric field intensity.

If, for concreteness, we visualize, the dielectric in
the form of an assembly of dipoles with an alternating
dipole moment of the electric charges, which are kept
together by quasielastic forces, P- E/2 is the polariza-
tion energy (per unit volume) stored in the given field
at the given instant of time in the form of the energy of
these quasielastic forces.

The mechanical (ponderomotive) forces known from
electrostatics and determined by the gradient of an en-
ergy density equal to” P- E/2, also appear in the field of
an electromagnetic wave, but added to them is also the
Lorentz force exerted by the magnetic field on the polar-
ization current.

Considering further, for simplicity, a plane wave with
a normal directed along the x axis, we can put

grad = d/oz.

In addition, we bear in mind that from the plane-wave
equation, as can readily be verified, it follows that

0/8z = —(nlc) d/0t, (2.13)

where n is the refractive index of the medium and ¢ is
the speed of light in vacuum. The Lorentz-force density
is

f1. = (1/¢) [(aP/at) H]. (2.14)
Under the conditions indicated by us we have
fr = (1/c) (8P/ot) H. (2.15)
The total density of the ponderomotbive force is
f=1g+1in (2.16)
where
fp = —(0/dz) (PE/2) = (8/88) (n/c) (PE/2). (2.17)

If we take into account Maxwell’s equations and the rela-
tion

H = nE (2.18)

(n is the refractive index), which follows from these
equations for the field of a plane wave, then, by simple
manipulations we can easily verify that

f = (e — Vlhsnel 8 (EH)t. (2.19)

Taking (2.18) into account, expression (2.19) (again for a
plane-wave field) can be rewritten in the form

f = [(n? — 1)/en] du(t)/at, (2.20)

where u(t) is the energy density. We have assumed that

g =1and 0’ = ¢, Formula (2.20) is valid also in the more
general case (u # 1) at n’ = eu. The derivation of (2.20)
in this more general form is given in Appendix 1 at the
end of the article,

Further, according to (2.13), we have

f= —l(n* — 1)/n?l du (¢, z)/0x. (2.21)

Relation (2.21) can be interpreted as follows: The den-
sity of the ponderomotive force is given numerically by
the gradient (with minus sign) of the pressure (of the
light on the medium), equal to

Py = (n? — 1)/n?) u (¢, z). (2.22)
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If we assume (as will be done from now on) that the
medium is a body with a very large elasticity coefficient,
and in the limit an ideally rigid body, and in addition
that the wave-packet boundaries are located inside the
medium, then the pressure at any instant of time and in
any cross section is balanced by the elastic stress of

the medium:

| Tmed| = [(n* — 1)/n*l u (¢, 2). (2.23)

The derivative 3u/at when averaged over the time (or
the derivative du/ex when averaged over space) in the
field of a plane sinusoidal wave is equal to zero. Conse-
quently, the density of the ponderomotive force (2.21) is
also equal to zero on the average.

On the other hand, the pressure of light and (under
the boundary conditions indicated above) the elastic
stress of the medium, which is equal and opposite to the
light pressure, have the absolute value

[(n2 — 1)n® u, (2.24)

where u is the time-averaged energy density.

By way of illustration, and bearing in mind the con-
clusions that will be needed later on, we apply the
Maxwell-Abraham theorem in the three situations shown
in Fig. 2. We consider the cylinder CD. It is easy to
verify that its lateral surface makes no contribution to
the integral [T(n)dS. Of the two end surfaces (whose
area is assumed equal to unity) such a contribution is
made only by one, the shaded base of the cylinder CD.
In this case, consequently, the left-hand side of (2.12)
contains the quantity [T(n)ds =u, since®

T(n) =—Tyx=—tex = ut a).

The right-hand side of the first of the two equations
of (2.12) contains the sum of two terms, Fi,eq
+ (dGA/dt), where F .4 (K in (2.12)) is the force acting
on the medium in the volume of the cylinder, and dGA/dt
is the increment of the electromagnetic momentum per
unit time in the same volume. The quantity dGA/dt can
be expressed as the product of the momentum density by
the speed of light ¢/n:

dGA/dt = gein = [u (¢, Yenl c/n = u/n® (2.25)

(according to Abraham’s postulate, since
gA(1/47c)|E x H| = nE*/4nc = u/nc). Consequently, (see
the first equation of (2.12))

U= Eoqt@n?, Fpq=I[n?—10/ru( ). (2.26)

The force Fy,eq is equal to the light-wave pressure re-
ferred to above.

The same considerations, when applied to the cylinder
AB, result in an oppositely directed (with magnitude
Freq) light-pressure force on the trailing edge of the
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wave. In (2.26), u(t, x) is the instantaneous value of the
field~energy density at the given cross section (x).

Finally, considering the cylinder (ab) of Fig. 2, we
obtain the average value of the force Fir acting on the
transition layer, in the form of the difference between
the average Maxwellian stresses (pressures) on the
shaded end surfaces of the cylinder ab:

| Fy @.27)

where u and u, are the energy densities in the medium
and in vacuum, respectively. (By assumption, uy = u/n:
the energy flux uc/n to the medium is equal to the energy
flux nyc in the vacuum.) The force Fy, draws the transi-
tion layer towards the vacuum in a direction opposite to
that of the light beam. The electromagnetic momentum
in the volume of the cylinder ab remains, on the average,
unchanged. Consequently, the result of the calculation

of the force Fy, does not depend on any assumption con-
cerning the value of the momentum density, so that this
result is reached equally by both hypotheses,
Minkowski’s and Abraham’s, It is easy to calculate Fir
also by using relation (2.3) (see Appendix 2).

=u—u, = [{n — )/n]u,

One more remark concerning the terminology. Above,
in connection with Eq. (2.25), we set above the momen-
tum flux equal to ge/n, i.e., equal to the product of the
momentum density by the speed of light (or by the mo-
mentum transport speed). The flux was calculated as the
flow of a liquid with density g. However, the momentum
transmitted by the field through a unit cross-sectional
area is, generally speaking, larger than the value calcu-
lated by the method indicated above. Namely, in this
case, if ponderomotive forces of the field are present,
then a mechanical momentum equal to the radiation
pressure on the medium is also transferred through a-
unit cross-section area. The total momentum transmit-
ted per unit time through a unit surface (equal to the
sum of the two indicated terms) is equal to the Maxwell~
ian pressure (or to the tension with negative sign). In
1908, Planck®'™ proposed to interpret the Maxwellian
pressure as the density of the total flux of the electro-
magnetic momentum of the field. Using ensuing term-
inology, we can state that the total momentum flux is
defined in the same manner after Abraham and Minkow-
ski (see (2.9), (2.10), and (2.12)). We shall return to this
remark at the end of the article.

3. EXPERIMENTS AIMED AT MEASURING
THE PRESSURE OF LIGHT

Before we proceed to consider the forms of the m—e
tensor, we shall discuss briefly the experimental veri-
fication of the hypotheses of Minkowski and Abraham.

In connection with these questions, the results of
Jones and Richards’ [*] measurements of the light pres-
sure on a mirror placed in different refractive media
have been the subject of a debate. Jones and Richards
found that at a given energy flux having the same value
for different media, the light pressure on the mirror is
proportional to the refractive index of the medium.

If the wave packet referred to above is regarded as
a model of the photon, in accord with Minkowski, and
a momentum nhy/c is assigned to this photon, then the
experimental result of Jones and Richards{*] is ob-
tained directly. Reflection imparts to the mirror a mo-
mentum equal to double the photon momentum, Since at
a given light intensity (in different media) the number of
photons per unit surface and per unit time in a unit solid
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angle is the same for all media, the momentum trans-
ferred to the mirror per unit time (in other words, the
pressure on the mirror) is proportional to the momen-
tum of an individual photon in the given medium. If
Minkowski’s expression is assumed, it follows that this
momentum is proportional to the refractive index, as is
indeed obtained in the experimentt*.

However, regardless of any assumptions concerning
the radiation-momentum density in the medium, it fol-
lows directly from the theorem on the integral of the
Maxwell tensions that the light pressure on the mirror
in a certain medium is proportional to the radiation den-
sity at the surface of the mirror. And the radiation den-
sity is proportional at the same time to the refractive
index, if the light intensity is given and remains con-
stant (uc/n = const, hence u «< n),

Whereas Minkowski’s assumption concerning the
radiation momentum can lead to the correct conclusion
that the light pressure in a medium depends on ifs re-
fractive index, the inverse conclusion, that Minkowski’s
expression is correct, can be deduced from the experi-
mental data only if it is assumed beforehand, in arbitrary
fashion, that the ponderomotive forces due to the propa-
gation of light in a transparent medium are equal to
Zero.

The fact that no unique conclusion concerning the
momentum density of light in a medium can be drawn
from observations of stationary fluxes can be seen from
the following scheme. The radiation flux from the source
81, after reflection from mirror R, closes on itself in
receiver S: (both are in vacuum). We assume that the
losses on the boundaries of the medium have been elim-
inated. The forces exerted by the light pressure on the
mirror, on the source, and on the receiver, and also in
the boundary layer, are shown in Fig. 3. They do not de-
pend on the assumption concerning the momentum den-
sity. The momentum balance conditions are satisfied.

The situation would be different, however, if it were
possible to measure, in an experiment with a single light
pulse, both the pressure on the mirror upon reflection of
a "train" of waves and, simultaneously, the "recoil"”
acquired by the medium.

For simplicity we consider (not quite rigorously®)
the reflection at a certain sufficiently small angle to the
normal to the mirror, as shown in Fig. 4. Owing to the
pressure applied to the dielectric by the leading and
trailing fronts of the waves (reflected and incident), as
shown in Fig. 4, the medium acquires a momentum i

FIG. 4

FIG. 3
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equal to the product of the indicated pressure by the re-
flection time 7.

If the energy of the wave train is & (per unit cross
section area), then the reflection time is 7 = (&/uc)n,
and we obtain for the momentum

i =2[(n* — 1)/n] &/c.

The momentum I/7 imparted to the mirror per unit
time is equal to 2u, and over the entire reflection time
its value is I = 2ut = 24n/c (per unit surface). The mo-
mentum balance conditions are satisfied if we assume,
after Abraham, that g = u/en. In fact, let G denote the
photon momentum as before. The momentum balance
equation then yields

2G =2g&u =1 — i =28 nlc— (28 lc) [(n* — 1)/n] = 2 &/nc;
here &/u is the length of the wave "train."

Measurement of I and i would make it possible to de-
termine g. As shown by the foregoing calculations, the
recoil forces can be of the same order of magnitude as
the pressure on the mirror. Since light pressure can be
measured, the Abraham force can also be measured in
principle. Consequently, although the references usually
made in textbooks and monographs to the effect that these
forces are negligibly small cannot be regarded as cor-
rect, the possibility of realizing the described experi-
ment in a pulsed regime is nevertheless doubtful. How-
ever, the considerations presented above, which appear
to be perfectly "'lucid" and resort only to conservation
laws, would seem to enable us to predict the results of
such a Gedank experiment. I this is so, the radiation
momentum, which in principle could be obtained experi-
mentally, is equal to &/nc.

At the same time, as we have seen, if we introduce
after Minkowski a certain auxiliary quantity #n/c as the
"effective' value of the radiation momentum (excluding
by the same token the interaction of the light with the
transparent medium), then the results obtained by Jones
and Richards ') become directly explicable.

In the quantum theory of the Cerenkov radiation,
Ginzburg([**] based his argument on Minkowski’s ex-
pression nhy/c. Here, too, this expression gives the
correct value of the "effective"” momentum. It is some-
what more difficult to employ simple model concepts to
reconcile the indicated "effective' value with the true
value of the momentum in the case of the quantum effect.
We shall return to this question at the end of the article.

4. THE FIELD MOMENTUM-ENERGY
TENSOR

We have frequently referred to the theorem of the
transformation of the integral of the fictitious Maxwell
stresses.

H relation (2.6), which follows from this theorem, and
the definitions of the relative stress tensor are applied
to a unit volume (a rectangular parallelepiped dx dy dz),
then we obtain

[(82 4/ 0x) + (0t4y/Oy) -+ (8t4,/02)) dx dy dz = [f, 4 (dg./dD)] dx dy dz;

on the left side here we have the sum of the x-compon-
ents of the tensions along the six faces of the parallele-
piped surface, and on the right the product of the corre-
sponding densities by the parallelepiped volume.

Equation (2.6) can therefore be rewritten in differen-
tial form:
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(0t2/02) - (Bt OYM+1(B21./82) = fi + (38490 4.1)

Analogous equations can also be written for the two other
components of f and g.

Introducing the notation

Sy =icg; and Sy, = —tim 4.2)

(wherel, m=1, 2, 3andx, =%, X, =Y, X; = z and

X4 = ict) and transferring the term 88,,/8x, = 8g, /5t of
Eq. (4.1) to its left-hand side, we rewrite (4.1) in the
form

— 881,10z = h 4.3)

or, in general,

— 08 02, = [ (4.4)
here, as below, summation is implied over repeated in-
dices (in this case, m).

In (4.4), which can also be written in the form
~Div 8, = f1, (4.5)

we havem =1, 2, 3, 4 and ! = 1, 2, 3. The symbol Div
denotes the four-dimensional divergence. The compon-
ents indicated above are also supplemented by

Sim = (ilc) Op, (m=1,2,3) (4'6)

and
4.7)

where & is the energy flux density and u is the energy
density.

Sy = —u,

If the medium is at rest, then the field forces perform
no work. In this case the energy conservation law is ex-
pressed by the flux-density continuity equation, in the
form:

38 4wl 0z, = 0. (4.8)

It is postulated that the aggregate of the quantities indi-
cated above (at! and m = 1, 2, 3, 4) forms a four-dimen-
sional tensor—a "'world tensor' (Welttensor).

The components of the four-dimensional vector de-
termined by the divergences of the tensor §;,, for the
static reference frame (the frame in which the medium
is at rest), have been indicated above and can be repre-
sented by the following scheme:

(s Jor 122 O (4.9)

Here the f, are, as we have seen, components of the
ponderomotive-force density.

If the four-vector components are specified in some
single admissible reference frame, then they can also
be defined in any other inertial system. As is well
known (and as can be verified directly by performing
the Lorentz transformations in the given particular
case), the fourth {temporal) component of the four-vec-
tor of the force density is equal to i/c times the power
density dissipated by the field forces and transmitted by
the field to the medium flux:

fi = —8S,,/0T, = (ilc) fw, (4.10)

where f is the density of the ponderomotive force and w
is the velocity of the medium,

As already noted, two expressions have been pro-
posed for the density g of the electromagnetic momen-
tum:

gA = (1/4nc) [EH] and accordingly S = (i/4n) [EHI, (4.11)
according to Abraham and

gM = (1/4nc) [DB] and Si} = (i/4x) |DB], (4.12)
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according to Minkowski. For simplicity, and essentially
only to abbreviate the notation, we shall assume =1
and B = H.

If the componehts Sﬁ and S%I are different, then the
components S4Am and SiVIm, as well as the remaining nine
components S;, of the two tensors, are identical (in the
case of a medium at rest).

The Minkowski tensor is asymmetrical, S% # S%,
whereas the Abraham tensor is symmetrical. It can be
shown in general form ¥ that this asymmetry of the
tensor contradicts the law of motion (velocity conserva-
tion) of the center of gravity of the "radiation plus med-
ium' system (if the principle that the energy is inertial
is valid). We have already verified this with the simple
example considered above, Thus, Minkowski’s tensor
fails to satisfy one of the "selection rules" referred to
at the beginning of the article.

On the other hand, following Laue, the opinion is still
being expressed in the literature that the Abraham ten-
sor, which satisfies the criterion just mentioned, seem-
ingly does not agree with another requirement: i.e., it
does not satisfy the Laue criterion, which was also dis-
cussed earlier (see the Introduction). From this Laue
drew the following conclusions:

First, of the two tensors (Abraham’s and
Minkowski’s), one should accept Minkowski’s tensor.

Second, as a result, inasmuch as the mixed (space-
time) components of the tensor $)% are antisymmetrical
(s% £ s% ), Planck’s postulate must be recognized to be
in errog‘) (and by the same token, also Einstein’s relation
& =mec").

By Planck’s postulate, Laue meant the relation

g = /e, (4.13)

where & is the energy flux density. In connection with
the discussion that follows, we shall dwell on this in
greater detail.

In the case of the Abraham tensor, Sﬁn (just as in

Minkowski’s case), @ is the flux density of the electro-

magnetic energy and is determined by the Poynting vec-

tor .
® = (c/4n) [EH]. (4.14)

Inasmuch as (4.6) yields S4Al = (i/c)®;, and (4.2) yields

S& =icg, and S =S4 = (/o) ®, = icgr,

relation (4.13) follows directly from Abraham’s tensor.
At the same time, the asymmetry of Minkowski’s tensor
(S4; # 8;4) is incompatible with relation (4.13)*".

The formulas become much simpler if, in the general
case of the moving medium, one introduces as a param-
eter in the expressions for the tensor components, the
energy density up in the reference frame in which the
medium is at rest. (Here and below, u, denotes the en-
ergy density in the medium.) This reference frame will
be designated as the "'zeroth' (or "unprimed').

Confining the analysis to the case of a plane and
plane-polarized wave and to the ""special"*®’ Lorentz
transformation, we assume that the normal to the plane
of the wave is parallel to the x axis.

In this case, as will be shown below, we can confine
ourselves in essence, without loss of generality, to two
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dimensions: x and t (the spatial coordinates y and z are
eliminated; the tensor components corresponding to
them are equal to zero).

The general scheme of the tensors is therefore given
by the table
(Xu Xu)
X“ de :

The formulas for the transformation of the components
Xim (I, m =1, 4) take the form

Xim = aa0msXns
k, Lm,s =1,4;

@.17)

(4.18)

=2z, x4 = ict).

The coefficients oy, can be found from the following
table:

2271 Qg
oy v iy . 12
g (—iﬁv ] ) p=-8 (4.19)

Then, according to (4.2), (4.6), and (4.7), the Abraham
tensor in the zeroth system is expressed in the indicated
notation by

SAO
Uy i %
N . 4.20)
iTo — U
The scheme of the components of the asymmetrical
Minkowski tensor is
SMO
J Uy inug
(i_.::,_ —uo> ; (4.21)

Here n = (¢ u)l/2 is the refractive index of the medium.

Transformations in accordance with (4.18) and table
(4.19) yield the following results:

s4

uy g r(1+p%—2p i(1—2Bn+p?

TOY (i,(i — 2Bn 4 B2 _.[n(1+ﬁa)_2m) , (4.22)
sM

uy of (=B (1—1f) i (n—p)?

= ( i (1 —nf)? —(n—ﬁ)(1—np))' (4.23)

In addition to the m—e tensor of the electromagnetic
field, we shall consider later on also the corresponding
mechanical tensors of the medium and the total tensor
of the ""quasiclosed" system (field + medium).

The spatial components of the mechanical tensor
("absolute stresses'') will be represented as sums of

two terms
(4.24)

where the py;,, are the components of the "relative' ten-
sor of the elastic stresses, while g; and w;, are the
momentum-density and medium-velocity components.

Pim + E10ms

5. TWO MODELS OF AN IDEALIZED
DIELECTRIC MEDIUM

We consider two models corresponding to two possi-
ble limiting cases, namely: a) in the “'zeroth" system
(see above), Eq. (4.24) reduces to the one first term—
this is the case of an ‘'ideally rigid" body;

b) in the same "zeroth'" system, only the second term
of the sum (4.24) differs from zero—this is the case of
the so-called ''dust-like matter.” '

Let us determine the forms of the tensors in the first
of the just-indicated cases. On the leading and trailing
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fronts of the wave packet, the medium experiences the
pressure of light with a force, as we have seen, equal to
[(n® = 1)/n®Juo. (We now have in mind the zeroth refer-
ence frame.)

Since the processes are stationary at any point of the
field under these conditions, the pressure of the electro-
magnetic field (under the indicated boundary conditions)
is balanced by the elastic stress of the medium.

We consider the problem as one-dimensional (in the
spatial coordinate). The total mechanical m—e transfer
in the zeroth system can be written under these condi-
tions in the form

X‘l’m

(_ n"‘n;i u O )
0 — et/

where p o is the mass density of the medium.

(5.1)

The component XJ, should, generally speaking, con-
tain as a term the density of the elastic energy. We have
assumed this term to be equal to zero, since we are
considering the limiting case of an ideally rigid body,
i.e., the case of an arbitrarily large elastic force at an
arbitrarily small deformation energy (proportional to the
square of the deformation itself).

The mechanical tensor of the medium in the absence
of the field reduces in the zeroth system to a single
component and takes the form

(6~
0 —pge?)’

This tensor should be subtracted from the tensor (5.1),
since it is expedient to consider only that part P;, of the
tensor (5.1) which is connected with the electromagnetic
field and the reaction of the medium to the field-pressure
forces.

(5.2)

The field-dependent component of the mechanical
tensor of the medium therefore takes the form

P?m
10
Po (o o)'
Transformation to the primed system leads to the

following expression for the tensor:
Pl

?%4—; :ﬁy

here po is the pressure of the medium and is negative
under the conditions of this example: po = —[(n® — 1)/n*]u,.

(5.3)

(5.4)

To clarify the physical meaning of the components
PZ , it is advantageous to take into account the consid-
er:la,l%ions advanced in Appendix 3.

According to (4.22) and (5.4), we obtain

14

TI::SAI‘f‘Pl’rm
ug o f (R (LB —2P i(1—2pn+p? )_ (nLn( 1 ~iﬁ)l
n ¥ )l(i(1—213n+[52) —{n(1+ 8% —2B] n —ip —p2))
g 2(("5“02 i(ﬂ—ﬁ)(l—ﬁn)>_
w I N=f) (—=pr)  — (=B [ (5 5)

We shall soon return to the expression obtained by us
for the tensor Tj.

We consider first, however, another idealized model
of a medium and the already-mentioned opposite limiting
case, in which the elasticity forces are equal to zero
and the components of the tensor of the "absolute'
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stresses coincide with the product gywy,. In this case

we are dealing with a model in which the dielectric med-
ium takes the form of "dustlike matter." The particles
of this matter can be assumed to be arbitrarily massive.
(In the limit, we shall set the mass density of the matter
o= «,) At the same time, the density determined by the
number of particles per unit volume will be assumed to
be sufficiently small®®’ and the interaction between the
particles to be negligibly small'*’. The small particle
concentration does not mean that the dielectric constant
is small, since the dipole moments of the particles of
this artificial medium can be assumed to be arbitrarily
large. We neglect the dispersion, as before. We can
imagine this rarefied medium to be contained in a cylin-
drical shell. For convenience, we can assume that the
entire system is in a weightless state. The entrance
opening of the cylindrical vessel containing the refrac-
tive medium is covered with a window that ensures loss-
less entry of the light beam,

1t follows from the foregoing calculations (2.27) that
after the light beam is admitted, the cylindrical shell of
the medium moves uniformly in the direction towards
the light source, having a mechanical momentum equal to

(n — 1) &le, (5.6)

where ¢ is the total energy of the light field.

The "conservation' equations (1.7), (1.9), and (1.11)
can be applied to any autonomous system. These equa-
tions make it possible to determine in general form the
two unknowns—the momentum (Mv) of the material com-
ponent of the system and the momentum of the radiation.

For the quantity Mv we obtain from the indicated
equations, in general form, the expression

Mv = (&l¢) (n — )/n. (5.7)

In this example, Mv is the difference between two quan-
tities, the momentum of the medium (i) and the momen~
tum of the shell of the "'container." Consequently, ac-
cording to (5.6) and (5.7),

(Eley(n — V) n =1i— (&le) (n — 1),

(5.8)
i = (&) {{(n — D)/n) + n — 1} = [(n* — 1)/n] Elc.

We shall verify later on (see formula (5.13) below) that i
is indeed equal to the momentum of the Abraham forces.

Inasmuch as expression (5.6) does not depend on the
assumptions concerning the density of the momentum,
and the Minkowski tensor as well as the Abraham tensor
lead equally well to expression (5.6), this example shows
directly that the Abraham forces are obtained as a con-
sequence of the fundamental conservation laws.

We note that the sum of the material momentum
coupled with the light wave (i) and the field momentum
(G) is equal to

G+ i=nél. (5.9)

The total momentum i + G agrees in this case with
the field momentum as given by Minkowski.

I the equation of the beam in the zone of a sinusoidal
wave is expressed in the form

E = E,sin {o [t — (zn/o)]} and H = nEsin {o [t — (zn/c)]} (5.10)
and if the simplifications stipulated above are taken into
consideration, then we can verify by simple calcula-
tions™ that the light pressure imparts to the medium a
motion having the following character. At the instant of
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time t = (kn/w) + (xn/c) (Where k is an integer at a speci-
fied x = const) the particle velocity at the point x is equal
to zero. In the time interval (kn/w) + (xn/e) <t

< (k + 1)(n/w) + (xn/c), the velocity of motion changes
from zero to a certain maximum value and then again to
zero. On the average, consequently, the velocity of the
translational motion of the particle differs from zero
and is positive.

The pressure of the light causes "drift" of the dust-
like matter in the direction towards the beam, The drift
velocity under our conditions is negligibly small, As we
shall see (see (5.21) below), this velocity, henceforth
designated Boc, is equal to

Boc = [(n2 —1)/npeel up = [(n? — 1) nldnpoc) E? sin® {0 [t — (zn/c)l}.

This particle "'drift"” is also the reason why a certain
condensation of the medium takes place within the limits
of the illuminated region, as will be shown subsequently,
and the density of the mass either fluctuates or oscil-
lates, becoming dependent on the time™®.

The foregoing follows from the following simple cal-
culation. We have seen (see (2.19)) that force density in
a "nonzeroth'' system is given by:

f = [(n® — 1)/4ncl 6 (EH)/ot. (5.11)

It follows directly from this that the momentum density
is

gn = 5 7 dt = [(n? — {)t4nc] (EH) (5.12)
(the integration constant is equal to zero, since we can
pat E=H=0att = 0).

Since Maxwell’s equations for a plane wave yield
H = nE and an energy density u, = nEH/4n, formula (5.12)

can be rewritten in the form
gy = [(n® — 1)/ncl u, (1); (5.13)

here uc(t) is the energy density of the field at a given
instant of time, and g is the material momentum den-
sity.

If the mass density in the absence of the field is
designated i, and the density at each instant of time is
designated

B () = po + Apa, (5.14)
then Eq. (5.13) for the "drift" velocity (8.c) becomes

Boc = (n? — 1) ug/nc lpg + Ape (D1 (5.15)
Simple calculation yields”
Apy = [(n? — 1)/ uq () ™). (5.16)

Going to the limit uo = =, we can in the assumed ap-
proximation neglect the quantity Ao in the denominator
of (5.15). Consequently

(5.21)

The product 8o uoc® remains finite on going to the indi-
cated limit, and the product g5 p0c’ tends to zero. We
shall therefore neglect terms of order g5 uoc?.

Bopoc® = [(n® — 1)/n] uo.

Taking (5.16) into consideration, we now rewrite
(5.14) in the form

B (@) = po +[n2— 1)/c* us (1) (5.22)

We write down the components Xl° of the mechanical
("'kinetic") tensor of '"dustlike' matter in the field of an
electromagnetic wave. The spatial components in this
case are the components of the momentum flux, equal to
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wiiy = B, (5.23)
The abbreviated scheme of the tensor X;’m is
X
B i ) 524
‘ (t Pty — e — (2 —1) uo(t))'

An expression for the term X3, follows from (5.22).

Subtracting also in this case the tensor k;,, of the
"dustlike' matter in the absence of the field,
klm

(0 0

(0 —uoc“) !

from the tensor X;,, we obtain the "dustlike' part Kfm
of the kinetic (mechanical) tensor. K}’m is connected

with the electromagnetic field by

Kin=Xim— kim

( et 1w (0) >
2y~ —Du®)

The "dustlike" kinetic tensor contained an additional en-
ergy density (n° — 1) uoft). This energy density is con~
nected with the "drift" of the matter and with the con-
densation of the medium due to this drift.

We note that according to (5.24) and (5.21) the mo-
mentary density of the medium is given by

(5.25)

(5.26)

[(n® — 1)/nc] uo = poPoc. (5.27)

‘ Thus, this is the momentum density of ""dustlike" matter

(of density (o) moving with a very small drift velocity
(Boc).

It is interesting that the same momentum density
(5.27) can be expressed in an entirely different fashion,
namely, as the product of the density of a supplementary
mass (Al o) by the velocity (c/h) of "motion™ of this
mass, transported together with the light-wave field.
Indeed, according to (5.20)

Apge/n = [(n? — 1)/cn] u,,

which coincides with (5.27). If now, given the value ut),
we go to the limit j1o = «, then the tensor Kj;, can be
represented in the form*®
Kin
nz2—1

o s

After transforming to the "primed system'' we obtain the
following formula:

(5.28)

Kim
Mt ® Yz( nf® — 2 i(1+ﬂ"—n§))
n i(14-p*—np) —(n—2p) /J°
Just as in the case of the previously considered ex-
ample, the total tensor is obtained as the sum of the
tensors Sﬁn and Klm:

(5.29)

Ty=8"+K
(L0 b ) (5-30)
Ti—p—np)  —(—p2 )

Returning to the preceding example and comparing ex-
pressions (5.5) and (5.30) for the tensors T} and Tz, we
verify that in these two opposite cases of limiting condi-
tions, the tensors that were formed as indicated differ
only by a factor 1/n®. A table of the components of the
tensor Tj is obtained from (5.30) by putting 3= 0 in
(5.30).
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The model of the "dustlike'' matter is convenient for
comparison of the Abraham and Minkowski tensors. We
shall return to their comparison at the end of the article.
Now we call attention to the following. Since the compon-
ents Ti, and T4, are given, we can determine the velocity
of the energy flux c* by dividing the energy flux density
(¢/i)Ti, by the density of the energy itself, Tia.

Both tables (both in (5.5) and in (5.30)) give one and
the same value for the indicated velocity, which can also
be defined as the ratio icT},/ Tia:

c* = — (C/i) T;4/T;4 = iCT;t/T;4 = (1 - nﬂw(n— ﬁ) (5 ’31)

Inasmuch as in the zeroth system c* = ¢/n, formula
(5.31) means that the velocity c* transforms like the
velocity of a material point. This suggests the conclu-
sion that in order to obtain the correct value of the
transport velocity of the light energy, it is necessary to
consider, as was done above, the tensor of the total
energy (and the corresponding momentum), including in
this tensor also the mechanical forms of energy and mo-
mentum co-moving with the light field. Incidentally, this
thought was already advanced in passing by one author
(see" ), page 91) and soon refuted by another (+*27,
page 40).

We shall show in the next chapter that the assumption
just stated can be corroborated. Inasmuch as for a long
time this question remained (and still remains) debata-
ble, we shall dwell in greater detail on the analysis of
the conclusions usually cited in this connection, although
the arguments that will be developed are in essence quite
trivial.

6. ENERGY FLUX AND PROPAGATION
VELOCITY OF THE ENERGY OF A
LIGHT WAVE

The question (or paradox) referred to above is re-
solved by recognizing that when a light wave propagates
in a medium the fluxes of the electromagnetic energy
and momentum, on the one hand, and the fluxes of the
co-moving mechanical (in particular, elastic) energy and
momentum, on the other hand, are interrelated.

It is possible that the calculations pertaining to the
propagation of light, which will be presented below, will
turn out to be more convincing if the gist of the question
is first explained by using a simple example, that of a
moving "electrostatic” system., We have in mind the fol-
lowing example. A charged capacitor moves uniformly
perpendicular to the direction of the force lines (we have
in mind the direction of the field in its central part).
The rate of energy transport in this case is specified
beforehand. I is equal to the rate of motion of the capa-
citor. This velocity can be comparable with the ratio of
the energy flux density and the density of the energy
itself. On the forward face of the moving capacitor, as
shown in Fig. 5, the electromagnetic forces perform
work against the elastic forces of the dielectric plate.
On the rear face of the capacitor, this energy is re-
turned to the field as a result of the work of the elastic
forces against the electric forces. I is therefore clear
that the flux of the electromagnetic energy through an
immobile transverse cross section plane (defined by the
component W4; of the m—e tensor of the field) is not
equal to the product of the density of the energy of the
field by the velocity of the capacitor, but is larger than
this product. Consequently, the quotient of the electro-
magnetic-energy flux divided by the density of this en-
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ergy is not equal to the velocity of motion of the capaci-
tor (the energy transport velocity) but is larger.

Let us examine in detail the circulation of the energy
and momentum fluxes that exist in the moving capacitor.

Just as in the case of the light-wave field, the direc-
tions of the magnetic and electric fields are mutually
perpendicular and perpendicular to the direction of mo-
tion, which is the direction of the energy transport.

The parallel-plate capacitor is made up of a dielec-
tric plate onto the faces of which (parallel to the plane
XoYo) a metal has been evaporated. The charged capa-
citor moves in the direction of the negative x’ axis with
constant velocity (equal to w = —gc) relative to the
primed system (x', y’, z’) in Fig. 5. We shall henceforth
(up to formula (6.15))omit the factor c¢. The capacitor is
at standstill in the zeroth system.

The schemes of the m—e tensor W can be represen-
ted (in this case, equally well for the Abraham and
Minkowski tensors) in the case of the two reference
frames indicated above in the following respective forms:

Wi
41 0 0 0
eB? 0 41 0 0 (6.1)
81 0 0 -1 o}’
0 0 0 —1
Wl’m
1+p) 0 0 —2ip
- 0 % 0 o
£
L 1 (6.2)
g 00— 0
v
—2f 0 0 —(+p?

We consider the capacitor cross section plane y’'z’,
which is at standstill in the primed reference frame.
(The plane is at standstill and the capacitor moves rela-
tive to it.)

The flux of electromagnetic energy through this plane
at a given instant of time t’, determined by the compon-
ent W, of the m—e tensor W', is equal to

— (2BeE}/Bm) 72

(6.3)

(according to (6.2); the cross-section area of the capa-
citor is assumed equal to unity). The energy flux den-
sity @' in this example is also equal to (14AmE’ x H'.

Dividing the energy flux density by the energy density,
we obtain the velocity

w* = 2/t + BY). (6.4)

The velocity w* is not equal to the velocity —3 of the
capacitor motion, [w*| > 8.

We shall speak arbitrarily of an energy "flux front."
We have in mind an arbitrary field boundary, a certain
plane yoz, outside the capacitor, moving in the &', y’, z’)
system together with the capacitor. The question is:
what is the velocity dxo/dt’ of motion of the "flux front"
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as seen by an observer who is at standstill in the
', ¥', z') system?

In the energy balance equation it is necessary to take
into account the work L of the ponderomotive force F’
acting on the front edge of the dielectric of the capacitor.
In the zeroth reference frame, the force Fo, determined
by the Maxwell tensions (in this case, by the pressure)
is numerically equal to the energy density u,. As is well
known, the longitudinal component of the force remains
unchanged on going to the moving system:

F' = Fo = u,. (6.5)
Hence
L' = ugf. \(6.6)
(The cross-section area of the capacitor is assumed
equal to unity.)

The energy balance equation should therefore be writ-

ten in the form
| dagfdt” | = (| Dgpy|— F'B)/u’ = (YO | — uB)/a’, (6.7)

where u’ is the energy density in the primed system,
u’ =—Wis, and consequently, according to (6.2), we have

W= (1 + B ¥ = uo (1 + B — BY). (6.8)
At the same time, the component Wy, (6.2) yields
| @gyn| =2Buy? = 2Bug/(1 — B2). (6.9)
Substituting (6.8) and (6.9) in (6.7), we obtain
| dzoldt’ | = {[2Buo/(1 — BH] — uoB} (1 — B)/[uo (4 + P01 = B,  (6.10)

as we should.

The electromagnetic -energy flux is partly offset by
the counterflow of the elastic energy. According to the,
scheme (5.4) given above, we obtain for the density pM
of the velocity~dependent component of the elastic en-
ergy, recognizing that'® p’ = p, = —u,,

oM — _Brugyr, (6.11)

Hence, according to (6.8) and (6.11), the density of the
total energy is

(6.12)

The flux density’® of the elastic energy is, according to
(5.4),

0=’ p™ = ugy? (14 67— B%) = oy,

(6.13)

The direction of this flux is opposite to the direction of
motion of the medium,

Finally, in accord with (6.2) and (6.13), the flux den-
sity of the total energy is

(1/8) P4y = — poB¥? = ug¥?p.

uey® (—2B + B) = — Bugy®. (6.14)

The velocity of the "front' of the flux of the fotal en-
ergy, obtained as a result of the dividing the total flux
(6.14) by the density of the total energy (6.12), is

dzo/dt’ = —Bugyusy® = —B,

(6.15)
as should be the case.

In a more general form, the same considerations
were developed essentially by Laue [2a] in connection
with a discussion of the classical experiment by Trouton
and Noble, who proposed to observe the effect of orien-
tation of a freely suspended parallel-plate capacitor
perpendicular to the motion of the earth.

The balance equations determining the relation be-
tween the flux density and the energy density in the plane
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wave are perfectly analogous to those just considered by
us, with the moving capacitor as an example, We recall
that

0Sim/ 3T = ifcLim, (6.16)

where S, are the "mixed" components of the m—e ten-
sor and Lg,, is the power dissipated in a unit volume of
the field.

Under the conditions of the reference frames consid-
ered by us and the special Lorentz transformation, the
energy balance equation (6.16) can be rewritten in the

- form

—0,,/02" = (9’ [0t") + Ly (6.17)

where &3, is the energy flux density and u’ is the energy
density;

Li=wf = —Bef*y,

where £’ and £’ are the densities of the force in the
primed and in the zeroth coordinates, respectively, and
w =—fc is the velocity of motion of the medium in the
primed system.

(6.18)

In the case of a plane wave in a moving medium, the
following relation holds:

8/t = —c* 9/ox', (6.19)

where c* is the phase velocity, which by assumption
coincides in our case with the group velocity. As is well
known?Y

c*=c(1—pn)/(n—B§). (6.20)
Substituting (6.19) in (6.17) we obtain
—(8/07') (Djm—c*u’) = Liypy . (6.21)

We take into consideration the following relations.
According to (6.18) we have
Lem= yBe [(n? — 1)/n®] (3uy/0z):, (6.22)
since
fo=—(8/8) [(n®— 1) uo/n?]. (6.23)

But
(8590, (450), (), + (30, (), = (50, 152 020

Formula (6.24) can easily be obtained on the basis of the
formulas of the Lorentz transformation (x, t) — (x’, t)
and by taking (2.13) also into consideration.

The substitution of (8uo/0x); from (6.24) in (6.22)
yields

Liy=Pe [(n2 — 1)/n (n—B)) (9ug/02")e (6.25)
and according to (6.21) we have
—(0/82) {@em—c*u’ -+ Be [(n® —1)/n (n— B)] ue) = 0. (6.26)
Integrating from x’ to x’ = », we obtain
| —(@102") @t +e B —Dim(—Blu=0,  (6.27)
or
Qpy—c*u” - [ef (n* —1)/n (n—B) up=0. (6.28)

Equation (6.28) can be verified directly by substituting

in (6.28) the expressions for &' and u’, wl}ich are given

by Table (4.22) of the Abraham tensor SA’, namely
1—2nf B2 ’

Qo= U ————— , U =1

a—pon

n(14p%)—28

(6.29)
(1—p%n
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and c* in accordance with (6.20). The quantities dgp
and u’ pertain to the cross section x’.

As seen from the derivation, the last term in the left-
hand side of (6. 282 gives the work, with sign reversed
(negative if g > 0°’) of the electromagnetic forces per
unit time in the region of the field from the chosen sec-
tion x’ to the front of the wave. 1t is also seen from the
derivation that if we have the mean values in mind, then
a nonzero contribution to the integral (6.27) is made
only by a narrow interval near the wave front, namely
the derivative —3uo,/3x’ can be regarded arbitrarily as a
6 function (multiplied by uo), if the front of the wawve
packet is steep enough. On the other hand, the mean
value (over the time and over the space) of the density
of the force (of the derivative 3uo/9x) in the zone of a
sinusoidal wave is equal to zero.

Thus, —¢B[ (@* — 1)/n(n — g)Ju, yields the power (per
unit cross section) lost by the field on the front of the
wave.

Denoting by c** the velocity of the wave front, we ex-
press the energy balance equation in integral form

®p— 'y’ — Lim= Dom—c**1’ ¢ [B(n* —1)/n (n —B)lue=0; (6.30)

where Qém is the flux of the electromagnetic energy
through some cross section in the zone of the sinusoidal
wave. A comparison of Eqs. (6.30) and (6.28) shows the
following.

First, by dividing the electromagnetic-energy flux by
the energy density, we obtain a velocity which is not
equal to the velocity of the energy flux (to the velocity
c** of the wave front).

Second,

C*¥ = c*,

(6.31)

i.e., the velocity of the wave front (the energy transport
velocity) under the conditions considered by us is equal
to the phase velocity and is consequently transformed
like the velocity of a material point.

Analogous equations can be written for the relation
between the flux &M’ of the energy of the medium, the
density pM of the energy of the medmm and the work of
the reaction forces of the medium LM’ (elastic forces,

inertia forces):
OM —erp — LM =0, (6.32)

The reaction forces of the medium are equal and op-
posite to the forces exerted on the medium by the field:
I = — Lo, (6.33)

Therefore
DM — ™’ — B [(n2—1)/n (n~-B)] uo=0. (6.34)

In the cases of examples (5.4) and (5.29) given above,
we have in accordance with (5.4):

O = ¢ {(n2—1)/n2] [B/(1 — B%)] u,, (6.35)
pY = — [(n® — 1)/n*] (B*/(1 — B*)] uo, (6.36)
whereas according to (5.29) we have
D" e [(4 4 B2 — ) (n — 1)/n (1 — B%)] ug, (6.37)
= [(n— 2B) (r2 ~ 1)/n (1 — B)] to. (6.38)

If we substitute in (6.34) in one case (6.35) and (6.36),
and in the other case (6.37) and (6.38), we can verify
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that (6.34) is satisfied in both cases. Finally, adding
(6.30) and (6.34) and assuming

Qg OV — 7, (6.39)

w4+ oM = (6.40)
we verify that the equation
D —c*p =0

is valid if ' and p’ are taken to mean the corresponding
densities pertaining to the total energy.

The quotient ¢y, /u obtained by dividing the electro-
magnetic energy flux by its density in a moving medium
yields the propagation velocity only if there are no
ponderomotive forces of the light wave. This in turn,
takes place only in the case of the Minkowski tensor and
is not applicable to any other form of the m—e tensor of
the field in general.

Therefore, as is indeed noted in the literature, the
treatment of the problem in Moller’s book™®! is incor-
rect. In this splendid book the author writes: ' This con-
dition (he has in mind ¢* = &g, /u —D.8.) is satisfied by
the Minkowski tensor and not by the Abraham tensor,
and this is the strongest argument in favor of
Minkowski’s theory' ([%), page 207).

In the next chapter, on the basis of the proof given by
Moller himself, we shall be able to generalize the deri-
vation just considered.

7. THE MOLLER CRITERION

In the cited book"*}, Moller presented a general
formal criterion that must be satisfied by any m—e ten-
sor Ty, in order that the velocity, defined as

(1.1)

ufy = — (/i) Tam/T 44,
will transform like the velocity of a material point.

The reasoning developed in detail in the preceding
chapter, suggests that the vanishing of all four divergen-
ces Ty, can serve as such a criterion.

Indeed, it can be shown for a plane wave in the general
case that the condition

Div Ty, = 0

(1.2)

and the aforementioned Moller condition are equivalent.
We bear in mind here that the tensor T, is symmetri-
cal. Moller’s condition is written in the following form
(**3, page 165):

(1.3)

Rip==Tin+ (T iU UE/c?) = 03
here the components U}, are defined as

x .
Uk = _(m=t2pand vg=-—"2
b () ) T ey

where the u} are defined by formula (7.1) and

u*2 — u*z + uf? L uxa

It is assumed that the velocity u*, defined in accordance
with (7.1), is less than the velocity of light.

According to Moller, (7.3) is the condition necessary
and sufficient for the components U* to define a four-
vector. At the same time, this is the condition necessary
and sufficient for the velocity u* to transform like the
velocity of a material point., Moller has shown that if
the equation (7.3) is satisfied in some definite admissi-
ble reference frame, then it is also satisfied in any other
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inertial system. This means that if it is satisfied in one
definite reference frame, then U* is a four-vector and
Ry is a tensor.

Therefore, without affecting the general character of
the derivation, we can compare equations (7.2) and (7.3),
assuming that the x axis is parallel to the light beam and
that, consequently, the tensor T;; is represented by a
2 x 2 pattern, In this reference frame, the sum in ex-
pression (7.3) reduces to three terms and the condition
(7.3) reduces to two equations (ati=1andi=4). Letus
write out these equations:

Ty— TygTh  Thlas Ty T — TuTes
Tiu+Th  ThtTh Th+Th 7.4)
ry——TuTalu  Till " Th—Tulu g @.
T3+7T%h T+ Th Tha+Th

At the same time, the two equations obtained from the
condition

OT i 92m = 8T s/ = 0, (7.5)
for a symmetrical tensor yield
Ty My _ 0 c* _
O Py i v (T“—Tc'T“)“O
My | 0Tu _ 0 ( ) —o (7.6)
oz’ ot oz \ M T ¢ ‘“)_ ’

where c* is the same as in (6.20), and where account is
taken of (6.19). In the considered case of the special
Lorentz transformation, Egs. (7.6) show directly that
the velocity u* coincides with the phase velocity c* and
is transformed like the velocity of a material point.

Both systems (7.4) and (7.6) lead in the same fashion
to the relations

TyTau=Th =T  Tu/T1y=T1/Ts

(1.7)

and consequently, in the given reference frame, Moller’s
conditions (7.3) and condition (7.2) are equivalent. But if
(7.3) is satisfied in one defined system, then it is valid
also in any other system (x, t). In the same manner, if
all four divergences of the tensor are equal to zero in
one system, then they are also equal to zero in any other
reference system. Consequently, the conditions (7.2)
and (7.3) are equivalent in any coordinate system.

We have already assumed that the tensor T is sym-
metrical. By definition, and taking (7.7) into considera-
tion, we have

Us—— — ) Ta/Tag icTyy _ icTyy (7.8)

DU T @3 TE TR (Tt T
Ut =icTaa/(T5+ T 2= ieT {2/ (Toa+ Tan) 2. (1.9)

As shown by (7.8) and (7.9), T4 + Ty, > 0. We put
Tu+ Ty = = (7.10)

The quantity T in (7.10) is the sum of the diagonal terms
(the trace of the tensor T, which is invariant). The fact
that the invariant > of the tensor T is larger than zero
is a consequence of the two assumptions made by us:

1) the tensor satisfies the Moller criterion, 2) the tensor
is symmetrical. We note here that the vanishing of all
of the divergences is a characteristic feature of the
Minkowski tensor. At the same time, ~ vanishes both in
the case of the Minkowski tensor and in the case of the
Abraham tensor.

It follows from the foregoing derivation that if the
sum of the diagonal terms is equal to zero, then we are
faced with two alternatives: either the tensor satisfies
the Moller criterion and is inevitably asymmetrical (the
Minkowski case), or else, if the tensor is symmetrical
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and the sum of its diagonal terms is equal to zero, then
it cannot satisfy the Moller criterion (the Abraham case).

For the given particular case where the axes are
arranged in accordance with (7.8) and (7.9), we have

(7.11)

Since we know that under the assumptions indicated
above the components U} define a four-vector, relation
(7.11) should also hold for any orientation of the coor-
dinate axes. From this we can see that the tensor T can
be represented as the following product of two four-vec-
tors:

U =icT gy /TL{221 12,

Tim=(—2/c%) U %,

To verify that the relation (7.12) is satisfied at any
orientation of the coordinate axes, it suffices to verify,
by substituting (7.8) and (7.9) in (7.12), that it is valid in
the particular case considered above.

By substituting (7.12) in (7.3), we can check directly
that a tensor such as (7.12) satisfies Eq. (7.3). To this
end it suffices to note that Ul*U;‘ = —c®, Relation (7.12)

is easy to verify also with the tensors (5.5) and (5.30) as
an example.

It is easy to verify that the tensor (7.12) has the fol-
lowing structure:

(7.12)

Tim = TtuTsm/ T
Noting that in accordance with (7.1) we have
Tam/Taa= —(i/c) uly, AN Ty=ice),

where g; is the momentum density of the component
along the axis labeled ! and u}; is the velocity component
along the axis with index m, and that thus Ty, = guj,,
we see that T;,, is the flux density, in the direction of
the m axis, of the /-component of the field momentum.

The tensor Ty, is the field tensor of a current that
has no "sources’ or "'sinks'. Only in the case of a ten-
sor with such a structure is the velocity of the energy
flux equal to the quotient of the energy flux density divi-
ded by the energy density itself. '

Equations (7.5) are the flux continuity equations of
the components of the momentum and of the energy flux
of such a field. These equations should hold true if T},
is the tensor of the total energy of a closed system. It
is in general incorrect to require that the m—e tensor
satisfy the Moller criterion.

8. THE ANGULAR MOMENTUM OF
A STATIC FIELD

If we are dealing with a superposition of electric and
magnetic static fields the vectors of which are mutually
perpendicular, then such a field can carry angular mo-
mentum. Apparently, Poincare was the first to call
attention to this®®,

If a dielectric medium is placed in the field, then the
values of the total angular momentum of the field as a
whole, which can be obtained by calculating them in one
case after Abraham, and in another after Minkowski, are
different. The law of angular momentum conservation
therefore makes it possible to choose also in the present
situation between the two expressions (2.10) and (2.11).

We imagine a cylindrical charged capacitor (of suffi-
cient length) situated inside a solenoid that produces a
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longitudinal (relative to the capacitor axis) homogeneous
magnetic field that closes on itself at some large dis-
tance away from the capacitor. We assume first that the
space inside the capacitor and inside the solenoid is a
vacuum. According to (2.10) and also (2.11) the electro-
magnetic angular momentum relative to the capacitor
axis in a layer r + dr — r (per unit length of this axis) is
equal to

dl,,, = (I[EH/4nc)-2qur® dr. 8.1)

If the capacitor charge is Q, then E = 2Q/r and the total
angular momentum per unit length is
R

Tom = S (HOr/c) dr = HQR/2c, (8.2)

0
where R is radius of the outer electrode of the capacitor.

When the current that produces the field H is turned
off, a force is exerted on the charge Q (by the induced
solenoidal field), and its integrated angular momentum is

L o= QAD/2nc; (8.3)
A® is the change of the magnetic-induction flux:
AD = @ = HnR®. (8.4)
Substitution of (8.4) in (8.3) yields
Lcoh= Tem = HQR?2¢. (8.5)

I the outer electrode of the capacitor can rotate
freely and the mechanical system is autonomous, then
turning off the current causes the cylindrical electrode
of the capacitor to rotate’®’ with a mechanical torque
equal to the vanished electromagnetic angular momen-
tum of the field.

We assume now that a cylindrical layer of dielectric
(say, solid) is placed inside the capacitor and fills
almost the entire volume of the capacitor (the gap be-
tween the surface of the dielectric and the outer elec-
trode is negligibly small).

The outer electrode of the capacitor and the dielectric
cylinder can rotate about a common axis freely and in-
dependently.

When speaking of the mechanical torque of the solen-
oidal electromotive force, we must now bear in mind the
torque produced both by the true charges Q of the capa-
citor, and by the free charges aq of the dielectric. Per
unit length (along the capacitor axis) we have

94 = —2aPR; (8.6)
here P is the polarization of the dielectric,
P = (D — E)l4n, D =&k, 8.7)

where ¢ is the dielectric constant. According to (8.6)
and (8.7)

ga= —(DRI2) 4 (ERI2) = Q (1 — &)/e, (8.8)

since D = 2Q/R. As follows from the foregoing, when the
current of the solenoid is opened, the electrodes of the
capacitor and the dielectric are acted upon by torques
Ipap and Iy, in opposite directions:

L= QAD/2ne, {8.9)
14 = qqA®/2xc, (8.10)

or, taking (8.8) into account,
Iy = Q1 — e)/e] AD/2nec, (8.11)

Adding (8.9) and (8.10) and substituting A® = H7R?, we
obtain
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Lagt I, = (Q/e) HR22e. (8.12)

Specifying some expression for the momentum density
of the electromagnetic field, we can determine the total
torque Iy, of the entire volume of the field.

Conservation of the angular momentum calls for

satisfaction of the equation
Tagt I, = Fm. (8.13)

If we assume for the momentum density Abraham’s ex-
pression

g* = EHl4nc, (8.14)
where
E = 2Q/sr, (8.15)
then we obtain for LIom
R
Tem= S (20H fer -4ne) - 2nr dr = QH R*{2ce, (8.16)

0

and, as seen from comparison with (8.12), the balance
of the angular momentum is satisfied. At the same time,
we verify that Minkowski’s hypothesis gM = ¢EH /4nc is
not satisfied.

We thus arrive again at the same conclusion, that
Minkowski’s tensor contradicts the conservation laws.

9. COMPARISON OF THE ABRAHAM
AND MINKOWSKI TENSORS AND
CONCLUDING REMARKS

Likewise on the basis of the conservation laws, but
with an erroneous formulation of the problem, Costa de
Bea.urega\.rd[16 ] reached the opposite conclusion. Quite
recently, however, [1b3 (page 164) examining the pres-
sure from the point of view of the laws of motion of the
center of gravity, he himself reached the conclusion that
Abraham’s expression is correct. The considerations
on which he bases his note[*"] agree with those devel-
oped in that part of the present article (in its beginning)
which had already been written before the author be-
came acquainted with Beauregard's note®*®. But the fact
that the Minkowski tensor is incompatible with the law of
constancy of the velocity of the center of gravity was
noted long ago.

De Beauregard’s note was followed by a number of
othersl® €~% 171 we shall return to the conclusions of
one of them.

After deriving Abraham’s expression for the "photon"
momentum, the author of' **) advances the hypothesis
that this quantity has a dual value, "macroscopic' ac-
cording to Abraham and "quantum" according to
Minkowski.,

The literature of this question is characterized by the
tendency to accept (in spite of the facts) the correctness
of Minkowski’s tensor as '"canonically' established. The
authors of the review and original articles tend to ignore
arguments that appear to lead unambiguously to the con-
clusion that Minkowski’s postulate is not acceptable.
This tendency prevails, for example, in a review by
Brevik[*) recently published in a respectable scientific
journal. The author’s main thesis and the tenor of his
lengthy paper is the statement that "if properly interpre-
ted" the tensors of Abraham and Minkowski are
"adequate and equivalent” in most considered simple
physical situations (-*P?, page 5). The correct interpre-
tation is formulated as follows: ""The Abraham force ex-
cites dipoles contained in the material and produces a
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mechanical momentum that is transported together with
the field. ¥ this mechanical momentum, together with
the Abraham momentum, is regarded as the momexgum
of the field, then we obtain Minkowski’s tensor" ([*PJ,
page 7). And on page 7 of'*®} we read: "The components
of the stresses and of the momentum, defined above,
lead to a force that can excite a small mechanical mo-
mentum of the component particles (dipoles)." "... Com~
paring with the experiments of Jones and Richards, we
find that the suggestion is indeed confirmed."

If we turn to the models considered above, we can
verify immediately that such an "interpretation' cannot
hold water. Our model of dustlike matter, to be sure,
corresponds in part to a situation described by the just-
cited quotation (although the corresponding total tensor
does not coincide at all with the Minkowski tensor). In a
solid dielectric, however, the dipoles are secured and
there can be no thought of a resultant momentum (apart
from the translational momentum of the medium as a
whole).

On page 26 of the review “b], the author explains the
results of a paper by Balazs('9, Citing two equations—
the equation of conservation of the momentum and the
equation of the conservation of the velocity of the center
of gravity (which, apart from notation, coincides with
(1.10)) the author of the review makes the bare statement
that ""he cannot agree with his (Balazs’) conclusion that
the Abraham expression is correct,'.since the first of
the just-indicated equations (which coincides with our
equation (1.9)) is seemingly incorrect, being "incom-
plete." Brevik does not explain just how this equation
should be completed, leaving the reader to guess at it.

Yet we are dealing with an equation that cannot be
written in different manners, depending on the various
hypotheses, and the question is essentially not debatable,
provided we do not dispense with such basic premises of
mechanics as, for example, the fact that the total mo-
mentum of a system of particles is equal to the sum of
the mass of these particles multiplied by the velocity of
their center of gravity.

In his note[**®3 (page 1119), Costa de Beauregard ap-
proaches this problem differently: how to reconcile
Abraham’s expression for the momentum (hv/nc) with
Minkowski’s ""canonical, quantum" expression (nhy/c).
Insofar as can be understood, he bases himself on the
fact that when a photon is emitted the source of the light
(which is located in the medium) imparts to the medium
an additional mechanical momentum equal to

{(n? — 1)/n] Bv/c

(9.1)

(that this is indeed the case will be made clear later on).
Adding the two momenta hy/ne (of the photon) and
{(m® — 1)/n]hv/c (of the medium), the author obtains

{{(n? — 1)/n] 4+ (A/n)} hvic = nhvic (9.2)

which is Minkowski’s expression. It is clear, however,
that the two terms of (9.2) cannot be interpreted as com-
ponents of the photon momentum. The second term
corresponds to the momentum density u/nc, which has a
perfectly defined meaning of the momentum density of
the electromagnetic field (photon). On the other hand, it
is quite meaningless to speak of a momentum density
corresponding to the first term of (9.2). X, for example,
the medium is a solid and firmly secured body, then the
momentum (9.1) is transmitted to the earth and the
density of this momentum is equal to zero.
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At zero momentum density, the momentum flux is not
equal to zero. The density of this flux is equal to the
pressure p of the light on the dielectric:

(9.3)

p = [(n?® — 1)/n?] u,
where u is the energy density of the field.

The momentum flux density (but not the density of the
momentum itself) has in this case a definite physical
meaning.

During the time that the light is emitted, the medium
acquires a momentum equal to

[(n? — 1)¥/r?] ut = [(n? — 1)/n?] u@nluc = [(n* — 1)/n] &/c, (9.4)

i.e., a momentum equal to (9.1) (7 = én/uc is the time
of radiation and u is the radiation energy density).

We have dwelt in detail on these relations, since they
lead to a clear-cut answer to the question of the simil-
arity and of the difference between the Minkowski and
Abraham tensors.

At the end of Chap. 2 we mentioned Planck’s sugges-
tion that the Maxwellian pressure be interpreted as the
density of the total flux of the field momentum. In this
interpretation (after Planck), the two expressions for
the momentum flux, Minkowski’s and Abraham’s (in a
static reference frame) come to coincide.

According to Minkowski, there is no pressure force
on the medium and the density of the momentum flux for
the case of a two-dimensional (two-by-two) tensor
scheme is equal to

oM = ge/n = (nufc) e/n = u=SH. (9.5)
According to Abraham, we have
@A =gle/n)+ p=(u/nc) (c/m) +{(n* — D)/l u=u=54, (9.6)
where p is the pressure of the light on the medium:
SA = SM. 9.7)

Consequently, the total momentum flux (in the sense in-
dicated above) is the same according to Abraham as ac-
cording to Minkowski. However, whereas <,9M is the
product of the density (of the momentum) by the velocity,
according to Abraham the total flux of the momentum
consists of two components, one of which, the "current
component," is equal to ge/n, while the other is equal to
the pressure of the light p = [(n® — 1)/n®]u?®

Let us consider, from the point of view of two com-
ponents, the mechanism of transport of the total momen-
tum (of the matter and of the field) by a light wave
propagating in dustlike matter. The ""current'" component
of the transport of the mechanical momentum of the
medium is negligibly small in the zeroth system; the
tensor component is K3 ~ ghuoc® (see (5.26)). The sum
of the "current" components (the momentum flux of the
field and the medium) is therefore equal in this case to
the "current” component of the electromagnetic momen-
tum:

(9.8)

(ulen) e/n = u/n®.

In the wave field, however, the medium experiences a
light pressure equal to [(n® — 1)/n*]. The resultant®”

F of the light-pressure forces near the front of the wave
is a source of mechanical momentum (the momentum
connected with the "drift" of the medium).

In a space bounded by a certain cross section plane
(say the plane S;; Fig. 6), the total momentum frans-
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ferred in a unit time S in the sinusoidal zone of the wave
is

(w/n? + [(n* — 1)/n?) u = u = (nulc) ¢/n, (9.9)

where [(n® — 1)/n®Ju is the increment per unit time of the
mechanical momentum in the indicated space. The in-
crement of the mechanical momentum in this space is
equal to the light pressure acting on the medium on the
boundary surface S, (see Fig. 6).

On the trailing front of the wave, the pressure direc-
ted in the opposite direction produces a resultant force
(—F) which serves as a ''sink," absorbing the same
amount of mechanical momentum, The "drift" motion of
the matter is quenched here.

The total momentum is transferred together with the
light wave and consequently with velocity ¢/n, and can
be expressed as shown in the right-hand side of (9.9).

We consider in addition, and on the basis of the same
representations, the balance of the angular momentum in
a different situation—in the case of passage of a station-
ary light flux, without losses, through a refractive solid
medium,

We consider the spaces S:S; (bounded by the planes S;
and Ss) and S,S: (the boundaries of which are the planes
S1 and S;) (see Fig. 6). The radiation density in the med-
ium is equal to u. The direction from S; to S; is as-
sumed positive, The flux through the plane S, consists
of the pressure on the medium, equal to [(n® — 1)/n%]u,
and the flux ("current') of the radiation momentum

(u/nd).

The total flux entering into the space S.S; through the
plane S; is

u {[(n? — 1)/n?] + (1/n®)} = u (9.10)

In the "sink" F; (F2 = [(n — 1)/n}u), the amount of momen-
tum lost per unit time is [(n — 1)/n]u, and u/n goes off
through the external boundary of the space, namely the
plane S;.

The increment of the momentum in the space between
the planes S: and S; is consequently

u{l — {(n — 1)/n] — (1/n)} = 0. (9.11)

The momentum balance is thus complete.

We write down the corresponding equation for S,Ss,
assuming now the direction from S, to S, to be positive.
Then the increment (per unit time) of the momentum in
the space S.S;, in accordance with the same considera-
tions, is expressed by a similar sum of value zero:

u {l(n® — 1/n?] + (I/n¥ — [(n — 1)/n] — (I/n)} = 0.

When writing down the balance equation, we have
taken into account only the electromagnetic component
of the momentum flux. In a solid medium, however, there
is a counterflow of elastic momentum; in a medium in
the form of ""dustlike” matter, there is no such counter-
flow.

397 Sov. Phys.-Usp., Vol. 16, No. 3, November-December 1973

In the boundary conditions considered above, it was
assumed that the radiation is bounded by a region of
space situated entirely inside the solid medium. Under
these conditions, the ""counterflow' of the elastic mo-
mentum compensates for the component of the electro-
magnetic momentum transferred as a result of the light
pressure. In other words, the light pressure on the
medium is balanced by the tension of the medium.

In the situation just considered, the component of the
electromagnetic momentum flux transferred by the light
pressure to the medium [(n® — 1)/n*Ju exceeds the oppos-
ing flux of the elastic momentum [(n — 1)/n]u. The excess

(9.12)

together with the "current'" component of the electro-
magnetic momentum u/n® yields as a sum the momentum
flux density u/n transferred through the plane S; to the
outside.

{l(n® — 1)/n?] — [(n — VY/nl}u=[(n — 1)/n?lu

It is clear that if we assume Minkowski’s expression
for the momentum-energy densities of the field, then the
momentum balance conditions in the stationary flux will
also be satisfied, since the total momentum flux is de-
termined in the same manner by both tensors.

If it were possible to formulate the theory of the
Cerenkov effect in terms of the momentum flux, then it
would likewise be immaterial for the theory, in this
variation, which of the two tensors, Minkowski’s or
Abraham’s, is taken as the basis.

We turn in this connection again to the tendency in
Brevik’s review[*] to play down the differences between
the two compared tensors. In the cited review, as in
other papers, it is usually remarked that the resolution
of the total tensor of the (field + medium) system into
two components is conditional and arbitrary. Of course,
it is possible to break up a tensor arbitrarily into two
components—subsystem tensors. Within the limits of the
scheme considered here (of idealized media), however,
the resolution into two components (the m—e tensor of
the field and the tensor of the medium) is unigue if one
adheres to the requirement (or definition) according to
which the field tensor Sy, should satisfy the condition

(9.13)

(The existence of such a tensor is postulated as a prem-
ise). This, in any case, is the situation in the case of the
field of the plane wave. This is particularly clearly seen
if the tensor scheme is reduced, by choosing the refer-
ence frame, to a two-by-two matrix, which, of course,
involves no loss of generality.

Indeed, we have verified that within the limits of the
indicated approximate scheme the expression for the
momentum density (and consequently also the density of
the ponderomotive forces) follows from the conservation
laws. But if this expression is specified, then the com-
ponent Sy, of the tensor Sjy, is determined by the same
token. In addition, there can hardly be any disagreement
in the choice of the expression for the term S4q, which
is equal to the electromagnetic energy density taken
with a minus sign. (We are dealing here with the values
of the components of the tensor in the reference frame
in which the medium is at standstill. The expressions
for Sﬁ and SM, those of Abraham and Minkowski, coin~
cide.) Further, S, is obtained from the condition

— 08 im0z, = fi.

08 4/ 0z = 0. (9.14)
Relation (9.14) is a consequence of the fact that the med-
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ium is immobile: namely, the work of the field forces,
determined by the left side of (9.14), is equal to zero.
Equation (9.14) is in this case an expression for the con-
tinuity of the energy flux. It follows therefore that Sy, is
the Poynting vector (with the factor i/c). Since Sy4

= icg; = (i/4n)[ExH;], we get Su = Si4, so that the ten-
SOT 8y, is symmetrical.

Finally, 8;, is determined (for a plane wave, directly)
from the condition (9.13), which yields for the given
scheme

— 08 m/0xy = f(m = 1; 4).

(We recall that the density of the force "f" is given if
the expression is given for the momentum density.)

S,; can be determined also from another condition:
the sum of the diagonal terms (the trace) is equal to
Zero.

The assumption £ = 0 is natural by analogy with the
m—e tensor of the field produced by the charges in
vacuum, and by analogy with the material particle-flux
tensor. In the latter case

2 = —pet,

where uo is the density of the rest mass of the particles
28)

(equal to zero for a photon field)*™.

Inasmuch as the chain of reasoning followed by us
now, which leads to the construction of the tensor S,
yields as a result a symmetrical (Abraham) tensor, and
since the m—e tensor of the total system (field + med-
ium) should be symmetrical, it follows that the mechan-
ical tensor Up,, of the material component of the system
(medium) is symmetrical, which is natural.

On the other hand, the asymmetry of the Minkowski
tensor implies asymmetry of the mechanical tensor
Uim of a material medium.

Summarizing the exposition in this article, we can
formulate a few premises, primarily of negative charac-
ter.

a) The rejection by Laue, Moller, et al. of the
Abraham tensor as not satisfying the Laue criterion
cannot be regarded as convincing. The proofs of these
authors fail if account is taken of the condition for the
balance of the two components of the energy flux, elec~
tromagnetic and mechanical.

b) Minkowski’s tensor is unacceptable as contradict-
ing the principal conservation laws, as well as the funda-
mental concepts of the interaction of the electromagnetic
field with matter (with the exception of the Lorentz
forces that act on the polarization currents).

¢) Generalizing the conclusions based on the simple
model considered above, we can apparently state that the
Abraham tensor is the adequate form of the field tensor
and satisfies the requirements listed above. As pro-
posed by the Hungarian theoreticians ["], it is expedient
to separate from the Abraham tensor a "current'" com-
ponent (SCT)?® satisfying the condition

Div Ser = 0. (9.15)

The other component st satisfies the requirement

+— 8818, /02m = f;. (9.16)

The Abraham tensor, represented ip the form of a sum
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of these two components (for the particular case of the
coordinate axes chosen by us), takes the following form:

Srer S'ts
nZ_ 1 —i ,
+uo'inz—1Y2(_iﬂ 52p)=SA
(9.17)

Only the first of these two components, §'¢Y, should be
taken into consideration when the light-propagation
velocity is defined as the quotient of the energy flux
density [e(u/®)y*@ — B)(1 —n)] by the electromagnetic
energy density [ (wn®)y*@n — ).

The tensor T of the total energy of the system "field
+ medium", in the considered limiting cases, is repre-
sented by the sum T = sA + Upechy if the medium is an
ideal dielectric.

In the case considered by Marx and Gyorgyi L2 of an
ideal solid (the first of our two models) we have

(np—1)

N H— ) (1 — )
n‘”z(i(n—rsm—ﬁn) )

—(n—p)*

Unech= —5*,

' (9.18)

(9.19)

In the given particular case, consequently, the ""current”
component of the Abraham tensor coincides with the
total tensor T4 of the entire "field + medium' system as
a whole,

In other media, the sum §'S + Up oo # 0 and T # 8°T.
The tensor T, generally speaking, depends on the
properties of the medium. In our first model, the field
forces are balanced by the elastic forces, and in the
case of the second model they are balanced by the iner-

tia forces of the medium®?.

TA = ger,

d) K we adhere to the phenomenological approach and
to the approximation of ideal media, then the problem
can be reduced to two questions: 1) the existence of the
field m—e tensor, and 2) the ponderomotive forces in the
field of the wave propagating in an immobile medium.,

If we postulate the existence of the aforementioned
tensor and assume expression (2.12), which defines the
ponderomotive forces, or expression (2.11) for the mo-
mentum density, then there is no room for discussion,
since the tensor for a medium at rest is by the same
token defined, and its relativistic generalization follows
from the general rules for the transformation of the
components of four-dimensional tensors.

Incidentally, from the historical point of view it is of
interest to note that Abraham®" constructed his tensor
in the general case (for a moving medium) without using
relativity theory in explicit form. He followed the way
of extrapolation from the relations for a medium at
standstill, on the basis of rather arbitrary assumptions
and extremely scanty experimental data. The derivation
of this tensor is given in his book[’?] (page 360).

If we consider the question of the approximation of
ideal media (perhaps in a form more general than ours),
then it would be possible to define uniquely a number of
general premises—a certain ""alphabet,”" which could and
has to be used (without any disagreements) in the treat-
ment of more complicated questions connected with this
problem. Unfortunately, historically the situation has
developed paradoxically in such a way that so far no
order has been introduced into this very "'alphabet." The
necessary basic premises that could be used have not
been established and continue to remain a subject of dis-
cussion,
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The same was graciously done, at the author’s request,
by L. V. Keldysh. The author takes the opportunity to
thank them for their help and many useful remarks.

APPENDIX 1

The expression for the Abraham forces in general
form (u # 1) is obtained if, in addition to the forces con-
sidered in the main text, one takes into account also the
following terms. First, ~(1/2)8(MH)/ox (where M is the
magnetic polarization and H is the magnetic field inten-
sity), and second, the forces ff, of Einstein and Laub

(AL.1)

The forces (Al.1) were introduced in[*® from symmetry
(or "duality') considerations as the analog of (2.14).

Taking into consideration (2.13) and the relation
(A1.2)

which follows for a plane wave from Maxwell’s equations,
we rewrite the expression —(1/2)3(PE)/2x in the form

fg="{1/c) E M (8t={(u— 1)/4nc] E aH/t.

H=(n/\) E,

S
and then, according to (Al.2) and (Al.3),
L w28 (Al.4)
By analogy, using the same procedure, we obtain
—(1/2) @ (M H)/9z = [(epp — €)/4nc] H OE/t. (Al1.5)
Finally, assuming the Lorentz forces
fL={1/c) (8P/8t) H=[(e — 1)/4nc] (3E/0t) H (A1.6)
and taking (Al.l) into account, we have
fL+ fg =(e— 1)/4me] (9E /3ty H + [(n— 1) finc] E dH ot (AL1.7)

Adding (Al.4), (Al.5), and (A1.7), we obtain

fam sp—;zr—r;;p—i E oH/ot + eu~z;{;e—1 %:Ei;ia(g;[{)
The arguments that show that the Lorentz force should
be set equal to (1/c)(9P/5t)H in the given situation (and
not (1/c)(3P/6t)B) are developed inl®'3,

APPENDIX 2
Relation (2.3) yields®’

f— —(1/8n) E2 grad e (A2.1)

under the assumption u = 1. In the general case (u # 1)
the expression for the force density includes also an
analogous magnetostatic term (—H® grad u), and in place
of (A2.1) it is necessary in this case to put (omitting

henceforth the factor 1/87)
t=—FE2grade—H?grad p.

(A2.2)

According to Maxwell’s equations for a plane wave, we
have here the relation

H=(n/p) E. (A2.3)
The continuity condition for the energy flux yields
E.H=(n/p) E*= EoH,= FE3, (A2.4)

where Eq and Hg are the values of the field variables
cutside the medium (in vacuum), and E and H are the
variables in the medium.
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Further, according to (A2.4)

E2==(ue)!/* E3,
He=(e/n)'/? 113,

E=(un)/ E,where n—(u!/?,
} (A2.5)

The force Fir acting on the unit surface of the boundary
transition layer is calculated, according to (A2.2), from
the formula

. o o - de [ puNt/2 au [ e\t/2 _
fem—f[Gmegrm]e = [Z (5) T+ (5) ] me-
- 5 (€20 g enforEl de== —| 2 (ew)}? P P="Ea— _2 a1y 3.
Reconstructing the omitted factor 1/8m, we obtain
Fip=—(n—1) E}/in= —[(n—1)/n) z,

Since E3/47 = uo = u/h, where uo and u are the density of
the electromagnetic energy outside the medium and in
the medium, respectively.

APPENDIX 3

In accordance with the meaning of the tensor le we
have P44 = —h, where h is the energy density. Conse-
quently, according to (5.4),

(A3.1)

h' = y2pofh2

is the relativistic term in the expression for the energy
density, and depends on the velocity w; under the as-
sumptions made by us, h® =0 if w = 0.

Let us consider the component P; of the tensor Pim.
According to (4.24), this component is equal to

P11=P11+3;Lw3 (A3.2)
here p}; is the component of the relative-stress tensor
w= —fe. (A3.3)

According to the meaning of the "absolute stress tensor'
(P ), it follows from (5.4) that the momentum density
g'“ is equal to

g, = (1/ic) Pjy= — (Bic) piyv". (A3.4)

From this we obtain according to (A3.2) and (A3.3)

Phi=rpu+ (8255 /(1 —B9). (A3.5)
On the other hand, according to (5.4) we have
Py =v%ph. (A3.6)
Equating (A3.5) and (A3.6), we obtain
? 0 1 ; bz — 0
Pu=rn (W—-i—_@) =ph. (A3.7)

as shown by (A3.7), the "longitudinal" (directed along the
x axis) component of the relative stresses—in this case
the tension of the medium—remains unchanged under
the special Lorentz transformation.
Further, according to (4.15), the energy flux is
Q' =h'w+twp'. (A3.8)

Taking (A3.1) into account for the quantity h’, and also
the fact that p’ = po, we obtain

=] P2/ —B%)] { —Bo) = — pop3e/(1 — B%), (A3.9)
wp' = — PBepo. (A3.10)

Substitution of (A3.9) and (A3.10) in (A3.8) yields
@' = —[pgf /(1 — P21 —Bep? = — Pep®y2, (A3.11)
(He) @' =Py = — ip%By?, (A3.12)

in accordance with (5.4).
According to Planck’s postulate we have
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g, =" [ct= —Bp® (1/c) Y?
and
icgy =Pi = —ippty:="Py,

likewise in accordance with (5.4).

APPENDIX 4

The expressions for the components of the Abraham
tensor as functions of the field variables, in the case of
a medium moving in the direction of the x axis with
velocity w = ge, can be represented in the form of the
following symmetrical scheme (seef’??, formulas (199a),
(201), and (201a), as well as', formula (35), page 666):

Sis= — g { 2B+ 2H LB, — (D L HB) - (DB —[EH I }
S12= 851 = —(1/4n) (ELD} + H:By),

S 13=Sg1= — (1/4m) (E1D;+ HB;),

S1q=Sq=(1/4=) [1/(1 — )] (E'H')x — B2 [D'B']x),
Sz2=—(1/8n) {2E}D;, + 2H;, By — (E'D' 4 H'B")},
Sag=Sgy=—(1/4n) (B, D+ HyB;) = —(1/4n) (E;Dy+ H}B;),
Sog=Syp=(i/4n) [E'H']y,

Sag= —(1/8x) {2E;D;+2H;B;— (E'D' -+ H'B")},
834==S43=(i/4n) [E'H'];,

(A4.1)

Su= g { ~ @D+ B+ 2 OB EE |

The Lorentz transformation formulas yield E’
= y(E — 8B) (8 is the velocity of the origin of the coor-
dinate system (x’, y', 2’} relative to x, y, z). Next (in the
case of a plane plane-~polarized wave in a nonmagnetic
medium),

where n is the refractive index. H this is taken into con-
sideration, then it is easy to verify that (4.22) corre-
sponds to the expression given above for the components
S;m> Where, however, g8 must be replaced by — 8.

*[DB] =D X B.

DWe regard it as possible to adhere to this term (in place of the customary
“energy-momentum tensor”) since it was used by Pauli in his classical -
paper['].

2To these two names, which mark an epoch in the history of classical
physics, we should also add in connection wi h this problem the name of
Abraham, who introduced the fundamental concept of electromagnetic
momentum into the science.

3We shall use this term, which was coined in the classical papers but seems
to be obsolescent. In the latest literature one usually reads of “volume
forces”

9 Whose conclusions, however, are incorrect.

S) At first glance it might seem that the reference to the law of motion of
the center of gravity and to the derivation given here is superfluous, since
the relation G = u(c/n) = & /cn (see (1.5) below) can be regarded as
valid a priori. In this case it would also be necessary to exclude a priori
the Minkowski tensor, which contradicts this relation, and the problem
to which the present article is devoted would have to be regarded as in-
essential and the literature devoted to this question as the result of mis-
understanding. However, in the simple example considered in Chap. 6
below, ( a charged capacitor moving uniformly with velocity §), we en-
counter the following situation: the momentum G of the electromag-
netic field is not equal to ufc (here the electromagnetic mass u is equal
to &/fc? where & is the field energy). We see from expression (6.2) for
the m-e tensor of the field (W) that in this case we have (according to
Minkowski as well as according to Abraham)

¢ = 2Balc (1 + B9 = pse.

6 This tensor is designated in the same manner as the momentum flux
density tensor.

7 Reference is made in this connection, in particular, to Quinke’s experi-
ments.on the drawing of a liquid dielectric into the field of a capacitor.
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9 Here T, is the (Maxwellian) tension.

9 A more accurate and yet simple calculation could be cited.

10 Assuming that the mechanical m-e tensor of the medium is symmet-
rical.

1DBoth form the historical point of view and in connection with later dis-
cussions, let us explain that Planck [!'] was the first to point out that
relation (4.13) should hold for the flux of energy of any form. In par-
ticular, when light propagates in a moving medium an energy wpy¢ (Where
w is the velocity of the medium) is transmitted through a unit cross
section area in a unit time, in the form of the work of the light pressure
(plt). Therefore the “convective” term (hw, where h is the energy den-
sity) in the expression (®) for the energy flux should be supplemented
with the product wp:

® = hw -+ wp. 4.15)
In accordance with Planck’s postulate, the expression for the momen-
tum density (g) can consequently be written in the form
g = (hw/c?) 4+ (wple?). (4.16)
The components of the vector wp are defined as follows: WD)y, = WiDim-

12We are referring to a transformation (without rotation of the axis) to a
system of coordinates whose origin moves parallel to the x axis.

13n the “zeroth” system, this density and with it the refractive index can
be regarded as independent of the field intensity, since the particle mass
is arbitrarily large.

WWe have in mind here a mechanical interaction— the constraints impos-
ed by the elastic forces, or exchange of mechanical momentum (upon
collision between the particles).

19To this end we can assume that the front of the wave packet is describ-

ed by the equations: E=E, sin {0 [t—(zn/c)]}—E, (0/ o) sin {0 [t—(zn/c)]}

e~eli—tm/a], with H =ne at x <ct/n and E = H = 0 at x > ct/n, where w is
the frequency of the light, w is the natural frequency of the molec-
ular dipoles, a >> 1, and wg/w >>> 1. The variables E and H satisfy Max-
well’s equations. E and H and their first derivatives are continuous at
X =ct/n.

16)We cite in this connection a paper by Tang and Meixner[*] who
considered in a certain approximation the question of the m-e tensor
of light in a real liquid with the viscosity of this medium taken into ac-
count, According to the results obtained by them, the oscillatory
motion of the medium must be taken into account when propagation of
light in a real liquid is considered. A liquid that is perfectly transparent
optically turns out to absorb light to a certain (albeit extremely weak)
degree, owing to internal friction. According to the calculations in ['4],
under the assumptions made by them (for a definite example), a light
beam is attenuated because of this effect to half its intensity over a
length on the order:of several thousand kilometers.

“DWe write down the mass-density continuity equation:

(0/00) (uo + Apo) -+ (8/63) ¢ L{po + Apo (£)) Bo (B = 0. 5.17)
We recognize that
8/dz = — (nlc) 8/at. (5.18)
According to (5.15) and (5.17) we obtain
(9/81) [po -+ Apo () = 3Apy/0t = (9/08) {[(n® — 1)/c*) uy (B}, (5.19)
Hence, integrating, we obtain
Apo (1) = [(n? — 1)/c*] uo (1) (5.20)

(since up=0and Ap,=0att =0).

1915 (5.24) we have already neglected a term of order w2g, in the
expression for the component X,%.

19)See Appendix 3. The values of p, are not the same here and in (5.4).
The fact that, unlike (5.4), the transverse components of the pressure
(p;}’,y = pyy and DPy; = Pyz) are not equal to zero does not play any
role.

20 The flux density is not equal to the product of the energy density by
the velocity of the medium.

2DWe recall that (6.20) is a consequence of the invariance of the phase
(aee [3], page 57).

2DThe medium moves in a direction opposite to the field pressure.

2Cited by Laue[ 2°].

24)Imech is the torque of emf. If we assume that the outer electrode of the
capacitor is a very good conductor (almost a superconductor), then at
the initial instant of time I, 4, is the torque of the carriers, and the
apparent motion of the electrode accelerates to the value (8.5) gradually,
with attenuating current. At first, it was regarded as obvious that when
the current is turned off in some circuit (which does not carry in itself
electric charges) the vanishing self-field does not cause this circuit to ro-
tate (and also that the short circuiting of the circuit will not cause a
torque to be applied to the circuit).

29)These arguments were reported to the Science Council of the Physics
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Institute of the USSR Academy of Sciences, and are included in the
stenographic report of the session of this council of November 24,
1969. The communication referred to was made in connection with
the discussion of one study by the Oscillations Laboratory of the
Physics Institute of the USSR Academy of Sciences.

260The momentum (9.1) transferred to the medium during the time 7
when the light is emitted from its source is equal to the product pr =
[(n®— Dn]g/e.

m F= S (—0p/ax) dz = [(n® — 1)/n?] u, where X is arbitrarily close to x,

x2
(Xg Is in the coordinate of the “wave front”), and S (—ap/oz) dz = 0

at x; < Xq and x, > Xq. x

28 However, if we ascribe to the photon an energy equal to the total
energy (—T,q) of formulas (5.5) and (5.30), then the rest mass of such
a “photon” is finite (see [3]).

29)This component (separated from Minkowski’s tensor) was considered

long ago by Beck [°], who called it the “current component” (Stromung- - |

santeil).

301n Brevik’s review [*] the tensor coinciding with ST is designated Srad

and is regarded as one of the variants of the field tensor; this, as fol-
lows from (9.17), is incorrect.

Mgee Appendix 4.

32This relation, derived for a static field, is applicable here, since the
““Abraham forces” vanish on the average.
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