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1. INTRODUCTION

The creation of powerful light sources—optical quan-
tum generators (lasers)—has led to the development of
nonlinear optics, and in particular to nonlinear spectro-
scopy. In the last ten years, a large number of papers
has been devoted to the questions of two-quantum ab-
sorption and its connection with the energy structure of
matter. The purpose of this review is to discuss the in-
formation which has been or can be obtained from data on
two-photon absorption in different substances. By a two-
photon transition we shall mean a transition between en-
ergy levels with energy difference equal to the sum of
the energies of the two absorbed quanta. Here it is as-
sumed that ordinary resonance absorption is absent.

In ordinary absorption spectra, we are concerned with
the absorption coefficient as a function of the frequency
of the field. For crystals, with the polarization taken
into account, this can be three functions. In two-quantum
spectroscopy, we are concerned with the absorption as a
function of two frequencies, i.e., instead of a plane curve,
the spectrum is a two-dimensional surface. The depen-
dence on the polarization for two-photon absorption is
more complicated, and in particular, even for isotropic
media, the mutual orientation of the electric vectors of
the absorbed fields is important. Thus, the information
which can be obtained from a two-photon spectrum is
greater than that given by a one-photon spectrum. It
must be noted that, sometimes, two-photon and one-
photon spectra contain different information. Thus, e.g.,
in the dipole approximation, two-photon transitions are
allowed between states of the same parity, whereas one-
photon transitions are allowed between states of different
parity. In the theoretical treatment, we shall always as-
sume the field of the electromagnetic waves to be given.
In analyzing the experiments, wherever it is necessary
we shall take into account the effects of propagation,
which, in the cases considered, reduce to attenuation of
the waves and change of their polarization.

It is pertinent to note that two-photon processes can
be used not only to study matter, but also to study the
coherent properties of radiation, and also in a whole
series of applications (the measurement of the duration
of pico-second pulses, two-photon excitation of lasers,
two-photon tunable lasers, power limiters, and so on).
These questions are not considered below.

In Sec. 2, a general analysis of an approximate des-
cription (with two or a few levels or bands taken into ac-
count) of two-quantum transitions is given. It is shown

that, in the study of two-quantum absorption (and, inci-
dentally, of Raman scattering), it is more convenient to
use the energy of interaction with the field Ε in the form
(d ·Ε) , where d is the dipole moment. In Sec. 3, the fea-
tures of experiments on two-photon absorption in differ-
ent media are analyzed. Section 4 is devoted to the study
of two-quantum transitions in molecules and molecular
crystals . A detailed comparison with experiment is per-
formed. Finally, in Sec. 5, two-photon absorption in
semiconductors and ionic crystals is discussed. The
theory is compared with experiment. It is shown on the
basis of the experimental data that two-photon absorption
in AjjByj, AjjjBy and AjyBjy semiconductors can, in its
principal features, be described in a unified way in a
two-band model.

2. GENERAL RELATIONS FOR TWO-PHOTON
TRANSITIONS

a) Two-photon transition probability. The general
properties of two-quantum absorption were studied back
in the 1930's1-1'2-1 and have been adequately discussed in
reviews and monographs ^ . Here, therefore, we write
out the expression for the probability of two-photon tran-
sitions per unit t ime, omitting its derivation:

Wf\ = ( |
(2.1)

The expression (2.1) describes the transition of a system
from state 1 to state 2 under the action of two (a and b)
monochromatic fields (with frequency u>a, polarization
direction e a , and quantum flux F a ); e

a a ( w a ) is the diag-
onal component of the dielectric-permittivity tensor in
the direction of e a ; M^3 is the composite matrix ele-
ment. For the following, we shall need the explicit form
of the composite matrix element in the dipole approxima-
tion for the one-electron problem. As is well known1-1'2-'

m'2(ua(s)b
, _1 1
b ω ; ι — ωα}

(2.2)

where e is the charge and m the mass of the electron,
and pf̂  is the matr ix element of the component of the
momentum operator in the direction of e a ; I labels the
stationary states of the system.

Expression (2.2) is obtained using perturbation theory,
if the interaction of the system with the field is chosen
in the form

V = - (e/c) A (t) p, (2.3)

where A(t) is the vector potential of the electromagnetic
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field. We note that the form (2.2) of the composite ma-
tr ix element is not unique, although it is very common
in the l i terature. In fact, using a canonical transforma-
tion1-9"11-1 , we can reduce the expression (2.2) in the case
of a discrete spectrum (an electron in a molecule) to the
form

Venn — ωο ωι, — ω6/
( 2 . 4 )

w h e r e r . j , i s a m a t r i x e l e m e n t o f t h e c o o r d i n a t e o p e r a -

(2.5)

If the spectrum of the energy eigenvalues has a band
structure (an electron in a crystal lattice), then we can
write in place of (2.2)il0'nl

b ' dkb J \ci)i((k) — ω;, ' ion (k) — asa) A

( 2 . 6 )

I n ( 2 . 6 ) , I i s t h e b a n d i n d e x a n d R k i s t h e q u a s i - m o m e n -

t u m i n t h e b a n d ;

n , , . ( k ) = — i r , , . ( k ) — V k S ( k — k ' ) 6 , , . ,

Qi, .(k) = i a , , . Q I 1 . = — f t P l l . M ) - F i "VkSi(k)6, , . ( i ) .

E ^ ( k ) i s t h e d i s p e r s i o n l a w o f t h e e l e c t r o n s i n t h e

b a n d 1 - 1 * 1 . T h e e x p r e s s i o n s ( 2 . 4 ) a n d ( 2 . 6 ) c a n a l s o b e

o b t a i n e d d i r e c t l y f r o m p e r t u r b a t i o n t h e o r y , i f w e r e p r e -

s e n t t h e e n e r g y o f t h e i n t e r a c t i o n o f t h e s y s t e m w i t h a n

e l e c t r i c f i e l d E ( t ) i n t h e f o r m

V = erE (t).

N a t u r a l l y , t h e e x p r e s s i o n s ( 2 . 2 ) a n d ( 2 . 4 ) , ( 2 . 6 ) f o r t h e

c o m p o s i t e m a t r i x e l e m e n t a r e c o m p l e t e l y e q u i v a l e n t .

b ) A p p r o x i m a t e e x p r e s s i o n s f o r t h e c o m p o s i t e m a t r i x

e l e m e n t w h e n n o t a l l t h e l e v e l s ( b a n d s ) a r e t a k e n i n t o

a c c o u n t . I t i s o f t e n f o u n d t o b e i m p o s s i b l e t o d e t e r m i n e

t h e c o m p o s i t e m a t r i x e l e m e n t f r o m t h e f o r m u l a s ( 2 . 2 ) o r

( 2 . 4 ) , ( 2 . 6 ) , s i n c e f o r s p e c i f i c s u b s t a n c e s t h e c h a r a c t e r -

i s t i c s o f f a r f r o m a l l t h e s t a t e s a r e k n o w n . T h i s f o r c e s

u s i n d e s c r i b i n g t w o - q u a n t u m a b s o r p t i o n t o u s e s o m e o r

o t h e r a p p r o x i m a t i o n f o r t h e c o m p o s i t e m a t r i x e l e m e n t

M 2 i . I t i s u s u a l l y a s s u m e d t h a t t h e p r i n c i p a l c o n t r i b u t i o n

t o t h e p r o b a b i l i t y o f a t w o - q u a n t u m t r a n s i t i o n i s a s s o c i a -

t e d w i t h t h o s e i n t e r m e d i a t e s t a t e s i w h i c h l i e c l o s e t o t h e

l e v e l s 1 a n d 2 :

ft Ι |, S Ι ω2ί I < ίωα, H(ob.

The contribution of distant states j , i .e. , of states for
which

| (2.8)η = | (ωα + ω

is assumed to be negligibly small .

In this approximate approach, the expressions (2.2)
and (2.4), (2.6) for the composite matrix element a re no
longer equivalent. The form (2.4), (2.6) of the composite
matrix element turns out to be preferable, since the
t e r m s discarded in the summation over 1 contain an
extra factor η2 compared with the corresponding t e r m s
in (2.2). Moreover, the few-band approximation in (2.2)
may turn out to be incorrect, while the approximate ex-
pressions following from (2.4) or (2.β) will describe two-
quantum transitions sufficiently accurately. To see this,
we consider the commutation relations between the co-
ordinate and momentum

(2.9)Ι/Λ r"\u = Σ [(pfipii/ωιι
!

] = 0 .

t h e c o n t r i b u t i o n o f s t a t e s s a t i s f y i n g t h e i n e q u a l i t y ( 2 . 8 ) i s

Ρ?ι/ω2ί)]. (2.10)

The e x p r e s s i o n (2.10) i s obtained by summation of the
zeroth-order and f irst-order t e r m s in η for each j . It
can be seen from (2.10) that the contribution of the high-
lying states to (2.2) can be expressed in t e r m s of the
character is t ics of the states i close to the levels 2 and 1.
This contribution is not necessari ly small . We add that
it is precisely the term (2.10) which distinguishes the
approximate (with not all the levels taken into account)
expressions following from (2.2) and (2.4). In the case of
a band spectrum, the contribution of the upper bands can
be represented, using (2.7), in the form

(ft) = (ί'/ωαω6
[% ( + ω, AiifO — (2.11)

{d/dk,,) (ω21 (ft) Ω5ι)-Ω6

21 fto,, (k)/dka).

C o m p a r i n g t h e e x p r e s s i o n ( 2 . 9 ) w i t h ( 2 . 2 ) , w e f i n d t h a t

We can s e e by comparing the e x p r e s s i o n (2.2) for the
composite matr ix e lement with (2.10) and (2.11) that the
three- leve l (three-band) approximat ion 1 1 1 0 ' 1 0 in (2.10)
leads to incorrect r e s u l t s , s ince the contribution (2.10),
(2.11) of the other l e v e l s faands) to the composi te matr ix
e l e m e n t i s of the s a m e order. The e x p r e s s i o n following
from (2.2) in the two-band approximation i s a l s o found
to be i n c o r r e c t . Naturally, to obtain a c o r r e c t result in
approximate calculat ions, it i s n e c e s s a r y to combine the
contribution obtained from (2.2) when the l e v e l s i are
taken into account, with (2.10) or (2.11). We emphas ize
that the approximate e x p r e s s i o n s following from (2.2),
when combined with (2.10) or (2.11), are equivalent to
those which can be obtained from (2.4) or (2.6) d irect ly.

To conclude this sect ion, it i s appropriate to add that
al l the re lat ions concerning approximate e x p r e s s i o n s for
the composi te matr ix e lement are a l s o valid in the
descript ion of Raman scatter ing.

c) Polar izat ion dependence of two-photon trans i t ions.
Two-photon absorption depends e s s e n t i a l l y on the polar-
ization of the e l e c t r i c f ie lds . This dependence differs
sharply from the polarization dependence of one-photon
absorption, in that two-photon absorption depends on the
polarization even in an i sotropic medium. For s p e c t r o -
scop ic purposes, the polarization dependence of W^ i s
of spec ia l in terest , s ince it enables us to obtain informa-
tion on the s y m m e t r y of the s t a t e s participating in the
two-photon transit ion. In i sotrop ic media and media with
cubic s y m m e t r y , this dependence i s determined by the
polarization propert ies of the composite matr ix e lement
Mfi^. In media with lower s y m m e t r y , the dependence of
the two-photon transition probability W*]3 on the polar-
ization of the e l e c t r i c f ie lds i s determined a l s o by the
propert ies of the d ie lectr ic permittivity e

a b ( ^ ) . A s can
be seen from (2.1), e . (ω) appears directly in the expres-
sion for the two-photon transition probability and, in ad-
dition, the difference between the field acting on the e lec-
tron and the macroscopic field occurring in the Maxwell
equations is also related to e

a h ( w ) · The r ete-tion between
the effective and macroscopic fields for nonlinear prob-
lems is discussed i n t l 5 ] .

The polarization properties of two-photon absorption
that ar i se from the polarization properties of the com-
posite matr ix element M21 will be discussed in Sec. 4 for
isotropic media (vapors, liquids and solutions) and in
Sec. 5 for crysta ls .
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3. EXPERIMENTAL TECHNIQUE

Two-photon transitions in matter lead to attenuation
of the incident fluxes of quanta. This attenuation depends
both on the properties of the substance and on the magni-
tude of the quantum flux. We can introduce, e.g., the
cross-section for absorption of quanta of type a in the
presence of a field b:

The properties of the substance are characterized by the
quantity y™. For solutions, it is convenient to divide
this quantity by the number of absorbing particles, intro-
ducing the two-quantum absorption "cross-section" per
molecule:

«21 (««, co6) = Wt/NF,,Fb f Or α φ b and δαα = WTdiNFl,

where Ν is the density of absorbing particles. This quan-
tity has the dimensions cm4 sec.

For condensed media, it is more convenient to use
the imaginary part of the nonlinear-susceptibility ten-
sor1-53

Xaan (<•>„, (ub) = [c2 (εοοεΜ>)
1/ί/8π1)7ΐωαω,>] W?JFaFb.

t o c h a r a c t e r i z e t w o - p h o t o n a b s o r p t i o n .

a ) O n e s o u r c e . T h e f e a t u r e s o f t h e e x p e r i m e n t a l

t e c h n i q u e f o r m e a s u r i n g t w o - p h o t o n a b s o r p t i o n a r e a s -

s o c i a t e d p r i m a r i l y w i t h t h e f a c t t h a t , t o o b t a i n a m e a s -

u r a b l e e f f e c t , l a r g e l i g h t f l u x e s , w h i c h c a n b e o b t a i n e d

a t p r e s e n t o n l y f r o m p u l s e d l a s e r s , a r e n e c e s s a r y . T h e

m a g n i t u d e o f t h e l i g h t f l u x i s l i m i t e d b y t h e s t a b i l i t y t o

l i g h t of t h e m a t e r i a l b e i n g s t u d i e d . F o r t h e f l u x e s a p p l i -

c a b l e i n p r a c t i c e F ~ 1 0 2 ! - 1 0 2 e c m " 2 s e c " 1 , t h e e f f e c t i v e

t w o - p h o t o n a b s o r p t i o n c r o s s - s e c t i o n F 6 i s found t o be

r a t h e r s m a l l . N e v e r t h e l e s s , i n t h e f u n d a m e n t a l - a b s o r p -

t i o n r e g i o n of c o n d e n s e d m e d i a , a d i r e c t m e a s u r e m e n t of

t h e a b s o r p t i o n i s s t i l l p o s s i b l e , a l t h o u g h n e a r t h e a b s o r p -

t i o n - b a n d e d g e a n d for s o l u t i o n s o r g a s e s i t i s n e c e s s a r y

t o t u r n t o i n d i r e c t m e t h o d s . W e m u s t k e e p i n m i n d t h a t ,

i n t h e c a s e o f t w o - p h o t o n a b s o r p t i o n of l i g h t f r o m o n e

s o u r c e , t h e l a w of e x p o n e n t i a l d e c r e a s e o f t h e f l u x , F ( x )

= F o e x p ( - k i x ) , i s r e p l a c e d by t h e h y p e r b o l i c l a w :

F (x) = /V(l + k2x),

w h e r e k2 = O N F o , i . e . , d e p e n d s o n F o . H o w e v e r , t h e a b -

s o r p t i o n i s o f t e n s o s m a l l t h a t w e c a n u s e t h e l i n e a r a p -

p r o x i m a t i o n F ( x ) « F o ( l - k 2 x ) , w h e r e k jx < S 1, a n d w e

m a y s p e a k of a t w o - p h o t o n " a b s o r p t i o n e x p o n e n t " f o r a

l i g h t f l u x of g i v e n m a g n i t u d e .

W e a l s o n o t e t h a t a d i r e c t m e a s u r e m e n t o f t h e a t t e n u a -

t i o n i n s e m i c o n d u c t o r s c a n be m a d e d i f f i cu l t b e c a u s e of

t h e l i n e a r a b s o r p t i o n , e . g . , by t h e f r e e c a r r i e r s f o r m e d

i n c o n s i d e r a b l e q u a n t i t i e s u n d e r t h e a c t i o n of t h e p o w e r -

ful r a d i a t i o n C l 6 ] .

T o m e a s u r e s m a l l a b s o r p t i o n , i n d i r e c t m e t h o d s a r e

u s e d . Of t h e s e m e t h o d s , t h e m o s t c o m m o n i s t h e m e a s -

u r e m e n t of the i n t e n s i t y of t h e l u m i n e s c e n c e e x c i t e d in

t h e t w o - p h o t o n a b s o r p t i o n 1 ' . T h e l u m i n e s c e n c e m e t h o d

of m e a s u r i n g t w o - p h o t o n a b s o r p t i o n h a s b e e n a p p l i e d in

a l a r g e n u m b e r of e x p e r i m e n t s , e s p e c i a l l y f o r s o l u t i o n s

of o r g a n i c s u b s t a n c e s , w h e r e i t i s , a p p a r e n t l y , t h e o n l y

possible method. Most measurements have been per-
formed at ruby-laser frequency (λ = 694 nm). By meas-
uring the luminescence intensity, it i s especially easy to
determine the relative values of δ. Absolute measure-
ments are more difficult.

Values differing by more than an order of magnitude
for the same substance have been given in the literature
(see Sec. 4(d)).

In^ , to determine the absolute values of δ a com-
parison of the luminescence intensity for two- and one-
photon excitation was used, and in'-18-', comparison with
the radiation of a photometric lamp was used. The prin-
cipal errors in the determination of the absolute value
of δ are connected with the fact that, with a quadratic
dependence of the luminescence intensity on the exciting
flux, it is difficult to perform the averaging over the
(transverse) space and time distributions of the laser in-
tensity. To obtain a more exact absolute value of 6 for a
solution of anthracene, a ruby laser working in the
single-mode regime was used in . Here, a comparison
was made of the luminescence excited in the two-photon
absorption of the laser radiation and the luminescence
excited in the one-photon absorption of the second
harmonic from the same laser. The results of these
measurements are described in Sec. 4 (d).

An important stride in the development of the tech-
nique for measuring two-photon absorption has been the
application of dye lasers with tunable frequency > 2 ) .
This has made it possible to obtain two-photon absorp-
tion spectra even with one source. In )21-], the spectra
of the absorption δ (ω) and of the polarization ratio Ω (ω)
have been obtained by this method for a solution of
anthracene in cyclohexane in the region of wavelengths
720—760 nm. A laser on solutions of polymethylene dyes,
excited by a giant ruby-laser pulse, was used. A narrow-
ing of the generation band to 5 A was achieved by apply-
ing a diffraction grating as one of the resonator mirrors.
Rough frequency tuning was effected by choosing differ-
ent dyes and by changing the concentration of the solu-
tions, and fine tuning by rotating the grating. The two-
photon absorption was measured by the luminescence
intensity. The laser intensity was monitored by the two-
photon absorption in a standard solution. In addition to
the two-photon absorption for linearly polarized light, the
absorption for circularly polarized light was measured.
A quarter-wave plate, tunable in accordance with the
laser frequency and consisting of two quartz wedges
able to move relative to each other, was used.

Along with the luminescence method, the photo-con-
ductivity arising in the two-quantum photo-conductive
effect is also used in the measurement of two-photon
absorption in crystals. Indirect measurements by means
of comparison with one-quantum absorption in semicon-
ductors are complicated by the large difference in the
conditions of two-quantum and one-quantum excitation to
the interior of the band, this difference being connected
with the strong influence of the state of the surface on
the luminescence and conductivity for one-quantum ex-
citation -1. Another difficulty of the indirect measure-
ments in semiconductors arises from the complicated
kinetics of the nonequilibrium carriers.

b) Two sources. The application of two independent
sources for the measurement of two-photon absorption
laid the foundations of two-photon spectroscopy. For one
of the sources a pulse laser is used, as before, and for
the other an ordinary pulsed xenon lamp is used. As a
rule, the substance investigated is practically transpar-
ent for each of the sources separately. By cutting out a
narrow portion from the continuous spectrum of the lamp
by means of a monochromator, one can plot the two-
photon absorption spectrum. The laser pulse and the
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lamp flash are synchronized in order that their maxima
occur at the same t ime. Usually, the lamp pulse is con-
siderably longer than the laser pulse. Therefore, the
phenomenon of two-photon absorption is observed ex-
perimentally as a decrease of the transmission of the
light from the lamp at the moment the laser pulse acts
on the substance. In the two-source method, it i s possi-
ble to change the direction of polarization in the two
beams independently, and this further increases the in-
formation obtainable.

In this method, only one of the sources should be
strong, i .e., the laser source. The intensity of the sec-
ond source is determined only by the practical require-
ments of the experiment. The two-photon absorption of
the laser light induced by the presence of the light from
the second source i s , of course, negligibly smal l , and
the observable effect of the absorption of the light from
the second source at the time of action of the laser de-
pends linearly on the intensity of the la t ter . This makes
it considerably eas ier to determine the absolute magni-
tude of the absorption corresponding to a given flux from
the laser, since in the calculations one can use the laser-
intensity value averaged over the time and transverse
cross-section of the beam.

The two-source method was first applied in the
pioneering work of t 2 4 ], in which the laser operated in
the free regime. In subsequent work, solid Q-pulsed
lasers have been used. The experimental setups of the
different authors differ only in technical details, such as ,
e.g., the directions of the two beams. They can be mutu-
ally perpendicular, directed at an angle to each other, or
arranged in opposition. This does not play an important
role, since the absorption depends on the direction of the
electr ic vectors .

In measurements of the polarization angular depen-
dences, it i s necessary to pay attention to the mutual
orientation of the electr ic vectors, and also, in the case
of crystals , to their direction relative to the crystallo-
graphic axes. For birefringent crystals , it i s also
necessary to take into account that the state of polariza-
tion changes as the light propagates in the crystal .

Figure 1 shows the scheme of the experimental setup.
For fluxes of about 102 5 cm"2 sec" 1 , the two-photon ab-
sorption "exponent" usually amounts to a few hundredths
of a cm" 1 and the decrease of transmission at the time of
the laser pulse correspondingly reaches , at best, a few
per cent. Therefore, the accuracy of the measurements
and the sensitivity of the method are essentially limited
by noise. In this respect, measurements of two-photon
absorption have certain special features. A character i s-
tic of these measurements is that, because of the single-
pulse character of the experiment, it i s difficult to use a

Γ
9

Β

10

FIG. 1. Block diagram of the setup

for two-photon spectroscopy with two

sources: 1—laser, 2—pulsed lamp, 3—

synchronization circuit, 4-sample, 5 -

monochromator, 6, 7-photomultiplier,

8-RC-filter, 9, 10-oscillographs.

d i f f e r e n t i a l m e t h o d a n d , m o r e o v e r , i t i s n e c e s s a r y t o d e -

t e r m i n e a s m a l l a n d r a t h e r s h o r t - d u r a t i o n c h a n g e of

s i g n a l a g a i n s t t h e b a c k g r o u n d of a l o n g e r p u l s e . T h i s

p l a c e s t h e p h o t o - m u l t i p l i e r in a d i s a d v a n t a g e o u s r e g i m e .

U s u a l l y , o n e w o r k s i n s u c h a w a y t h a t t h e p u l s e f r o m t h e

p h o t o - m u l t i p l i e r g o e s s i m u l t a n e o u s l y t o t w o o s c i l l o -

g r a p h s , o n e of w h i c h ( t h i s c a n b e a c o m p a r a t i v e l y l o w -

f r e q u e n c y o n e ) d e t e c t s t h e l o n g ( e . g . , 2 0 [i&ec) p u l s e of

t h e l a m p , a n d t h e o t h e r d e t e c t s — t h r o u g h a d i f f e r e n t i a t i n g

l a d d e r n e t w o r k — t h e s h o r t ( 2 0 n s e c ) p u l s e of t h e i n c r e a s e

i n a b s o r p t i o n a t t h e t i m e of a c t i o n of t h e l a s e r . T h e m a g -

n i t u d e of t h e l a s e r p u l s e i s m o n i t o r e d s i m u l t a n e o u s l y .

T h e s e n s i t i v i t y of t h e m e t h o d d e p e n d s m a i n l y on t h e

s h o t n o i s e of t h e p h o t o - m u l t i p l i e r . F o r a c r u d e e s t i m a t e

of t h e n o i s e , w e c a n t a k e i n t o a c c o u n t t h e f l u c t u a t i o n s d e -

t e r m i n e d by t h e n u m b e r of p h o t o - e l e c t r o n s e m i t t e d f r o m

t h e c a t h o d e of t h e p h o t o - m u l t i p l i e r ( P M ) i n t h e r e s o l v i n g

t i m e of t h e a p p a r a t u s , a n d n e g l e c t t h e o t h e r s o u r c e s of

n o i s e , e . g . , t h e e f f e c t of t h e P M d i o d e s . I f t h i s n u m b e r

of photo-electrons is equal to n, the relative mean fluc-
tuation of the signal is equal to Δν/V = l/n l / a . The num-
ber η of photo-electrons can be related to the amplitude
V of the pulse at the load resistance of the PM. If τ is
the time characterizing the width of the amplification
band of the detecting apparatus, a i s the gain of the PM,
and R is the load res is tance, then

η = Vx/eaB,

w h e r e e i s the e l e c t r o n c h a r g e . T a k i n g V = 10 V,

τ = 10"7 sec, a = 10e, and R = 75 ohm, we find AV/V
= 0.003. The precision of the measurements obtained in
practice is somewhat better, as a result of averaging
over many pulses.

In1-25-1, an automatic "two-photon s p e c t r o m e t e r " is
described, in which the pulse amplitude i s measured by
a digital voltmeter and displayed on a printing device.
The work of the whole apparatus i s completely automated,
and, because of this, high stability and good accuracy of
the data obtained a re achieved.

4. TWO-QUANTUM TRANSITIONS IN
MOLECULES A N D MOLECULAR CRYSTALS

a) Nature of Two-quantum Transitions in Organic
Molecules. A fairly extensive l i terature has been de-
voted to the study of two-quantum absorption in molecules
and molecular crysta ls . Organic aromatic compounds
have been the object of study in the overwhelming major-
ity of cases . This is due, firstly, to the fact that the
spectra of these compounds are convenient for study,
and, secondly, to the large probability of two-quantum
transit ions in them.

A considerable number of papers are associated with
the study of anthracene 1 1 8 " 2 3 ' 2 " " " 1 3 . Using this compound
as an example, the nature of the experimentally detected
two-quantum transitions between electronic levels of
different parity has been elucidated. Two-photon t rans i-
tions between states of different parity are forbidden by
symmetry in the dipole approximation. Many authors
have assumed that the observable transitions between
electronic levels of different parity in organic compounds
are due to quadrupole and magnetic-dipole interac-
t i o n s 1 ^ 4 ' 4 0 ' 5 1 ' " 2 ' 6 ^ . However, the probability of such
multipole transitions is smaller than for dipole t rans i-
tions by a factor of (a/λ)2 (a i s the size of the molecule
and λ is the wavelength). For optics, this ratio i s
10""—10"7. Est imates suggest that, generally speaking,
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multipole transitions can be observed, but the first
measurements of the absolute magnitude of the two-
quantum absorption cross-section in organic molecules
have already demonstrated the untenabiUty of this ex-
planation. 3 ' The investigations inC2o,2i,44,5o,M,56,59,54]

have made it possible to establish that two-quantum
transit ions in molecules have an electronic-vibrational
character . But transitions between electronic levels of
different parity are due, in the final analysis, to distor-
tion of the symmetry of the molecules by asymmetr ic
vibrations. The relative intensity of such transit ions is
equal to Wyjjj/wgj ( ω ^ and w e j are the character is t ic
frequencies of the intra-molecular vibrations and of the
electronic transit ions respectively).

b) Structure of the spectrum of two-photon electronic-

vibrational transitions'-2 1-1. 1) Two-photon transitions in
a molecule a re characterized conveniently by the two-
quantum absorption cross-section, which is determined
by the properties of the molecule and does not depend on
the quantum fluxes:

—».-«*) ( 4 # 1 )

Here d is the operator of the dipole moment of the mole-
cule:

(4.2)

where rj a re the coordinates of the e lectrons, and g· and
RJ are respectively the charges and coordinates of tne
nuclei. For the subsequent analysis, it is necessary to
know the matrix elements of the dipole moment. We
shall t reat these in the adiabatic approximation, by
representing the wavefunction ψ of a stationary state in
the form c e 5 ' e e ]

where θ (r, R) is an eigenfunction of the Hamiltonian of
the molecule with the nuclei fixed, and <pt (R) is the

>s
wavefunction of the nuclei in the s-th electronic state.

If we use (4.3), the matrix element of the operator
(4.2) can be written as follows:

(sjs I d | mym) = (/, | <U I ym) (1 - δ™) + (4.4)

dgm(R) = (s|d|m) is the matrix element of the dipole mo-
ment of the electronic part of the system and depends
parametrically on the positions of the nuclei, and Ds/.

Jŝ sis the matrix element of the dipole moment of the
molecule, which determines the intensity of transitions
between the vibrational sub-levels j and j ' of the s-th
electron state.

We change from the Cartesian coordinates R. of the
nuclei to normal coordinates Q̂ , in the electronic state s
(the index a labels the normal coordinates) and repre-
sent (sjsldlmjm) in the form of a series in the normal
coordinates. Confining ourselves to the terms linear in
Q a, in place of (4.4) we have

Q'a | ym) (1 - 6sm)sh I d | mj'm) = dsm (0) (j, | ym) +

h e r e , e® are the units vectors of the polarization of the
normal vibrations, and

№ > & < ! № > • (4.6)

The matrix elements in (4.6) are defined by means of the
function 9™(r) = 9 m (r , Rf0)), where Rj0 ' are the coordin-
ates of the nuclei in the equilibrium configuration of the
s-th electronic state;

i) (4.7)

is the effective charge determining the intensity of the
vibrational transitions.

Below we shall need the relative magnitude of the dif-
ferent terms. An approximate comparison can be made
by putting Rwgk « ez/R0, where Ro is the characteristic
distance between the nuclei. Then the second and third
terms will be of order AR/R0 relative to the first, where
AR is the amplitude of vibrations of the nuclei.

2) We can now proceed directly to the analysis of the
spectrum of the two-photon transitions. First of all, we
consider the allowed transitions, i.e., transitions between
electronic levels of the same parity. By substituting
(4.5) into (4.1), we obtain for the absorption cross-sec-
tion in zeroth order in AR/R

δ™1)(ωα, ω6) = '

where ω ο ί .

(4.8)
(dimea) (dmaeb) (dimeb) (dm.ea)

«6 — Omi »„-%!
( 0 ) s j s ; l j ( ~ < ° a — ω ί>)

a r e t h e m o l e c u l a r e i g e n f r e q u e n c i e s

S
corresponding to electronic-vibrational transitions,
(ĵ  |js) is the overlap integral between the vibrational
functions of the initial and final states, and pj is the
equilibrium density matrix1-14-1 describing the population
distribution of the vibrational sublevels of the initial
state of the molecule. The expression (4.8) represents
the total probability, averaged over the initial vibrational
states and summed over the final vibrational states, of a
two-photon transition between electronic levels. In going
from (4.1) to (4.8), we have used the equality

Σ ΟΊ Ι Μ (!m | /.> = (J, I /.), (4.9)

which follows from the completeness and orthonormaliza-
tion of the eigenfunctions of the vibrational problem for
an arbitrary electronic state .

We shall be interested in the structure of two-quan-
tum transitions within the limits of one electronic band.
We note that the factor inside the modulus sign in (4.8)
does not depend on the parameters of the vibrational mo-
tion. If in addition we assume that, for all intermediate
states m, the difference between the frequencies a>mj of
the electronic transitions and the field frequencies wa

and W[j are large compared with the width of the vibra-
tional band, then this factor can be assumed to be con-
stant inside the electronic band. We should add that this
factor characterizes the total probability of a transition
between the electronic states / and s4 ).

Roughly speaking, the structure of the spectrum inside
an electronic-vibrational band is determined by the
δ-function in (4.8) and is a set of peaks corresponding
to the different electronic-vibrational transit ions. The
intensity of the individual peaks depends on the overlap
integral (j/ljg)· If, e.g., the initial state is the ground
state, ρ i =δι (the ground-state symmetry is A ),

then the overlap integral in (4.8) is non-zero only for
fully symmetric vibrations of the final s ta te 5 ' .

Thus, the vibrational structure of a two-quantum tran-

sition depends principally on o>a . When the sum
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w a + w b * s f i x e < i , the absorption intensity, as can be s e e n
from (4.8), depends on the product ω ^ ^ and reaches a
maximum when a>a = ω^. In pract ice, this dependence is
of little importance, since, in experiments, we are most
often concerned with close frequencies.

To conclude this examination of allowed transit ions,
we shall find est imates of the two-quantum absorption
cross-section. The standard estimate formula has the
form

δ = [(2n)3/eftV] (ω·/Δω) | dlmdmZl{<s>2m - ω) (4.10)

To obtain (4.10) from (4.1), we have confined ourselves
to taking one intermediate state m into account and have
replaced the δ-function by the quantity (Δω)"1 describing
the broadening of the level. Substituting, for the quanti-
ties appearing in (4.10), values typical for polycyclic
aromatic compounds (dipole moments of the order of a
Debye, Δω ~ 300 cm" 1, ω ~ a>

2 m
u>

m i

1.5

x 104 cm" 1), we have δ ~ 10~4 8-10"5 0 cm 4 sec photon"1.

We note that this estimate i s in agreement with the
resul ts of numerical calculation for a number of com-

' * 3

posed of the e lectronic-vibrat ional t rans i t ions s e l e c t e d
by the δ-function in (4.14). In contrast to (4.8), for for-
bidden transitions the cross-section is non-zero only for
excitation of asymmetric vibrations. In fact, the possible
types of electronic-vibrational transit ions and their in-
tensities are determined by the expression inside the
modulus sign in (4.14). This expression is non-zero only
for asymmetric vibrations. If, say, the state m i s odd
( d o m i 0), then the levels m and s have the same parity,
and then (cf. (4.6)) λ β is non-zero only for odd vibra-
tions. The same can also be said of X o m for even states
m.

The intensity of any given line in the spectrum is de-
termined also by the overlap integral ( l j " l j s ) of the
vibrational function of the ground electronic state with
excitation of one quantum of asymmetr ic vibration of
type a, and the vibrational function of the final state j g .
Representing these functions in the form of products of
functions referring to different vibrations, we find

3) For electronic states of different parity (forbidden
transitions), the two-quantum absorption cross-section,
as follows from (4.1), (4.5), (4.6) and (4.9), is non-zero in
first order in

(4.11)

-(diAMefei,) (d1.ei,)(efea)1/

ωϊ J ( g a

In obtaining (4,11) from (4.1), the relation

(4.12)

w a s used. The equality (4.12), like (4.9), fol lows from
the comple teness and orthonormalization of the vibra-
tional functions l j m ) · In the e x p r e s s i o n (4.11), unlike
(4.8), it i s no longer poss ib le to separate a factor depend-
ing only on the e lec tron ic coordinates of the molecu le .
In order to simplify the analys is of (4.11), we shal l fur-
ther a s s u m e that the molecule i s in the ground state
(Z = 0, jj = 0), that the vibrations of different types are
harmonic and non-degenerate, and that the frequencies
of both quanta are the s a m e :

ωα = ω6 = ω, ea = eb = e. (4.13)

With these assumpt ions, the e x p r e s s i o n (4.11) for the
c r o s s - s e c t i o n can be s impli f ied:

HV) δ (<oSJs(K)—2ω) <01 <??11" > <*o | /»>2

X | 2 {(ω—a>mo)-> [(dome) ( C e ) + (X?me) (dmse)]} (4.14)

δ (ω) =

In going from (4.11) to (4.14), we have used the fact that,
in the harmonic approximation, for a transition from the
ground state only the one matr ix element < 0 | Q ^ | l ^ ) ^ 0 ,
and that 1 1 1 2 3

l?. . .>(l?. . . | i s >. (4.15)

We shall examine the frequency dependence of (4.14),
which represents the intersection of the surface
6 ab(co a, ωι,) by the plane a>a = ω^. If we again confine
ourselves to investigations of one electronic band, then,
as in the preceding case, the spectrum is basically com-

β in (4.16) labels the fully symmetric vibrations. In
writing (4.16), we have taken into account that the equili-
brium position i s not displaced for asymmetr ic vibra-
tions of excited s tates , and, consequently, the overlap
integral is large (approximately equal to unity) only for
vibrational states with the same quantum numbers . The
quantity n(Olj^) defines a progression over the fully

β s

s y m m e t r i c vibrations (this quantity a l s o determines the
vibrational structure of a one-quantum transit ion).

The following character i s t i c feature of the two-quan-
tum absorption spectrum for transi t ions between e l e c -
tronic l e v e l s of different parity a r i s e s from the above
a n a l y s i s . Within an e lectronic-v ibrat ional band, the
spectrum c o n s i s t s of a s e t of s e r i e s , the f i r s t of which
i s shifted into the short-wave region from the 0—0 tran-
sit ion by the frequency of the a s y m m e t r i c vibration of
lowest frequency. Each s e r i e s c o n s i s t s of peaks c o r r e -
sponding to the excitat ion of a s y m m e t r i c v ibrations of
different types . The different s e r i e s differ in the e x c i t a -
tion not only of a s y m m e t r i c vibrations but a l s o of a fully
s y m m e t r i c vibration of one type or another. The s p a c i n g s '
between the s e r i e s are determined by the frequencies of
the fully s y m m e t r i c v ibrat ions. The relat ive in tens i t i es
of the peaks in a s e r i e s remain the s a m e on going from
one s e r i e s to another. The spectra l pattern descr ibed
here i s shown in Fig. 2. It should be noted that th is pic-
ture i s only a guide, inasmuch a s it does not take into
account the finite width of the e lectronic-v ibrat ional
s t a t e s . Under exper imenta l condit ions, th is broadening
i s large (excluding the c a s e of the Shpol 'ski i e f f e c t [ T O ^ )
and the different e lectronic-v ibrat ional l e v e l s can over-
lap. We note that the analys is given i s e a s i l y extended to

the c a s e u>a . If we exclude resonance with an inter-
mediate state, then the absorption cross-section for
fixed o>a + ω^ falls by a factor of 4ω α ω|3/(ω α + ω^)2 for
w a ^ wb· ^ s r e g a r d s es t imates, one can obtain from
(4.14) in the corresponding approximations an estimate
formula of the type (4.10):

δ = 1(2π)3/εβ2] (ω'/Λ(β£!) | d,m dm2/(<o2m - ω) Ρ (AR/Rtf. (4.17)

The square of the rat io of the d isp lacement of the nuclei
in vibrations to the equil ibrium distance i s , in order of
magnitude,

| AR/R0 |2 « oW«o m - (4.18)

The parameter (4.18) determines the degree of forbid-
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Ιι
FIG. 2. Scheme of the two-photon absorption spectrum in centro-symmetric molecules in transitions between electronic levels of differentparity. The dashed lines 0-2 show the progression based on the fully sym-metric vibration (0 denotes the purely electronic transition). The solidlines show electronic-vibrational transitions corresponding to different(<*!, a2 and a3) asymmetric vibrations.

d e n n e s s of t r a n s i t i o n s be tween e l e c t r o n i c s t a t e s of dif-

f e r e n t p a r i t y . F o r t y p i c a l c a s e s in p o l y c y c l i c a r o m a t i c

m o l e c u l e s , i t s va lue i s 30" 1 —300" 1 . A m o r e a c c u r a t e

e s t i m a t e can a l s o be p e r f o r m e d , a t l e a s t f o r the s e c o n d

t e r m i n s i d e the m o d u l u s s ign in (4.14). A s s u m i n g t h a t

the difference λ - λ 0 0 ~ λ 0 0, we have, analogously to
(4.17),

6 = [(2π)3/Λ2] | O01

where DOi i s the dipole moment of the molecular vibra-
tions. For anthracene, e.g., d o S ~ 0.7D (transition to
the B 2 U level), DOi ~ 0.3D, Δω ~ 300 cm" 1, and for δ we
have in this case δ ~ 10~51 cm 4 sec photon ' .

4) In concluding our examination of the structure of
the spectrum of two-quantum transit ions in molecules,
we must add that, in the approximation described (neglect
of the broadening of the electronic-vibrational t rans i-
tions), the principal features of the spectrum remain the
same for molecular crysta ls . Naturally, in crystals it is
necessary to take into account the shift and Davydov
splitting of the electronic-vibrational bands. As regards
es t imates , in crystals it is necessary to take into account
the difference between the effective and macroscopic
fields. This difference can lead to an increase of the
cross-section. Thus, if both fields are directed along a
symmetry axis (say, along the z-axis), the increase of
the cross-section per molecule can reach the value
[(e + 2)/3]4. If we take into account that, for organic
crystals , the jr-electrons (and it is precisely these which
take part in transit ions in the visible and near ultra-
violet part of the spectrum) are spread out over the
cells, the quantity [ ( e z z + 2)/3]4 must be regarded as an
upper bound on the possible increase of the cross-sec-
tion in crysta ls .

c) Polarization properties of two-quantum transitions
in molecules. 1) As can be seen from (4.1), the two-
quantum transition probability in a molecule depends on
the mutual orientation of the fields and the dipole mo-
ments appearing in the composite matrix element. Since
in a gas or solution the molecules are randomly orien-
ted, in measurements we obtain the magnitude of the two-
quantum absorption cross-section averaged over all
possible orientations of the molecule relative to speci-
fied directions (the directions of polarization of the
fields). This averaging of the cross-section can depend
only on the mutual orientation of the fields and on the
mutual orientation of the dipole moments appearing in the
composite matrix e lement 1 - 1 7 > 5 4 > 6 9 ] . Thus, if the dipole
moments are paral lel , then δ for e a exceeds δ forp , a ̂e a ι e b by a factor of 3iS31. For the case of one field,
different δ are also obtained, the value depending on
whether the absorbed quanta are linearly or circularly
polarized.

The polarization dependence of the cross-section of
two-quantum transitions contains information on the
symmetry of the intermediate and final states taking part
in the transit ions. We shall i l lustrate this with the έχ-
ample of molecules with D . symmetry (the symmetry
of the anthracene molecule), by considering the depen-
dence of the absorption cross-section of the molecule on
the degree of ellipticity of the light.

2) For allowed two-quantum transit ions, for D 2 n sym-
metry the final states in (4.8) (the ground state is A )
can be electronic states of the type Β , Β , Β ana A .

& & & &
It is easy to see that for states of the type B l g the possi-
ble intermediate states have symmetry B 2 U and B 3 U . For
either intermediate state, the dipole moments in the com-
composite matr ix element a re mutually perpendicular.
Averaging over the orientations of the molecules gives
for the relative magnitude of the cross-section as a
function of the ellipticity parameter of the light

6 (a) = C [1 + 2a2 (1 + a2)" (4.19)

where a = 0 for linearly polarized light and a = 1 for
circularly polarized light. Of greatest interest i s the
r a t i o C 5 4 ]

Ω = 6 (1)/δ (0),

which i s often measured experimentally. We note that,
near a = 0 and a = 1, the function (4.19) depends weakly
(in second order) on the ellipticity parameter a, and this
makes it eas ier to find Ω . The polarization dependence
(4.19) is also obtained for the final states B 2 g and B 3 g .
In all the cases considered, Ω = 1 . 5 . For a final state of
Axg symmetry, intermediate states of three types are
possible: B l u , B 2 U and B 3 U . The dipole moments in the
composite matrix element are parallel and directed
along the x, y or ζ axis, if the intermediate s tates a re of
symmetry B 1 U , B 2 U or B 3 U respectively. Neglecting, for
simplicity, dipole moments aligned along the z-axis (the
7T-electron approximation for plane molecules), we find
after averaging over the orientations of the molecules

1; (4.20)

y in (4.20) i s the rat io of the t e r m s in the composite ma-
trix element with dipole moments aligned along the x-axis
and the t e r m s with dipole moments aligned along the
y-axis:

Ω = 6 (1)/δ (0) = 2 (1 - γ + Τ2)/(3 + 2γ + 3γ2). (4.21)

Depending on the m a g n i t u d e of y, the v a l u e s of SI in

(4.21) a r e found t o be in the r a n g e 0 .67—0.25.

Thus, by polarization measurements, we can dis-
tinguish the final states of Β and A symmetry in a
molecule of D2jj symmetry. As follows from the results
of Sec. 4 (b) (cf. (4.8)), the polarization character is t ics
within one electronic-vibrational band do not depend on
the frequency and are determined by the symmetry of
the purely electronic s tate.

3) For forbidden transit ions, the situation is some-
what more complicated. We shall confine ourselves, for
i l lustration, to examining transit ions to the electronic
state B 2 U . It follows from (4.14) that such transitions
are possible with excitation of b i u , b 2 U and b 3 U vibra-
tions. For a final state with excitation of b l u vibrations,
the intensity of two-photon transitions in plane molecules
is determined by the term with (λ^,- A g g ) in (4.14). The
dipole moments are mutually perpendicular and Ω = 1.5.
For the final state with excitation of b 3 U vibrations, as
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i n t e r m e d i a t e e l e c t r o n i c s t a t e s i t i s n e c e s s a r y t o t a k e i n t o

a c c o u n t s t a t e s o f s y m m e t r y B J U , B l g ; , B 2 U a n d A l g . A s i n

the case of b i u vibrations, the dipole moments are mutu-
ally perpendicular and Ω = 1.5.

If the final state corresponds to excitation of b 2 u

vibrations, then the intermediate states can be the elec-
tronic states B2U, Αχ_, Β and B l g . In the first two
cases the dipole moments are parallel and aligned along
the x-axis, and in the others they lie along the y-axis;
Ω for transitions with excitation of b2 U vibrations is
described by the expression (4.21).

Thus, within one electronic-vibrational band, Ω de-
pends on the frequency and can vary from 0.25 to 1.5,
inasmuch as transitions corresponding to the excitation
of different vibrations can overlap.

To conclude our examination of the polarization
properties, we shall discuss the polarization of the lum-
inescence excited in a two-quantum transition'- >e9-1.
We again discuss a molecule of D ^ symmetry and as-
sume that the two-quantum transition is to the B2U elec-
tronic state. The luminescence from the B2U state is
polarized along the y-axis of the molecule. Suppose that
the excitation occurs as a result of two-quantum absorp-
tion of linearly polarized light, and the luminescence is
observed in a direction perpendicular to the direction of
the incident light. Averaging over the orientations of the
molecules, we find for the ratio of the luminescence
fluxes 11| and l± with polarizations parallel and perpen-
dicular respectively to the polarization of the incident
light

·|· —excitation due to biu and b3 u

_LL = I vibrations

2) Measurements of the absolute magnitude of the
two-quantum absorption cross-section in molecules have
turned out to be a fairly complicated matter. The main
difficulties are associated with the space-time inhomo-
geneity of the laser radiation, which is poorly controlled.
The results of different authors therefore diverge widely.
As an example, we give the values obtained by different
authors for the cross-section of the anthracene molecule

_- e x c i t a t i o n d u e t o b 2 u v i b r a t i o n s

Thus, the luminescence polarization R also contains
information on the symmetry of the vibrations. Meas-
urement of Ω and R together makes it possible to deter-
mine γ in the case when vibrations of different symmetry
overlap.

d) Principal experimental results on two-quantum
absorption in molecules. 1) A considerable proportion
of the experimental work has been devoted to obtaining
the two-quantum absorption effect in different molecules
(in solutions), mainly by means of a ruby laser
(λ = 694 nm). Because of the small absorption coeffi-
cient (^ 10"4 cm"1), the fact of two-quantum absorption
has been established by the appearance of luminescence
that is quadratically dependent on the pumping power.
Multi-stage absorption either was absent or was moni-
tored. Two-quantum transitions have been detected in
the following molecules: anthracene, phenanthrene,
pyrene, 3, 4-benzpyrene, naphthalene, chrysene, pery-
lene, fluorene, triphenylene, 9,10-dichloroanthracene,
fluoranthrene benzanthracene, dibenzanthra-
c e n e ^ 8 ,29,30,37,54,50,59,70] ^ ^ ^ ο ^ ρ ^ ^ ^ " ' ^ ,

c a r b o n d i s u l f i d e 1 1 7 3 ' 7 4 - ' , n i t r o b e n z e n e ! - 5 3 - 1 , b e n z o q u i n o n e ,

n a p h t h o q u i n o n e , a n t h r a q u i n o n e , N - e t h y l a c r i d o n e 1 · " · 1 ,

e u r o p i u m b e n z o y l a c e t o n a t e > 5 9 - 1 , e u r o p i u m t h e n o y l -

t r i f l u o r o a c e t y l a c e t o n a t e c l B > 5 9 : I , s t i l b e n e 1 1 " 3 , 3 - d i m e t h y l -

a m i n o - 6 - a m i n o p h t h a l i m i d e , 3 , 6 - t e t r a m e t h y l d i a m i n o -

m e t h y l p h t h a l i m i d e , 4 - b e n z o y l a m i n o - N - m e t h y l p h t h a l i m i d e ,

4 - f o r m y l a m i n o - N - m e t h y l p h t h a l i m i d e , 3 - a m i n o - N - p h e n y l -

p h t h a l i m i d e , 4 - t o l u y l - p - s u l p h a r n i n o - N - m e t h y l p h t h a l i -

m i d e 1 · 7 6 · 1 , r h o d a m i n e - 6 G , r h o d a m i n e - C , e o s i n - N a ,

e r y t h r o s i n e a n d c e r t a i n i m i d o - c a r b o c y a n i n e s .

in units of 10~
]

x 10
ts

" 1 [ 3 8 ] 1.6 ±

racen
photon: 5 x 10"2C23]

, 4 .3 C ! 1 ] , 4 .8 [ 3 3 ] ,

cm4 sec photon"1

i l a l C ! 1 ]
9
and 35 C l 7 ] .

The r e s u l t s of^19-1, in which spec ia l m e a s u r e s were taken
to stabi l ize the space-t ime c h a r a c t e r i s t i c s of the l a s e r
radiation (in the reg ime of one longitudinal and one
t r a n s v e r s e zeroth mode with giant-pulse generation),
must be regarded a s the most accurate . M e a s u r e m e n t s
of the absolute c r o s s - s e c t i o n performed at other fre-
quencies using SRS1-3 4 '7 4-1 should be regarded as giving a
rough guide, inasmuch as the s p a c e - t i m e inhomogeneit ies
of the radiation of the driving l a s e r in SRS are only re in-
forced. Polar izat ion m e a s u r e m e n t s have a l s o been car-
r ied out for the frequency of a ruby l a s e r 1 - 4 8 ' 5 4 3 . The
values of Ω obtained in [ 4 β : ι (0.7) andL 5 4 ] (0.87) are close.
The measurements of1-403, where Ω = 0 was found, must
be regarded as erroneous. The polarization properties
of the luminescence have also been measured^3 8 '5 4 3. The
values of R obtained in these papers are 1 and 0.8
respectively. From the polarization characteristics, it
is possible, in principle, to establish the relative contri-
bution of given vibrations to the cross-section of a two-
quantum transition, although the existing results are in-
sufficiently accurate for this. For exhibiting the vibra-
tions effective in a two-quantum transition, relative
measurements of the cross-section and polarization
properties in a broad frequency range are of great value.
Such measurements exist for α-chloronaphthalene'-72'75·1,
nitrobenzene1·533, and anthracene'-2 0'2 3 3. First we shall
discuss the results of ί · 2 0 ' 2 3 3, in which a sharply defined
electronic-vibrational structure was observed. The in-
vestigations of'·20'23-1 were carried out by the lumines-
cence method, using one source. The data obtained are
shown in Fig. 3. The spectrum does indeed have vibra-
tional structure, and the shift of the maximum in the
two-quantum absorption relative to the 0—0 transition is
clearly visible. The first peak on the short-wave side
corresponds to a transition with excitation of a b2 U vibra-
tion Γ with frequency 200 cm"1 in the B2U electronic
state. The peak in the long-wave part is due to popula-
tion of the vibrational sublevel 1Γ (ω ~ 200 cm"1) of the
ground electronic state A l g (the transition Aj b2 U — B2U).

The relative intensity of the peaks symmetrically dis-
placed from the 0—0 transition is determined by the

FIG. 3. Two-photon absorption
spectrum δ (λ) (dashed curve) and po-
larization-ratio spectrum Ω(λ) (solid
curve). The vertical dashed line denotes
the 0-0 transition. The vertical lines
along the abscissa denote the frequen-
cies of the ground-state asymmetric
vibrations, plotted relative to the 0-0
transition. The notation for the types
of vibration corresponds to that in [ 7 8).
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relative population of the ground state and of the
asymmetric-vibrational sublevels. For the vibration
considered, this rat io equals 3 at 300°K and grows ex-
ponentially with increasing temperature .

Also visible in the spectrum is an inflection in the
short-wave region, 600 cm" 1 away from the 0—0 t r a n s i -
tion (λ = 738 nm); this inflection is evidently associated
with the vibration of frequency of order 600 cm" 1 ap-
pearing in the infrared s p e c t r a 1 - 7 8 ' 7 9 a ] .

The dependence, shown in Fig. 3, of the polarization
rat io Ω on the frequency within the electronic-vibrational
band confirms the electronic-vibrational character of
the two-quantum transitions in anthracene. In addition,
the dependence Ω(ω), together with the spectrum δ (ω),
enables us to obtain additional information, e.g., on the
symmetry of the vibrations taking part in the transit ions.
Thus, a clear correspondence can be seen between the
maximum of the curve δ (ω) and the minimum of Ω (ω) at
λ = 745 nm. This tells us (subsection (c)) that the vibra-
tion of frequency 200 cm" 1 has symmetry b 2 u . The in-
flection of the function δ (ω) corresponds to a maximum
of the curve Ω(ω), indicating the b 3 u symmetry of the
vibration ~600 cm"1 (this agrees with the data of infra-
red m e a s u r e m e n t s [ 7 9 a ] ) . We note that there i s a certain
asymmetry of this maximum of Ω , possibly associated
with the overlap of the zeroth ser ies with the first ser ies
based on the fully symmetric vibration 399 cm \ In
addition, the function Ω(ω) has a minimum (λ = 728 nm)
which has no analog in the curve δ (ω). The b £ u vibration,
of frequency ~840 cm 1, of the excited electronic state is
responsible for this minimum.

Thus, the experimental results in the study of the
properties of forbidden two-quantum transitions in
centro-symmetric molecules are in good agreement
with the theory of electronic-vibrational transit ions and
are completely explained by this theory.

In α-chloronaphthalene1-7 2 '7 5-1, the two-quantum ab-
sorption spectrum differs from the spectrum of the
one-photon transitions (Fig. 4). The maximum observed
at 42,000 cm" 1 in the two-photon absorption is associated
by the authors with the presence of even electronic states
(α-chloronaphthalene does not possess a center of inver-
sion, but parity is a good quantum number for i t) . This
explanation corresponds to an absolute magnitude of the
cross-section of 3 x 10"50 cm 4 sec/photon. In nitroben-
zene, the spectra of the one- and two-photon transitions
coincide (Fig. 5), and the cross-section 10"50 cm 4

sec/photon corresponds to allowed electronic transit ions,
as we should expect for molecules with no center of sym-
metry.

e) Principal experimental results on two-photon
absorption in organic crysta ls . As was noted above (b),
the two-photon spectrum of molecular crystals should
retain the principal features of the two-photon spectrum
of molecules. In the case of crystals , however, there
can be specific features associated with inter molecular
interaction—in particular, with exciton effects.

The luminescence of organic crystals of phenanthrene,
pyrene, anthracene and 3,4-benzpyrene, excited by two-
photon absorption of radiation from a ruby laser (working
in the free regime, i .e. , with fluxes of the order of
1023 cm~2 sec" 1), had already been observed in early
work1-26'27-1. Later, attempts were made to determine,
by the luminescence method, the cross-section of two-
photon absorption of ruby-laser radiation for crystals

0,01 -

St SB

FIG. 4 FIG. 5

FIG. 4. Two-photon absorption spectrum δ for longitudinally (1) and
transversely (2) polarized photons in α-chloronaphthalene and the one-
photon absorption spectrum (3).

FIG. 5. Two-photon absorption spectrum (circles) and one-photon
absorption spectrum (solid curve, relative units) in nitrobenzene. The
two-photon absorption spectrum was obtained with a ruby-laser radia-
tion flux of 7 X 102S cm"2 sec'1 and with e a || e b [

5 3 ] .

and to compare this with the c r o s s - s e c t i o n for so lut ions.
The ra t ios obtained for anthracene ( 5 c r y S t / 5 S o l = I51"37"1 >

8 C " 3 > 55E23] j d i f f e r r a t h e r W i d e l y , th is being a s s o c i a t e d ,
apparently, with the exper imental diff iculties noted above.

Features speci f ic to the crysta l appear in the sharp
anisotropy of the two-photon absorption. In the
p a p e r s C 5 7 ) 7 0 ] , the polarization dependences were i n v e s -
tigated for c r y s t a l s of s t i lbene, anthracene and naphtha-
lene . These c r y s t a l s belong to the monocl in ic s y s t e m
(the point group C 2 n ) and p o s s e s s s trong b irefr ingence.
Consequently, the state of polarization of the light
changes a s the light p a s s e s through the crys ta l . T h e r e -
fore, a d irect comparison with the theory of polarization
dependences (see S e c . 5(c)) i s poss ib le only in the c a s e
when the light propagates along the direct ion of one of
the optical a x e s or when the d irect ions e a and e ^ of the
e l e c t r i c v e c t o r s coincide with the principal a x e s of the
crys ta l . In the general c a s e , when e a (or e b ) i s at a
certain angle α to one of the principal directions, the
light in the crystal will be elliptically polarized. As the
light passes through the crystal, the orientation of the
ellipse will change, but the ellipse will always be con-
fined in a rectangle with sides β χ = je cos α I and e y

= |e sin α I. Since the birefringence i s large, an effect
averaged over all such states of elliptical polarization
will be observed in experiments.

As a resul t , the symmetry of the angular dependences
will be increased—symmetry with respect to the prin-
cipal planes will appear, even in those cases when it is
absent in the original angular dependence. This increase
in symmetry is associated with the fact that the ex-
pressions of the form (e -d)2 = ( e x d x + e y d y ) 2 appearing
in the composite matrix element (2.4) will be t r a n s -
formed in the above averaging to ( e x d x ) 2 + (eydy)2.

For the C 2 n group, the final states of an allowed two-
photon transition can have the symmetry A g or B g .
According to »102 , the angular dependences have the
following form:

Ag

Bg

X,mtm2 X2ntn2 + λ3 (ltm2

(m,n2 — η,ηι2)+λβ (

λΛ (ltm2

nJ2

where Zj, mj and nj are the cosines of the angles between
e (or e^) and the coordinate axes, and λ± are param-
eter s that a re not determined by the symmetry.
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We shall assume, e.g., that a crystal plate is cut out
along the crystallographic planes a, b, i.e., the mono-
clinic axis b lies in the plane of the plate, while the light
propagates along the normal to the plate and e a H e^·
Then mi = m2 = 0, m = n2 = sin θ, h = h = cos £ (•> is the
angle between θ and the axis a), and we obtain the follow-
ing angular dependences:

for Ag

for Be

(cos2 # + λ2 sin2 i
sin2 ft -cos2 *.

(4.22)

Since in the present c a s e the principal d irect ions
coincide with the a x e s a and b, and the angular depen-
dences are even in «?, the arguments given above con-
cerning birefringence do not affect the r e s u l t s . "

Tne angular dependences obtained exper imenta l ly
make i t poss ib le to e s t a b l i s h unambiguously that they
agree with the calculated dependences for A~ and dis-
agree with those for Β . Thus, e.g., for stilbene with
the above orientation, the dependence cos4 i? was ob-
tained. This dependence follows from (4.22) if we put

C " 7 0 ]

Establishing the symmetry of the final state in a two-
photon transition is not sufficient to determine its nature.
The question of the interpretation of the spectrum has
been discussed intensively in connection with the two-
photon spectrum of the anthracene crystal.

In1·44-1, the two-photon spectrum of an anthracene
crystal was obtained by a two-source method (Fig. 6).
The two-photon absorption cross-section (at 3.85 eV)
was δ = 2 x 10"49 cm4 sec. As can be seen from Fig. 6,
the two-photon spectrum·has a well defined vibrational
structure. The magnitude of the absorption depends on
the polarization, in agreement with the work1-57-1.

One of the assumptions that have been discussed1-21'44-1

is that the spectrum of the crystal, like the spectrum of
the molecules, corresponds to the forbidden transition
Ag — B2U; the forbiddenness is partially lifted owing to
the non-fully-symmetric vibrations. According to an-
other assumption1-50·', in this spectrum an even exciton
doublet Ag, B_ appears, which, in accordance with the
calculation ofL80^, arises from the even excited state Β
of the molecule, which lies at about 4.9 eV and is low-
ered in the crystal to 3.5-3.8 eV.

In1-22-1 the two-photon absorption cross-section in an
anthracene crystal was measured for the anti-Stokes

g

3Ί 32

it

FIG. 6. Two-photon absorption spectrum of an anthracene crystal

[•"]. i_ j = 10°K, polarization along the b-axis; 2-T = 77°K, polariza-
tion along the a-axis.

components of the st imulated Raman scatter ing for fre-
quenc ies of 4 .15, 5.3 and 4.7 eV. The va lues obtained are
considerably higher than in the range 3.5—3.6 eV, and
amount to 7.6 x 10" 5 0 , 3.7 x 10" 4 8 and 1.2 x 10" 4 8 c m 4 s e c .
The analogous luminescence method was applied in the
paper1-23-1 for the Stokes components, c r o s s - s e c t i o n s
being obtained in the range 3.1—3.56 eV. An ana lys i s of
al l the ex is t ing data i s performed in^23-1. In F ig . 7, taken
from this ar t ic le , the data of various authors are given.
In it, the following interpretation of the spectrum of the
anthracene crysta l i s proposed:

1) In the region 3.2—3.5 eV, we have the e l e c t r o n i c -

vibrational transit ion 'A — 1 B 8 U » which i s al lowed by

the non-fu l ly-symmetr ic v ibrat ions. This interpretation

i s analogous to that of the molecu lar spectrum.

2) As regards the transition in the region 3.5—3.6 eV,
in1-23-1 a new possib i l i ty i s suggested—a transit ion to an
even (g) state with transfer of charge. Thus, it i s a s -
sumed that this i s a speci f ic crysta l l ine s t a t e . From
e s t i m a t e s , the c r o s s - s e c t i o n of this transit ion can be of
the order of 10"2 of that of the al lowed e lec tron ic t rans i-
tion, in agreement with the exper imenta l data.

3) In the region 4.2—4.8 eV, we have an allowed tran-
sition to the states A and Β , which, according to C 8 o : l ,

lie at about 4.9 eV in the anthracene molecule. This
agrees with the high value of δ (~ l(f48 cm4 sec) in this
region.

4) Finally, the very weak absorption observed both in
solution and in the crystal in the region of the 0—0 tran-
sition in the 'B2 U state is possibly associated with a two-
proton quadrupole transition. This interpretation re-
quires further corroboration.

5. TWO-PHOTON ABSORPTION IN SEMI-
CONDUCTORS AND IONIC CRYSTALS

Two-photon absorption in semiconductors has been
studied especially intensively. This is due, firstly, to the
wide investigations of semiconducting materials and,
secondly, to the great diversity of the properties of
semiconductors. Transitions into the interior of the con-
duction band have been studied theoretically and experi-
mentally^1 3 .

Much attention has also been given to the spectra of
two-quantum absorption near the band edge (transitions
to exciton states'-82-'). Below, the theory of two-quantum
transitions in the one-electron approximation with allow-
ance for exciton states is described, and an analysis,

3.2 Ίΰ

FIG. 7. Two-photon absorption IO~S!

spectrum of an anthracene crystal

w-"-

23 27 31 35 39
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and comparison with the theory, of the experimental
data for Ajy, AjjjBy and AjjByj semiconductors, and
also for ionic crystals , i s carr ied out. Nonlinear effects
in crystals a re customarily described by means of
cross-susceptibil i ty tensors , which are the coefficients
in the expansion of the polarization in a s e r i e s in the
field. Two-quantum transit ions are described by the
imaginary part X a a bb °* * n e cross-susceptibil i ty tensor
of rank four. We can convince ourselves that for two 7 '
monochromatic fields polarized along the directions of
a and b respectively,

2. (5.1)W = 8n^aabhxLbb (ωα, ω6) PaFb/c* [εοα (ωο) ε№ (ω6)]1

C o m p a r i n g (5.1) with (5.2), we f ind 8 '

XU&K, ωί,) = (π/Α3Κ)|Μ5ι|26(ω0 + ω^-ω21). (5.2)

a) Two-photon transit ions in the one-electron approxi-
mation. 1) We shall consider a two-photon transition be-
tween a filled valence band (1) and the conduction band
(2) of a crysta l , neglecting the electron-electron and
electron-phonon interact ions 9 ' . It follows from the form
of the composite matrix element (2.6) that transit ions
a r e possible only with conservation of the quasi-momen-
tum Rk. Substituting (2.6) into (5.2) and summing over
all s tates k for which

ω2ι
— ωα — ω;, = 0, (5.3)

we obtain

dS
Vko>2I(k)| 2Λ \ωιι-ω6

 + ω,ι-ωα/ \ΡΑ)

ι Ι β °ίΐ ι a Ω°ι \ Ι».
1 \dkaui2i — ab dkbiu2i — ω α / |

T h e i n t e g r a t i o n i n ( 5 . 4 ) i s p e r f o r m e d i n k - s p a c e o v e r t h e

s u r f a c e d e f i n e d b y E q . ( 5 . 3 ) 1 0 ' .

H e r e , i t i s p e r t i n e n t t o n o t e t h a t t h e t e r m s i n t h e f i r s t

a n d s e c o n d b r a c k e t s i n s i d e t h e m o d u l u s s i g n i n ( 5 . 1 )

h a v e d i f f e r e n t s t r u c t u r e . T h e f i r s t p a r t o f t h e c o m p o s i t e

m a t r i x e l e m e n t c o n t a i n s t h e c h a r a c t e r i s t i c s o f t h e i n t e r -

m e d i a t e s t a t e s , w h e r e a s t h e s e c o n d i s e x p r e s s e d o n l y i n

t e r m s o f t h e c h a r a c t e r i s t i c s o f t h e b a n d s t a k i n g p a r t

d i r e c t l y i n t h e t r a n s i t i o n . I n o r d e r t o p e r f o r m a c o m -

p a r a t i v e e s t i m a t e o f t h e s e t e r m s , w e s h a l l m a k e u s e o f a

r e l a t i o n b e t w e e n 3 i 2 a i ( k ) / 9 k b a n d t h e m a t r i x e l e m e n t s

& 2 j ( k ) a n d i i ^ ( k ) . W e s h a l l o b t a i n t h i s r e l a t i o n b y c o m -

b i n i n g t h e c o m m u t a t i o n r e l a t i o n s ( 2 . 9 ) f o r t h e c o o r d i n a t e

a n d m o m e n t u m w i t h t h e r e l a t i o n s ( 2 . 7 ) :

,Ω?ι). (5.5)

Assuming for definiteness that the principal contribution
to the sum over the intermediate states in the expres-
sions (5.4) and (5.5) i s given by one and the same band j ,
putting ωΆ = wj, = ω we obtain for the relative magnitude
η of the t e r m s in the first and second brackets of (5.4)

η = ω'/(α)],-ω'). (5.6)

It can be seen from (5.6) that, if the bands (1) and (2) are
relatively close, i .e . , if

ω21 (k) = 2ω < 2(o;, (k), (5.7)

then the t e r m s in the s e c o n d b r a c k e t of (5.4) wi l l be the
c r u c i a l o n e s , i . e . , the two-band m o d e l w i l l be a good a p -
p r o x i m a t i o n for a q u a n t i t a t i v e d e s c r i p t i o n . S i n c e , a c -
c o r d i n g t o (5.6), V < l n ) , we m a y e x p e c t t h a t the t w o -
b a n d m o d e l wi l l a l w a y s be s u i t a b l e for e s t i m a t e s . It
should be n o t e d , t h a t (5.6) m a y not hold if i t i s n e c e s s a r y
to take s e v e r a l di f ferent s t a t e s j into a c c o u n t . T h u s , the
t w o - b a n d m o d e l i s u n s u i t a b l e f o r e s t i m a t e s i n t h e t i g h t -

b inding a p p r o x i m a t i o n , s i n c e , in the l i m i t i n g c a s e of a
c r y s t a l of n o n - i n t e r a c t i n g a t o m s , a l l the q u a n t i t i e s a r e
i n d e p e n d e n t of k and the two-photon t r a n s i t i o n p r o b a b i l i t y
i s d e t e r m i n e d e n t i r e l y by the t e r m s in the f i r s t b r a c k e t
i n s i d e the m o d u l u s s ign in (5.4). In p r a c t i c e , the two-
band m o d e l can be u s e d for e s t i m a t e s s o long a s the band
width d o e s not b e c o m e m u c h s m a l l e r than t h e i n t e r b a n d
s p a c i n g s .

If we regard Xnabb^a ' w b^ a s a function of ωΆ + ω^,
we can see that i t n a s analytic singularities at the
van Hove points , i .e . , at the points for which

Vk<o21 (k) = 0.

At these points, the imaginary part xlg^ of the linear
susceptibility also has singularities (cusps J 1 · 8 8 ' 8 7 - 1 . The
behavior of X ^ a b b ^ a ' a )b^ n e a r t n e s ingularities i s de-
termined, in part icular, by the composite matrix element
(2.6) and can therefore differ substantially from the be-
havior of x ^ a . Other singularities in X a a b b ( w a ' w b ^ c a n

also be associated with the composite matr ix element.
Thus, singularit ies a r i s e , e.g., when the frequency of one
of the fields approaches the frequency ω ^ of the t rans i-
tion between the ground state and one of the intermediate
s ta te s . A singularity of this type will be discussed in the
following Section, and here we shall discuss transit ions
near the center of the band (k = 0).

2) N e a r k = 0, we r e p r e s e n t t h e m a t r i x e l e m e n t s
^(k) in the f o r m of a s e r i e s in k:

(5.8)

Pnl (0)
+ 2 * - ^ ni (0)

In (5.8), Ω , i s expressed in t e r m s of the frequency of
the interband transit ions and the matr ix element of the
momentum. This form is convenient for es t imates , since
pn2 and wnj(k) a r e fundamental character i s t ics of semi-
conductors. If we are interested in transit ions between
valence bands and conduction bands, then, for most
Ajy, AjjjBy and AjjByj semiconductors, these will be

transit ions principally between bands of the | p ) - and
| s )- types , in which the values of ( p | p z | s ) are practically
the same for all semiconductors ( cf.[ 8 8> 1 2 2> 1 2 3]) and de-
pend weakly on k (they vary by a factor of about two over
the extent of the Brillouin zone). We can assume that, in
order of magnitude,

where kg denotes the size of the Brillouin zone and a is
the lattice constant. The es t imates given for the deriva-
tives in (5.9) are valid if the corresponding quantity
does not vanish for symmetry reasons . Thus, in semi-
conductors with a center of inversion, 9 P S p / a k | j c _ Q = 0,

which follows directly from the relation (5.5). We should
also add that the est imate for the derivatives in (5.9) i s
valid for compounds with intermediate binding strength.
It is easily seen that, in the tight-binding and weak-
binding approximations, the dependence of Pnj(k) on k is
weaker (it i s determined by the corresponding smal l
parameter ) , although for almost free electrons near the
Brillouin-zone boundary a sharp dependence of p n ^ on k,
due to Umklapp processes , is also possible .

If we consider (5.4) together with (5.9), we can see
that, generally speaking, the expressions inside the
modulus sign in (5.4) do not vanish at k = 0 (allowed-
allowed transitions1-8 3-1). Neglecting the dependence on k
in the composite matr ix element, by performing the in-
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tegration in (5.4) in the approximation of a parabolic dis-
persion law we obtain for spherically symmetric bands 1 2 '

(5.10)

where ω = ω2ι(0) i s the width of the gap and m?i is the
reduced effective mass for k = 0. We note that the ap-
proximations made in the derivation of (5.9) from (5.4)
correspond to neglecting the quantities a>a + ω^ - Wg
= Δω in comparison with ω_. With this exactness, for
commensurable u>a and u>b, the frequency dependence of
the allowed-allowed transit ions obeys the well known'·8-'
"half-law." However, if a>a 3> u)b, by virtue of which
Δω ~ u;b, then the last term in (5.10) becomes the cruc-
ial one and the susceptibility for fixed ω& behaves as
ojj,3 2 . As regards the quantity ) ^ b b (wa, ω 1 )), for est i-
mates of this we can make use of the two-band model.
Using (5.9) and putting a ~ 5 A, we find for semiconduc-
tors with relatively closely spaced bands, with ω = ω,
= ω>

xLbb«3.10MAa>i/2/c4/2. (5.11)

In going from (5.4) to (5.11), we have used the fact
that the reduced mass is approximately equal to the
effective mass of the electrons, it being assumed that

)*, (5.12)

as is the case for Ajy,
t ' "tor s 13)

and semiconduc-

3) It may turn out by virtue of the symmetry that, for
k = 0, there are no states j for which Ω 2 , 4 0 and Q-x 4 0

(e.g., states 2 and 1 of different parity in a crystal with
a center of symmetry); then the composite matr ix ele-
ment (5.4) (cf. (5.8)) goes to zero with k. In treating two-
quantum transitions in this case, we must retain the
t e r m s linear in k (the allowed-forbidden transitions'-8 3-1)
in the composite matrix element. If Ω2ι(0) ~ a, then for
the description it i s sufficient to make use of the two-
band model. After integration in (5.4), we find for spher-
ical bands 1 4 1

, = (23 /a>i) (5.13)

ωΧ) Re (Ω"Ω*,) cos (Ce^)] (ωα + ω,,-ω,,)3'2.

Thus, the frequency dependence for the allowed-forbidden
transitions obeys the "three-halves law" to within
Δω/ω . An estimate with those parameter values which
were used in (5.12) gives

taabb • • 1.5·10«(ωο ΐ-ω6—α ( 5 . 1 4 )

It should be noted that, even for re lat ive ly smal l va lues
2 x 10~33 ω* the est imates (5.12) andof (w a + - ω )

a b

( 5 . 1 4 ) a r e f o u n d t o b e t h e s a m e . O n e c a n c o n v i n c e o n e -

s e l f t h a t , f o r s u c h f r e q u e n c i e s , X a a b b * s d e s c r i b e d b y t h e

s u m o f t h e e x p r e s s i o n s ( 5 . 1 1 ) a n d ( 5 . 1 3 ) 1 5 ) .

4 ) I n a q u a n t i z i n g m a g n e t i c f i e l d , t w o - q u a n t u m t r a n s i -

t i o n s h a v e a n u m b e r o f c h a r a c t e r i s t i c f e a t u r e s . T h e s e

f e a t u r e s a r e a s s o c i a t e d p r i m a r i l y w i t h t h e c h a n g e o f t h e

e n e r g y s p e c t r u m i n t h e b a n d . F o r b a n d s w i t h a q u a d r a t i c

d i s p e r s i o n l a w l e >

. ( 5 . 1 5 )

j l a b e l s t h e L a n d a u l e v e l s , e a c h o f w h i c h i s g - f o l d d e g e n -

e r a t e :

g = ZVfeHlnhc. ( 5 . 1 6 )

F o r a l l o w e d - a l l o w e d t r a n s i t i o n s , i n w h i c h i t i s p o s s i b l e

to neg lect the dependence of the composi te matr ix e l e -
ment on k, by substituting (2.6) into (5.2) and summing
over a l l the final s ta tes taking (5.15) and (5.16) into a c -
count, we find1 7 '

where

- * — ( / + £ ) ]
-1/2

ω Η = eHj m JLc

is the cyclotron frequency corresponding to the reduced
effective mass m*i of the bands 2 and 1.

It can be seen from (5.17) that the magnitude of the
two-quantum absorption for fixed frequency a>a + ω^ os-
cillates like the one-quantum absorption with the mag-
netic field. An est imate, analogous to (5.10), of the sus-
ceptibility gives

-ω ί-ωΗ (/+ 1/2)Γ1/2- (5.18)

5) We shall consider forbidden-allowed transitions in
a magnetic field, confining ourselves to the two-band
model, as in subsection (3) of this Section.

If we neglect t e r m s of order wjj/ii)a,
 ωΉ./<^\3 compared

with unity, we can obtain the composite matrix element
from (2.6) by replacing the quasi-momentum k by the
operator κ:

(5.19)7X = kx - (ieH/Zch) d/dky,

(5.20)

In the approximations used here ,

The non-zero matrix elements κ.., have the form

(5.21)

>, X l / / = kt. (5.22)

We shal l a s s u m e that the field E a i s polar ized along H(z)
and the field E b i s perpendicular to Η (along x). In this
case, we can see from (5.21) and (5.22) that the first
term in the composite matrix element describes t rans i-
tions in which j remains the same, while the second t e r m
describes transitions with change of j by ± 1 .

For a transition with no change of j , from (5.2), (5.21),
(5.22), (5.15) and (5.16) we have

2· (5.23)

For transi t ions with change of j ( — j ± 1),

(,—ωβ-ωΗ(; + 1/2)] ± (eH/mfc)]'11*.
(5.24)

Attention should be cal led to the different dependence of
(5.23) and (5.24) on the magnet ic field: (5.23), a s a func-
tion of the magnet ic field, has z e r o e s , (but does not have
s ingular i t ies ) , (5.24) o s c i l l a t e s , like (5.17), in a magnet ic
field (it has root s ingular i t ies ) , and i t s monotonic part
depends quadratically on the f ield. E s t i m a t e s , analogous
to (5.14), of the susceptibi l i ty give

/< 1ι ;)]-" 2. (5.25)

b) T w o - p h o t o n t r a n s i t i o n s w i t h e x c i t o n s t a t e s t a k e n

i n t o a c c o u n t . 1) T h e C o u l o m b i n t e r a c t i o n of a n e l e c t r o n

a n d a h o l e i n a s e m i c o n d u c t o r l e a d s t o t h e a p p e a r a n c e of

b o u n d e x c i t o n s t a t e s , l y i n g b e l o w t h e b o t t o m of t h e c o n -
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duction band1-94-1. The energy of these states is described
by a hydrogen-like formula and represents the energy of
the relative motion of the electron and hole:

= — m'e4/2ft2£2«2 = —G2l/n2 (5.26)

η is an integer. Here and below, the energy is reckoned
from the bottom of the conduction band. The electron-
electron interaction not only leads to a change of the
spectrum but also modifies the wavefunctions of the
eigenstates. The eigenfunctions of the relative motion of
the electron and hole with allowance for the Coulomb
interaction are characterized by the orbital number I
and the principal quantum number η for the discrete
spectrum or by the energy Ε = h~2k2/2m?2 for the continu-
ous spectrum. The wavefunctions of the exciton states
and the matr ix elements of the dipole moments are well-
known1-95-1 . Below we shall need the matrix elements of
transit ions to s- and p-states :

<01 d I jlp) = (5.27)

and are hydrogen-like functions of the s-
s ρ

and ρ-type. The form of these functions depends on the
quantum numbers η or Ε of the exciton states considered.

2) We shall consider transitions to s-states of the
discrete spectrum for allowed-allowed t rans i t ions 1 8 ' .
Using the relations (5.27), we obtain from (2.4) and (5.2)

(5.28)

a e i s the radius of an exciton formed by a hole in band 1
and an electron in band 2:

o.e= S2e/m*e2. (5.29)

In obtaining the expression (5.28) from (5.22), we have
taken into account that

(5.30)

(5.31)

which follows from the completeness and orthonormali-
zation of the hydrogen-like functions'-9-1; we have also
neglected terms of order G/Bu>a in comparison with
unity. The t e r m s in the second bracket in (5.28) are de-
termined entirely by the properties of the bands 1 and 2.

It can be seen from the expression (5.28) that the
spectrum of allowed-allowed transit ions is a set of peaks
whose relative intensity falls like n~3 as w a + ω 0 ap-
proaches Wg. An estimate for semiconductors is con-
veniently performed in the two-band model (cf. subsec-
tion 2(a)). For a ~ 5 x 10~8 cm, m* = 0.1m0, u>a ~ a>b

~ 101 5, e = 10 (ae ~ 5 x 10~7, G = fi x 1013 erg) and for an
exciton line width of order 0.1G/K, we have for η = 1

where v0 is the volume of the unit cell, and

cgs esu (5.32)

For large values of n, the different levels overlap and
we must sum over η in (5.28). The density of states is
n3/2G and, after summation over n, in place of (5.28) we
obtain

(ωα

_| y Q2)Q?i

1
Ιύα

It can be s e e n f r o m (5.33) t h a t , f o r a>a + coj, ~ a>g, the
s u s c e p t i b i l i t y d o e s not depend on the f r e q u e n c y . As r e -

g a r d s t h e m a g n i t u d e o f t h e s u s c e p t i b i l i t y , i t i s s m a l l e r

t h a n t h e s u s c e p t i b i l i t y i n t h e r e g i o n o f t h e f i r s t e x c i t o n

peak by a factor of ΚΔω/G (Δω is the width of the first
exciton peak).

For the continuous spectrum, in place of (5.2) we have

2l/2m»3/2el et»« ^ QS-QJ,
Σ ω;,-ω. (5.34)S»/2 sh(ntx)

ω j i — G>t rot dkb

(<!>„+&>(, —<»„)1/2.

h e r e ,

a = ( c o a + tob — m g Y ^ h - ^ G ^ . ( 5 . 3 5 )

F o r a ' 2 <SL 1 , ( 5 . 3 4 ) g o e s o v e r i n t o ( 5 . 3 3 ) a n d d o e s n o t

d e p e n d o n t h e f r e q u e n c y . F o r a ' 2 > 3 0 , w h e n t h e

C o u l o m b i n t e r a c t i o n c a n b e n e g l e c t e d , ( 5 . 3 4 ) c o i n c i d e s

w i t h t h e e x p r e s s i o n ( 5 . 9 ) o b t a i n e d i n t h e o n e - e l e c t r o n

a p p r o x i m a t i o n . W e n o t e t h a t t h e s p e c t r u m c o n s i d e r e d i s

v e r y s i m i l a r t o t h e s p e c t r u m f o r a l l o w e d o n e - q u a n t u m

t r a n s i t i o n s .

3 ) I n s t u d y i n g a l l o w e d - f o r b i d d e n t r a n s i t i o n s 1 9 ' , a s

s h o w n i n s u b s e c t i o n ( b ) w e c a n m a k e u s e o f t h e t w o - b a n d

a p p r o x i m a t i o n . T h e c o m p o s i t e m a t r i x e l e m e n t ( 2 . 6 ) f o r

s u c h t r a n s i t i o n s h a s t h e f o r m

( 5 . 3 6 )

h e r e , r i s t h e c o o r d i n a t e o f t h e r e l a t i v e m o t i o n o f t h e

e l e c t r o n a n d h o l e . I t c a n b e s e e n f r o m ( 5 . 3 6 ) t h a t

a l l o w e d - f o r b i d d e n t r a n s i t i o n s a r e p o s s i b l e o n l y t o

p - s t a t e s . B y e x p a n d i n g t h e e x p r e s s i o n i n t h e s q u a r e

b r a c k e t s i n ( 5 . 3 6 ) i n a s e r i e s i n t h e p a r a m e t e r s

ω η ' Ο η η / ω ο and ω η ' c n n A ' h and r e t a i n i n g the f i r s t t w o
t e r m s of the e x p a n s i o n , we f i n d 2 0 '

Ma (np) = (e2i/<*) l(dUnp/dra) (Ω,',Κ) + {dUnp/dr, 0. (5.37)

In going f r o m (5.36) t o (5.37), we have u s e d the r e l a t i o n
(5.31) and

imn- ! n prn. s n p = (l/rn*,) ρ η · ί η ρ = (ihlm^) (n's \ d/dr \ np). (5.38)

F o r d i s c r e t e s t a t e s ,

(dUnp/dr)r=c = (yo/3na5) (re2 - l)/re5, (5.39)

and for the s u s c e p t i b i l i t y we obtain f r o m (5.2), (5.37) and
(5.39)

b («„, ω6) = - - + - (5.40)

+ ~^4 r R e ( Ω « Ω " ' c o s (e«'Xef)l 6 (ω« + ω»—ωί + (G/Λη2)).
The spectrum s tar t s from η = 2, and the intensity of the
peaks falls with increasing n. An estimate for t rans i-
tions to the state η = 2 for the same parameter values
as in (5.32) gives

: lcr 1 1 cgs e s u (5.41)

i . e . , an o r d e r of m a g n i t u d e s m a l l e r than for a l l o w e d -
allowed transitions to a state with η = 2. For large n,
where the spectrum is quasi-continuous, by summing
over η we obtain in place of (5.40)

(5.42)

It follows from (5.42) that χ" increases linearly as the
energy of the final state increases . An estimate for
large η (a>a + ω^ » w g ) gives a value of the order of
(5.41). In the continuous spectrum

{dUnpldr)U<s --- [πα (1 + a2) e™/3 sh (πα)] (2m'1/h) (ωα + <ob—(ug),

and for the s u s c e p t i b i l i t y we have
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(5.43)

For of2 <SC 1 the expression (5.43) coincides with (5.42),
while for α" 2 ^ 30 it coincides with (5.13), which was
obtained in the one-electron approximation.

4) The forbidden-forbidden transitions are t rans i-
tions to d-states. As in the case of allowed-forbidden
transit ions, we shall perform the analysis in the two-
band model. Κ we use (5.31) and (5.38), we can convince
ourselves that

- ~ . « v - ; - m j Z J V ω | a*« β , - , , β π , ^ ω | dka dradra)r=a\ ν '
α ft=O

For a 5̂  α or b 4 α 2 1 ) , (5.44) describes transit ions to
d-states. It is possible to obtain expressions for χ " in
different regions of the spectrum, as was done e a r l i e r .
However, because the susceptibility is so small, we shall
confine ourselves to treating only the discrete spectrum,
where the d-states can differ from the s- and p-states
in energy. In this case, we have

(1 — η 2 ) ( 1 — A n z)/n sJ uo/ae {Ό.ΗΌ)

and

(5.46)

An estimate for η = 3, with the parameters used in the
estimate (5.32), has the form

Xaabb«10-" cgs esu

5) Exciton states are found to be crucial in t rans i-
tions to the interior of the band if the frequency of one of
the fields is close to the frequency of the exciton t rans i-
t i o n ^ 9 3 2 2 ' . We shall consider the allowed-forbidden t ran-
sitions. Suppose, e.g., that

ω,, — (C/S) — ωα = Δω ο < Glh.

I t f o l l o w s f r o m t h e f o r m o f t h e c o m p o s i t e m a t r i x e l e -

m e n t ( 2 . 6 ) t h a t i t w i l l h a v e a s i n g u l a r i t y ( a p o l e ) w h e n

Δ ω 3 tends to zero. This singularity is associated with
the intermediate exciton state η = 1. We shall be inter-
ested in that part of the susceptibility which is deter-
mined by this intermediate s tate. Using (5.2), (2.6) and
(5.27), and also the expression for the matrix element
of the coordinate between the ground state and a state of
the continuous spectrum for hydrogen-like atoms ,
we find

Xlabb (<*,, ab) = (25β»/3δ3) ( | Q a l |J/o,) [θν(ΊΛω α ) 2 Ιύ%] (G/fcojf,)3'2. ( 5 . 4 5 )

T h e r e l a t i v e m a g n i t u d e o f t h e r e s o n a n c e p a r t o f t h e

s u s c e p t i b i l i t y c o m p a r e d w i t h t h e n o n - r e s o n a n c e p a r t

( 5 . 1 3 ) i s u = 2* x 7 r ( G / f i A u ) a ) 2 ( G / K w b ) 2 . P u t t i n g G / B A a > a

~ 1 0 , w e f i n d t h a t t h e r e s o n a n c e p a r t o f t h e s u s c e p t i b i l i t y

will be crucial only for frequencies ω^ < 100G/K.

c) Polarization characterist ics of two-quantum tran-
sitions in crystals . The polarization propert ies , associa-
ted with the composite matrix element M ^ , of two-
photon allowed-allowed transitions have been studied by
means of group theory ΐ η ^ 7 * ^ 0 1 ' 1 0 2 3 for all 32 crystal-
symmetry point groups. In1" the polarization depen-
dence was studied for the case when the state 1 is fully
symmetric and the two-photon transition occurs at the
center of the Brillouin zone or at one of the high-symme-
try points of the zone. Spin-orbit interaction was not

taken into account i n 1 - 7 * 3 . In 1 - 1 0 1 3 , the polarization prop-
ert ies were discussed for cubic crystals in the presence
of external perturbations (under pressure and in ex-
ternal fields) 2 3 1. The most complete data a re contained
in 1 - 1 0 2 3 2 4 ' , in which a Table is given of all the symmetr ies
allowed when the spin-orbit interaction in the transit ions
is taken into account.

The crystals principally used in experiments on two-
quantum absorption are crystals of the cubic, hexagonal,
trigonal and tetragonal c lasses . The polarization depen-
dence of the allowed-allowed two-quantum transitions
for such crystals is given in the Table. This Table is
compiled from the data of1-102·1, with the assumption that
the effective and macroscopic fields are the same. This
assumption is apparently justified for semiconductor
crystals and metals, since we can assume that the e lec-
trons in them are spread over the volume of the unit
cell. It is possible to obtain the angular dependences for
allowed-forbidden transit ions, if we make use of the
same Table. For this, for transit ions to a band we must
decompose the direct product of the representation of
the initial state and the representation Γ ν (according to
which the operator ρ or d transforms) into irreducible

D., C . O f l

pi p i Γ ' ±

Γ2 Γ2 Γ".

Γ3 Γ 3 p3_

r« r» r*.
Γ5 Γ 6 Γ 5

ρβ ρβ Γ ^

Γ? Π Γ'±

Γ 8 Γ« Γ 8

±

ρ» ρ 9 ρ«_

Γ»
Γ»Γ·±

+ cE2

Τ»
Γ»

Εζ

At (λ,) +

Γ'
Γ'
Γ'±

Γ·
Γ»

Εζ

Ε2

Ει {λ)

+ }λΑ t
+ c2E2

Γ'
Γ5

Ε, (λ)

Γ*
Γ*

Forbid-
den1 Ditto
Α2

Α, (λ)

Γ3 Γ^ Γ '
Γ 3 ρ" Γ 1

Forbid-
den

Ditto

Α2

Τ

Γ» Γ'±

(Γ2Γ3) (Γ·.Γ»±)
Γ · Γ*.

Γ 5 Γ»±

(Γ«Π) Γ 5 Γ 4 (Γ2Ρ)
/Γβ ρ ? \ p s pa fpa ρ 3 \

£ + οΓ(λ) A + cT

Τ(Χ)

Γ (λ)

-|-C2?* («)~|~
+ c3T(U)

Ε

A + cE

Γ»
Γ 1 ±
Α

ο,τά

Oh.
Γ 1 Γ'±
Γ2 Γ 2 .

Γ3 ps

Γ« Γ· ±
Γ5 r S ±

•Γ· Γ · ±

Γ ' Γ ^
Γ 8 Γ β ±

ρβ p7 ρβ ρδ ρ4 p3 p2
Ρ8 Γ ' Γ β Γ5 Γ * Γ 3 Γ 2

ΐ'ί:+Ϊ2

τ2

τ2

+ c2Tt +

Ε

Ε

Forbid-
den
Αι

Γ1

Αι

In the Table, Bethe's notat ion is used for the representations (cf., e.g., [ 1 0 3 ] ) ; its

relation to other notations is t o be found in [ 1 0 2 ] . The capital Latin letters in the

Table denote the following expressions:

ft i)
1 — n\), Ε = (

Tt = ( m , n 2 —

i 2 + 2 i ) \ + [(
mjm|+ nfnj) — (
) 2 + (' h f

(m,n2

)

1, m and η are the direction cosines of the electric vectors et and e 2 with respect to

the symmetry axes of the crystal, Xj are real numbers and q are positive numbers,

which cannot be determined by means of group theory.
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r e p r e s e n t a t i o n s . T h e a n g u l a r d e p e n d e n c e i s found f r o m

the Tab le a s the l i n e a r c o m b i n a t i o n c o r r e s p o n d i n g t o the

f inal s t a t e and t o e a c h of the i r r e d u c i b l e r e p r e s e n t a t i o n s

o b t a i n e d .

F o r a l l o w e d - a l l o w e d t r a n s i t i o n s t o e x c i t o n s t a t e s , we

m u s t d e c o m p o s e the d i r e c t p r o d u c t of t h e r e p r e s e n t a t i o n s

of the conduct ion band (band 2) and of the function of the

r e l a t i v e m o t i o n of the e l e c t r o n and hole in to i r r e d u c i b l e

r e p r e s e n t a t i o n s .

d) Two-photon a b s o r p t i o n in G r o u p - I V s e m i c o n d u c -

t o r s . T h e G r o u p - I V s e m i c o n d u c t o r s G e , S i f o r m a l a t t i c e

of symmetry 0 η ^ 1 0 1 ΐ . The valence band in these is four-
fold degenerate at k = 0 (Γβ symmetry). The nearest
conduction band at k = 0 has Γ7 symmetry. Near k = 0,
only allowed-forbidden transitions are possible. To
describe transitions from a band of heavy or light holes,
we can make use of the (o>a + ω^ - αν)-dependent expres-
sions (5.13) or (5.43) obtained in the two-band model.
The total susceptibility is equal to the sum of the contri-
butions of the light-hole and heavy-hole bands. Generally
speaking, the angular dependence of the susceptibility is
rather complicated. F r o m symmetry considerations
(cf. subsection (c)), it follows that it is a linear combina-
tion of Α, Ε, Τι and T 2 functions (see the Table). How-
ever, the quantity Xaabb^a» Ct)b^ c a n b e calculated suffi-
ciently accurately for Ge in the two-band approximation.
In this approximation, it follows from (5.13) that the
angular dependence of the susceptibility is determined
entirely by the relative orientation of the fields a and b:

s h π α
( 5 . 4 8 )

where Αω = (2ω - ω )/ω and a = (G/ΠΔω) ; G is the

exciton binding energy. For allowed-forbidden t rans i-
tions, we obtain from (5.9) and (5.43)

Κ , ω6) ~ {1 + [2ω s2 (Cei,)}. (5.47)

Up to now, the two-quantum absorption experiments have
been performed in G e C l O 5 ' l o e : l . The absorption at fre-
quency ω = 8 x 1014 rad/sec (a laser using a C a F 2 :Dy
crystal) due to two-quantum transitions was measured.
From the resul ts of'-10"-', the value of the imaginary part
x a a a a o f t h e s u s c e p t i b i l i t y is (1.5 ± 0.8) x 10' 9. A calcula-
tion from (5.13) with allowance for the contribution of
light and heavy holes gives 1.9 x 10"9 esu, which is in
good agreement with the experiment. It is possible,
however, that the experimental results of a re some-
what too high, since the authors of1-108-1 assumed that the
spatial distribution of the laser radiation was Gaussian,
whereas the laser operated in the multi-mode regime.

e) Two-photon absorption in the semiconductor com-
pounds Α-,-Β.,. The semiconductor compounds ΑτττΒγ

crystallize in a lattice of the zinc-blend type (symmetry
group T^) or of the wurtzite type (symmetry C ^ ) . How-
ever, two-photon measurements have been performed
only on crystals with a lattice of the zinc-blend type.

In crystals of T<j symmetry, the valence band Γ 8 i s
four-fold degenerate and the conduction band Γ β is doubly
degenerate1-1 0 7-1. Near k = 0, both allowed-allowed and
allowed-forbidden transitions are possible. The angular
dependence in the general case is complicated (according
to the Table, we have Ε + CiTi + c 2 T 2 for allowed-allowed
transit ions only). We shall make use of the fact that in
AjjjBy semiconductors the entire treatment can be car-
ried through in the two-band approximation (cf. subsec-
tion (a)). It follows from (5.9)—(5.14) that the relative
magnitudes of the susceptibilities for both allowed-
allowed and allowed-forbidden transitions can be ex-
pressed with sufficient accuracy in t e r m s of a single
parameter—the gap width Ε . For allowed-allowed tran-
sitions, assuming for simplicity that coa = ω^, from
(5.10), (5.12) and (5.34) we have

Χ"αα«α(ω,ω)=ί (5.49)

In the general case, the susceptibility is determined by
the sum of (5.48) and (5.49). It can be seen from (5.48)
and (5.49) that the two mechanisms of two-photon t rans i-
tions will give the same contribution to χ " if

Δω· = (™·α2/4π/ί)ω|—(G/tos) « 2-l(r33<oJ — (G/hag). (5.50)

The value of Δω* following from (5.50) i s 0.13 for GaP,
£.05 for GaAs, 0.013 for GaSb and 0.001 for InSb. For
Δω < Δω* the susceptibility is determined by the
allowed-allowed transit ions (5.11) or (5.48)), and for
Δω > Δω* the allowed-forbidden transitions ((5.13) or
(5.49)) make the main contribution. In the model consid-
ered, for Δω > Δω* the angular dependence of the sus-
ceptibility is the same as that for the Group-IV semi-
conductors— (5.47).

We shall compare the magnitudes of the susceptibili-
ties for different semiconductors with the experimental
data.

1) Measurements of two-photon absorption in GaP
have been performed at frequency ω = 2.7 x 101 5 rad/sec
(a ruby laser) 1 - 1 0 8 ' 1 0 9 1 . For this frequency, Δω = 0.5 Δω*
and the allowed-forbidden transit ions must be taken into
account. According to (5.48) and (5.49), the theoretical
value of χ " equals 1.2 x 10"11 esu. The experimental
value of 6 x 10~12, recalculated from the data of the
papers 1 1 1 0 8 ' 1 0 9 3 , is in agreement with the theoretical
value, within the limits of experimental e r r o r .

2) Two-photon absorption in GaAs at frequency
1.7 x 101 5 rad/sec (a neodymium laser) has been studied
i n C 8 9 ' 1 1 0 " 1 1 2 ] . The value Δω = 0.55 » Δω*; χ " , calculated
from (5.49), equals 5 x 10"10 esu. The values of χ " ob-
tained from the absorption coefficients measured in the
p a p e r s ' ^ 9 ' 1 1 3 3 a re equal to 10~7 and 10"8 respectively.
The discrepancy between the theoretical and experimen-
tal results i s appreciable, and a further analysis of the
experiment is evidently necessary. A theoretical e s t i -
mate performed using the expressions of[89-1 leads to the
value χ" = 10"8 esu. The discrepancy between the theor-
etical est imates is due to an e r r o r in formula (2) of'-89-'
(a factor 1/12 is omitted), and, in addition, the result is
too high by a factor of 4 because of neglect of the contri-
bution (2.13) of the higher bands when (2.2) is used.

3) Two-quantum absorption in InSb has been studied
in more detail than in any other AjjjBy semiconduc-

t o r C 114-120,177-179] 25)_ .pj^ m e a s u r e m e n t s w e r e m a i n l y
carr ied out at frequency 1.8 x 1014 rad/sec (a CO2 l a ser) .
Since Δω = 0.23 ^> Δω*, we can use (5.49) to describe
the two-quantum transit ions. As already remarked
(cf. (5.47)), the quantity χ" is then independent of the
orientation of the field relative to the crystal . This is
confirmed experimentally i n [ 1 1 5 ' 1 1 8 ] . As regards the
magnitude of χ " , by substituting the parameter s of InSb
into (5.49) we find the value χ" = 1.5 x 10"7 esu. In the
absence of a magnetic field, the existing experi-
m e n t c i l 5 ' 1 1 8 ' 1 7 8 > 1 7 9 ] permits us to determine only χ " . This
estimate (χ" ~ 10 8) is close to the theoretical estimate
in order of magnitude.

The larger part o f ^ . ^ m , ! ^ ! ] Q n t w 0 . q u a n t u m

absorption in InSb is concerned with two-quantum transi-
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tions in a quantizing magnetic field. The two-quantum
transitions have been investigated mainly with a mutually
perpendicular orientation of the external field Η and the
field of the electromagnetic wave. For simple bands,
transitions (cf. (5.24)) in which the magnetic quantum
number j changes by ± 1 are possible. In InSb, however,
the degeneracy of the light-hole and heavy-hole bands
leads to the result that transitions with changes of j by
± 1 up to ±3 are possible. In part icular, transit ions with
Δ] = ±1 and Aj = ± 3 have been detected experimentally.
A typical form of the spectrum is shown in Fig. 8, which
i s taken fron/ 1 1 9 - 1 . The theoretical value of χ " at reson-
ance, obtained using (5.24) with Δ] = 1 and a line width of
5 x 1012 sec" 1, i s lCf8, which i s approximately an order of
magnitude smaller than that following from the experi-
mental data given in1"119-1. The discrepancy is possibly
associated with the neglect of the contribution of light-
hole and heavy-hole bands as intermediate s ta tes . The
theoretical calculation of t l l 9 : ! with allowance for the ex-
plicit form of the wavefunctions in the magnetic field
leads to agreement between the theoretical and experi-
mental results when the contribution of the higher bands
i s neglected.

f) Two-photon absorption in compounds.

1) Like the AjjjBy semiconductors, the compounds
AjjByj form a lattice of the zinc-blende type (T<j symme-
try) or wurtzite type (C e v symmetry). The energy spec-
t r a of these compounds have been much less studied than
those of the AjjjBy semiconductors; however, it can be
assumed that the band structures of the AjjrBy and
AjjByj compounds are s imi lar . Therefore, we should
expect that the two-band approximation for the descrip-
tion of two-quantum transit ions will also turn out to be
sufficiently good in the analysis of experiments for the
AjjByj compounds. It should be noted that the difference
between structures of the Τ and C ^ groups are not
very important in the calculation of the magnitude of the
susceptibility, since, for C e y symmetry, the potential is
small in the majority of Arj;Byi semiconductors and can
be taken into account by perturbation theory (the quasi-
cubic model) C l 2 ! ° . The available d a t a C 8 8 ' 1 2 2 ' 1 2 3 : l on the
band structure (the relation between the effective masses
and the interband spacings and spin-orbit splitting)
makes it possible, as in subsection (e), to express the
probability of two-quantum transitions between the bands
Γ 2 (Γι) and Γ15 in t e r m s of the gap width. If we take into
account^8 8 3 that the dipole moment of the transition be-
tween the states Γ 2 (Γι) and Γι 5 is the same as in the
AinBy semiconductors, it turns out that the two-
quantum transit ions in AijByj a re also described by
the expressions (5.48) and (5.49), but with less ac-
curacy.

The angular dependence of the susceptibility of semi-
conductors with T,j symmetry was given above. For the
wurtzite s t ructure, the angular dependence for allowed-

10 so
H, kG

FIG. 8. Typical dependence of Xaaaa o n * η ε magnetic field (E1H)
at frequency 1046.8 cm"1 (CO2-laser) for n-InSb [ u 9 ] . ^^transitions with
Aj = 1, t-transitions with Aj = -1.

a l l o w e d t r a n s i t i o n s i s d e s c r i b e d b y t h e f u n c t i o n ( s e e t h e

T a b l e )

Α, (λ,) + c,A2 + czEt (λ2) + c3E2.

As regards the allowed-forbidden transit ions, the angu-
lar dependence of the susceptibility is also expressed
by the formula (5.47) for semiconductors with the wurtz-
ite s t ructure .

2) Two-photon absorption has been studied in more
detail in cadmium sulfide 1 1 1 2 4 " 1 4 1 ' 1 7 3 ' 1 7 4 3 than in any other
AjjByj compound: the crystal symmetry is C e v , the gap
width is 2.45 eV at room temperature, and the reduced
mass is 0.18m. Measurements have been performed in a
wide frequency range, from 2.45 to 3.5 eV. Since the ex-
citon binding energy in CdS equals 0.027 eV, the fre-
quency spectrum should be described by the expression
(5.34) or (5.43). If we make use of the estimate (5.50) for
the relative contribution of the allowed-allowed t rans i-
tions, we should expect a l i n e a r 2 " dependence of χ " on
Δω = ω α + a>b - a>g for Δω > 0.2 eV 2 7 ). A theoretical
calculation of χ" using (5.43) gives, for the ruby-laser
frequency, the value 5 x 10"" esu. The values of χ "
found from the experimental data o f t 1 1 3 ' 1 2 5 ' 1 3 3 ' 1 3 9 3 a re
equal to 6 x 1 0 ' " , 4 x 10"11, 1.5 x 10"11 and 15 x 10' 1 1

respectively. The frequency dependence was investigated
experimentally i n t 1 M , 1 2 ' - 1 2 8 . 1 3 4 3 f o r different polariza-
tions of the radiation. The authors assume that the fre-
quency dependence follows a square-root law, except in
the case1-124-1 when the polarization vectors a re mutually
perpendicular and perpendicular to the c-axis. In this
latter case, the authors of t l 2 4 : i approximate the depen-
dence by a three-halves law. The discrepancy between
experiment and theory requires a more detailed analysis,
although even a linear approximation is possible in all
cases, when the experimental e r r o r bars are taken into
account 2 8 ' . The polarization dependence for transit ions
from the bands Γ 7 and Γ 9 to the band Γ 7 a re described in
the general case by the expression

ClA, (λ,) + c2A2 + (λ,) +

In the two-band isotropic model, for the allowed-forbid-
den transitions the angular dependence has the form
(5.47) and, consequently, does not depend on the orienta-
tion of the fields relative to the crystal axes. The de-
pendence of the imaginary part χ" of the susceptibility
on the orientation of the fields with respect to the c-axis
has been reliably established experimen-
ta l ly 1 1 1 2 4 ' 1 2 8 ' 1 3 4 ' 1 3 9 3 . It follows from the general relations
(see the Table) that, in the case of one linearly polarized
field,

Χ" ~ (-Ίι + Λ, cosJ θ + As cos1 Θ),

w h e r e 9 i s t h e a n g l e b e t w e e n t h e p o l a r i z a t i o n v e c t o r a n d

t h e c r y s t a l a x i s . A c c o r d i n g t o t h e d a t a of t 1 2 4 ' 1 3 4 ^ ,

A, = 0.98, 0.3, A 3 =—0.84, z + A 3)l A, = — 0.55.

From the measurements ο ί [ 1 β 9 ; ι , (A2 + As)/Ai = - 0 . 3 3 . It
follows from the polarization measurements that the
isotropic model for allowed-forbidden transit ions is too
crude an approximation in CdS. It is also possible that
the contribution of the allowed-allowed transitions is
greater than we should expect from the est imate expres-
sion (5.50). We must discuss the theoretical interpreta-
tion by the authors of1-1243 of their experimental resu l t s .
From their experimental data, the authors of'·124-' found
the parameters of the conduction band lying at a distance
of 6.2 eV from the valence band. This, apparently, is
the only attempt to extract information about the higher
bands in semiconductors from data from two-quantum
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spectroscopy. Unfortunately, the theoretical analysis
ofC l 2 4 ] requires c learer justification 2 9 ' . For the analysis,
the authors used (2.2), neglecting the contribution of the
higher bands. However, with the assumptions of the au-
thors of1-124-1, the sum rules (2.11) lead, in part icular, to
incorrect values for the effective masses of the conduc-
tion band and valence bands.

Measurements near the absorption-band edge at low
temperatures have been performed in 1- 1 3 6 ' 1 7 3- 1, and tran-
sitions to exciton states [ 1 3 β ' 1 7 3 - 1 and also transitions be-
tween Landau levels at 188 kGs1"136-1 have been detected.

As i s well known, the band-structure p a r a m e t e r s ,
and, consequently, the two-photon absorption, can depend
on the p r e s s u r e . For CdS, this effect was detected ex-
perimentally i n C m ] .

3) Two-quantum absorption in cadmium selenide has
been studied at the neodymium-laser frequency Κω
= 1.17 eV 1 1 1 1 2 ' 1 4 2" 1 4 4 3. CdSe has the wurtzite s tructure
C e v ; m* = 0.13m, the gap width is 1.84 eV, and the spin-
orbit splitting of the valence band is 0.43 eV. At the
neodymium-laser frequency, Δω > Δω* in transit ions
from the upper valence bands Γ 9 and Γ 7, and we can use
(5.43). A calculation in the isotropic-band approximation
gives χ" = 6 x 10"11 esu. The values recalculated from
the experimental data of

[142)143] are 8 x 10~10 and 1.8
x 10~9 for light polarized paral lel and perpendicular to
the c-axis, respectively. The resul ts of theory and ex-
periment differ widely 3 0 ' and a more detailed analysis i s
evidently needed. Theoretically, the angular dependence
i s , generally speaking, the same as in CdS. As in the
case of CdS, the dependence, established i n [ 1 4 3 ' 1 4 4 : l , of
χ " on the orientation of the field with respect to the
crystal axis indicates the inadequacy of the isotropic
model.

4) Two-quantum absorption in zinc sulfide is the sub-
ject of the paper s C l 3 e ' 1 4 5 ~ 1 & ] . The investigations were
carr ied out using two sources, of which one was a laser
(ΚωΕ = 1.17 e V [ 1 4 5 ' 1 4 e ] or Ko>a = 1.78 e V [ 1 4 7 ' 1 4 9 ] ) . The
measurements of1-145'147-1 were performed in a broad fre-
quency range B(wa + ω ,̂) = 4—5 eV at room temperature,
and near the absorption-band edge1-146-1 at various tem-
pera tures . Zinc sulfide crystall izes in two modifica-
tions—hexagonal C e v and cubic T d . The properties of the
two modifications are s imilar 1 ^ 1 2 3 ] , and we shall assume
in the calculation of the magnitude of χ " and of the fre-
quency dependence that fiov = 3.9 eV and that the reduced

effective mass i s m* = 0.25m. In the whole range of fre-
quencies in which the measurements were performed,
χ" is described in the isotropic model by the expression
(5.43). The theoretical value of χ" for fiwa = 1.8 eV and
Ko)b = 2.2 eV is 2 x 10"". From the data of the experi-
ments ofC l 4 7 '1 5 o : l, this quantity equals 8 x 10"1 2, 1.6 x 10"11

respectively. For h~a>a = 1.17 eV and Ηω^ = 2.8 eV, the
theoretical and experimental'-1 4 5-' values of χ" are
9 x 10~12 and 4 x 1 0 " u . There i s agreement throughout,
within the limits of experimental e r r o r . The experimen-
tal data were always taken at room temperature . The
frequency dependence of χ " (Fig. 9) is described by the
change of the contribution (5.43) with change of a>a + ω^
- ω . Investigations at different temperatures Ε "*D have

shown that, near K(a>a
3.7 eV, χ " falls with de-

a jj
creasing temperature; clearly, this is associated with a
temperature shift of the band edge. Exciton peaks were
not detected on cooling down to 10°κ'-14β-'. In the opinion
of the authors of'-148-', this is explained by the imperfec-
tion of the crysta ls . The anisotropy of the two-quantum

absorption in cubic (T d) ZnS was studied in the
p a p e r s C l 4 7 ) 1 4 9 ] . The crystal studied consisted of cubic
micro-twins, rotated through 180° relative to each other
about one of the third-order axes . The directions of the
electr ic vectors of the laser radiation and of the light
from the second source were arranged to be parallel or
perpendicular to each other; the light beams propagated
in a direction parallel or perpendicular to the optical
axis. The dependence of the absorption on the angle of
rotation of the crystal with respect to the direction of
propagation of the light was measured. The dependences
obtained correspond to the two-photon transition
Γι — Γ 5 ( Γ 1 5 ) (see the function T2 in the Table) when the
complicated crystal structure i s taken into account.

5) Two-quantum absorption at the frequency of a ruby
laser has been measured in Z n S e [ 1 1 3 ' 1 4 4 : l . This crystal
has T d symmetry, Κω = 2.8 eV and m* = 0.12m. The
theoretical value of χ" calculated from (5.34) and (5.43)
i s 4 x 10"1 0 and is close to the values resulting from the
experiment ( ( 1 . 5 - 2 ) x I O ' ' " ^ 1 3 ' 1 " ] ) .

6) Two-quantum absorption in a ser ies of mixed
crystals CdS^e^^ Zn x Cd x _ x Se and Z n ^ d j ^ S has also

been investigated at the ruby-laser fre-
q u e n c y ^ 3 9 ' 1 4 4 ' 1 5 1 ' 1 5 2 1 . The dependence of χ" on the com-
position is shown in Fig. 10 3 1 ) . In the region 2.3 eV
< Κω < 3.5 eV, the resul ts a r e well described by the
expressions (5.34) and (5.43). The sharp increase in the
region fiov < 2.1 eV is possibly due to transit ions via
intermediate exciton states (cf. (5.45)), although this
region requires a detailed analysis (e.g., it is necessary
to take into account the high-frequency Stark shift).

7) Detailed studies of transitions to exciton states
have been performed on the crystal Ζ η Ο [ 2 5 ' 1 5 3 > 1 5 4 ] . This
crystal has symmetry C 6 V , Βω = 3.44 eV and reduced
effective mass 0.2m; the exciton spectrum of ZnO at
liquid-helium temperatures has been well studied.
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FIG. 9. Two-photon absorption spectrum of ZnS [ 1 4 7 ] . The ruby-

laser radiation flux was 3.5 Χ 1025 cm"2 sec"1.
FIG. 10. Dependence of x a a a a on the gap width Eg for mixed crystals

at ruby-laser frequency, for CdSvSe, . (1), ZnxCd, y S (2) and ZnxCd,.xSe
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In1-1 5 3-1, transitions to 2p exciton states A and Β have
been observed (Fig. 11). The fact that the exciton states
are of the p-type is confirmed by the splitting of these
states in a magnetic field. In addition, i n c i 5 4 ] a transition
to an exciton 2p-state C has been observed and the polar-
ization dependence of the two-quantum absorption inves-
tigated. The polarization dependence corresponds to the
crystal symmetry. It follows from the experiments

Oft25,i53,i54] ^ χ » . g d e t e r m i n e d by the allowed-forbid-
den transitions (5.43). A calculation using (5.43) gives
the value 9 x 10~12 for χ " in a transition to a 2p-state.
The value obtained from the experimental data

of£25,153,lM] e q u a l | g 5 χ 1 0-12 j J e ^ Jg c l o g e t ( , t h e theQT_
etical est imate. The absence of two-photon absorption
for transitions to I s - and 2s-states, which are also
allowed by the symmetry, remains to be understood.
For these transit ions, the values of χ" are respectively
7 x 1(T10 and 9 x 10~12. It is possible that the symmetry
of the crystals studied i n t 2 5 > 1 M > l s *3 w a s higher.

g) Two-photon absorption in ionic crys ta l s . 1) In two-
photon spectroscopy of ionic crystals , attention has been
paid mainly to alkali-halide crysta ls . These crystals
form cubic latt ices. In spite of the considerable succes-
ses in understanding the fundamental absorption spectra
of the alkali-halide crystals (cf., e . g . / 1 5 5 ' 1 5 * 3 ) , there i s
still no complete explanation of all the details of their
s t ructure . However, it i s well established that the two
longest-wave fundamental-absorption bands in bromides
and chlorides with the NaCl structure are associated
with the spin-orbit doublet of an s-exciton. (In the
iodides, the spin-orbit splitting is large and its second
component is superimposed on other bands.) The lower
conduction band of the alkali-halide crystals has an
minimum at the Γ-point and symmetry Γι (FJ in the
double groups). It is formed by the electron s-functions
of the metal . The upper valence band has a maximum,
also at the Γ-point, and symmetry F i 5 ( F i and Γ Ϊ in the
double groups). The valence band is formed by the
p-functions of the halogen. Therefore, both the s-exciton
transition and the interband transition Γ β — Γ 5 at the
Γ-point are forbidden by parity in the two-photon spec-
t rum.

Consequently, the two-photon absorption should be
determined by the allowed-forbidden transit ions. Thus,
in these crystals, transitions to exciton p-states only
are possible. The alkali-halide crystals have a large gap
width (5—7 eV). The Bohr radius of a Wannier-Mott ex-
citon in these crystals is small (comparable with the
dimensions of the cell). However, the hydrogen-like
model turns out to be a fairly good approximation, at
least for η > 2 (η is the principal quantum number in
the hydrogen-like model).

It has been reliably established 1 1 2 4 ' 1 5 7 D that the first
(Is) exciton maxima are absent in the two-photon ab-
sorption spectra of KI and Csl. Figure 12 shows the
two-photon absorption spectra of KI, from1-182-1. The
linear increase of absorption with frequency is in agree-
ment with the predictions of the theory (cf. (5.42) and
(5.43)).

Improvement in experimental technique has made it
possible to find fine details in the two-photon spectrum
of KI in the region 6.2—6.4 eV. In 1 - 1 5 " 3 , s tructure as-
sociated with 2p-, 3p- and 4p-excitons was detected,
along with a maximum (at 6.285 eV) which was identified
with a transition in which the absorption of two photons
leads to the appearance of an exciton and a longitudinal
optical phonon (Fig. 13). A calculation based on third-
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FIG. 12. Two-photon absorption spec-
trum (circles) and one-photon absorption
spectrum (in relative units) of a KI crystal
at room temperature (a) [1 8 2], liquid-nitro-
gen temperature (b), and liquid-helium
temperature (c).

6.S eV

order perturbation theory shows that this transition
must be separated from the 2p-exciton by an interval of
26 MeV, which i s in good agreement with the experimen-
tal value of 22 MeV.

In'-1 '9-', measurements of the two-photon spectrum of
KI were extended into the ultra-violet, to a region in
which the sum of the two photon energies was 7.5 eV.
In this case, the wavelength of the second source (a ruby
laser was used as the first source) now falls in the
ultra-violet region (about 220 nm), where the intensity
is low and it is difficult to select suitable light-filters.
Nevertheless, a two-photon absorption spectrum was ob-
tained with two well defined maxima at 7.21 and
7.375 eV. The polarization dependence in the region of
the first maximum was also measured. The maximum at
7.21 eV in the two-photon spectrum is very close to a
maximum in the one-photon spectrum (7.24 eV). This
made it possible to conclude that the maxima in both
spectra have a common origin and cannot be ascribed to
a transition at the centro-symmetric points of the
Brillouin zone. Taking the angular dependence into ac-
count, the authors assume that this maximum most prob-
ably corresponds to a Δ β - Δβ transit ion.

The band structure of crystals with a lattice of the
CsCl type differs somewhat from that of crystals with a
face-centered lattice of the NaCl type. As is shown by a
ca lcula t ion 1 β 0 > 1 β ι : ι of the band structure for Csl (with a
lattice of the CsCl type), the conduction band Γι 2 (Γί) in
this case has a minimum at the Γ-point and is very close
in energy to the lower conduction band Γι (FJ). This is
associated with the different splitting of the d-states
( F 1 2 and F ^ ) in these two types of lattice; in lattices of
the CsCl type, this splitting is much larger . These fea-
tures of the band structure of Csl are reflected in the
complicated structure of the fundamental-absorption
e d g e [ 1 ! 5 ] .

As is shown inLie*'1<ssl, these features of the band
structure also affect the two-photon spectrum. Taking
the two-band model, for the intermediate states in the
two-photon transition we must take into account not only
the exciton states split off from the band Γι but also the
exciton states split off from the d-band F 1 2

3 2 ) . This
leads, in part icular, to the result that the angular depen-
dence ceases to be determined only by the angle between
the electr ic vectors e a and e^, and depends also on the
angles with the crystal axes.

In1-162-1, the spectra of Csl and CsBr were measured
by means of an automatic two-photon spectrometer .
Especially interesting is the polarization dependence ob-
tained for Csl . In a large part of the spectrum, the ratio
of the two-photon absorption coefficients for e a 11 et, and
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FIG. 13. Fine structure of the two-photon spectrum of KI [1 5 8]. 2p-

4p are the exciton maxima and A is the photon-doubling peak. Inset is
the spectrum obtained in a previous paper [1S9].

FIG. 14. Two-photon absorption spectrum (a) and polarization ratio
(b)forCsI [162] at 20°K.

e a χ e b * s constant and equal to 2.4. This region is inter-
preted as an interband transition at the Γ-point , the r i se
at 6.05 eV being associated with the transition Π - Γ β.
Near 6.25 eV, there i s a peak in the spectrum and a dip
in the curve of the polarization rat io (Fig. 14). It is a s-
sumed that this peak in the spectrum is due to an exciton
at the X-point.

2) Two-photon absorption in Pbl has been studied

i n [ 114,115,117}
m* = 0.018m. The two-quantum absorption in Pbl, as
in InSb, was measured at the frequencies of the radiation
of a CO2-laser. The measurements were made at low
temperatures , in the presence of a strong magnetic field.
Transitions with Δ] = ± 1 , 0 were detected (where Aj is
the change in the magnetic quantum number).

3) Two-quantum absorption in CuCl was studied in
the papers 1 1 1 β 4> 1 β 53. The CuCl crystal has T d symmetry,
and its gap width is 3.4 eV. Two-quantum transitions to
discrete s-type exciton states belonging to two s e r i e s ,
which are formed by the conduction band Γ β and the pair
of valence bands Γ 7 and Γβ, were observed in'- 1 6 4^.
Transitions in the region of frequencies corresponding
to excitons with η > 1 have a complicated polarization
dependence, which is possibly explained by the admix-
ture of allowed-forbidden transitions into the exciton

p-states . The investigation1-185-1 of one of the transitions
to a l s-s tate at 1.5°K has made it possible to distinguish
the t ransverse and longitudinal excitons 3 3 ' , and has also
demonstrated the possibility of studying the dispersion of
polaritons.

4) Two-quantum absorption in T1C1 was studied in the
p a p e r s 1 1 1 6 6 ' 1 6 7 ' 1 8 0 ' 1 8 1 3 . This crystal has symmetry O h and
gap width Ηω = 3.56 eV. The spectral dependence of χ"

is linear ( f l « a = 1.17 and 2.2 eV < fio>b < 3.4 eV), in
agreement with the expression (5.43). The polarization
dependence ^lerr^ agrees in general with the two-band
model (χ" ~ cos 2 θ, where θ i s the angle between the
polarizations of the two fields), although in1-167-1 small
deviations, apparently associated with the contribution of
the allowed-allowed transi t ions, were observed.

Thus, near the absorption-band edge, the polarization
dependence obtained in1-180-1 corresponds to a superposi-
tion of allowed-allowed transit ions to the states Γΐ and
r j . Measurements of the two-photon absorption near the
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band e d g e f l 8 i : l at low temperatures (77—300°K) have
made it possible to observe the multi-phonon structure
of the band edge for the first t ime, and also to measure
the dependence of the gap width on the temperature .

5) Two-quantum absorption in TiO 2 (rutile) was stud-
ied in'-168-1. By means of a two-source technique, meas-
urements were made in the interval from 3.3 to 4.1 eV.
In accordance with the symmetry, allowed-allowed tran-
sitions occur when the electr ic vectors of both sources
are parallel to one of the crystal axes. According to'- 1 6 8 · ' ,
in the frequency dependence there is an exciton peak at
about 3.6 eV (a transition to a l s- s ta te) , and according
to (5.43) there is a linear increase for w a + ω ,̂ > 3.8 eV.
When the electr ic vectors are directed along mutually
perpendicular axes, transitions to p-states a re possible
and the frequency dependence corresponds to (5.43) in its
general features. The value 3.75 ± 0.08 eV for the gap
width at the Γ-point follows from the form of the fre-
quency dependence; this agrees with the value obtained
by another method.

6) There is a fairly large number of papers on two-
quantum absorption at impurity centers ^ . The des-
cription of two-photon transit ions in these cases , with
allowance for the local vibrations, is analogous, to a
considerable extent, to the description of transit ions in
molecular crysta ls . Lack of space prevents us from
considering this question in detail h e r e .

The authors are grateful to A. P. Aleksandrov for
useful discussions.

"Here, we should keep in mind that, in the strong radiation fields of
lasers, the kinetics of luminescence can depend on the intensity of the
exciting light [170] in particular, as a result of induced transitions to the
absorption-band edge [ 1 7 0 · 1 7 1 ] .

''Stimulated Raman scattering (SRS) has also been used as a tunable
source [ 2 2 · 2 3 ] . It should be noted that the space-time structure of the
radiation in SRS is very complicated, and this makes quantitative mea-
surements difficult.

''Another explanation [ 2 7 ], associated with the assumption of random
degeneracy of electronic terms of different parity, was rejected after
the discovery of two-quantum transitions between levels of different
parity in many molecules. Multipole transitions may be of interest for
monatomic vapors and gases.

4'There have been attempts to calculate the sum over m inside the mod-
ulus sign in (4.8) for a number of specific compounds: benzanthracene,
benzpyrene [67] and benzene [ 6 4 ] . It should be noted that, in these cal-
culations, wavefunctions optimized for the determination of the energy
eigenvalues were used. The accuracy of calculations of dipole moments
with such functions requires further analysis.

s ' ln one-quantum transitions between electronic states of the same parity,
the vibrational structure is determined by asymmetric vibratons.

6*We note that, in [ 5 7 ], an odd angular dependence was observed for an
anthracene crystal observed perpendicular to the a, c-plane. In connec-
tion with the birefringence, such a dependence ought not to be ob-
served, and its origin is incomprehensible.

7)The probability of transitions under the action of one field differs
from (5.1) by the factor 1/4.

8 One sometimes speaks of an absorption exponent for a field of fre-
quency ω 3 in the presence of a field of frequency cob: k(c«;a) =

2 2 'Aa b x a a b b ( a . b ) b [ a a ( a ) b b ( b ) ]
''This approximation is applicable if the kinetic energy of the electron

and hole formed in the transitions is large compared with the energy
of the electron-electron and electron-phonon interactions.

""There is a treatment of this type, but with the use of the composite
matrix element of formula (2.2), in, e.g., the papers [8 3·8 4]. Two-pho-
ton absorption in a magnetic field has been treated theoretically in the
paper [175], which is devoted to the theory of multi-photon transitions
in a magnetic field.

n ) An exception is the resonance situation, in which ω ^ - ω 2 < ω 2 and
τ; < 1. The principal contribution to x a a b b in this case is associated with
a resonance intermediate state j .
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12)The expressions obtained in the papers [89·124] in this approximation
differ by the factor (coa + cJt,)2/oJacjj,. As was shown in Sec. 2, this
divergence is due to an incorrect estimate of the contribution of the
higher bands in the papers [83> I 2 4J.

13)For crystals of the type AjBy,,, the relation (5.12) no longer holds and
the dependence of Xaat,b

 o n ω» c a n be weaker.
14)See footnote 12.
15)This can be seen from (5.4), if we take into account that the matrix

elements rn[ (k = 0) are real and, consequently, the iinj are imaginary.
Therefore, the interference terms associated with the product of the
two parts of the composite matrix element are absent.

16)The expression (5.15) is correct to within aeH/hc, where a is the lattice
constant.

n*For a composite matrix element of the form (2.2), a treatment of this
type is contained in [9 0"9 3].

18)A study of this case is carried through in [ 8 2 ' 9 6], using the interaction
with the field in the form ρ·Α.

"'Such transitions have been considered [ 9 7 · 9 8 ] , using an interaction
energy of the form ρ·Α. The correct frequency dependence was ob-
tained; as regards the magnitude of the susceptibility, the results must
be multiplied by ωΆω^Ι(ωΆ + ω),)2.

20)When one of the field frequencies is close to G/h, the following treat-
ment is inapplicable and one must use the expressions of [ 9 8 ] .

2 "For a = a or α = b, the composite matrix element (2.2) is non-zero
only for s-states, and its magnitude relative to (5.28) is (G/ϋω)2 ^ 1;
we shall therefore not consider it further. We note that precisely this
term for the s-states is considered in the paper [ 9 8 ] .

22)The frequency dependence near the absorption edge obtained in [99]
is incorrect.

23*The theory of two-quantum transitions in a strong electric field is the
subject of [ l 7 6 ] . The analysis is performed in a three-band model, using
an interaction energy in the form ρ·Α.

2 4 ) Another paper in which the symmetry properties of two-photon tran-
sitions are analyzed has recently appeared [> n]. This contains more
accurate tables for the angular dependences of allo wed-all owed tran-
sitions for all 32 crystal classes. In addition, the symmetry properties
arising from the difference between the properties of the transverse and
longitudinal excitons are investigated in [ 1 7 2 ] .

2S)A theoretical study of the two-photon absorption spectrum for InSb
and the lead chalcogenides (PbTe, PbSe and PbS), with the real band
structure taken into account (in the Kane model) is carried through in
the paper [ l 7 7 ] . The calculation is performed with the interaction
energy in the form p· A. In this paper (cf. also [ 1 7 8]), the optical ori-
entation of the carriers excited in the two-photon transitions is dis-
cussed. Attempts to detect this effect [178] have had no success as yet.

2 6 )In reality, because of the factors of4 and ω^4 in (5.43), the dependence
of χ " on ω 2 + ω,, is weaker.

2 7 )In the region Δω < 0.2 eV, it is necessary in the analysis to take into
acount the spin-orbit splitting of the valence bands.

2 8 ) It is possible that an important role in determining the frequency de-
pendence in this region is played by ionized impurities, if their con-
centration is greater than or of the order of ag3(ae is the exciton radius).

29)This is also noted in [ 1 7 3 ] .
30)The theoretical estimate in [143] gives 2 Χ 10"9 esu for χ"; the discrep-

ancy between the theoretical estimates is due to an error (a factor 1/12
is omitted) in formula (1) of [ 1 4 3 ] , and, in addition, the result is too
high by a factor of 4 because of the neglect of the contribution (5.13)
of the higher bands.

3"The figure was kindly provided by the authors of these papers.
32)Two-quantum transitions to p-states may turn out to be relatively

strong when a third band is taken into account, since in alkali-halide
crystals the size of the exciton is of the order of the dimensions of the
cell.

33)The polarization properties of such transitions are discussed in [ 1 7 2 ] .
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