Hydrodynamics of plasma in a strong high-frequency field
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The article reviews the theory of a number of phenomena occurring in a plasma situated
in a strong high-frequency field. The analysis is based on a relatively simply hydrody-
namic collisionless plasma model. Principal attention is paid to the stability of the plasma
in the strong high-frequency field. A single dispersion equation is used to consider differ-
ent modifications of parametric instabilities (decay instabilities, parametric resonance,
transparent-plasma instability of the stimulated scattering type). Also discussed are a
number of problems in the equilibrium and dynamics of a plasma in a strong high-fre-
quency field, particularly nonlinear penetration and reflection of electromagnetic waves
from a plasma, stationary nonlinear waves, and spreading and contraction of a plasma
layer under the influence of the pressure of a high-frequency field,
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1. INTRODUCTION

It is necessary in a number of experimental investi-
gations of a fully ionized plasma to deal with electro-
magnetic fields whose pressure exceeds the thermal
pressure of the particles. Fields that are so strong (in
this sense) can result, on the one hand, from the devel-
opment of instabilities, and can be produced on the other
hand by external sources, as is the case, for example,
in the radiative method of plasma acceleration!'!, It is
obvious that in this case the character of the processes
that occur in the plasma depends essentially on the
electromagnetic fields, which in turn vary when the
state of the plasma is altered. The traditional approach
to the description of a plasma, in which the influence of
the fields on its state is assumed to be weak and is
taken into account by perturbation theory, turns out to
be inapplicable in this case. It becomes necessary to
consider simultaneously the change of the state of the
plasma and of the electromagnetic fields in the plasma.

In many cases there is one important circumstance
that permits appreciable simplification of the analysis
of the processes occurring in a plasma situated in
strong electromagnetic fields. Namely, at a sufficiently
high frequency of variation of the fields one can assume
that it is only electrons that execute rapidly-alternating
motion, and that this occurs mainly under the influence
of the electric field. The motion of the ions, on the
other hand, and consequently also the change of the
plasma density, is affected only by the time-averaged
pressure of this high-frequency (hf) field. Therefore
the amplitude of the field, which depends on the plasma
density, varies much more slowly than its phase.

This subdivision of motions into rapidly-alternating
and slow makes it possible to formulate a relatively
simple system of self-consistent equations for the hy-
drodynamics of a collisionless plasma in an hf field. If
the slow motion is quasineutral, this system reduces to
three equations: the continuity equation, the equation of
motion for a plasma with allowance for the high-fre-
quency pressure, and the equation for a field (or for the

217 Sov. Phys.-Usp., Vol. 16, No. 2, September-October 1973

hf velocity of the electrons) with slowly varying density.
These equations are particular cases of the equations
describing the motion of a transparent liquid when ac-
count is taken of the pressure of the hf field®!, which
are usually formulated within the framework of macro-~
scopic electrodynamics (see, for example,[**]) and dre
used in one form or another in many papers on non-
linear optics!®®, However, inasmuch as in a plasma,
unlike a liquid or a solid, it is relatively easy to attain
hf-field pressures that exceed the internal (thermal)
pressure, and since the ensuing changes in the plasma
density are far from small, the number of problems
that can be considered with the aid of these equations
becomes much larger. In particular, it is possible to
solve hydrodynamic problems in which the hf pressure
is of decisive significance for the processes occurring
in the plasma, and the thermal motion of the particles
can be neglected.

The purpose of the present review is to acquaint the
reader with the equations of plasma hydrodynamics in
a strong hf field and with a solution obtained with the
aid of these equations for a number of different prob-
lems, most of which were considered in the Division of
the Theory of Plasma Phenomena of the Physics Insti~
tute of the USSR Academy of Sciences.

Accordingly, the review is divided into four parts.
In Chap. II we obtain the fundamental equations of the
hydrodynamics of a plasma in an hf field and consider
a number of cases when these equations can be simpl-
fied. The properties of small perturbations in a plasma
through which a strong electromagnetic wave of speci-
fied amplitude (pump wave) passes, and in particular
the investigation of parametric resonance and decay
instability, are the subjects of Chap. IlI of the review.
Chapter IV deals with certain problems of the equili-
brium of a plasma in an hf field. Finally, questions of
plasma dynamics in hf fields are discussed in Chap. V.

il. FUNDAMENTAL EQUATIONS
In this part we formulate the fundamental equations
of hydrodynamic theory of a plasma in a strong hf field
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(Sec. 1) and consider two cases when these equations
can be greatly simplified (Secs. 2 and 3).

A procedure analogous to that used by us to derive
the equations was considered in!®! in connection with an
investigation of the drift instability of a plasma ina
microwave discharge, and also int'® in a determination
of the stationary fields and currents in a plasma situ-
ated in an hf field. Another method of deriving the equa-
tions, based on considering the motion of individual
particles, was discussed inf'',

It should be noted that in deriving the equations of
the hydrodynamics of a plasma in an hf field we assume
that all the quantities that characterize the state of the
plasma and of the fields vary little in space over a dis-
tance on the order of the average displacement of the
electrons in the hf field. This condition imposes con-
straints, on the one hand, on the characteristic scales
of the variation of all the quantities and, on the other
hand, on the amplitude and frequency of the hf fields,
and is satisfied better the higher the frequency of the
hf field.

1. Equations of hydrodynamics of a plasma in a high-
frequency field. As a point of departure for the deriva-
tion of the equations of the hydrodynamics of a plasma
in an hf electromagnetic field, we shall use a system of
hydrodynamic equations for electrons and ions and the
system of Maxwell’s equations for the fields:

av,/dt + (v. V) v, = (e/m) E + (efmc) [v.Bl — (T/m) V ln n,, (1.1)*
an,lot + div (rev,) = 0, (1.2)
avilot -+ (v, V) v; = (e/m;) E -+ (ei/mic) [viBl — (Ti/m) V ln ny, (1-3)

on/at + div (nyv;) = 0, (1.4)
rot E = —c"'9B/a¢, (1.5)
rot B = ¢"WE/8t + (4nlc) (engy, + enyvy), (1.6)

where Ve j, ng j, and Te,i are respectively the veloci-
ties, concentrations, and temperatures of the electrons
and ions, ej and mj are the charge and mass of the
ions, e and m are the charge and mass of the elec-
trons, and E and B are the vectors of the electric and
magnetic field intensities.

We assume that the electric and magnetic fields, and
also the concentration and velocity of the electrons, in
addition to having a slow dependence on the time, con~
tain also a rapid dependence, so that these quantities
can be represented in the form

E=(E)+E B=B+B, ve=(v+7V, no=(ny+n, (1.7)
where the angle brackets denote averaging over the
time: .

' t+-to
a@®)=im) | awar. (1.8)

[3

The time interval t, is large in comparison with the
characteristic time 7 of the fast variations and is small
in comparison with the characteristic time tg] of vari-
ation of the slow variables.

We neglect the rapid motion of the ions, and confine
ourselves for simplicity to a plasma in which there are
no slow (in particular, constant) magnetic fields ({(B)
=0)", In addition, assuming that the collision frequency
is small in comparison with tg], we assume that the
temperature of the plasma components is constant. Al-
lowance for collisions calls in the general case for
considering the variation of the temperatures of the
plasma components, The nonlinear effects due to heat-
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ing of the plasma in an hf field have been considered in
a number of papers (e.g.,[*%%),

We substitute relations (1.7) in (1.2), average the
latter with respect to time, and subtract the results
from the initial equation. If the slow and rapid quanti-
ties vary sufficiently smoothly in space (we denote the
characteristic distances over which these quantities
vary by L. and A, respectively), so that the following
inequalities are satisfied

My LI (Ve b [ Vel (1.9)

we obtain the continuity equation for the rapidly varying
electron concentration:

0nl6t -+ div ({ne) Ve) = 0. (1.10)

It follows from (1.10) that if inequality (1.9) is satis-
fied, the rapidly alternating changes of the electron con-
centration are always small in comparison with the
slowly varying concentration (| ﬁe | << {ng)). Using this
fact, and also assuming that during the time of variation
of the rapid quantities the thermal motion causes the
electron to be displaced through a distance that is small
in comparison with L or a,

7‘/1' Lix >> (Te/m‘)l/E = VUres (1 .9,)

we obtain from (1.1), (1.5) and (1.6), with the aid of (1.7),
a system of equations for the rapidly alternating quanti-
ties:

v, /0t = (e/m) E, (1.11)
rot E= —c16B/6t, (1.12)
rot B =1 0E/8t +- (4me/e) (ne) V. (1.13)
From (1.11) and (1.12) it follows that
B — (cm/e) rot Ve (1.14)

Eliminating the fields in (1.13) with the aid of (1.11) and
{(1.14), we obtain for the electron oscillation velocity

(1.15)

Thus, by determining ¥, from (1.15) we can obtain
the remaining rapidly oscillating quantities with the aid
of (1.10), (1.11), and (1.14). The only slow quantity con-
tained in these equations is the electron concentration.

rot rot v, 4+ ¢2 6025,/9t2 4 (4ne?/me?) (n.) Ve=0.

The equations for the slow quantities are obtained by
averaging the initial system of equations (1.1)—(1.6)
with respect to time, When condition (1.9) is satisfied,
these equations take the form
ANVBt+ (Vo) V) (Vo) = — (e/m) Vo — (1/2) V @) — (Te/m) ¥ In(ns), ;
(1.186)

3 (ney/ot + div ((n) (v + (ne¥e)) =0, (1.17)

(Ovi/0D) + (vi V) v, = —(e/m)) ¥ @ — (Ty/my) Vln n;, (1.18)
any/ot + div (nyv;) = 0, (1.19)
Ag = —4n (e (n,) + eny), (1.20),

where (E) = -V¢, vi = (vj), and nj = {nj ). Thus, the
influence of the rapidly varying motion on the slow
motion is taken into account in terms of the hf pressure
in (1.16) and in terms of the drag flow in (1.17). The
system (1.16)—(1.20) is given in!®!], but with the drag
flow neglected and under the assumption that the hf
field is external and specified, and also with allowance
for the hf motion of the ions. The question of the drag-
ging of the electrons by the hf wave has been discussed
in many papers (e.g.,[%2°),

We are interested in plasma motions in which the
quasineutrality condition
en,) +en =0
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is satisfied and there is no slow current in the plasma:
e ((ne) (Vo) 4 (eve)) T emgvi =0.

Under these conditions, the system (1.16)—(1.20)
reduces to equations for the average electron concen-
tration {ng ) = N and for the ion velocity v; = V,
which form, jointly with Eq. (1.15) for the rapidly-
varying electron velocity ¥ = v, a closed system of
hydrodynamic equations of the plasma in an hf field:

ONIBE + div (NV) = 0, (1.21)
VIOt + (VY V = — (am/2m) ¥V @*) — (Tim) V In N, (1.22)
rot rot v - ¢~ %/8® + (4ne/mc?) Nv = 0, (1.23)

where T = zTe + Tj and z|e| is the charge of the ion.

It is frequently more expedient to use a system of
equations containing not the rapidly varying electron
velocity v, but the intensity E = E of the hf electric
field. To this end it is necessary to establish, with the
aid of (1.11), the connection between v and E. In the
general case this connection is integral with respect to
time. However, if the hf field is almost monochromatic:

E(r, 8)=(1/2) [Es (r, &) e~io0" L E (r, 2)ei®0!],

and if E =0 when t =0, then we obtain from (1.22) and
(1.23), using (1.11) and neglecting terms of order 7/tg],

(1.24)
(1.25)

The average specific pressure of the hf field for
particles

IVt +(VV) V= — (ze*/amm0}) V |Ey |*— (I'/m;) VIn N,
rot rot Ey— (0}/c?) Eq + (4ne®/mc*) NEy= 0.

(1.26)

which is contained in the right-hand side of (1.24), can
be derived on the one hand from the more general rela-
tions off?], and on the other hand by considering the
motion of individual particles in an inhomogeneous nf
field®*®! as was done first in'*"], Therefore the force of
the hf pressure in the plasma is frequently called the
‘‘Miller force.’’ A detailed bibliography on this ques-
tion, and also a generalization of (1.26) to include a
magnetized plasma, can be found in the review*®! (see
also!?®)), and also in later papers!®*»®!l, The question of
the hf pressure forces in a plasma with allowance for
particle collisions is discussed in!'"»® *], The pressure
forces of low-frequency ion waves in a plasma layer
have been considered int*» ¥,

fp= —(3¢%/4mm;o}) V | Ey |

2. High-frequency pressure forces in a transparent
plasma. In this section we consider forces acting on a
plasma placed in an external hf field whose frequency
is much higher than the Langmuir frequency of the
electrons

W > 0}, = (4ne?/m) N.

2.1)

Under these conditions, the field in the plasma differs
little from the field in vacuum, and can be determined
by perturbation theory

E,=E{ +EP,

where the zeroth-order field E}” is simply the external
field (i.e., the field in the absence of plasma), which,
in accord with {1.25), satisfies the relation

[A+(0YA]EP =0, divE®=0. (2.2)

The correction E{§’ to the external field is due to the
presence of plasma and, as follows from (1.25), can be
found from the equation

[A+ (@3/c?)] EP = (4ne?/m) [ "NEQ 4+ (1/03) V (YN-E™)].  (2.3)
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In this case, according to (1.26), the hi-field pressure
forces acting on the plasma are proportional, accurate
to terms linear in E§*, to the quantity

VIEo[’%V1E5°’l’+27|53°’1‘3§"|- (2.4)

If the first term in (2.4) is much larger than the
second, then the hf-pressure forces acting on the
plasma are determined by the external fields. The
plasma can then be considered by using Egs. (1.21) and
(1.24), where the hf field is assumed given,

In many cases, however, the first term of (2.4) is
much smaller than the second (for example, if E}” is
the field of a plane wave, then the first term is equal to
zero), and to find the forces acting on the plasma, it is
necessary to know the correction to the external field.
The general solution of Eq. (2.3) has been thoroughly
investigated (see, for example, the book!*!), and can
be used readily to express the hf-pressure forces acting
on the ‘plasma in terms of the plasma density and by the
same token to reduce the system of hydrodynamic equa-
tions to equations for N and V. Such forces are calcu-
lated for a number of cases in{**%*],

Let us consider the next example, which we shall
need subsequently!*®), Assume that a plane linearly-
polarized electromagnetic wave is incident at an angle
¢ on a plasma layer in which the density depends only
on one coordinate x and on the time

E® = (E{” cos ¢, E”sin @, 0) ethoxxtikoyy,

2.5)

From (2.2) we obtain the dispersion law for the electro-
magnetic waves in vacuum, o3 = k3c®, while Eq. (2.3)
determines E&; and E(‘)‘}} If the plasma density is dif-
ferent from zero at L, = x = L,, then the solution of
(2.3) should describe a plane wave propagating from
left to right if x > L), and, to the contrary, from right
to left if x < L,. Using these conditions, we obtain the
expressions for the components of the vector E}{Y with
the aid of formula (2.4)—the per unit force of the hf

pressure;

2zned

Toe= ——mer | EQ TP

X [“—:%—cos’(p%—{- 1 (cos20)? | N (', ) cos 2kos (z—2') d2'1. . (2.6)
Ly
If the plasma has no sharp boundary and the density
falls off continuously to zero as x — <, then we can use

L, = «» as the lower limit in (2.6).

3. Geometric-optics approximation. An approximate
solution of (1.25) or (1.23) can also be obtained if the
wavelength of the electromagnetic wave is small in
comparison with the characteristic distance over which
the plasma density varies (A <« L). In this case, the
geometric-optics approximation is valid (see, for
example,l*H*]),

We consider for simplicity the one-dimensional
case®. We assume that a linearly polarized wave propa-
gates along the Ox axis and that the electric-field in-
tensity vector is directed along the Oy axis; the plasma
density depends on x and on the time. We seek the
solution of (1.25) in the form

@0 (9l @oFo> Ey 0o > N,

where E, and ¢ are real functions (amplitude and
phase). In accordance with the assumption made in Sec.
1 we have

(3.1)

Eoy (z, §) = E; (7, §) eioixt |
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where the dot denotes differentiation with respect to
time. Substituting (3.1) in (1.25) and recognizing that
| N/N|, | E¢/Eo| <« ¢ (the prime denotes differentiation
with respect to x), we obtain the following equations for
the determination of Eo, and ¢:
E{—@"Eo+ (w}/c?) Eo= (4ne’/mc®) NE,,
Bl = —M,

(3.2)
(3.3)

where M is generally speaking, a function of the time.

Thus, to find the field amplitudes we are left with a
single equation that takes the form

(3.4)

So far we have not used the condition under which the
geometric optics is valid, according to which the phase
¢ of the wave changes in space much more rapidly than
the amplitude E,, If this condition is taken into account,
then the first term of (3.4) should be discarded because
of its smallness®, As a result we get

E; + (@¥/e?) Eq— (MY EY) — (4ne®/mc?) NEo=0.

EX z, t)= M/(0y/c) [1—(4ne®N (z, t)/ma)]'. (3.5)

If the plasma contains a region in which the density
is constant or equal to zero, then the quantity M in (3.5)
can be expressed in terms of the field amplitude in this
region. Then the value of M is independent of the time
and, in particular, if the hf wave is incident on the
plasma from vacuum, we have

M =E®%ay/c, (3.6)
where E{? is the amplitude of the incident wave.
Using expressions (3.5) and (3.6) we obtain from
(1.26)0¢]
feox=—(ES* 320N tmy) [(1— (N/Ne)) >/ 3N oz, (3.1

where N, = mw3/47e® is the critical density, i.e., the
density at which the Langmuir frequency of the elec-
trons is equal to the frequency of the hf field.

We note that in the geometric-optics approximation
the connection between the force of the hf pressure and
the density is local, in contrast to the transparent-
plasma case considered in the preceding section.
Furthermore, it follows from (3.7) that in the geometric-
optics approximation the force of the hf pressure, like
the force of thermal pressure, is always directed
towards the region where the plasma density decreases.

The geometric-optics approximation is suitable far
from turning points, i.e., at N/N¢ < 1. If the plasma is
transparent and N/N; « 1, then we obtain from (3.7)

fe= — (E/320m,N?) ON /0z.

This expression also follows from formula (2.6) at
cos ¢ =0 and in the limit as kgy — .

11. SMALL PERTURBATIONS

The influence of strong electromagnetic fields be-
comes manifest, in particular, in an appreciable change
of the dispersion properties of the plasma. The hf field
may be the cause of plasma instability. To the con-
trary, there are conditions when the hf field stabilizes
the instabilities existing in the plasma without the hf
field. All these problems have recently been extensively
investigated and are still far from their solution. How-
ever, some questions concerning mainly the linear
theory of small perturbations of a plasma in an hf field
have by now been made sufficiently clear®,
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The most complete theory was developed for small
perturbations of a plasma that is homogeneous in the
ground state and is situated in a homogeneous hf field
(see the review!™!), It was shown even in the first paper
of this group!®! that in a transparent plasma w, >>
wLe) the hf field significantly alters the dispersion laws
of the longitudinal perturbations®, and particularly the
dispersion law of the ion sound. (This result was later
confirmed experimentally(%®!,) The same paper dealt
with the stabilizing action of a hf field on the current
instability of a plasma.

Next, using a two-fluid hydrodynamic collisionless
plasma . model as an example, an important result was
obtained in{**], namely that an instability sets in when
the hf field frequency approaches the plasma frequency
{the so-called ‘‘parametric resonance’’), In this case,
both inl*®! and inl**), unlike many succeeding investiga-
tions and the present review in particular (see the in-
equality (1.9)), it was not assumed that the amplitude of
the electron oscillations in the hf field is low in com-
parison with the perturbation wavelength.

The results of(**! were confirmed in laboratories(®!
(see alsol®* ™)) as well as in numerical experiments(™""]
and have been the subject of extensive discussions.
Inl""] ysing the perturbation theory for the Green’s
function, which is valid in the approximation of weak
hf fields (the thermal energy of the electrons is large
in comparison with the energy of the hf oscillations),
an approximation that is the opposite of that considered
inl**!, tHe parametric-instability threshold connected
with the dissipative effects was obtained. These results
were subsequently discussed in a number of other
papers in which various methods were used(®> %], In
particular, it was shown in{®! that the results of(**]
correspond to plasma instability in fields much stronger
than the threshold value.

It should be noted that in weak hf fields, which have
practically no influence on the wave-dispersion laws in
the plasma, and at sufficiently small damping of these
waves, the parametric instability is closely related with
decay processes in nonlinear wave interaction. In these
processes, one wave (in this case it is the external
wave) breaks up into two other waves whose amplitudes
increase, and the plasma sfate is then unstable, This
instability was first considered in!®! and is called de-
cay instability (see alsol® 1),

In strong hf fields, to the contrary, a situation ob-
taining in!**) and in a number of other investigations,
the dispersion laws for small perturbations are them-
selves determined by the hf field, and the usual concept
of decay processes does not hold. In this case it is
customary to speak of a strong parametric coupling of
the perturbations in the plasmal®],

In the cited papers[**°%®:"%%7] they considered elec-
trostatic (potential) perturbations of the fields. Under
definite conditions, however, it becomes important to
take the perturbations of the magnetic field into account,
and it is precisely this nonpotential character of the
perturbations which determines the plasma instability.
This question was considered in!®**®1 and in many
cases it was important to take into account the finite
length of the pump wave!®%%104),

The theory of small perturbations is generalized to
include the case of a magnetized plasma situated in an
hf field inl'*'*%) for potential perturbations, and
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int "% for nonpotential perturbations. In[**%'%] they
consider parametric instability of surface waves. The
influence of relativistic effects when electrons move
in an hf field are discussed inl2%,128]

A special group of papers is devoted to small oscil-
lations in an inhamogeneous plasma situated in an hf
field. On the one hand, the inhomogeneity of the plasma,
and also that of the hf field, cause special parametric
instabilities{** ') and on the other hand it affects the
development of the instabilities known to exist ina
homogeneous plasmat'®~'*41,

Besides hydrodynamic instabilities, a plasma situated
in an hf field can contain kinetic instabilities due to
radiation of waves by a definite group of particles. This
question is discussed int*** ! and is outside the scope
of the hydrodynamic theory considered by us.

The possibility of stabilizing a plasma with the aid
of hf fields, first indicated in!®**, was subsequently dis-
cussed in[** %] (see also the review!'®!l),

1t is not our purpose to discuss in any detail all the
questions of the theory of small perturbations within the
framework of the model in question, and we shall con-
fine ourselves only to certain linear-theory problems
that can demonstrate the principal features of small
perturbations in a plasma situated in an hf field,

4. The dispersion equation. In this section we de-
rive the dispersion equation that describes the spectrum
of small perturbations in a homogeneous and unbounded
plasma through which a plane monochromatic wave with
specified amplitude (pump wave) passes. The unper-
turbed state of the plasma is characterized by a con-
stant concentration N, and by an hf velocity of the
electron oscillations

Vo = vz cos (0ot — ko), (4.1)
where the frequency w, and the wave vector Ko, as
follows from (1.23), are connected by the dispersion
relations (w}q = 47Noe®/m)

0y = +-kic® ko L Vg, (4.2)
ol =0}, kol Ve (4.3)

We note that the amplitude of the oscillations of the
electron velocity VE can be expressed in terms of the
amplitude of the electric field in the pump wave with
the aid of the obvious relation vg = eEo/muwo.

In the linear approximation, for small perturbations
of the plasma concentration 3N and perturbations of
the hf electron velocity 8v we obtain from (1.21)—(1.23)
the system of equations

FBN/91* — sPASN = zN,o (mim;) A (vdv), (4.4)

rot rot 8v - ¢28%8v/012 + (of./c?) Ov = —(4net/me®) vN,  (4.5)

where s® = T/mj.

Equations (4.4) and (4.5) describe field perturbations
that are coupled parametrically via the pump wave
(more accurately, perturbations of the velocity of the
electron oscillations) and perturbations of the plasma
density. The general theory of parametrically coupled
perturbations of two scalar quantities with damping in
a homogeneous hf field has been constructed int®!, The
question of the connection between the low-frequency
and high-frequency waves in a plasma was also dis-
cussed inl'% 711,

To obtain the dispersion equation, we assume that
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the concentration perturbations depend on the coordi-
nates and time like 8N = 5N, exp {—iwt + ik -r), Then,
using expression (4.1), we obtain from (4.5) for the
perturbation of the electron oscillation velocity

Ov = (8v.etoot-iker 8v,e-ivottikor) g—ivttikr (4.6)
where
1 5N k iki j 4 (k +, i :h TSRt
80y =~ g i o [*x, ey 3" :I
+,7 2 eVE, b No kii wie, k”cZ——mz (4.7)

ki =kt ky, 0r =0 = 0, 62 =e(0y), & (0) = 1 — (o Jo’).

It is seen from (4.6) that the perturbations of the rapidly
varying electron velocity depend significantly on the ac-
curacy which the resonance conditions k,c® = wie or

€+ = 0 are satisfied.

Substituting (4.6) in (4.4) and averaging, we obtain a
dispersion equation that connects w with the wave vec~
tor k:

k_
=k {82 + —m [[ ot (olt-:_f—kiﬂ

+ (k_vg)?® 1 kvl

(kv )2
3 @le_ + Tk + E

1} (a.8)

ii = 47e°zNy/mj is the Langmuir frequency of

m},e* — kEc? + wiey

where w
the ions.

Dispersion equation (4.8), obtained in'®®! by a kinetic
approach, determines the spectrum of coupled pertur-
bations of the density and the hf field in the plasma,
which are called electroacoustic waves in a number of
papers[sq,wq].

For perturbations with a wavelength that is small in
comparison with the pump wavelength (| kol « |k|),
and under the condition w, > wle, we obtain from (4.8)
the dispersion relation

o = k?s* 4 (1/2) of; {[(kvg)¥/o}] — ([kvg]*/k%*)}.

(4.9)

In the limit ¢ — « (potential perturbations of the hf
field), formula (4.9) corresponds to the result oft®®!
relative to the spectrum of the low-frequency potential
oscillations. When the last term is taken into account,
formula (4.9) can describe unstable perturbations (see
(sec. 6 below); it is analyzed in detail inf®, -

Formula (4.9) can easily be obtained from simple
physical reasoning. Let us analyze the time variation
of a small periodic quasineutral density perturbation
5p = 8pocos (kx — wt)in a plasma situated in a homo-
geneous hf field Eo = Egsin wot (wo > | w!) (Fig. 1),

From the continuity equation and from the equation
of motion it follows that

(1/po) 9*8ploe: = —afloz, (4_10)
where f is the force acting on a plasma ion as a result

of the forces of the thermal pressure and the hf pres-
sure,

The expression for the thermal-pressure force is
obvious:

fr = —(1/pe) 88pa/bz = (T/m;) kbpo sin (kz — ot)/po.  (4.11)

Let us examine the forces connected with perturba-
tions of the electric and magnetic fields. The compon-
ent Eg, of the hf field, which is directed along the 0x
axis, causes the separation of the charge and leads to
the appearance of an inhomogeneous rapidly alternating
electric field, which, as follows from the condition for
the continuity of the normal component of the induction
vector, is equal at wo » wle to

8E — — (Be/e) Eoy = (4me*z/mm;©?) E§8p sin wyt. (4.12)
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FIG. 1. Perturbations pro-
duced in high-frequency electric
(8E) and magnetic (5H) fields by
periodic perturbation of the
plasma density.

z

The perturbed field, which is stronger wherever the
density perturbations are larger, leads to the appear-
ance of an additional pressure force, which equals, in
accordance with formula (1.26),

= (2€%/2mmwf) (ES? (4ne?/maw]) kBp, sin (kz—wi), (4.13)

and the direction of the action of the force (4.13) coin-
cides with the direction of the force (4.11).

The component Eq; of the hf field, directed along
the Oy axis, does not cause separation of the charge,
but leads to the appearance of perturbations of the
rapidly alternating current of the electrons, and conse-
quently to the appearance of a perturbed hf magnetic
field directed along the 0z axis:

—86H j0z — (4njc) 8 | = — (4nelc) 8p (eES) /mmq) sin ot.

This magnetic field, acting on the electrons that execute
hf oscillations, produces an average force fjg that tends
to increase the initial density perturbations (in analogy
to the attraction between parallel-flowing currents):

z  4me? 2N, E( 8pg

frr= e (o L 8H) = i et oo Bol® 0 i (p—ot). (4.14).

mo} m kmy Po

With the aid of (4.11) and (4.13), (4.14), and (4.10) we
obtain formula (4.9).

It is obvious that the terms in formula (4.8) contain-
ing the longitudinal dielectric constants e, in their
denominators correspond to allowance for the pressure
forces of the hf electrostatic field produced as a result
of the separation of the charges in the pump-wave field.
On the other hand, the terms whose denominators con-
tain the expressions wies — kic? take into account the
forces due to the perturbation of the hf eddy currents in
the plasma. It is important to emphasize here that the
expressions in the denominators of (4.8) contain w, and
that when the dispersion equation is solved this depend-
ence is particularly important in resonances, when the
denominators are small.

5. Weak coupling approximation. Decay instabilities.
In this section we establish a connection between the
developed theory and the usual theory of nonlinear wave
interaction. We note that in the derivation of the usual
theory of nonlinear wave interaction one uses a proce-
dure wherein the currents in the plasma are expanded in
powers of the field!'®®), It follows then from the linear
approximation that the dispersion laws of all the waves
are determined by the properties of the plasma in the
absence of these waves, and the nonlinear currents de-
scribe the interaction between the waves. In our case,
such an approximation corresponds to a solution of
Egs. (4.4) and (4.5), which describe the coupled pertur-
bations of the density and of the field, using perturba-
tion theory with respect to terms proportional to vg
(the approximation of weak parametric coupling). It
turns out here that in the zeroth approximation the
density and field perturbations are given by two types
of independent proper waves in the plasma, and that
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their dispersion laws are determined by the usual linear
theory. In the first approximation, on the other hand,
allowance for the terms proportional to vg leads to a
slow change in the amplitudes of the coupled waves.
Therefore, when weak parametric coupling of waves is
considered one can use instead of (4.4) and (4.5) a sys-
tem of abbreviated equations for the slowly varying
amplitudes (see, e.g.,!®"*'1), However, many of the
principal results are easier to obtain from the disper-
sion relation (4.8) by solving it by perturbation theory
with respect to terms containing vg.

We seek the solution of (4.8) in the form
(5.1)

where wzs = kzsz, and in a nonisothermal plasma (Te
>> Tj) this is simply the dispersion law of the ion-
acoustic waves with a wavelength that is large in com-
parison with the Debye radius of the electronst!®],

0 =0, + oh

For the determination of w'!' we get from (4.8) the
equation

K2 [k_vg]? 1
w K E
2ol = 0L | TR T maem) 00w — e
(k_vg)? 1 [k,vg]? 1
+ K b 0 g3 + +k’ ¢ )2
- (1—0M8/000) 00l P (14 eW0/20) o e — ke
("+"E)2 1
+ (1 4 008 /00®) 030 ]' (5.2)

w(o)_moi 0, B(in)__e( (o)).

The form of the correction to the frequency depends
on whether or not the relations customarily called the
decay conditions are satisfied:

—ker=0, (5.3)
e"” 0. (5.4)

If either (5.3) or (5.4) is satisfied, and the subscript
in these formulas is minus, then 'Y is imaginary. In
this case the perturbations increase in time and insta-
bility sets in; following'®®}, where it was first considered,
this is called decay instability. Let us consider this
question in greater detail.

m(ﬂ)l (0)

Assume that condition (5.3) with 2 minus sign is
satisfied. We write it down in explicit form:

(5.5)
The largest term in the right-hand side of (5.2) is the

(g — @5)% — 0}, —c? (ky—k)2 =0.

first, and its solution is

ko4 (0000) 2] | [k —ko) Vel /[ k—Kol.  (5.6)

The minus sign in (5.6) corresponds to perturbations
that increase with time, i.e., the amplitudes of the ion-
acoustic and transverse waves with frequency wo - wg
and wave vector ko ~ k grow simultaneously. At a
specified dispersion law for the pump wave, relation
(5.5) determines those values of the wave vectors for
which instability sets in. If the pump wave has a trans-
verse polarization and the frequency wo, is connected
with the wave vector ko by relation (4.2), then the con-
sidered instability describes the thoroughly investi-
gated transformation of a transverse wave into a trans-
verse wave and an ion-acoustic wave (see, for exam-
ple,l**")), From (5.5) it follows that the unstable per-
turbations are those having the wave vectors

k= 2[kgcos ¢ — (swy/ct)] > 0,
where cos ¢ =k -ko/Kkko. In particular, if wo® koc
and, consequently, w, > wLe, then we find from (5.7)
that the unstable perturbations are those with the wave
number k = 2k, cos ¢ (cos ¢ > s/c).

y=io® =

(5.7)
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When condition (5.4) with minus subscript is satis-
fied,
(5.8)

((1)0 — (‘)3)2 = ok,

the largest term is the third term in the right-hand
side of (5.2) and the solution takes the form

¥ = 10® = & [koLif4(0o) ] | (k — ko) ve 1k — ko |- (5.9)

In this case the longitudinal Langmuir wave with fre-
_quency wo — wg increases together with the sound in
- the plasma, and since wg < wo, WLe, if {5.8) is to be
satisfied it is necessary that the frequency of the pump
wave be close to the plasma frequency. If the pump
wave is longitudinal and wo~ wy,e, then there follows

from (5.9) the increment obtained inl®! (see alsol!%%:1%8]),

However, to determine the wave vectors of the unstable
perturbations it is necessary to take the thermal motion
of the particles in the dispersion laws of Langmuir
waves into account in relation (5.8) (see'®!), and

this is beyond the scope of our approximations (see

inequality (1.9")).

On the other hand, if the pump wave has transverse
polarization and the pump wavelength is much larger
than the perturbation wavelength (k > k), then it
follows from (5.8) that the unstable perturbations are
those with wave numbers

k= k250, (5.10)

and the increment is equal to
(5.11)

v = or; | kvg i (0,002

It is easy to show that neglect of thermal motion of
particles in the dispersion law of the Langmuir waves
is permissible in this case if the inequality ¢/vT

» k/ko is satisfied (v = T/m).

In this section, when solving the dispersion equation
(4.8), we used perturbation theory and have assumed by
the same token that | w'" | <« wg. It is precisely this
condition that allowed us to state that the instability
corresponds to a slow growth of the wave amplitudes,
whereas their dispersion law is specified. Now, having
at our disposal expressions (5.6) and (5.9), it is easier
to obtain an explicit criterion for the suitability of this
approximation:

(5.12)

In particular, at wo ~ wl,e it follows from (5.12) that
one can speak of ion-acoustic perturbations in a plasma
with an ordinary dispersion law only for fields whose
pressure is much lower than the thermal pressure of
the plasma particles, namely (VE/vT) « wg/wLe.

Vel < (0005 O

6. Short-wave perturbations at wo =~ wle. Parame-
tric resonance. In this section we consider the solution
of the dispersion equation (4.8) without using perturba-
tion theory with respect to the hf field. We are inter-
ested in the case of short-wave perturbations (k » ko)
in the field of a transverse pump wave, the frequency
of which is close to the Langmuir electron frequency
(wo™ wi,e > koc). In addition, we shall confine our-
selves to consideration of perturbations whose phase
velocity is small in comparison with the velocity of
light (ke » | w|), while the wave numbers are suffic-
iently large (kc > wy,e). When all these conditions are
satisfied, Eq. (4.8) is greatly simplified and takes the
form
(0 — &%) [(koc)*

—4o%0f]

=0t (kvz)* [(1/2) (0* + kie?) — 200z, (kko/A%)},  (6.1)
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where

§7= 5% — (04 [kvg]?/2kec2). (6.2)

For perturbations with wave vectors that are almost
perpendicular to the direction of the hf field, the expres-
sion on the right in formula (6.1) is close to zero. The
influence of the pump-wave field on the perturbation
dispersion law reduces in this case to a replacement of
the square of the sound velocity s®by the quantlty 6.2)
(see also (4.9)), which can be negative if

VA vk < whe/k%? € 1 (6.3)

This means that the frequency is imaginary and the
plasma is unstable. The physical cause of this instabil-
ity was discussed in Sec. 4.

However, the condition (6,3) is satisfied only for very
strong hf fields (vT <« vE). Furthermore, as shown
in[®®], the unstable perturbations are those with wave
vectors lying in the solid angle kc/wpe, which is very
small under the assumptions made.

Of greater interest is the solution of the dispersion
equation (6.1) under those conditions when an inequality
inverse to (6.3) is satisfied, and the instability indicated
above is impossible. In this case, the only terms of
(4.8) contributing to (6.1) are those containing ¢, and
€. in the denominators, In other words, all the effects
discussed later on in this section are due to perturba-
tions of the electrostatic field.

To simplify the investigation of (6.1), we assume

that
B> (1/4) 0re | 0| | kko /A2 (6.4)

It is clear that the inequality (6.4) is satisfied if
k 1 k,. However, as will be shown below, it is also
satisfied for arbitrary angles between k and k, under
the condition that k¢ > wy,e, which we assume to be
satisfied. The condition (6.4) therefore does not in fact
change the general character of the results.

Using the notation

kdc?

kvg 2 1 icos 0)2 2
A=gi <1, cosO—7E, qsz:g(@—gfs—) v di=—rs (6.5)
we express the solution of (6.2) in the form
©/0re == (1/2) {[A+ &2 (@& — gb) + 2k (A%3 + 2Aqk) 1] /2 (6.6)
6.6

o (A% K (g% —qk) — 2k (A%g3+ 2808) /7' %).
Let us analyze this expression for different pump-wave
field intensities.
We start with relatively weak fields, when the in-
equality

98 K 4g:  ((vp/vn) V7 cos 0 € 8V2). (6.7)

is satisfied. In this case, solutions that increase in
time are obtained if the expression under the square
root in the second term of (6.6) is negative:

g — 2k (A2 + 2g3A)' < 0, (6.8)

The first term in (6.6) then determines the real part of
the frequency, and the second the imaginary part,

AT g

Given the amplitude and frequency (and consequently
also the wave vector) of the pump wave, the inequality
(6.8) determines the wave-number interval for which
instability takes place:

(1/2) [(2Aqk+ A%)"* — (2434) 1 <k

<(1/g3) [(2AgE + A% /E 4 (2qk0) 1.

6.9)
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This interval is symmetrical with respect to the wave
number

fe=kumay == (1/g%) (2Agk + A%2) "2, (6.10)

at which, as seen from (6.9), the increment is maximal
and equal to
Ymax = ¥ (Fmax) = (UVE) w:..VKqE/qT

= (1/4V'2) oy (kewe/oL,) (c/s) cos 6. (6.11)

At k = kpyax, the real part of the frequency, according
to (6.6), is®

Oingx = Re © (kmax) = 0, [A% - (3Aqk/23)]' 2. (6.12)

To establish the connection between the results ob-
tained above and those obtained in Sec. 5§ by the weak-
coupling approximation, let us discuss first the limit in
which the fields are so weak that the inequality

Ag™> gk ((vs/vz) 2'7% o5 0 & 2koc/wpe <1)e (6.13)

is satisfied. It follows then from (6.9) that the region of
unstable wave numbers becomes very much narrower,
80 one can say that the only unstable perturbations are
those with one definite value of the wave number

k= A/gy = kic" 250, (6.14)

As expected, expression {6.14) coincides with formula
(5.10) for the value of the unstable wave vectors in the
decay of the pump wave into a Langmuir wave and an
acoustic wave. Formula (6.13) then goes over into (5.12),

and from (6.11) we can easily obtain the increment (5.11).

Thus, the inequality (6.13) is the criterion under which
the weak-parametric-coupling approximation is valid.

When the inequality opposite to (6.13)is satisfied,
the approximation of weak parametric coupling becomes
unsuitable. But if the thermal pressure of the particle
is nevertheless larger than the pressure of the hf field
(i.e., the condition (6.7) is satisfied), then, in accordance
with (6.9), the wave-number interval in which the per-
turbations are unstable is given by

(1/2V2) 8% 1qs < k< 2(28)"* g5igh-

The maximum increment of (6.14) then occurs at the
wave number

b= hax = (g/a1) (28)"/* = (1/4 VD) (v5/s) (@14ls) (kac/ozs) cos 0,

and the real part of the frequency, according to (6.12),
is by no means close to the sound frequency, but equals

Oinax = Ore (5/92) (BA/2) 1% = (1/4) (3/2)"7? (vi/vx) oezV/2 cos 8.

Figure 2 shows the dependence of the increment on
the wave number for different values of the field in the
pump wave. It is seen from it that in weak fields, only
perturbations with a single wave number are unstable.
When the field increases to values in which the approx-
imation of weak parametric coupling is no longer suit-
able, the region of unstable wave numbers broadens
together with a change of the dispersion law for the
sound. The maximum increment then shifts towards
shorter wavelengths, and its value increases linearly
with increasing field. When account is taken of thermal
pressure in the dispersion of the Langmuir waves, as
is done in(®®l it is seen that further increase of the
field makes the increase of the maximum increment
more complicated.

We proceed now to the case considered inl**}, where
the hf fields are so strong that the thermal motion of
the particles can be neglected in comparison with the
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! (k/ln P - 14 1 a ke
22 q,q_,w'i%’ﬂ:&q,?m'
FIG. 2. Dependence of the increment on the wave number at
different hf field intensities. 1—(vg/vy)z!/? cos € 2k, c/wy ¢ —
decay instability; 2 - 2ko c/w] o <€ (VE/VT)ZY? c0s 8 €8/ ;
3 - (VE/v)ZM? cos 0> 2 — parametric resonance.

FIG. 3. Dependence of the in-
crement on the hf field frequency
(on A = (wp - we)wLe) in the
case of parametric instability.

hf field pressure (parametric resonance):
95 D G

According to (6.6), we have
Of0re === (1/2) {[A*— k2L + 2k (2Ag%) /%112

=+ [AT— Kk — 2k (2Agh) )%,
Following!*®!, we consider the solutions (6.15) for differ-
ent values of the parameter A, which characterizes the
frequency (or wavelength) of the pump wave. If the con-
dition A < kqg is satisfied, then the nonzero solution of
(6.15) takes the form

© = +ikgroy, = £(i2V2) (|kve /oL o

(6.15)

and describes, when taken with the plus sign, aperiod-
ically growing perturbations. If, to the contrary,
A > kqEg, then we get from (6.15)

00y, = £(1/2) {{A? -+ 2kqz (2A) VP £ [A® — 2kgp (2A)47112)

and instability sets in only if the following inequality is
satisfied:

A% < 2V 2 kqg.

The increment is then maximal for A = (kqg/v2)**
and is equal to

Ymax = (V§/24/3) . (kge)*>

Figure 3 shows a plot of the increment against the
frequency of the hf field (more accurately, against A);
this plot agrees with the results of(** at A > 0. Itis
important that the increment increases with increasing
wave number (see Fig. 2). (It must be borne in mind
here, of course, that our analysis is valid if

Lk vg |/ wpe <1.)

Let us discuss briefly the physical cause of para-
metric resonance. Assume that a static density pertur-
bation 86p = mj6Nj has occurred in a plasma placed in
a homogeneous external hf field. Then the hf field gives
rise to a rapidly-alternating separation of the charges
and to an associated electric field. From the equation
div D = 0 it follows that this field is equal to (see (4.12))
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8E = — (6e/e) By = (4nze®SN i/ moie (@) Eoy.

If wo> wle and €(wo) > 0, then the charge-separation
field has the same direction as the external hf field.
Consequently, the amplitude of the total field is larger
where the plasma density is larger. The hf pressure
forces, which are proportional to s(6E - Eq)/ax, tend
to decrease the existing density perturbations (see
(4.13)). It is this which makes it possible to use hf
fields to stabilize instabilities('® %],

On the other hand, if w, < wlLe, then e(wo) < 0 and
the field §E is directed opposite to the direction of the
external field. Therefore the amplitude of the total
field in the plasma is smaller where the density is
larger. The hf pressure forces tend to increase the
initial density perturbation, and instability sets in.

Actually, the density perturbations are not static and
the frequency of the charge-separation field does not
coincide with the frequency of the external hf field.
This does not change the physical gist of the phenome-
non, but causes the picture of the onset of parametric
instability, which is considered in this section, to be-
come more complicated.

7. Perturbations in a tenuous plasma (wo > wLe)-

In this section we consider the consequences ensuing
from the dispersion equation (4.8) in the case when the
frequency of the transverse pump wave weis much
larger than the Langmuir frequency of the electrons
and it can be assumed that wo~ k¢c. Then, unlike the
preceding section, it is important to take into account
in (4.8) the terms connected with the perturbations of
the eddy currents (see Sec. 4), and it takes the form

o o k2 {sz—i o4 i vh— (kv )2/
= 5

@ % T4 (Kkg)2 1 8Kk (@hole) J © (7.1)

To trace the influence of the increase of the pump-
wave amplitude on the character of the decay instability,
we begin the analysis of (7.1) with the case of relatively
weak hf fields, for which the condition (5.12) is satis-
fied, and which have little effect on the soundwave dis-
persion law, We assume that

o =ks(1+ 8).

From (7.1) we obtain for determination of & the equa-
tion

b — 4 (kko)? of; i v —(kve)2/i3]

8(2+9) [1 + 8+ Suny gy J + 5o F g ey e =

(7.2)
In the theory of decay instabilities, the lengths of the
growing waves are determined from the condition of
simultaneous satisfaction of the dispersion relations for
all the waves participating in the decay process (see
Sec. 4). In this case, only one pair of growing waves
can propagate in a definite selected direction. These
results can also be obtained from (7.2) if it is assumed
that | 8| >> 1 and the condition (5.5) is satisfied for the
decay of a transverse pump wave into an acoustic wave
and a transverse wave, a condition equivalent to the
vanishing of the expression 1 +[k* -
4(k-k)*| /8 k - k, (skk /c).

However, when solving (7.2) it is also possible not
to determine the lengths of the unstable waves before-
hand, but to find them from the condition Im § > 0. If
this is done, recognizing that | 3| <« 1, then we obtain
the following limitation on the lengths of the unstable
waves:
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N 1/2 — 2 2 1/2
Z[COSCP—%—— 1__"_E_0Lz(_5_)/(1 4005@0056)]/<L

22 s w \¢ cos? @ ko
s 1 vg opifs\1/2 1—40052(1)00529)]1/2
<zfeso— 2+ E ()" (o, :
(7.3)

where cos ¢ =k -ko/kko, and cos 8 =k-vg /kvg. If
cos ¢ > s/c, then the maximum growth rate is
possessed by waves having the wave number

(7.4)

1 970k 1 —4costgoostd
Femax = 2Kq (COS q’_%*‘ﬁ w3s% cos ¢ 5 *
Thus, the form of the decay instability changes with
increasing pump-wave amplitude. The region of unstable
wavelengths broadens, and the wave length for which
the increment is maximal decreases (cf. Sec. 6).

We now stop to discuss the solutions of (7.1) that
differ essentially from the acoustic dispersion law. We
consider in succession two regions of wave numbers,
confining ourselves for simplicity to the case cos ¢ =0,
i.e., k-l ko (a more general ¢ase is considered int!%),
We start with nonresonant waves, for which the condi-
tion

K — 4k | > 8 o | Ky/ck. (7.5)

is satisfied. The solution of (7.1) is obvious:

©F = K2 (s — [(0}5/2c%) v}/ (k2 — 4K3)]}. (7.6)

This formula was first obtained inl®* and was dis-
cussed inl*®**] It follows from it immediately that at

(1.7)

aperiodic instability sets in. Therefore, from the con-
dition of simultaneous satisfaction of the inequalities
(7.5) and (7.7), when (7.6) is taken into account, it fol-
lows that this instability sets in when the inequality
opposite to (5.12) is satisfied. The increment increases
as k? approaches 4kZ. However, the condition (7.5) is
violated starting with a certain value of the wave num-
ber. We therefore proceed to solve Eq. (7.1) in the
other limiting case, when the inequality inverse to (7.5)
is satisfied {the resonant case). The dispersion equa-
tion is

(k? — 4RY) < (0}4/20%) vh/s?

3 — wk?s? 4 (1/4) o} kvk/c =0. (7.8)
In order for this cubic equation to have complex roots,
it is necessary to satisfy the relation

ovk/c > (32/3) ks (7.9)

One of the roots will then describe unstable perturba-
tions. Therefore the inequality (7.9) at a specified
pump-wave frequency {and consequently also ko) deter-
mines the frequency starting with which instability sets
in, This criterion differs by a numerical factor from
the approximate expression obtained in!®®!, The incre-
ment at resonance (k = 2k,), according to (7.8), is
equal to

v=(V/3/2) [(1/2) ok (vh/c) kol . (7.10)
This equation was obtained in!®!, and then by other
methods in(1%*%%,

In conclusion, let us dwell on the physical cause of
the considered instability. An electromagnetic wave
scattered by plasma-density perturbations that have a
spatial periodicity A such that 2x = x, (X, is the pump
wavelength), forms, together with the pump wave, a
field structure of the standing-wave type. The antinodes
of the field occur at the minima of the density, and the
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force of the hf pressure tends to increase the initial
perturbations. If this force is small in comparison with
the force of the thermal pressure of the plasma, then it
hardly changes the oscillation frequency, but may turn
out to be sufficient to increase the amplitude of the
initial density perturbations.

This case corresponds approximately to weak coup-
ling, or to the so-called decay instability. On the other
hand, if the pump-wave field exceeds a certain value,
say the one determined by formula (7.9), then the hf
pressure forces exceed the thermal-pressure forces.
In this case the concept of ion-gound waves with the
usual dispersion law becomes meaningless, and an
aperiodic instability sets in, with the increment (7.10).

An order-of-magnitude expression for the increment
(7.10) can easily be obtained from simple physical
reasoning, if it is recognized that at k = 2k, the waves
scattered in a spatial region of length on the order of
¢/w add up coherently, and the force fy in (4.14)
should be increased by a factor ke/w. The expression
{7.10) then follows from formula (4.10), apart from a
constant on the order of unity.

1V. EQUILIBRIUM OF A PLASMA IN A HIGH-
FREQUENCY FIELD

Interest in the study of the equilibrium of a plasma
in an hf field arose initially in connection with the prob-
lem of plasma confinement in installations for thermo-
nuclear research, The first papers on this subject were
published about 10 years agol'™ '™ (see the review!®®),
Special mention should be made of!'"!], which gives the
most complete and consistent solution of the one~-dimen-
sional problem of plasma equilibrium in the field of a
plane standing wave (see Sec. 8). Among the later
papers in this field, we mention the papers!'®*'®'! deal-
ing with plasma confinement in a combination of a con-
stant magnetic field and hf fields.

Recently, the question of the equilibrium of a plasma
in an hf field has attracted attention also for another
reason, namely that stationary self-maintaining radia-
tion channels can be produced in a plasma, as in all
other nonlinear media'®l, Many of the previously ob-
tained results, and primarily the results of!'"'], turned
out to be applicable also for description of this phe-
nomenon, Extensive material concerning the self-
trapping of radiation not only in a plasma, but also in
other media, is contained in a number of reviews!'®],
At the presently attainable hf field intensities, a plasma,
unlike other media, can turn out to be a strongly non-
linear medium, and therefore the effects in it should
become more distinctly manifest!'®s'**] and are of
particular interest('®!,

Another problem pertaining to the investigation of
the equilibrium state of a plasma in an hf field is that
of nonlinear penetration of an electromagnetic wave
into a plasma. For the case of normal incidencz of a
wave on the boundary of an arbitrary conductor, this
problem was considered inl**"! (see alsol'®®)), It is
shown that, in particular, the redistribution of the
plasma density, which occurs under the influence of hf
pressure”, not only alters the character of the penetra-
tion and reflection of the wave, but also leads to a de-
crease of the critical frequency, above which the plasma
is transparent (see Sec. 9). A generalization of the
results of{*®"! to the case of oblique incidence is con-
tained inl'*»**"_ A number of papers have discussed
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the question of the propagation of intense electromag-
netic waves along!'*®'%%] and across!!®*'*! a plasma
layer.

Mention should also be made of a number of inter-
esting papers dealing with the nonlinear theory of
plasma resonancel®*:'] A strong increase of the field
in the resonance region leads to a redistribution of the
plasma near this region, and this in turn leads to a
change of the field. This problem was considered
inl*®"] (gee algol'®®2), -

There is also one other group of problems that have
been considered recently, the solution of which reduces
to an equation for the equilibrium of a plasma in an hf
field. We have in mind stationary (steady-state) non-
linear waves, and in particular solitary waves (soli-
tons). As applied to the case of waves with sufficiently
small wavelength propagating along the hf field, the
problem of determining the shape of the steady-state
waves was solved inl*®!, To the contrary, the case of
stationary waves propagating across an hf field is ana-
lyzed in detail in[1%2%%2%] apq will be discussed in
Sec. 10 below.

To be able to speak of practical realizability of
equilibrium of a plasma and an hf field, it is necessary

" to clarify the question of stability of this equilibrium.

Many conclusions obtained for a homogeneous plasma
seem to remain in force in this case (see Chap. II).
There are also, however, a number of differences con-
nected with the inhomogeneity of the plasma and of the
hf field. The stability of certain equilibrium configura-
tions is discussed in!?¥-2"]; steady-state multidimen-
sional solutions of the equilibrium equations that result

from unstable one-dimensional solutions are discussed
i [211]
inl?1,

8. Equilibrium of a plasma in the field of a standing
wave, In the equilibrium state, the hydrodynamic equa-
tions (1.21, 1.24, and 1.25) of a plasma in an hf field
become much simpler, The plasma as a unit has zero
velocity, and the particle concentration and the hf-field
amplitude do not depend on the time. Therefore Eq.
(1.21) is satisfied, and it follows from (1.24) that the
plasma density and the hf-field amplitude are connected
by the simple relation

N =Cyexp (—2e’E{/4Tmay), (8.1)

where the constant C, is expressed in terms of the
plasma concentration at the point where the hf field is
known.

Using (8.1), we rewrite (1.25) in the form
(c®/w?) rot rot E,—E, -|-.'(4ne2/mu)§) CoEy exp (—ze?E%/4Tme?) =0. (8.2)

This is the fundamental equation for the investigation of
equilibrium states of a plasma in an hf field.

In this section, following mainly!'"!], we consider the
possible equilibrium configurations of a plasma in the
field of a transverse plane standing wave

Ey = (0, &, (z), 0).
In this case, using the following dimensionless variables:
E = Eez1/2/m, (2Tm)”2,

we obtain from (8.2) the first integral, which corre-
sponds to constancy of the total pressure at each
point® :

n=awy/c, C=Co/N, Ne=mollbne,

(dE(dn)* + E*++ 2Ce "2 = 2C,, (8.3)
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where C, is the constant that characterizes this pres-
sure. Solving Eq. (8.3) relative to dE/dn, we obtain in
implicit form the dependence of the hf field amplitude
on the coordinate:
E%j2
N—"mo= £ (1/2) s 12 (0, — 1 — Ce %2 g1, (8.4)
The character of the possible solutions of (8.3) can
be simply understood by using the formal mechanical
analogy proposed int*™ (see also!®®]), We regard the
intensity of the field E as the coordinate of the particle,
and the coordinate 5 as the time. Then relation (8.3)
can be identified with the energy conservation law for
a particle moving in a potential well:
U(E)=E? 1 2Ce~¥"2, (8.5)
Depending on the constant C, the potential can vary in
character. Indeed, taking the derivative dU/dE and
equating it to zero, we find that at C > 1 (this means
that there is a point at which the plasma concentration
exceeds the critical value N.) the potential has a maxi-
mum at E = 0 and has a2 minimum at E = (2 In C)"2
(Fig. 4). On the other hand, if C < 1 and the plasma
concentration is everywhere smaller than the critical
value, then the potential curve has a single minimum at
E = 0. Let us consider these cases in succession.

The three horizontal lines in Fig. 4, which shows the
potential (8.5) at C > 1, correspond to three different
values of the constant C,, which characterizes the total
energy of the particle (the total pressure of the hf field
and of the plasma). The intersections of these lines with
the potential curve determine those particle coordinates
at which the particle velocity is zero. Depending on the
relation between C and C,, three different variants of
particle motion are possible; in other words, there are
three different hf field configurations.

1) If the plasma density characterized by the con-
stant C is low enough so that C < C,;, then, as seen
from Fig. 4, there are only two points at which the
particle velocity is equal to zero and, in addition, the
particle passes through the origin. This means that the
particle oscillates in the potential well and that the field
is a periodic function of the coordinate. Analytic ex-
pressions for the field can easily be obtained in two
limits®. If E <1, then it follows from (8.4) that

E =+ 12(C; — O (n — o).

On the other hand, if the maximum (or minimum) field
Ep determined by the relation

2C, = U (Ey) = E%+ 2Ce~Fin/2,

corresponds to the coordinate 1, then, by expanding
the quantities that enter in (8.4) in the vicinity of this
point, we also obtain the law governing the field varia-
tion:

E=E,{1—(1/2) (n—nm)® (4 —Ce—E’m/Z)}.

On the basis of the available data, it is possible to con-
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FIG. 7. Variation of the field and of the concentration with the
coordinate at C; <C.

struct a qualitative picture of the variations of the field
and the concentration (Fig. 5).

2) Let C = C,. In Fig. 4, this case corresponds to
the straight line passing through the maximum of the
potential, A particle moving with such energy will take
an infinite time to reach the point E = 0. This means
that the field vanishes at infinity. To find the law
governing the field variation as  — +=, we consider
formula (8.4). Putting 7 <« 1 in it, we obtain

£ {exp[—(C—1)”2n}
exp [(C—1)"*q) as

as e (8.6)
N—>-—o00.

Let the field assume its maximum value Ep, at
1 = 0. A simple relation can then be established between
the value of Eny and the plasma density N at infinity.
Inasmuch as E — 0 as 55 — +<, in accordance with
(8.6), it follows from (8.1) and (8.3) that the constant C
is connected with the density at infinity by the simple
relation C = C, = N/N., and in accordance with (8.3)
we can write

B2 =2 (No/Ne) (1 —e-Ehi2),

We denote the plasma density at 7 =0 by Ny, and
recognize that Ny, = N, exp (-EZ,/2). From this we
obtain the connection between the plasma densities at

infinity and at the maximum of the field:
Nu/N o = exp [((Nm — N)/IN.

If N,/N; >> 1 and the plasma density at infinity is much
larger than the critical value (the plasma is opaque to
the hf field), then (Npy/Neo) <« 1 and

E4i2m No/N. (2B, /60T Now = 1).

It follows therefore that, with exponential accuracy, the
field pressure at the maximum coincides with the pres-
sure of the particles at infinity.

Plots that describe qualitatively the dependence of
the field and of the plasma density on the coordinates
are given in Fig, 6.

The case when the minimum of the plasma density is
balanced not by the field of one monochromatic wave
but by a set of short waves with different frequencies
was considered recently inl?%¢],

3) We consider now the case C > C,. The particle
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energy is in this case insufficient to pass through the
point E = 0, This means that the field amplitude can
never vanish, and ranges from Emjn to Epax (Fig. 7).
1t follows from the requirement (dE/dq)? > 0, accord-
ing to (8.3), that the possible values of C, are subject
to the limitation

2C, 2 Upin =2 (In C 4 1).

At the minimum value of C,, which equals In C+1, the
particle in our mechanical analogy is at rest at the
minimum of the potential energy. This means that the
field amplitude and the plasma concentration do not de-
pend on the coordinates. If the concentration is equal
to N, then the field is obviously equal to

E = [2 In (47e°N/mw3)]V>.

Let us dwell briefly on the case C < 1 (tenuous
plasma). As already noted, the potential U(E) has in
this case a single minimum at E = 0 and tends to in-
finity as 5 — == like EZ It is clear that only periodic
changes of the amplitude of the hf field are possible for
all the permissible values, and that there are always
points at which the field is equal to zero. In the case of
a transparent plasma, the field has in fact a structure
similar to that of the field in vacuum.

9. Penetration and reflection of a strong electro-
magnetic wave. The linear theory of reflection and re-
fraction of electromagnetic waves by a plasma boundary
is valid in those cases when the electromagnetic-field
pressure is small in comparison with the thermal
pressure, If this condition does not hold and the field
pressure becomes comparable with the thermal pres-
sure, then we can no longer neglect the changes that the
incident wave produces in the characteristics of the
medium. In other words, the problem of reflection and
refraction of waves becomes nonlinear in this case.

Asg applied to conductors (a plasma or metals), the
stationary nonlinear theory of reflection and penetra-
tion of waves was constructed in!'*"}, where the case of
sufficiently rare collisions is considered alongside the
case when the particle collisions are completely
neglected. In the present section, following mainly the
cited reference!'®!, we consider the one-dimensional
problem of reflection and penetration of an electro-
magnetic wave in a plasma, but remain within the
framework of the model investigated by us and neglect
the particle collisions altogether.

Let the plasma occupy the half-space x > 0 and let
a linearly polarized electromagnetic wave be incident
normal to its surface on the boundary x = 0. We
represent the wave field in the plasma in the form

9.1)

For the field outside the plasma, which is the sum of
the incident and reflected waves, we use the expression

Eout = (0, Einglsin (koz — 0of) + R sin (koz + 0ot + P, 0), (9.2)

where Ej,. is the amplitude of the incident wave, R is
the reflection coefficient, and y is the initial phase of
the reflected wave.

Ein = (0, Eq (2) cos [wot + ¢ (2)], 0).

From the condition for the continuity of the electric
and magnetic fields on the plasma boundary!*!! we ob-
tain

R=1— (M¥RE%,), 9.3)

Eg (0) = Eine(1+ BR¥+ 2R cos )2, (9.4)
ctg @ (0) = —R sin /(1 -+ R cos ), (9.5)
sinp= — E, (0) E; (0)/2koE%, R, (9.6)
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where M = -E2(0) ¢’(0) and the prime denotes differ-
entiation with respect to the coordinate.

We substitute (9.1) in Eq. (8.2), which determines
the field in the plasma, and equate the sine and cosine
terms. As a result we obtain two equations, which are
expressed in the notation of Sec. 8 in the form

—E*(m) 9 (n) = M,
d2Ejdy? — E (dg/dn)® + E — CE exp (—E%2) = 0.

(9.7)
(9.8)

We are interested in the case when the field does not
penetrate the plasma and at n — +~ we have E — 0
and E’ — 0. Then, according to (9.7) and (9.3), we have
M=0and R =1, i.e., the wave is completely reflected

. from the plasma. Using this condition, we write down

the first integral of (9.8)in the form

(dE/dn)? + E*-- 2C (e~F/2—1) =0, (9.9)

where the constant C is connected with plasma density
at n = = by the relation C = 47e®N,/mw3. Expression
(9.9) corresponds to the second case with C > 1 con-
sidered by us in Sec. 8, when C = C,. Unlike the solu-
tion investigated in Sec. 8, however, where the field
decreased both as 7 — +> and as n — — =, in the
present case the solution at n = 0 must satisfy definite
boundary conditions, which is not possible at arbitrary
values of the parameters of the wave incident on the
plasma. :

At R =1 it follows from the boundary conditions
(9.4) and (9.6) that
Eq(0)=2E,, cos (y/2), E,(0)= —2koEincsin (y/2), (9.10)
and from formula (9.9) we obtain for the phase of the

scattered wave
cos® (P/2) = —(N/Nw) B ln 1 — (1/B)], (9.11)
2

where N, is the critical density and 8 = 47TN,,/ zE{ .
is the ratio of the thermal pressure of the particles at
1 == to the pressure of the field in the incident wave,
From (9.11) we see that cos®(y/2) >0 only if 8= 1,
and if the field is to have a stationary distribution in
the plasma it is necessary that the pressure of the inci-
dent wave be smaller than the thermal pressure of the
plasma. In addition, it follows from (9.11) that the
critical frequency w;, below which the field can de-
crease in the plasma as 7 — +=, is equal to

0} = (4ne®Ne/mf) {—1In [1 —(1/B)1} 2.

Figure 8 shows a plot of the dependence of the critical
frequency on B. It follows from it that with increasing
amplitude of the incident wave (i.e., with decreasing 8),
the region of plasma opacity shifts towards lower fre-
quencies.

To obtain the dependence of the field in the plasma
on the coordinate, we use formula (8.4), in which we
put C = C, and make the substitution 7 = u%/2:

E(‘O)
n= j (2C (1 — ew2) — w2 V2 gy,
E

9.12)

The upper limit E(0) in (9.12) corresponds to the field
at the plasma boundary, and it can easily be expressed
in terms of the amplitude of the incident wave with the
aid of formulas (9.10) and (9.11). Figure 9 shows plots
constructed with the aid of (9.12), which illustrate the
variation of the field in the plasma and the concentra-
tion of the particles with the coordinate for different
values of the constant 8 characterizing the amplitude
of the incident wave, and at a constant concentration of
the unperturbed plasma at infinity.
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FIG. 8.

FIG. 9.

FIG. 8. Dependence of the critical frequency on the ratio § of the
thermal pressure of the particles to the pressure of the incident-wave
field.

FIG. 9. Variation of the plasma concentration N and of the
amplitude E of the hf field with variation of the coordinate n for
different amplitudes of the incident wave (E; . , >'E,-m. nE

10. Nonlinear stationary waves. In Chap. IIIl we have
considered problems of the linear theory of coupled
perturbations of the density and of the hf field (electro-
acoustic waves). In this section we dwell briefly on the
results of nonlinear theory of electroacoustic stationary
waves, i.e., waves propagating in a plasma at constant
velocity without changing their shape.

We consider the one-dimensional problem for
simplicity and assume that all the quantities in (1.21)—
(1.23) depend on the coordinate and on the time in the
following fashion:

N (z, t) = (J: —ut), Vi, )=V (@—ut), vz
= po (z — ut) cos {0t — ¢ (z —ul.  (10.1)

Substituting (10.1) in (1.21)—(1.23), we obtain
NW = C,, (10.2)
(W2/2) - (zmf4m;) vt + 5% In N = C,, (10.3)
do/dE = (Ca*mov’)/vi e+ ud), (10.4)
dzgvzo + (cz“ﬁc:z)A VO+ v” cL}Cfu?)’ - m(::j:u‘l) NUO:()v (10-5)

where §{ =x —ut, W=V - u; C,, Cz, and C; are con-
stants, and s% = T/mj.

Thus, the problem of investigating the structure of
stationary electroacoustic waves reduces to a solution
of Eq. (10.5), in which the concentration is expressed
in terms of the amplitude of the hf oscillations of
electrons with the aid of a relation that follows from
(10.2) and (10.3), namely

(CH2N? - (zm/hm:) vt £ 210 N = C,. (10.6)

A qualitative analysis of the possible types of solu-
tions of (10.5) and (10.6) is presented int**®!, We con-
fine ourselves to one example, in which it is possible
to obtain analytic_expressions for N and v,. Follow-
ing*®] we consider small perturbations of the plasma

density N = No + §N. From (10.6) we have
N=N[1+

Colamlind ], (10.7)

CINY)

and the first integral of (10.5) takes the form (""Le
= 47€®No/m)

(ﬂ)uuz_%_[_c_‘*__fii_e(i___cz_ ’
dg TR a2 .02+u’ o s2—(C/ING)
o}, zm vi C%

=C4- (108)

Among the possible types of solutions of (10.8),
special interest attaches to the solutions considered
in[104,208-205 209] " wpich have the form of solitary waves.
For these solutions, the hf electric field and the mag-
netic field vanish at infinity, as do also §N and

+ 2 2t hm; 2 —(CYNE) 03 (2 t-ud)t
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V(6N, vo, V, dvo/dt — 0 as ¢ — =), and the phase of
the wave is constant. These conditions allow us to con-
clude that the constants C;, Cs, and C4 in (10.8) are
equal to zero, and C, = ~Ngu. As a result we have

dvy
(%)
We have taken into account here the fact that u « ¢,
and assumed the condition |1 ~ (w}q/w8)| > u%/c?.

2
Le 1 9% zm 52
Sle & =0

+op 2 ( (10.9)

Equation (10.9) can have a solution that is bounded
in space only in the case of a opaque plasma in which
€(wo) =1 = (wi o /w§) < 0. This solution is

vo= A sech {[(0F.—0)"*/c] (z—u2)}, (10.10)

where the maximum amplitude A of the electron oscil-
lations is connected with the soliton propagation

velocity u by the relation
u=s[1—(@}./202 e (@) | ) (zm/4T) 42"/, (10.11)

According to (10.7), this is a rarefaction wave and the
density varies like

2 2 3 __n1/2

NNy {t—2 e B e [ PToupl). (10.12)

If it is recognized that the amplitude of the electron
oscillations is connected with the amplitude of the hf
wave by the relation A = eEq/mw,, then expressions
{10.10)—(10.12) go over into the results ofl**?! (see
alsol®!), The evolution of the solitons with time and the
boundary conditions that determine their formation
when an electromagnetic wave is incident on the plasma
have been considered in!#%2*]), Inl?*%} they took into
account the influence of weak dissipative effects on the
development of the solitons. The question of soliton
stability is discussed int®*],

V.PLASMA MOTION iIN A HIGH-FREQUENCY
FIELD

The study of plasma motion in strong hf fields was
initiated more than 10 years ago and was stimulated by
work on the radiation method of plasma accelera-
tion!2'8), In the first studies!®'**'"] (for details
seel?'®2!%]) the plasma was regarded as a formation with
a given and invariant configuration (sphere, ellipsoid,
torus, etc.), and the forces acting on this formation in
different hf fields were investigated (see also!®°!), Of
course, the conclusions drawn concerning the motion of
the plasma on the basis of such a simplified model were
only qualitative in character.

Possible deformations of plasma formations have
been discussed int*»*) in which the distribution of the
hf pressure forces was obtained for a given distribution
of the density of a transparent plasma. The possibility
of changing the plasma configuration was deduced on
the basis of these data. However, the change in the hf
pressure forces was not taken into account.

A more realistic model of the acceleration of a layer
of opaque plasma was used by the authors of[?*!] (see
also!®21), In their model, the hf field played the role of
a piston and the internal motion of the plasma particles
reflected from this piston was taken into account. How-
ever, the self-consistent problem of the plasma motion
was not solved in these studies,

A number of very simple cases in which the non-
linear equations describing the joint variation of the
plasma density and of the hf fields in the plasma could
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be solved were considered inl*»*! and will be discussed
here in greater detail.

In Secs. 11 and 12 we consider, in a quasistatic ap-
proximation, two variants of motion of a layer of trans-
parent plasma in the field of a traveling electromag-
netic wave of sufficiently large amplitude. We shall
show that under certain conditions, the plasma spreads
out, while under other conditions it is accelerated and
contracts. In Sec. 13 we solve the self-similar problem
of the spreading of a plasma boundary on which an elec-
tromagnetic wave of wavelength much shorter than the
characteristic thickness of the boundary is incident.

11. Spreading of a plasma layer. In this section we
consider the spreading of a thin layer of a transparent
plasma under the influence of hf pressure forces!*"],
We assume that the plasma density depends only on the
coordinate x and on the time, and that the wave propa-
gates along the Oy axis, the electric field intensity
vector being directed along the 0x axis. At such a
geometry, it is necessary to put in (2.5) kox = 0,
sin ¢ = 0, and cos ¢ = 1. Then, if the wavelength c¢/wo
is large in comparison with the transverse layer
dimension, we obtain the corresponding expression for
fE from (2.6), and, neglecting the thermal pressure, we
write down Eqgs. (1.21) and (1.24) in the form

aviat + V oV/ex = —y ON/ox,

(11.1)

dN/at + dNV/ez = 0, (11.2)

where v = (4re’z/2m;) vy /wj and vg = eEo/muwo.
The solution of Eqs. (11.1) and (11.2) under the
initial condition

V{0, ) =0, N(, 2) =N9ch2 (z/a) (11.3)

takes the form(®®! (other types of solutions of this sys-
tem are considered int#*})

(11.4)
(11.5)

where N'® is the initial plasma density at x =0, and a
is a quantity characterizing the initial width of the
plasma layer.

V = (2yt/a) N th [(z — Vi)/al.
N = [N® — (yt¥/a?) N?] ch? [(z — Vi)/al,

The plots in Fig. 10 were obtained with aid of for-
mulas (11.4) and (11.5), and show the variation of the
dimensionless density » = N/N'® against the coordinate
g =x/a for different values of the t1me

=/, Vz)( VE/ aw, where w? i = 4mze®N/m;. It
1s seen from the f1gure tkht the plasma layer spreads
out in the course of time. The maximum density is re-
tained at the center of the layer and is equal to

Vmax =¥ (0, 1) = (1/27) [(1 + 4v9)V2 — 1. (11.6)

It is important that at a certain instant of time 7y,
which can be obtained from formulas (11.4) and (11.5),
namely

(11.7)

a density discontinuity is produced. The flow velocity

of the plasma at the discontinuity point is

0.95 (w1,i/wo)vE/¥2z. It must be borne in mind that
Eq. (11.1) becomes meaningless at the discontinuity
point, as does {1.24), since the theory considered by us
is based on the assumption that the characteristic dis-
tance over which the density varies is much larger than
the amplitude of the electron oscillations in the hf field.

To 1,6 (¢ 23,2V 7z (awo/ve)wL:),

As applied to the problem considered here, neglect
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FIG. 10. Spreading of
the plasma layer an hf field. .

o~

of the thermal-pressure forces, in accordance with
(1.24), is justified provided the following conditions are
satisfied:

12> (T/28 ) 03/0Le,

where ép = mvZ /4 is the average energy of the elec-
tron oscillations in the hf field and w} , = 47e°N'"/m.

12. Acceleration and contraction of a plasma layer.
In this section we consider the motion of a transparent
thin plasma layer on the surface of which an electro-
magnetic wave is normally incident. As in the preced-
ing section, we assume that the density depends only on
a single space variable x and on the time, but the elec-
tromagnetic wave propagates not along the layer, but
perpendicular to the layer, and the electric field in-
tensity vector is directed along the Oy axis. The hf
pressure force corresponding to this case can easily
be obtained from (2.6). Neglecting thermal pressure,
the equation of motion (1.24) then takes the form
(L, ==)

aVIot-+V aV/oz = —fo [ N (', D eos 2 (@ —2)da’,  (12.1)

where Bo = (ZVE/ZCZ)'4TI’ez/mi.

By multiplying (12.1) by N(x, t) and integrating with
respect to the coordinates, we easily obtain the equation
of motion of the center of gravity of the layer

_S N(z, )V (z, t)dz
du d o0

dat - dt =

dt ~o
3 N (z, t)dz

znetE}
m2m;wicIN

S N (z, t) cos 2kozdz S N (z, t) sin 2kozdz) ], (12.2)

= j N(x, t)dx is the time-independent num-
0

ber of particles integrated over the layer thickness. It

is seen from (12.2) that the acceleration of the center

of gravity of the layer depends on the density distribu-

tion over the cross section. In the particular case of

wave lengths k;' = ¢/w, that are larger than the layer

thickness, it follows from (12.2) that the acceleration

du/dt is constant and is independent of the density

distribution:

where Ng

du/dt = N aan (e*/mc?)? (*E/m0?).

The ensuing change in the layer configuration can be
traced with the aid of Eqgs. (1.21) and (12.1), which take

the form
OVIOt+V OV/dz = —By S N{(z', t)da’,

oN/ot + ONV/ox = 0.

The general solutions of this system of equations are
given int*’! and under the initial conditions (11.3) they
are

& = wr + arcth [1 — (w/v)], (12.3)
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v = [ch? (§ — wr) — 3,

(12.4)
where the following dimensionless variables are used:
E— afa, v = N/INO, v = (1/2V7) (wplc) tor:, w = (V zlve) Vieop.

In accordance with the result (12.2), it follows from
(12.3) and (12.4) that the coordinate at which the density
is maximal varies in proportion to the square of the
time £ = 7°, and that the density at the maximum is
equal to

VYmax = 1/(1 — 7).

Figure 11 shows a plot of the function y(%, 7) based on
formulas (12.3) and (12.4). We see from it that the
plasma layer not only accelerates as a unit, but also
contracts. This is due to the fact that the force acting
on the plasma is larger on the side of the incident wave.

The foregoing results are valid only so long as our
assumption that the plasma is transparent, vpya¢
<« mw5/47e’N'9 remains in force. In addition, the con-
ditions for neglecting the thermal pressure in this case
leads to the inequality

1 < (za0Y/c?) (28./T) 0}, 0.

13. Rarefaction wave. Let us examine how a plasma
on the boundary of which a plane electromagnetic wave
is normally incident spreads in a vacuum!**l. We as-
sume that the plasma density depends only on the co-
ordinate x and varies little over the wavelength. Then
Eq. (1.24), in which the hf pressure force is given by
(3.7) and in which the thermal pressure force of the
plasma is neglected, and also the continuity equation
(1.21), take the forms

aN/dt + aNV/or = 0, (13.1)
ov av ZEP 1 oN
SV o =~ s U— (NINgIP 3z " (13.2)

Let the quantities N and V depend only on one self-
similar variable ¢ =x/t. From (13.1) and (13.2) it fol-
lows that

V==£t—s(N), (13.3)

where
$% (N) = (2B /320N 2%m;) N/[1 — (N /N )2
From (13.3) we obtain with the aid of (13.1) the con-
nection between the plasma velocity and its density:
V= g [s (V)/N1 dN. (13.4)

Further, using an expression derived from (13.4), we
can obtain the functions N(£) and V(£) from (13.3).
The simplest expressions are obtained in the limit of a
tenuous plasma, when (N/N¢)< 1:

¥y
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NINg = (1/9) [(§/s0) + 2P,
V=23 & — ),

(13.5)
(13.8)

where s5 = E{®?2N,/327N2m; is the propagation
velocity of small perturbations (see formula (7.6) with
s =0 and k& > k?).

The plasma flow velocity is maximal at N — 0 and
is given, in accord with (13.5) and (13.6), by
Vinax = — 289 = —Vé (®1.1/00) (eEf,‘”/m(no).

A more general analysis of the rarefaction wave, par-

ticularly with allowance for the constant magnetic field,
is contained int**},

VI. CONCLUSION

In connection with the progress made in microwave
and laser technology, the investigation of plasma prop-
erties in strong hf fields has recently become particu-
larly timely not only from the scientific point of view,
but also in practice. Naturally, ong can expect to obtain
the most complete and consistent ciescription of the
plasma under these conditions only with the aid of
kinetic theory'®, and the hydrodynamic theory con-
sidered in the present review is quite crude. It does not
enable us, for example, to consider dissipative effects
that arise in the kinetic description; the thermal motion
of particles is taken into account only via the tempera-
ture, which is assumed to be constant. For many phe-
nomena, however, the relatively simple hydrodynamic
theory can yield a perfectly satisfactory description.
This pertains to the questions of hydrodynamic stability
of the plasma and of the parametric wave coupling, to
questions of plasma equilibrium in hf fields, reflection
and penetration of waves, and to questions of plasma
dynamics in hf fields, which were considered in the
present review. A number of the problems considered
are relevant only for a plasma in which it is relatively
easy to produce hf fields whose pressure exceeds the
internal pressure (in this case, the thermal pressure).
On the other hand, problems in which the density
changes produced by the hif field are small can easily
be dealt with also in connection with other transparent
media. Conversely, all problems usually considered
phenomenologically for arbitrary transparent media
{envelope shock waves and modulation waves!®®)
transients occurring during instability development
etc.) situated in an hf field fall within the scope of the
described hydrodynamic theory and pertain also to
plasma. There is also a large group of problems of
interest and practical importance, the solution of which
is possible with the aid of the hydrodynamic theory of a
tenuous plasma in a strong hf field.

*[V,B] =V, X B.

[227]
b

DThe equations of the hydrodynamics of a plasma in a constant mag-
netic field and in hf fields were discussed in[! 12].

DThe general case of field equations in the geometric-optics approxi-
mation, for an inhomogeneous and nonstationary medium, is con-
sidered in[*3] with allowance of both the frequency and the spatial
dispersions.

3Relation (3.3) in fact determines the energy flux of the hf wave in
the plasma[*?]. If the hf wave is a standing wave, then M = 0 and
Eq. (3.5) is not suitable. To determine the field amplitude it is neces-
sary to use Eq. (3.4), from which the next-to-last term must be dis-
carded (for details, see Chap. 111).

“Quasilinear effects for a plasma in an hf field were discussed in[45 5] ;
nonlinear interactions of waves that are unstable in an hf field were
taken into account in[%% 52} ; nonlinear effects connected with the
action of unstable waves on the field of a pumping wave are the sub-
ject of [5% 54].
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)Since the frequencies of the waves depend in this case on the ampli-
tude of the pump wave, this suggests the interesting possibility of
exciting these waves parametrically by modulating the amplitude of
the pump wave[57].

91t should be noted that all the expressions considered by us are
valid only if it is legitimate to neglect the thermal motion in the dis-
persion law of the Langmuir waves. As already noted in Sec. 5, this
requires satisfaction of the inequality ko ¢ > kv, which can be ex-
pressed with the aid of (6.12) in the form A » (m, /m) [A% +2A
(qg/am)*1.

MThe question of the change of plasma density under the influence of
pressure of the natural surface wave is considered in[!%°]. |

3n the case of wave traveling along the 0z axis, the equation for the
field differs from (8.3) in that the second term on the left is preceded
by a constant factor 1 - (c?k} ,/w}d ), where Koy is the projection of
the wave vector on the 0z axis.

9If the pressure of the hf field is much smaller than the thermal pres-
sure of the plasma, then the exponential in (8.4) can be expanded and
the connection between the coordinate and the field can be obtained
in explicit form (see['®” 201 ], and also Sec. 10).

1A kinetic equation for a weakly inhomogeneous plasma in an hf
field, in which an averageq force acting on the particle is introduced,
has been considered in[??%].
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