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"There is still much to be said in C major."
A. Schoenberg*

1. INTRODUCTION

a. Purpose of Article

T H E purpose of this article is to rehabilitate the sta-
tistical theory of multiple generation as a significant
albeit particular element in the theory of collisions of
strongly-interacting particles, and to show that it an-
swers a number of urgent questions.

For many years, the attention of the theoreticians
was concentrated on binary reactions of the type A + Β
— A' + B', where A' and B' can be decaying resonances
as well as hyperons. At high energies, however, most
collisions constitute truly multiple processes with η k, 5
final particles, and it is precisely their investigations,
which for a long time was in the domain of only cosmic-
ray physics, which now comes to the forefront also at
accelerator energies. We encounter here qualitatively
different distinguishing features, and it is natural to re-
call the statistical theory.

This theory was developed in the papers of Heisen-
berg, : i J Wataghin/23 Fermi,"-1 Pomeranchuk,C4] and
Landau151 approximately twenty (and more) years ago,
when hardly anything was known of the mechanism of
strong interactions. It lost its preeminence when it was
demonstrated experimentally (in cosmic rays, and ten
years later also with accelerators) that the main hy-
pothesis of the theory is not satisfied in the overwhelm-
ing majority of cases, namely, the single compound sys-
tem or the single "melting pot," from which all the final
particles should emerge in accordance with this theory,
is not produced.

We shall attempt to show that, in spite of this, it is
precisely through a better understanding of the mecha-
nism of collision that the statistical theory turns out to
be correct and fruitful, although it fails to explain the
entire phenomenon. Moreover, it raises also certain
fundamental problems (see Chap. 6). All this, however,
is subject to two essential conditions:

1. It is necessary to choose carefully an object sat-

isfying the main requirement of the theory, namely a
statistical system. It turns out that such objects do ex-
ist. Frequently they are merely subsystems of the en-
tire collision-produced system which cannot be described
statistically as a whole.

2. It is necessary to use not the initial theory variant
proposed by Fermi,L 3 1 but a variant developed by Pom-
eranchuk U1 (who indeed pointed out this internal contra-
diction) and free of the internal contradiction of the
theory. This approach was attempted in several papers,
l · 6 " 9 3 but was subsequently essentially forgotten.t Re-
cently, however, it was demonstrated that it explains
splendidly the generation of heavy particles (up to He3),
and its principles were therefore reviewed anew. The
difference from the Fermi variant is radical.

A statistical theory "with Lorentz-invariant phase
volume" has recently become popular. It is used at ac-
celerator energies, and the shortcomings of the Fermi
model are compensated for by selecting the values of a
number of arbitrary parameters (see the Appendix for
details).

It may seem strange and "old-fashioned" to turn to
such a simple, crude, and even naive theory in the age
of electronic computers, which make it possible to pro-
cess multi-particle diagrams of almost any complexity.
We shall attempt to show, however, that the physically
lucid statistical theory has tremendous advantages,
primarily because it is adequate for the problem, since
it separates and takes into account the principal physi-

*Arnold Schoenberg-Composer, founder and "God" of the atonal
and 12-tone music. This statement was made in the last years of his life.

tThe latest reviews of statistical theory date back apparently to
1961 [8"u·16]. Kretzschmar's review [8b] is unique, in particular, in that
it devotes considerable space to Pomeranchuk's work. It is emphasized
here (as in [6·7·9]) that many discrepancies between the Fermi theory
and experiment (the exceedingly large transverse momenta, the excess
of heavy and strange particles) are eliminated if the decay temperature
is assumed to be low and the volume large, as called for by Pomeranchuk's
statistical theory.
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c a l p r o p e r t i e s of t h e p r o c e s s . On t h e o t h e r h a n d , t h e

r i g o r of, s a y , t h e d i a g r a m m e t h o d i s f r e q u e n t l y i l l u s o r y ,

s i n c e i t i s u s u a l l y b a s e d on a n a r b i t r a r y c h o i c e of t h e

" m o s t e s s e n t i a l " d i a g r a m s , a n d t h i s l e a d s t o e r r o r s .

It i s not b y a c c i d e n t t h a t n u m e r o u s d i a g r a m c a l c u l a t i o n s

of t h e g e n e r a t i o n of h e a v y p a i r s h a v e g i v e n q u i t e i n c o r -

r e c t r e s u l t s , w h i l e t h e s t a t i s t i c a l t h e o r y h a s p r e d i c t e d

t h e p h e n o m e n o n a c c u r a t e l y ( s e e S e c . 4 c b e l o w ) .

b. H i s t o r y of P r o b l e m

L e t u s r e c a l l , h o w e v e r , t h e a n c i e n t a n d i n s t r u c t i v e

h i s t o r y of t h e e n t i r e s u b j e c t . In 1936 no o n e t h o u g h t a s

y e t of m u l t i p l e m e s o n g e n e r a t i o n s . T h e A u g e r e l e c t r o n -

p h o t o n s h o w e r s , now c a l l e d e x t e n d e d a i r s h o w e r s , w e r e

d i s c o v e r e d , b u t t h e c a s c a d e t h e o r y of B h a b h a a n d H e i t l e r

d i d n o t e x i s t a s y e t . It s e e m e d p o s s i b l e , a n d e v e n m o r e

p r o b a b l e , t h a t a l l t h e s h o w e r e l e c t r o n s a r e p r o d u c e d a t

v e r y h i g h e n e r g y in a s i n g l e a c t . In p a r t i c u l a r , a s i n d i -

c a t e d b y H e i s e n b e r g , i U s u c h a p o s s i b i l i t y w a s u n c o v e r e d

b y t h e l o n g d i s c a r d e d v a r i a n t of t h e t h e o r y of w e a k i n -

t e r a c t i o n s ( K o n o p i n s k i a n d U h l e n b e c k ) , i n w h i c h t h e i n -

t e r a c t i o n L a g r a n g i a n c o n t a i n e d h i g h e r d e r i v a t i v e s of t h e

φ operators with respect to time. Each derivative adds
one more energy multiplier. Hence the strong growth
of the interaction with increasing energy. This means
that perturbation theory should no longer hold at high
energy and multiple generation should arise.* Heisen-
berg indicated that as they interact with one another,
the final particles enter in thermodynamic equilibrium,
and their energy has a Planck distribution about some
temperature. The entire quasiclassical electron cloud
expands and multiples, and thus will cool down to a
certain critical temperature at which multiplication
stops. Once the Auger shower was interpreted as being
a cascade process, this idea of Heisenberg was com-
pletely forgotten.

This was followed by accumulation of data on strongly-
interacting mesons in cosmic rays. Until Lattes, Occhi-
alini, and Powell discovered pions, such data were not
very definite. This did not prevent Wataghin from not-
ing a l that in multiple generation (of η particles) the
principal role in the quantum-mechanical expression
for the probability of the process

is played not by the matrix element Mn but by the sta-
tistical weight of the final state, which depends strongly
on the number of particles and on the momenta. The
relative probabilities of the different channels should
therefore be determined from statistical considerations.

This main idea of the statistical theory was subse-
quently advanced also by Fermi,C 3 ] and was developed
by him in detail. Its entire history is usually said to
begin with him.

The idea that the probability of a state is determined
by the phase volume is the basis of the microcanonical
distribution in classical statistical mechanics. It is
therefore natural here and even unavoidable to use ther-
modynamics. Thermodynamics and even hydrodynamics
(see below) "inside the nucleon" seem of course to be a

paradox. Thermodynamics, however, is a fully justified
consequence of the quasiclassical character of the sys-
tem, provided only that a single system is formed, as
is indeed the main hypothesis of the theory.

Fermi formulated a very lucid picture. The main
premise in his model is that in the collision of two fast
nucleons (and similarly of pions) having Lorentz-con-
tracted volumes*

"' = "·£• (2)
v°~^-j> (2a)

(M is the nucleon mass, μ the pion mass, and E c the en-
ergy of one nucleon in the c.m.s.); these nucleons over-
lap, interact completely, and release their entire energy
in the volume Vp (2) (in the c.m.s.). In this volume,
thermodynamic equilibrium is immediately established
between the degrees of freedom of all the generated
particles. For a given total energy of the system

W = 2EC\ (3)

we can therefore determine directly from the thermo-
dynamic formulas the composition, multiplicity, and
energies of the produced and isotropically-spreading
particles.

Fermi's theory was used extensively to explain the
experimental data. Strange as it may seem, the results
turned out at first to be fairly good for small multiplici-
ties (one or two new particles) and for the low energies
then obtainable with accelerators (Ei a D ~ 2-3 GeV).
Particularly good results were obtained when S. Z.
Belen'kii and A. I. Nikishov calculatedC l e > 1 7 ] that the
final nucleons can be emitted in the isobar state (%, %)
and only then, after decaying, can they produce a pion.
Sharp discrepancies were observed, however, on going
to larger Ejat,. We now know the main reason. Indeed,
in the overwhelming majority of the collisions the main
hypothesis is far from correct, since no single compound
system is produced: the incident particle usually jumps
through forward, giving up only a fraction of its energy
to the production of new particles ("leading particle").

Of course, this can be only one of the causes. Thus,
a single system is apparently produced in NN annihila-
tion, and the spreading in the c.m.s. is isotropic, but
the particle composition predicted by the Fermi theory
is quite incorrect: the K-particle content actually
amounts to ~3-7%, as against the predicted ~30%.

But there is also another cause, namely the internal
contradiction of Fermi's two premises: if the primary
hadrons interact so strongly that they are completely
stopped and give up their energy to the pionic degrees
of freedom after covering only a path on the order of
Μ/μΕ 0, equal to the thickness of their overlap region
(Fig. lb), then it is inconceivable that the pions pro-
duced in the volume Vp (2) would move apart without
interacting. It is more likely that they continue to in-
teract and experience mutual transformations until the
distance between them increases to a value of the order
of the radius l/μ of the forces, so that when η particles
are generated the entire system occupies a volume

VP = nV0 (4)

*This theory, as well as the experiments "corroborating" it, turned
out to be incorrect.

(Fig. lc).

*Here and throughout h = c = 1, μ is the pion mass, μ « 0.138 GeV.
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FIG. 1. Collision picture as interpreted by Fermi and by Pomeran-
chuk. a) Prior to collision, b) spreading of statistical system after col-
lision as interpreted by Fermi, c) final state of.the system prior to decay
into individual particles in accordance as interpreted by Pomeranchuk.

T h i s c i r c u m s t a n c e w a s p o i n t e d o u t , a s a l r e a d y m e n -

t i o n e d , by P o m e r a n c h u k . ' 4 · 1 T h e r e s u l t a n t m u l t i p l i c i t y

w a s e n t i r e l y d i f f e r e n t . In f a c t , if t h e t h e r m o d y n a m i c s

of b l a c k - b o d y r a d i a t i o n i s a p p l i e d to a s t a t i s t i c a l s y s -

t e m , a s w a s d o n e b y F e r m i , t h e n in t h e s y s t e m of u n i t s

in w h i c h K = c = k = l ( k i s B o l t z m a n n ' s c o n s t a n t ) we

h a v e for t h e e n e r g y d e n s i t y e, t h e t e m p e r a t u r e T , t h e

e n t r o p y d e n s i t y s , a n d t h e t o t a l e n t r o p y S = sV, which

is proportional to the number of particles η (we assume
only that the pions have three internal degrees of free-
dom, and not two as the photon):

10
W 2

ε = — = const · Γ 4 , const =
s--const-T3, const = ~ :

;0.99;

^ const.n, const = JjpjL

< 1.32;

s 3 . 6 1 .

H e n c e

n~W3liVm.

A c c o r d i n g t o (2) a n d (3) we h a v e in F e r m i ' s t h e o r y

(5a)

(5b)

(5c)

(6)

(7)

b u t i n P o m e r a n c h u k ' s t h e o r y , i n a c c o r d a n c e w i t h ( 3 )

a n d ( 4 ) ,

(8)

( h e r e Ej_, i s t h e l a b o r a t o r y e n e r g y of t h e i n c i d e n t n u -

c l e o n ) .

T h u s , in P o m e r a n c h u k ' s m o d e l t h e m u l t i p l i c i t y i s

e n t i r e l y d i f f e r e n t , a n d i s f u r t h e r m o r e l a r g e r . We n o t e

t h a t in the F e r m i t h e o r y t h e s y s t e m - d e c a y t e m p e r a -

t u r e (which d e t e r m i n e s the a v e r a g e e n e r g y of t h e g e n -

e r a t e d p a r t i c l e s ) i s l a r g e a t h igh e n e r g i e s , a s fo l lows

f r o m (5a), (2), and (3), and i n c r e a s e s wi th e n e r g y :

1.2

w h i l e in t h e P o m e r a n c h u k t h e o r y , a c c o r d i n g t o (4), i t i s

c o n s t a n t a n d s m a l l :

TP~V~ (10)

A c t u a l l y , t h e t e m p e r a t u r e s h o u l d c o r r e s p o n d t o a s t a t e

in which t h e c o l l i d i n g p i o n s c a n no l o n g e r g e n e r a t e n e w

p a r t i c l e s . T h i s o c c u r s w h e n t h e p i o n s b e c o m e n o n r e l a -

t i v i s t i c . T h i s e x p l a i n s a l s o t h e l a r g e r m u l t i p l i c i t y .

E v e n b e f o r e P o m e r a n c h u k ' s p a p e r w a s p u b l i s h e d ,

L a n d a u n o t e d t h a t P o m e r a n c h u k ' s c a l c u l a t i o n w a s i n -

suf f ic ient . If t h e p a r t i c l e s c o n t i n u e to i n t e r a c t a n d e x -

p e r i e n c e t r a n s f o r m a t i o n s a s t h e y m o v e a p a r t , a n d if

t h e i r n u m b e r i s l a r g e , t h e n t h e y a r e f u r t h e r a c c e l e r a t e d

by t h e m a c r o s c o p i c p r e s s u r e in t h e s y s t e m , s o t h a t t h e

p r o c e s s m u s t b e t r e a t e d h y d r o d y n a m i c a l l y ( s i n c e t h e

c o n d i t i o n for a p p l i c a b i l i t y of h y d r o d y n a m i c s i s t h e s a m e

a s for t h e r m o d y n a m i c s , n a m e l y s m a l l n e s s of t h e m e a n

f r e e p a t h ) ; of c o u r s e , t h i s s h o u l d b e r e l a t i v i s t i c h y d r o -

d y n a m i c s . A c c o r d i n g l y , L a n d a u d e v e l o p e d a n e x t r e m e l y

brilliant theory.C 5 '1 8 ] Ε. Μ. Lifshitz t l 9 j quotes Landau
as stating that none of his efforts required as much
labor as this theory.

The theory was subsequently developed mathematic-
ally by a number of workers. In addition, Japanese
theoreticians have shown how the equations of relativ-
istic hydrodynamics are obtained from quantum field
theory at large occupation numbers. The result was a
highly orderly theory with definite predictions. It was
expected to be valid at E L & 1012 eV, when η is very
large.

Landau accepted the main hypothesis of statistical
theory, namely the formation of a common system in
thermodynamic (in our case, hydrodynamic) quasi-
equilibrium in the volume V = Fp (see (2)) in which
the colliding nucleons overlap. He assumed further-
more that only during this stage are shock waves pro-
duced and the entropy increases. The subsequent ex-
pansion is isentropic. Therefore the entropy, and con-
sequently the final average multiplicity, assume a
steady state already in this small volume Vp. As a
result, the multiplicity in Landau's theory coincides
with the multiplicity in the Fermi model (7):

Μ ( 1 1 )

T h e f i n a l d e c a y of t h e h y d r o d y n a m i c s y s t e m i n t o i n -

d i v i d u a l p a r t i c l e s o c c u r s w h e n a g i v e n e l e m e n t o f t h e

system expands and cools down to a certain tempera-
ture Τ = T c at which the particles cease to interact and
generate new particles. Consequently, this critical tem-
perature is the same as given by Pomeranchuk:

^ - Γ ρ - μ . (12)

As in P o m e r a n c h u k ' s m o d e l , i t d e t e r m i n e s t h e f inal

c o m p o s i t i o n of t h e g e n e r a t e d p a r t i c l e s . Ι Μ

It b e c a m e c l e a r s u b s e q u e n t l y , h o w e v e r , t h a t t h e f o r -

m u l a (11) f o r t h e m u l t i p l i c i t y c a n n o t b e r e g a r d e d a s r e -

l i a b l e . T h e p o i n t i s t h a t t h e v i s c o s i t y w a s i n c o r r e c t l y

e s t i m a t e d in ilB^:, w h e r e t h e e s t i m a t e a c t u a l l y p e r t a i n e d

o n l y to t h e f inal s t a g e . If t h e r o l e of t h e v i s c o s i t y i s e s -

t i m a t e d by q u a n t u m - f i e l d m e t h o d s l z o i o r f r o m d i m e n -

s i o n a l i t y c o n s i d e r a t i o n s , B 1 ] t h e n i t c a n b e r e a d i l y s e e n

t h a t t h e v i s c o s i t y , and c o n s e q u e n t l y t h e i n c r e a s e in e n -

t r o p y , c o n t i n u e s t o p l a y a r o l e l o n g a f t e r t h e s y s t e m

h a s e x p a n d e d b e y o n d t h e l i m i t s of t h e i n i t i a l v o l u m e V p ·

As a r e s u l t , fo r t h e s a m e e q u a t i o n of s t a t e a s u s e d by

L a n d a u , we c a n o b t a i n in p l a c e of ( 1 1 ) B U

» ~ ( Τ Γ ) " 3 · ( 1 3 )

L a n d a u ' s t h e o r y i s u n d o u b t e d l y a b r i l l i a n t d e v e l o p m e n t .

If w e d i s r e g a r d s o m e of i t s p a r t i c u l a r a s s u m p t i o n s ( t h e
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FIG. 2. The peripheral process.
The particle exchanged is a pion or a
reggeon.

Μ

FIG. 3. Multiperipheral process. The particle exchanged is a pion.
The irreducible vertices are denoted by shaded squares. The nucleons
can be excited in the final state, in which case they decay and emit
mesons.

c h o i c e of the equation of s t a t e , e tc . ) , it m a k e s u s e of
on ly one fundamental h y p o t h e s i s , n a m e l y that a s i n g l e
init ial s y s t e m i s produced when h igh-energy hadrons
c o l l i d e ; in a l l o ther r e s p e c t s it i s e x c e e d i n g l y c o n s i s -
tent and w e l l founded.

c . B a s i c M e c h a n i s m s of Ine last ic C o l l i s i o n s

Is t h i s b a s i c h y p o t h e s i s of the t h e o r y r e a l i z e d at
ET_, £ 1 0 1 2 eV in at l e a s t s o m e c o l l i s i o n s ? This s t i l l
r e m a i n s unc lear . To the contrary, e x p e r i m e n t a s we l l
a s the t h e o r e t i c a l a p p r o a c h e s point m o r e and m o r e to
the p r e d o m i n a n c e of p e r i p h e r a l (at Ej_, ~ 1 0 - 1 0 0 GeV)
(Fig . 2), and e v e n mu l t iper iphera l № 2 2 p r o c e s s e s (at s t i l l
h igher e n e r g i e s ) . Thus, a quantum f ie ld theory b a s e d
on the B e t h e - S a l p e t e r equat ion 1 2 3 3 s h o w s that at v e r y
high e n e r g i e s the i n e l a s t i c c o l l i s i o n p r o c e s s i s d e -
s c r i b e d main ly by Feynman d i a g r a m s of the type of
F ig . 3, w h e r e one-pion exchange c o n n e c t s the i r r e d u c -
ible p a r t s ( r e c t a n g l e s ) having an invariant m a s s 9)1
= v £ ^ ~ 2 - 4 GeV. With i n c r e a s i n g p r i m a r y energy, the
number of i r reduc ib le c e n t e r s i n c r e a s e s l o g a r i t h m i c -
al ly, but not the ir a v e r a g e energy—this e n s u r e s p r e -
c i s e l y the c o r r e c t asymptot ic behav ior of the total and
e l a s t i c c r o s s s e c t i o n s and the logar i thmic growth of
the total mult ip l ic i ty . All the p r o p e r t i e s of t h e s e i r -
reduc ib le c e n t e r s — c l u s t e r s of nuc lear matter decay ing
into final p i o n s — c o r r e s p o n d to the p r o p e r t i e s of f i r e -
b a l l s , the e x i s t e n c e of which i s f i r m l y ev idenced by
cosmic-ray experiments at Ej. =s ΙΟ^-ΙΟ 1 3 eV (two
fireballs) 1 2 4 ' 2 5 ' 2 8 ' 1 1" and at E L ~ l O 1 1 - ^ 1 2 ev' 2 7 ' 2 8 1

(one fireball), see the reviewt293 (although these con-
clusions are still vulnerable and encounter criticism).

An attempt to reduce the experimental data at Ej_,
~ 20-30 GeV in accordance with the phenomenological
Regge-pole scheme i 3 0 1 also leads, with properly chosen
numerous arbitrary constants, to a scheme of the type
of Fig. 3, but with exchange of reggeized mesons—Regge
poles Ri, corresponding mainly to non-vacuum trajecto-
ries (Fig. 4).C313 It is important that here, too, it is nec-
essary to introduce clusters, i.e., fireball-type accumu-
lations of generated pions, which cannot be reduced to

FIG. 4. Formation of clusters or fireballs in reggeon exchange. Rj,
R2 . . . -Regge trajectories (not necessarily vacuum), a) One intermedi-
ate cluster; b) multi-Regge process; c) multi-Regge process without for-
mation of clusters and with exchange of vacuum pole (P-Pomeranchuk
pole).

FIG. 5. a) Central collision of
two hadrons q] and q2; b) annihi-
lation of a pair of hadrons q and
3·

a system of particles that exchange individual poles
peripherally. Van HoveC323 defines a cluster as an ag-
gregate of final particles such that in the rest system
of this aggregate the transverse and longitudinal mo-
menta of the individual particle (relative to the collision
axis) are of the same order of magnitude. This defini-
tion holds also for the fireball. At higher energies, the
scheme of Fig. 4a goes over into the multireggeon
scheme of Fig. 4b, which differs from the multiperiph-
eral 1 3 2 3 or multifireball"3 3 scheme of Fig. 3 only that
in the Regge approach the exchanged pions are "regge-
ized"—replaced by pion Regge poles. Thus, the Regge-
pole approach to the problem of multiple generation at
high energies, initially1303 based on a multiperipheral
chain with exchange of only vacuum pole Ρ and with
generation of only one or two particles in each vertex
(Fig. 4c), evolved gradually (to take into account the
decisive contribution of non-vacuum poles and the in-
troduction of fireball-type clusters in the vertices'3 1 2).
It differs now from the multiperipheral scheme1 2 2 '2 3 3

only in the absence of the dynamic equation that follows
from the quantum field theory (the Bethe-Salpeter equa-
tion), and also in that the pions are replaced by pion
trajectories. The latter difference is immaterial for
most conclusions (see C 3 3 3 ).

None of these schemes admit of a direct application
of the Landau theory,* for which it is necessary to have

*In parallel with Landau's hydrodynamic theory, Heisenberg [M]
developed a hydrodynamic theory which is less detailed and is seemingly
different in principle. G. A. Milekhin [3S] has shown, however, that the
two theories are in principle the same, and differ only in the choice of
the equation of state.
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FIG. 6. Different processes of formation of a statistically decaying
subsystem, a) Annihilation of a pair of leptons (ee or μμ) into hadrons;
b) electromagnetic "deep inelasticity" process in the collision of a lep-
ton with a nucleon; c) diffraction excitation of a hadron h (pion, nu-
cleon, etc.) into a state that decays statistically into hadrons (Q—hadron
or spectator nucleus).

nonper ipheral centra l c o l l i s i o n s of the type of Fig. 5 *

or the format ion of v e r y l a r g e c l u s t e r s (with m a s s 5.U

&20 GeV). The hydrodynamic theory can be applied to

the d i s p e r s a l of e a c h such c l u s t e r . At low e n e r g i e s

( E L ~ 1 0 - 2 0 GeV), the centra l c o l l i s i o n s a r e p r e s e n t

in s o m e fract ion of the c a s e s ( s e e Chap. 2 be low). It i s

unknown, however , whether they s u r v i v e at E L £ 1 0 1 2 eV,

where the Landau theory would be a p p l i c a b l e . t

All th i s b e c a m e c l e a r only in r e c e n t y e a r s . Pub l ica-

*The question of what distinguishes central collisions (Fig. 5) from
peripheral ones (Figs. 2-4) is quite confused. It is frequently assumed
intuitively that in central collisions the multiplicity is larger than in
peripheral ones, the impact parameter is smaller, and accordingly the
angular momenta / are smaller (isotropy of the expansion). As seen al-
ready from the foregoing, we choose a different attribute as the basis,
viz., in a central collision all the particles form in the final state a sin-
gle system of the type of the Van-Hove cluster, in which no particle is
singled out kinematically (for details see the start of Chap. 2 below).
Although this corresponds as a rule to the just-mentioned segregation
of the collisions by the effective values of / and simultaneously by
multiplicities, there is no uniqueness here [36]. In particular, for the
diagram of Fig. 4c, the larger the multiplicity (number of vertices), the
larger the effective /, and the less isotropic the expansion. Such a dia-
gram, however, is realized in a negligible fraction of the collisions. On
the other hand, the fireball or the cluster is a result of a central collision
of particles, possibly virtual ones. The following definition is therefore
also possible: a central collision is one resulting in a single compound
system say a single cluster. (In the case of ultrahigh cluster energy, how-
ever, the hydrodynamic dispersal can result in P|| > p±.) This criterion,
which we shall indeed use, is defined more accurately in Chap. 2.

t Relatively recently, Hagedom [37] developed in a series of papers
a theory of the hydrodynamic type, differing from Landau's (and
Heisenberg's) theory in that it takes non-central and peripheral col-
lisions into account phenomenologically. In this theory, particle genera-
tion is calculated by means of statistical formulas for each given element
of the overlapping volumes of the colliding hadrons. On the other hand,
the c.m.s. velocity of the entire element is described by a velocity-distri-
bution function chosen to agree with experiment. The author believes
that the temperature of each element does not exceed a certain limit
To, and that the generated particles move apart without interacting.
Comparison with experiment yields T o ~ μ. It is usually seen that the
result of such a calculation is exactly the same as when the Pomeranchuk
statistical theory is used: the initial temperature of the element can be
high, but the interaction and cooling upon expansion cause the spectrum
and composition of the particles to be determined by the final tempera-
ture T c ~ T o ~ μ. It is therefore not surprising that the composition,
the distribution with respect to p^, and other characteristics of the
process turn out to be the same as in our analysis. Furthermore, allow-
ance for the motion of the statistical subsystems along the collision axis
yields additional results. They are obtained if two unknown distribution
functions of the "hydrodynamic" velocities are successfully chosen and
constitute a phenomenological element of the theory.

t ion of Landau's theory, however , made such a s trong

i m p r e s s i o n that P o m e r a n c h u k ' s work1·4 3 w a s left in the

shadow. Pomeranchuk h imse l f did not l ike to r e c a l l it,

and it w a s a l m o s t c o m p l e t e l y forgotten (but s e e c e~9 : l).

Now we s e e , however, that th i s w a s i n c o r r e c t . P o m -

eranchuk 's s c h e m e should be regarded a s a val id l im i t-

ing c a s e , at low e n e r g i e s , of the s a m e approach that

l e a d s at high e n e r g i e s to the Landau theory. If we apply

the f o r m u l a s of Landau's theory the c a s e when the

" m a c r o s c o p i c " hydrodynamic v e l o c i t y d o e s not have

t i m e to grow to a va lue c l o s e to the s p e e d of l ight (even

by the instant of d e c a y into individual p a r t i c l e s ) , we ob-

tain the (rather crude) condit ion*

Thus, if the s t a t i s t i c a l s y s t e m i s s m a l l , t h e r e i s s t i l l

no need to take into account in it the hydrodynamic m o -

tion of the individual s e c t i o n s (and t h e r e i s a l s o no n o -

t iceab le Lorentz contract ion of each of the final part i-

c l e s ) . The s t a g e of i s e n t r o p i c expans ion cannot be s e p -

arated in t h i s c a s e f rom the init ial d i s s i p a t i v e s tage,

and ne i ther (11) nor (13) can be regarded a s a val id for-

mula for the mult ip l ic i ty . Thus, if r e l a t i o n s (14) holds,

al l the condit ions for the appl icabi l i ty of P o m e r a n c h u k ' s

s t a t i s t i c a l model a r e sa t i s f i ed .

At the same time, the number η ~ 10 is already large
enough for the statistical laws to manifest themselves
(with an appropriate accuracy, say on the order of
1/Vnj.f

d. Conclusion for Further Consideration

The entire sequel is based on the existence of a num-
ber of objects that satisfy the conditions of applicability
of the statistical theory. According to (3), (8), and (14)
these should be statistical systems with total energy
(in their rest system) W 1 nW/3 ~ 3-6 GeV. Such ob-
jects are (a more detailed discussion follows):

1. Possible central collisions of the type of Fig. 5 at
E L ~ 5-25 GeV (Fig. 5a).

2. The object produced by NN annihilation at rest or
at E L ~ 5-25 GeV (Fig. 5b).

3. A fireball or cluster with mass of the same order
in the "statistically-peripheral" collision process of
the type of Figs. 3 and 4.

4. A strongly excited system produced in any hadron
vertex, for example in the vertex of the simple periph-
eral process of Fig. 2 or in the lepton annihilation of
Fig. 6a, in an electromagnetic process with "deep in-
elasticity" of Fig. 6b, in elastic scattering of a hadron
("diffraction generation"), Fig. 6c, etc.

We shall see that actually many characteristic fea-
tures of these systems can be explained naturally with-
in the framework of the described model.

We use all the relations of the statistical theory in
their literal sense and consider, in particular, the ex-

*This condition was written out for hadron-hadron collisions. In
hadron-nucleus or nucleus-nucleus collisions at such low hydrodynamic
velocities, the multiplicity is much larger and the statistical theory is
valid for larger n.

fThe question of the accuracy of the statistical formulas for limited
η becomes clear if the statistical weight calculated by the Bose and Fermi
statistics formula is compared with the exact formulas. The most general
calculations known for them are those of I. L. Rozental' and V. M.
Maksimenko [ m ] (see also [ " · " ] )•
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pansion of the system in time and in space. The princi-
pal justification for such an approach is that a system
with a large number of degrees of freedom is quasi-
classical. Its seeming naivete and crudeness are offset
by its adequacy and by the fact that the theory contains
only one indeterminate parameter, chosen from com-
parison with experiment—the decay temperature T c ,
the order of magnitude of which is furthermore known
beforehand (Eq. (10)).

At the same time, as we shall see in Chap. 6, by in-
vestigating the statistical model we meet head-on the
principal question of the role of the statistical and dy-
namic principles in the elementary act. It is not ex-
cluded that the statistical treatment touches upon fun-
damental problems of quantum field theory.

2. FORMATION OF STATISTICAL SYSTEM IN THE
PROCESS OF FAST-HADRON COLLISION

a. Separation of the Statistical Subsystem

As we have already emphasized, the success of sta-
tistical theory is determined by the correct choice of
the object satisfying the conditions under which the the-
ory is valid. We must therefore first discuss the data
on the generation mechanisms.

It is apparently widely admitted that these mechanisms
are manifold (see, e.g., the review [ 3 8 3, in which it is em-
phasized that many experimental data demonstrate the
superposition of distributions of different types, corre-
sponding to collisions with different inelasticity coeffi-
cients). The statistical theory considers only the decay
of the resultant statistical system, the probability (cross
section) of whose production lies outside the competence
of the statistical theory and should be estimated by other
methods, at the present primarily from experiment (such
a "statistically-peripheral" approach was used already
long ago in conjuction with one-meson exchange"9"413).

A characteristic attribute of a statistical system is
that the particles contained in it exchange large 4-mo-
menta k. More accurately, for the particles i and j , the
Mandelstam variables sy and - tij are of the same order
(the momentum transfer is of the order of the particle
energy):

stj ~ — tu = k\j == Aij (15)

(we also show the symbols k and Δ which are usually
employed in such problems in place of t), whereas in
peripheral collisions s » - t . Accordingly, the parti-
cles move away from the statistical system isotropic-
ally (or approximately isotropically), whereas in pe-
ripheral collisions they are collimated. The criterion
(15) is the basis of the method proposed by DreminC423

for identifying the type of the process. Namely, after
measuring for each individual collision the momenta
of all the emitted η particles, arranged in a known se-
quence, i = 1, 2 , . . . , n, one calculates the 4-momentum
kf i+ 1 transferred from the first i particles to the re-
maining η - i particles. The values of kf ; i + 1 are then
plotted against i and a continuous curve is drawn
through the points. In those places where kf ji+ 1 is
small, peripheral interaction takes place, as expected.
Figure 7 shows an example t 4 3 ] illustrating the method
of setting a definite Feynman diagram in correspond-

k',GeV'/c!

2.0

1.0

FIG. 7. Separation of periph-
eral interactions (small k2) in in-
dividual acts of multiple genera-
tion and assignment of a definite
Feynman diagram to the given
act in accordance with [*2·43].
Shaded circle—irreducible vertex
(cluster, fireball).
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Table I. Distribution of the ratios | s i j i + 1 /
in pN collisions with E L ~ 200 GeVM4J

st< i+l/'it i-H

Fraction of cases, %

0-0.5

61

0.5— 1.0

11

1.0- 2.0

II

>2.0

17

ence with the given collision.* Table I gives the results
of analogous measurements of kf ;i+ 1 and Si ;i+ 1

= — (Pi + Pi-n)2, where pi and p j t l are the momenta of
the i-th and (i +l)-st particles for pN collisions at
~200 GeV (in cosmic rays).144·1 We see that a periph-
eral interaction of the particles (for which we assume
arbitrarily, by way of an example, the criterion
|si i t l t j j t l | > 2.0) can occur only in 17% of the cases,
while the bulk of the particles interact nonperipherally,
and the particles are generated in the form of a statis-
tical system (cluster) customarily called fireball.

The number of measurements of this type, however,
is very small and the presence of a statistical system
is frequently established in accordance with simpler
attributes, primarily by finding for the aggregate of
particles a reference frame in which the particles move
apart isotropically or almost isotropically (by virtue of
which they satisfy the Van Hove definition of a cluster).

Figure 8 shows very instructive results of a study of
the vr+p collision process at E L = 8 GeV.C453

The longitudinal and transverse momentum compo-
nents pn and p^ of the individual generated pions are
shown in the common c.m.s. separately for different
multiplicities. We see that at low multiplicities (1-2
generated particles) the new particles move in the same
direction as the primary ones. But with increasing n,
the distribution becomes more and more isotropic, with
P i ~Pn ~ 0 · 4 GeV/c.

According to Van Hove's definition of a cluster (see
Sec. lc above),"2 3 the aggregate of these particles can
be regarded as a cluster at rest in the common c.m.s.
Such clusters made up of a small number of particles

*Of course, owing to fluctuations (the number of particles is small),
this method does not ensure a reliable correspondence. An improved
correlation method of separating fireball-type clusters was recently
proposed and used in [108].
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tJSr

FIG. 8. Distribution of the final
particles in the c.m.s. with respect
to the longitudinal and transverse
momenta py and ρχ (relative to the
collision axis) vs. the multiplicity

in π+ρ collisions ( E L = 8 GeV)
4 S ] . Each point is an individual

particle. We see that at small η π the
particles are collimated, but at η π <ϊ
<nff> (here <nff> « 6) the particles
move apart with py ~ p^, as should

nw\'ii-!i° be the case for a statistical system
at rest in the c.m.s.

can also be expected whenever the final number of p a r -
t ic les is smal l , η = 3-4. For these c a s e s , Van Hove de-
veloped an interest ing method of analyzing the exper i-
mental data. 1 · 3 2 3 This method was a lready applied suc-
cessfully to the react ions n + ρ — 2ττ +Ν and π + ρ —
3π + Ν , and also to Κ + ρ — Κ + ττ + Ν . The first
resu l t s show that p r o c e s s e s with diffraction formation
of smal l c lus te r s (2π and 3n) play a predominant ro le .
We a r e p r i m a r i l y interested, however, in much la rger
n. For these, the method of C 3 2 1 apparently becomes un-
surmountably complicated, and a conclusion that the
diffraction mechanism of c luster formation plays a p r e -
dominant role would be p r e m a t u r e .

Thus, s tart ing with a medium multiplicity (for Fig. 8
this is (η π ) ~ 6), we can regard all or almost all the gen-
erated pions as a s tat is t ical system at r e s t in the

Analogous resu l t s were obtained also in other inves-
tigations where, to be s u r e , the m e a s u r e m e n t of the in-
dividual kinematic c h a r a c t e r i s t i c s was not as thorough:
in pN collisions (at E L =24 and 21 G e V ) , H e ' 4 7 J ττΝ coll i-
s ions, C 5 S ] e tc . An analysis of acce le ra tor data in M 8 ]

led to the same conclusions; see also the rev iews , [ 2 9 ' β 5 ]

as well as Figs . 10 and 19 and their analysis below.

Thus, if we a r e interested in the predominant medium
and large multiplicit ies (and not the r a r e c a s e s of the
generation of one to three par t ic les , on which the atten-
tion was focused for many years in the comparison of
the theory, say the Regge-pole model, with experiment),
then we can apparently state that the character i s t ic p r o -
c e s s in hadron collisions is the formation of a s tat is t ical
system, usually detached from the p r i m a r y par t ic le s that
lose a small fraction of their energy, and that at a c c e l e r -
ator energies this system is at r e s t in the common c .m.s .
This is one of the most important r e s u l t s of the experi-
ments of recent y e a r s .

At Ej_, k, 100 GeV, we can speak of a fireball with
m a s s νΒί ~ 2-4 GeV, and at lower energies, of an " i m -
m a t u r e " fireball, a c lus ter .

b. Average Energy of Statistical Subsystem Formed
in Peripheral Interactions

Experiment shows that in pN collisions at E L ~ 2 0 -
30 GeVC 3 8 > 4 9 ] (and apparently also for E L ~ 200 GeVC 2 8 ])
the average energy W of such a system in its c .m.s . is
of the o r d e r of 0.3 /s~, where s is the invariant energy
of the colliding p a r t i c l e s .

If we introduce the coefficient Κ of inelasticity re la-
tive to the energy t rans fe r red to this system, we can
write (using the obvious notation)

W«<£ statist. c.m.s.) = ( i i>N«(i .3( ' s . (16)
However, the distribution of the values of Κ is

s m e a r e d out to an unusual degree (see, e.g., [ 2 8 > 3 8 > 5 0 ] ).
The inelasticity coefficient can be defined in different

ways. Thus, if we take it to mean the ent ire energy
K,, v T consumed by the newly produced par t ic le s (in-
cluding, e.g., the fast pion produced by the decay of the
nucleon that is excited and moves on forward), then Ko
< K. We can apparently assume (KQ) « 0 . 4 .

It is necessary, however, to introduce two essential
complications into this p ic ture . F i r s t , the fireball still
moves in the c .m.s . , and as a unit it acquires not only
a t r a n s v e r s e momentum with p*- b · ~ 1 GeV, C 5 i : but also
a longitudinal motion in the common c.m.s . , with a
Lorentz factor γ that increases with the energy. Never-
the less , at moderate energies we have γ « 1. Only at
E L ~ 200 GeV do we get apparently γ « 1.2, and at E L
~ 1000 GeV we have γ « 1.5C Z 8 '5 2 ] (these es t imates were
made for cosmic rays , where the m e a s u r e m e n t s a r e
very difficult, and the figures presented should be r e -
garded as approximate). Owing to this motion, the value
Esta t . sys t .c .m.s . given by formula (16) coincides with
the m a s s ϊίί of the s tat is t ical system only at not too high
an energy (at E L & 50 GeV), and we can still assume that

(K) - 0 . 3 . (18)
Second, and this is more important, there is always

an admixture of par t ic le s generated in the decay of the
p r i m a r y par t ic le which is excited during the collision
p r o c e s s and moves on ahead. At low multiplicities they
predominate (cf. Fig. 8). At medium and large multi-
pl ici t ies their relat ive contribution can be smal l . On the
one hand, however, it can be different in πΝ and NN col-
l is ions. On the other hand, it is precise ly these par t ic les
that have the highest energy in the laboratory system and
can play the principal role in the corresponding experi-
ments .

It i s important to emphasize that if the excitation
energy of this part ic le reaches several GeV, then its
decay can also be considered stat ist ical ly. It does not
differ appreciably from the fireball; for example, if we
deal with nucleon excitation, then the baryon number is
equal to unity and not to zero as in the case of the c lus-
t e r s of Fig. 8.

Excitation can be via exchange of a pion or meson
pole, as in Figs . 2-4, or else by diffraction, with e la s-
tic scatter ing (Fig. 6c) (e.g., but not necessar i ly , with
exchange of a vacuum pole). Figure 4c, in essence,
also descr ibes diffraction excitation of a special type,
which at one t ime greatly at t racted the theoret ic ians '
attention, but which plays a minor role on the whole;
according to some es t imates it accounts for about 1%
of all the inelastic coll is ions.
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In diffraction excitation of an incoming particle of
mass m and energy E L to a state with mass S)>, there
is a certain limitation on the longitudinal momentum
transfer q ^
the formC 5 5 i

namely < l .
g

It can be written in

•<μ· (19)

Therefore at an energy E L an excitation is possible
2 S 2to a state with «! equal to (assuming that 3J12 S> m2)

SBt s£ 0,5 (20)

where EL,GeV i s i n GeV· Consequently, SJl ~ 2 GeV is
possible â ; E L ~ 16 GeV and 3)1 ~ 4 GeV at E L ~ 70 GeV.
Indeed, in jfN collisions at 16 GeV, the diffraction split-
tings π — 3π and π —- 5π were observed, and in the lat-
ter case it was found, in accord with (20), that 3)! = 1.8-
1.9 GeV.B M Such a system has in the main the same
properties as the statistical system produced in NN
annihilation at rest (Fig. 5b),_where -Si = 1.88 GeV. In
particular, one can expect KK pairs to be present here
in ~5% of the cases, as is the situation in annihilation
(see Sec. 5e below) (there are still no experimental
data on this question). At E L ~ 70 GeV, diffraction ex-
citation in jrN collision, as we see, can give a statistical
system of the same mass as peripheral production of a
fireball.

As already mentioned, an analysis of processes with
few particles (the number of newly produced pions is
1-2, E L ~ 10-16 GeV) by the Van Hove methodC32] leads
to the conclusion that a predominant role is played by
diffraction excitation of the incident particle to the
"cluster state." We see that at large E L this process
can lead to the formation of large clusters, on the order
of the fireball mass, η π ~ 8. Indeed, the cross section
for the diffraction dissociation of a pion into three and
five pions increases rapidly with energy. t57:1 This in-
crease can be attributed to the increase of the phase
volume for a cluster of mass % ~ 2 GeV. Nevertheless,
this process is not the principal channel of multiple gen-
eration at η ~ (n) 3> 1.*

c. Relative Contribution of Particles from a Statistical
System (Fireball) at Rest in the c.m.s. and from
Excitation of the Incident Particle

This contribution has not yet been determined. It is
clear from Fig. 8 that in ?rN collisions at 8 GeV, when
η < (η), this contribution is small. But in the same
processes at E L ~ 60 GeV, as shown in LSBl, from which
Fig. 9 is borrowed, the angular distribution of relativ-
istic charged particles in the c.m.s. (583 collisions
gathered together), is anisotropic even after eliminating
the diffraction-generated groups of three and groups of
five. This distribution can be broken up into three parts:

"Incidental ly, the opposite view, n o t confirmed by experiment, has
also been advanced, but it is difficult t o agree with it. It could be based
only on predominance of the role of Pomeranchuk-pole exchange n o t
only on for elastic b u t also for inelastic collisions. It has been shown
long ago, however, [ 1 1 3 · 1 1 4 ] that at the actually existing multiplicities
(and accordingly values of 311), the value of cos 0 j in the transverse chan-
nel is far from large (it is of the order of uni ty) , the condit ion for the
Regge asymptot ic behavior is n o t satisfied, and the hierarchy of the
trajectories is completely disrupted as s -> •»: the contribution of the
vacuum pole is by far not the largest.

FIG. 9. Angular distribution of charged
particles in the c.m.s. (emission angle θ cms
relative to the momentum of the primary
pion in JT'N collisions at E L = 60 GeV;
summary plot for 583 events) [ s 8 ] .
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FIG. 10. Angular distribution of outgoing particles (relative to log
tan 9 L , where 9 L is the particle emission angle in the laboratory frame)
for π'Ν collisions, E L = 60 GeV, at different multiplicities ncij [ S 8 ] .
7C(TT"N) indicates the Lorentz factor of the c.m.s. It is seen that the
particles are produced mainly in the cluster, and the velocity of the
cluster in the c.m.s. decreases with increasing n c n .

a ) i s o t r o p i c p a r t ( a p p r o x i m a t e l y half t h e p a r t i c l e s ) ,

w h i c h c a n b e a s c r i b e d t o t h e d e c a y of t h e s t a t i s t i c a l s y s -

t e m a t r e s t in t h e c . m . s . ; b ) a l a r g e f o r w a r d p e a k , which

c a n b e a s c r i b e d t o e x c i t a t i o n a n d d e c a y of t h e i n c o m i n g

p i o n , a n d c ) a s m a l l b a c k w a r d p e a k , w h i c h c a n b e s i m -

i l a r l y a s c r i b e d to t h e d e c a y of t h e n u c l e o n e x c i t e d b y

c o l l i s i o n . It s h o u l d b e a s s u m e d i n s u c h a n i n t e r p r e t a -

t i o n t h a t t h e p r o b a b i l i t y of e x c i t a t i o n of t h e v e r t e x in

peripheral πΝ collision is large.
Even more instructive in this sense is Fig. 10, where

the angular distribution of the particles in π~η collision
at E L = 60 GeV is plotted against log tan 0 L (#L i s t h e

emission angle in the laboratory system) separately for
different numbers n c n of the charged particles. In such
a scale, a Gaussian-type curve denotes isotropic dis-
persal of the particles in a certain reference frame. The
position of the maximum of the curve, 0 L max» gives the
value of the Lorentz factor of this system', γ0, in the lab-
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oratory f rame, y0 = - l o g tan 0L,max· T h e straight line
yc(7T-N) s h° w s thevalueof the Lorentzfactor of the c .m.s .
We see that even at n c h = 3 the expansion is approximately
isotropic in a system moving forward with considerable
velocity in the c .m.s . (γ0 * a S r e e s f u l l Y
with the conclusion, based on the Van Hove method, that
the c luster production by diffraction excitation of the in-
coming pion predominates at such small values of n c n .
With increasing n c n , an increase takes place in the con-
tribution of the second maximum (which is also, at least
approximately, of the isotropic type), which descr ibes
the expansion of a system at r e s t in the c . m . s . (its γ0

coincides with yC(7T-N))· A t t n e average multiplicity for
these coll isions, ( n c h ) = 6.24 ± 0.15 (see the curve for
n c h = Ό» t h * s contribution is a lready decisive. At n c n

k, 13, expansion is a lmost symmetr ica l in the c .m.s .

It is easy to see that this limiting case corresponds
precise ly to a fully centra l collision. In fact, here V¥"
~ 10.5 GeV, and therefore in a centra l collision we a r e
left with /s~ - m j j ~ 9.6 GeV for pion generation (taking
into account the r e s t energy Of one nucleon). According
to (32) (see below) in the stat ist ical theory considered
by us, this makes it possible to obtain on the average
<ηπ) ~ 9.6/0.43 « 22 pions, i.e., ~14 charged pions,
which agrees with n c n ~ 13. In other words, this is the
case when the initial par t ic le s lose pract ical ly all the
kinetic energy and become p a r t of the s tat is t ical system.

In NN collisions the probability of an equally high
excitation of the incoming par t ic le s is apparently not
so large (this is seen already from the fact that the a r e a
under the r e a r peak—from the excited nucleon—on Fig. 9
is smal ler by a factor 5-6 than that under the front peak,
which we ascr ibe to pion excitation). The same can be
seen also in Fig. 11, which shows the momentum d i s t r i -
bution of the p a r t i c l e s generated in pN collisions at Ej_,
~ 200 GeVC 2 r l (it i s constructed in a reference frame in
which the total momentum of the forward-moving p a r -
t ic les is equal to the total momentum of the backward-
moving p a r t i c l e s ; this system does not differ greatly
from the c .m.s . ) . We see that the overwhelming m a -
jority of the p a r t i c l e s a r e described by a Planck d i s t r i -
bution (continuous curve) at Τ ~ μ (more accurately,
Τ = 0.8μ with accuracy ±0.2μ), and thus can be ascr ibed
to fireball decay. There a r e few fast par t ic le s outside
this curve.

Koshiba [ 5 9 J finds that at E L ~ 103 GeV the excitation
of the nucleon to a state with m a s s ~2 GeV (he called
this the " A l e p h " state) occurs in each collision. This
does not contradict the s ta tements made above.

d. Central Collisions and Their Fraction

The values of the inelasticity coefficient Κ a r e con-
tinuously distr ibuted. Therefore centra l collisions
(Fig. 5a) in which the initial par t ic le s lose the greater
p a r t of their energy and a r e energywise on a par with
the generated p a r t i c l e s cannot be separated s tr ict ly
from the per iphera l ones. Such a separat ion can be
c a r r i e d out approximately, however. Moreover, we
shall show that it is quite distinctly observed in ex-
per iment .

The cr i ter ion for the separation of centra l collisions
can be based prec i se ly on the fact that in this case the
nucleons constitute p a r t of a s tat is t ical system that is
at r e s t in the c .m.s . at acce lera tor energies, so that

their average kinetic energy after the collision is (in the
c.m.s.) 3T/2, and since Τ ~ μ, it follows that 3T/2
« 0.2 GeV. Consequently, the average fraction Κ^ΐη of
the kinetic energy lost by the nucleon satisfies the r e -
lation

(21)4 r

κ kin « l - { 7 № - % ] , (21a)

where E c = -fs/2 i s the energy p r i o r to the collision.
Inasmuch a s K,,EC = Kj j i n (E c — m ^ ) , the total inelast ic-
ity coefficient K,, is connected with K k m by the relation
Ko = K k m [ l - ( m N / E c ) ] . For centra l collisions

- I T -
(21b)

The distribution of the protons from pp collisions
with E L = 12.5 GeV ( E c » 2.5 GeV) with respect to the
t r a n s v e r s e momenta p x was investigated in C62:l sepa-

l lrately for different Kfcm. In this case, for simple col-
l is ions, we should have Κ^ιη £ 0.87 in accordance with
(21a) (and K,, k. 0.55 according to (21b)). Actually the
experimental distribution with respect to ρ j_ (see Fig.
14) for such protons (and slower ones) turned out to
differ considerably from the distribution of protons
with smal ler Kki n (s teeper). As will be shown in Sec.
4e, it agrees exactly with the prediction of the s ta t i s-
t ical theory at Τ ~ 0.92μ. Therefore the fraction of
such collisions can be assumed to be also the fraction
of the centra l coll is ions. According to Fig. 14 (which
is a reproduction of Fig. 2 of K 2 ] ) , this fraction £ c e n t r
can be roughly est imated at 0.2. We shall assume quite
roughly that

U£ur~<>-1 (KL 12.3 GeV). (22)

Older and les s rel iable es t imates of the fraction of
such collisions at E L & 20-30 GeV also gave figures on
the o r d e r of 0.1 (in pN coll is ions; see, e.g., K O > 6 1 3 ) .

Considerations have been advanced/ 6 3 · 1 according to
which this fraction should decrease with energy. Unfor-
tunately, there a r e no experimental data at high energies
(although it is probably no longer difficult to obtain them
by performing the same m e a s u r e m e n t s as in C 6 2 J, and
employing the analysis presented above).

No s imi lar est imate has been made a s yet for i C e n t r
in TTN coll is ions. A ra ther indirect est imate can be ob-
tained from a e l , where it is shown that events with very
large multiplicity, n s > 10 (whereas ( n s ) « 5) constitute
about 9% of all the events. If we separate the isotropic
p a r t of this distribution and ascr ibe it to centra l coll i-
sions, then, since it amounts to about half of all the p a r -
t ic les, we can conclude that the probability of formation
of a unified s tat is t ical system for all par t ic les (i.e., of
centra l collision) does not exceed 5-10% also for ττΝ
collisions (in spite of the older e s t i m a t e / 6 0 1 where the
figure ~50% was indicated).

The experimental data descr ibed above point to ob-
jects which we have interpreted as s tat is t ical sys tems.
However, only by applying the s tat is t ical theory to them
and observing that the var ious quantitative c h a r a c t e r i s -
t ics prescr ibed by it agree with experiment will it be
possible to verify the c o r r e c t n e s s of this interpretation
and at the same t ime to verify the validity and fruitful-
ness of the s tat is t ical theory. We now proceed to this
task.
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3. FUNDAMENTAL FORMULAS OF THE STATISTICAL
THEORY OF MULTIPLE GENERATION

We already mentioned that an attempt was made to
use Pomeranchuk's version when the discrepancy be-
tween the Fermi theory and experiment was observed.
Whereas for generation in the collision of two particles
this discrepancy could still be attributed to the periph-
eral character of the interaction, nucleon annihilation
is a genuine case of the statistical theory. C17»11S] But
even here the Fermi theory gave too large an admixture
of heavy particles, too low a pion multiplicity, and too
high a pion energy. All this was eliminated by choosing
arbitrarily V = (10-15) Vp instead of V = Vp(2). This
actually meant a transition (for the given particular
process) to a model of the Pomeranchuk type, which
was also applied in w~e:i to annihilation explicitly, and
furthermore successfully (although not always consis-
tently).

The theory proposes that when the statistical system
expands (Fig. lc) the thermodynamic equilibrium is con-
served at each instant of time. At the instant of separa-
tion, the particles no longer interact and their momen-
tum distribution at the temperature Τ and a total vol-
ume V is determined by the formulas of the Bose and
Fermi statistics. For particles of sort i we have

τ
IPI (23)

where m^ is the mass, gj the internal (spin and isotopic)
statistical weight of the particles, and μι the chemical
potential. The latter is determined by specifying the.
difference between the particle and antiparticle numbers
initially. We shall assume it to be zero, and take the
conservation of this difference into account only in the
factors gi (see C18] for the case μι Φ 0).

The total number of Bose and Fermi particles of a
given sort (indices Β and F) is

^ -• (24)
+1+1

" Η . i

( 2 t e )

Analogously, the tota l e n e r g y of a l l p a r t i c l e s of a g i v e n

s o r t i s

( 2 5 )

( 2 5 a )

The total e n e r g y of the s t a t i s t i c a l s y s t e m wi l l be denoted

by W:

Η·,-=^(/ί,., ; :-/?„.,·)· (25b)

In the l imi t ing c a s e s we have :

7'<mi. ζ ι > 1 : Φ,. •--Φ« •- zAV zl·'B ( 4 z 5 ) ''*'*· (26)

7 ' > m j . Z i < t : A > = 1 . 8 0 , Λ^·.-2.4U. ΦΓ---• 5.08, Φ Β --Β.4Ο.
( 2 6 a )

Τ - mi. z, = 1: AV=1.52, A' B =1.7K. Φ,. = 5.25. Φ Β .-=5.78.

( 2 6 b )

M o r e d e t a i l e d t a b l e s c a n b e f o u n d i n I 1 8 J .

F o l l o w i n g P o m e r a n c h u k , w e a s s u m e f o r t h e v o l u m e V

at a given total multiplicity of the final state η (η is the
sum of all the no j and η ρ j)

V = nV0. B-.-V(Bei( , „,,), (27)
I

where Vo is of the order of the volume of one particle
(2a). To be more accurate, however, we introduce here
the only indeterminate parameter of the theory, a, ob-
tained by comparison with experiment, putting, unlike
in (2a),

v<> *-Tik- (28)

It is known, in any case, that α should be of the order
of unity. This is what it turns out to be indeed.

The characteristics which we shall consider for the
multiple generation process are the following: a) the
decay temperature T c , b) the average particle energy
<e), c) the average multiplicity (n), d) the composition
of the generated particles, e) the average transverse
momentum ( p x ) , its distribution N(pj_)/dpj_, and the de-
pendence of <px ) on the multiplicity and mass of the
particles, f) estimate for the longitudinal momentum

Pii·
We shall then consider in Chap. 5 the process of

multiple generation and the closely related large-angle
statistical elastic scattering.

In the comparison with experiment we shall assume
everywhere that the numbers of the generated π+, π",
and 77° mesons are equal:

«π+ = «π- = ηπο = -=- ( 2 9 )

T h i s i s a n e x c e e d i n g l y c r u d e a s s u m p t i o n . F i r s t , i t i s

k n o w n t h a t p i o n s a r e g e n e r a t e d n o t o n l y d i r e c t l y , b u t

also via decay of ρ, ω, and η mesons. Thus, according
to [ e 4 3, at_ least one of these resonances is always pres-
ent in NN annihilation. Second, even in pion generation
it is necessary to take into account the real values of
the Clebsch-Gordan coefficients. In general, according
to experiment, if the multiplicity is not very large in
NN annihilation, the result depends strongly on the spin
of the entire system.W 4 J We are interested, however, in
typical—large—multiplicities, and what is most impor-
tant, the initial isotopic spin and spin are as a rule un-
determined and it is actually necessary to average over
them.

We shall assume that the decay is isotropic. Of
course, this assumption is also very crude. Thus, in
decay into two particles, allowance for the angular mo-
mentum of the system leads to an angular distribution
of the type (sin Θ)'1 in the c.m.s. (see " " , and also t93>9«).
A stronger angular dependence was also proposed.C59J It
must therefore not be assumed in the analysis of the ex-
periment that the presence of a weak deviation from iso-
tropy (e.g., of the type sin Θ)'1) is evidence against the
presence of a statistical system or subsystem.

As the theory is developed, the corresponding refine-
ments with respect to these two items will be easily in-
troduced. Our purpose here is to explain the principal
aspects, without cluttering up the exposition with details.
As will be seen below, the results are positive even with
such an approach.
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F I G . 1 1 . D i s t r i b u t i o n o f t h e g e n e r a t e d charged part ic les w i t h re-

s p e c t t o t h e m o m e n t u m p s in p N c o l l i s i o n s at E L ~ 2 0 0 G e V ( c o s m i c

rays) [ 2 7 ] . Solid curve—Bose distribution for the temperature Τ = 0.8μ
(p s is the momentum in the symmetry system).

4. CHARACTERISTICS OF THE M U L T I P L E GENERA-
TION PROCESS (COMPARISON WITH EXPERIMENT)

F r o m our point of v iew, the m o s t important property
of the d e c a y of the s y s t e m i s the s m a l l n e s s of the decay
t empera ture T c = T p ~ μ (see (10)). It is c lear even
from this that p a r t i c l e s heavier than the pion will enter
as admixtures in an exponentially smal l proportion (for
detai ls see Sec. 4b). It can therefore be assumed that
( n ) « (nn) and W ~ E f f , where η π i s the number of all
the pions and En i s their total energy. Substituting (28)
in (27), and then substituting the r e s u l t in (24a) and r e -
placing h e r e η by ( η π ) , we obtain an equation for the
decay t e m p e r a t u r e T c (we have a lready put gn = 3):

a 4 f , w = 4 . zc = ̂ · (30)

Under the s implest assumption, a = 1, a graphic so-
lution of this equation yields

F B is a slow function. In pract ice therefore, in a c -
cordance with (30), we have z c ~ a1/3. At a = 0.5 and
a = 2.0 we have respectively T c = 1.19μ and T c = 0.79μ.

We shall use as a rule the value a = 1, sometimes
discussing in the comparison with experiment the p o s -
sibility of other values of a.

a. Average Pion Energy

Dividing the total pion energy E g Ξ Ε π (25a), which
we assume to be approximately equal to the entire en-
ergy Ε (25b) of the s tat is t ical system, by their average
number n g ~ <η π ) (24a) we obtain (as before, a = 1)

; — 1 c

1).

? — τ — χ
FB ( Z

C )
; 0 . 4 3 G e V ( 3 2 )

T h i s r e s u l t a g r e e s w e l l w i t h e x p e r i m e n t .

U n f o r t u n a t e l y , c o m p a r i s o n o f t h e t h e o r e t i c a l f i g u r e

( 3 2 ) w i t h t h e c u s t o m a r i l y c i t e d ^ e x p e r i m e n t a l d a t a i s n o t

a l w a y s c o n v i n c i n g , s i n c e t h e f e w n o n - s t a t i s t i c a l l y g e n e r -

a t e d h i g h - e n e r g y p i o n s m a k e a n a p p r e c i a b l e c o n t r i b u t i o n

w h e n t h e m e a n v a l u e i s d e t e r m i n e d i n t h e e x p e r i m e n t

(see the tail of large ρ in Fig. 11). Nevertheless, if we
turn, for example, to the experimental data gathered
in the rev iew, l 3 s : we obtain the following:

For NN coll is ions, from the resu l t s of 23 investiga-
tions in which E L > 10 GeV, we get

(en)exp - 0.46 GeV (N,V, EL > 10 GeV ).

For πΝ collisions with E L ^ 4.5 GeV, the average of
17 investigations yields

(en>exP = 0.54 GeV (πΝ, EL > 4.5 GeV).

It i s not s u r p r i s i n g that t h i s f igure i s l a r g e . In S e c .

2c we have emphasized that it i s precise ly in πΗ colli-
sions that the contribution of fast non-stat ist ical p a r t i -
cles is part icular ly la rge . This i s all the more t rue at
such a low energy. _

On the other hand for NN annihilation at r e s t , when
a stat is t ical system in the p u r e s t form is obtained, all
15 investigations yield

<en)exP=---0.4i GeV (iViV-annihilation),

in splendid agreement with (32).
The distribution over e and over the momenta ρ

= V(e2 - μ 2) is given by the Planck formula (23).
Thus, the average decay tempera ture or the average

pion energy in the c . m . s . of the s tat is t ical system does
not depend in any way on the initial energy. This impor-
tant resul t is corroborated by experiment (in the com-
mon c .m.s . of the collision, the part ic le energy depends
on the motion of the ent ire c luster , but at E L & 60 GeV
this motion apparently does not manifest itself as yet).
Namely, a s we shall show, the value of Τ determines
the composition of the generated par t ic le s (Sec. 4c) and
their distribution with respect to the t r a n s v e r s e m o -
menta (Sec. 4d). They turn out to be independent of W.

Let us add that in cosmic rays the average energy
of the pions produced in f ireballs is always est imated
at ~0.5 GeV, t 2 4 " 2 e l and the distribution over ρ always
turns out to be mainly in accord with (23) at Τ ~ μ, as
is seen, for example, from Fig. 11.

b. Average Multiplicity

Dividing Ε π « W by < ) (32) we obtain

: 2.3W&.V (33)

( w G e V i s measured in GeV; <n f f) ~ a1/3).
When comparing this formula with experiment (see,

e.g., t M 1 ) it i s necessary to distinguish carefully between
three types of p r o c e s s e s .

1) The s implest and, as always, the pures t case is
annihilation of a part ic le pa i r . We can expect the entire
energy to go over h e r e into the s tat is t ical system, so
that Vs = W (see Fig. 5b). The same should hold also
for hadronic annihilation of leptons (see Fig. 6). Of
course, bes ides the scheme of Fig. 5b, a more compli-
cated p r o c e s s i s also possible, when several par t ic les
a r e also generated outside the s tat is t ical system, as in
Fig. 12. Such additional par t ic le s will be collimated
near the direction of the par t ic le that generates them.
The angular distribution of all the par t ic les turns out
to be non-isotropic, and the description of the p r o c e s s
is essential ly of the type of Fig. 4a (with a single c lus-
t e r ) , i .e., close to mult iper ipheral . Indeed, in c e 4 C : l such
a non-isotropic contribution to the distribution has been
observed in the p r o c e s s e s pp — KK + ηηπ at E L = 5.7
GeV. F r o m Fig. 6 of C G 4 C J we can see that this contr i-
bution covers about 25% of all kaons and les s than 15%
of all pions. The mult iperipheral theory without c lus-
t e r s (Fig. 4c) descr ibes well the angular distribution
at smal l multiplicit ies (n^ = 1—3) and poorly at medium
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and large multiplicities ( ( % ) « 5 ) , which is understand-
able.

Disregarding these details, however, we assume here,
as a simplification, that the process follows the scheme
of Fig. 5b, so that W = -/s". Then*

(ηπ) = 2.3WGeV= 4.6£,.,GeV= 2.3 |/sG eV. ( 3 4 )

In the c a s e of pp annihi lation, e x p e r i m e n t at 2.2 < 2 E C

< 3.4 GeV g i v e s , a c c o r d i n g to t M a l , the e m p i r i c a l for-

mula

ςηπ; — z . . m G e V , yo'tS.)

w h i c h a g r e e s w i t h t h e t h e o r y a t a = 1 w i t h u n l i k e l y a c -

c u r a c y . T o b e s u r e , o n t h e o t h e r h a n d , a n o t h e r e m p i r i -

c a l f o r m u l a w a s a l s o c i t e d f o r t h e m u l t i p l i c i t y o f c h a r g e d

p i o n s ( a t 2 E C < 3 . 5 G e V ) : C M d ]

(«n±> = (1-64 ± 0 . 2 5 ) + (0.77 ± 0.15) Wcev- ( 3 5 )

It i s o u t w a r d l y s t r o n g l y d i f f e r e n t f r o m ( 3 4 ) a n d ( 3 4 a ) .

However, assuming that (ηπ) = 3/2 (ηπ±), we can verify
that at W < 2.5 GeV the numerical agreement remains
good, and at W = 3.5 GeV the discrepancy does not ex-
ceed ~25%, i.e., it remains of the same order as the
error of either the theory or the experiment.

However, the last summary of all the data on the en-
ergy dependence of ( % ) c u e 3 leads to a systematic
lowering of <ηπ) in comparison with (34) at large
E L · The agreement can be restored by putting Tc
~ (1.2-1.4)μ. But it is possible that this is simply the
result of the increase of the contribution of the fast
non-statistical pions (Fig. 12), so that less than 2EC

remains as the energy share of the statistical system.
2) In the comparison with experiment, a decisive

factor for pN and J7N collisions is the fraction of the
total energy going over into the statistical subsystem,
i.e., K. It would be necessary to consider separately
the experiments for different K. Unfortunately, there
are no corresponding data in the literature, and we
are forced to consider very roughly average values.
Namely, to take in some manner the few non-statistical
particles into account, we put Κ = (Κ,,) = 0.4. Substi-
tuting (17) in (33) we obtain for the collisions

< » - > - i - 8 ^ = ' - n - { £ l ^ J l f = { ^ [ J : ^ J )

) ; (36)

where again E c , E L , and Μ are in GeV. According to
(29), we can write

* 0.8i> VEJM. ( 3 6 a )

w h e r e s i s i n ( G e V ) 2 .

U n d e r t h e c r u d e a s s u m p t i o n ( 2 9 ) , t h e n u m b e r o f

c h a r g e d p i o n s , ( n f f ± ) , i n N N c o l l i s i o n s t h e r e f o r e a m o u n t s

t o 3 . 9 a n d 4 . 7 a t 2 0 a n d 3 0 G e V , r e s p e c t i v e l y . E x p e r i -

m e n t M 8 ' e 5 : l y i e l d s 4 a n d 4 . 6 , r e s p e c t i v e l y . E x a c t c o i n c i -

d e n c e , o f c o u r s e , w o u l d b e d e c e i v i n g i f f o r n o o t h e r

r e a s o n t h a n t h a t t h e a v e r a g e s of t h e e x p e r i m e n t a l d a t a

i n c l u d e c a s e s o f v e r y s m a l l m u l t i p l i c i t y , n o t d e s c r i b e d

b y t h e s t a t i s t i c a l m o d e l ( a l t h o u g h t h e i r n u m b e r i s r e l a -

t i v e l y s m a l l ) , a n d a l s o b e c a u s e t h e u s e o f a s i n g l e

F I G . 12. Possible non-statistical contr ibut ion

to the annihilation process NN •* hadrons.

for all particles makes the result highly approximate.
Finally, the experimentally measured number of charged
particles in peripheral collisions includes the "leading"
particles that move on forward (see the next footnote
below).

The dependence (ηπ) on E L (36) contradicts at first
glance the usually quoted relations (for experiments at
high energies) (n^) ~ E^ 4 and <nff) ~ln E L . Actually,
however, there is no contradiction. We encounter here a
fine point, namely that formula (36), like the entire sta-
tistical theory, is valid only for small ηπ—according to
(14) and (36) at E L < 60 GeV.

At E L ^ 50-100 GeV, and especially in the generation
of completely formed fireballs, their kinetic energy
takes up an ever increasing fraction of the total energy.
Thus, there are indications that for two fireballs their
Lorentz factor γ in the common c.m.s. increases like

El/2_[2*-29 52] A t E ^ _ 3 0Q GeV^ES] m p a r t i c u l a r j m e a _
surements yield γ ~ 1.3. Therefore the total energy of
two fireballs in the common c.m.s., equal to (K)-2EC,
is

251)!,. i v ~ 2 <en) (ηπ) Ε1,'2 cv 2 (Κ) Ec. (37)

Consequently, if we a s s u m e , a s usual, that S-'if.b, ( K ) ,

and (e-jj) (32) a r e independent of the energy, then we ob-

tain in a c c o r d a n c e with the e x p e r i m e n t a l r e s u l t s

SJlf.b ~ <«„) - E}l2 ~ EUi (38)

T h e s e c o n s i d e r a t i o n s w e r e advanced at the v e r y o u t s e t

in the study of the kinematic characteristics of the fire-
ball model. t 2 e ' e e : l On the other hand, if γ or <K) depend
in a different fashion on the energy, then the law for the
multiplicity will also be different. In addition, a role is
played by the dependence of the number of fireballs on
the energy. In quantum field theory'2 3 '2 3 3 it is logarith-
mic. Therefore ηπ ~ n 0 log E L , where n0 is the average
number of particles from one fireball.

Thus, the dependence of (n .̂) on E L has one form (36)
so long as the cluster remains single and is at rest in
the c.m.s., and an entirely different form at high ener-
gies, when its motion comes into play and new clusters
or fireballs begin to appear. Experiment confirms this.

Figure 13a, where the experimental data for πΝ col-
lisions were obtained from c e s 3, shows a plot of (36a).
We see that its agreement with experiment is quite
satisfactory.*

Empirically, it is precisely such a breakdown of the
single experimental (n(EL)) curve into two, (η) ~ E^ 2

*We neglect the difference between the isotopic and statistical

weights for pp and nn annihilation, on the o n e hand, and rip and pn

annihilation on the other. As shown in [ " ] , this difference is not large

for <n>.

*More accurately, the plotted quantity, according to (36a), is n s =

Ν π ± + 1.0 = 0.61 \/s + 1.0: the total number of charged particles <ng>

exceeds the number of generated charged pions η π ± by a certain amount

v, which is approximately equal to unit, since the primary charged parti-

cle, roughly speaking, retains its charge in half the cases. The dashed line

gives (36a) without this correction. Since the target nucleon is frequently

nonrelativistic, a value ν = 1/2 might be closer to the truth. The corre-

sponding curves are not drawn on Figs. 13a and 13b.
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FIG. 13. Charged-particle multiplicity ns vs. the invariant collision
energy yT. a) For πΝ collisions from the data of [65] and from formula
(36a). The solid curve, <%+>+ 1, takes into account the contribution of
the initial particles, which experience charge exchange with a probability
50%; the dashed curve, <nff±>, does not take these particles into account,
b) The same for NN collisions from the data of [79] for <ns> as a function
of EL. Theory-~(36a), with correction for the contribution of the pri-
mary particles-dashed (the empirical formulas from Fig. 27 of [79]).

for (n) 110 and (η) ~ EV* at larger multiplicities, is
suggested also by the curve of Fig. 13b (Fig. 27 of the
book ml). We see that even the numerical coefficient
0.91 in the empirical formula written in the figure
agrees with the theoretical value 0.86 in (36a). We note
that a similar breakdown into two curves with different
multiplicities is given also by Hayakawa (see Fig. 3.19
in W T ] ) .

Thus, different multiplicities are obtained in anni-
hilation and in collisions, and also in collisions at dif-
ferent values of E L , owing to the differences in the
mechanism whereby the statistical system is produced
and moves in the c.m.s. If these differences are taken
into account, then the multiplicity can be explained sat-
isfactorily by a single statistical theory and for a single
value of the decay temperature.

Recently Bjorken and Brodskycee:i applied an essen-
tially statistical model also to the case of e*e" annihi-
lation into hadrons, i.e., to the process of Fig. 6a. Us-
ung a somewhat different and more quantum-mechanical
calculation method (which has made it possible, in par-
ticular, to calculate the partial cross sections for anni-
hilation into a state with given n), they obtained for (εΉ)
a value of 0.375 GeV (as against 0.43 GeV in (32)), and
accordingly for the multiplicity of the charged pions

3 0.375 GeV ': 1.8W, (39)

leads to remarkable success. At the same time, the ini-
tial Fermi theory has turned out to be utterly unsuitable.

The point is that according to the Fermi variant the
temperature that determines the thermodynamic equilib-
rium is very high, T F > μ (see (9)). From (7) and (8)
it follows that

ϊ\,«0.4(ηπ)μ, (40)

i . e . , t h i s t e m p e r a t u r e i s o f t h e o r d e r o f t h e k a o n m a s s

a l r e a d y a t E L ~ 2 0 - 3 0 G e V a n d ( % ) ~ 6 - 7 . C o n s e -

q u e n t l y , t h e n u m b e r s o f t h e k a o n s a n d p i o n s s h o u l d b e

o f t h e s a m e o r d e r , w h e r e a s i n e x p e r i m e n t t h e y d i f f e r

b y ~ 1 0 t i m e s . A s i m i l a r d i s c r e p a n c y o c c u r s a l s o i n

N N a n n i h i l a t i o n ( a s a l r e a d y m e n t i o n e d i n C h a p . 1 ) e v e n

w h e n t h e C l e b s c h - G o r d a n c o e f f i c i e n t s a r e a c c u r a t e l y

t a k e n i n t o a c c o u n t . C l 7 : i A t s t i l l h i g h e r m u l t i p l i c i t i e s ( a n d

e n e r g i e s ) , N N p a i r s s h o u l d p r e d o m i n a t e . T h i s d e v i a t e s

g r e a t l y f r o m t h e r e a l s i t u a t i o n . A t t e m p t s t o u s e S U ( 3 ) -

s y m m e t r y c o n s i d e r a t i o n s a n d t h e q u a r k h y p o t h e s i s t o

d e t e r m i n e t h e m a k e u p o f t h e p a r t i c l e s i n t h e F e r m i

s t a t i s t i c a l t h e o r y d o n o t r e s u l t i n a n y i m p r o v e m e n t .

T h u s , t h e a u t h o r s o f l e a Z r e a c h e d t h e c o n c l u s i o n t h a t i n

π"ρ collisions different final states of the statistical
system (πΝ, ΚΣ, ΚΛ, ηΝ, etc.) should have probabili-
ties of the same order. This greatly contradicts both
the experimental data and the statistical theory consid-
ered by us.

At the same time, the characteristic feature of the
model under consideration is a relatively low and en-
ergy-independent equilibrium temperature of the decay,
T c = Tp ~ μ (31). Consequently, the admixture of par-
ticles heavier than pions is quite small at all energies
E c .

The first to calculate the composition of the gener-
ated particles in statistical theory at such low tempera-
tures was S. Z. Belen'kn c i 8 a ] , who especially emphasized
the fact that the study of the composition is the best
method of determining the decay temperature. Even
formulas (24) and (24a) give for the ratio of the average
number of kaons of all four kinds (K+, K", K°, K°) and
pions of all three charges (%) (using for (n^) formula
(26), owing to the smallness of T c <C mjj)

(nK) _ JK F?(m_idTc) _ 4 1 / π \ 1/2 , ,„,, .3/2 - ?JL „ ..

i n s t e a d of t h e 1.5W w h i c h f o l l o w s f r o m (33).

C a u t i o n m u s t b e e x e r c i s e d , h o w e v e r , w h e n t h e t h e o r y

i s a p p l i e d t o a n n i h i l a t i o n of a p a i r of h i g h - e n e r g y p a r t i -

c l e s , w h e n W e x c e e d s t h e e n e r g y of t h e o b s e r v e d f i r e -

b a l l s . In f a c t , t h e r e i s no a s s u r a n c e t h a t a s i n g l e s y s t e m

t h a t d e c a y s i n t o p i o n s i s a c t u a l l y f o r m e d a t a r b i t r a r y

l a r g e s . If t h i s i s s o , t h e n we a r r i v e u l t i m a t e l y a t t h e

c a s e d e s c r i b e d b y t h e h y d r o d y n a m i c t h e o r y , w h i c h would

b e of g r e a t i n t e r e s t . Within t h e f r a m e w o r k of q u a n t u m -

f ie ld t h e o r y , 1 2 3 - 1 h o w e v e r , i t i s found t h a t h e r e , t o o , f o r -

m a t i o n of a s e c o n d f i r e b a l l b e g i n s w h e n W e x c e e d s 3 - 5

G e V , i . e . , t h e p r o c e s s i s m u l t i p e r i p h e r a l a n d t h e e n e r g y

of t h e s t a t i s t i c a l s y s t e m c a n n o t b e v e r y l a r g e .

c . Makeup of Generated P a r t i c l e s

When it c o m e s t o t h e m a k e u p of t h e p a r t i c l e s , t h e s t a -

t i s t i c a l t h e o r y , a n d p r e c i s e l y t h e v a r i a n t c o n s i d e r e d h e r e ,

(%) "" g* F B ( % / f c ) 3FB(l)\2) \ ~ j e ~ u · !

E v e n t h i s c a l c u l a t i o n , h o w e v e r , i s i n a c c u r a t e . S t a t i s -

t i c a l f o r m u l a s t h a t n e g l e c t t h e c o n s e r v a t i o n o f t h e

s t r a n g e n e s s S , o f t h e b a r y o n n u m b e r B , e t c . , c a n b e

c o r r e c t o n l y i f t h e t o t a l n u m b e r o f p a r t i c l e s o f e a c h

sort is large, and according to (41) (ηρς) is small at
(%) ~ 10. The theory must therefore be improved. t l 2 > 1 4 ]

Assume that we are dealing first with a system with
S= Β = 0.

We are interested in the rare possibility of genera-
tion of a pair of particles q and q of mass m q in the
presence of a large number of pions (nff 3> 1). The sta-
tistical weight of such a system with total energy W is
the product of the statistical weights dpq(Eq)dpjj(Eq )
of the particles q and q with momenta pq and Pq- and
with energies E q and Eg·, and the statistical weight
p(7r)(w - E q - Eq) of all the pions with energy W

d p , / - ( 2 n ) - : ' / ? , r r / p , ; . d f > ; =-(•>*)-=,(-[• dp-.
( 4 2 )
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Here q and q a r e nonrelativist ic par t ic le s (at T c ^C m q ) .
Therefore

But this p r o c e s s i s a r a r e event. It is much more
probable that the system decays only into pions—the
stat i s t ical weight of this s tate is p(T>(W). Therefore
the probability of pa i r generation is the rat io of p^
to the sum of pty and ρ ( ί Γ ) , or , in p r a c t i c e , simply to

p№). w e write down further, approximately,

(,<•-.> ( I K ) -,(,<-••) ( » • ' - - A ' , - £ r 7 ) p < x > ( £ , , - ! • £ • - ) .

S i n c e w e a r e d e a l i n g w i t h r e l a t i v e l y h e a v y p a r t i c l e s ,

and since Τ ~ μ, it follows that p ( 7 r ) (Eq + E q ) is the
number of s ta tes of a large number of pions, and we
can use for it the thermodynamic approximation p ^ ^ E )
= exp (S(E)), where S(E) = / d E / T is the entropy. In our
theory the tempera ture does not depend on either the
total energy or the volume. Therefore S(E) = E/T.

Gathering all these formulas together, we obtain the
p a i r generation probability dw = d p ^

dw,,, p ? u.M> { -^β—
2m.T

It is easy to see that for the more general case of
generation of n^ heavy p a r t i c l e s with m a s s e s m 1 ;

m 2 , . . . , the foregoing reasoning gives, if we integrate
with respect to the momenta,

/ ι / Τ ι ' \"n iry "" /'"i •••"'„„ γ -

-ΛΎΙ —Τ;) (μ) [ μ·% ) glU2 • • • .<?»

(44)

Actually, however, among the s tates taken into a c -
count in the product of the internal s tat i s t ical weights
g x g 2 . . . there may be encountered identical s ta tes (e.g.,
the f irst par t ic le is a proton and the second is a neu-
tron, o r v ice-versa) , which must be taken into account
only once. Therefore it i s best to write the general in-
terna l weight in the form Ε ς ^

W e h a v e c o n s i d e r e d h e r e t h e c a s e o f a s t a t i s t i c a l

system with S = Β = 0, which most frequently decays
only into pions. But in the case of a centra l collision,
for example pp or K~p, the purely pionic state is im-
possible : the probability of the r a r e state m q i ( m q 2 , . . .
with the s tat i s t ical weight p m i ) m 2 j . . . is obtained in
this case by dividing not by the s tat i s t ical weight p№),
but by the summary s tat i s t ical weight of the main decay
channels . For pp coll is ions, this weight i s determined
with good accuracy by the Ν + Ν + pions channel:

/ 2 ι

and for K"p it is determined by the sum of the channels
Λ + pions, Σ + pions, and Κ + Ν + pions:

• V μ / "ϊ 1 ' .τ ΙΌ \ μ ) \ μ2 Ι Λ Κ ί

(45b)

(at Τ ~ μ, the t e r m s in the sum a r e of the same order ,

while the remaining channels make a smal l contribu-
tion). Therefore the probability of a s tate with n^ p a r -
t ic les m 1 ( . . . , m n h , for example in a centra l collision
of two nucleons, is equal to the rat io of expressions
(44) and (45a):

\*\ τις)
«,0,0

1 i. ι

(46)

Since V/Vo = η (in a purely pionic system η = η π ) , it
is convenient to replace V/Vo in these formulas by the
observed average number of pions. These formulas
show that the probability of generation of heavy p a r t i -
cles d e c r e a s e s very sharply, exponentially, with in-
creas ing par t ic le m a s s . It is very important quantita-
tively that the exponential contains a sum of the m a s s e s
of al l the heavy par t ic le s (e.g., this gives r i s e to the
coefficient 2 in formula (43)), something not found in
the e a r l i e r investigations.

Since Τ ~ μ, the probability of generation of the pai r
qq d e c r e a s e s by ~ 4 - 5 o r d e r s of magnitude when the
m a s s mq of the generated par t ic le increases by m ^
~ 1 GeV. Experiment (see Table I below) has confirmed
this resul t fully.1·1 2 '1 3 3 The physical cause of such a
sharp dependence is c lear already from the derivation
of formula (43). Instead of the pa i r qq, this energy can
give r i s e to approximately 2 π ^ / μ 3> 1 pions (approxi-
mately 13 pions at q = N). On the other hand, the prob-
ability of the state depends exponentially on the entropy,
which is proportional to the number of p a r t i c l e s . Con-
sequently, the pionic state is much more probable than
a state with a p a i r of heavy p a r t i c l e s . Even if a qq pair
is produced at the initial instant, it has a great proba-
bility of annihilating into pions during the expansion of
the c lus ter . This indeed gives r i s e to the factor ~10 5 .
It i s part ly offset by the large pre-exponential factors .

Fur ther , at a given total m a s s , a channel with a ^
large number of p a r t i c l e s i s m o r e probable. Thus, d
can be produced not only paired with d, but also in the
combination dNjN2, where Nj and N 2 a r e two nucleons.
The summary m a s s e s of the par t ic le s a r e h e r e the
same (accurate to within the binding energy of the deu-
teron, which is immater ia l ) , but the n^ a r e different.
Since m N 3> μ and V/Vo 2> 1, the dN x N 2 channel is
more probable, according to (44), even though the ex-
ponential in both cases is the same.

It is important that the friability of the deuteron
does not play a major ro le . The point is that at a t e m -
p e r a t u r e Τ ~ 100 MeV the antinucleons a r e generated
with low velocities and have t ime to interact (compare
with the large c r o s s section of the reaction ρ + ρ — d
+ ir* at ~100 MeV, which has been known for a long
t ime) . This friability of the system introduces a factor
77q" s 1, which can be est imated, albeit not reliably. It
was est imated Tjd s Ve

 f o r t h e antideuteron in the F e r m i
m o d e l . " 0 1 In our case it is apparently even closer to
unity because of the large volume of the system. One
can assume that 773 ~ % and (for He3) r j g ^ « 1.

It should be emphasized that this analysis is valid
for a s tat is t ical system of any origin: for the annihila-
tion of a p a i r of hadrons (Fig. 5) or leptons (Fig. 6a),
for an electromagnetic p r o c e s s with "deep inelas t ic i ty"
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(Fig. 6b), for per iphera l collision with strong excitation
of the incoming nucleon ( W i 3 GeV, Fig. 2), including
diffraction excitation, for the formation of an individual
subsystem of the fireball type (Figs. 3 and 4), e tc . All
that m a t t e r s is the total energy of the s tat is t ical system
W (and also the conserved quantum numbers—strange-
ness and baryon number) .

However, a system with the necessary energy (to gen-
era te a given heavy pa i r ) at a given initial energy E L
cannot be produced in any such mechanism. Thus, W
~ 3 K f .b ~ 2 ~ 4 ^ V i n per iphera l fireball formation.
Even in pp coll is ions with E L 1 30 GeV and an average
inelasticity coefficient (Κ) ~ 0.3 there is produced a
system with (W) ~ 0.3 χ 7.6 ~ 2.3 GeV ("a lmost f i re-
b a l l " ) . In such a system there can be produced KK
p a i r s accompanied by a large number of pions. On the
other hand, when a pp pai r is produced the number of
accompanying £ions is very smal l . Generation of heav-
ier par t ic le s (ΛΛ, 3d) is possible energywise h e r e only
in collisions with large inelasticity coefficients, for ex-
ample in a centra l collision—much r a r e r than the av-
erage . Consequently, the generation c r o s s section ofj-
of the par t ic le s q is obtained from the probability (44)
or (46) by multiplying not by the total inelastic collision
c r o s s section, but by the c r o s s section σ (K > KW )

for collisions with an inelasticity coefficient Κ exceed-

ing the minimal K(1? at which the s tat i s t ical system

has sufficient energy. We denote this collision c r o s s

section, which constitutes a fraction ξ (Κ > K^? ) of

the total inelastic c r o s s section, by σ (K > W ):

σ (Κ > KiSn) =l(K> # X ) σ, - <η,)σ (λ' (47)

For centra l coll isions, in accord with (22), we have ξ
~ 0.1 at E L ~ 15-20 GeV. Therefore the c r o s s section
(45) is smal l at large K m i n . But on the other hand in
these collisions the energy of the s tat is t ical subsystem
is l a r g e r than in an " a v e r a g e " collision by a certain
factor v, with 1 < ν < ( Κ ) " 1 ~ 2.5, and accordingly V/Vo

in (43)-(45) is larger by the same factor. Thus, the fac-
t o r s ξ and ν act in opposite direct ions, and the afore-
mentioned " f r iab i l i ty " factor is η < 1. Combining them
into a common factor

Λ,=ν?'η,6ι- (48)

where the degree β depends on the degree of V in (43)-
(45), we can assume that A does not^differ^greatly from
unity (more detailed es t imates for d and He 3 give Aj
~ 0 . 3 - 5 [ 1 5 J ) . Therefore, replacing V/Vo = <ηπ) (and in
the interval 20 & E L & 70 GeV we have <%} ~ 5-9), we
can use formulas (43)-(46) for rough es t imates , d i s r e -
garding the value of K m m in this p r o c e s s .

It is important h e r e to take c o r r e c t account of the
internal s tat is t ical weights: for K~-meson generation,
the s tates K"K+ and K"K° a r e possible, so that gx"K
= 2; for ρ generation, we can have pp and ph, i.e., tak-
ing into account two spin direct ions for each^gpN = 2
χ 4 = 8; for d, the most probable channel is dN]N2, and
for the number of non-identical s tates (e.g., the s tates
dnp and dpn coincide) we obtain by d i rect calculation
SdN N 2

 = ^ ; for He 3 (the most probable channel is
H e j N i N g N j ) w e h a v e g j j g Ν Ν Ν

 = 4 0 ( i f w e n e g l e c t t h e

identity of the s tates , then gdVrvr = g j g N , g N = 3 χ 4

χ 4 = 48 and g H ^ N ^ = ε Κ ε ^ Ν ^ Ν ^ Ν , , = 128.
We have chosen for comparison with experiment the

predicted number of negative par t ic les of different
m a s s e s , because among the non-statist ical ly generated
p a r t i c l e s in pp collisions (e.g., in per iphera l excitation
of the proton to the isobar state with subsequent decay),
the v* and K+ p a r t i c l e s have an advantage. This is p r e -
cisely why their number is always la rger than that of
π" and K~ p a r t i c l e s .

The foregoing resu l t s contain a main conclusion that
is foreign to the F e r m i model, namely, the number of
heavy p a r t i c l e s i s smal l , and since with further increase
of energy the number of f ireballs increases but the t e m -
p e r a t u r e of the decay remains the same, the relat ive ad-
mixture of K" mesons and antinucleons remains small
and almost constant.

Indeed, in pN annihilation at r e s t (<%> = 4.5, (%-)
= 1.5) e x p e r i m e n t [ e 4 b ] yields

pions
all = (6.8 ±0.5)-ίο-2. (49)

Since KK means both Κ" Κ and K°K, the number of
K~K p a i r s is half as large, meaning ( η κ - ) / ( η π - )
~ 0.034/1.5 » 2 5 % . [ 4 9 ] This agrees with the theory at
Τ κ 0.91μ. We obtain an est imate close to this also
from W 4 C J : at p L = 5.7 GeV/c the value obtained for the
rat io (49) is 0.15 ± 0.03. Since (n^-) ~ 3 at this energy
in the absence of Κ p a i r s , it follows that (ηχ-)/<%-)
= 0 .5x0.15/3 ~ 2 . 5 % .

For pp collisions at E L ~ 20 GeV the data of C 4 9 J give

<n K -)/<%-) ~ 1 χ 10"z, indicating that Τ ~ 0.85μ.

In cosmic r a y s it i s customary to es t imate ( η κ ) / ( η π )
at approximately 10%, meaning ( ( η π - ) = 3) that Τ
ss 0.96μ. An appreciable contribution is made here ,
however, by the decay of excited i sobars (which make
the main contribution according to Koshiba B 9 ] ) , and a
more detailed comparison is difficult.

Finally, data at E L ~ 70 GeV «%-> « 3) were ob-
tained with the Serpukhov a c c e l e r a t o r " 2 » 7 3 3 . Here the
antipart ic les of near-maximum energy a r e undoubtedly
generated to a considerable degree nonstatist ically.
Therefore for comparison with the theory it is necessary
to select heavy par t ic le s with laboratory momenta in the
region

ρψ} ~ mql,:. (50)

y c « 6.5 is the Lorentz factor of the c .m.s . : this is p r e -
cisely the region of the heavy par t ic le s of m a s s m q if
they a r e generated with low cr i t ical energy (~T ~ μ)
in a s tat is t ical system that is at r e s t in the c .m.s . In-
deed, the maxima of the ρ and d spectra^turn out to be

in the regions p<P> ~ 7-9 GeV/c and p< d ) ~ 13 GeV/c.
, L L

The He 3 nuclei were accordingly sought—and found—at

p(He3) ^,20 GeV/c (for pions, if we average over the

momenta in the c .m.s . , we have ( p ^ ) = (e^Yc ~ 3

GeV/c). Table II shows the resu l t s of observations at

an angle θ·^ = 0 (as recalculated by Yu. D. Prokoshkin).
It should be borne in mind that the accuracy of the

experiment for i ie 3 is low: only five c a s e s were r e g i s -
tered . F u r t h e r m o r e , in the experiment they determined
the differential c r o s s section for definite # L a n d , what
is par t icular ly important, for definite p ^ \ whereas Table I
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Table Π. Experimental data for E L = 70 GeV

Particles

p\^' GeV/c (maximum of spectrum)

№aqjdQdph cmVsr-GeV/c per
aluminum nucleus at θ τ = 0 (at the
maximum of spectrum)

Ratio to cross section for
π~, daq/da^_=

Ratio to cross section for

pf daq?da~ =

Tc/ii =

Ratio to cross section for

d, doqlda~ =

7c/μ =

~4

2.5-10-2*

1

ρ

9

3·ΙΟ"26

1.2-10-2
(1.05)

1

d

13

3-10-s»

1.2-10-·
(0.97)

(0.90)

1

He3

20

5-ΙΟ-»5

2-10-"
(0.94)

1.7-10-·
(0.89)

1.7-10-5

(0.89)

(The numbers have been refined somewhat compared with [ISD

p e r t a i n s t o t h e t o t a l c r o s s s e c t i o n . F i n a l l y , in t h e e x -

p e r i m e n t t h e t a r g e t c o n s i s t e d of A l n u c l e i a n d n o t o f

n u c l e o n s , a n d t h i s m a y b e p a r t i c u l a r l y i m p o r t a n t f o r

" f r i a b l e " s y s t e m s (d, H e 3 ) . O n t h e o t h e r h a n d , i n t h e

t h e o r e t i c a l T a b l e I w e h a v e t h e r a t h e r i n d e t e r m i n a t e

f a c t o r s A i ·

N o n e t h e l e s s , w e s h a l l a t t e m p t t o c o m p a r e t h e s e d a t a

w i t h t h e t h e o r y , i n s p i t e of t h e r i s k s i n v o l v e d .

F o r e a c h e x p e r i m e n t a l l y o b t a i n e d r a t i o w e d e t e r m i n e

the tempera ture Τ at which this rat io agrees with Table
Π (each c r o s s section is taken at the maximum of its
spectrum) if all the coefficients A^ a r e assumed equal
to unity. The thus-obtained values of Τ/μ a r e entered
in Table Π in parentheses . We see that

-(0.89—1.OS) μ. (51)

a s e x p e c t e d .

We can c o m p a r e a l s o the abso lute v a l u e s of the c r o s s
s e c t i o n . To th is end the total generat ion c r o s s s e c t i o n
a q = (nq ) f f i n e i m u s t be divided by the ef fect ive v a l u e s
of the so l id angle in which the p a r t i c l e s a r e emi t ted
forward in the laboratory frame, ΔΩ ~ 1-n/y%, (y c i s the
Lorentz factor of the c m . s . ) , and also of the momen-
tum A p L (for d we put Δρ«*> ~ 8 GeV/c), and multiply
it by the "effective number of n u c l e o n s " in the Al nu-
cleus, Neff ~ A 2 / 3 = 9. This yields, for example for d
at T = μ

\ da dp,. Iper Al nucleus
-;Vcr,= 2.(i. (52)

This does not contradict the experimental value 3 x 1 0 3 0 .
Such an analysis is valid also for hyperon generation.

Thus, summary data were recently published on the gen-
eration of Ω " par t ic le s in K"p collisions at E L = 5-10
GeV/c. [ 7 4 ] The Ω " can be produced here in the s tates
Ω~Κ+Κ+, Ω~Κ*Κ°, and Ω"Κ°Κ° (and also in heavier sys-
tems), and it is easy to verify that from energy consid-
erat ions we can speak h e r e only of centra l coll isions,
Κ > 0.75, the c r o s s section for which is σ(Κ > 0.75)
= £σΚ~ρ inel! ξ ^ 1- This is confirmed experimentally

by the fact that the Ω par t ic le s a r e emitted i sotropic-
ally in the c . m . s .

Using in this case formula (45b) instead of (45a), we
can obtain a formula analogous to (46) and calculate the
Ω " generation probability, and then calculate the gener-
ation c r o s s section σςι~ by multiplying by ξσκρ,ίηβΐ· We
find that αςι~ is equal to 11ξ, 43ξ, and 129ξ (microbarns)
at Τ/μ = 0.9, 1.0, and 1.1, respectively. C 1 5 ] Experiment
yields OQ- = 2.5 ± 1 . 0 μ ^ Consequently, the theory a c -
counts for the experiment at Τ/μ ~ 0.9-1.0 if the proba-
bility of the centra l K"p collision (at E L ~ 10 GeV) has
the reasonable value ξ ~ 1/i—

l/a.

Summarizing, we can state that the present-day (still
skimpy) experimental data on the generation of heavy
par t ic les at high energy can be readily understood from
the point of view of the s tat is t ical theory, if it is a s -
sumed that the cr i t ica l temperature of the decay l ies
in the region

Τ ~ (0.9 -1.1) μ. (53)

It should be borne in mind h e r e that we have d i s c u s s e d
a crude variant of the theory, in which, in e s s e n c e , the
conservat ion of the total spin i s not taken into account
and the c o n s e r v a t i o n of the total i s o s p i n of the s y s t e m
i s accounted for v e r y crude ly . The theory, of c o u r s e ,
can be improved in th i s r e s p e c t , for example by intro-
ducing Clebsch-Gordan coef f ic ients , a s in i172, or by
another approximate m e t h o d . " 5 3

F o r m u l a s ( 4 3 ) - ( 4 6 ) are val id for the generat ion of
al l s t rong ly interact ing p a r t i c l e s . In part icu lar, they
w e r e in i t ia l ly obtained for the e s t i m a t e of the g e n e r a -
t ion probabi l i ty of the hypothet ical quarks . [ 1 3 3 Th i s
probabi l i ty, a s we s e e , i s v e r y low at niq £ 3 m u . How-
e v e r , a s w a s shown in the s a m e r e f e r e n c e , if the quarks
do not in teract with the p ions v e r y s trong ly then, be ing
produced at an e a r l i e r s tage (at a h igher temperature ) ,
the qq pair may not have t i m e to annihi late during the
c o u r s e of the expans ion of the s y s t e m . Therefore, no
mat ter how paradox ica l it may be, heavy p a r t i c l e s that
do not in teract v e r y s trong ly should be generated with
a higher probabi l i ty than s trong ly- interact ing p a r t i c l e s
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Table ΠΙ

Particles

Λ*

Κ»

Λ»

Σ *

a - (A j )

< ρ ι )exp .
π Λ Κι GeV

0.30+0.01
(1.39+0.02
0.-Μ+0.05
0.46+0.02

0.51 + 0.04
0.56+0.08
(Ι..Ί3+?

Statistical theory

0.H3
0
0

υ
0
0
0

82
44
48
.Til
52
58

Kkin

• 1.36
ν 1.10
• 0.96
••0.19
* OHk
« 0.32
•0.17

• 0.63
• QZ2

0.95
0.36
0.71
0.62
0.51
0.23
0.21
an

0.53
OM

0 w w t.o

/if,(GeV/c) !

F I G . 1 4 . R e c o i l - p r o t o n t r a n s v e r s e - m o m e n t u m d i s t r i b u t i o n at dif-

ferent v a l u e s o f t h e i n e l a s t i c i t y c o e f f i c i e n t ( p p c o l l i s i o n s , E L X 1 2 . 5

GeV) in the process pp -> ρ + arbitrary particles [ 6 2 ] .

s y s t e m f rom the p a r t i c l e s generated outs ide the sub-
s y s t e m : thus, for e x a m p l e , if the i n e l a s t i c i t y coef f ic ient
i s not c l o s e to unity, then the r e c o i l n u c l e o n s should not
bj; d e s c r i b e d by f o r m u l a s ( 5 8 ) - ( 6 0 ) , and m u s t t h e r e f o r e
be exc luded from the e x p e r i m e n t a l data when a c o m -
p a r i s o n i s made with the s t a t i s t i c a l theory . C o n v e r s e l y ,
at Κ ~ 1 the recoi l nucleon e n t e r s in the s tat is t ical sys-
tem and formulas (58)-(60) a r e valid. We shall never-
the less compare a r a t h e r old summary of data1·85·1 (the
figure for ΩΓ i s taken from C 7 4 ]) with experiment at not
too large values of E L > when the contribution of the col-
lisions with large Κ is large when heavy par t ic le s a r e
generated (Table ΙΠ). It is evident that the agreement
is very good. The discrepancy for K° may be attributed
prec i se ly to the fact that the i r m a s s is smal l and they
a r e generated to a considerable degree at Κ <<C 1.

There exists apparently only one experiment in which
the distribution of the nucleons (protons) with respect to
Pl was measured a t definite values of K. It was c a r r i e d
out at the Argonne Laboratory for pp collisions with E L
» 12.5 GeV. [ e 2 3 It turned out (Fig. 14) that all the d i s t r i -
butions with respect to p± a r e descr ibed a t K < 0.70 by
a Gaussian curve exp (— bp^) with b = 3.0 (GeV/c)2 up to
p ^ ~ 1.4 GeV/c (beyond which the experimental points
lie above the curve). But b is much la rger at Κ > 0.88
(namely, Κ = 0.88 and Κ = 0.94), even though the d i s t r i -
bution has the same form (up to p x ~ 0.4-0.65). Judging
from the published plot, it can be roughly est imated at
b e x p « 4.0-4.4 (GeV/c)"2.

In this experiment the collision can be regarded as

FIG. 15. Distribution of the particles π",
Κ", and ρ, generated in pp; collisions, E L *
12.5 GeV, with respect to the transverse
momenta at a fixed longitudinal momentum
P|l = 0.6 GeV/c [ 8 I ] . Curves-statistical the-
ory, formula (55a) (curves normalized to the
experimental data, since Κ is unknown);
solid-at Τ = μ, dashed-at Τ = 0.9μ.

centra l if the k inet ic e n e r g y of the proton i s t h e r m a l at
the end of the p r o c e s s . Since the tota l p a r t i c l e energy
is initially E c = %Ss = 2.50 GeV, this will occur, a c -
cording to (21a), if Κ = 1 - 0.2/1.56 * 0.87.

Thus, it is no accident that the experimental curves
for Κ = 0.88 and 0.94 differ from the curves with s m a l l e r
K, since they correspond to a centra l collision and agree
in form with the theoret ical curve (58). Comparing the
theoret ical value of the exponent with the experimental
one ( 2 m N T ) ' 1 = b e x p « 4 . 2 (GeV/c)"2, we get Τ = 0.92μ,
which agrees with all the other es t imates (see Sec. 4c,
and also below).

The absolute c r o s s section for a centra l collision,
a s can be roughly est imated from the plot, is ξ
(Κ > 0.88) ~ % to y i 0 of the total inelastic c r o s s sec-
tion. This figure also agrees with other e s t imates
(see Sec. 4c).

The curves for non-central collisions contain a con-
tribution of very fast pions from the decay of the excited
leading part ic le and, as can be readily understood,
should have a s m a l l e r slope, in accord with experiment.

In the absence of other data with varying values of
the inelasticity coefficient K, we can sti l l attempt to
employ the presented formulas when the heavy part ic le
i s accompanied by a large number of pions, η π έ. (%),
assuming that Κ is large h e r e . The existing m e a s u r e -
ments , on the other hand, frequently pertain to small
multipl icit ies.

Figure 15 shows the distributions with respect to pj^
for different generated p a r t i c l e s in pp collisions with
energy E L = 12.2 GeV,£ 8 1 ] at a fixed value p N = 0.6
GeV/c. We consider only the distributions for π" and
K" since, as already mentioned, the ττ+ and K* mesons
can be generated to a much greater degree by a non-
stat i s t ical mechanism. The solid lines correspond to
the s tat i s t ica l theory (55a) for a t empera ture Τ = μ
and p | | = 0.6 GeV/c, and the dashed l ines a r e for Τ
= 0.9μ. A separate normalization factor is chosen for
each curve. It cannot be determined theoretical ly, since
the fraction of the collisions producing the s tat i s t ical
system is unknown. We see that experiment can be d e -
scribed quite satisfactorily by the theory.*

T h e authors of [82] continued the measurements up to the large
Pi =* 2 GeV/c. At ρ£ > 1.6 GeV/c the results begin to deviate from the
theory presented here. It must be borne in mind, however, that at E L =
12.2 GeV the maximum c.m.s. energy of the statistical system is-y/s « 5
GeV. The colliding nucleons certainly carry away more than 2 GeV. Con-
sequently, if pi = 1.6 GeV/c, then one pion carries away < 1.7 GeV and
the energy left for the remaining pions is so small, that their number can-
not be large. One should expect here a large contribution of non-statisti-
cal processes, and formula (55a) cannot be used.
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having the same mass.*
We note that a formula that agrees in the main with

(43) was obtained also by Hagedorn in his hydrodynamic
theory. Ι 3 7 ] This is not surprising, for in this theory the
temperature is also low (To ~ μ).

In some other applications of the statistical theory,
the probability of heavy-particle generation was esti-
mated not by a formula of the type (43) but by a formula
which is not suitable here, with the exponential
exp (-mq/T) (instead of exp (-2m q /T) (43)), and
furthermore in the Fermi-model variant (see, e.g., t 7 7 3),
which naturally led to an unsatisfactory result.

d. Transverse Momentum

The approximate constancy of the transverse mo-
mentum ρ χ of the generated particles, established ex-
perimentally in a tremendous interval of the primary
energy E L , from several GeV to ~ 10e GeV, is one of
the most remarkable features of the multiple genera-
tion process. In the statistical theory it is explained
without stretching any points and is a consequence of
the independence of the decay temperature T c and of
the average energy of the primary energy (€„·} in the
rest system of the cluster.t Moreover, the statistical
theory explains, as we shall show, both the distribution
with respect to ρ χ and its dependence on the multiplicity
n, as well as on the particle mass.

The distribution with respect to p i is obtained from
(23) by introducing the longitudinal component pN and
the azimuthal angle φ and integrating with respect to
ρII and φ . For pions, putting

we obtain a formula derived long ago:C78J

(54)

, (55)

here 9} is a normalization factor and Kx a cylindrical
function of imaginary argument. Since ζ ~ 1 and
ζ V(l + x2) exceeds unity, we can confine ourselves to
the first term of the sum and replace Kx by its asym-
ptotic expression. Then

dn.
-τ-as const-Χχ

X-
P±

The last expression in (56a) is written for the region
x » l . The mean value (at a = 1, Τ = 0.97μ) equals,
according to (56),

GeV/c. (57)

*The cross section for the conversion of a nucleon into three
quarks as a result of diffraction splitting was recently calculated theo-
retically [76], and the process was considered with the aid of formulas
known for diffraction splitting of the deuteron. This calculation, how-
ever, is incorrect; no account was taken of the fact that if the nucleon
is excited to a state with mass -.« > 3mN, then such a system decays
into a proton and a large number of pions (η π ~ (3niq—τη^)/μ > 1)
with a much higher probability than into three heavy quarks—in agree-
ment with the formulas of the statistical theory.

fit is obvious that it contradicts strongly the Fermi statistical the-
ory, where Τ increases with energy; (see (40)).

The double distribution—with respect to ρ χ and pn (inte-
grated only with respect to φ)—in the most essential
region Vm? + p^ + p * 3> Τ has the obvious form

(55a)

Both the form of the distribution (56) (see below) and
the value of ( ρ χ ) (57) a r e in splendid agreement with the
experimental data in the acce lera tor range t 4 9 : i a s well as
in cosmic r a y s at E L & 1000 GeVC 7 9 ] (<Ρχ) β χρ κ 0 .32-
0.38 GeV/c*).

The approximate formula (56a) yields

<P±> = 4 T «? 2.42μ « 0.335 GeV/c. (57a)

On the other hand, if we deal with heavy particles
with mass m q 3> μ ~ Τ, then we can put in (24)

Neglecting unity in the denominator of (24), we obtain
for both Bose and F e r m i par t ic le s after integration with
respect to pn and φ,

dp. maT
(58)

(58a)

Analogously, if we integrate with respect to ρ χ and
φ , we can obtain the distribution with respect to the
longitudinal momentum P||. We present the results only
for pions, for the tail of the distribution—at pjj ^

2 2 ( ) 2 5
p , pjj p^

+ μ2 S> T2, i.e., since (ρχ) κ 2.5 Τ, for practically all ρ

dn (p..)
- = const- (1 + ± (59)

Additional formulas can be found in the handbook C80J.
1) Mass dependence of (ρχ). Thus, the distributions

(56) and (56a) with respect to ρχ for pions and (58) for
heavy particles with m q 3> μ are different: the former
is exponential with good accuracy, and the latter is
Gaussian. The ratio of the mean values of (57a) and
(58a) for heavy particles of different types (Κ, Ν, Λ,
Ξ> Ω " ) is equal to

Τ/2π , / m g w ] / m 9
~T~y T ^ ~ U - 5 0 K -jr

Κ Ν Α Σ S Ω " .
0.96 1.33 1.45 1.50 1.57 1.77

(60)

(60a)

It is indeed known from experiment that (ρχ) in-
creases with the particle mass m q . Unfortunately, a
detailed comparison with experiment is made difficult
by the fact that in the experiment one cannot yet sepa-
rate heavy particles generated in the statistical sub-

* Frequent use is made of the empirical formula of Cocconi, Koster,
and Perkins (see [67], p. 234), which is known only from a preprint
(UCRL 100222, 167, 1962)

dn!dpL ~ const -p^ exp (—p±/p0),

and describes well the experimental data for pp collisions at 23 GeV, if
it is assumed that p 0 = 0.17 GeV/c and <ρχ> = 2p 0 = 0.34 GeV/c. We see
that <pj> is in splendid agreement with (57), and the difference between
the functional dependence (56b) and (56) or (56a) could probably not
be observed at the 1962 experimental state of the art. A comparison
with new data that confirm (56) is given below.
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<P >, GeV/c
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- π-ρ
10 GeV
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Let us e x a m i n e the distr ibut ion with r e s p e c t to pj_.
We wr i te the e x p e r i m e n t a l r e s u l t in the form

p Ate Κ ρ Μ Κ ρ ΛΖ

FIG. 16. Dependence of <pj) on the particle mass. The experimental

points are from the review [38] ( Ω ' from [ 7 4 ]). Curves-statistical the-
ory (58a) for Τ = μ and Τ = 0.9μ.

FIG. 17. Distribution with respect
to ρχ of the pions generated in π'ρ col-
lisions in 10-prong events (Ej^ « 25
GeV). Curve-plot of the statistical-
theory formula (56a) with the best
choice T c = 0.85μ (see the text of [ " ] ) .

OA OS
Ai.GeV/c

It is curious that the π and Κ mesons, whose m a s s e s
differ by a factor of 3.5, have accidentally close values
of (pi), owing to the different forms of the dis tr ibu-
tions (56) and (58).

Finally, Fig. 16 shows summary data on the values
of ( p ^ ) , taken from the review C 3 8 ] , for different heavy
p a r t i c l e s . Since the resu l t s h e r e a r e averaged over all
the coll is ions, without picking out the centra l ones, one
cannot expect good agreement with the s tat i s t ical theory.
Nonetheless, the discrepancy is not very large, and the
growth of (Ρχ) with increasing par t ic le m a s s is obvious.*

In comparison with m e a s u r e m e n t s in cosmic rays and
even in a c c e l e r a t o r s at high energies , it is necessary to
take into account the fact that the motion of the s ta t i s t i -
cal system (fireball?) as a unit in the common c .m.s .
can be quite appreciable . It is superimposed on the d i s-
tribution (56).

2) Dependence of (ρ ι ) on the multiplicity and form
of the distribution with respect to ρ ι. The Planck d i s-
tribution with respect to | p | in cosmic rays has been
demonstrated quite long ago (see Fig. 11). The diffi-
culty of measur ing the par t ic le momenta, however, has
made these r e s u l t s not fully re l iable . But now we have
accurately measured distr ibutions with respect to p ^
and ρ| | of the par t ic le s (which certainly a r e mainly
pions) generated in ττ'ρ coll isions at E L = 25 GeVC83:l

and in pp coll is ions in the E L range from 13 to 28.5
GeV.C84:1 In both c a s e s , the authors have stated that the
distributions with r e s p e c t to p ^ a r e in splendid agree-
ment with the theoret ical formula (56a), and those with
respect to pn agree with a formula that differs from
(59) in that it has no factor pjj^. The data, however,
a r e given for pn S> μ, where this difference is difficult
to d i scern .

T h e deviation from the theory is appreciable only at high energy,
when the heavy particles can be generated also in central collisions, to
which the theory does not apply.

an (ρ , )
- ±

' 1 ( 6 1 )

The a g r e e m e n t with t h i s formula i s demonstrated, for
e x a m p l e , in F ig . 17, which i s taken f rom №" ( c a s e s with
n f f ± = 10 w e r e s e l e c t e d ) .

Then a turns out to be s trong ly dependent on the
mult ip l ic i ty of the charged p a r t i c l e s n c n , which we can
identify with η π ± = 2 η π / 3 . Namely, in τΓρ c o l l i s i o n s 1 8 "
and in pp collisionsC 8·» we have (in (GeV/c)'1)

(62)

(62a)
a ± , exp = (6-54 ± 0.05) + (0.28 ± 0.01) ηπ±

1, exp • 6.7,

: 7 . 8 .

If a t f i r s t w e d i s r e g a r d t h e d e p e n d e n c e o n % ± , t h e n

w e h a v e a t a n a v e r a g e m u l t i p l i c i t y ( % ± ) = 4 - 5 a t t h e s e

e n e r g i e s

( 6 3 )

( 6 3 a )

A c c o r d i n g t o ( 5 6 a ) , a L = 1 / T . C o n s e q u e n t l y , i n t h e

f i rs t case the decay t e m p e r a t u r e turns out to be 1.08μ,
and in the second 0.92μ. These values a r e close to that
determined in a perfectly independent manner from the
composition of the generated par t ic le s (see (51)), thus
demonstrat ing the theory to be highly successful.

However, the theory can do even more—it explains
also the dependence of a.L on n^-t.

What is the explanation, from the point of view of
stat i s t ical theory, of the difference between the values
of η π for different c a s e s of collisions of given par t ic le s
at a given E L ? There a re two explanations. F i r s t ,
fluctuations occur in the inelasticity coefficient Κ and
in the quantities that a r e uniquely connected with it,
namely the energy of the s tat is t ical system W and the
average multiplicity ( % ) . When a cluster having a
given energy W expands, it can either decay until a
cr i t ica l t e m p e r a t u r e T c i s reached, or become " s u p e r -
cooled . " In the former case i ts volume will be smal ler
than the average volume (%) Vo in decay, and in the
lat ter case it will be l a r g e r . Accordingly, at Τ > T c

the multiplicity will be s m a l l e r than the average,
n,,. < (n^), and in the second case it will be larger ,
% > <%>.

Thus, at any given K, the la rger the multiplicity the
smal le r the decay t e m p e r a t u r e and consequently the
l a r g e r a^, a s i s confirmed by the experimental values
(62) and (62a).

We p r e s e n t the calculation for a fixed value of K,
meaning also fixed W.

Since at the instant of decay we have V = η π ν ο and
the tempera ture is T, we can write in accordance with
(25a), identifying the total energy of all the pions with
W,

(64)

On the other hand, in the case of " n o r m a l " decay, at
Τ = T c , we have

(64a)
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FIG. 18. Theoretical dependence of the system decay temperature

on the multiplicity at different inelasticity coefficients Κ (solid curves;
a = 1 throughout with the exception of one curve, where a = 1.5). The
experimental points and the empirical curve (dashed) are taken from
[•»].

Consequently, Τ is expressed in t e r m s of η π from the
equation

«π .4 - < « π ) .j . ( 6 5 )

where ζ = μ/Τ and z c = μ / Τ 0 .
A graphic solution of this equation yields Τ as a func-

tion of the rat io η π / ( η π ) . For απ/(ηη) = 0.50, 1.00, and
2.00 we obtain ζ = 0.88, 1.03, and 1.21, respectively.
Obviously, a x = 7.26z (GeV/c)' 1 .

Figure 18 shows the experimental values of a x JL·,
and the empir ica l curve (62) drawn through them
(dashed), taken from W 3 ] . The solid curves show the
theoret ical relation under var ious assumptions concern-
ing K, or equivalently, concerning ( η π ) , when the only
free p a r a m e t e r of the theory a i s assumed, as almost
everywhere, to be equal to unity. In one case , for i l lus-
trat ion, a = 1.5 is assumed. The value Κ = 0.83 c o r r e -
sponds very roughly to a centra l π"ρ collision, when the
proton e n t e r s the s tat is t ical system on a par with the
pions.*

It is obvious that the s tat is t ical theory explains the
observed dependence. The sensitivity to the value of Κ
is low.

e. Longitudinal Momenta

Comparison with experiment was difficult h e r e for
a long t ime, because the exper imenters did not obtain
sufficiently detailed data in the region of very smal l pn
in the c .m.s . , p N 1 Τ ~ μ, where the par t ic le s from the
stat is t ical system should predominate . Recently, how-
ever, an important curve was finally published and gave
the distribution of the negative par t ic le s (mainly, of
course , π~) with respect to ρμ in the c . m . s . in π~ρ col-
l is ions with E L = 25 G e V . " 1 " Figure 19 shows the ex-
per imental points, to which the following a r e added:

a) The distribution described by the theory (formula
(59)) for s tat i s t ica l-sys tem par t ic le s that a r e at r e s t in
the c .m.s . , at Τ = μ (thick curve 1) and also at Τ = 0.9μ
and Τ = Ι . ΐ μ (thin curves) . The only p a r a m e t e r chosen
is the value at the maximum (pn = 0). We see that the
stat is t ical theory descr ibes splendidly this main group
of generated p a r t i c l e s .

b) Curve 2, drawn "by e y e , " describing the smal l
maximum a t p n « 3.4 GeV/c, which corresponds c lear ly
to elast ical ly scat tered pions (initial c .m.s . momentum
3.46 GeV/c).

*We note that in these collisions <ns> « 5, so that the experimental
points correspond more to central collisions.

- 1 0 /
P r GeV/c

FIG. 19. Distribution with respect to ρμ in the c.m.s. for negatively
charged particles generated in π"ρ collisions at E L = 25 GeV. Points-
experiment [ 1 1 ? ] . Curves 1—statistical theory at Τ = μ (formula (59));
2—elastic scattering (drawn "by eye"); 3—difference between experi-
mental points and the sum of curves 1 and 2 ("nonstatistical" parti-
cles). Thin curves-theory at Τ = 0.9μ and Τ = 1. 1μ.

c ) T h e e x c e s s ( c u r v e 3) of t h e e x p e r i m e n t a l p o i n t s
(at ρ ι, > 0) over the s tat is t ical curve 1 and curve 2. It
is obvious that this includes the p r i m a r y pions that gave
up p a r t of their energy to the production of the s ta t i s t i -
cal system, pions from the diffraction dissociation
π — 3π, e tc . The smal l maximum on this curve at ρ μ
~ 1 GeV/c may correspond precise ly to the pions from
the diffraction dissociation, when each par t ic le reta ins
on the average % of the p r i m a r y momentum.

The total number of " s t a t i s t i c a l " p a r t i c l e s (under
the theoretical curve 1) is approximately twice as large
as that of the " n o n s t a t i s t i c a l " ones (under curve 3).

The excess ( "nons ta t i s t ica l " ) p a r t i c l e s a t p n < 0
can be interpreted as " i s o b a r i c " par t ic les from the
collision-excited and decaying target proton.

We see thus a very good confirmation of the general
picture of per iphera l collisions (Fig. 3a) and of the s ta-
t i s t ical theory.

We note that the previously published experimental
distributions for pp collisions at E L = 21 GeVC84:l and
7T~p collisions at E L = 25 GeV
the formula

[83] were described by

"fifexp - (ϋ.76 ± 0.03) + (0.41 ± 0.01) n± (Ge V/c)"

(66)

(67)

(68)

Identification with (59) yields the absurd values Τ
= (3-6)μ. Actually formulas (66)-(68) apparently de-
scr ibe in the main the " i s o b a r " pions. In fact, by r e -
calculating the i sobar decay (assumed to be isotropic
and s tat is t ical , with Τ = μ in i ts r e s t m a s s ) to the
c .m.s . , we can verify that their distribution corresponds
more effectively to a much higher tempera ture and p r e -
vails over (59) when pnk. μ.

5. STATISTICAL LARGE-ANGLE SCATTERING

We proceed now to one of the unexpected accom-
plishments of s tat is t ical theory, namely its prediction
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of a special type of large-angle elast ic scatter ing,
which apparently has been confirmed experimentally.

This success is unexpected because we a r e dealing
h e r e with a r a r e phenomenon, in essence with a fluctu-
ation. The theory might have turned out to be too crude
h e r e . This, apparently, is not the c a s e . Equally unex-
pected was also the already described (Sec. 4 of Chap.
2) successful explanation of the dependence of the d i s-
tribution with respect to p x on η (see Fig. 18). It turned
to be the consequence of the fluctuations of the instant
of decay into individual p a r t i c l e s .

To be sure , in the question of s tat i s t ical scatter ing
we encounter for the f irst t ime a possible discrepancy
(the absence of Ericson fluctuations). We shall show,
however, that this may be, on the one hand, the conse-
quence of s imple still unaccounted-for facts, and on the
other hand it leads to the most interest ing and funda-
mental problem of the role of the s tat is t ical and funda-
mental pr inciples in the e lementary act (Chap. 6).

We a r e dealing h e r e with the relat ively r a r e centra l
collisions of the type of Fig. 5, when a n par t ic le s form
a single sys tem. As was discussed in detail in Chap. 4
(in connection with formula (47)), the fraction ξ (Κ - 1)
of such collisions with an inelasticity coefficient Κ ~ 1
is small (see Figs . 9 and 14), and ξ ~ 0.10.

Among the numerous decay channels of such a sys-
tem a r e also channels with only two final p a r t i c l e s . In
par t icu lar , the final two p a r t i c l e s may coincide with the
initial ones, and then the p r o c e s s will have the appear-
ance of e last ic scat ter ing. Of course , if the total energy

W = -fs i s high and the average number of generated is
accordingly also large, this will be a r a r e fluctuation.
Its probability can be calculated from the general rule,
a s the rat io of the s tat i s t ical weight of the two-particle
state p2(W) to the summary s tat i s t ical weight of all the
possible final s tates S

2"^ ψ-AW) (69)

(we neglect for simplicity the two-particle final s tates
in which the p a r t i c l e s differ from the initial ones).

The foregoing possibil ity was indicated by Fas t ,
Hagedorn, and J o n e s , C 8 e ] who also obtained a quantita-
tive e s t i m a t e .

The question a r i s e s , however, of how to calculate
such a scatter ing against the background of ordinary
scatter ing, and what a r e the c h a r a c t e r i s t i c features
distinguishing qualitatively just this p r o c e s s .

Such a feature is , f irst, symmetry in the angular
distribution with respect to 9C = 90° in the c .m.s . for
the ent i re s tat i s t ical sys tem. It is actually obvious
that the memory of the initial direction of motion can
be retained in the s tat i s t ical system only because the
angular momentum of the system differs from z e r o .
It can reach a value on the o r d e r of <?max ~ P c v ' ( T c >
where p c ~ Λ/ΊΓ is the initial momentum of one par t ic le
in the c .m.s . , ac i s the total c r o s s section of the cen-
t r a l collision in question, and -fa^ i s i ts radius (the
maximum impact p a r a m e t e r ) . Mutual permutat ion of
the initial p a r t i c l e s , however, cannot affect the p r o p e r -
t ies of the intermediate system, and front-back sym-
metry of the scatter ing is essent ia l . Since i m a x differs
from zero, the distribution need not be necessar i ly i so-

t ropic, but it is close to isotropy because i m a x is not
very large .

In general, other types of scatter ing do not have this
type of symmetry (the obvious exception is the sca t te r-
ing of identical p a r t i c l e s , pp —- pp, etc.) .

What a r e we to understand by " o r d i n a r y " scat ter ing?
F i r s t , diffraction or shadow scatter ing due to the p r e s -
ence of inelastic p r o c e s s e s . Namely:

a) Diffraction per iphera l scattering, which makes the
main contribution, compr i ses , say according to quantum-
field theory" 2 2 ' 2 3 3 , shadow scattering as a resul t of in-
elast ic p r o c e s s e s of the type of Fig. 2a. F r o m the point
of view of the theory of complex orbital angular mo-
menta, it can be described on the whole by a vacuum
pole or by some other leading tra jectory (an aggregate
of cuts, e tc .) . This scatter ing is concentrated in the
small-angle region, has a sharp forward directivity,
and the cone width θ0 d e c r e a s e s with increasing s,

θ 0 ~ s" 1 / 2 or Θο ~ (s In s ) " 1 / a . It is known that a back-
ward cone, descr ibed by the corresponding t ra jectory
in the c r o s s channel, is also possible, but it i s in any
case much weaker than the forward cone.

b) Multiple p e r i p h e r a l scatter ing in the region of
intermediate angles, which also contracts into an ever-
narrowing cone with increasing energy (see Lm).

c) Diffraction centra l scattering, which i s shadow
scatter ing due to inelastic centra l collisions of the
type of Fig. 5. In this scatter ing, too, the cone con-
t r a c t s with increasing energy. Since, however, the
central-coll is ion radius is smal ler than that of the
per iphera l one, this cone is broader than per iphera l
diffraction (item a in our l i s t) .

Appearing against the background of these types of
scatter ing is the fundamentally different s tat is t ical
scattering, which we shall now consider. It is not of
shadow origin, its angular distribution depends little
on the energy and is broad, and, as already mentioned,
it is not described by a forward cone but, unlike all
other types of diffraction scattering, is symmetr ica l
about ec = 90°.

It is now c lear that s tat is t ical scatter ing is a r e l a -
tively weak effect. Its total c r o s s section constitutes
only a very smal l p a r t of the total c r o s s section ac of
the centra l collisions ( ra re decay channel), which itself
is much smal le r than the total c r o s s section for periph-
e r a l col l is ions. It can be observed only at sufficiently
high energy, when all the remaining (diffraction) con-
tributions become compressed into a narrow forward
cone (and possibly also a backward one). Then a weak
contribution of s tat is t ical scatter ing can be observed
in the region 0C ~ 90°. It must be emphasized that it
can be observed, but only if i t s c r o s s section d e c r e a s e s
with energy more slowly than the ta i l s of the narrowing
diffraction scat ter ings d e c r e a s e at a fixed angle 0C (we
shall see, incidentally, that it d e c r e a s e s with energy
approximately exponentially). Whether this occurs or
not depends on a subtle c i rcumstance, on the rat io of
these two types of scatter ing, which decrease rapidly
with energy, in the region 0C ~ 90°.

Nevertheless , such a favorable situation apparently
does take p lace. Figure 20 shows the experimental an-
gular distr ibutions of e last ic np scatter ing from C 8 8 3 for
continuously increasing energ ies . We see that the for-
ward cones, which extends at low energies farther than
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with respect to 0C = π/2, of which there was no trace at
lower energies.

Figure 21 shows the experimental data on π'ρ and
jr+p elastic scattering and illustrates the same effect.

In the case of elastic pp scattering, experiments at
sufficiently high energies have not been performed, and
there is no symmetry as yet. It is therefore concluded,
unfortunately,C81] that the prediction of the statistical
theory does not hold. This, of course, is patently pre-
mature. In this case it is also necessary to recognize
that the statistical pp scattering can be weaker than
statistical pp scattering (see below), and therefore
symmetry about Qc = IT/2 can be observed only at higher
energies than for pp or np scattering. (It may turn out,
of course, that the statistical pp scattering decreases
with energy more rapidly than the tail of the diffraction
scattering. Then it will be never be observed, as explained
above, in contrast to the scattering of other particle
pairs.)

The physical difference between statistical and dif-
fraction scattering consists, as we see, in the fact that
it proceeds via an intermediate compound state. This
leads primarily to an entirely different scattering phase
shift 5, namely, in the case of the compound state δ dif-
fers strongly from the phase δ0 of the incident wave, in
view of the appreciable delay of the particle emission
because of the long lifetime of the compound state, δ
— δ0 ^ π. On the other hand, diffraction processes, and
in general diffraction processes that proceed via ex-
change of a virtual particle or a Regge pole, are analo-
gous to the direct processes of low-energy nuclear
physics. They correspond to a phase change by an
amount 1 ff (for more details see I 1 3 ] ) . Statistical scat-

FIG. 21. π+ρ and π"ρ elastic scattering through large angles 0 c m s .
The predictions of the statistical theory [90] are shown in the vicinity

f» 90°

t e r i n g i s t h e r e f o r e n o t c o h e r e n t w i t h t h e r e m a i n i n g

t y p e s o f s c a t t e r i n g , a n d i t i s n e c e s s a r y t o a d d t h e i r

c r o s s s e c t i o n s r a t h e r t h a n t h e i r a m p l i t u d e s . M o r e o v e r ,

t h e v e r y e x i s t e n c e o f t h e c o n c e p t o f s c a t t e r i n g a m p l i t u d e

( a n d h e n c e a l s o s c a t t e r i n g p h a s e ) f o r c o n s i s t e n t l y c o n -

s i d e r e d s t a t i s t i c a l s c a t t e r i n g i s n o t a s i m p l e f u n d a m e n -

t a l q u e s t i o n ( s e e C h a p . 6 ) .

G o i n g o v e r t o t h e t h e o r e t i c a l f o r m u l a s , w e m u s t f i r s t

e m p h a s i z e t h a t , n o m a t t e r h o w s u r p r i s i n g t h i s m a y s e e m ,

t h e q u a n t i t a t i v e c a l c u l a t i o n o f t h e e f f e c t i s n e i t h e r s i m -

p l e n o r u n a m b i g u o u s . T h i s i s u n d o u b t e d l y c a u s e d t o a

c o n s i d e r a b l e d e g r e e b y t h e f a c t t h a t w e a r e d e a l i n g w i t h

a t r e m e n d o u s f l u c t u a t i o n , w h e r e w e h a v e t w o p a r t i c l e s

in place of η ~ (n) ^> 1 in the final state. Its probability
is exponentially small, and the customary fluctuation
calculations are insufficient. There are several ap-
proaches.

In the first original p a p e r s a e l the numerator and all
the essential terms (all the channels) of the denominator
of (69) we calculated by the Fermi model with a com-
puter (assuming in addition different volumes Vp for
pions and for strange particles, the number of which
can be large here). The result was then interpolated
with the aid of the analytical expressions

u>2 = wIip = e-3-3(E-2mx\ (70)

for pp scattering and

Wssiiap^r3-"^-!.!·), (71)

for rrp scattering, where Ε = νΊΓ is the total c.m.s. en-
ergy in GeV. Ε = 2m^ is the maximum energy that can
be consumed in the generation of new particles in pp
collisions.

To obtain the total statistical-scattering cross sec-
tion it is necessary to multiply w2 by the cross section
aC Omp f o r the production of a compound state (this is
in essence the cross section for a central collision,
Κ ~ 1), which constitutes a certain (small, cf. (22))
fraction of the total inelastic-scattering cross section
o"inel· This fraction is assumed in C8e], on the basis of
additional considerations, to depend on the energy and
to equal z"2y"2, where γ is the Lorentz factor of the in-
cident particle in the c.m.s. and ζ (ζ ~ 1) is a numeri-
cal parameter determined from comparison with ex-
periment,
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(72)

The differential statistical-scattering cross section is
obtained, assuming isotropy, by dividing by 4π.

This formula (in conjunction with (70) and (71)) was
in splendid agreement with the experimental data (Fig.
22).C86]

In a subsequent theoretical paper Bialas and Weiss-
kopf K 1 3 (see also the paper by Cocconi0 1 1), starting
from a thermodynamic approximation for the pion part
of the system (we used this approach in Sec. 4c in the
calculation of the composition of the generated particles).
Namely, in NN scattering the principal channel of the
denominator is the one with two nucleons and an arbi-
trary number of pions, and its total statistic weight in
the Pomeranchuk model is given by (45a). The numera-
tor, on the other hand, contains the statistical weight of
a system containing only the two nucleons Nx and N2.
Taking into account the energy and momentum conser-
vation, we have (in the c.m.s.)

(74)

, -£ ? ) (73)

|'2
™2 4 (2π)5 1 - -

imi,

The ratio of formulas (73) and (45a) gives exactly the
analytic exponential relations (70)-(72), albeit with an-
other pre-exponential factor. This calculation is not
good, however, for two reasons.

First, the resultant ratio is not dimensionless (the
same occurs in aii). Second, formula (45a), which is
based on the Pomeranchuk model, will hardly do here.
In fact, we are dealing with the possibility that a com-
pound system, which should decay into many particles
after expansion to a volume (n) Vo S> Vo, will acciden-
tally decay only into two nucleons. It is difficult to
imagine how this could occur during the final stage,
when the system volume is many times larger than the
aggregate volume of the two nucleons. The decay of in-
terest to us should therefore occur during an earlier
stage, when V & 2VO. We put for concreteness V
= 2(47τ/3)(1/μ3)|3, where /3 i 1. This means that in this
case the calculation must be performed with a model
having a fixed volume independent of the energy. The
connection of the entropy with the energy of the system
and with the temperature is then different from that in
the Pomeranchuk model, where S = W/T. Namely,c e l J

from VT4 ~ W we obtain here (more accurately, for
relativistic pions we have π 2 ντ 4 /1θ = W, but π2/1° ** 1)

where the constant C is determined separately, and
equals, according to K 1 ] , y ^ - V n f o r 0.512 </3 <1.33.
The obtained exponential dependence in the cross sec-
tion is therefore entirely differentW1]

( 7 5 )

The parameter β is determined more precisely by com-
parison with experiment.

It is difficult, however, to note the difference between
(70) and (75) in the energy interval for which experimen-
tal data are presently available.

We did not present the pre-exponential factor of (75)
and its energy dependence. As already mentioned, it is
an incorrect dimensionality. This is due to the fact that
the thermodynamic approximation for the statistical
weight of the pion part is dimensionless, ~exp S, while
the statistical weight of the two-particle state, owing to
allowance for the conservation laws (δ-function) has the
dimension of (energy)"4.

By correcting this shortcoming, we can obtain£14] in
the Pomeranchuk model

ι —
4m\ \\'-imN

l)f</<. stat — ~rr
j (76)

or in the model with fixed volume, which is physically
more likely for the given concrete case,

/ 2roy\
(77)

No account was taken here of the isospin conservation,
etc., or of the contribution of the channel with kaon gen-
eration (for details see C 6 1 ] ) .

Figure 23 shows the energy dependences obtained in
different approaches. So far, the experiments were per-
formed actually in the region W ~ (5.0-8.0)mj<f.

Even the last formula, however, has an unsatisfactory
side to it: the entropy of the system pions in the small
volume ~V0 is calculated as for a Bose gas. Yet the in-
teraction of the pions is very large here (of course, the
same occurred in Fermi's initial statistical theory of
multiple generation, but this cannot serve as a justifi-
cation).

Of particular interest is a comparison of pp and pp
scattering. The point is that in pp collisions total anni-
hilation is possible. Therefore a term p(ir)(W) is added
in the denominator of (69), and in the case of not very

FIG. 22. pp scattering through « 90°
in the c.m.s. as a function of the energy.
The continuous line is the result of the
statistical theory [86] (computer calcu-
lation of the phase volumes in accord
with the Fermi theory).

FIG. 23. Energy dependence of the statistical
pp scattering in accordance with various models:
1 -interpolation of numerical calculations by the
Fermi model with a number of additional assump-
tions [86], which agrees well with experiment; 2—
Pomeranchuk model (76) with Τ = μ, which is
physically inadequate in the given particular case;
3—model with fixed volume (77) of the type of
[ 7 6 ] , the volume being specified by the parameter
β — 0.5 (a small change of β results in complete
agreement with curve 1).

ο
logf

-10

-W
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large W it exceeds the principal term for NN scattering
pjjj* (W). Retaining only these two channels, we have

wi, PP pWiH-'j+piiV (W)1 (78)

and according to (74) we have p(7r)(\V) ~ exp (4V1/4W3/4/3).
Omitting from (78) the term pW, which plays the prin-

NN
cipal role in o*£ s t a t , we obtain of* s t a J., which differs

from (77) not only in the pre-exponential factor, but
also in the fact that the exponential is preceded by W3/4

instead of (W - 2mN)3/4. Therefore I

PP..» ( ? 9 )

Assuming that W ~3> 2mĵ , we obtain the exponential fac-
tor in (79) in the form exp (-2IIINV1/4W~1/4) < 1 (similar
reasoning for the Pomeranchuk model, V ~ (n) Vo, yields
exp(-2mN/Teff);cf. C13]).

Thus, owing to the competition of a new annihilation
channel, the pp-scattering cross section differs from
the pp-scattering cross section by an exponentially small
factor. When EL ~ 20-30 GeV, however, this factor is
significantly suppressed by a large pre-exponential fac-
tor (~103-104). Therefore the conclusion that the sta-
tistical pp scattering is much smaller than the pp scat-
tering, deduced earlier without allowance for the pre-
exponential factor, ll3'Bii cannot be regarded as justified.

This analysis of the statistical scattering should be
supplemented. It is necessary to take into account the
shadow diffraction caused by formation of the compound
system. The question is considered in detail in C93>943

(

and only such an analysis ensures unitarity of the the-
ory (in an earlier paper,l952 where diffraction was not
taken into account, it was concluded that the statistical-
scattering theory is internally contradictory; this con-
clusion is thus unfounded). As a result, it is possible
to describe the experimental data in great detail, al-
though this requires the introduction of new parameters
chosen by comparison with experiment (the compound-
system radius or the maximum effective angular mo-
mentum of the scattering, etc.). It is clear that scatter-
ing at a fixed angle, for example at 0 c m s = 90°, at ener-
gies W below a certain critical value Wcrit» so long as
the principal role is played by diffraction tail, will be
entirely different from that at above-critical energy,
when statistical scattering predominates. Owing to the
exponential dependence of both types of scattering on W,
the change of regime at W ~ Wcrit should be abrupt, like
a kink or break. This effect was indeed observed.iae2

Figure 24 shows the experimental points and the theo-
retical curve (superposition of diffraction and statistical
scattering) obtained for a definite choice of additional
parameters (their values turn out to be reasonable).

This entire situation, which is quite favorable for the
statistical theory, has been endangered in one aspect,
namely the question of the so-called Ericson fluctua-
tions. The question arose in analogy with another phe-
nomenon, which also proceeds via compound-state for-
mation, but encountered in low-energy nuclear physics.
Namely, Ericson (cf., e.g., the review C97]) called atten-
tion to the following circumstance. Assume that the nu-

FIG. 24. pp scattering at a fixed c.m.s.
angle, 0Cms = 90°> a s a function of the
energy I96]. The kink at EL = Ecrjt * 6
GeV is due, according to I93·94], to the
fact that the diffraction cone contracts
and the principal role at EL > Ecrjt is
played by statistical scattering (70) and
(72) (it is necessary to adjust the values
of certain additional parameters. Points-
experiment. Curves: 1—diffraction, 2—
statistical scattering, 3-their sum.

fi-/,GeV

cleus scatters, say, a nucleon whose energy (on the or-
der of 5-20 MeV) is determined with an error ΔΕ such
that

Γ,

where Γ is the width of the compound-nucleus level, and
the levels of the nucleus overlap, D <ίί Γ , where D is the
distance between levels. Then the interference of the
scattering by many levels leads to abrupt oscillations
of the cross section (which frequently decreases to zero)
when the incident-particle energy is changed by an
amount on the order of Γ . This prediction was fully
confirmed by experiment, and the phenomenon itself
served as a starting point for a whole trend in nuclear
physics. It might seem that such a phenomenon should
occur also in statistical scattering in the GeV energy
region. Of course, we do not know here the value of Γ
for the compound system produced by a central colli-
sion of two fast nucleons. But if its lifetime is estimated
at τ ~ l/μ ("natural time scale"), then the one can also
estimate the required monoenergeticity of the colliding
nucleons (80), which turns out to be attainable. Experi-
ments performed at CERN with a tenfoljjj margin of ΔΕ
at ET_, = 16 GeVC98:i led to a definitely negative result,
and no fluctuations were observed. This justified the
conclusion that either the concept of statistical scatter-
ing is correct and its earlier successes were fortuitous,
or for some unclear reasons the theory of Ericson fluc-
tuations cannot be applied to our case.

Such possible reasons can undoubtedly be indicated.
The analogy with the phenomena in low-energy nuclear
physics cannot be regarded as convincing. Thus, the
nucleon-nucleus system has at low energies clearly pro-
nounced resonant levels. On the other hand at energies
of several times 10 GeV there are no such levels. Fur-
ther, in pp scattering at GeV energies one deals with
decay of the compound system via a channel with expo-
nentially low probability, whereas the number of parti-
cles in the intermediate state is indeterminate, and in
low-energy nuclear physics one considers the main
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channels and the number of particles is conserved in
all stages. Of course, it is not directly clear why the
latter differences can exclude Ericson fluctuations. But
there is one more fundamental and interesting possibil-
ity, which deserves a particular discussion, and to which
we now proceed.

6. FUNDAMENTAL PROBLEMS OF STATISTICAL
THEORY. DYNAMICS AND "TRUE STATISTICS"

The justification of the statistical treatment of mul-
tiple generation always begins, starting with the papers
of Wataghin and Fermi, from the quantum-mechanical
formula (1). It is therefore usually understood that the
process is described by a certain amplitude and is there-
fore dynamic, as is always the case in quantum mechan-
ics. Namely, if the initial wave function (or functional)
is given, then the final wave function (or functional) is
uniquely determined. In particular, the process is re-
versible, and the squares of the moduli of the direct-
and inverse-transition matrix elements coincide. In
such an approach the statistical theory is only an ap-
proximate method of calculating the quantum-mechan-
ical quantities.

The consistent application of the statistical approach,
however, has long ago led, in essence, outside the
framework of these ideas. Thus, in the Landau hydro-
dynamic theory, which as logical generalization of the
statistical theory, one considers the time variation of
the entropy of a closed system. Yet in quantum me-
chanics the entropy is conserved for any closed system
not subjected to the process of measurement (observa-
tion). m i The entropy can vary only in the "truly statis-
tical theory."

Further, an attempt to use the transition probability
obtained from the statistical theory in the dispersion
relations'·1003 led to absurd results. It turned out that to
satisfy the unitarity conditions the moduli of the S-
matrix elements obtained from the statistical theory
must be again renormalized in the intermediate state.
This operation contradicts the usual S-matrix approach
and denotes the assumption that an observation act, in
other words interference by an external system, takes
place in the intermediate state.

All this has stimulated D. S. Chernavsku c l 0 1 ' 1 0 2 ] (see
also C14J) to ask the following interesting question: are
not the systems studied in the statistical theory of mul-
tiple generation "truly statistical"? Then they should
be described not by a transition amplitude, but by a
density matrix.

In classical mechanics the question of the cause of
difference between statistical and dynamic systems has
by now been sufficiently well clarified1-103'1041 by pro-
cedures pointed out qualitatively long ago (Borel and
others). Simplifying the question somewhat and making
it less subtle, we can state that everything depends on
the dynamic stability or instability of the system.
Namely, if the parameter χ characterizing the state of
the system (coordinate, etc.) deviates in the course of
time from the "unperturbed value" x(t) by an arbitrar-
ily large amount δ(χ) that depends exponentially on t
when the initial value x0 (at the instant t = 0) changes
by an amount 6x0,

then the system is unstable and becomes statistical. In
fact, if the system has such a property, then an arbitrar-
ily weak external action taking place at some instant
during the evolution of the system, makes the system
practically irreversible; if in the final state (at an in-
stant t ^> l/λ) all the particle velocities are reversed,
then the system returns to the initial state x0 only fol-
lowing a practically improbable event, namely if an
equal but oppositely directed small perturbation (and
no other, even an arbitrarily small one!) acts at pre-
cisely the required instant of time. This means that
such a system cannot be isolated in practice from ex-
ternal actions. From the point of view of quantum me-
chanics this would mean that it should be described by
a subsystem of a large system with which it interacts,
i.e., it should be described by a density matrix.

These ideas have not yet been transferred to quan-
tum field theory in the manner of classical mechanics
(see ί1Ί1 for a somewhat more detailed development of
the indicated ideas in quantum mechanics, particularly
the question of entropy conservation). It has therefore
not been possible as yet to investigate the stability of
a system containing statistical scattering of high-energy
particles when many degrees of freedom are virtually
excited and the number of particles is indeterminate.
Instead, a model example was considered, showing how
the change of purely quantitative characteristics (masses
and velocities of incident particles, etc.) can cause the
scattering process in nonrelativistic quantum mechanics
to change from dynamic (dynamically stable) into statis-
tical (dynamically unstable).

Namely, the authors of i m have considered scattering
of particles with mass m and momentum ρ by an assem-
bly of scattering centers randomly distributed inside a
volume of radius R, such that the maximum scattered
angular momentum is large, L m a x = pR 3> 1. The po-
tential V(r) as a function of the point r is a stochastic
quantity with correlation radius r0, mean value zero
(for simplicity), and rms change Vo. The solution of
Schro'dinger's equation for this case yields an output
partial-phase shift 6/ (at r = R). This phase shift is to
be investigated for stability (in essence, in the sense of
Lyapunov), following a small perturbation of the poten-
tial by an amount 6V C Vo at a certain point. If the sys-
tem is dynamically stable, then δ/ changes by a small
amount ξ; on the order of 6V/V0. Actually, however,
in the general case the solution takes the form

l( (*)-№'•'"", (82)

where i\ ~ 6V/V0 is the small phase change due to the
local perturbat ion of the potential, and X;(R) a r e the
eigenvalues of the problem. Their sign and magnitude
at a given R (which plays the same ro le a s the t ime in
the c lass ica l problem re fer red to above) indeed deter-
mines the dynamic stability of the sys tem. It can be
stated that a role is played by a certa in effective value
X(R), equal in the absence of spherical symmetry of the
potential V(r) to

(83)

·1, λ > 0 , ( 8 1 )

W e s e e t h e r e f o r e t h a t t h e d i s t o r t i o n of t h e p h a s e ki

may be the far-from-small quantity of the order of ξ/
~ V/Vo. It depends exponentially on L m a x = pR and on
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other parameters, and is doubly exponential in pr 0 . The
system is dynamically stable and insensitive to external
small perturbations 6V (i.e., it is dynamic), if X(R) & 1.
The system is dynamically unstable (and becomes sta-
tistical, in accordance with the foregoing) if \(R) 2> 1.
We see that the transition from one case to the other
is very abrupt when p, r0, R, m, and Vo are changed.
This is the principal and fundamental conclusion of the
problem. The obtained formula can be applied to the
concrete phenomena of interest to us only conditionally
and approximately.

Thus, for example, if we wish to estimate the situa-
tion when a nucleon of kinetic energy ~10 MeV is scat-
tered by a nucleus when the scattering goes through a
compound state, we must imagine that the scattering
centers are fixed (as is seen, for example, from Chap. 3
of C l o e :, this does not interfere with formation of Ericson
fluctuations). The average momentum of the nucleon en-
tering such a system, ρ ~ V 2mVo, is ρ ~ 250 MeV/c at
Vo ~ 30 MeV. The correlation radius of the potential is
determined by the thermal waves in the nucleus. Since
the temperature here is low, Τ ~ 1-5 MeV, the correla-
tion radius determined by these waves, 1/T ~ (30-50)/μ,
is much larger than the radius of the nucleus. Conse-
quently, the correlation radius should be taken to mean
the radius of the nucleus, r 0 ~ R. Further, the effective
L m a x , as shown by experiment, is of the order of 2-3
in light nuclei and of the order of 7 in heavy ones. All
this yields pr 0 ~pR ~ (250/140) A1/3 ~ 2A l / s ~ L m a x ,
where A is the atomic weight of the nucleus. The expo-
nential exp[— V2(Pro/2)2] is consequently small,
exp (- A2/3/2) «C 1, and MR) ~ %(2-7)exp (- A2/3/2) £ 1.
The system is thus dynamically stable, insensitive to
external perturbations, and it is meaningful to speak of
the amplitude of the process. This explains why Ericson
fluctuations appear here, since they are typical of dy-
namic and not of statistical systems.C1O1'1O5: |

It is even less legitimate to use formula (83) for sta-
tistical NN scattering at E L ~ 10-20 GeV, for here we
are dealing with a relativistic problem with an indeter-
minate number of particles. Nonetheless, the authors
of C l o u obtain an estimate for this case, too, purely for
the sake of illustration.

In this case the intermediate state is a system of
pions (and two nucleons) with particle energy on the or-
der of the temperature T, which is much higher than in
the nucleus, Τ k, μ. The dimension of the system is of
the same order, R ~ μ"1. L m a x can be estimated from
the c.m.s. momentum p 0 of the incident nucleon. For
E L ~ 16 GeV we have p 0 ~ W/2 ~ 19μ and L m a x = p0R
~ 19 (p0 is in no way equal to ρ of the particle in the
statistical system!). Furthermore, we can effectively
put Vo ~ p , and consequently also mV0/p2 ~ 1.

Thus, MR) ~ 193/2e~1/8 ~ 80. Consequently, M R ) » 1
and the system is dynamically unstable. The phase per-
turbation differs tremendously from the small quantity
6V/V0, namely ξ ~ (6V/V)e80 ~ (6V/V) χ 1035. It suf-
fices to perturb the potential by an amount 6V ~ Vo

χ 10~35 ~ 10"27 eV to produce a phase change on the
order of unity.

Of course, such numerical estimates are far from
trustworthy in this case. What matters is another fact:
owing to the high temperature produced in the system

during the course of statistical generation, the corre-
lation radius r 0 is small and the exponential factor
exp[- /z(pro/2)2], which decreases λ strongly in the
compound nucleus, drops out. X(R) can therefore be
large. Consequently, outwardly similar physical sys-
tems (the compound nucleus in low-energy nuclear
physics and the compound state in statistical theory
of multiple generation and scattering of relativistic
particles) may have fundamentally different properties.

This example shows thus the possibility of occur-
rence of a relativistic many-particle system having
extreme instability to a negligible change of the exter-
nal conditions, the electric or magnetic field of an
atom moving by, detachment of an electron from a
hydrogen shell in the target, emission of soft electro-
magnetic radiation (a radio quantum) by a recoil pro-
ton—any one of them suffices to prevent the system
produced in statistical nucleon-nucleon scattering or
generally in multiple generation from being regarded
as an isolated system (the number of particles is im-
material here and can be small). In this case we have
a truly statistical system describable by a density
matrix but not by an amplitude.

It is easy to show that in this case there should be
no Ericson fluctuations in pp scattering.C14J This is the
most general way of eliminating the contradiction be-
tween the statistical theory and experiment in the only
point where such a contradiction may arise.

Of course, the results reported in this section should
be regarded as a statement of the problem, not its solu-
tion. It is, however, obvious that even such a statement
of the problem is very important for elementary-par-
ticle physics. Thus for example, if "true statistics"
actually obtain in collisions, then the customarily con-
sidered amplitudes of processes for strictly defined
momenta should be regarded as abstractions, and they
must be replaced by certain averaged quantities, etc.
It is interesting that the question of the need for aver-
aging of this type is raised in an entirely different
connection by theoreticians engaged in the problem of
eliminating the fundamental difficulties of modern
theory." 0 6 ' 1 0 "

7. CONCLUSION

We have attempted to show that the statistical theory
of multiple generation of particles is physically ade-
quate and of practical use if correctly employed. Of
course, it cannot claim a general and complete descrip-
tion of the interaction process. But at yields surpris-
ingly much as an auxiliary tool, and describes many
characteristics of the process with a quantitative accu-
racy that is unexpected for such an approximate theory.

It is probably even indispensable in the quantum field
(or in the reggeized) theory that predicts formation of
clusters (fireballs) of many (5-10) particles, in fact,
it is not clear how the decay of such a cluster can be
presently described in any other way.

In considering various applications we encountered
several times the same difficulty, namely, the experi-
mental data do not make it possible the energy W of
the statistical system to which a given experiment per-
tains. We were forced occasionally to resort to mean
values of the inelasticity coefficient, etc. Yet, if the
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experimental data were to be classified in accordance
with the values of K, then it would be possible to carry
out a more detailed and more reliable analysis. An
example is provided by the pp-scattering data shown
in Fig. 14, and the associated analysis of the pĵ  dis-
tribution for protons. It would be nice to be able to
determine the value of W of the statistical subsystem
also in other cases.

Finally, in Chap. 6 we reported briefly on results
:ioi,io2] indicating that the statistical theory can play a
major fundamental role in elementary-particle phys-
ics . This possibility was actually only outlined, but it
is significant and attractive enough to warrant a most
intensive further study.

APPENDIX

STATISTICAL THEORY WITH LORENTZ INVARIANT
PHASE SPACE

A statistical-theory variant proposed by Srivastava
and Sudarshan1·1093 has been used in a number of papers.
It reduces to replacement of dpi in the expression for
the phase space of the i-th particle by the relativistic-
ally invariant quantity dpi/ei, where ei = (pf + mf)1 / 2

is the particle energy (Lorentz-invariant phase space—
LIPS). In this case the three-dimensional volume is
taken into account by a factor V independent of either
the multiplicity or the energy. In addition (this is widely
done, but is not connected with the LIPS), different vol-
umes Vi are chosen for different particles. In order to
obtain at a fixed V the experimentally observed fraction
of heavy particles, it is necessary to assume, for ex-
ample, that VK for K-particles is one-tenth that for
pions. This lack of equilibrium between the Κ and ν
par t ic le s s e e m s highly unsatisfactory to us .

The formula actually employed for the channel p r o b -
ability (cf., e.g., t l l o : ) is (in the c.m.s.)

.-• = vl{J [(^i-t-lJmiilji^lH'), (A.I)

here W is the total energy of the system, Si and mi the
spin and mass of the i-th particle, and A an indetermi-
nate general factor.

In this case we can say that the Fermi, Pomeranchuk,
and LIPS models differ in essence only in that different
volumes are used:

for the LIPS model (A.4c)

for the F e r m i model i v = v 0 ^ ,

for the Pomeranchuk model vP=V(n),

for the LIPS model fo -^, β, =«., li-.

(A.3a)

(A. 3b)

(A.3c)

If we put by way of an es t imate for €j in (A.3c) the ave r -
age energy W / ( n ) , then we obtain for the multiplicity
(n) , according to (6),

for the Fe rmi model <.nF)~w'lz, (A.4a)

i .e. , in the LIPS model the multiplicity is intermediate
between the Fermi and the Pomeranchuk models.

The application of the KIPS model to experiments
yielded good resu l t s , but special assumptions had to
be made concerning Vi. Namely, an analysis of exper i -
ments on the annihilation pp — pions + kaons at E L 1 7
GeV c l l 0 ' l l l ] has shown that the experimentally observed
values of <nff) and ( n K ) a re obtained by assuming for
pions ν π ~ (4-8)V0 and for kaons V K ~ Ο. ΐν π , i.e.,
βν ~ (4-8)m 7 r and j3K ~ (0 .4-0 .8)m K . Since in pp anni-
hilation in this energy region we have (η π ) ~ 4-8 and
(e) is a constant quantity, (επ) ~ 0.4-0.5 GeV (see (32),
it follows that (A.3b) and (A.3c) coincide when βν

~ ( η π ) π % , is was indeed found in lnoz. Thus, compar i-
son with experiment makes it necessary to choose in
the LIPS model the same volume as in the Pomeranchuk
model. This does not suffice, however, to obtain the
c o r r e c t composition. It is necessary to choose very
small VK> whereas in the Pomeranchuk model the c o r -
r e c t composition is obtained automatically.

Of course, with increasing W, if we re ta in approxi-
mately the same volume V L I P S ~ (4-8)V0, then the f rac-
tion of Κ p a r t i c l e s will increase (it reaches 50% in the
tables calculated in C 1 1 O ] ) , in clear contradiction to the
experiment.

We note, however, that according to C 1 1 O ] the energy
dependence of (%) in pp annihilation is in good agree-
ment with the LIPS model. It can be verified that the
prediction of formula (33) gives at the same t ime too
high a value of (η π ) (by approximately Δ η π ~ 1). It
hardly pays, however, to draw any conclusions from
this and to attempt to refine the theory. In fact we do
not know, for example, what contribution is made in
the experiment by d iagrams of the type of Fig. 12, in
which the multiplicity is smal ler than for Fig. 5a.

for the Pomeranchuk model <nP> ~ w. (A. 4b)
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