
SOVIET PHYSICS USPEKHI

533.9

VOLUME 14, NUMBER 4 JANUARY-FEBRUARY, 1972

LINEAR TRANSFORMATION AND ABSORPTION OF WA VES IN A PLASMA

V. E. GOLANT and A. D. PILIYA

A. F. Ioffe Physico-technical Institute, USSR Academy of Sciences, Leningrad

Usp. Fiz. Nauk 104, 413-457 (July, 1971)

CONTENTS

Introduction 413
1. Theory of linear wave transformation in a plasma 413
2. Experimental investigations of the absorption of high-frequency waves by a plasma 422
Conclusion 434
Cited literature 435

INTRODUCTION voted to the propagation of radio waves in the ionosphere
and to the problem of radio emission from the sun and

A.S is well known, there exist two linear mechanisms from the planets. These investigations yielded a number
of collisionless absorption of waves in a plasma—cycle- of quantitative results pertaining to a weakly-inhomo-
tron damping and Landau damping. Landau damping is geneous isotropic plasma1 1"4 1, and also to a magneto-
important for waves whose phase velocity is close to the active plasma with the magnetic field perpendicular to
thermal velocity of the charged particles. Under ordin- the concentration gradient [ 5~7 ]. A review of this group
ary conditions of the experiments on the interaction of of investigations is contained in the book^81 (see also [ 9 1).
high-frequency waves with a plasma, this criterion is A more detailed investigation of the problem of trans-
satisfied for the so-called plasma waves, the propaga- formation of waves in an isotropic plasma is given in
tion of which is possible only at nonzero temperature subsequent papers'·1 0"1 3 1.
(when the temperature tends to zero, their refractive A significant step towards understanding of the prob-
indices become infinite). Therefore only plasma waves lem of transformation was made in t 1 4 1 , and particularly
can be effectively absorbed outside the cyclotron-reson- i n f l 5 ] . In these papers, the connection between this
ance region. In a homogeneous plasma, the electromag- problem and the theory of asymptotic solutions of dif-
netic waves excited from the outside are not coupled to ferential equations with a small parameter preceding
the plasma waves and propagate independently of them. the highest-order derivative was analyzed in these pa-
However, in a real inhomogeneous plasma, a coupling p e r s [ 1 6 ] . The conditions under which complete wave
may arise between these waves if there exists in the transformation takes place were also determined in [ 1 5 ] .
plasma a region where the refractive indices of the Finally, a recent paper [ l 7 ] contains a more general
waves are close to each other. Under such conditions, analysis of the transformation problem for a plasma
the electromagnetic wave incident on the plasma from layer at an arbitrary direction of the magnetic field and
the outside becomes transformed into a plasma wave, an arbitrary wave incidence angle.
which is effectively absorbed. Thus, collisionless ab- Besides general investigations, a number of concrete
sorption of high-frequency waves in a plasma in a wide calculations were performed recently to determine the
range of conditions (outside the region of cyclotron transformation efficiency in different cases [ 1 8~2 5 ]. Some
resonances) is connected with wave transformation. The results were obtained in connection with the so-called
transformation also strongly influences the plasma "volume" resonances of plasma waves[2e~29].
radiation, since the plasma waves cannot be radiated We present below the theory of linear transformation
directly. of electromagnetic waves into plasma waves for,the

Interest in linear transformation of waves in a case when the plasma concentration depends on one co-
plasma was first stimulated in connection with iono- ordinate, and give a summary of the numerical results
spheric and astrophysical research. Recently, this obtained to date*,
interest was again revived in connection with experi-
ments on collisionless absorption and emission of waves 1.1. Electromagnetic and Plasma Waves
by a laboratory plasma and by the proposed use of . . ,, , .. .. - ,

„. . , . ,. , . . , . ,.. As is well known, the propagation of a monochrom-
coll isionless absorption to heat a p lasma in a magnetic .. _,. . , · t\ • u··. J · · J

_. . .. \. . .. * . , , . atic wave E(r) exp(-ia)t) in an arb i t rary medium is des-
t r a p . The investigations of the most recent y e a r s led to c r i b e d ^ ' ^ equation
considerable development in the theory of l inear t r a n s -
formation of waves and to establishment of the c o r r e - rotrotE—-^D = 0, (1)
spondence between this theory and experiments on wave
absorption by a plasma. The present article is devoted where D = Ε + 4irj/c is the induction vector and J is the
to an exposition of the results of these investigations. density of the current produced by the wave. The

thermal motion of the particles causes the connection
1. THEORY OF LINEAR WAVE TRANSFORMATION IN

A PLASMA There is at present no transformation theory for a plasma whose
parameters depend on two or three coordinates. The first investigation

The main features Of the wave-transformation proc- pertaining to a plasma with two-dimensional inhomogeneity has re-
ess were elucidated in the first theoretical papers de- ported only recently [ l l 3·1 1 4].
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between D and Ε to be nonlocal, namely, the current at
a given point r depends on the value of the field in a
certain region around this point. The nonlocal connec-
tion between D and Ε is frequently referred to as spatial
dispersion.

We consider a plasma whose concentration η depends
on one coordinate x. The plasma is situated in a homo-
geneous external magnetic field Η lying in the (X, Z)
plane and making an arbitrary angle a with the X axis.
In such a medium there can propagate waves of the type
E(r) = E(x)exp(ikyy + ik zz), where k y and k z are con-
stant quantities (in contrast to a homogeneous medium),
the angle θ between the wave vector and the magnetic
field depends in this case on the coordinates). The
induction vector D(r) also takes the form
D(x)exp(ik y + ik zz); the most general expression for
the linear nonlocal connection between D(r) and E(r) is
the integral relation

Az(r)= (2)

where the form of the tensor * α α(χ, r- r') is deter-
mined by the properties of the plasma. Owing to the
complicated character of the wave equation, it cannot be
solved exactly, and we consider approximate solutions,
assuming first that the plasma inhomogeneity is weak.
In this case we can use the geometrical-optics approxi-
mation, according to which

X
Eg (x) = Εοβ (χ) exp {i j kx (x1) dx'} , (3)

where E0o and k x are slowly varying functions. Substi-
tuting (3) in (2) and (1), we find that in first approxima-
tion the quantities E0o satisfy the equations

where

ζ, k ) = ( 5 )

a n d k i s a v e c t o r w i t h c o m p o n e n t s k x , k y , a n d k z .

I n a h o m o g e n e o u s m e d i u m , E q s . ( 4 ) a r e e x a c t , a n d

t h e t e n s o r t Q ( 5 ) r e p r e s e n t s t h e u s u a l d i e l e c t r i c t e n s o r

c a l c u l a t e d w i t h a l l o w a n c e f o r t h e s p a t i a l d i s p e r s i o n .

T h e s y s t e m o f h o m o g e n e o u s e q u a t i o n s ( 4 ) h a s a n o n z e r o

solution only when its determinant Δ vanishes. The
equation Δ = 0, the so-called dispersion equation, deter-
mines the value of k x for given values of ω, ky and k z .
The explicit form of the dispersion equation is that of a
complete equation of fourth degree (formally because
its coefficients depend on k via t ^ g ) :

4
= 0;

( 6 )

here

*4 = ΐχχ, b3 = [ky (εχν+ ενχ) + kz (εζχ -f ε»)],

a n d t h e r e m a i n i n g c o e f f i c i e n t s w i l l n o t b e p r e s e n t e d

h e r e , s i n c e t h e y a r e q u i t e c o m p l i c a t e d . T h e d e p e n d e n c e

of ίαβ on k x is connected with the thermal motion and
vanishes at Τ = 0*. Accordingly, Eq. (6) with Τ * 0 is

*We speak of temperature only for brevity, since we shall not use
henceforth the assumption that the particles have a Maxwellian velocity
distribution. The expression Τ = 0 denotes complete absence of thermal
motion of the plasma particles.

transcendenta l and has , g e n e r a l l y speaking, an infinite

number of solutions. On the other hand, if Τ = 0, then
there remain only four solutions, k x = kj, i = 1, 2, 3, 4.
It follows therefore that different solutions of (6) behave
differently as Τ — 0, namely, four of them tend to the
"cold" limit kj, and the remaining ones become mean-
ingless; an analysis shows that they become infinite.
The waves of the former type will be arbitrarily called
electromagnetic or "cold" (these are precisely the
waves excited from the outside, and those of the latter
type will be called plasma waves. Two of the four elec-
tromagnetic waves are ordinary and the other two ex-
traordinary, in accordance with the classification adop-
ted for a homogeneous plasma. Each of these waves,
however, corresponds to its own value of the angle θ
between k and Η (θ = θχ(χ)). As is well known, the ap-
proximation based on neglecting the spatial dispersion
is usually a good one for electromagnetic waves also at
Τ ^ 0. The corresponding condition is that the thermal
corrections to the dielectric tensor be small. These
corrections can be obtained by expanding t ^ in powers
of k; it should be borne in mind here that in wave-
transformation problems the components of the wave
vector k y and k z are specified by the boundary condi-
tion and are usually of the order of ω/c, whereas k x

varies in the plasma and can reach large values. It can
therefore be assumed that the tensor t o depends effec-
tively only on k x. In the case of a homogeneous medium,
the expansion of t f l a contains only even powers of k x

and, say for the component έχχ, can be written in the
form

where

-Γ

(7)

(8)
The parameter β is proportional to vipe/c2, where v!pe

is the mean squared thermal velocity of the electron
(see p. 418). With the exception of values of ω close to
the cyclotron frequency or its second harmonic, the
condition

P^i < 1 (9)

is usually well satisfied when vij.e -C c2 for all "cold"
waves.

The corrections to the other components of the ten-
sor ίαβ have the same order of magnitude. In an in-
homogeneous medium there appear in the expansion (7)
also terms with odd powers of k x. They are, however,
small and do not influence the obtained estimates*.

The inequality (9) means that the field of the wave
changes little within the region in which a connection
between Ε and D appears. In this case, the field Ε ο in

*The following remark should be made concerning such estimates.
We call the term 0Νχ the "thermal" correction, implying by the same
token that the first term of the expansion e x x ( x ) is the limit as Τ -* 0
of the tensor eaa(x, k x ) . At the same time, the equality ε^βΙΤ = 0 =

ea/3|k = 0 holds only in the case of a homogeneous plasma. In an in-
homogeneous medium, these two quantities do not coincide, but the
difference is significant only in an inhomogeneous magnetic field near
the cyclotron-resonance points. We shall not consider this case in what
follows, and accordingly will not distinguish between εαβ at Τ = 0 and
e a j 3 at k = 0.
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(2) can be taken outside the integral sign at the point
r' = r, after which it turns out to satisfy the "cold"
wave equation

(rot rot Ε)α ^ χ) = 0, ( 1 0 )

where

Thus, so lut ions for which the spat ia l d i s p e r s i o n p l a y s
no ro le can a l s o e x i s t in the c a s e when the g e o m e t r i c a l -
o p t i c s approximat ion i s not val id ( i . e . , for a s trong ly
inhomogeneous p l a s m a ) . The condition for t h i s i s , a s
before, the inequality (9), w h e r e N x should be taken to
mean the " e f f e c t i v e re f ract ive i n d e x "

^ " = W ; ( U )

λ0 is the characteristic spatial scale of field variation.
The system (10) is equivalent to a fourth-order equa-
tion, so that in the general case, at given values of ω,
k v, and k z, there exist four independent electromagnetic
waves E c > These waves do not exhaust all the solutions
of the exact wave equation (1)—(2). The remaining solu-
tions, the plasma waves Ε , have a very large refrac-
tive index, and their field can be regarded as potential*.
The wave equation for them is the Poisson equation

divD^O, E = — Τφ. (12)

Thus, the genera l so lut ion of the wave equation (1)—(2)
i s a superpos i t ion

Ε κ1 ι Ϊ? / 1 *i\

= fcc+fcp ( 1 0 )

o f s o l u t i o n s o f t h e s i m p l e e q u a t i o n s ( 1 0 ) a n d ( 1 2 ) .

T h e r e f r a c t i v e i n d i c e s o f t h e e l e c t r o m a g n e t i c w a v e s

a r e f u n c t i o n s o f x . T y p i c a l N x i ( x ) p l o t s , t h e s o - c a l l e d

d i s p e r s i o n c u r v e s ) a r e s h o w n i n F i g . 1 . W e s e e t h a t a t

Τ = 0 one of the refractive indices N X 4 becomes infinite
at a certain point χ = Xo. The position of this point can
easily be found by noting that if k x —· χ, then only the
first two t e r m s play a role in (6). Therefore k* = - b 3 A x x
and the position of the poles of the refractive index is
determined by the condition

exx(z)---0. (14)

In the vicinity of the root x 0 of this equation, the condi-
tion (9) is violated, i .e., spatial dispers ion becomes
significant. Since the dispers ion curves of Fig. l a were
obtained without taking the spatial dispers ion into ac-
count at all, it i s natural to take into account, a s the
next step, the thermal correct ions, which a re assumed
to be small, i.e., the expansion (7) is used. With such
an approach, it suffices to take into account the c o r r e c -
tions only in the component t x x , since h e r e the principal
t e r m of the expansion i s small . In a small vicinity of
the point x0 we can approximate t ^ x ) by the l inear r e -
lation

(15)
(χ) = -

I __ dtxx __ / 1 dn \

i dx v=jr0 ~ \ η dx j *=*<,'

* T h e p o t e n t i a l n a t u r e o f w a v e s w i t h large refract ive i n d e x f o l l o w s

d i rect ly f r o m t h e w a v e e q u a t i o n . T h e t e r m ( C J 2 / C 2 ) curl curl E, w h i c h

c o n t a i n s t h e s e c o n d der ivat ives o f t h e field w i t h r e s p e c t t o t h e c o o r d i -

n a t e s , is o f t h e s a m e o r d e r o f m a g n i t u d e as N 2 E , w h e r e a s D * N j E,

where N o is the "cold" refractive index. If Ν > N o , equality is possible
only if curl Ε is anomalously small.

FIG. 1. Dispersion curves Nx(n) at α Φ 0, π/2. Dashed curves 1 and
2 correspond to ordinary waves, and continuous curves 3 and 4 for ex-
traordinary waves, while curves 5 and 6 correspond to plasma waves.

and the remaining components of the tensor €αβ can be
regarded as constant. Substituting (7) and (15) in the
dispersion equation, we see that it now constitutes a
sixth-order equation with a small coefficient at the
highest power of k x. The three roots of this equation
having the smallest absolute values are close to the
three first roots of the "cold" equation, and the re-
maining roots can be obtained by retaining the first
three terms in the equation. The dependence of these
roots on χ (with β > 0) is shown in Fig. lb. At suffi-
ciently large |x— xo | we have

7 σ ; ω Ιχϋ — x \ V2 Ι σ ., , . /1C\

** = i = ^ · Λ " 5 · β = ± τ ( ~ ν ) + 2^=i< °-'M*o)- (16)

The root k4 coincides with the corresponding root of the
"cold" equation and the roots k5 and k6 correspond to
plasma waves (they tend to infinity as Τ — 0). As seen
from the figures, the "cold branch" goes over con-
tinuously into plasma branches. This means that in the
inhomogeneous medium, the oscillations of different
types are coupled to one another: the electromagnetic
wave traveling towards the point Xo is partly reflected
in the form of a plasma wave (and vice versa). It is this
phenomenon that constitutes the linear transformation of
the waves.

An analysis shows [ 1 6 ] that the connection between the
electromagnetic and plasma waves in the vicinity of the
point x0, determined by Eq. (14), arises also in the case
when the electromagnetic waves cannot be described in
the geometrical-optics approximation, and therefore the
concept of the refractive index Nx(x) becomes meaning-
less. Namely, the point x0 is a singular point of the
"cold" wave equation (10), at which the field component
E x becomes infinite (see (19)), so that the condition (11)
is violated also in the general case.

Thus, representation of the solution in the form of a
superposition of electromagnetic and plasma waves (13)
is valid everywhere with the exception of the vicinity of
the point Xo. In this vicinity, the separation into modes
is impossible, and we have a certain single solution.
For this reason, the vicinity of the point x0 can be called
the region of mode interaction or the transformation
region. In order to obtain the complete solution of the
wave equation, it is necessary to match expression (13)
to the solution in the interaction region. The matching
condition results in a definite connection between the
amplitudes of the electromagnetic and the plasma waves
outside the interaction region, and this indeed solves
the transformation problem.
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F r o m the mathematical point of view, expression (13)
i s an asymptotic representat ion of the exact solutions
outside the interaction region. Such representat ions
have, generally speaking, different forms to the right
and to the left of the point x 0 (the Stokes phenomenon).
In our case this means that if, for example, E c in (13)
r e p r e s e n t s a certain l inear combination of the four
electromagnetic waves considered above, then the co-
efficients in this combination can be different in the
regions χ < Xo and χ > x0. Owing to the large number
of unknown constants, the i r direct determination from
the matching conditions i s a complicated problem. The
resu l t s can be obtained in a much s impler and c l e a r e r
manner by considering the behavior of the solutions not
only for rea l x, but also in the ent ire complex plane.

1.2. Coupling Between Electromagnetic and P l a s m a
Waves

To fulfill the p r o g r a m undertaken, it i s necessary
first to determine the forms of the solutions E p and E c

near the transformation region. For a p lasma wave this
problem has in fact already been solved, since for this
wave the geometrical-optics approximation is valid out-
side the transformation region (owing to the large r e -
fractive index), and the solution of the dispers ion equa-
tion is given by formulas (3) and (16). Introducing in
place of χ the natural variable

ξ = - 7 = ( 1 7 )

and choosing the normalizat ion in such a way that the
energy flux t ransported by the wave is equal to unity,
we have in the t ransparency region for the plasma
waves (x < Xo, ξ < 0)

(18)

The plus sign corresponds h e r e to the root k6, and the
minus sign to the root k5 of Eq. (16).

In o r d e r to find the l imiting form (as χ — Xo) of the
solutions E c , it is necessary to solve the " c o l d " wave
equation in the vicinity of the point x0. It i s natural to
expect here that the "effective refractive index" will be
very large in this region, and accordingly to assume
that the field i s potential, E c = - νφ, ψ
= Φ ( χ ) β χ ρ | ^ 5 ^ + i k z z ] . In the Poisson equation (12), a s
in the investigation of the dispers ion equation in Sec.
1.1, we can use express ion (15) for ty^, and regard the
remaining components e a jg as constant. Retaining only
the t e r m s containing derivatives of the rapidly varying
function Φ, we have

(χ — χ0) Φ" + (1 — ί'σ) Φ' = 0,

whence Φ ~ (χ— Χο)*σ. The expression obtained per ta ins
to a wave of the fourth type; the remaining electromag-
netic waves have no s ingularit ies at the point x0, and
the i r field can be assumed constant in a smal l vicinity
of this point. Thus, a s χ — XQ

( 1 9 )

where Β and %a a r e constants determined by the boun-
dary conditions. This resul t was first obtained i n t 3 0 ] * .
It follows from (19) that the point x0 is a singular point
of the " c o l d " wave equation r e g a r d l e s s of the applica-
bility of the geometr ical-optics approximation. It con-
st i tutes a branch point of the functions E C Q r . It turns
out as a result that the solution of the " c o l d " Equation
(10) i s not determined uniquely by the boundary condi-
tions, which in problems involving the reflection of
waves from a plasma layer specify the amplitudes and
polarizations of the incident waves. To verify this, we
assume that r a r e collisions with frequency ν <C ω occur
in the plasma, and we calculate the energy absorbed in
this case in the cold-plasma layer. Taking the colli-
sions into account, we obtain for e ^ an imaginary
increment t x x ~ iv/ω, and accordingly XQ = xo + iXo',
where x£ ~ vl/ω. The power absorbed in one cm 2 of the
surface of the layer i s given by

where the integration is over the entire thickness of the
layer and t ^ is the antihermit ian par t of the dielectr ic
tensor. If ν tends to zero, the main contribution is made
by the t e r m έχχΙΕχΙ 2 , since E x has the strongest singu-
lari ty. Substituting the express ion (19) for E x and ex-
tending the integration l imits to infinity, we find

Q -ol/ jg|2l-'ex^(-2.TO)_ (20)

The absorbed power t u r n s out to be independent of v,
and we can therefore assume that there i s finite ab-
sorption also at ν = 0. This resul t i s well known^ ] and
is intuitively explained by the fact that the decrease of
absorption as ν —· 0 i s offset by the increase of the
maximum value of E x .

If we consider now the solution that satisfies the
same boundary condition, but as sume that ν < 0, then
we can obtain in perfectly s imi lar fashion

Express ions (20) and (21) differ in sign, so that formula
(21) descr ibes generation of energy. We see thus that
in a cold collisionless plasma, under the same boundary
conditions, it i s possible to obtain two perfectly differ-
ent solutions, depending on the method of going to the
limit ν = 0. In essence, these two solutions differ in the
method of going around the singular point x0: in the case
corresponding to (20), the singular point was shifted
upward from the rea l axis and, by continuing the solution
along the rea l axis, we circuit if from below; in the
second case the circuiting i s from above.

As already indicated, we shall need to consider in
what follows the behavior of the solutions at complex
values of the argument. To eliminate ambiguity, it i s
necessary to draw in this case a cut on the complex χ
plane from the point x 0 to infinity. If the cut i s drawn
in the upper half-plane, then it i s possible to circuit the
singular point only from below, and the corresponding
solution descr ibes energy absorption; if the cut is in the
lower half-plane, we have " g e n e r a t i o n " of energy. The

The singularity of the electric field of the wave was first investi-
gated for particular cases in [ 3 1 · 3 2].
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solutions satisfying the same boundary conditions and
differing only in the position of the cut will be designa-
ted E u and E ' (the superscr ipt u corresponds to a cut
in the upper half-plane). It is obvious that the solution
E u i s continuous in the lower half-plane, and E* is con-
tinuous in the upper χ half-plane.

We now proceed to determine the field in the t rans-
formation region and match it to the asymptotic ex-
pres s ions (18) and (19).

If we assume, a s in Sec. 1.1, that the weak-disper-
sion approximation i s applicable in the transformation
region, then it suffices to take into account the thermal
correct ions only to the component έχχ. Without assum-
ing applicability of the geometr ical-optics approxima-
tion, we should in this case replace k x in (7) by — d 2/dx 2,
and we consequently have

Substituting this express ion in (12), using (15), and
retaining only the t e r m s with the derivatives of Φ, we
obtain

fi/c2 (p\v , , d\v .. ^ . , j , . (22^

where W = d<fc/dx, so that E x = CiW + C2, where Ci and
C2 are constants.

Introducing a new variable ξ in accordance with (17),
we can rewri te (22) in the form

\\ —\W — (1 — ΐσ) II·•--(!. ' ^ ^ )

w h e r e t h e p r i m e d e n o t e s d i f f e r e n t i a t i o n w i t h r e s p e c t t o

ξ. The three independent solutions, W j ^ ) , k = 1, 2, 3,
of Eq. (23) can be obtained by the Laplace-transform
method; they a r e given by

IFi (ς) ~ \ (-'"exp !ξ< — -ψ\ dt, (24)

w h e r e t h e i n t e g r a t i o n c o n t o u r C^ e m e r g e s f r o m t h e

o r i g i n and g o e s off t o inf ini ty a l o n g the l i n e a r g t

= 2irk/3. (In the t p l a n e , a cut i s d r a w n a long t h e l i n e

arg t = π/3.) The behavior of the functions W]j(|) at
ξ I 3> 1 was investigated i n [ 1 6 ) . For one of the solu-

tions, W2, this behavior turns out to be a s follows.
There is a sector Ρ on the complex ξ plane (Fig. 2), in
which the asymptotic form of W2 contains a t e r m

ξΙ/4 1 J 2 I '

t h a t c o i n c i d e s , a p a r t f r o m a c o n s t a n t f a c t o r , w i t h t h e

plasma wave E" (18). At rea l negative ξ , Eq. (24) des-
cr ibes a wave traveling away from the point x0.

In addition to the sector P, there is on the complex

FIG. 2. Asymptotic behavior of the
function W2(£) at |£| > 1. The shaded
areas are those in which the asymptotic
form of W2 is a superposition of the
"cold" and plasma waves.

plane a sector C (Fig. 2) in which the asymptotic form
of W2 contains a t e r m proportional to ξ~1 +ΐσ, i .e. ,
having the same dependence on the χ coordinate as the
" c o l d " wave (24). It is important that this " c o l d " par t
of the asymptotic form i s continuous in the ent ire sec-
tor C, which includes both the positive and negative p a r t s
of the real axis.

In the narrow regions where the s e c t o r s Ρ and C
overlap, the asymptotic express ion for W2 is a super-
position of both t e r m s with perfectly defined coefficients.

The asymptotic behavior of the two other solutions
Wi and W3 i s s imi lar in character , but differs in the
placements of the sec tors Ρ and C, namely, for the
solution Wi the sector Ρ is turned through an angle
2π/3 compared with Fig. 2, and for W3 it i s turned
through an angle — 2π/3. Accordingly, Wi contains at
large negative values of ξ a p lasma wave propagating
towards the point x0, and the ' ' cold'' part of i ts asymp-
totic form is continuous in the upper ξ half-plane. The
solution W3 increases exponentially at rea l positive ξ.

We see from the foregoing that the transformation of
the electromagnetic wave into a p lasma wave is des-
cribed by the solution W2, which does not contain an
incident p lasma wave. Since the " c o l d " part of W2 is
continuous in the entire lower ξ half-plane, this function
can be matched only with a " c o l d " solution of the type
E u , having the same property (a solution of the type E^
experiences a discontinuity on the cut in the lower half-
plane) .

Comparing the asymptotic form of W2 with formulas
(18) and (19), we can obtain final express ions for the
solution of the wave equation describing the transforma-
tion of electromagnetic waves into plasma waves.
These expressions have the following f o r m ' 1 7 ' : at
χ < x0 in the region of t ransparency for the plasma wave

Γ(1-ίσ) •K,

at χ > x0

in the interaction region we have

(25)

(26)

(27)

a n d t h e r e m a i n i n g c o m p o n e n t s c a n b e o b t a i n e d f r o m t h e

c o n d i t i o n t h a t t h e f i e l d i s p o t e n t i a l ; t h e y t u r n out t o b e

small quantities of the o r d e r of γ compared with E x . In
formulas (25) and (26), E u i s the same solution of the
" c o l d " equation (10).

The express ions presented per ta in to the case β > 0.
When β < 0, the t ransparency region for the plasma
waves l ies to the left of the point x0; formulas (25) and
(26) remain in force also in this case, provided the
substitution γ — | y | i s made.

The obtained formulas lead to the following conclu-
sion. Since plasma waves cannot propagate in vacuum,
the form of the field outside the plasma and, in part icu-
lar , the amplitudes and polarizations of the reflected
waves a r e determined completely by the " c o l d " solution
E u and can be obtained consequently without taking spa-
tial dispersion into account at all. In other words, if a
solution i s obtained for the reflection of waves from a
certain layer of cold p lasma (with account taken of the
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rule of circuiting around the singular point), then this
solution is also applicable to a hot p lasma (provided
only the conditions (29) and (30) below a r e satisfied).
The solution E u descr ibes , as we have seen, absorption
of energy in the plasma. When account is taken of the
spatial dispers ion, however, the energy i s not absorbed
at the singular point, and i s c a r r i e d away completely by
the p lasma wave. This i s seen directly from formula
(25), since the plasma-wave energy i s exactly equal to
Q (20) (it is necessary to use in the comparison the
formula | Γ ( 1 - ί σ ) | 2 = πσ/sinh to)*. If we introduce in
place of Q the dimensionless absorption coefficient Ao,
equal to the rat io of Q to the energy flux of the incident
wave, and define the energy transformation coefficient
Αχ analogously, then we get the equality

t" — x« ~ v

6 - - ^ r ~ — ^ 7 ·

AT — v40. (28)

The quantity Ao, which i s proportional to the square
of the modulus of the residue at the singular point x0,
depends on the polarization of the incident wave. For
each incidence direction there exist two independent
polar izat ions. One can be chosen such that B u = 0. The
corresponding wave experiences no transformation,
while the wave polarized orthogonally to it i s t r a n s -
formed to a maximum degree.

A solution describing the transformation of a p lasma
wave into an electromagnetic wave can be constructed
in perfectly s imi la r fashion, using the function Wt in
the interaction region; this function i s matched to the
" c o l d " solution of the type E^. We note that the coeffi-
cient of transformation of a p lasma wave into an elec-
tromagnetic wave can be obtained by the reciprocity
theorem—it is equal to the coefficient of transformation
of the electromagnetic wave into a p lasma wave, calcu-
lated for the opposite direction of the magnetic field. A
situation i s possible wherein the p lasma wave produced
upon transformation of an electromagnetic wave is not
absorbed in the plasma but reaches a second singular
point o r i s reflected and is then retransformed into an
electromagnetic wave. This gives r i se to a large phase
shift (much l a r g e r than 2ir) between the wave directly
reflected from the layer and the wave resulting from
the transformation. This shift depends very strongly on
the frequency, leading to a sharp (resonant) frequency
dependence of the wave-scattering amplitude. Such a
phenomenon is observed experimentally in small-dimen-
sion p l a s m a s . These resonances will be considered in
g r e a t e r detail in Sec. 2.1.

Formulas (25)—(28) a r e also valid in the presence of
collisions, provided only the rat io ν/ω i s so small that
we can neglect the " o r d i n a r y " collisional absorption,
i.e., the one not connected with the transformation.
Then the asymptotic form of the solutions in vacuum
does not depend on the rat io of the small p a r a m e t e r s γ
and ν/ω, which can be a r b i t r a r y (both l a r g e r and
smal le r than unity). However, the form of the field
inside the layer depends very significantly on this rat io.
When ν/ω <C 1, allowance for the collisions reduces to
assuming that Xo i s the complex quantity, so that rea l χ
correspond to complex ξ lying in the lower half-plane:

If ν/ω > γ, then ? " > 1 and we have | ξ | > 1 on the
entire rea l axis, with the ent ire axis lying outside the
sector P. In this case only the " c o l d " par t of the
asymptotic express ion remains in the express ion for
W2 on the real axis, and the field has the form Ε = E u

for all real x. Thus, in the case when ν/ω 2> y it i s
not important to take spatial dispers ion into account.

It follows therefore that at an arb i t rar i ly small
ν * 0 and Τ — 0 the solution containing no incident
plasma waves tends to the l imit E u . We can therefore
state that energy absorption in the pole of the refractive
index is the " c o l d " l imit of the transformation p r o c e s s .
A solution containing the plasma wave E* has no " c o l d "
limit. P

In the opposite limiting case ν/ω -C γ we can neglect
the influence of the collisions in the transformation
region and assume that ξ in (27) i s rea l . Outside the
interaction region, so long as the weak-dispersion ap-
proximations a r e valid, the wave amplitude d e c r e a s e s
in proportion to the factor exp(- i>vf77uy) (we have ex-
panded ( ξ ' + ίξ ") in the exponent of (18), assuming
that ξ " <iC ξ ' ) . When the wave propagates from the
point x0, i t s refractive index i n c r e a s e s rapidly and the
weak-dispersion approximation becomes invalid. In the
case of strong dispersion the plasma waves a re rapidly
damped (by the Landau mechanism), with the exception
of the case α = π/2.

In o r d e r for all the resu l t s obtained in this section
to be valid, it i s essential to satisfy the condition

This inequality e n s u r e s validity of the weak-dispersion
approximation in the mode- interaction region; it also
guarantees satisfaction of the inequality (9) outside this
region. One more condition resu l t s from a comparison
of the dimensions of the interaction region with those
of the region in which the " c o l d " solutions have the
simple form (19):

Y - £ « i . ( 3°)

where λ 0 is the character i s t ic scale of variation of the
field far from the singular point. The p a r a m e t e r γ in
(29) and (30) is connected with the quantity β , which i s
defined by the express ion

»= Σ

*Α similar result for an isotropic plasma of small dimensions was
first obtained in [ 1 0 ] .

•ά~"\|·

where the summat ion i s c a r r i e d out o v e r the types of
charges, o>pk = (4πη6 2 /η%) ι / 2 i s the p lasma frequency,
and cojj. = eH/m^c i s the cyclotron frequency, with a
the angle between the concentration gradient and the
magnetic field.

In the foregoing analysis we disregarded nonlinear
effects. We can est imate the conditions under which
such an approach i s justified. Since the transformation
i s not connected with any subtle detai ls of the distribu-
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tion function, the influence of the nonlinearity can be
regarded as small if

where ν i s the translat ional velocity in the wave field.
Assuming as an es t imate ν = e E / m e w , Ε = Eq/y, and

γ = (ν Τ β /ωΖ)
obtain

2/3 (E o i s the field intensity in vacuum), we

(31)

When γ <C ν/ω the quantity γ in (31) must be replaced
by ν/ω.

It should be noted that besides the direct influence of
the nonlinearity on the wave interaction, there can also
occur " s l o w " nonlinear effects connected with the
change of the plasma p a r a m e t e r s (concentration, tem-
p e r a t u r e , concentration distribution). These effects can
be due, for example, to p lasma heating, which resu l t s in
additional ionization, to the occurrence of p lasma insta-
bil it ies, to the action of the p r e s s u r e of the high-
frequency field of the wave^3 1, etc. It i s hardly possible
to take into account the aggregate of such effects in the
general case. However, even in the presence of " s l o w "
nonlinearit ies, the foregoing resu l t s remain valid if
real is t ical ly obtained p lasma p a r a m e t e r s a r e employed.

1.3. Transformation Conditions

Let us consider now the conditions under which
transformation is possible in a given p lasma layer.
These conditions state that at least one point χ = x0, at
which t x x = 0 [Eq. (14)], must be contained inside the
layer.

In the employed coordinate system (the χ axis d i rec-
ted along the concentration gradient, the magnetic field
makes an angle a with the χ axis) we have

= ε sin2 a + η cos2 a,

~ Z J ω 2 _ ω , ·
y <4

— 2 J Ί5Γ · (32)

where 6 and η a r e the diagonal components of the
dielectr ic tensor e^g, calculated in a coordinate sys-
tem with the ζ axis directed along the magnetic field.
When account is taken of (32), the equation €χχ = 0 can
be written in the form

n(*o) (33)

It coincides with the condition that the refractive index
of a wave propagating in a homogeneous plasma with

a) b)

FIG. 3. Transformation bands as functions of the angle a. a) ι

c o n c e n t r a t i o n n(Xo) a t a n a n g l e a t o t h e m a g n e t i c f i e l d

b e c o m e s i n f i n i t e [ 3 4 ] . S u c h a r e s u l t i s p e r f e c t l y u n d e r -

s t a n d a b l e : i n a p l a s m a w i t h o n e - d i m e n s i o n a l i n h o m o -

g e n e i t y , t h e c o m p o n e n t s of t h e w a v e v e c t o r k y , k z a r e

f i x e d , a n d t h e r e f o r e a t a p o i n t w h e r e k x b e c o m e s i n f i n i t e

the wave propagates along the χ axis, i .e., precisely at
an angle a to the magnetic field.

As i s well known [ 3 5 ] , Eq. (33) is satisfied at any
point with concentration n at three values of the wave
frequency ω = o>j(n, a). At n = 0 we have ω1 = wj j e ,
ω2 = w H i , ω3 = 0 and all the frequencies Wj increase
monotonically with increasing n. Therefore, if the con-
centration in the layer l ies in the range O s i i i ^max*
transformation is possible in three frequency bands:

ω 3 ,, ι ί 1 χ >ω>ϋ, (34)

where ω^ηιΆΧ = W i ( n m a x ) . These bands a re shown
schematically in Fig. 3. We shall not consider the
lowest-frequency band. The positions of the upper and
middle frequency bands a re determined by the relat ions

ω; — — [ωυ J - V (ύν — 4ωρ&>Η,, cos2 a],

ω ? ; — « O H . + C O J ;

u>l — -r [cofi— 1

when cos 2 a and

^=^£Bk

( 3 5 )

( 3 6 )

( 3 7 )

when cos 2 a <C 1,

Here WTJ and ω ^ a r e respectively the upper and lower
hybrid frequencies; ωρ = ^pe- When a * 0, the upper
and middle bands a r e separated by a certain frequency
interval in which wave transformation is impossible.
The l imits of the transformation frequency bands a re
determined by the distribution of the plasma concentra-
tion and do not depend on the method of wave excitation.
Strictly speaking, this resul t per ta ins only to the one-
dimensional case. Usually the plasma p a r a m e t e r s de-
pend on at least two coordinates, but frequently the de-
pendence on one of them is much weaker than on the
other. It can be assumed that the resu l t s for a one-
dimensional layer a re suitable also in this case*.

The question of the transformation efficiency, i .e.,
the value of the coefficient Ao or A-p, becomes much
more complicated and we shall d iscuss it in this section
only qualitatively. According to (20) and (28), the t rans-
formation efficiency depends on two quantities: the
p a r a m e t e r I, which determines the relative concentra-
tion gradient at the point x0, and the coefficient B u ,
which at a given incident-wave amplitude charac ter izes
the degree of penetration of the field into the plasma.
The ro les of both factors depend essential ly on the
dimensions L of the p lasma. If these dimensions a r e
small compared with the average wavelength of the
electromagnetic oscil lations in the layer

(k0 can be defined as the ratio of ω/c to the value of the

*See [1M] concerning the transformation conditions in a plasma
with two-dimensional inhomogeneity.
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refractive index calculated at typical values of the layer
concentration, but far from the singular point x 0), then
the wave p e n e t r a t e s into the p lasma without opposition.
The transformation in this case, however, i s generally
speaking small , owing to the smal lness of the param-
e t e r I ~ L. The only exception i s the case when the
point xo l ies near the concentration maximum, where
dn/dx <C n / L and, consequently, I > L. This case i s
real ized only in p lanar geometry in a narrow frequency
band near the upper l imit of the transformation regions,
and in this case A j ~ 1.

In the opposite l imiting case the p a r a m e t e r I i s
usually large and the transformation efficiency i s de-
termined exclusively by the wave penetration (by the
b a r r i e r effect). If the magnetic field i s homogeneous,
then there always exists between the boundary of the
layer and the point Xo a region in which the t ransformed
electromagnetic wave cannot propagate (see Fig. 1).
This leads to the appearance of a " b a r r i e r " multipl ier
exp(-6) in A T , where

The integration i s c a r r i e d out over the entire region
where Im k x * 0. It follows therefore that when koL
3> 1 the transformation efficiency i s generally speaking
smal l . The most favorable transformation conditions
a r e those in the intermediate region koL ~ 1, when the
plasma dimensions a r e of the o r d e r of the length of the
" c o l d " wave. In this case the b a r r i e r attenuation is
relatively smal l and at the same t ime the p a r a m e t e r I
i s not small . One must therefore expect Αχ to have a
value close to unity in the ent ire frequency band in
which the transformation i s possible.

One can indicate cases where the b a r r i e r attenuation
turns out to be small also in a weakly inhomogeneous
plasma at k 0 L 3> 1.

1. At frequencies close to a>ne ° r ^ J J J , the point x0

tends to the boundary of the plasma, where η = 0; ac-
cordingly the width of the opacity region also tends to
zero.

2. In an isotropic plasma, as i s well known, the point
Xo i s determined by the condition ω 2 = α>2(χο), and the
cutoff point, at which k x vanishes, i s determined by the
condition ω 2 = ωρ(χο) - o ) 2 k z / c 2 , so that the width of the
opacity region lying between them d e c r e a s e s with de-
creas ing k z . However, at k z = 0 there is no transforma-
tion, for in this case E x = 0. Consequently, there i s a
region of optimal values k z <C ω/c (see Fig. 6). An
analogous situation takes place also in a magnetoactive
plasma at a > p m a x » ω2

Ήβ and ω 2 > o>Jje.

3. In the upper frequency band, at k z

= (ω/c) [<*>He/(&>·^ + ω ) ] ΐ Λ s i n a a n d k y = °> t n e disper-
sion curves of the ordinary and extraordinary waves
have a tangency point (Fig. 4), leading to a coupling be-
tween these waves and to elimination of the b a r r i e r
attenuation. Indeed, a s seen from Fig. 4, the wave of
type I reaches the tangency point without opposition and
is part ia l ly t ransformed there into a wave of type II,
which i s t ransformed into a p lasma wave at the point Xo.
The coupling between the electromagnetic waves of dif-
ferent types remains also in a certain region of values
of k z and k y close to the indicated values. This effect
was first observed in radio sounding of the ionosphere,

FIG. 4. Vanishing of the barrier in the
case of coupling between the ordinary and
extraordinary waves. The dispersion curve
of the ordinary wave (dashed line) is tan-
gent to the curve of the extraordinary
wave (solid line) at the point c.

«&/»'

FIG. 5. Accessibility of the transfor-
mation region in an inhomogeneous mag-
netic field.

where it became manifest in the form of the so-called
" s i g n a l t r i p l i n g " 1 ^ .

4. In an inhomogeneous magnetic field, in the upper
frequency band, the singular point Xo may turn out to be
accessible (the opacity region vanishes) if the magnetic
field d e c r e a s e s along the wave propagation direction^ 3 6 3 .
This possibility i s i l lustrated in Fig. 5, which shows
the l ines Ν = 0 and Ν — °° on the (ct>|je/u>2, ω ρ / ω 2 ) plane
for the case Of perpendicular propagation of the wave
and a = ττ/2. The opacity region lying between them i s
shaded. In a homogeneous magnetic field, the wave
" p r o p a g a t e s " para l le l to the absc i s sa axis and must
c r o s s the opacity region (curve I). In an inhomogeneous
magnetic field the wave can reach the point x0 after
bypassing the opacity region (curve II). This is possible
if the quantity ω ^ = ω ρ + cojje d e c r e a s e s from the plasma
boundary towards the point Xo.

5. In the middle frequency band at a = π/2, the point
xo i s accessible^ 3* 3 if

Such a wave can be produced with the aid of a slow-wave
system with spatial period 2ir/k z. In the region between
the surface of the slow-wave system and the p lasma
boundary (more accurately, extending to the surface
with the concentration at which ω ρ = ω), the wave field
d e c r e a s e s like ε χ ρ [ - ( ^ - a) 2 /c 2 )^ 2 x] . If the required
slowing-down is smal l , k z « 2co 2/c 2, then the character-
is t ic length over which the decrease takes place is rela-
tively large, on the o r d e r of the wavelength in vacuum.

In the foregoing cases , the decrease of the b a r r i e r
" a t t e n u a t i o n " leads to transformation with an efficiency
on the order of unity.

1.4. Results of Calculations of the Transformation
Efficiency

Quantitative formulas for A j were obtained only in a
few cases . These are principally cases when the system
of " c o l d " wave equations reduces to a single second-
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A.
OJ
0.4
0.3
0.2
0.1
0

FIG. 6. Transformation coeffi-
cient Aj for a weakly inhomogene-
ous isotropic plasma [ u ] -

0,2 0.4 O.S 0.8/.Of

o r d e r e q u a t i o n , i . e . , f o r a n i s o t r o p i c p l a s m a a n d f o r

n o r m a l i n c i d e n c e ( k z = k y = 0) on a l a y e r of m a g n e t o -

active p lasma at a = τι/I.
In the case of a weakly inhomogeneous isotropic

plasma, the transformation coefficient depends on a
single p a r a m e t e r q = (a>Z/c)2/3 sin2 θ0, where θ0 i s the
angle of incidence and sin 2 θ0 = c2(k2 + k2 )/ω 2 . The func-

J
tion Aip(q) was investigated in several papers . An ex-
press ion for Arp was obtained i n ^ for q » l and irf12^1

for q <C 1; an express ion suitable for all q was obtained
irf11^1 (Fig. 6). A maximum value A-p = 0.4 is reached at
q « 0.25.

At normal incidence on a layer of a magnetoactive
plasma, the problem reduces to the solution of the equa-
tion (see (32))

tPE 0)2 / e'-g Λ).
( 3 8 )

If the concentration is linear in x, the solutions of this
equation are not expressed in terms of known functions.
An approximate solution by the phase-integral method
leads to the expression (in the upper frequency band)t7;!

6o ,ψ(±)

here u = ω ^ ρ / ω , and Κ and Ε are complete elliptic
integrals . Generally speaking, the phase-integral
method i s valid when ωΐ/c ^> 1. In this case A-p may
not be smal l , provided only that u « l . For such condi-
tions we have S = 6 0 /2 = 1.75 a>Zu3 / c . The dependence
of Arp on δο in this approximation is shown in Fig. 7a.

The exact solution of the wave equation (38) can be
obtained by approximating ( t 2 — g2)/t by some simple
function. lrf2 23 the following approximation was used:

FIG. 7. Transformation coefficient for normal incidence of the waves
on a plasma layer. The wave is polarized perpendicular to the magnetic
field, a = π/2. a) Approximate solution for CJ//C > 1, ω ρ [ ε ^ ω [ 7 ] ; b)

exact solution for the case described by formula ( 3 9 ) [ 2 i ] .

H - C o - f o r . ,•<*„,

( 3 9 )

and the coefficient Αχ- was calculated as a function of
Co and Ci (see Fig. 7b)*. At Ci = 1, Eq. (38) was inves-
tigated i n t 3 7 ] (see alsoC 8 ]). The approximation (39)
imitates a dependence of the concentration on χ such
that η i n c r e a s e s smoothly from zero at χ —• — oo to a
constant value n<» at χ — », with nx such that there is
no second z e r o (at χ > x0) of the function t 2 - g2. Such
an approximation i s sufficiently rea l i s t ic in the upper
band; in this case one must put

(ω2 — ω} ; ι , — 2o

1 '" o)2(o)2 — ω%, — ω 2 ) '
* He poo/

ω ο̂ο = tup (x) f o r χ—>oo.

T h e c a s e w h e n t h e p o i n t x 0 i s a c c e s s i b l e i n a w e a k l y

i n h o m o g e n e o u s p l a s m a w a s i n v e s t i g a t e d i n t I 5 ' l 8 ] . T h e

t r a n s f o r m a t i o n i n t h i s c a s e t u r n e d o u t t o b e c o m p l e t e ,

Arp = 1 ( t h e r e i s c o m p l e t e a b s o r p t i o n i n t h e c o r r e s p o n d -

i n g " c o l d " e q u a t i o r i 3 7 ^ 1 ) . I t s h o u l d b e p o i n t e d o u t h e r e

t h a t t h i s r e s u l t i s v a l i d i n d e p e n d e n t l y of t h e c o n d i t i o n

( 3 0 ) .

I n t h e c a s e w h e n t h e " c o l d " e q u a t i o n s d o n o t r e d u c e

t o a s i n g l e s e c o n d - o r d e r e q u a t i o n , t h e c o e f f i c i e n t Arp

w a s c a l c u l a t e d o n l y f o r a s t r o n g l y i n h o m o g e n e o u s

p l a s m a . T h i s a n a l y s i s w a s c a r r i e d o u t i n ^ 1 2 - f o r t h e

case a = ττ/2 and k v = 0, and in£ 1 7 ] for arb i t rary a and
k . For a plane layer bordering on vacuum on both
sides, the transformation coefficient Arp has, as a func-
tion of the frequency, a narrow maximum near the upper
boundary of the transformation region. This dependence
is i l lustrated in Fig. 8 (see also^38^1). Calculations for a
cylindrical plasma of small dimensions in a waveguide
were c a r r i e d out ίη^ 2 53. Figure 9 shows the resul t s of
the calculations of the damping constant (damping over
a distance equal to the wavelength in the waveguide),
obtained assuming complete absorption of the plasma
wave result ing from the transformation.

FIG. 8. Transformation coefficient for a plasma layer of small thick-

-=0,1,

Normal incidence of waves; the polarization is perpendicular to Η and

Δη.

ι-α=30°; 2-α=90°.

*The analysis in [2 2] pertained to the frequency region ω * 2

Actually, however, the results are valid in the entire upper frequency

band.
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FIG. 9. Plots used to calculate the transformation of a wave propa-
gating in a waveguide having on its axis a plasma cylinder with parabolic
concentration distribution [2S]. For a round waveguide, the damping
constant κ (connected with the transformation) is determined by the
relation κ= 2 £ ί ι -— ) ' ( *

"He «pmn), where a is the plasma radius, b is

the waveguide radius (a < b), and the signs ± correspond to two waves
with circular polarization. For a rectangular waveguide
κ = " ^ Γ (i-^wL) \τ(^-'^^)+Γ ( - ^ . ^ ^ ϊ ) } , where bi andb 2 are the

longer and shorter sides of the waveguide. The figure shows the function

T(u, v) at the following values of v2: 1-4.0, 2-2.0, 3-1.0, 4-0.6, 5-0.2.

A s a l r e a d y m e n t i o n e d , s o m e n u m e r i c a l c a l c u l a t i o n s

w e r e m a d e a l s o i n c o n n e c t i o n wi th a n i n v e s t i g a t i o n of

r e s o n a n c e s i n s m a l l - d i m e n s i o n p l a s m a s . A r e v i e w of

t h e r e s u l t s of t h e s e c a l c u l a t i o n s c a n be found inC293

( s e e a l s o [ 2 8 ] ) .

In c o n c l u s i o n w e n o t e t h a t t h e e q u a l i t y A o = A T i s

valid accurate to small terms of order γ. Η, however,
Ao = 0, then it is precisely these terms which describe
the remaining weak effect. The transformation picture
will then differ qualitatively from that described above.
The same pertains also to the case when the condition
γ <?C 1 is not satisfied, which is possible, for example,
in a very strongly inhomogeneous plasma, when the
concentration changes noticeably over distances on the
order of the plasma-oscillation wavelength. In such
cases the transformation should not be connected with
the singular point and can be "distributed" over the vol-
ume. An example of such a transformation as applied
to plasma-wave resonances is considered in^3 9 ].
Another example of a transformation connected with
strong inhomogeneity is the frequently discussed excita-
tion of plasma waves following the incidence of an elec-
tromagnetic wave on a plasma with an abrupt boundary.

2. EXPERIMENTAL INVESTIGATIONS OF THE
ABSORPTION OF HIGH- FREQUENCY WAVES
BY A PLASMA

In this chapter we describe the experimental investi-
gations of absorption of high-frequency waves by a
plasma at a low collision frequency when the usual
collision absorption is not significant. Under such con-
ditions, the absorption outside the region of cyclotron
resonances can be connected with transformation of the
incident wave into a slow plasma wave, which attenuates
effectively in the plasma. We shall therefore compare
the experimental absorption data with the theory of
linear transformation of waves in the inhomogeneous
one-dimensional plasma considered in the preceding
chapter. The main qualitative theoretical conclusions

used in the comparison can be formulated as follows.
1. Linear transformation of the waves occurs in the

plasma region where the "cold" refractive index of the
wave propagating in the direction of variation of the
plasma parameters becomes infinite. Accordingly,
there should exist three frequency bands within which
transformation is possible (see Fig. 3). The positions
of the two high-frequency bands (upper and middle) are
determined by relations (34)—(37). It is important to
note that it depends on the angle between the concentra-
tion gradient and the magnetic field, but does not depend
on the direction of wave incidence.

2. The efficiency of the linear transformation is de-
termined primarily by the "accessibility" of the trans-
formation region to the incident wave and by the value
of the concentration gradient. In the presence of an
opacity region, the transformation efficiency is maximal
when the characteristic dimensions are of the order of
the average wavelength, and decreases with decreasing
and increasing dimensions. The maximum efficiency
depends on the method of feeding the wave and reaches
several dozen percent under typical conditions.

3. To ensure efficient transformation at plasma
dimensions much greater than the average wavelength,
it is necessary to eliminate the opacity region in which
the wave field decreases exponentially. In the upper
band of transformation frequencies, this can be attained
in an inhomogeneous magnetic field by introducing the
waves into the plasma in regions where the magnetic
field exceeds the cyclotron field. In the middle band,
the dimensions of the opacity region can be greatly de-
creased by introducing into the plasma waves that have
been slowed down to the limit.

4. The efficiency of linear transformation of the
waves depends on the collision frequency and on the
temperature of the plasma charged particles in wide
ranges of their variation. These parameters influence
only the absorption length of the plasma waves.

The manifestations of wave transformation can vary
depending on the ratio of the absorption lengths of the
slow plasma waves to the plasma dimensions. In most
cases the absorption length of the plasma waves is
much smaller than the plasma dimensions. The plasma
wave produced as a result of the transformation is then
completely absorbed and the absorption efficiency is
equal to the transformation efficiency. In cases when
the absorption length of the plasma waves is small com-
pared with the plasma dimensions, transformation can
lead to excitation of volume resonances of plasma
waves.

Observation of volume resonances of plasma waves
in a plasma of small dimensions was temporarily the
first experimental evidence of wave transformation. By
now, many papers on plasma resonances have been pub-
lished. A brief review of the results of these papers is
given in Sec. 2.1. In Sees. 2.2 and 2.3 we describe and
discuss experimental investigations of the absorption of
high-frequency waves by a plasma under conditions
when linear transformation can be significant. Accord-
ingly, we consider only experiments in which the colli-
sion frequency of the charged particles is much smaller
than the field frequency. We consider neither cyclotron
absorption nor experiments in which nonlinear interac-
tion mechanisms were explicitly manifest.
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2.1. Excitation of Plasma-wave Resonances

Resonance effects in the interaction between waves
in the p lasma in the absence of a magnetic field were
first observed already in an ear ly investigation by
Tonks^40^1. These effects were investigated l a t e r
jn[4i-45,27] a n d in many other p laces . An extensive
bibliography on plasma resonances can be found in the
monographst 2 9 ' 4 6 } .

In experiments on the excitation of p lasma resonan-
ces, a cylindrical gas-discharge p lasma having a diam-
e t e r smal l compared with the wavelength was sounded
with microwaves. The sounding was with the aid of
antennas, re sonators , and waveguides placed in such a
way that the direction of propagation of the wave and the
high-frequency field were perpendicular to the axis of
the tube with the p lasma (Fig. 10). Scattering, reflec-
tion, and t r a n s m i s s i o n of electromagnetic waves were
investigated, and in some experiments also the thermal
radiation of the plasma. The dependence of the t rans fer
coefficients, of the reflection, and of the radiation
power on the discharge current (i .e., on the e lectron
concentration) is character ized by the presence of a
s e r i e s of relatively narrow maxima or minima, the
positions of which depend on the experimental condi-
tions (they a re usually called Tonks-Dattner resonan-
ces). A typical plot of a signal passing through a wave-
guide with a p lasma i s shown in Fig. 11. The largest
peak (called the principal peak) is observed at the maxi-
mum e lectron concentration, which exceeds by several
t imes the cr i t ical concentration n c at which the plasma
frequency is equal to the field frequency. The remaining
peaks correspond to lower concentrations, and thei r
amplitude d e c r e a s e s with decreasing concentration.
The last of the s e r i e s of peaks i s usually observed at a
maximum concentration close to cr i t ical . Only in some

FIG. 10. Scheme for plasma sounding in plasma-resonance experi-
ments (waveguide variant). 1 -Gas-discharge tube, 2-waveguide. The
arrows show the direction of the high-frequency electric field (E) and
the sounding direction (P).

FIG. 11. Wave attenuation in a waveguide with a plasma as a func-
tion of the discharge current [ 4 2 ] . Discharge in mercury vapor, ρ = 2 X
10"3 mm Hg, f * 3 GHz; ordinate—amplitude of wave passing through
waveguide.

e x p e r i m e n t s w e r e weak m a x i m a of the re f lected s ignal
o b s e r v e d at concentrat ions somewhat l o w e r than cr i t i-
cal; the ir amplitude w a s much l o w e r than that of the
pr incipal one.

The pr incipal re f lect ion max imum, a s e s t a b l i s h e d
a l r e a d y int4 0 '4 1^1, c o r r e s p o n d s to the r e s o n a n c e of wave
s c a t t e r i n g by a cyl inder of cold p lasma. In the c a s e
when the p l a s m a d i m e n s i o n s a r e much s m a l l e r than the
wavelength in vacuum, the condition for such a r e s o n -
ance i s d e t e r m i n e d by the w e l l known re lat ion

0 , - £ = l + e t , (40)

where t = 1 — ω 2 / ω 2 i s the effective dielectr ic constant
of the plasma and t ^ i s the dielectr ic constant of the
medium surrounding the plasma (in the case of a thin
cylindrical tube, e^ is intermediate between the values
of t of the tube mater ia l and of vacuum). When condi-
tion (40) is satisfied, the field inside the plasma and the
scattered field increase strongly.

The nature of the remaining peaks on the curves of
the type of Fig. 11 was established much l a t e r
( s e e C 4 7 ' 2 7 ' 2 9 ] ) . They could be attributed to the excitation
of volume resonances of longitudinal p lasma waves.
The propagation of longitudinal waves in the absence of
a magnetic field i s described approximately by the dis-
pers ion equation

u>2 = <$,-{-3kzv\r, (41)

which is valid when co2 3> k2v?pe. It i s seen from the
equation that the longitudinal waves can propagate in the
region cup < ω or η < n c . The region of wave propaga-
tion is bounded also on the low-concentration side,
namely, when the phase velocity approaches the thermal
velocity of the e lectrons, the coll is ionless damping of
the waves i n c r e a s e s and their propagation becomes im-
possible. Under conditions of experiments on plasma
resonances, the region of propagation of the plasma
waves at n m a x > n c extends from the surface n(r) = n c

almost to the plasma boundaries. This is connected
with the fact that in low-pressure discharges, the elec-
tron concentration in the main part of the tube usually
changes in a l imited range, from n m a x to ( 0 . 3 — 0 . 5 ) n m a x ,
and d e c r e a s e s sharply only in a layer of thickness on
the o r d e r of the Debye radius next to the wall. Inasmuch
a s the layer thickness is much smal le r than the wave-
length (krrj <S 1), it can be assumed that the p lasma
waves a re reflected from this layer without appreciable
attenuation. As a result, a radial standing wave should
be produced between the plasma boundary and the sur-
face n(r) = n c ( ω ρ = ω). In the case of low losses, when
multiple reflections are possible, the wave excitation
becomes resonant. The resonance condition can be
represented in the geometrical-optics approximation in
the formt 2 73

a n d w h e n a

k*(r)—^\

k(r)dr =

(42)

w h e r e m i s the n u m b e r of n o d e s of the s t a n d i n g wave
b e t w e e n t h e p l a s m a b o u n d a r y ( r = a) and t h e s u r f a c e
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FIG. 12. Comparison of the experimental and calculated data on the
positions of the plasma resonances ["]. The experimental data (points)
were obtained for a discharge in mercury vapor with dipole excitation
of the resonances, a = 0.5 cm, ej, = 2.1, f = 200-3000 MHz. Solid curves-
results of numerical integration of the wave equation; dashed line-re-
sults of calculation by formula (42); dash-dot line-formula (40). 1 —
Principal resonance; 2—m = 1, 3—m = 2.

η = n c (r = r c ) , ψ is the total change of phase following
reflections from these surfaces, and s depends on the
method of excitation: in dipole excitation s = 1, in quad-
rupole excitation s = 2, etc.

The calculation of the resonance conditions under the
assumption that the longitudinal waves are reflected
from the plasma boundaries (from the walls of the tube)
leads to results that agree well with the experimental
data. This is seen in Fig. 12, where the results of one
of a series of experiments are compared with the calcu-
lation results.

The amplitude of the resonant effects is determined
by the damping of the longitudinal plasma waves. The
experimentally observed decrease in the amplitude with
increasing number of the resonance (see Fig. 11) is due
to the broadening of the region of propagation of the
plasma waves, which leads to an increase in their damp-
ing. A particularly strong increase should occur in the
collisionless damping near the boundary, since the de-
crease of the boundary concentration leads to a corre-
sponding decrease of the phase velocity of the wave

[ ]
The agreement between the experimental data on the

position of the Tonks-Dattner resonances and the calcu-
lation of the conditions of the radial resonances of the
plasma waves confirms the interpretation presented
above. Recently, other confirmations of the occurrence
of plasma waves upon excitation of resonances were
also obtained.

InP49^1, Raman scattering of electromagnetic waves
from plasma oscillations produced upon excitation of
resonances was observed experimentally. Signals of two
frequencies were fed to a waveguide into which a tube
with plasma was introduced. One frequency was close
to the plasma frequency for resonance excitation, and
the other was several times larger than the plasma fre-
quency. It was demonstrated that a noticeable differ-
ence-frequency signal is registered only under condi-

*The conclusion that the damping of plasma waves increases with
decreasing boundary concentration, or upon "smearing" of the bound-
ary region where the concentration drops to zero, is confirmed by ex-
periments on the scattering of radio waves from meteor trails. In these
experiments it is usually possible to observe only one principal reso-
nance (see, for example, [48]).

tions at which plasma resonances are excited. The am-
plitude of this signal agrees in order of magnitude with
the expected value.

lnC
50D waves were excited in a plasma under condi-

tions corresponding to the first resonances with the aid
of very short microwave pulses (of duration ~1 nsec).
Reflected pulses with a considerable delay were ob-
served and could be related to the excitation of plasma
waves. The delay time of the first of these reflected
pulses corresponded to the propagation time of the slow
plasma waves from the place of generation to the plasma
boundary and back. The remaining weaker pulses corre-
sponded to multiple reflections of the plasma wave.

Finally, measurements of the radial distribution of
high-frequency electric fields in a plasma were meas-
ured inC513 following the excitation of the first Tonks-
Dattner resonances. Measurements performed with the
aid of a movable post probe have revealed the occur-
rence of a radial structure with a scale smaller than the
vacuum wavelength by a factor of several times ten.
This structure is apparently connected with a standing
plasma wave.

Thus, experiments on plasma resonances offer evi-
dence of excitation of slow longitudinal waves in the
plasma under the influence of electromagnetic waves
incident from the outside, i.e., of wave transformation.

It is significant that the main resonant peaks are ob-
served only in those cases when the maximum electron
concentration exceeds the critical value, and in the vol-
ume of the plasma there is a surface ω ρ = ω near which
the wave transformation connected with the plasma in-
homogeneity takes place.

We now proceed to describe investigations of the ex-
citation of plasma-wave resonances in the magnetic field
near the harmonics of the electron cyclotron frequency.
These investigations were initiated irf52], where intense
radiation at the harmonics of the electron cyclotron fre-
quency up to very high numbers (up to 45) was observed,
and also in experiments^53] that revealed the presence
of singularities of the absorption near the cyclotron
harmonics. Following these experiments, many investi-
gations have been devoted to the emission, absorption,
and scattering of waves near cyclotron harmonics
( s e e ^ ) . In most investigations, the experiments were
performed with a plasma in a cylindrical tube of small
diameter, along the axis of which a magnetic field was
directed. Schemes for plasma sounding were analogous
to those mentioned above. The singularities near the
harmonics of the electron cyclotron frequency were
manifest in all the experiments only in the case when
the maximum value of the upper hybrid frequency in the
plasma volume exceeded the field frequency (o>max > ω).
Figure 13 shows typical plots of microwave absorption
against the magnetic field, obtained irf54^. The curves
clearly show a fine structure of the singularities near
the second harmonic of the cyclotron frequency. A ser-
ies of absorption peaks are observed in this region, and
the distance between peaks depends on the electron con-
centration. Similar singularities were observed ΐη^55'56^
in the emission spectrum of a plasma.

InC54^ the observed absorption peaks near the second
cyclotron harmonic were compared with the resonances
of weakly-damped plasma waves propagating across the
magnetic field. At not too high a plasma temperature,
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FIG. 13. Absorption of waves by
a plasma as a function of the mag-
netic field [ S 4 ] . Helium, ρ = 0.3 mm
Hg, a = 0.4 cm, f * 5 GHz. The
curves obtained at different dis-
charge currents are shifted in a ver-
tical direction; the values of the
currents are indicated on the
figure.

the d i s p e r s i o n equation for the p l a s m a w a v e s propagat-
ing a c r o s s the magnet ic f ield h a s near the second
harmonic the form

He - ωη i<oa

He + ω| - ω2) = 3o>«ftV,v (43)

(we have omit ted h e r e t e r m s proport ional to (kv>pe)
4 and

to h igher p o w e r s ) . It d e t e r m i n e s the wave propagat ion
condit ions:

for ω

ί θ Γ ω > 2 ω ί Γ < ,
(44)

The experiments ο ί 5 4 ] reg i s tered absorption peaks at
ω < 2wj j e . The p lasma waves can propagate in this
case inside the region bounded by the inequality (44). It
i s natural to assume that the absorption peaks c o r r e -
spond to radial " i n t e r n a l " resonances . The condition
for such resonances, in the geometrical-optics approxi-
mation, can be written in a form analogous to (42):

j [ A s ( r ) - 4 ] 1 / ! * - - ( ' « + T ) n · < 4 5 )

where ri is the radius at which the field frequency i s
equal to the upper hybrid frequency, Γ2 is the turning
point near the axis, and m is the number of nodes of the
standing wave in the region from r x to r 2 . The resu l t s
of the calculation of the resonance conditions in accord-

FIG. 14. Reflection of waves from waveguide with a plasma during
the course of its decay [ " ] . Neon, ρ = 0.02 mm Hg, f « 400 MHz. Dif-
ferent curves were obtained at different values of the magnetic field;
the corresponding values of ω/cojje a r e shown on the right.

1.6
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FIG. 15. Comparison of the experimental and calculated data on the

positions of the plasma-wave resonances [ 5 7 ] . Points—experimental data;

the solid lines were calculated with the aid of formula (45).

a n c e w i t h f o r m u l a ( 4 5 ) a g r e e w e l l w i t h t h e e x p e r i m e n t a l

d a t a .

A d e t a i l e d c o m p a r i s o n of t h e e x p e r i m e n t a l d a t a o n

t h e p o s i t i o n s of t h e a b s o r p t i o n p e a k s w i t h t h e c a l c u l a t i o n

d a t a i s g i v e n i n t 5 7 ^ . F i g u r e 14 s h o w s p l o t s of w a v e r e -

f l e c t i o n f r o m a s t r i p w a v e g u i d e i n t o w h i c h a t u b e w i t h a

p l a s m a w a s i n t r o d u c e d ; t h e s e p l o t s w e r e o b t a i n e d by

v a r y i n g t h e c o n c e n t r a t i o n d u r i n g t h e p l a s m a d e c a y . It i s

s e e n t h a t t h e n u m b e r of o b s e r v e d r e s o n a n c e s i n c r e a s e s

o n d e v i a t i n g f r o m t h e s e c o n d h a r m o n i c . T h i s c o r r e -

s p o n d s t o a d e c r e a s e of t h e w a v e l e n g t h of t h e l o n g i t u d -

i n a l o s c i l l a t i o n s ( s e e ( 4 3 ) ) . A s s e e n f r o m F i g . 1 5 , t h e

e x p e r i m e n t a l d a t a o n t h e p o s i t i o n s of t h e r e s o n a n t p e a k s

a g r e e s w e l l w i t h t h e c a l c u l a t i o n i n a c c o r d w i t h ( 4 5 ) .

I n C 5 7 ] absorption resonances at ω > 2 ω π β were observed
and investigated. The plasma waves can propagate in
this case from the region u>u(r) = ω towards smal ler
concentrations (see (44)), and the resonances a re the
result of reflection of the waves from this region and
from the plasma boundaries. With decreasing magnetic
field, these resonances go over into the Tonks-Dattner
resonances considered above.

As shown ίη^ 5 8 ^, plasma-wave resonances at
ω > 3 u g e can be suppressed under certain conditions.
The effect of " s u p p r e s s i o n " of the resonances was
reg i s tered in tubes of relatively large diameter, under
conditions when there was practical ly no concentration
jump on the plasma boundary. It i s apparently connected
with the damping of the plasma waves in a region in
which the refractive index i s large (near the plasma
boundaries).

Thus, the data available on the excitation of plasma
resonances in a magnetic field confirm the existence of
efficient transformation of electromagnetic waves intro-
duced from the outside into longitudinal waves propagat-
ing a c r o s s the magnetic field. It can be noted that
resonances a r e observed only when the maximum value
of the upper hybrid frequency is l a r g e r than the field
frequency, i .e., when there exists in the volume of a
p lasma a region of t ransformation connected with the
field singularity [see formulas (34), (35) and Fig. 3 ] .

In a number of experiments, direct proof of excita-
tion of p lasma waves at frequencies close to the harmon-
ics of the electron frequency was obtained and was
based on m e a s u r e m e n t s of the distribution of the high-
frequency field in the plasma, (see, for example^ 5 9" 6 3^).
In these experiments the waves were excited in a p lasma
by means of a coupling element of the capacitive or
probe type, and the wavelength outside the plasma was



426 V. Ε. GOLANT and A. D. PILIYA

FIG. 16. Distribution of high-fre-
quency field in a plasma upon exci-
tation of waves with the aid of a probe
[ " ] . Helium, ρ = 5 X 10"4 mm Hg, a =
5 cm, η * 1 0 9 c m " 3 , H « lOOOe, f =
500 MHz. The arrow marks the point
at which corj(r) = ω.

4 J 2 I O t 2 x,cm

m u c h l a r g e r t h a n the p l a s m a d i m e n s i o n s . T h e r a d i a l

d i s t r i b u t i o n of t h e f ie ld i n t h e v o l u m e of t h e p l a s m a w a s

d e t e r m i n e d wi th t h e a id of a m o v a b l e h i g h - f r e q u e n c y

p r o b e . T h e c h a r a c t e r i s t i c d i s t r i b u t i o n o b t a i n e d inC 6 2^

i s s h o w n i n F i g . 16. T h e d i s t r i b u t i o n c o n s t i t u t e s a

s u p e r - p o s i t i o n of t h e h i g h - f r e q u e n c y f ie ld p r o d u c e d by

t h e c o u p l i n g e l e m e n t ( t h i s f ie ld d e c r e a s e s in t h e i n t e r i o r

of the plasma) and plasma waves propagating in the reg-
ions ωό > ω. The phase velocity of the plasma waves,
determined from their wavelength, is close to the calcu-
lated value.

Experiments were undertaken recently on the excita-
tion of plasma waves under conditions corresponding to
volume resonances in a magnetic field, with the aid of
short microwave pulses^64^. In these experiments
(analogous to the already mentioned experiments^15^1) on
the delay of signals reflected from the plasma, it was
possible to determine the time of propagation of the
plasma waves from the transformation region to the
axis of the plasma column, and to establish by the same
token the localization of the transformation region. In
the range of the experimental conditions, this region
coincided with the surface ω = oju(r). In addition, from
the amplitude of the reflected pulses it was possible to
estimate the transformation coefficient. It turned out to
be on the scale of several tenths, in accordance with the
theoretical estimates.

So far we have spoken of excitation of plasma-wave
resonances as a result of "localized" transformation
connected with the singularity of the field. Attention
should be called, however, to a possible influence of
another mechanism of wave transformation "distribu-
ted" over the volume of an inhomogeneous plasma, a
mechanism that becomes significant under conditions
when the characteristic dimensions of the inhomogeneity
are comparable with the wavelength of the plasma os-
cillations (see p. 422). The presence of such a mechan-
ism is evidenced apparently by the results otf61], where
measurements of the distributions of the amplitude and
phase of the field of the plasma waves excited with the
aid of a capacitive-type coupling element have shown
that a traveling plasma wave was produced in the
plasma, with a group velocity directed away from the
axis towards the periphery of the plasma. The authors
propose that under the conditions of their experiment
the decisive role was played by the "distributed" trans-
formation in the central part of the plasma. This mech-
anism was all the more important, since with the wave-
excitation method employed there the resultant wave
polarization was such that the efficiency of the trans-
formation due to the field singularity was relatively
small (see Sec. 1.2). The "distributed" transformation
could exert a strong influence on the excitation of the

plasma oscillations also in some other experiments—in
those cases when their wavelength was comparable with
the characteristic dimensions of the inhomogeneity.

2.2. Absorption in the Band Between the Electron
Cyclotron Frequency and the Upper Hybrid
Frequency

Absorption in the frequency region corresponding to
the highest transformation band (ωπβ < ω < wymax) w a s

noted in many investigations. The first data on the de-
pendence of the efficiency of absorption of microwaves
by plasma on the magnetic field were obtained inf65'63^
at small transverse plasma dimensions (compared with
the wavelength). These investigations were devoted to
the radiation and absorption of waves by a gas-discharge
plasma produced in a tube with small diameter, along
the axis of which a magnetic field was directed. It was
shown that at sufficiently high electron concentration,
the magnetic field corresponding to the absorption
maximum turns out to be smaller than the cyclotron
field, and that the shift increases with increasing con-
centration. Judging from the conclusions drawn by the
authors, the maximum of the absorption corresponds to
equality of the field frequency to a certain mean value
of the upper hybrid frequency. Incidentally, the electron-
concentration data needed for a quantitative analysis
are given only in[6B^ for a very limited range of condi-
tions. It should also be noted that measurements of the
absorption efficiency^533 were carried out at relatively
high gas pressures, at which the ratio of the electron
collision frequency to the field frequency is not very
small. In this case a definite role should be played by
the usual collision-governed absorption of the incident
wave.

Investigations of wave absorption in a plasma having
small transverse dimensions at a collision frequency
much lower than the field frequency were reported in
recent papers^6 6"6 8 3. We shall stop to discuss here the
experiments described in£ 6 6 ' 6 7 ] , since they cover a
wider range of plasma parameters. The experiments
were performed with an argon plasma produced by an
electrode discharge in a glass tube of 1 cm diameter
and 25 cm length. The magnetic field was directed along
the axis. The electron concentration on the axis was
measured with the aid of a probe. The tube was placed
in a waveguide for the 10-cm band at a small angle to
the axis, to ensure matching (see the scheme in Fig. 17).
This waveguide was used to measure the reflection
coefficient and the absorption efficiency. Figure 18
shows typical results of the measurements of the
attenuation of a signal passing through the waveguide
with the plasma at a low level of the supplied micro-
wave power. Notice should be taken of the weak depen-

FIG. 17. Scheme for plasma sounding in the experiments of [66·67].
1—Tube with plasma, 2—waveguide. The arrows show the directions of
the magnetic field (H), of the high-frequency electric field (E), and of
the sounding (P).
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FIG. 18. Attenuation of waves in a waveguide with a plasma I 6 6 ] .
Argon, ρ = 0.03 mm Hg, a = 0.5 cm, f = 3.15 GHz.

d e n c e of the r e s u l t s on the g a s p r e s s u r e , i . e . , on t h e

c o l l i s i o n f r e q u e n c y of t h e e l e c t r o n s i n the r a n g e of the

experimental conditions (ν/ω = 10~2— 1CT3).
In the examination of the experimental resu l t s

of[66-68] i t ghouid be borne in mind that under the condi-
tions of these experiments the concentration gradient in
the region of interaction between the waves in the
plasma was directed perpendicular to the magnetic field
(the magnetic field along the axis, the gradient along the
radius). Therefore the wave transformation should oc-
cur in the plasma region at which the field frequency i s
equal to the upper hybrid frequency ω = ω-jj = [a>2(r)
+ w | j e ] 1 / 2 [see formula (35)]. At a fixed frequency, the
range of magnetic fields within which a transformation
region occurs in the inter ior of the plasma i s deter-
mined by the range of variation of the concentration
inside the plasma. If the concentration changes from
zero to n m a x , then the transformation turns out to be
possible in the magnetic-field region bounded by the
inequality

s > ω2 > ω^,.

o r

1--

A c c o r d i n g l y , a t a m a x i m u m e l e c t r o n c o n c e n t r a t i o n l o w e r

than the cr i t ical value ( n m a x < n c , k > p m a x < ω) absorp-
tion was observed in the magnetic-field range from the
cyclotron field H c , at which wj j e = ω, to the field at
which W j j m a x = ω. The absence of noticeable absorption
in magnetic fields exceeding the cyclotron field can be
seen from Fig. 18. The agreement between the mini-
mum values of the field and the condition £t>Tjm a x = ω is
i l lustrated in Fig. 19. At n m a x > n c ( w p m a x > co)> ab-
sorption was observed in the ent ire range of magnetic
fields from z e r o to the cyclotron field.

The general form of the dependence of the absorp-
tion effectiveness on the magnetic field, shown in Fig.
18, is due to the shift of the surface of efficient t rans-
formation &>u(r) = ω from the axis to the per iphery when
the field changes from H m j n to H c . The initial growth of
the absorption is connected with the increase of this
surface. As this surface shifts towards the plasma
boundaries, the absorption efficiency again d e c r e a s e s
because of the increase in the relative concentration

FIG. 19. Minimum magnetic-
field values limiting the region of
wave absorption [6 6]. The solid
line corresponds to the condition

0.5

gradient in the transformation region. Data on the ab-
sorption efficiency at electron concentrations close to
threshold can be compared with the resu l t s of the calcu-
lation of the efficiency of l inear transformation per-
formed for conditions corresponding to the described
experiments 2 5^ (a parabolic radial distribution of elec-
t rons was assumed in the calculation). Such a compar-
ison is shown in Fig. 20, which gives the resu l t s of the
calculation together with the experimental data on the
dependence of the absorption on the concentration in the
absence of a magnetic field and at a fixed magnetic
field^69^. It is seen that the resu l t s agree satisfactorily.

It should be noted that in some experiments the plots
of the absorption against the magnetic field reveal weak
maxima near the e lectron cyclotron frequency harmon-
ics (seeC 5 3 > 6 6 ] ). These s ingularit ies a re apparently con-
nected with the plasma-wave resonances considered in
the preceding chapter.

Systematic investigations of the absorption of micro-
waves by a plasma with t r a n s v e r s e dimensions on the
order of the wavelength are reported in^ 7 0 " 7 3 3. These
studies were devoted to the formation of a hydrogen
plasma under the influence of microwaves in a homo-
geneous magnetic field and in magnetic t raps with mir-
r o r field configuration. The plasma was produced by
means of stationary and pulsed wave sources operating
in the 3 cm band. The microwave energy was fed to the
plasma with the aid of a cylindrical waveguide in which
a T E u mode was excited with an e lect r ic field directed
perpendicular to the axis. The plasma was produced in

i), dB

•ο Α/ χ °

.ο Α / Χ

« Α / Χ

• ν
ψ

ΑΎ , ι , ι

Α
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ο Χ
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f O-0.03
A * A-OJ
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FIG. 20. Comparison of results of wave-absorption measurements

with the results of calculation of the transformation efficiency [ 6 9 ] .

The experimental points correspond to the pressures indicated on the

figure; the solid lines represent the results of the calculation.
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FIG. 21. Diagram of experiments in which plasma was produced
under the influence of microwave power [7°-73]. 1-Tube with plasma,
2-waveguide.

a dielectric tube inserted into the waveguide (see Fig.
21). The ends of the tubes were made conical to reduce
reflections.

The plasma was formed in a magnetic field corre-
sponding to the electron cyclotron resonance. The mag-
netic field was then varied and its values limiting the
parameter region within which the plasma could be
maintained under the influence of the microwave power
(the region of "existence" of the plasma) were deter-
mined.* The concentration and the average energy of
the electrons were determined during the experiment
with the aid of microwave methods and diamagnetic
probes. The efficiency of wave absorption in the wave-
guide with the plasma was also measured. The range of
the parameter values in the described experiments is
given in the table.

The results of the determination of the region of ex-
istence of the plasma are shown in Fig. 22. In this fig-
ure, the ordinates represent the magnetic field values
limiting the region of plasma existence in different ex-
periments, and the abscissas represent the electron
concentration averaged over the plasma cross section.
The experiments showed that within the limits of the
plasma existence region, the absorption efficiency
changes from 50 to 90% in almost the entire range of
variation of the parameters. Only when the boundaries
of the region are approached (starting with magnetic

Characteristics of power input

ω

lOW

w, W/cm'

0.01—200

w-power input per unit volume of
the plasma.

Plasma parameters

a, cm

2—4

H, Oe

0—6000

p, mm Hg

10-1—10-1

"max· c m " '

109—10"

a—plasma radius, p—hydrogen pressure, U e—average electron energy

U e ,eV

I—10 3

0.

α/λ

5—1 .5

Dimensionless parameters

ω Η < / ω

0—2

ν/ω

10-2—10-5 3·

ωρ/α>

10-2- 10

f i e l d s d i f f e r i n g f r o m t h e l i m i t i n g v a l u e s b y 1 — 2 % ) d i d

t h e a b s o r p t i o n e f f i c i e n c y d e c r e a s e . T h i s s h o w s t h a t t h e

r e g i o n o f e x i s t e n c e o f t h e p l a s m a p r o d u c e d b y m i c r o -

w a v e p o w e r i s l i m i t e d b y t h e c o n d i t i o n s f o r e f f i c i e n t

a b s o r p t i o n o f t h e w a v e s , i . e . , t h a t t h e p l a s m a e x i s t e n c e

r e g i o n i s s i m u l t a n e o u s l y t h e e f f i c i e n t - a b s o r p t i o n r e g i o n .

I t i s s e e n f r o m F i g . 2 2 t h a t t h e m a x i m u m m a g n e t i c

f i e l d a t w h i c h e f f e c t i v e a b s o r p t i o n w a s o b s e r v e d w a s

o n l y a f e w p e r c e n t l a r g e r t h a n t h e c y c l o t r o n f i e l d * ( t h e

field at which a>He = ω). The minimum magnetic field at
electron concentrations lower than the critical value is
close to the field at which the maximum value of the
upper hybrid frequency is equal to the field frequency
(ωUmax = ω). This follows from a comparison of the
experimental data with the ω = α>υ(η) curve on Fig. 22.
When these are compared, it must be borne in mind that
the maximum electron concentration in the region of
interaction between the waves in the plasma exceeds
somewhat the average concentration (the largest differ-
ence may be by a factor 1.5—1.7). At electron concen-
trations larger than critical, the minimum magnetic
field was smaller by a factor 20— 30 than the cyclotron
field, and at lower fields it was impossible to maintain
the plasma because of the strong transverse diffusion.

Thus, the established boundaries of the region of
effective absorption are determined by the inequality
w He < ω < o>Tjm a x. They correspond to the limits of the
high-frequency wave-transformation band at an angle
a = 90° between the magnetic field and the concentra-
tion gradient [see formulas (34) and (35)]. In the des-
cribed experiments, the angle varied along the tube with
the plasma, and approached 90° (the gradient direction
was close to radial) in the central part of the tube. The
fact that high absorption efficiency is observed under
conditions at which transformation is possible is a
natural consequence of the fact that the characteristic
transverse dimensions of the plasma are of the order
of the wavelength. In this case the efficiency of trans-
formation and absorption, for a plane wave incident on

H/Hc

1

0.8

O.S

0.4

0.2

η

' V

• t
I

«7 to'' I n/nc 10

FIG. 22. Region of existence of plasma under the influence of
microwave power [™·73]. The experimental data were obtained for
hydrogen pressures ΙΟ'2—10"4 mm Hg;the dashed lines correspond to
the theoretical boundaries of the upper transformation band: ω =
(1) and ω = ωΐ; (2).

*In determining the region of existence of the plasma in the pulsed
regime, the magnetic field was varied within a time shorter than the
duration of the microwave pulse.

*In certain experiments, at relatively high collision frequency and
long wave-plasma interaction lengths, a broadening of the region of
existence was observed in the direction of larger magnetic fields. We do
not consider these experiments here, since the usual collision absorption
played an important role in them (see p. 430).
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the plasma, can reach several t imes 10% (see Sees. 1.3
and 1.4). In the waveguide, the absorption efficiency
may be much higher, since reflections from the metall ic
walls produce conditions for multiple interaction be-
tween the wave and the plasma. Some influence on the
absorption efficiency can be exerted also by the coupling
between electromagnetic waves of different polariza-
tion, which occurs in an inhomogeneous plasma under
conditions when the refractive indices of these waves
are close (see Fig. 4). A possible influence of this
effect i s indicated i n m .

In the described experiments, as well a s in those
considered e a r l i e r , s ingularit ies of wave absorption
were observed near the electron cyclotron frequency
harmonics from the second to the 20th£ 7 0 ' 7 1^. They were
manifest in a d e c r e a s e of the reflection coefficient of
the waves from the waveguide with the plasma near the
harmonics; accordingly, the absorption efficiency in-
creased somewhat (by 10—20%). It can be assumed that,
just as in other cases , the singularit ies near the har-
monics a r e connected with the conditions for the propa-
gation of the longitudinal waves a c r o s s the magnetic
field.

When examining the resu l t s ο ί 7 0 " 7 3 ^ , attention should
be called to the fact that, in accord with the theory of
l inear transformation, the boundaries of the wave-
absorption region and the absorption efficiency change
little following considerable variat ions of the collision
frequency and of the average e lectron energy. The ex-
per imental data on the boundaries of the efficient-
absorption region, obtained at different gas p r e s s u r e s ,
agree well with a common curve (see Fig. 22). The
range of variation of the collision frequency for which
these data were obtained constitutes three o r d e r s of
magnitude (y/ω = 10~2—10~5). The t r a n s v e r s e electron
energy was a l tered in the experiments by application of
a short microwave pulse whose duration was s h o r t e r
than the energy loss t ime. An increase of the energy
from several e lectron volts to one keV did not lead to a
considerable change in the absorption efficiency.

Finally, one must emphasize the weak dependence of
the absorption efficiency on the high-frequency field
intensity. Absorption data obtained at different high-
frequency powers differ l ittle, although the power varia-
tion, at a fixed electron concentration, reached two
o r d e r s of magnitude (in the pulsed regime). This can be
regarded as an indication that the absorption mechanism
in the described exper iments was l inear. Such a resul t
agrees with the est imate of the conditions for the influ-
ence of nonlinear effects on wave transformation, given
in Sec. 1.2. The minimum intensity of the high-frequency
electr ic field outside the plasma in the experiments
(~100 V/cm) satisfies, as can be readily verified, the
inequality (31).

The connection between absorption and transforma-
tion of waves in a p lasma having t r a n s v e r s e dimensions
on the order of the wavelength was recently confirmed
irf75 3, where m e a s u r e m e n t s were made of the localiza-
tion of the absorption region. In this experiment, the
plasma was produced in a toroidal metal l ic chamber,
along the axis of which a magnetic field was directed,
under the influence of microwave power in the 3-cm
band. At sufficiently low neutral-gas p r e s s u r e in the
chamber (p » 10"3 mm Hg in hydrogen), the plasma was

homogeneous along the torus . A movable electrostat ic
probe was used to determine the t r a n s v e r s e electron
distribution. The same probe was used to determine the
location of the absorption of the microwave power,
which was revealed by the sharp increase of the fast-
electron current (the current to the probe was regis-
tered at a negative bias). Typical measurement resu l t s
are shown in Fig. 23. In all cases , the absorption region
turned out to be localized between the surface in the
plasma on which the upper hybrid frequency is equal to
the field frequency (ω\] = ω) and a surface corresponding
to much higher concentrations, with the maximum ab-
sorption always shifted relative to the surface WTJ = ω
(this i s seen also from Fig. 23). It follows therefore
that the absorption cannot be connected with " c o l d "
electromagnetic waves, since the absorption maximum
f o r t h e s e w a v e s would o c c u r on t h e s u r f a c e OJ\J = ω, and

t h e s e w a v e s c a n n o t p r o p a g a t e a t a l l i n t h e r e g i o n of

m u c h h i g h e r c o n c e n t r a t i o n s . At the s a m e t i m e , t h e

p l a s m a w a v e s s h o u l d a t t e n u a t e p r e c i s e l y i n t h a t r e g i o n

w h e r e a b s o r p t i o n w a s o b s e r v e d , n a m e l y , t h e y a r e f o r m e d

on the surface ω υ = ω and propagate towards higher
concentrations. Calculations show that the collision-
damping length of the plasma waves under the conditions
of the performed experiments is close to the experi-
mentally determined dimensions of the absorption
region.

The experimental data on wave absorption in a plasma
with dimensions much l a r g e r than the wavelength, under
conditions when l inear transformation i s possible, are
reported irf76"78^. In these investigations, the absorption
efficiency was determined from m e a s u r e m e n t s of the
intensity of the thermal radiation of the plasma (as is
well known, the relation between these character i s t ics
i s uniquely determined by the electron temperature) .
Int 7 6 ' 7 7 · ! a re described experiments with a cesium
plasma using apparatus with surface thermal ionization
(the so-called Q machine). The thermal ionization was
effected in the apparatus on end plates, and the magnetic
field was directed along the axis; the concentration
gradient was perpendicular to the axis. In the experi-
ment ot f 7 8 ] , a low-frequency discharge plasma was pro-
duced in a tube of rectangular form. The measurements
of the plasma radiation intensity (in the 3-cm and
0.8-cm bands) were made with the aid of antennas
placed near the plasma boundaries so a s to receive
radiation with a high-frequency e lectr ic field polarized
perpendicular to the main magnetic field.

In experiments performed in a homogeneous magnetic
field, the radiation in the region between the electron

FIG. 23. Localization of the region
where waves are absorbed by a plasma
["]. H 2 ,p= l(r3mmHg, f=9.45
GHz. 1 —Electron concentration, 2—
probe current at negative bias; the
location of the surface oju(r) = ω is
marked by arrows (the data are given
for two instants of time after the
start of the microwave pulse).



430 V. Ε . G O L A N T a n d A . D . P I L I Y A

cyclotron frequency and the lower hybrid frequency

turned out to be quite weak. Its intensity was much

lower than the black-body radiation intensity calculated

from the electron t e m p e r a t u r e . Figure 24 shows, by

way of example, the resu l t s of the measurements oft 7 8 ] ,

under conditions when a definite role was played by

collision absorption (ν/ω « 10"2). The curve shows two

maxima. The first has been demonstrated to correspond

to the appearance of cutoff of the electromagnetic wave

(the wave ceases to p a s s through the plasma), and the

second to cyclotron resonance beyond which the cutoff

d i sappears . The absorption intensity d e c r e a s e s greatly

between the maxima. It is natural to attribute this dip

to the influence of the opacity " b a r r i e r " that makes the

transformation region inaccessible to the wave incident

on the p lasma when the plasma dimension greatly ex-

ceeds the wavelength (see p . 420). As noted e a r l i e r , the

opacity region between the plasma boundary and the

transformation region can be eliminated in an inhomo-

geneous magnetic field if the field outside the plasma

exceeds the cyclotron value and d e c r e a s e s from the

periphery towards the axis (see Fig. 5). To verify this

effect, a t r a n s v e r s e inhomogeneity of the magnetic field

was produced in the experiments ο ί 7 6 ^ . Under condi-

tions when the magnetic field near the receiving antenna

was l a r g e r than the cyclotron field and a region in which

ci>U = ω existed in the inter ior of the plasma, the radia-

tion intensity turned out to be close to that of a black

body (Fig. 25). This result shows that the absorption

efficiency i s close to 100%. It a g r e e s with the theoret i-

cal conclusion that l inear transformation has high effi-

ciency in the absence of an opacity region.

Thus, the experimental data obtained inC66"78] con-

cerning the absorption of waves by a p lasma agree with

the l inear-transformat ion theory. Absorption in the

frequency region o»ue < ω < W T j m a x

 w a s a l s 0 observed

in other investigations devoted to the effects produced

1, dB

1.0 2.2 2.8 3.4 4.0 H, Oe

FIG. 24. Radiation intensity of decaying high-frequency discharge
plasma against the magnetic field [ 7 S ] . Helium, ρ = 0.28 mm Hg, / = 5
cm, η = 4 X 1 0 " cm' 3 , f = 9.15 GHz (2/ is the dimension of the plasma
in the sounding direction). The arrow marks the field at which c o u m a x

 =

V'o
0.8

0.6

O.2

0,
097 0.98 0.99 1.00 1.01 H/H,

FIG. 25. Radiation intensity of a plasma
in a setup with thermal ionization [ 7 6 ] . Cs,
a = 1.5 cm, n = 2 Χ 101 1 cm' 3, Τ * 2300°K.
1 -Homogeneous magnetic field, 2—inhomo-
geneous field increasing from the plasma
axis towards the antenna, 3—inhomogene-
ous field decreasing from the plasma axis
towards the antenna. The ordinates repre-
sent the ratio of the measured radiation
intensity to the calculated black body radi-
ation intensity at Τ = 2300°K(I0).

a t t h e h a r m o n i c s of t h e e l e c t r o n c y c l o t r o n f r e q u e n c y , t o

m i c r o w a v e d i s c h a r g e , a n d t o t h e f o r m a t i o n a n d h e a t i n g

of p l a s m a i n m a g n e t i c t r a p s u n d e r t h e in f luence of

m i c r o w a v e p o w e r ( s e e , f o r e x a m p l e / 7 9 " 8 5 ^ ) . H o w e v e r ,

we s h a l l not c o n s i d e r t h e s e i n v e s t i g a t i o n s , s i n c e t h e y

do not d e a l with t h e a b s o r p t i o n c o n d i t i o n s and m e c h a n -

i s m , and c o n t a i n no i n f o r m a t i o n on t h e a b s o r p t i o n effi-

c i e n c y . We n o t e only t h a t t h e a s s u m p t i o n t h a t t h e ob-

s e r v e d a b s o r p t i o n i s c o n n e c t e d wi th wave t r a n s f o r m a -

t i o n d o e s not c o n t r a d i c t t h e e x p e r i m e n t a l d a t a .

2 . 3 . A b s o r p t i o n i n t h e Band B e t w e e n t h e E l e c t r o n

C y c l o t r o n F r e q u e n c y and t h e L o w e r H y b r i d F r e q u e n c y

In t h i s s e c t i o n we c o n s i d e r e x p e r i m e n t a l i n v e s t i g a -

t i o n s i n w h i c h d a t a w e r e o b t a i n e d on t h e a b s o r p t i o n in

t h e m i d d l e b a n d of t r a n s f o r m a t i o n f r e q u e n c i e s . T h e

p o s i t i o n of t h i s b a n d a n d i t s b o u n d a r i e s a r e d e t e r m i n e d

by f o r m u l a s (34), (36), a n d (37) ( s e e a l s o F i g . 3) . T h e

c o r r e s p o n d i n g r a n g e of p l a s m a p a r a m e t e r s , w i t h i n

w h i c h t r a n s f o r m a t i o n i s p o s s i b l e at a f ixed f r e q u e n c y ,

i s i l l u s t r a t e d b y F i g . 2 6 . T h e u p p e r a n d m i d d l e t r a n s -

f o r m a t i o n b a n d s i n t h e f i g u r e c o r r e s p o n d t o m a g n e t i c

f i e l d s s m a l l e r and l a r g e r t h a n t h e c y c l o t r o n f ield. We

s e e t h a t a t c o n c e n t r a t i o n s h i g h e r t h a n c r i t i c a l , t h e

t r a n s f o r m a t i o n i s p o s s i b l e a t m a g n e t i c f i e l d s both

s m a l l e r a n d l a r g e r t h a n the c y c l o t r o n f ie ld . B e t w e e n t h e

p a r a m e t e r r a n g e s c o r r e s p o n d i n g to t h e two t r a n s f o r m a -

t i o n b a n d s , h o w e v e r , t h e r e i s a " g a p , " a r e g i o n in w h i c h

l i n e a r t r a n s f o r m a t i o n i s i m p o s s i b l e . T h e width of t h i s

gap d e p e n d s on t h e a n g l e a b e t w e e n t h e c o n c e n t r a t i o n

g r a d i e n t and the m a g n e t i c f ie ld. At s m a l l a n g l e s t h e g a p

is small (H c < Η < H c / c o s a). It i n c r e a s e s with in-

creasing angle and at a = π/2 it covers the region of

fields between the cyclotron field and the magnetic field

a t w h i c h O > L m a x = ^ ( H c < Η < H c V m j / m e ) .

L e t u s c o n s i d e r f i r s t the e x p e r i m e n t a l d a t a on t h e

a b s o r p t i o n of m i c r o w a v e s a t m a g n e t i c f i e lds s t r o n g e r

t h a n t h e c y c l o t r o n f ield, and l e t u s c o m p a r e t h e a b s o r p -

t i o n c o n d i t i o n s wi th t h e w a v e - t r a n s f o r m a t i o n c o n d i t i o n s .

A t t e n t i o n s h o u l d be c a l l e d f i r s t t o t h e fact t h a t i n t h e

e x p e r i m e n t s d e s c r i b e d i n t h e p r e c e d i n g s e c t i o n , no

n o t i c e a b l e a b s o r p t i o n w a s o b s e r v e d a t m a g n e t i c f i e lds

e x c e e d i n g t h e c y c l o t r o n f ie ld by m o r e t h a n s e v e r a l p e r -

FIG. 26. Ranges of plasma parameters within which linear transfor-
mation is possible. I.-Range corresponding to upper transformation
band, II—range corresponding to middle transformation band. The dif-
ferent curves correspond to the high-frequency band boundaries at the
values of the angle a indicated on the figure.
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cent. This result agrees with the presence of a gap be-
tween the p a r a m e t e r regions corresponding to the wave-
transformation bands. In the experiments of[56~68], in
which p lasma was investigated in long tubes of small
diameter, the angle between the concentration gradient
and the magnetic field was close to 90° and the width of
the gap between the high-frequency transformation reg-
ions, a s noted above, was very la rge . Therefore, natur-
ally, there was no noticeable absorption in the range of
magnetic fields from the cyclotron value to a field
1.5—2 t imes l a r g e r than the cyclotron field (see Fig.
18). InC 7 0 " 7 3 ], in which the region of existence of a
plasma under the influence of microwave power was
determined, the plasma produced at a cyclotron mag-
netic field vanished under the conditions of most experi-
ments when the field rose to 3— 5% above the cyclotron
value (see Fig. 22). This indicates that the p a r a m e t e r
region in which coll is ionless absorption is impossible
has been reached. Only in certain experiments, at an
electron concentration higher than cr i t ical , and at a
relatively high electron collision frequency and a large
interaction length (L m 20 λ) , when there was noticeable
collision absorption, did the region of plasma existence
broaden to include stronger magnetic fieldsE71^. In this
case the absorption efficiency decreased in magnetic
fields slightly exceeding the cyclotron field, but with
further increase of the field (to values double the cyclo-<-
tron field) the efficiency again increased. It can be as-
sumed that the observed decrease of the absorption effi-
ciency is connected with the passage through the gap be-
tween the transformation regions. Such a conclusion,
however, cannot be regarded as proved.

Experimental evidence of the existence of collision-
l e s s absorption at magnetic fields greatly exceeding the
cyclotron value was first obtained in^8 6^. In this experi-
ment the plasma was produced in a cylindrical tube of
2.5 cm diameter, placed in a homogeneous magnetic
field para l le l to the axis. The tube was filled with hydro-
gen. The plasma was produced by microwaves from a
t h r e e - c e n t i m e t e r stationary generator in the electron
cyclotron resonance regime. The absorption of waves
of lower frequency, with t o g e / u « 3, in such a plasma
was determined. To this end, the tube with the plasma
was inserted in a rectangular waveguide (Fig. 27).
Power was fed to the waveguide from a low-power
10-cm source. A probe was used to determine the
attenuation of the signal passing through the waveguide
with the plasma. The reflection coefficient from the
waveguide was also measured. The average electron
concentration and the electron longitudinal distribution
were detemrined with the aid of a resonator that moved
longitudinally. The resu l t s of the measurements of the
wave absorption in the waveguide with the plasma at
different hydrogen p r e s s u r e s (p = 2 χ ΙΟ"4—10~3 mm Hg,
ν/ω = 5 χ 10"5— 2.5 χ 10~4) a re shown in Fig. 28. As seen

τ), dB

ρ
λ = 10 cm

F I G . 2 7 . S c h e m e f o r f e e d i n g m i c r o w a v e e n e r g y t o a p l a s m a i n t h e

e x p e r i m e n t s o f [ 8 6 · 8 7 ] . 1 — T u b e w i t h p l a s m a , 2 — w a v e g u i d e f o r 3 - c m

b a n d , 3 - w a v e g u i d e f o r 1 0 - c m b a n d . *

F I G . 2 8 . A b s o r p t i o n o f m i c r o -

w a v e s b y a p l a s m a a t a m a g n e t i c

field e x c e e d i n g t h e c y c l o t r o n v a l u e

( H / H c « 3 ) [ 8 6 ] . T h e e x p e r i m e n t a l

d a t a w e r e o b t a i n e d a t d i f f e r e n t

a r g o n p r e s s u r e s , a s i n d i c a t e d i n t h e

f i g u r e .

f r o m t h e f i g u r e , s t r o n g a b s o r p t i o n o c c u r s s t a r t i n g w i t h

a c o n c e n t r a t i o n c l o s e t o c r i t i c a l . T h e d e p e n d e n c e o n t h e

c o n c e n t r a t i o n i s t h r e s h o l d - l i k e a n d a b r u p t . T h e a b s o r p -

t i o n e f f i c i e n c y i n c r e a s e s b y a l m o s t o n e o r d e r o f m a g n i -

t u d e w h e n t h e c o n c e n t r a t i o n i s d e c r e a s e d w i t h i n 4 0 % .

A t t e n t i o n s h o u l d b e c a l l e d t o t h e f a c t t h a t t h e a b s o r p t i o n

e f f i c i e n c y n e a r t h e t h r e s h o l d i s p r a c t i c a l l y i n d e p e n d e n t

o f t h e g a s p r e s s u r e , i . e . , o f t h e e l e c t r o n c o l l i s i o n f r e -

q u e n c y : t h e d a t a o b t a i n e d a t d i f f e r e n t p r e s s u r e s f i t o n

o n e c u r v e . T h e o b s e r v e d a b s o r p t i o n t h r e s h o l d a t

η ss 0.75 n c ( n m a x = (1—2)nc) corresponds to the boun-
dary of the middle transformation calculated from
formula (36) at an angle a < 45° between the concentra-
tion gradient and the magnetic field. In fact, under the
experimental conditions, the angle a va r ie s in the reg-
ion of plasma-wave interaction from small values near
the end of the tube with the plasma to values close to
90° in the midsection, and one can speak only of a cer-
tain value of a averaged over the interaction re°gion.
The independence of the experimental result of the gas
p r e s s u r e is apparently connected with the fact that the
concentration distribution remains practical ly unchanged
(meaning also the value of "a)—at low p r e s s u r e s , when
the charged-part icle mean free path is l a r g e r than the
tube dimension, this distribution is determined by the
shape of the tube.

The data on the boundaries of the wave-absorption
band in magnetic fields la rger than the cyclotron value
were obtained irf87^ by determining the region of exis-
tence of the microwave-induced plasma*. In these ex-
per iments , unlike the analogous experiments in mag-
netic fields weaker than the cyclotron field (described
in the preceding section), it was impossible to use the
same microwave source to produce the plasma and to
maintain its stationary state in the existence region.
This is due to the presence of the already mentioned
gap between the cyclotron magnetic field in which
plasma can be produced at low concentrations and the
absorption region, which corresponds to the middle
transformation band (Fig. 26). Therefore a separate
generator was used inC87^1 to form the plasma, with a
frequency much higher than the frequency of the main
source. The plasma was produced in an argon-filled
quartz tube of 2.5 cm diameter . The stationary magnetic
field was directed along the axis. On one side of the
tube, power was fed through a waveguide from a station-
ary 10-cm source, and from the other side power was
fed from a pulsed 3-cm source (see Fig. 27). The elec-
tron concentration was measured with a high-frequency

•Further development of the experiments of [87] is described in
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inter ferometer . The pulsed source was used to obtain
plasma in the e lectron-cyclotron-resonance regime.
After the pulsed source stopped operating, the plasma
was kept up at sufficiently high concentrations by ab-
sorption of energy from the main stationary generator
(at one third the cyclotron frequency). By varying the
magnetic field and the supplied power (i .e., the concen-
tration) it was possible to determine the plasma-exis-
tence region boundaries corresponding to the boundaries
of the region of efficient absorption.

Figure 29 shows the measurement resu l t s at two
argon p r e s s u r e s (p = 1.2—3.6 χ 10"2 mm Hg, ν/ω
= 10~3—10"2). The experiment has clearly demonstrated
the gap between the regions of efficient absorption as
the magnetic field is decreased from i ts initial value
(three t i m e s the cyclotron value). The plasma vanished
at the field values designated in Fig. 29. The discharge
was r e s t o r e d at a magnetic field close to the cyclotron
value, and existed down to small values of the field. The
experimental data on the boundaries of the region of
efficient absorption at two p r e s s u r e s , a s seen from
Fig. 29, agree with the theoret ical boundaries of the
transformation region a s calculated from formula (36)
at angles a equal to 40 and 60°. These angles should be
compared with the mean values of the angles between
the concentration gradient and the magnetic field in the
region of plasma-wave interaction. Under the conditions
of the described experiment, the distribution of the
charged-part icle concentrations should be determined
by the rat io of the longitudinal and t r a n s v e r s e diffusion
coefficients (unlike in the preceding investigation, the
mean free path of the ions was much shorter than the
length of the tube with the plasma). Order-of-magnitude
es t imates of the average angles between the concentra-
tion gradient and the magnetic field, based on the known
values of the diffusion coefficients, tan α = (D||/Dj_) ,
agree with the values given in Fig. 29. The increase of
a with decreasing p r e s s u r e is attributed to the growth
of the longitudinal-diffusion coefficient.

Analogous experiments on the determination of the
region of existence of p lasma induced by high-frequency
power were performed recently^ 8 8] in another frequency
band (100—300 MHz) using a different method of supply-
ing the high-frequency energy (the energy was fed to a
tube with independently-produced plasma with the aid of
a single-turn system). In these experiments, too, the
determined boundaries of the existence region turned
out to be in good agreement with (36).

Collisionless wave absorption by a plasma under a
wide range of conditions, corresponding to the middle
transformation band (in magnetic fields exceeding the

FIG. 29. Region of existence
of a plasma induced by micro-
wave power at magnetic fields ex-
ceeding the cyclotron field [ 8 7 ] .
Experimental points: 1—p= 1.2
Χ Κ Τ 2 , 2 - ρ = l(r2mm

cyclotron value, and at concentrations much l a r g e r than
crit ical), was reg i s tered also irf89^, in which the region
of existence of the plasma was determined with the
microwave power supplied through a slow-wave system.
Qualitatively the resu l t s of this investigation agree with
the resu l t s ο ί 8 7 ^ , which were described above, and the
authors ofC89] a s sume that they admit of an analogous
interpretation. Incidentally, a definite role in the ex-
periment of[89^ could be played also by direct absorp-
tion of slow waves excited from the outside by the
Landau mechanism.

We proceed now to investigate wave absorption by a
plasma at frequencies corresponding to the lower hybrid
frequency band

Γ ω? Ί1/2

Hg (Ar); the solid line corre-
sponds to the theoretical bound-
aries of the middle transforma-
tion band at a = 40 and 60°.

15 n/n0

o r a t f r e q u e n c i e s c l o s e t o i t . A b s o r p t i o n i n t h i s f r e -
q u e n c y r e g i o n w a s o b s e r v e d i n a n u m b e r of i n v e s t i g a -
t i o n s ( s e e , f o r e x a m p l e , C 9 0 " 1 0 1 : i ) . T h e f i r s t of t h e m w e r e
a i m e d a t s t u d y i n g v o l u m e r e s o n a n c e s of m a g n e t o s o n i c
w a v e s r 9 0 ~ 9 2 ^ . T h e s e i n v e s t i g a t i o n s h a v e d e m o n s t r a t e d
ef fect ive p e n e t r a t i o n of t h e w a v e s i n t o the p l a s m a and
t h e i r s t r o n g a b s o r p t i o n u n d e r c o n d i t i o n s of m a g n e t o -
s o n i c r e s o n a n c e s . At suf f ic ient ly h igh s o u r c e p o w e r ,
c o n s i d e r a b l e h e a t i n g of t h e i o n s u n d e r t h e inf luence of
t h e m a g n e t o s o n i c w a v e s w a s o b s e r v e d ^ 9 3 ' 9 4 3 . T h e m e a s -
u r e d a b s o r p t i o n and h e a t i n g e f f i c i e n c i e s could not be
a t t r i b u t e d i n m a n y c a s e s t o c o l l i s i o n s ^ 9 2 " 9 4 ] . It i s p o s s i -
b le t h a t a n a p p r e c i a b l e r o l e w a s p l a y e d i n t h e s e c a s e s
by a b s o r p t i o n c o n n e c t e d wi th l i n e a r w a v e t r a n s f o r m a -
t i o n .

I n v e s t i g a t i o n s of a b s o r p t i o n i n a h i g h - f r e q u e n c y d i s -
c h a r g e p l a s m a of low p r e s s u r e i n a m a g n e t i c f ield a r e
d e s c r i b e d i n C 9 5 ' 9 6 ] . In d i f f e r e n t g a s e s , the a u t h o r s ob-
s e r v e d a b r o a d a b s o r p t i o n m a x i m u m at f r e q u e n c i e s
close to the lower hybrid frequency (ω = (1— 5 ) a > L m a x ) .
A decisive influence on the absorption was exerted in
these experiments by collisions, since the effective
collision frequency was of the o r d e r of the field fre-
quency (ν/ω = 0.1—5). The role of the transformation
could therefore not be large .

Experiments on the interaction of high-frequency
waves with a plasma at lower collision frequencies, at
which the influence of the collision absorption is small ,
a re reported inC9 7"1 0 1^. irf 9 7 ] there is a brief description
of an experiment on plasma heating by high-frequency
power at frequencies corresponding to the lower hybrid
frequency band. The authors indicate that, according to
prel iminary data, the efficiency of energy input to the
plasma turned out to be much higher than the efficiency
of the ordinary collision absorption.

More detailed information on the conditions of effec-
tive wave absorption by a plasma a r e given i n [ 9 B ] ,
which descr ibes investigations of a plasma produced in
a magnetic t rap of the m i r r o r type under the influence
of high-frequency power (f = 130—150 MHz). The high-
frequency field was introduced into the plasma from the
ends with the aid of two coaxial waveguides (see Fig. 30).
The plasma was produced in a chamber 1 m long filled
with hydrogen or helium at p r e s s u r e s 10~3—10~4 mm Hg.
The charged-part icle concentration was 10 u —10 1 4 cm" 3,
and the magnetic field was 5—10 kOe. Under such con-
ditions, the boundaries of the p lasma column practically
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FIG. 30. Scheme for supply-
ing high-frequency power to the
plasma in the experiments of [9 8].
1—Metal chamber, 2—coaxial
leads, 3—ceramic insulators.

coincided with the force l ines of the magnetic field, i .e.,
the concentration gradient was perpendicular to the
magnetic field. The efficiency of absorption of high-
frequency power by the plasma could be a s ses sed by
measuring the glow of the spectra l l ines. At ρ « 10~*
mm Hg and η « 101 2 cm" 3, a strong dependence of the
glow intensity on the constant magnetic field was estab-
lished (see the character i s t ic curve on Fig. 31). A de-
crease in the magnetic field to values corresponding to
w L m a x ~ ω ^ec^ t° a s n a r P decrease of the glow inten-
sity, and at the lowest p r e s s u r e s also to termination of
the discharge owing to the decreased absorption effi-
ciency. It i s natural to assume that this effect i s con-
nected with leaving the l imits of the wave transformation
region—with a concentration gradient perpendicular to
the magnetic field, the high-frequency boundary of the
middle transformation band corresponds exactly to the
condition w L m a x = ω [see (34), (37), and Fig. 26]. At
high concentrations (η = ΙΟ 1 3—10 1 4 cm" 3 ), the absorption
efficiency turned out to be s m a l l e r and i ts dependence
on the magnetic field weaker. The authors attr ibute this
change to the appearance of an opacity b a r r i e r that
makes the region ω = COL inaccessible. Indeed, the value
of k z , determined by the distance between the elec-
t rodes , turns out at large concentrations to be insuffi-
cient to satisfy the accessibil i ty condition (see p. 420).

The influence of the method of wave excitation and of
the plasma c h a r a c t e r i s t i c s on the maximum-absorption
condition is described i r i 9 9 > 1 0 0 ] . These experiments
were devoted to a study of the absorption of a weak
high-frequency signal. The plasma was produced inde-
pendently with the aid of a microwave discharge in a
tube of 5 cm diameter filled with hydrogen at p r e s s u r e s
5 χ 10~4— 1(T2 mm Hg. The magnetic field had a m i r r o r
configuration, but in the central part it was practical ly
homogeneous. In this part, a signal from a high-fre-
quency generator operating at 120—140 MHz was applied
to the tube with the aid of a turn 6—12 cm long (see Fig.
32). The longitudinal concentration distribution was de-
termined with the aid of a microwave inter ferometer
and a diamagnetic probe, both of which could be moved
longitudinally. At low p r e s s u r e s (p < 10*3 mm Hg), the
longitudinal change of the concentration in the region of
the high-frequency turn did not exceed 10%, i .e., the
concentration gradient was perpendicular to the mag-
netic field. At higher p r e s s u r e s , the concentration de-
creased noticeably away from the discharge region

1, rel. un.

0.S

FIG. 31. Glow intensity of a plasma
produced by high-frequency power [9 8].
1-H2, ρ «= 10"4 mm Hg, η * 101 2 cm"3,
line H0; 2-He, ρ * 10"4 mm Hg, η % 101 2

cm"3; 3-He, ρ * 10"4 mm Hg, η « 1012

cm"3. The arrows mark the values of Η cor-
responding to the condition ωτ^ = ω.

t o w a r d s t h e o p p o s i t e end of t h e t u b e , owing t o t r a n s -

v e r s e dif fusion. T h e m a x i m u m c o n c e n t r a t i o n r e a c h e d

2 χ 101 2 cm" 3 .

When the magnetic field varied, a broad absorption
maximum was observed under different conditions. At
low gas p r e s s u r e s , the absorption maximum was ob-
served at a magnetic field at which the largest value of
the lower hybrid frequency was close to the field fre-
quency. A change of the dimensions of the exciting turn
and its rotation through 10° relative to the tube produced
no change whatever in the magnetic field corresponding
to the maximum absorption. On the other hand, an in-
crease of the p r e s s u r e from 5 χ 10~4 to 10*2 mm Hg led
to an increase of the maximum-absorption frequency by
1.5 t imes . The resu l t s agree with the assumption that
the absorption i s due to the l inear wave transformation.
Indeed, the limiting frequency of the transformation band
does not depend on the method of excitation and i s deter-
mined by the angle between the concentration gradient
and the magnetic field. With increasing p r e s s u r e , the
average value of this angle, as indicated, deviates from
90° and the limiting frequency of the middle transforma-
tion band increases [in accord with (37), even a small
deviation of « from 90° should greatly a l ter the limiting
frequency]. This may be the reason for the observed
increase in the maximum-absorption frequency.

The same apparatus was also used to perform ex-
per iments on plasma heating in a waveguide at a p r e s -
sure 5 χ 10 4 mm Hg and at charged-particle concentra-
tions 5 χ 1 0 1 1 - 5 χ 101 2 cm"3C1 0 1^. The method of produc-
ing the p lasma and the scheme for supplying the high-
frequency energy in these experiments were analogous
to those used in the preceding experiments (see Fig. 32).
Heating was with a pulsed generator of frequency
Λ 120 MHz and 3 kW power at a pulse duration 2 μ sec.
The change of the t r a n s v e r s e charged-particle energy
due to heating was determined from the increase of the
diamagnetic signal (the concentration remained un-
changed during the time of the pulse, since there was no
time for ionization to develop). A typical plot of the
heating against the magnetic field is shown in Fig. 33.
We see that the heating efficiency d e c r e a s e s sharply
when the magnetic field d e c r e a s e s to values correspond-
ing to WLmax "^ ω> ί·Θ·> o n leaving the l imits of the

H,Oe

130 MHz;

FIG. 32. Diagram showing the supply of high-frequency energy to
the plasma in the experiments of ["- 1 0 1]. 1-Tube with plasma, 2—
waveguide for the 3-cm waves used to form the plasma, 3—turn to feed
the high-frequency signal in the 120— 140 MHz range.

F I G . 3 3 . P l a s m a h e a t i n g u n d e r t h e

i n f l u e n c e o f h i g h - f r e q u e n c y p o w e r

[ 1 0 1 ] . H 2 , p ~ 5 X 1 0 " 4 m m H g , n m a x

= 1 . 4 X 1 0 1 2 c m " 3 , f = 1 1 6 M H z , p =

3 kW, τ = 2 Msec. The arrow marks the
value of Η corresponding to the con-
dition . J.C Η, Oe
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transformation region. The maximum plasma heating
efficiency reached 20%. Measurements of the longi-
tudinal distribution of the diamagnetic signal have
shown that a considerable fraction of the energy input
was used to heat the ions (the diamagnetic signal de-
creased appreciably when the region of energy input was
moved away to a distance close to the ion mean free
path). It should be noted that the energy-input efficiency
decreased at maximal electron concentrations
(n > 1012 cm"3). This decrease, just as in the experi-
ments oft38^, could be connected with the influence of
the opacity barrier.

CONCLUSION

The review of the research on absorption of high-
frequency waves by a plasma, presented in the present
article, shows that the absorption is due in a wide range
of conditions to transformation of the incident wave into
a slow plasma wave—a transformation connected with
the inhomogeneity of the plasma. We note the main re-
sults evidencing that the experimental data on the ab-
sorption agree with the conclusions of the theory of
linear wave transformation.

1. In the band between the lower hybrid frequency
and the upper hybrid frequency there are two regions
of collisionless absorption. Their boundaries practically
coincide with the theoretical boundaries of the wave-
transformation regions.

2. The positions of the efficient absorption regions
are not connected with the method of wave excitation,
but depend essentially on the angle between the concen-
tration gradient and the magnetic field.

3. In the upper transformation-frequency band, at
plasma dimensions on the order of the wavelength, a
high efficiency of collisionless absorption is obtained,
in agreement with the predictions of the theory. For the
case of a plasma with dimensions smaller than the
wavelength, for which numerical calculations of the
transformation efficiency have been made, the results
of the calculations agree quantitatively with the absorp-
tion-efficiency measurements.

4. At plasma dimensions greatly exceeding the wave-
length, high absorption efficiency (in the upper band of
the transformation frequencies) can be obtained only in
an inhomogeneous magnetic field, under conditions when
the region of opacity between the plasma boundary and
the transformation surface is eliminated.

5. Within the limits of the transformation bands, the
wave- absorption efficiency depends little on the colli-
sion frequency and on the charged-particle temperature
when these parameters are varied in a wide range. The
absorption efficiency also changes little when the high-
frequency field intensity is varied over a considerable
range.

6. Measurements of the absorption localization, per-
formed for the upper band of the transformation fre-
quencies, have shown that absorption takes place in the
region of propagation of the plasma waves produced as
a result of the transformation.

We have considered in this article data on the influ-
ence of the transformation on the absorption of waves
by a plasma. The transformation can also determine
the inverse process, radiation, under conditions when

plasma waves are excited in the plasma. However, the
interpretation of the radiation experiments is in many
cases ambiguous, since there are no reliable data on
the characteristics of the waves excited in the plasma.
Without stopping to describe these experiments, we
mention here only some of them.

We have already discussed experiments on thermal
radiation from a plasma under conditions when the in-
fluence of the transformation is significant1 1 6 5 '6 8 '7 6 '7 7 3.
In essence, what was determined in them was the ab-
sorption coefficient, since at a given electron tempera-
ture the thermal radiation is uniquely connected with
this coefficient.

Strong above-thermal radiation of high-frequency
waves was observed in many experiments with a plasma
having a nonequilibrium electron velocity, particularly
in experiments with a plasma pierced by an electron
beam (see, for example, [ 1 0 2 ' 1 0 8 ]). Since plasma waves
which cannot be radiated directly are excited in such a
plasma, the observed radiation is connected with wave
transformation. The nature of the transformation could
be different in different experiments—in addition to
linear transformation connected with the plasma inhomo-
geneity, an important role could be played by trans-
formations connected with strong inhomogeneity of the
plasma-wave field, and also nonlinear transformations
of different types. Apparently, however, in some ex-
periments where radiation was observed at frequencies
higher than the electron cyclotron frequency (it was
particularly strong near cyclotron harmonics), the
linear transformation connected with the inhomogenei-
ties of the plasma played the decisive role. This is evi-
denced by the fact that intense radiation was observed
only under conditions when the maximum value of the
upper hybrid frequency was higher than the radiation
reception frequency^82'106'1073, i.e., when a transforma-
tion region existed in the volume of the plasma. The
conclusions of the theory of linear transformation agree
with the observed decrease of the radiation intensity
with increasing transverse dimensions of the plasma,
when they exceed the wavelength, and also with the de-
crease of the radiation intensity at appreciable gas
pressures, when the collision absorption increa-

seg[82,io7] W e s h o u l d furthermore call attention to the
narrow maximum of the high-frequency field observed
in[1 0 8] i n a plasma produced by an electron beam. This
maximum was located in the plasma region in which
the upper hybrid frequency was close to the field fre-
quency, and it can be assumed that it determines the
behavior of the field in the transformation region.

Linear wave transformation apparently becomes
manifest also in the effects of induced radiation and
plasma echo (see c l 0 9~ l l i : l). These effects are usually
connected with excitation of plasma waves. Since, how-
ever, they become manifest in the form of radiation, a
transformation of the plasma waves into electromagnetic
waves connected with radiation should occur. It should
be noticed, incidentally, that the need for transformation
can lead to a delay of the induced radiation and of the
echo—the propagation of plasma waves from the excita-
tion region to the radiation region can last a relatively
long time, since the group velocity of these waves is low.

Thus, under suitable conditions, linear wave trans-
formation connected with plasma inhomogeneity can lead,
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on the one hand, to efficient absorption of the high-fre-
quency waves by the plasma, and on the other hand to
radiation of p lasma waves excited by an electron beam o r
by other agents. Both effects can find pract ical applica-
tion. Of par t icular importance i s the possibility of using
collisionless absorption connected with wave transforma-
tion to heat a p lasma to high t e m p e r a t u r e s , in experi-
ments aimed at realizing controlled thermonuclear
fusion^ 1 1 2]. An essential advantage of such a method of
heating compared with others used at the present t ime i s
that the energy-input efficiency i s independent of the
t e m p e r a t u r e , of the collision frequency of the charged
par t ic les , and, within certain l imit s , of the value of
energy input.
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