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T h e Vavi lov-Cerenkov E f f e c t a n d t h e Doppler E f f e c t in t h e M o t i o n of Sources
w i t h S u p e r l u m i n a l V e l o c i t y in V a c u u m *

B. M. Bolotovskii and V. L. Ginzburg
P. N. Lebedev Physics Institute, USSR Academy of Sciences
Usp. Fiz. Nauk 106, 577-592 (April, 1972)

It is customary to consider only "subluminal" light sources, or sources moving with a velocity ν lower than

the velocity of light in vacuum (c). It is assumed in this connection that the Vavilov-Cerenkov effect and the

anomalous Doppler effect are possible only in media and waves for which the refractive index n(o>)> 1. For

this reason, the phase velocity of the waves is cph = [c/n(ct>)] <c, and these waves can be emitted by a

subluminal source if ν > cph. Yet, as is well known, there exist also "superluminal" sources, with velocity

ν > c. Examples are light spots produced on a remote screen by a rotating source of light or particles. The

spot velocity is v=OR, where Ω is the angular velocity of source rotation and R is the distance to the

screen. The condition ν > c can be realized on earth, and is practically always realized under astronomical

conditions for pulsar radiation. It is emphasized in the article that superluminal sources are equivalent in a

wide range to subluminal ones, and, concretely, can generate Cerenkov radiation in vacuum and in a medium

with η(ω) < 1. The article considers several corresponding possibilities. From this point of view of radiation

theory, a major difference between the superluminal and subluminal sources is that the former can not be

individual particles (electrons, protons, etc.), since their velocity is always smaller than c. Superluminal

sources, which must thus consist of aggregates of particles, must thus have nonzero dimensions, and this

leads to a corresponding formation of a spectrum of the radiated frequencies on the short-wave side.

Regardless of whether superluminal sources will find interesting applications in physics and astronomy, a

study of the radiation of superluminal sources of electromagnetic and gravitational waves (and possibly also

neutrinos) is in the authors' opinion of undisputed physical interest.
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1. INTRODUCTION

W H E N a c e r t a i n " s o u r c e " m o v e s u n i f o r m l y i n a

s t r a i g h t l i n e in a h o m o g e n e o u s m e d i u m , r a d i a t i o n i s

produced only if the source velocity ν exceeds the phase
velocity c p n of the waves in question in the given med-
ium. The angle θο between the wave vector k of the
radiated waves and the source velocity ν is then given by

cos θο = Cph fit. (1)

I n a c o u s t i c s , s u c h r a d i a t i o n f r o m a s o u r c e f a s t e r t h a n

s o u n d h a s b e e n k n o w n f o r a l o n g t i m e ( M a c h w a v e s ) ;

t h e s a m e c a n b e s a i d of d i f f e r e n t w a v e s o n t h e s u r f a c e

of a l i q u i d . I n e l e c t r o d y n a m i c s , o n t h e o t h e r h a n d , t h e

r a d i a t i o n of a u n i f o r m l y m o v i n g s o u r c e ( s a y a c h a r g e ) i s

k n o w n a s t h e V a v i l o v - C e r e n k o v e f f e c t a n d w a s d i s c o v -

e r e d o n l y i n 1 9 3 4 . T h e t h e o r y of t h i s e f f e c t , d e v e l o p e d

b y T a m m a n d Frank'- 1 -' i n 1 9 3 7 , l e a d s n a t u r a l l y t o t h e

r a d i a t i o n c o n d i t i o n ( 1 ) , a n d y i e l d s t h e f o l l o w i n g e x p r e s -

s i o n f o r t h e e n e r g y e m i t t e d b y a c h a r g e q p e r u n i t t i m e :

dW/dt = (? Vc 2) f {1 — [c3/n2 (ω) ν2]} ω άω,
(2)

where η(ω) is the refractive index at the frequency ω
for the considered transparent isotropic medium (as is

*This article is based on a paper delivered to the Science Session of the
Division of General Physics and Astronomy and the Division of
Nuclear Physics of the USSR Academy of Sciences on 25 November
1971.

well known, the phase velocity of a wave is c p n = c/h(w)).
Since the radiation condition (1) is valid for a wave

of any kind, it is clear that it has a kinematic (interfer-
ence) character. Indeed, according to the Huygens prin-
ciple, each point of the medium in the path of the radia-
tor is a source of secondary waves. The envelope of
these waves is a cone, the aperture of which is given by
the angle θ0 = cos'^cp n/v) (see Fig. 1, on which the dis-
tance O'O is equal to v, the path covered by the source
per unit time; during the same time, the path of the
wave front is Cpn = c/n). It is known that it is precisely
the use of the Huygens principle which led to the deriva-
tion of condition (1) for Cerenkov radiation^2 3. Of
course, the corresponding interference condition is
automatically taken into account in the electrodynamic
calculation in which expressions are used for the radia-
tion field1-1]. The radiation condition (1), or, specific-
ally, the Cerenkov radiation condition

Medium, n(w)

0
Source

FIG. 1

184



THE V A V I L O V - C E R E N K O V E F F E C T AND THE D O P P L E R E F F E C T 185

cos θ 0 = cln (ω) ν (3) ν < c = 3·ιθ10 cm/sec (8)

can be derived also by other means, for example, a s the
resonance condition k · ν = (w/c)n(w)v cos θ = ω between
the acting " f o r c e " connected with the presence of the
source and the osc i l la tors of the f i e l d 1 ^ , and also from
the energy and momentum conservation laws (in the
l a t t e r case, the quantum formulation i s convenient)'-4'5-1.
The condition (1) or (3) r e m a i n s in force not only in the
case of an unbounded medium, but also for sources
moving in channels and in s l i ts , o r those moving para l-
lel to the interface between two media. In an anisotropic
medium, this condition per ta ins to each of the normal
waves separately, and the refractive index ηβ(ω) for the
normal wave depends also on the angles between the
wave vector k and, for example, the crystal axes . As to
radiation intensity, it can be calculated by different
methods^1"5-1, and, most importantly, depends on the
character of the source, with formula (2) pertaining
only to the case of a charge moving in an unbounded
isotropic medium. A number of express ions for the
radiation intensity of dipoles and other multipoles, and
also in the presence of boundaries, can be found in the
reviews t 5 ~ 7 ^. F r o m the radiation condition (3) it i s
c l e a r that the Cerenkov effect i s possible only if

ν > cln (ω) = c ph, (4)

i . e . , a s a l r e a d y e m p h a s i z e d , i n o r d e r f o r t h e r a d i a t i o n

t o b e p r o d u c e d i t i s e s s e n t i a l t h a t t h e s o u r c e v e l o c i t y

e x c e e d t h e p h a s e v e l o c i t y o f t h e l i g h t . T h e s a m e c o n d i -

t i o n i s n e c e s s a r y f o r t h e a p p e a r a n c e o f t h e D o p p l e r

e f f e c t , f o r w h i c h

[vn (<o)/cl cos θ > 1. ( 5 )

P r o p e r l y s p e a k i n g , t h e i n e q u a l i t y (5 ) i s a d e f i n i t i o n of

t h e a n o m a l o u s D o p p l e r e f f e c t , w h e r e i n w a v e s a r e r a d i a -

t e d i n s i d e t h e C e r e n k o v c o n e , i . e . , w i t h a w a v e v e c t o r k

making an angle θ < θ0 - arccos[c/n(w)v] with the source
velocity v. The foregoing i s obvious from the formula
for the Doppler effect in a medium^ 5 ' 8 3

ω = ωοο (Ι | 1 — (vie) η (ω) cos θ (6)

where α>Οο is the frequency in the reference frame con-
nected to the source, and the frequency ω and the angle
θ per ta in to the " l a b o r a t o r y " frame (in which the
source has a velocity v). It is usually concluded from
the condition (4) that the Cerenkov radiat ion and the
anomalous Doppler effect a r e possible only in media
having a positive refract ive index

» ( ω ) > 1 . (7)

T h i s l i m i t a t i o n i s q u i t e i m p o r t a n t . I t s u f f i c e s t o s a y

t h a t i n a n i s o t r o p i c p l a s m a , i n t h e w i d e l y u s e d a p p r o x i -

m a t i o n , t h e fol lowing c o n d i t i o n h o l d s :

η (ω) = [1 - (ω?/ω 2 )]7 2 < 1, of •= ine'NIm.

It i s t h e r e f o r e a s s u m e d t h a t C e r e n k o v r a d i a t i o n of

t r a n s v e r s e w a v e s i s i m p o s s i b l e i n s u c h a p l a s m a [ i t i s

p r e c i s e l y f o r s u c h w a v e s t h a t c ^ = c/n(o.') > c ] .

T h e r e q u i r e m e n t ( 7 ) , w h e n s t a t e d a s a c o n d i t i o n f o r

t h e a p p e a r a n c e of t h e C e r e n k o v e f f e c t a n d of t h e a n o m -

a l o u s D o p p l e r e f f e c t , i s c o n n e c t e d w i t h t h e a s s u m p t i o n

t h a t t h e s o u r c e v e l o c i t y i s s m a l l e r t h a n t h e v e l o c i t y o f

l i g h t i n v a c u u m , i . e . , t h a t

It i s precise ly this requirement which led in 1904 to
Sommerfeld's conclusion, having no connection with
real i ty and then forgotten for many y e a r s , that an elec-
tron moving in vacuum uniformly but with velocity
ν > c emits radiation (see1-9 '1 0-1). Sommerfeld actually
considered the Cerenkov effect in a non-dispersing
medium, namely vacuum. The corresponding calcula-
tion i s formally correct , since the equation for the
electromagnetic field, and in par t icu lar the equation

^ - P V + 1 ^ , (9)

a r e valid also when ν > c. Nor is the relat ivist ic invar-
iance of the theory violated h e r e , in spite of the long-
held er roneous view. Indeed, as emphasized by Einstein
back in 1907 ( s e e C u 3 and a l so 1 1 1 2 3 ) , the condition ν < c
for a mater ia l " b o d y " or for some " a c t i o n " i s connec-
ted not with relat ivist ic invariance but with the causality
requirement : no effect should anticipate the cause in
any re ference frame.

To be sure , it i s c l e a r from the re lat iv is t ic expres-
sion for the mass m = m o / [ l — ( v 2 / c 2 ) ] l / 2 and from the
equation of motion dmv/dt = F that no body (particle)
can be accelerated to a velocity ν > c. But this in itself
still does not negate the possible existence of the hypo-
thetic par t ic les , called tachyons, which move always
with velocity ν > c. Tachyons might a lso be regarded
as par t ic les with imaginary m a s s m* = im, energy
Ε = ( m * V + c 2 p 2 ) 1 / 2 = ( - m 2 c 4 + c 2 p 2 ) l / 2 , momentum
ρ = m*v/[l - (vVc2)], and velocity ν = dE/dp = c 2 p/E
= c 2 p / ( - m 2 c 4 + c 2 p 2 ) l / 2 . It is obvious that the momentum
ρ of a tachyon i s rea l if ν > c and consequently ρ > me;
the tachyon velocity ν - c a s ρ - », and conversely

2 2 2 * 2 4

ν — =o as ρ
2 c 4

me. The quantity E 2 — c 2p 2 = m * 2 c 4

= — m 2 c 4 r e m a i n s i n v a r i a n t u n d e r t h e L o r e n t z t r a n s -

f o r m a t i o n a n d i t i s p o s s i b l e ' · 1 3 - 1 , i n p a r t i c u l a r , t o " f o r -

b i d " t h e p o s s i b l e e x i s t e n c e o f t a c h y o n s f r o m t h e c a u s a l -

i t y c o n d i t i o n . I n c i d e n t a l l y , n o t a l l a g r e e t h a t t h e e x i s -

t e n c e o f t a c h y o n s i s i m p o s s i b l e , a l t h o u g h w e c o n s i d e r

s u c h a c o n c l u s i o n t o b e s u f f i c i e n t l y r e l i a b l e . W e t h e r e -

f o r e e m p h a s i z e t h a t t a c h y o n s , i n a n y c a s e , h a v e n o t b e e n

observed, and thus the condition ν < c for all the known
par t ic le s certainly corresponds to real i ty .

It i s just a s undisputed, nevertheless , that sources
of e lectromagnetic (and of any other) waves can move
with velocities ν > c! This per ta ins , however, not to
individual p a r t i c l e s (photons, e lectrons, protons, etc)
but to their aggregates or bunches (this will be spelled
out more precise ly la ter on). Therefore the require-
ment ν < c [see (8)] as a condition on the source veloc-
ity is incorrect , in other words, no such requirement
can be advanced. By the same token, the Cerenkov
effect and the anomalous Doppler effect can exist also
in a medium with a refract ive index η(ω) < 1, when c p n

= c/n > c. In a certa in sense the same can be said also
of vacuum, where c D n = c.

Insofar as we know, radiation from sources moving
with velocity ν > c (if we d i s regard Sommerfeld 's
papers'-9 '1 0-1 and F r a n k ' s article^8-1) has not been con-
sidered until recently. Yet the corresponding possibil i-
ties'-14"16-1 a r e quite curious, and thei r elucidation i s the
purpose of the present a r t ic le .
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2. SOURCES MOVING WITH SUPERLUMINAL
VELOCITY IN VACUUM

It has been long known that velocities exceeding that
of light in vacuum are possible and are encountered in
physics and astronomy. Disregarding the phase velocity
of waves at η(ω) > 1 or the relative velocity of two
particles moving away from each other in a given refer-
ence frame (this velocity can reach 2c), a velocity
higher than c can be possessed by cross sections of
wave fronts, and in general by various light spots.
Concretely, let us imagine a rotating projector or
"beacon." If the angular velocity of the "beacon" is
Ω , then the light spot will move on a screen located at a
distance R from the source with a velocity (see also
below)

υ = QR. (10)

The " b e a c o n " model i s p r e s e n t l y u n i v e r s a l l y a c c e p t e d

for p u l s a r s (cf., e . g . , t 1 7 ^ ) , and in th i s c a s e the v e l o c i t y

of the spot on earth, for all the known p u l s a r s , e x c e e d s

the v e l o c i t y of l ight c . Concre te ly , for the p u l s a r

NP 0532 in the Crab Nebula we have Ω » 200 and
R « 2000 parsec « 6 χ 1021 cm, hence ν = SIR « 1.2
χ 1024 cm/sec. If a laser or an electron beam is rota-
ted with velocity Ω = 105, then ν > c already for distan-
ces R > 3 χ 10s cm.

The simplest model or example, in a sense, of mo-
tion with superluminal velocity is a light pulse from a
plane wave obliquely incident on a certain plane inter-
face (screen) [ 8 : 1 . If the angle of incidence of the wave on
the screen is designated ψ (obviously, φ is the angle be-
tween the wave vector k in the pulse and the normal to
the screen; Fig. 2), then the intersection of the pulse
and the screen (i.e., the light spot moves over this
screen with a velocity

ν = c/n, sin ψ, (11)

where nj > 1 i s the re f ract i ve index in the medium

above the s c r e e n ; for s impl ic i ty , th is medium i s a s -

s u m e d to be non-d i spers ing (in fact, all that m a t t e r s to

u s i s that the v e l o c i t y of the l ight pu lse i s a s s u m e d

equal to c/hi). It i s obv ious that the v e l o c i t y of the l ight

spot (more accurately, strip) can always be made lar-
ger than c by decreasing the angle of incidence ψ, and
in vacuum this takes place in general at all angles ψ,
for in this case

υ = c/sini|i. (12)

The r o l e of the l ight p u l s e can, of c o u r s e , be a s s u m e d

by a b e a m of e l e c t r o n s moving n o r m a l l y to the front of

the beam with v e l o c i t y u < c; in th is c a s e

ν — «/sin ψ (13)

and super luminal v e l o c i t y of the spot i s l i k e w i s e a l w a y s

Pulse

j^S^i Medium, η

Screen

attainable in principle. Moreover, the velocity ν can in
all cases be arbitrarily large, for the velocity ν — « as
normal incidence is approached (as ψ —• 0). The latter
is perfectly understandable, for at normal incidence the
pulse crosses the screen simultaneously over all its
surface. The mechanical analog of a pulse incident on a
screen are scissors (the role of the spot is played in
this case by the point of intersection of the two blades).

For the rotating source mentioned above, the large
spot velocity, just as for the case of a pulse crossing a
screen, is due to the decrease of the angle between the
constant-phase surface (wave front) and the screen. In
fact, considering for simplicity a cylindrical source
rotating in a vacuum with angular velocity Ω , we write
the field in the wave zone in the form*

exp

The constant-phase sur face i s de termined by the equa-
tion

or

(Ω/c) r + φ — Qt =F const,

r (φ) = const + clt — (φ/Ω)]. (14)

Equation (14) is that of a spiral. On a remote cylindri-
cal screen of radius R, the equal-phase surface crosses
the screen along the generator of a cylinder, for which

R = const + clt — (φο/Ω)1,

and the angle φ 0 , which defines the generator in ques-
tion, has a time variation d<po/dt = Ω . In other words,
the line of intersection (the spot) moves over the screen
with velocity

ν = R d<po/dt = QR.

Thus, we have obtained in a m o r e formal manner the

obvious (or, in any c a s e , the we l l known) r e s u l t (10). It

is important that the angle φ between the equal-phase
surface and the screen is equal to (Fig. 3)

tg ψ = — drIR dy .= clQR = civ.

For small angles ψ, of course, tan ψ « sin ψ RJ ψ and
ν = c/sin φ , in accord with (12). In other words, as

FIG. 3

F I G . 2

•This formula gives the solution of the scalar problem. The function Ε
satisfies the wave equation at r > r0 and the boundary condition
E = f ( ^ - n t ) on the surface of the cylinder r = r0. Thus, the field is

static in a coordinate frame that rotates about the ζ axis with angular
velocity (I.
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already noted, the large velocity of the spot is due (for
example, when ν 3> c) to the smal lness of the angle φ
between the wave front and the screen.

We have made pract ical ly no assumptions above con-
cerning the nature of the field under consideration, and
we only assumed (and furthermore solely for the sake
of simplicity) that its propagation velocity is equal to c.
It is c lear therefore that spots with velocities ν > c can
be obtained not only in the case of electromagnetic
waves, but also for gravitational waves. Using the ray
treatment, we ar r ive at the feasibility of obtaining
" s p o t s " of a r b i t r a r y velocity for neutrinos (velocity c)
as well a s for all other par t ic le s (velocity u < c).*
There can be no shadow of a doubt that the appearance
of spots with velocities ν > c does not contradict re la-
tivity theory. It suffices to say that this resul t is ob-
tained for perfectly rea l i s t ic examples, for example for
a beam of light or e lectrons incident on a screen (see
Fig. 2). We note nevertheless , by way of a postscr ipt,
that the use of the velocity of light to synchronize
clocks, the customary procedure in the exposition of
relativity theory, i s f irst, not the only possible method,
and second, i s the most convenient and advantageous in
the majority of cases not because light has the maxi-
mum velocity possible, but because this velocity is
universal , the same for all inert ia l reference f rames
(of course, if identical sca les and clocks a re chosen in
these frames). Finally, when we do refer to the velocity
of light in vacuum as the maximum possible, we have
in mind the ra te of t ransfer of perturbat ions, interac-
tions, or " s i g n a l s . " Such a statement is indeed valid
(at least within the framework of relativity theory and
of all the physics known to us). The light spot mentioned
above and i ts analogs, although capable of moving with
velocity ν > c, does not violate the above statement at
all, i .e., it cannot be used to t r a n s m i t a signal with
velocity ν > c. In fact, let us consider a pulse (of light
or electrons) whose intersect ion with the screen moves
on the s c r e e n along the χ axis with velocity ν > c and
r e a c h e s the points Xi and x2 at the instants of t ime ^
and t 2 , respectively (Fig. 4). Obviously, x2 = Xi
+ v(t2 — t l ) , and when ν = u/sin φ > c events 1 and 2 a r e
separated by a space-like interval, i .e., (x2 — Xi)2

> c 2 ( t 2 - t i) 2 . The perturbation ( " n o t c h " ) which is
" i m p o s e d " on the moving pulse at the point 1 at the

FIG. 4

instant ti turns up at the point 3 with coordinates x3

= Xi + u s inψ(ί 2 — ti), y3 = u cos ^(t 2 — ti) with (x3 — x^ 2

+ yl = u 2(t 2 - tO2 s c2(t2 - t x ) 2 . But this perturbation
does not a r r ive at the point 1.

The need for distinguishing between the shape and
velocity possessed by a moving object in a given refer-
ence frame at a given instant of t ime from the shape
and velocity reg i s tered at some definite point at the
same instant of arr iva l (but not instant of emission) of
light r a y s coming from the object has been fully c lar i-
fied and emphasized only relatively recently
(cf., e . g . , t l 8 > 1 9 : l ) . One important astrophysical conse-
quence of this c i rcumstance i s that an object expanding
at a velocity u (say the envelope of an exploding galactic
core or of a quasar) is seen on the sky, when observed
from a remote point, to expand at a ra te (for details
seei191)

u' = u/ll — (uVc*)}1'*. (15)

The discussed effect, like the Doppler effect, is connec-
ted with the finite velocity of light, as a resul t of which
light from different p a r t s of the object a r r i v e s at the
observation point, in general, at different type. The
" a p p a r e n t " (observed at a fixed point) velocity of ob-
jects [for example, u ' in (15)] can exceed the velocity of
light c. But we wish to emphasize, f irst, that such a
superluminar velocity has a different nature than the
superluminal velocity of the spots considered above.
Second, allowance for the delay due to the finite speed
of light influences strongly also the " b e h a v i o r " of the
spots when they a r e observed at some point (this was
called to our attention by A. A. Lyubushin). As the sim-
plest example, we confine ourselves here to the case of
a light spot moving with constant speed ν over a plane
screen and observed at a point O' (Fig. 5). By observa-
tion we mean h e r e the reception of the light emitted by
the spot as a resu l t of the roughness of the screen (i.e.,
as a resul t of scattering) or by virtue of the lumines-
cence of the screen. If ν < c, then the spot will be ob-
served in the " u s u a l " manner, a s a spot moving down-
ward on the screen. Let us assume now that ν —• », i .e.,
the entire t rack of the spot is t raced instantaneously.
Then the spot will be f irst observed at the point Ο clos-
est to O' (the line OO' is perpendicular to the screen) .
The observer will then see, obviously, two spots moving
out of the point Ο in opposite direct ions. If c < ν < «>,
two spots can likewise be observed at a definite t ime.

3. RADIATION OF SUPERLUMINAL SOURCES

The existence of superluminal velocities and super-
luminal sources (as we shall henceforth designate sour-

*When a rotating source emits particles with velocity u, the particle
trajectory is r = r0 + u(t-to),<J> = ilto, whence r=r o

where t0 is the emission time.

Observer

FIG. 5
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Vacuumπ π (ω)

FIG. 6

ces moving with velocity ν > c)*, as already noted, has
been well known for a long time. All that remained
obscure was that such sources are " in no way worse"
than subluminal sources within the framework of macro-
scopic theory and the entire macroscopic approach.
Macroscopic behavior is understood here in the sense
that a superluminal source is not a single point-like
(arbitrarily small) particle, but must always be connec-
ted with an aggregate of such (macroscopic) particles.**
Moreover, in any realistic formulation of the problem,
the number of particles responsible for the motion of
the superluminal source (spot) turns out to be very
large. An adequate theoretical formalism for the analy-
sis of the radiation from superluminal sources is ordin-
ary field theory, in particularly Eq. (9), where the cur-
rent density j = pv can, in principle, vary and move at
arbitrary frequency and velocity.

We consider a charged filament moving with velocity
u at an angle φ to the boundary of some transparent
medium with refractive index η(ω). In other words, we
have a situation shown schematically in Fig. 6 and
analogous to that shown in Fig. 2. Prior to crossing
the boundary of the medium, the charges making up the
filament (say electrons or protons) move uniformly.
After crossing the boundary, however, the charges are
decelerated, as a result of which a certain current
(polarization) appears and travels with velocity
ν = u/sin ψ, corresponding to the velocity of the inter-
section of the filament with the boundary of the medium.
Such a current appears also if the deceleration of the
charges is not taken into account, by virtue of the tran-
sition effect (the change of the medium parameters on
the path of the charge), which produces transition
radiation'-20-1. We can visualize a situation wherein the
charges stop when they reach the medium, and are then,
say, neutralized by currents in the medium'-14-'. As a
result, a certain charge q moves on the surface of the
medium with a velocity v. We assume for simplicity that
the filament has a square cross section (square of side

*Superluminal sources, generally speaking, are defined as sources
moving with velocity v>cph=c/n. Such a terminology is reasonable,
but we introduce no confusion whatever by defining in the present
paper only sources with velocity ν > c as superluminal, especially
having made this stipulation.

**The macroscopic behavior referred to here is quite relative and is
much "weaker" then the conditions connected with the transition to
the macroscopic electrodynamics from the equations of microscopic
electrodynamics (or, using the older terminology, from the equations
of electron theory). In fact, all that follows from the equations of
electrodynamics is the continuity equation, and in all other respects
the motion of the charges can be specified "from the outside"
(whether such a motion is compatible with the equation of motion for
the particles is another question). It is clear therefore that even in the
framework of the electron theory we can assume without fear of
contradiction that the current density j = pv is arbitrary within wide
limits, and assume in particular that ν > c (in this sense, Sommerfeld's
calculations1'1 were perfectly correct).

FIG. 7

d) and c o n s i s t s of c h a r g e s with a concentrat ion N. Then

the a r e a of the i n t e r s e c t i o n of the f i lament and the boun-

dary, i . e . , the a r e a of the " s p o t " i s S = d 2 / s i n ^ , and

the charge on this area is q = eNd3 cot φ (a charge
eNd2v cos φ crosses the boundary of the medium in a
unit time, the charge per unit length along the velocity
is eNd2 cos ψ, and consequently a "spot" length d/sin φ
corresponds exactly to a charge q). The solution to the
problem of the radiation of a charge moving on the
boundary between a medium and vacuum is known1-6-1.
The result for the radiated energy can be written in the
form

dW/dt = (q'u/c1) f {1 — [cV«2 (ω) ι;2]} Λυ άω. (16)

It i s obvious that at F = 1 this formula g o e s o v e r into

e x p r e s s i o n (2) for a h o m o g e n e o u s medium. The factor

F(w, ...) t a k e s into account the inf luence of the boun-

dary, the d i m e n s i o n of the s o u r c e , e t c . It can be a s -

s u m e d from genera l c o n s i d e r a t i o n s that the s a m e

formula holds a l s o for a super luminal s o u r c e with

ν > c, with the function F = F(w, φ, d, ...) also depen-
dent on the charge in the vacuum.* The factor F can be
specified concretely only after an exact calculation and
obviously by using a perfectly defined model for the
source. This will be done later on. For the present we
note that in any case the integration in (16) is over a
region of frequencies satisfying the condition (3). For
vacuum, of course, it is necessary to put η = 1 (it was
assumed above that the medium borders on vacuum).
Therefore when ν > c in the vacuum (above the medium)
radiation occurs always, provided that F ^ 0. In prac-
tice, however, the factor F must certainly be quite small
for a wave of length λ = 2*ο/ω smaller than the projec-
tion of the dimensions of the spot on the direction of
the wave vector k. In a medium having η(ω) < 1 the
situation is the same, but when η(ω) > 1 the role of the
cutoff factor can be played also by the condition (4)—
radiation in the medium is possible only when this con-
dition is satisfied. In the general case it can also be
stated that the radiation is characterized by an angle
#oi = cos'^c/v) in the vacuum and an angle θοζ
= cos"1[c/n(a))v] in the medium (Θ is the angle between k
and v; Fig. 7). Since the velocity of the leading front of
the electromagnetic waves is equal to c in any medium,
the radiation of a superluminal source in a medium is
characterized not only by the angle θ&, but also by the

*It w o u l d be m o r e a c c u r a t e t o express t h e r ight-hand s ide o f ( 1 6 ) in t h e

form o f a s u m o f t w o t e r m s

f H — (c'/vi)] i > * o + f { 1 — [ V" 2 (ω) i>2]} A > da,

where the first term corresponds to the radiation power in the vacuum
and the second to the radiation power in the medium. However, so
long as the factor F is not specified concretely, Eq. (16) is symbolic
and can therefore be retained in its present form.
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angle θΟι = cos'^c/v), which determines in this case the
aper ture of the cone corresponding to the leading front
of the wave. Thus, when θ > θΟι the field in the medium
is equal to zero . In the case of the main par t of the
radiation and not of the leading front, a s imilar situation
obtains also for the Cerenkov effect in a dispersing
medium, where the group velocity c g r = dco/dk
= οΐάΐωΐή/άω]'1 i s smal le r than the phase velocity c h

= c/n. There i s no need here to dwell specially on
this aspect of the problem (see': 1 ' 2 1 -').

We proceed now to obtain an exact solution of the
problem of incidence of a charged filament on an ideally
conducting plane^1 5-1. The geometry of the problem is
the same as in Fig. 6, but the medium with refractive
index n(co) i s replaced by an ideal conductor. On str iking
the conductor (on cross ing its boundary), the charge
vanishes for an external observer, i .e., in the sense of
the radiation mechanism we a r e dealing h e r e with t ran-
sition radiation. We a r e interested, however, in the r e -
sult of interference of such a radiation from a moving
filament, it being known beforehand that the resultant
radiation will be directed at an angle θΟι = cos'^c/v).
The field of the filament in the vacuum is a sum of the
fields of the filament itself and of i t s image, i .e., it i s
generated by a current having a density

j = <?δ (ζ) [ιι,δ (s,r - ut) - u26 (s2r - ut)\; (17)

h e r e Q i s t h e c h a r g e p e r u n i t l e n g t h of the f i l a m e n t ,

Ui = u S i a n d u 2 = u s 2 a r e t h e v e l o c i t i e s of t h e f i l a m e n t

and of i t s i m a g e (Si = s 2 = 1, s i X = s 2 x , s l y = - s 2 y , s i z

= s 2 Z = 0; the f i l a m e n t l i e s i n t h e xy p l a n e and i s a s -

s u m e d for s i m p l i c i t y to be i n f i n i t e s i m a l l y t h i n ) . In a d d i -

t ion i t i s n e c e s s a r y , of c o u r s e , t o a s s u m e t h a t t h e f i r s t

t e r m d i f f e r s f r o m z e r o i n v a c u u m a n d t h e s e c o n d d i f f e r s

f r o m z e r o i n t h e m e t a l . T h e F o u r i e r c o m p o n e n t i s

At large distances from the screen we have for the
Fourier component of the vector potential

,• Q'ik
( 1 8 )

y

where k = (w/c)ki = kki is the wave vector of the radia-
ted wave (obviously k? = 1 and k = ω/c). F u r t h e r , it i s
easy to find the magnetic field Η ω = ik χ Αω and then
the integral

+oo +oo +oo +oo

•^ j H>dt=-£r j dt j da> j

= -|- \ da | Ηω\ι άω = c

We choose the χ axis to be the one along which the
spot t rave l s to be the polar axis. Let the wave vector
of the radiation k = (w/c)kx make an angle θ with the
polar axis; we denote the azimuthal angle by φ (Fig. 8),
with τ/2 < φ < π/2 in vacuum.

It is seen from (18) that Α ω i s proportional to a
δ-function of argument (a>/u)s l X — k x . Obviously, the
magnetic field Η ω is a lso proportional to the δ-func-
tion, and the radiation energy i s proportional to the
square of the δ-function. The integral of the square of
a δ-function diverges, indicating an infinite radiation
energy. This infinity can be easi ly explained physically
(we assume that the filament takes an infinitely long

u=j- - is the spot
!z velocity

FIG. 8

t i m e t o c r o s s t h e s c r e e n ) . To o b t a i n a f inite r e s u l t , w e

c a n c o n s i d e r t h e m o t i o n of a f i l a m e n t d u r i n g a l o n g but

f in i te t i m e T . O b v i o u s l y , t h e r a d i a t i o n e n e r g y i s p r o -

p o r t i o n a l t o T. T h e s a m e r e s u l t i s o b t a i n e d f r o m t h e

fol lowing f o r m a l p r o c e d u r e . We w r i t e

62 ((ω/u) s l x - kx) = (u/six) δ (ω - (kxu/slx)) δ ((ω/u) six - kx).

Now t h e f i r s t f a c t o r c a n be e x p a n d e d i n a F o u r i e r i n -

t e g r a l

4' ( - ϊ - , , , - ^ ^ δ ^ . » - kx) ) e^iMWdt.

Owing to the presence of a δ-function in this product,
we can set the exponent under the integral sign equal to
zero, by virtue of which we get

ω/«) six - kx) = (νΤΙΙζι) δ slx - kx),

where Τ i s the total t ime of motion of the filament and
ν = u / s l x is the velocity of the source (spot). Proceed-
ing in this manner, we obtain for the energy radiated
into a solid angle d£l = sin θ άθ άφ in the frequency
interval dw per unit t ime the following expression:*

2πω {(c/u)siu-kly (c/u) siy - kiv j \u

Owing to the presence of the δ-function, it i s there-
fore c lear that the radiation occurs only with a wave
vector k satisfying the condition k l X = cos θ = c/v
= cos θο· as it should be. After integrating with respect
to θ we get

m«->__ Q"> r iM.i [kAi

dt 2πω \ (clu)sly— kiy (o/u) «,„ + *;!,

k, = {cos601, sin60icos<p, sin90 1sin φ},

s1 = {sini|;, —cosi|), 0}, S2 = {sini|), cos ψ, Ο},

(19)

where ψ i s the angle between the part icle velocity u and
the χ axis.

We finally obtain

dW
dt

J ω ,! )]
[(c2/u2) cos2 ψ — [ i _ (Ca/i;2)] cos 2 φ]2

} (20)

A charge q moving in a homogeneous medium, a s i s
c lear from (2) would radiate in the interval do; άφ with
a power

dWa, φ/dt = (q*vl2nc2) [1 — (cVu*)] ω dtp dm,

where we put η = 1. Comparing this expression with
(19), we see that the filament i s equivalent to a charge

(21)
* V (C/H) » ! „ — * , „ (C/Ιί) Sly -f kiy

S i n c e Q i s t h e c h a r g e p e r u n i t l e n g t h o f t h e f i l a m e n t ,

*[k, S l ] Efc, Xs,.
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the multiplier of Q in (21) is the effective length of the
filament responsible for the radiation in the direction of
ki. This length is none other than the length over which
the transition radiation is formed in the direction of ki.
The integrals in (19) and (20) diverge as ω — 0, but this
is simply the result of the assumption that the filament
is infinite. The radiation decreases with increasing ω,
obviously by virtue of the resultant decrease of the
length .over which the transition radiation is formed. In
other problems of this type, the frequency dependence
can be different (cf. infra).

As already noted, the mechanism governing the
radiation from individual particles or from a filament
as a whole on crossing the boundary of a conductor can
be assumed to be transition radiation. It can be as-
sumed, however, with equal success (and with the same
final results), that bremsstrahlung is produced as a re-
sult of the instantaneous stopping of the charges on the
boundary (in the case of an ideal conductor, these two
possibilities are indistinguishable when it comes to
calculate the field in a vacuum^203). In general, the
mechanism of the "elementary act" of radiation, which
leads in final analysis to the Cerenkov radiation, is in a
certain sense immaterial, for the character of the
Cerenkov radiation [we have in mind primarily the
radiation condition (3)] is determined by the interfer-
ence of the waves radiated along the path of the source.
The foregoing is, of course, in full accord with the
Huygens principle. Thus, the considered radiation from
a charged filament incident on a screen is precisely the
Cerenkov effect for ν > c, and furthermore in vacuum
(to be sure, the presence of some boundary with a med-
ium is essential here). The radiation intensity and its
angular distribution with respect to φ will vary in ac-
cordance with the properties of media 1 and 2 (of
course, to observe Cerenkov radiation at least one of
these two media must be transparent; we have assumed
above that medium 1 is the vacuum). For an anisotropic
medium under the radiation condition (3), the refractive
index η(ω) must be taken for each normal wave separ-
ately, and the value of η depends also on the angles
made with the symmetry axes (the crystal axes, the
direction of the external magnetic field, etc.).

Special notice should be taken of wave radiation in
waveguides'-22-1 *. In general, this raises many problems
analogous to those encountered in the theory of Cerenkov
radiation when ν < c (see'-5"7-'). It is also obvious that
the sources in question (spots) radiate also in the "sub-
luminal" regime, i.e., when c/n < ν < c. Such sources
are of interest also for the excitation, say, of various
types of surface waves as the result of the Cerenkov
effect or transition radiation on an inhomogeneous sur-
face (in the latter case the requirement ν > c/n, is of
course waived). The foregoing is valid also in the case
of non-electromagnetic waves; an example is the possi-
ble generation of second sound in He II by a moving
source of heat (say the motion of a laser beam over the
surface of the helium).

The radiation of a superluminal source is by far not
limited to the Cerenkov effect. Thus, even in the case of
uniform motion but with "modulation" of the source at
*We note that L. G. Lomize pointed out already a few years ago a
possibility similar to that discussed in'22' for the excitation of waves in
a waveguide.

a certain frequency ω 0 there will be observed radiation
with the Doppler frequency

ω = ω ο/1 1 — (vie) η cos θ |.

T h i s f o r m u l a d i f f e r s f r o m (6) o n l y i n t h a t t h e f r e q u e n c y

ω 0 is defined in the same laboratory frame as the radia-
tion frequency w. The modulation can be effected in dif-
ferent ways, such as additional rocking of the beam,
varying its density (along the beam), placing a "gr id"
(periodic inhomogeneities) on the screen, etc. Finally,
the distinguishing features of superluminal radiation
with ν > c, just as in the case when c/n < ν < c, be-
come manifest also when the source moves non-
uniformly. Such a case is realized when the particles
or photons emitted by the rotating source fall on a
spherical or cylindrical screen. A more concrete model
is the following^16-1: a rotating source (e.g., a pulsar)
emits a directed beam of γ rays, which are incident on
a " screen" consisting of a more or less dense material
(plasma) located a distance R away from the source.
Upon striking the screen, the γ rays are scattered by
electrons, which produce a certain radial polarization
as a result of the recoil. This polarization moves over
the screen with a velocity ν = nR. As a result, a cur-
rent moves over the screen, with a density

ρ (ί) = ρ {cos Qt, sin Qt, 0},

R (/) = R {cos Qt, sin Qt, 0},

( 2 2 )

where ρ is the electric dipole moment corresponding to
the produced polarization, which in turn is assumed to
be point-like; the latter is possible if one considers
radiation of waves of wavelength λ much larger than the
source dimension 1. The resultant radiation at ν = SIR
> c is analogous in its character to synchrotron radia-
tion in a medium under conditions when ν > c/n (see'-5-1);
the total radiated power is

dW
dt ί ω3 άω. (23)

The integral i s cut off at high f requenc ies b e c a u s e of the
finite d i m e n s i o n s of the dipole, a fact not taken into a c -
count in (22) and (23); incidental ly, in the ca lcu lat ion
of'-16-1 the dipole ρ in (22) was assumed to be directed
not along the radius, but along the ζ axis (i.e., it was
assumed that ρ = p{0, 0, l}), which probably affects
only the numerical coefficient in (23). In the pulsar
models, a perturbation traveling with a velocity ν > c
can be produced in the plasma also by magnetodipole
radiation or by particle streams emitted from the
pulsar.

In connection with the development of laser tech-
niques, particular interest attaches to the possible pro-
duction of a superluminal source with the aid of light.
The use of a rotating beam is not so easy, even with the
aid of a laser, if the required field intensity in the spot
at ν = ΩΈΙ > c is high enough. It is therefore easier to
realize incidence of a pulse on a screen (an interface
between media), as discussed in Sec. 2 [see Fig. 2 and
formulas (11) and (12)]. If the screen is an ideally plane
interface between two media, and the problem can be
considered in the linear approximation (weak field),
then we deal with the usual problem of reflection and
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FIG. 9

refraction of light. It is therefore immediately clear
(and it follows, of course, from the field equations) that
a pulse incident at an angle ψι will also be reflected at
an angle ψ[ = ψι, and the angle of refraction ψ2 i s deter-
mined from the refract ion law (Fig. 9)

sin ψ2/δίη ψ! = n,ln2, ifj = ψ,. (24)

It i s c u r i o u s , a s a l r e a d y noted long ago by Frank'-8-1,
that the condit ions (24) co inc ide with the condit ions for
the appearance of the Cerenkov effect for the pu l se
under cons iderat ion, the i n t e r s e c t i o n of which with the
screen moves with velocity ν = c/nx sin ψχ (see (11)). In
fact, the Cerenkov angle in medium 1 is determined by
the condition cos θΟι = c/hiV = sin ψ1; whence ψι = ψί
= (ν/2) - θ οι, as it should be (see Fig. 9). For medium 2
we have cos θ 02 = c/n2v = (ηι/η2) βίηψι, which coincides
with (24), since cos θ 0 2 = sinip2- We can l i teral ly state
that we did not know for a long t ime " t h a t we a r e speak-
ing p r o s e " and that the superluminal Cerenkov condi-
tion (and generally the condition for nx > 1) has a lready
been known for several centur ies . The foregoing state-
ments concerning the correspondence between the r e -
flection and refract ion laws, on the one hand, and the
Cerenkov condition, on the other, a re nevertheless
natural, since all these relat ions a re obtained from the
Huygens principle in the same manner. To obtain some
new resu l t s it is necessary to consider the problem with
allowance for the nonlinearity for different media (par-
ticularly for piezoelectr ics) .

The last r e m a r k we wish to make h e r e concerns
light spots moving on rough or luminescent s c r e e n s .
In the la t ter case the radiation coming from the spot is
in general incoherent. Pract ica l ly the same holds for
rough s c r e e n s , since we a r e dealing usually in this case
with r a t h e r large light spots (with dimensions consider-
ably l a r g e r than the wavelength of the light). If the
radiation is incoherent, then interference i s impossible
and such specific features a s a sharp directivity of the
Cerenkov radiat ion a r e lost.

4. CONCLUSION

The his tor ic fate of r e s e a r c h on radiation from sour-
ces moving with a velocity higher than the phase veloc-
ity of light is quite unique. We have in mind h e r e
class ical effects, which are qualitatively understandable
even within the framework of the simplest optical con-
cepts (the Huygens principle, interference), and are
qualitatively described with the aid of Maxwell's equa-
tions. We see that the e lementary laws of reflection and
refract ion of light on a plane interface between two
media a re in fact identical with the condition for

Cerenkov radiation from a source traveling along the
interface. The Cerenkov condition for a charge—a
superluminal source (velocity ν > c)—was obtained in
1904. Yet the Cerenkov effect was observed experimen-
tally in 1934, and even then only by accident (in the
sense that an entirely different question was being in-
vestigated), and the development of the theory of this
effect called for great and r a t h e r prolonged efforts'-2-1.
It i s also curious that during the first stage, the poten-
tial use of the Cerenkov effect in physics, both for
measurement purposes and for the understanding of
various phenomena, appeared to be quite modest.
Actually, however, the Cerenkov effect and s imi la r
phenomena are presently extensively used in all r e s -
pect, and it can be stated that their study makes up an
entire branch in physics, to which a tremendous number
of a r t ic les and a number of surveys a r e devoted. It
might seem that if the problem has not yet been ex-
hausted, it has been in any case investigated quite fully
and comprehensively. But even this is not t rue, as evi-
denced by the present ar t ic le . In fact, there has been a
widely held opinion (to which, in part icular , we our-
selves adhered) that the Cerenkov effect and the anom-
alous Doppler effect can be observed only for waves
corresponding to a refractive index n(u>) > 1 (the con-
dition c/n < ν < c). Accordingly, the corresponding
conditions were considered to be impossible in vacuum.
Yet there exist superluminal sources moving with
velocity ν > c. These sources can be considered, in a
wide range, on the same basis as the " o r d i n a r y " sour-
ces moving with velocity ν < c. Concretely, superlum-
inal sources a r e capable of generating Cerenkov radia-
tion in any medium, including vacuum or under the
condition η(ω) < 1. Superluminal sources of the general
type have on the whole the same pecul iar i t ies that a re
known for sources moving with velocity c/n < ν < c
(anomalous Doppler effect etc). F r o m the point of view
of radiation theory, the essential difference between
superluminal (v > c) and subluminal (v < c) sources i s
that a superluminal source cannot comprise an indi-
vidual " e l e m e n t a r y " part icle and has therefore always
some size. It i s precise ly the dimensions of the super-
luminal source which determine pr imar i ly , especially
in the case of radiation in vacuum, the short-wave l imit
of the emitted frequency spectrum. It is therefore un-
likely that superluminal sources can be used, for exam-
ple, for x-ray generation (such a possibility would be
enticing since the tendency of the refractive index η(ω)
to unity, which is manifest at high frequencies and p r e -
vents the use of the Cerenkov effect for sources with
ν < c in the x-ray region, does not play such a cr i t ical
role when ν > c). We should not be surpr ised, however,
if some interest ing applications were to be found in the
future for superluminal sources , too. In addition, super-
luminal sources can be encountered in astronomy. Re-
gardless of such possibi l i t ies, the emiss ion of e lectro-
magnetic and gravitational waves (and possibly also
neutrinos) from superluminal sources , and the ent ire
aggregate of the re lated problems, a r e in our opinion
of undisputed physical interes t .

Ί. E. Tamm and I. M. Frank, Dokl. Akad. Nauk SSSR 14, 107 (1937);
see also I. E. Tamm J. Phys. USSR 1, 439 (1939).

2 I. M. Frank, Coherent Radiation of a Fast Electron in a Medium,



192 Β . Μ. B O L O T O V S K I I and V. L. G I N Z B U R G

JINR Preprint, R4-5954, Dubna, 1971 (to be published also in the
Tamm Memorial Volume "Problemy teoreticheskoi fizike" (Problems
of Theoretical Physics), Nauka.

3V. L. Ginzburg, Dokl. Akad. Nauk SSSR 24, 130 (1939).
"V. L. Ginzburg, Zh. Eksp. Teor. Fiz. 10, 589 (1940).
5V. L. Ginzburg, Usp. Fiz. Nauk 69, 537 (1959) [Sov. Phys.-Usp.
2, 874 (I960)].

6B. M. Bolotovskii, Usp. Fiz. Nauk 62, 201 (1957); Usp. Fiz. Nauk
75, 295 (1961) [Sov. Phys.-Usp. 4, 781 (1962)].

7J. V. Jelley, Cerenkov Radiation and Its Applications, Pergamon, 1959;
V. P. Zrelov, Izluchenie Vavilova-Cherenkova i ego primenenie ν fizike
vysokikh energii (Vavilov-Cerenkov Radiation and Its Applications in
High Energy Physics), Vol. 1, M., Atomizdat, 1968.

Ί . M. Frank, Izv. Akad. Nauk SSSR Ser. Fiz. 6, 3 (1942).
Ά . Sommerfeld, Gottingen Nachr., 99, 363, 1904; Gottingen

Nachr., 201,1905.
10A. Sommerfeld, Optics (Russ. transl. IL, Moscow, 1953, Sec. 47)
[Academic, 1954].

"A. Einstein, Ann. Phys. (Paris) 23, 371 (1907).
I2W. Pauli, Theory of Relativity, Pergamon, 1959.
1 3 F. A. E. Pirani, Phys. Rev. D 1, 3224 (1970).

14V. L. Ginzburg, Zh. Eksp. Teor. Fiz. 62, 173 (1972) [Sov. Phys.-JETP
35, 92 (1972)].

15B. M. Bolotovskii, Kr. soobshch, fiz. (A Brief Commun. on Physics)
Fian, SSSR, No. 6, 1972.

16V. Ya. Eidman, Izv. Vyssh. Uchebn. Zaved. Radiofiz. 15 (4), (1972).
17V. L. Ginzburg, Usp. Fiz. Nauk 103, 393 (1971) [Sov. Phys.-Usp.
14, 83 (1971)].

18V. Weisskopf, Phys. Today 13, 24 (1960); N. C. McGill, Contemp.
Phys. 9, 33 (1968).

19M. Rees, Mon. Not. R. Astron. Soc. 135, 345 (1967); V. L. Ginzburg
and S. I. Syrovatskii, Annu. Rev. Astron. Astrophys. 7, 375 (1969); A.
Cavaliere et al, Science 173, 525 (1971).

20V. L. Ginzburg and I. M. Frank, Zh. Eksp. Teor. Fiz. 16, 15 (1946);
J. Phys. USSR 9, 353 (1945).

2 1 H. Motz and L. Schiff, Am. J. Phys. 21, 258 (1953).
" S . V. Afanas'ev and B. M. Bolotovskii, Kr. soobshch fiz., FIAN,
SSSR, No. 6, 1972.

Translated by J. G. Adashko


