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I. THE SUBJECT OF THE REVIEW

I HIS review is devoted to one of the important prob-
lems of elementary particle physics—the experimental
study of the interaction between π mesons . Knowledge
of the quantities character iz ing the pion-pion interaction
is no l e s s important than knowledge of the πΝ-interaction
constants. The ππ- interaction amplitudes a r e fundamen-
tal quantities in the sense that they enter into the des-
cription of a large group of very diverse p r o c e s s e s .
Figure 1 shows some very simple d iagrams describing
various p r o c e s s e s of production and decay of par t ic les ,
which involve the scatter ing ver tex of two pions. The
number of such d iagrams can easily be increased.

We will further discuss p r o c e s s e s in which the ππ
interaction is important, since by analysis of just these
p r o c e s s e s we can obtain interesting data by an indirect
means. It should be noted that as recently as ten y e a r s
ago we knew practical ly nothing about the pion-pion in-
teract ion, and assumed only that it i s a strong interac-
tion. Even our present knowledge of low-energy ππ
scatter ing cannot be said to be exhaustive. However, it
i s reasonable to say that the principal regular i t ies and
c h a r a c t e r i s t i c s a re c lear and, what is part icular ly im-
portant, methods of experimental investigation have
been developed and tested.

The fact is that direct experiments on the scatter ing
of free pions by free pions a r e not possible at this
t ime. The π-meson lifetime i s approximately
2 χ 10 8 sec . Therefore t h e r e a r e no pion targe t s , and
we cannot yet perform experiments on the mutual scat-
ter ing of pion beams, which cannot conceivably be ac-
cumulated in storage r ings except in a c c e l e r a t o r s with
energies considerably higher than present-day machines.

Thus, the 7Γ7Γ interaction can be studied only by indi-
r e c t means . Examples a r e the study of production of
pions by pions, decay of K-mesons and resonances into
two or more pions, and production of pion p a i r s in the
annihilation of antiprotons or in collisions of e lectrons
and posi trons in colliding beams. There are fundamen-
tal difficulties, in that the p r o c e s s e s enumerated a r e
not always completely described by the diagrams of
Fig. 1, and furthermore, the corresponding d iagrams by
no means always determine these p r o c e s s e s . As an
il lustration we have shown in Fig. 2 a s e r i e s of d iagrams
which can provide, and in a number of cases , as we
shall see, do provide a decisive contribution to the pro-
duction react ion

π + Ν-^π + n + N. (I)

Thus, the question of experimental study of the ππ inter-
action is a question of separating a definite c la s s of dia-
gram. F o r just this reason, it will be necessary in the
subsequent discussion to dwell in considerable detail on
the mechanism of occurrence of cer ta in react ions, par-

t icular ly reaction (1). These questions a r e involved in
the technique for investigation of the pion-pion interac-
tion.

II. CURRENT TECHNIQUES FOR STUDY OF THE
ππ INTERACTION

1. Mechanism of the Reaction π + Ν — π + τ τ + Ν

The c h a r a c t e r i s t i c s of par t ic le s emitted in produc-
tion of pions by pions from nucleons can be described to
a first approximation by phase-space curves in whose
calculation the specific nature of the interaction is ig-
nored and only the conservation laws a r e taken into ac-
count. This stat ist ical approach reflected the principal
features of the spect ra of p a r t i c l e s in react ion (1), which
were measured at first with large stat is t ical e r r o r s ; it
was used successfully to descr ibe react ions with produc-
tion of a large number of mesons (the la rger the number,
the more successfully), predicted the multiplicity of par-
t icle production a s a function of energy, and was con-
firmed a s the initial approach in analysis of experiments
on inelastic scattering. However, even the early com-

FIG. 2
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par i sons of more accurate spectra of the pions from r e -
action (1) with theory indicated the inadequacy of this
approach. This is not surpris ing, since it was clear
a p r i o r i that the interaction of the hadrons in the final
state should have an effect. More surpris ing is the suc-
c e s s of the s tat is t ical approach. Surprising and con-
venient, since up to the present day we sti l l do not know
how to take into account the final-state interaction cor-
rect ly in any case.

Substantial p r o g r e s s was made when various isobar
models began to be considered. The essence of these
models is that react ion (1) is represented as occurring
in two steps:

(see diagram 2a)', where N*—the excited state of the
nucleon—most frequently turns out to be Δ 3 3 , the well
known isobar with m a s s 1236, isotopic spin Τ = 3/2, and
spin J = 3/2. The existence of i sobars was known from
direct experiments on pion-nucleon scattering, from
which it also followed that (at least at low relative ener-
gies of the pion and nucleon) they determine the nature
of 7TN scattering.

The isobar model for reaction (1) was initially formu-
lated by Lindenbaum and S t e r n h e i m e r u : l (the LS model)
on the assumption of isotropic production and decay of
the isobar. The greater accuracy of the model of Bergia,
Bonsignori, and Stanghellini [ 2 ] (the BBS model) is due
to inclusion of interference of the amplitudes c o r r e -
sponding to i sobaric s tates of the first pion with the
nucleon and of the second pion with the nucleon.

However, a more important improvement is the in-
clusion, proposed by Anisovich, 1 3 3 of isobar production
not only in the S state but also the contribution of other
isobaric s tates and even nonisobaric s ta tes (the Yodh-
Olsson m o d e l U ] ) and the decay of the Δ 3 3 isobar in the
Ρ wave in accordance with i ts spin. We will not occupy
ourse lves here with comparison of the experimental
data with calculations using the various models—a good
review of the models and of other questions re lated to
the reaction (1) mechanism can be found in ref. 5; we
will note only that current models claim to give a suc-
cessful quantitative descript ion of the spectra and angu-
lar distributions of the pions, the dependence of the num-
ber of events on the relat ive energy of the pion and
nucleon, the ratio of the c r o s s sections for the react ion
in different charge s tates, and so forth. It is important,
however, that even in these re spect s the models require
improvement as the experimental e r r o r s a r e reduced
and as attempts a re made to descr ibe the experimental
data m o r e accurately. An example of an improved model
is that developed by Anisovich et al.1 6·1 , who take into
account, in addition to isobar production, d iagrams with
rescat ter ing of the pions (Fig. Id). However, this i s
already an intrusion into another field, to the discussion
of which we will p r o g r e s s .

The definite success of isobar models in description
of the experimental data indicated the cor rec tness of the
chosen method of taking into account the specific nature
of the interaction. On the other hand, all of the still ex-
isting discrepancies, which are most noticeable in com-
parison with theory of the low-momentum par t s of the
spectra of nucleons and the dependence of the number of
events on the relat ive energy of the pions, made it

necessary to attempt to include the interaction of the
pions in the final state. Here it i s appropriate to d igress
and to introduce some convenient variables for the
character i s t ic s of reaction (1), part icular ly in the case
where we are discussing inclusion of the ττττ interaction.
These a r e : the pion energy in their center-of-mass sys-
tem, ω, which is the invariant m a s s of the dipion sys-
tem, and p 2—the squared 4-momentum transfer to the
nucleon, which at small p2 i s identical with the squared
nucleon momentum in the laboratory system.

Distributions of the number of react ion (1) events a s
a function of ω, or the invariant m a s s spectra, ra ther
rapidly indicated the existence of features in the πττ sys-
tem—resonances—whose inclusion was just as necessary
as the i sobars . By analogy with the isobar models, the
scheme for including resonances is as follows:

it + A' — * Ν + ω* —* Ν + π + π, (3)

where ω* is any resonance in the ΉΈ system. In part 7
of th i s chapter we will d i scuss means of studying reson-
ances, and in part 3 of the fourth chapter the principal
data on ττ-π resonances . However, we still l imit ourselves
to the question: Is it possible to include the nonreson-
ance JTTT interaction, which does not appear a s explicitly
as the r e s o n a n c e s . More accurately, having reversed
the problem, we will ask in study of reaction (1), can we
obtain information on the nonresonance irir interaction?

There is no doubt that the possibility exists in prin-
ciple. It i s sufficient if we understand o>* to mean non-
resonance s tates with definite phase shifts. However,
the difficulties a re just as certain as the possibility. We
have already emphasized the success of isobar models,
in which the occurrence of reaction (1) is determined by
strong pion-nucleon interactions. It is t r u e that we poin-
ted out the necessity of inclusion of pion-pion scattering
in the m o d e l . t 6 ] Anisovich et a l . i 6 i have assumed that
reaction (1) at an initial pion energy of 350—600 MeV,
where appreciable production of the Δ 3 3 isobar is ob-
served, is completely determined by isobar d iagrams
2a, 2c, 2d, and in addition by the isobar diagram with a
pion-pion vertex (see Fig. lc) . With this model they ob-
tained satisfactory agreement with the resu l t s of a
phase-shift analysis of the elast ic and inelastic part ia l
c r o s s sections, adequate agreement with experiment for
the total c r o s s sections of all five charge channels of
reaction (1), and a description of the pion spectra; they
found further that on the assumption of zero scattering
length for pions in the state with isospin Τ = 2 the best
agreement with experiment in the pion spectra i s ob-
tained for a 7ΠΤ- scattering amplitude which is negative
and close to unity in the state with Τ = 0. However,
these conclusions cannot be considered final, since it i s
not completely clear what will be the effect of reaction
(1) channels which have not been included. Turning to
the general analysis of react ion (1), we can indicate tem-
porary attempts at phase- shift analysis for relatively
low energies, i c : i where in addition to the strong ττΝ
interaction in the final state, in various phase shifts it
is necessary to consider in addition the so-called
σ meson, which apparently takes into account effectively
the 7Γ7Γ interaction. However, such a global approach
does not seem promising for the study of pion-pion
scattering. In the general case there a r e too many free
p a r a m e t e r s , and on the other hand, not enough experi-
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mental points. The uncertainty regarding the σ meson,
the problem of whose existence we will be forced to dis-
cuss la ter , is apparently a reflection of the a r b i t r a r i n e s s
which is developing. Therefore, recal l ing the main prob-
lem—the obtaining of information on the ππ interaction,
we will subsequently be interested more in special cases
of the occurrence of react ion (1).

2. Production of Pions by Pions Near Threshold

About ten years ago Gribov and his co-workers began
to develop a r igorous method of considering react ions
near the threshold for production of three par t ic les in the
final s t a t e . C l l " 1 4 j Without going into the details of the
theory, which has been described in detail in review ar-
t ic les and lec tures by some of the a u t h o r s , l i 5 ' l 7 : we will
note that for a small energy re lease , when the relative
momenta of the par t ic les ky in the final state a r e small,
the amplitude Ao of the p r o c e s s can be expanded in a
s e r i e s in powers of the small relat ive momenta of the
par t ic le s :

A = /o (1 + iaak,2 + ia23k23 + iaakl3) + .. ., (4)

where f0 i s a common unknown complex factor, which i s
identical, however, for all l inear t e r m s , and a^ a r e the
r e s c a t t e r i n g amplitudes of the corresponding par t ic les
in the final s tates .

For the reaction

t h e r e i s the poss ib i l i t y in the final s tate of the charge
e x c h a n g e s

(5)

e

(6)

(7)

and in Eq. (4) for the amplitude there appear l inear
t e r m s of the form

IJiCka and ihDka.

If the complexity of f0, fi, and f2 i s not the same, then
the l inear t e r m s are preserved also in the expression
for the c r o s s section of react ion (5) near threshold,
which if we neglect quadratic t e r m s in kjj i s

da/dT ^const-[l+Akl2 + Bki3]. (8)

Here do/dT i s the differential c r o s s section per unit
phase space,

Α 2 /3Κ-«ο) ·α 1 2 , Λ - (1/2/3) (&3/2-&1/2) ( - K 2 ) ai2,

a 3sin(631 —6n)

where δ31 i s the phase shift for elast ic πΝ scattering
with Τ = 3/2, J = 3/2 for a pion energy of Λ200 MeV at
the threshold for react ion (1); διχ i s the phase shift for
elast ic nN scatter ing with Τ = 1/2, J = 1/2 at the same
energy; Fu and F 3 i a r e the amplitudes of the t ransi t ions
πΝ — 7ΠΓΝ at threshold, when all of the par t ic les pro-
duced have zero kinetic energy in the center-of-mass
system. A / B = (a2 - ao)/^/ ; . - b 3/ 2), the rat io of the
coefficients for the l inear t e r m s , i s directly expressed
in t e r m s of the rat io of charge-exchange amplitudes,
which are equal to the differences in the corresponding
scat ter ing lengths. a2 — a 0 i s the difference in the pion-

pion scattering lengths of interest to u s in s tates with
isospin Τ = 2 and Τ = 0; bt/2 - b 3/ 2 i s the difference in
the lengths for scattering of pions by nucleons in iso-
topic s tates with Τ = 1/2 and Τ = 3/2, which a r e known
from direct, independent experiments.

This method of obtaining information on the pion-pion
interaction, which has been called the Ansel' m-Gribov
method in the l i tera ture, is extremely attract ive, since
it i s exact for ky — 0 and in rea l cases (kj, * 0) p e r m i t s
i ts validity to be checked by investigation of how da/dT
f o l l o w s E q . ( 8 ) ; i t p e r m i t s f i n d i n g o u t n o t o n l y t h e m a g -

n i t u d e b u t a l s o t h e s i g n o f t h e d i f f e r e n c e i n t h e Τ Ι Έ s c a t -

t e r i n g l e n g t h s , a 2 — a 0 , r e l a t i v e t o t h e k n o w n s i g n o f t h e

d i f f e r e n c e b l / 2 - b 3 / 2 . O n t h e o t h e r h a n d , t h e A n s e l ' m -

G r i b o v m e t h o d i n t h e f o r m j u s t d e s c r i b e d i s l i m i t e d .

W e c a n h o p e t o o b t a i n i n f o r m a t i o n o n l y o n t h e c h a r g e

e x c h a n g e a m p l i t u d e ( 6 ) f o r z e r o r e l a t i v e p i o n e n e r g y .

F r o m E q . ( 4 ) i t f o l l o w s t h a t t h e a m p l i t u d e s f o r r e s c a t -

t e r i n g o f t h e p a r t i c l e s , i n p a r t i c u l a r , t h e a m p l i t u d e s o f

interest to us for the scattering π*π~ — π+τΓ in reaction
(5), require for their extraction a knowledge of the quad-
ra t ic t e r m s in ky in the expression for the reaction
c r o s s section. Generally speaking, for an accidental
reason, the smal lness of a12, Eq. (8) i s valid only for
incident pion energies exceeding the threshold by the
order of 1 MeV. In other c a s e s (and today this means
always), to obtain information on pion-pion charge ex-
change, it i s also necessary to include as a minimum
the quadratic t e r m s . In fact, a 1 2 i s proportional to
s in(5 3 1 - 5 U ) , and the phase shifts δ31 and 6 U are of the
order of 5°, so that s in(6 3 1 - 6 U ) is of the order of 1/5.
Hence A and Β are of the o r d e r of (ΐ/5)μ (μ is the pion
mass) . The omitted t e r m s in Eq. (8) a r e of o r d e r k 2 ^ 2 .
Neglect of these t e r m s i s justified if k/δμ > k 2 ^ 2 . If
" m u c h g r e a t e r " means a factor of three, then k = 1/Ι5μ,
which corresponds to a kinetic energy of the order of
1 MeV (in the c.m.s. of the reaction).

Thus, study of the pion-pion interaction by the
Ansel 'm-Gribov method: involves inclusion of a large
number of t e r m s ; requi res substantially better experi-
mental accuracy, in part icular, in elast ic πΝ scattering
to obtain values of the higher phase shifts at low pion
energy; r e q u i r e s more accurate measurement of the
differential c r o s s section for reaction (1) near threshold
where, naturally, it i s extremely small . The Ansel 'm-
Gribov method loses i ts a t t ract iveness . In i t s s implest
form it i s cited because, on the one hand, it stimulated
a number of the first experiments on study of the pion-
pion interaction and, on the other hand, the possibility
is not excluded of its successful application to study of
the r e a c t i o n s ' 1 7 3

π" -f- ρ —> N-j-dn,

p + p^2N+2n, (9)

d + d —=· He4 + n* + nr

and to obtain information on the Κπ interaction in r e a c -
tions with production of pions by Κ mesons.

3. Peripheral Interaction

Let us discuss one of the models of the pion-nucleon
interaction which leads to pion production. In this model,
pion-pion scatter ing which i s of in teres t to us i s separa-
ted in explicit form. We a r e discussing scattering of the
incident pion by a virtual pion from the pion cloud sur-
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rounding the nucleon. It seems that, having separated
the corresponding part of the reaction, we can obtain
information on σΈΉ.

Here, evidently, an analogy will be useful with the
method of determining the c r o s s section of the nucleon-
nucleon (or ττΝ) interaction from experiments on quasi-
elastic scatter ing of nucleons (pions) by nuclei. Rather
old and well known exper iments have shown that to a
first approximation the scatter ing of high energy par t i-
cles by nuclei can be represented as scattering by the
individual moving nucleons inside the nucleus. Here we
obtain more accurate information on free nucleon-
nucleon scatter ing as the momentum of the nucleon in
the nucleus i s l e s s and, consequently, a s the momentum
of the recoi l nucleon is l e s s .

By analogy we can expect that in the case of scatter-
ing of pions by virtual mesons of the nucleon's meson
cloud we will obtain more accurate information on free
pion-pion scatter ing a s the momentum of the recoi l
nucleon becomes smal ler . This corresponds to per i-
pheral collisions: scatter ing of the incident pion by a
meson at the per iphery of the nucleon.

We can distinguish the role of the per ipheral interac-
tions in a somewhat different way. We are interested at
the moment in collisions with one pion, but not with a K
meson, not with three pions, and so forth. The charac-
ter i s t ic radius of separation of one pion from the nucleon
is ΐ / μ π , of a K m e s o n — 1 / μ κ , of three pions— ΐ / μ 3 ί Γ ,
and so forth. The pion i s the lightest part ic le of the
strongly acting par t ic les in resonances, so that the
spherical shell in the nucleon's meson cloud from
radius ΐ / μ π to radius ΐ / μ 3 7 Γ i s filled mainly with single
pions. (Here and subsequently Κ = c = 1; we will further
express all quantities in units of the pion mass.) P e r i -
pheral collisions a r e just interact ions with momentum
transfer ~ 1 at distances also of ~ 1 .

Remaining within the bounds of somewhat naive
geometrical representat ions and assuming in addition
that the probability of interaction is simply proportional
to the volume occupied by the virtual part ic les , some
authors, part icular ly in the first stage of study of the
pion-pion interaction, have attempted to extract it from
the total c r o s s sections for reaction (1), in part icular,
comparing the c r o s s sections of different charge s tates
of the reaction. The per iphera l model, of course, r e -
flects certain general features of reaction (1), but we
already have seen (see part 1) that it i s inadequate to
descr ibe all cases of the reaction. Special separation
of events with small momentum t rans fer i s necessary.

The importance of studying per ipheral interactions
to obtain information on the scattering of pions by pions
was emphasized by Okun' and Pomeranchuk, C l 8 : l who
proposed to separate phases with large orbital momenta
in the scattering. A suitable arrangement for determin-
ing the ππ-scatter ing c r o s s section was first proposed
by Chew and Low.

Ρ 1

dp* >yj-— l σππ(ω)· ( 1 0 )

U9]

4 . T h e M e t h o d of C h e w a n d L o w

S c a t t e r i n g of t h e i n c i d e n t p i o n b y a v i r t u a l p i o n f r o m

t h e p i o n c l o u d i s r e p r e s e n t e d b y t h e d i a g r a m s h o w n i n

F i g . l a . T h i s i s t h e s o - c a l l e d p o l e d i a g r a m . I n f a c t ,

t h e d i f f e r e n t i a l c r o s s s e c t i o n f o r r e a c t i o n (1) d e s c r i b e d

b y t h e d i a g r a m of F i g . l a h a s t h e f o l l o w i n g f o r m :

Here α i s a numerical coefficient which i s equal to 1
or 2, depending on the charge state of reaction (1) to
which formula (10) re fers ; f = 0.08 is the ττΝ-interac-
tion coupling constant (the lower vertex in Fig. la) ;
q is the incident pion momentum in the laboratory sys-
tem; ω i s the total energy of the two pions in their
center-of-mass system, w m ^ n = 2; p 2 i s the squared
4-momentum transfer , and οΉ1τ i s the ττττ-interaction
c r o s s section (in which we are interested) for energy ω
(the upper vertex in Fig. la) . The most character i s t ic
t e r m in Eq. (10) i s the propagator (p2 + I ) " 2 , which im-
mediately indicates the existence of a pole at p 2 = - 1 ,
corresponding to scattering by a virtual pion.

Strictly speaking, Eq. (10) is valid only at the point
p 2 = — 1 , and the function σπ7Γ(ω) (or, more accurately,
στπτ(ω> Ρ2)) o n ^y a*· *-his point actually r e p r e s e n t s the
c r o s s section for scattering of a pion by a rea l pion.
The point p2 = - 1 l ies outside the physical region and
is not experimentally accessible. However, the pole
nature of the relation, and part icular ly the fact that
d2a/dp2do>2 — °° at p 2 = - 1 , permi t s us to hope that there
will be a dominant contribution from the diagram of
Fig. l a and that Eq. (10) will be valid in the immediate
vicinity of the pole, including values ρ2 ~ 1 which are
physical for reaction (1). In just the same way we can
suppose that σ7Τ7Γ(ω, ρ2) at ρ2 — 1 will not be greatly dif-
ferent from the rea l TTTI c r o s s section. These considera-
tions form the bas i s for use of Eq. (10) to determine the
pion-pion cross section in the physical region. What i s
being neglected in this approximation? What e r r o r s a r e
possible?

We have neglected all other d iagrams, about which in
the best case we can only say that they do not lead to a
pole of second order in the differential c r o s s section at
p 2 = — 1. We can further assume that the nearest pole
singularity will be that of the diagram of Fig. 2f or with
three virtual pions (Fig. 2b), with a character i s t ic mo-
mentum transfer ρ 2 ~ 9. It is not excluded that, because
of interference with the t e r m written out in Eq. (10), it
may provide an appreciable contribution at ρ 2 ~ 3.

In any event, these a r e only rough es t imates , and the
question of applicability of Eq. (10) in the physical reg-
ion, i.e., of the contribution of the diagram of Fig. l a ,
is at the present t ime an experimental question, and we
will be forced to r e t u r n to it.

It i s possible to attempt to use Eq. (10) in another
way, finding d 2o/dp 2dco 2 at the point p 2 = - 1 (where Eq.
(10) is valid) by extrapolation of the reaction (1) cross-
section values from the physical region. This i s the
so-called extrapolation procedure. It is convenient to
perform this extrapolation by means of the auxiliary
function:

It is c lear that F(p 2 , ω) — σ π π (ω) a s p 2 - - l . It is easy
to see that

if the only diagram contributing to the reaction is the
pole diagram. We will make further use of this fact. In
all other (more real ist ic) cases the law of variation of

Τ
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F(p , ω) is unknown. F u r t h e r m o r e , the law can change
along with the change in the contribution of other dia-
g r a m s , and can depend on ρ 2, ω, and q. Nevertheless,
the most often used method is a l inear extrapolation of
the form

F(p\ tu) = a + bp"-, ( 1 2 b)

where the constant t e r m a somehow takes into account
the nonpole contribution. Equation (12b) i s justified as a
first approximation. It would be satisfactory for p ! C l .
For p 2 i> 1 i t s use, generally speaking, is better, but not
eminently better, than use of the Chew-Low formula in
the physical region. Besides, it i s justified only for the
condition of a decisive contribution of the pole diagram,
Fig. l a . The search for the conditions of applicability
of the pole approximation and the proof of a decisive
contribution of the pole under definite conditions consti-
tute one of the important prob lems of experiments .

5. Necessary Criteria of Applicability of the Pole
Approximation

Adequate c r i t e r i a for applicability of the pole approxi-
mation and validity of Eq. (10) a r e not known to us. Here
we will formulate some necessary c r i t e r i a . Then we will
d i scuss their use and will use the r e s u l t s of analysis of
the experimental data on the bas i s of the necessary
c r i t e r i a to identify the region of a decisive contribution
of the pole diagram.

As the first cr i ter ion we can name the verification
of Eq. (12a). This cr i ter ion follows direct ly from the
formula of Chew and Low. It can be formulated as fol-
lows: the values of σ π π obtained by extrapolation to
p 2 = — 1 and from Eq. (10) in the physical region must be
the same.

The second cr i ter ion follows from consideration of
the diagram with exchange of one pion and was first ex-
pressed by Yang and Tre iman. t 2 o : l It now b e a r s their
name in the l i tera ture . Yang and Tre iman showed that
for one-pion exchange the distribution of the number of
react ion (1) events in the angle between the plane of pion
emission and the plane of the nucleons should be iso-
tropic. This is a natural consequence of the zero spin
of the virtual pion, which cannot t r a n s m i t information on
angular momentum from vertex to vertex. Since the
plane of the nucleons cannot be determined in the lab-
oratory system, the cr i ter ion i s verified in the anti-
laboratory system, in which the incident meson i s at
r e s t .

The third cr i ter ion follows naturally from the formu-
lation of the problem itself: σ π 7 Γ for a given ω, deter-
mined from analysis of react ion (1) by the Chew-Low
method, must not depend on the incident pion momentum.

In the same way, if σ π π i s actually the pion-pion
c r o s s section, the same value must be obtained for it—
the fourth cri terion—from analysis of different r e a c -
tions, for example, from analysis of the reaction with
production of several pions, described by the diagram
of Fig. l b , to which we will r e t u r n very shortly. Here it
i s important that the c r o s s section for the reaction

is given by the formula obtained in the pole approxima-
tion and s imilar to Eq. (10).

Here it is appropriate to recall an attempt to check
the applicability of the Chew-Low method in determina-
tion of the πΝ- scatter ing c r o s s section from experimen-
tal data obtained in scatter ing of nucleons by nucleons. L 2 1 }

In this case the possibility existed of comparing the
value of the 77N result ing c r o s s section with free pion-
nucleon scatter ing directly measured experimentally.
The inadequate s ta t i s t ics available to the authors com-
pelled them to use for determination of σ π ^ a relatively
wide interval of momentum transfer . Nevertheless ,
there i s at least a qualitative agreement of the magnitude
and behavior of the c r o s s section, found from an equa-
tion s imi lar to Eq. (10), with that obtained by direct ex-
per iment* } .

The fifth necessary cr i ter ion i s agreement of the
values found for σ π π by different methods, for example,
by the Chew-Low method, from analysis of τ decays, and
so forth (see below).

The pion-pion interaction must be considered iso-
topically invariant. In the opposite case, isotopic invari-
ance would be destroyed in, say, πΝ scattering. Hence it
follows, and this i s the sixth cr i ter ion, that definite
known relat ions should be satisfied between the o f f J T

c r o s s sections in different charge states . In part icular,
charge symmetry should exist: σ

π + π + = σ

π-7Γ-> v^'n0

= V ; r ° ·
We can formulate further c r i t e r i a associated with the

existence of resonances in the πη system. For resonan-
ces in which the inelast ic channels can be neglected, σΉΊΙ

should reach the unitary l imit. The singularit ies at the
ππ vertex should be reflected in the form of s ingularit ies
in the behavior of the entire react ion.

It i s evident that a part of the c r i t e r i a refer not only
to verification of the validity of the Chew-Low method
and the pole approximation, but also to the c o r r e c t n e s s
of other methods, for which specific c r i t e r i a can also be
formulated in a number of cases . We will emphasize
only once more that the enumerated c r i t e r i a a re only
necessary : we can only hope that simultaneous satisfac-
tion of these c r i te r ia , part icular ly such extremely gen-
e r a l ones as 3—7, will guarantee to an important degree
the separation of the pole diagram and the reliability of
the σ π 7 Γ values.

6. Other Methods of Determination of σ π 7 Γ in the
Peripheral Approximation

We will discuss first the already cited extension of
the Chew-Low method to analysis of reaction (13).
Formulas for the react ion c r o s s section, corresponding
to the diagram of Fig. l b , have been obtained by a num-
ber of w o r k e r s . ' 2 2 2 6 It is t rue that they have taken into
account in somewhat different ways the lower vertex,
which is all that distinguishes d iagrams l a and b. All of

*In 1969 a more accurate study was made (Z. M. Ma et al., Phys.
Rev. Lett. 23, 342 (1969)), in which the cross sections for scattering of
protons by pions were found by the extrapolation method from the
values of a modified momentum transfer which effectively took into
account the descent from the mass shell. Comparison of the cross sec-
tions found with those measured in direct experiments on free πΝ scat-
tering in the region of the Δ 3 3 isobar indicates agreement within the
errors of < 10% and is a convincing argument in favor of the applica-
bility of the Chew-Low method.
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the formulas obtained have, of course, the identical
s t ructure :

d3a ι ι ω V Τ " 1

dp2 da2 dW
σ π π (ω)

(14)

H e r e t h e f i r s t b r a c k e t s c o n t a i n f a c t o r s f r o m t h e C h e w -
Low f o r m u l a (10), and t h e s e c o n d — t e r m s t a k i n g into
a c c o u n t t h e k i n e m a t i c s of i s o b a r p r o d u c t i o n and t h e
p r o b a b i l i t y of p r o d u c t i o n . T h e d i f ferent f o r m u l a s dif fer
in t h e funct ion G(p 2 ) . In E q . (14), W i s t h e i s o b a r m a s s ,
Poff a n < * Pon a r e t h e m o m e n t a of t h e v i r t u a l and s c a t -
t e r e d m e s o n in the i s o b a r c . m . s . It c a n b e a s s u m e d , and
t h i s a s s u m p t i o n h a s b e e n m a d e by Key et a l . , L 2 6 } t h a t
G(p 2) = 1. It i s p o s s i b l e t h a t t h i s i s c o r r e c t , and in any
c a s e t h e n u m e r i c a l d i f f e r e n c e , s a y with S e l l e r i ' s
f o r m u l a / 2 4 j a m o u n t s to 14 t o 8 0 % for v a r i o u s v a l u e s
of ω. Another cause of the discrepancy of the c r o s s
sections found by different workers by means of formula
(14) i s the different width of the isobar interval used in
the var ious studies for integration over W. Neverthe-
less , we will see that Eq. (14) p e r m i t s obtaining valuable
information on σ ^ , especially if we have in mind check-
ing of the fourth necessary cr i ter ion for applicability of
the pole approximation.

There is a widely used modification of the Chew-Low
formula for reaction (1) which is used when it i s des i red
to make use of a wide range of ω and p 2 . In this case an
additional factor i s added to Eq. (10) which has the form
of an effective form factor taking into account both the
form factors of the v e r t i c e s and of the propagator and,
possibly, also the contribution of some non-one-pion
diagrams.

The early studies utilized form factors specified in
advance, most often those proposed by F e r r a r i and
S e l l e r i [ 2 7 j

) = [0,28 + 0,72

or by Amaldi and Selleri

4,73 J

(15)

(16)

These form factors a re not greatly different, especially
at smal l p 2 . Both, as should be the case, have been
normalized to unity for p 2 = — 1. Both have a falling na-
ture , and both fall off part icular ly sharply at small p 2 .
F o r m factors (15) and (16) a re introduced as universal
functions which a r e independent not only of the initial
energy and of ω, but also of the reaction charge channel,
and are even identical for react ions (1) and (13). Fur-
t h e r m o r e , Se l ler i ' s form factor (15) was initially used
to descr ibe pion production in nucleon-nucleon colli-
sions, L2Bl and the very form of the dependence goes back
to electrodynamics. All of this is somewhat suspicious,
but by itself is still in no way bad. More ser ious is the
fact that the only r e a l check of the validity of introducing
form factors (15) and (16) was the fact that the
77V-interaction c r o s s section obtained from Eq. (10)
with form factor (15), where the constants have been
chosen experimentally, r e a c h e s the unitary limit at the
p-meson m a s s . It appears that the comparison with the
unitary limit i s incorrect , not only because the use of

Eq. (10) in the physical region may not be completely
correct, but mainly because it is impossible to ignore
the large S-wave phase shift in this region, the possible
admixture of other phase shifts, and background events.
It is true that Eq. (10) with form factor (15) or, still
better, with form factor (16) fitted for this purpose,
gives a good description of the dependence of the reac-
tion (1) differential cross sections on p2 in the region
up to ρ2 ~ 50. However, for large p 2 form factors (15)
and (16) do not change greatly. This same circumstance
does not permit ser ious reference to the resu l t s of those
studies (see, for example, ref. 29) which, with relatively
poor s tat is t ics in the same region of p 2 , reach the con-
clusion that Φ(ρ2) ~ 1 (and for small p2 directly contra-
dict the experimental data, for example ref. 30, which
indicates a weak variation of the form factor).

F r o m (15) and (16) it follows that if σ π 7 Γ i s extracted
from the differential c r o s s sections for reaction (1) up
to ρ 2 ~ 10—20, then introduction of such form factors
changes the values of the c r o s s sections found in com-
parison with Eq. (10) by approximately three t imes .
This means that the question of the shape of the form
factor is extremely important. However, we have seen
that this i s a purely experimental question. Therefore
we will r e t u r n to it. For the present we will cite ref. 31,
where the authors attempt to solve the form factor prob-
lem in the following way. Let the formula

**,(<») ( 1 7 )
i2a _ a / 2

 P2

ideP " 2π (pa+1)2
ω 1 / - ; — J

be valid (this is the weakest point of the discussion);
then οΉπ can be found by two means. Specifically:

(ω) - 2 dp2

(18)

j
ΐ | η (19)

E x p r e s s i o n s (18) and (19) should be equa l , s i n c e t h e y
r e p r e s e n t t h e s a m e q u a n t i t y . T h i s i s p o s s i b l e w h e n t h e
i n t e g r a n d s in (18) o r the n u m e r a t o r and d e n o m i n a t o r i n
(19) differ for a given ω only by a factor, i .e., when the
selected Φ(ρ2) i s correct . This comparison of two-
integral and one-integral means of determination from
the data on differential c r o s s sections for the reaction

π° + ρ (20)

refutes form factors (15) and (16), is consistent (within
the accuracy of the r e m a r k about the unitary limit) with
the possibility Φ(ρ2) = 1, and has not been checked for
other values of Φ(ρ2).

A convenient means of experimentally measuring
Φ(ρ2), or more accurately * ' ( p 2 , ω) = Φ(ρ2)σ7Γ7Τ(ω), where
Φ (ρ 2, ω) — αηπ(ω) as ρ2 — - 1, was proposed by Baton
et a l . c and has received the name of the pseudoperi-
pheral approximation. In essence, Eq. (17) is postulated.
Generally speaking, this is not such a bad approxima-
tion, and in fact Φ'(ρ 2, ω) is arb i t rary . The only as-
sumption, and apparently one of no small importance, is
the omission of additional t e r m s in Eq. (17) not contain-
ing the factor p 2 (in the opposite case they can be inclu-
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ded in Φ'(Ρ2> ω ) ) · However, production of pions (for ex-
ample, through an isobar) will lead to a constant t e r m
in Eq. (17) and will extend beyond the l imits of the
pseudoperiphery. It is not excluded that the additional
t e r m s mentioned can lead in a number of cases to the
effective appearance of a function Φ'(ρ 2, α>) which has no
relat ion to the form factor.

Baton et al.L322 have formulated the pseudoperipheral
approximation in the following way. Let us form the
auxiliary function

F' (p2) = F{p2)/p2, (21)

where F(p2) i s given by Eq. (11), and extrapolate it to the
point p 2 = - 1 , where F'(p 2 , ω) = σ ^ . The extrapolation
law in each range of ω is Φ'(ρ 2, ω). It is obvious that the
extrapolation is possible if F'(p2) does not have a pole at
p 2 = 0, i.e., for the conditions discussed above and r e -
quiring verification each t ime that they a re satisfied.

The pseudoperipheral approximation i s identical to
the Chew-Low extrapolation procedure when the extra-
polation curve p a s s e s through zero. A l inear extrapola-
tion in the pseudoperipheral approximation corresponds
to a quadratic Chew-Low extrapolation, a quadratic to
the cubic, and so forth. The values of σ π π · obtained a r e
pract ical ly identical, but the e r r o r s obtained in the
pseudoperipheral approximation a r e , of course, less ,
since it i s postulated that F(p2) = 0 at the point p 2 = 0,
which, we repeat, r e q u i r e s experimental proof.

In concluding the paragraphs devoted to the pole ap-
proximation, it is appropriate to mention the fundamental
doubts as to the validity of the pole approximation which
have ar i sen in connection with the development of Regge
pole theory and which are hidden under the t e r m con-
spiracy. The essence of the doubts is the fact that, in
addition to the π pole at the point p 2 = - 1, it i s assumed
that there is a singularity at the point p 2 = 0, which, of
course, makes impossible extrapolation to the point p 2

= - 1 from the physical region of p 2 values and even
more the use of Eq. (10) in the physical region. We will
limit ourselves here to only this short r e m a r k , since
there is , obviously, no singularity at p 2 = 0. A brief
review of experimental studies from this point of view
can be found in ref. 33. The facts leading to suggestion
of conspiracy a r e m o r e naturally explained today in
t e r m s of the theory of complex angular momenta with
inclusion of branching.

We can further note these r e s u l t s of a Regge discus-
sion of reaction (1): the asymptotic formula goes over
at low energies in the s-wave region of πτΐ scatter ing to
Eq. (10); a form factor naturally a r i s e s , which, how-
ever, approaches unity as the squared total reaction en-
ergy approaches zero; in the s-wave region, even in-
clusion of r e s c a t t e r i n g s (branchings), i .e., d iagrams of
the type Id, does not change the dependence of the differ-
ential c r o s s section for the reaction, ~ p 2 , which i s
necessary for validity of the pseudoperipheral approxi-
mation.

7. Methods of Observing Dipion Resonances

In the preceding discussion we have already repea-
tedly cited as well known the resonances in the two-pion
system. In fact, severa l y e a r s ago t h e r e a rose a peculiar
situation (which to some extent still exists today) in

which we knew little of the cross-sect ion values for υπ
scattering, but were already convinced of their reson-
ance nature. In study of πΝ scattering, things were
completely the r e v e r s e . The first resonances were ob-
served as i r regu lar i t i e s in the energy dependence of
total and elastic c r o s s sections. In the case of studying
the TITT interaction, these methods turned out to be im-
portant r a t h e r in the negative sense, in concealing cer-
tain resonances which a r e revealed in other ways.

The invar iant-mass method consists of searching for
singularit ies in the dependence of the number of events
of react ions (1), (13), (9),

ρ + ρ —> π* + π- + kn" (22)

or any other reaction with severa l pions in the final
state, on the invariant m a s s of the dipion system ω.

The miss ing-mass method consists of measuring at a
definite angle the momentum of the recoi l nucleon and
calculating from these data the invariant m a s s of all r e -
maining par t ic les . If reaction (3) occurs, then in the
corresponding distribution of the number of events will
be observed a maximum corresponding to mass ω, with
a width character iz ing the lifetime of the resonance.
The miss ing-mass method in the form presented separ-
ates all boson resonances . Establishment of the decay
scheme and, in part icular, identification of the dipion
resonances of interest to us at the moment r e q u i r e s
additional m e a s u r e m e n t s in this case.

Not every maximum in a distribution of the number
of events of a given react ion can be considered a reson-
ance, even if it i s statist ical ly certain (extending 4—5
standard deviations from the phase-space curve). It
may turn out to be a " g h o s t " — t h e reflection of a known
resonance. This can easily be i l lustrated by means of
Fig. 3, in which we have drawn the phase-space curve
for reaction (1) in coordinates ω 2 and W2, where W is
the m a s s of the pion-nucleon system. The band in the
figure encloses events corresponding to production of a
known isobar, for example, Δ 3 3 . It i s evident that in the
distribution of the number of react ion events as a func-
tion of ω, i.e., in projection of the diagram in Fig. 3 onto
the axis of ordinates, a maximum will a r i se , since the
band in the figure is more densely populated with events
corresponding to production of the isobar (but not of a
boson r e s o n a n c e ! ) . It happens that both an isobar and a
boson resonance a r e formed. In react ion (13) they can
be produced simultaneously. Therefore resonances can
conveniently be sought by observing the clustering of
points in diagrams like Fig. 3. Note that the location of
the phase-space curve relative to the isobar band chan-
ges with initial energy, which leads to a change in the
location and width of the ghost.

FIG. 3
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A maximum in the distribution of the number of r e -
action (1) events a s a function of ω may also have a
deeper cause. In refs. 34 and 35, to which we will r e t u r n
again, it was shown that a substantial contribution of a
tr iangle diagram of the type of Fig. l c leads to a maxi-
mum. In this case also the location of the maximum
changes in a calculable way with variation of the initial
energy.

A maximum corresponding to a resonance must have
a Breit-Wigner shape. A resonance must have definite
quantum numbers : m a s s and lifetime (the width and
location of the maximum must not change with change
of the initial energy), isospin (the number of events in
maxima found in different charge channels of reaction
(1) should be assigned as the corresponding Clebsch-
Gordan coefficients), spin, and pari ty ( there must be
definite angular distributions of the pions in their
c.m.s.) . If a dipion resonance exists with a dominant
decay channel into two pions, then the nv- scattering
c r o s s section at the resonance ω must reach the unitary
limit in the corresponding state, and the phase shift
must p a s s through 90°. If there a r e several decay chan-
nels, then their rat io should not change as the conditions
for production of the resonance change. A true reson-
ance found in one react ion will, as a rule, be observed
also in other react ions.

It is not always easy to verify the enumerated indica-
tions of a resonance. The fact is , for example, that
react ion (1) does not occur according to Eq. (3). There
are always some nonresonance events (including those
associated with a pion-pion interaction in other states),
which are usually not quite correct ly described by the
phase-space curve. There a re cases in which the r e a c -
tion proceeds according to Eq. (2). Nevertheless, the
extremely strong resonance nature of the interaction

FIG. 4. Distribution in effective
mass of the π*π~ system for different
values of incident pion energy. The
dashed curves represent phase space.

m a k e s p o s s i b l e t h e s u c c e s s f u l s e p a r a t i o n of r e s o n a n c e s .
T h i s i s s i m i l a r to t h e w a y i n w h i c h t h e e x i s t e n c e of i s o -
b a r s m a d e p o s s i b l e t h e s u c c e s s of v a r i o u s i s o b a r
m o d e l s i n d e s c r i p t i o n of r e a c t i o n (1). B e t t e r s e p a r a t i o n
of r e s o n a n c e s and d e t e r m i n a t i o n of t h e i r q u a n t u m n u m -
b e r s i s u n d o u b t e d l y o b t a i n e d i n t h e c a s e w h e n t h e p i o n -
p i o n i n t e r a c t i o n i s e m p h a s i z e d , i . e . , in p e r i p h e r a l i n t e r -
a c t i o n s . Not wi thout r e a s o n i s t h e p e r i p h e r a l n a t u r e of
t h e p r o d u c t i o n of d i p i o n r e s o n a n c e s c o n f i r m e d in m o s t
s t u d i e s .

If, e v e n on t h e b a s i s of only a p a r t of t h e c h a r a c t e r i s -
t i c s , we a r e c o n v i n c e d of t h e e x i s t e n c e of t h e d i p i o n
r e s o n a n c e , and i t s sp in, p a r i t y , and t h e r a t i o of t h e d e -
cay c h a n n e l s a r e known, t h e n t h e p i o n - p i o n s c a t t e r i n g
p h a s e sh i f t s a r e k n o w n i n a def in i te s t a t e for a d e f i n i t e
ω. And, as occurs in πΝ scattering, these phase shifts
determine to a significant degree the behavior of the
entire c r o s s section as a function of energy in the vicin-
ity of the resonance. Par t ly for this reason i s the study
of resonances so important and have so many investiga-
tions been devoted to the question of the existence of
various resonances (which often have not survived to the
present day). It can also be said that most studies of the
7Γ7Γ interaction have been stimulated by studies of reson-
ances.

8. Phase-shift Analysis of Pion Center-of-mass Angular
Distributions

Studies of the angular distributions of pions a re made
pr imar i ly in the vicinity of resonances in order to estab-
lish their spins. While in the ear ly stages it i s sufficient
to employ rough descript ions of the angular distributions
such as isotropic, cos 26, and so forth, accurate studies
require phase-shift analysis of the pion angular d i s t r i-
butions in their center-of-mass system, s imi lar to the
analysis of par t ic les in the center-of-mass system of
an elast ic reaction. The express ions relating the expan-
sion coefficients Bj of the pion angular distributions in
Legendre polynomials with the scatter ing phase shifts,
for example, for π*τια scatter ing in the region where
S and Ρ waves a re important, have the form

sin 2 6} = (/C2/12JI) B,, sin b\ sin δ£ cos (6J — 6\) -= (k*/i2n) Bu (23)
sin2 6° = (fcV12n) ( β , - ' / Α ) ·

Here and subsequently δ^ is the phase shift; the lower
index is the isotopic spin, and the upper the angular mo-
mentum. Pion angular distributions are somet imes
described differently. For example, for the ir*ir~ system,
where a role i s played by all three isotopic spin s tates
with Τ = 0, 2 in S-wave scattering and Τ = 1 in P-wave,
the differential scattering c r o s s section i s proportional
to
[Vs sin ό° - δ; cos (β; — 6[) + 2/3 sin 6; cos (60° - b\) + 3 cos 0 sin 6J]a

+ [V3 sin 0° sin (6J - 6») + 2/3 sin 6'] s in (δ} - δ;)]2.

(24)

It i s i m p o r t a n t t h a t (23) and (24) c o n t a i n i n t e r f e r e n c e
t e r m s s e n s i t i v e t o t h e r e l a t i v e s i g n of t h e p h a s e sh i f t s
and w h i c h l e a d t o a s y m m e t r i c a n g u l a r d i s t r i b u t i o n s .

T h u s , a p h a s e - s h i f t a n a l y s i s p e r m i t s d e t e r m i n a t i o n
of t h e r e l a t i v e m a g n i t u d e s and s i g n s of t h e p h a s e s h i f t s .
If one of t h e p h a s e sh i f t s i s known, for e x a m p l e , in t h e
case of the ρ meson 6} = 90°, then the other phase shifts
can be found in the vicinity of the resonance. Many au-

T
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thors ' 3 2 ' 3 6 " 4 1 · 1 have used this means of determining phase
shifts and therefore also a f f7T c r o s s sections, relative to
a p - m e s o n phase shift. Here some have assumed that
even at some distance from the p-meson region the 6J
phase shift continues to follow a Breit-Wigner formula.
This, of course, i s incorrect , as was emphasized r e -
cently by Bander et a l . U 2 ] However, in the vicinity of a
resonance this method i s satisfactory, and we will la ter
use the corresponding resu l t s . It is necessary only to
keep in mind the following.

In the first place, we are assuming from the very
beginning a dominant contribution of the pion-pion inter-
action. It has already been repeatedly emphasized that
this is far from always the case, and selection of special
cases of react ion (1) is required. The selection made is
that p 2 be le s s than a given value p2,. The question i s
whether this selection i s sufficient.

In the second place, the r e s u l t s of the phase-shift
analysis a re apparently unstable against introduction of
smal l added higher waves1·2 4 3 and a r e ambiguous even
for S and Ρ analysis. All this once m o r e emphasizes the
importance of the combined analysis of data by different
methods.

9. Obtaining Data on the Pion-pion Interaction from
Analysis of Decay P r o c e s s e s

H e r e we will first d iscuss the decays Κ — 377 and
η —• 3ττ. An example of the d iagram of a decay in which
the 7777-interaction vertex i s separated in explicit form
is shown in Fig. l e .

Why should we think that pion rescat ter ing i s impor-
tant? A strong qualitative indication of th is i s the
s imilar i ty of the pion spectra from τ and η decays,
different decays produced in the one case by a weak
interaction and in the other case by an electromagnetic
interaction. It is reasonable to suppose that the charac-
t e r i s t i c features of the spectra a r e associated with r e -
scattering of the pions in the final s tate.

Attempts were made long ago to util ize the τ decay,
for example, in refs. 43 and 44. Recently, the most
correct discussion of the decay p r o c e s s e s has appar-
ently been made by Anisovich and his colleagues. >46 : l

These workers have obtained and compared with experi-
mental data ra ther mass ive express ions for pion decay
spectra, which are usually re fe r red to unit phase space
in coordinates

+ 77°. In the first of these cases the spectra should follow
the laws

e=l — k%,/E and Z = 2(k'a — k'a)/V3E. (25)

In (25) kAj r e f e r s to the relat ive pion momenta, and the
indices 1 and 2 refer to identical pions or 77+π~ in the
decay K? — 77+77V, and Ε i s the kinetic energy re leased
in the decay. The bas i s for derivation of the formulas
is the theory already discussed in section 2 of the pro-
duction of par t ic le s near threshold, where, in view of
the appreciable energy of ~ 80 MeV re leased in the
K—377 decay, an expansion was made to t e r m s of order
E a 2 . Inclusion of sti l l higher t e r m s apparently does not
change the principal re su l t s . Nevertheless, even here
it is des irable to have some kind of c r i t e r i a for checking
the c o r r e c t n e s s of the formulas used. These c r i te r ia
exist, and a r e satisfied. The authors correct ly predict
the different behavior of the pion spectra from the de-
cays IC — π* + 77+ + π" and K+ — π+ + Ή° + 77°, K° — 77+ + 77"

- (ε) = 1 + β£ (ε - V2), W++- (Ζ) = 1 (26)

and should be pract ical ly independent of kjj, and in the
second and third decays the spectra shoula be s imilar
and should have a character i s t ic r i s e at large e, depend-
ing just on the magnitudes of the pion-pion scatter ing
amplitudes in s tates with Τ = 0 and Τ = 2. We will make
substantial use below of the r e s u l t s obtained by Aniso-
vich et a l/ 4 5 ' 4 6 " 1 and will further note only that from
analysis of meson decays it i s not possible to obtain
separately values of a 0 and a2, but only a relation be-
tween their possible values.

We will not d i scuss in detail the K e 4 decay (see
Fig. I f ) . It is necessary only to emphasize that in study
of the K e 4 decay t 4 7 : i information on 7777 scatter ing at
ω ~ mjj ~ 500 MeV can in principle be obtained in the
most pure way, since at the end of the react ion there
remain only two strongly interacting par t ic les , two
pions. Today we do not have available sufficient s tat is-
t ical mater ia l on the decay K — e + f + 77 + 77.

The 7777-scattering phase shifts for ω = mjj enter
uniquely into the description of the decay K° —• 2π, which
in recent years has at t racted the close attention of many
physicists in connection with the problem of nonconser-
vation of CP parity and has in turn excited a burst of
interes t in the phase-shift values. The amplitude of de-
cays to two charged pions is η + . = £ + 0 and into two
neutral pions ηΟο = £ — 20. Here 0 is proportional to

e i ( 6 2 - δο) ; where δ i s the phase shift for ππ scattering
in the corresponding isospin state. It is not excluded that
an intensively c a r r i e d out detailed study of K° — 2JT not
only will requi re data on 7777 phase shifts but will itself
permit obtaining such data, provided of course that
0 * 0 .

Finally, there is one additional decay of another
class, the cascade decay of a strange resonance

* Σ1388 + 1 —*• Λ + π + π, (27)

whose diagram with a separated 7777- scattering vertex is
shown in Fig. lg. This decay has been discussed by
Anisovich and co-workers from the point of view of
obtaining information on the pion-pion interaction, in the
same way as they have discussed the tr iangle singularity
of Fig. l c in reaction ( l ) . t 6 : l The advantage of consider-
ing reaction (27) is that here the quantum numbers of
all baryons a r e exactly fixed and there is no ambiguity
from failing to take into account nonresonance back-
ground. It i s important that analysis of reaction (27)
events permi t s in principle drawing of conclusions as
to the sign of a0.

ΙΠ. EXPERIMENTAL SITUATION

1. Bubble Chamber Work

Having acquainted ourselves with the methods used
to extract information on the pion-pion interaction, let
us dwell now on the principal experiments in which the
source mater ia l was obtained. These consist first of all
of numerous and productive studies made with liquid
hydrogen bubble chambers in a magnetic field. The
possibility of observing all charged reaction products
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(except very soft recoi l protons) and measuring r a t h e r
accurately their momenta and emission angles has en-
abled us to obtain complete information on the pion pro-
duction p r o c e s s e s

ηΤ-\-ρ—ι·π~-\-π+ -\-n, (5)

n~-\-p—->π~ + π°-|-ρ, (28)

π+ + ρ ^ π + + π° + ρ, (29)

π* + ρ^π* + π+ + η, (30)

nr + p—*ir+nr + p (31)

and on the τ, τ', η, Κ ^ decays and react ion (27). The
major l imitations of the bubble-chamber technique are
pract ical ly always imposed on the stat ist ical reliability
of the resu l t s . In the early work this was t rue even in
the search for resonances . In regard to cross- section
m e a s u r e m e n t s , it i s necessary to reca l l that this r e -
quires knowledge not of the total c ros s sections of the
react ions listed, which in themselves a re small, but of
the differential c ros s sections of the o r d e r of micro-
barns in a limited range of the variables.

Even in 1960 in the work of Bonsignore and Selleri, ' 4 9 · 1

who used data from analysis of photographs t 5 o J taken
with the 72-inch liquid-hydrogen bubble chamber
ir radiated by 960-MeV pions, the c ross section was
evaluated on the bas i s of Eq. (10) for p 2 s 0.3 M2, where
Μ is the nucleon m a s s . The values found of 20 mb for
reaction (5) and 40 mb for reaction (28) a r e consistent
with the qualitative fact found in the same study t 5 0 j that
the spectrum of recoi l nucleons cannot be described
statist ically or by means of an isobar model, but a r e in
good agreement in the region of relatively low p 2 with the
Chew and Low formula.

Similar resu l t s were soon obtained also by a number
of other invest igators . t 5 1 > 5 2 j

It is necessary to single out the work of Anderson
et a l . t 5 3 j who for the first t ime attempted to use an
extrapolation procedure. Photographs were again taken
with the 72-inch hydrogen chamber, i r radiated this t ime
by 1.03-BeV/c pions. The s tat i s t ics used were 1275 re-
action (4) events with momentum t rans fer s to the
nucleon ρ s 400 MeV/c (p2 £ 8). The entire region of
ω 2 investigated, 5.0—27.5, was divided into eight inter-
vals. All extrapolation curves except the first for ω 2

= 5.0—8.2 did not p a s s through 0, indicating a noticeable
contribution of nonpole d iagrams. The energy depen-
dence of the c r o s s section gave a clear maximum in the
vicinity of the ρ meson. In 1962 Carmony and Van de
Walle, with an identical procedure but with initial
momentum 1.25 BeV/c and stat is t ics of 1584 reaction
(29) events and 411 react ion (28) events, obtained sim-
i lar r e s u l t s , from which it became even more c lear that
the c r o s s sections o^^o and cr^-^o obtained a r e in poor
agreement with each other.

Kirz, Schwartz, and T r i p p t 5 5 j used a hydrogen bubble
chamber to study react ion (30) at 357 MeV initial energy.
The extrapolation procedure, which as in all bubble-
chamber work included a relatively wide range of mo-
mentum t rans fer s to the nucleon, led the authors to
negative values of the οΉ*π+ c r o s s sections.

Important re su l t s were obtained in 1963 with a hydro-
gen bubble chamber used to study react ion (5) over a
wide range of initial energies from 360 to 800 MeV.
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FIG. 5. Linear extrapolation of F(p 2 , ω 2 ) for different intervals of
squared effective mass of the π+π+ system, a) 0.07 < ω 2 < 0 . 3 9 BeV2; b)
0.39<cj 2 <0.59BeV 2 ;c) 0 . 5 9 < ω 2 < 0 . 8 3 BeV2.
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of the π"π° system (a) and of the π*π~ system (b). The data have been
added from various studies made at different initial pion energies and
with different values of momentum transfer.

[56J

The authors r e v e a l e d the e x i s t e n c e of a s ingular i ty in
the spectrum of dipion m a s s e s ( a l s o o b s e r v e d previ-
ously; s e e , for example, Blokhintsev et al.1571), which
turned out to be a movable s ingular i ty ( s e e the s p e c t r a
of dipion m a s s e s in Fig. 4) and w a s interpreted a s the
r e s u l t of contribution of the t r iang le d iagram calculated
by Anisov ich and Dakhno t 3 4 : l and Valuev'3 5-1. Appl ication
of Eq. (10) to the r e s u l t s in the phys ica l reg ion led the
authors for small ω2 to a o ^ - cross-sect ion value vary-
ing from 20 to 120 mb.

In 1965-1966 several a r t i c l e s were published' 5 8 ' 2 9 ' 5 9 · 1

in which reaction (30) was studied with initial i7*-meson
momenta of 2.75, 4.0, and 1.6 BeV/c, respectively. In
these ar t ic les , no extrapolation was made, and the c ross
sections were determined from the Chew- Low formula
in the physical region with the momentum transfer limi-
ted to p2 < 15. The authors note that the distribution in
momentum transfer corresponds to the p 2 dependence in
Eq. (10), and the distribution in the Treiman- Yang angle,
which was obtained, it i s t rue , with low statist ical ac-
curacy, r e m a i n s isotropic up to p 2 ft 15. We must note
a recent study made at Dubna t 6 o : i in which an extrapola-
tion procedure was used ra ther successfully to obtain
σπ+π+ from the differential c r o s s sections for reaction
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FIG. 7. Angular distributions of pions in the dipion center-of-mass
system for different values of ω. a) The η'π° system; the data were ob-
tained with an initial momentum q > 2 BeV/c and a squared momentum
transfer p 2 < 5; b) the i r V system; q > 2 BeV/c, p 2 < 4.

(30) at an init ial momentum of 2.34 BeV/c. Th is extra-
polat ion i s shown in F ig . 5.

The c r o s s section for τΓτΓ scatter ing h a s been ob-
tained a number of t i m e s from analysis of reaction (31)
on the bas is of Eq. ( i4). t 2 4 > 6 1 > 6 2 ] i n the work of F e r r a r i
and Selleri/2 4-1 which was performed at the Institute of
Theoretical and Experimental Physics at an initial mo-
mentum of 3.25 BeV/c, an accurate phase-shift analysis
was made of the data obtained.

It i s important for what follows to mention the work
of Bertanza et al.L 6 3 2 on study of reaction (5) at an initial
τΓ- momentum of 0.94 BeV/c, which resul ted in a σ π + π -
c r o s s section sharply differing from those obtained in
other studies, part icular ly at small ω. The authors
themselves note in this case the violation of the
Treiman-Yang cr i ter ion.

In regard to other, relatively new bubble-chamber
studies of react ions (5) and (28), as a rule they have been
performed with initial momenta in the range 2— 8 BeV/c,
with s ta t i s t ics of 2000—4000 events for p 2 up to 6—15.
The data of these studies have been repeatedly combined
and used by various a u t h o r s ' 3 6 ' 3 9 " 4 1 3 to obtain information
on the pion-pion interaction toy means of phase-shift
analyses. The combined data a r e shown in Figs. 6 and 7.
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FIG. 8. Linear extrapolat ion of the function F ' ( C J , p 2 ) = F ( C J , p 2 )/p 2

for various effective mass intervals of the π"π° system. The numbers of
events are shown in parentheses.

F i g u r e s 6a and b show d istr ibut ions of the number of
e v e n t s of r e a c t i o n s (28) and (5), r e s p e c t i v e l y , normal-
i zed to the unitary l imit in the p - m e s o n region. F igure
7 shows the angular distributions of π"π° or Ή*ΤΤ° and J T V
mesons in their c .m.s . This i s the principal experimen-
tal mater ia l for the phase- shift analysis.

Among recent bubble-chamber studies, we should
single out the work of Baton et a l . i 3 2 j in which the
r e s u l t s of a study of reaction (28) at a momentum
2.77 BeV/c were analyzed in the pseudoperipheral ap-
proximation. The functions F'(p3) for various ranges
of ω and their extrapolations to the point p 2 = - 1 can be
seen in Fig. 8.

Figure 9 shows one of the r e s u l t s which a r e impor-
tant for our discussion: the combined spectrum of pions
from the react ions Κ* — π ° Λ + and κ£ — 7r+7f7r°,C64~68j

obtained with a bubble chamber, in comparison with the
theoret ical curve calculated by Anisovich and his co-
w o r k e r s . U e J

The data presented here , and to some extent also
data not presented here , which in any event have been
discussed in more detail in refs. 33 and 69—71, will be
used subsequently in analysis of the applicability of the
pole approximation c r i t e r i a (see the table) and of the
behavior of the pion-pion interaction c r o s s sections (see
Figs. 2 0 - 2 2 and 24).

All of the experiments cited above were performed
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BIO! events
FIG. 9. Energy spectrum of

pions from K+ -»• π°π°π* and
K° -* π + π > ° decays. The solid
curve is a theoretical calculation.

in liquid-hydrogen bubble chambers . Chambers filled
with liquid deuterium permit study of react ions in the
neutron in deuterium. Sometimes this i s extremely im-
portant, s ince a s the resul t of the react ions, for exam-
ple,

\-π- + π\ (32)

(33)

i n a d d i t i o n t o t h e s p e c t a t o r p r o t o n , t h e r e i s f o r m e d a

r e c o i l p r o t o n w h i c h i s d e t e c t e d a n d w h i c h g i v e s v a l u a b l e

i n f o r m a t i o n on t h e s q u a r e d m o m e n t u m t r a n s f e r i n t h e

react ion p 2 and on the ω of the pion system. Reaction
(33) has been studied by Braun et al.Ll21 Valuable in-
formation on the interaction of neutral mesons can evi-
dently be obtained by studying the reaction

π- + ρ->πο + π<> + η (34)

in a bubble chamber filled with a heavy liquid with a
high conversion coefficient, say, in a xenon chamber.

2. Exper iments to Investigate the ππ Interaction By
Means of Electronics

The possibi l i t ies a r e obvious in principle of studying
the pion-pion interaction by means of the methods of
nuclear e lectronics : the substantial improvement in the
stat is t ical rel iabil ity of the r e s u l t s and the extension in
the region of extremely small momentum t rans fer s to
the nucleon, into the region of the maximum contribution
of the pole diagram. No l e s s obvious a r e the difficulties,
which a r e associated first of all with the need, in the
general case, of studying a many-particle reaction. The
lat ter fact r e q u i r e s construction of complicated hodo-
scopic sys tems or design of experiments with the nar-
rowly chosen purpose of measuring quasi-two-particle
react ions of type (3), for example, by the miss ing-mass
method.

The f irst experiment, performed by Abashian,
Booth, and Crowe in 1960, t 7 3 J was just of this type.
These authors investigated the reaction

p + d —> π + -f- JI~ -\- He 3 ( 3 5 )

a n d f o u n d a s i n g u l a r i t y i n t h e m e a s u r e d s p e c t r u m o f H e 3

which they interpreted as a resonance in the π+π" system
with a m a s s of about 310 MeV. This resonance received
in the l i terature the name ABC from the first l e t t e r s of
the authors ' names. Attempts to find the ABC resonance
were undertaken in Dubna17'*·' by measurement of the
spectrum of H3 from the reaction

ρ + d —» π+ + π° + Η3 (36)
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FIG. 10. Momentum spectrum of He3.

Observation of the ABC resonance in reaction (36) would

present interest , since it was initially assumed that
pions form a resonance in a state with Τ = 1. The
resonance was not observed at Dubna. Later , Crowe
et a l . ί Ί ^ made new m e a s u r e m e n t s which confirmed both
their previous experimental data and the Dubna data . ' 7 4 3

A typical spectrum of He 3 momenta i s shown in Fig. 10.
The right-hand peak corresponds to a two-particle r e -
action with production of one pion, and the maximum in
the continuous spectrum at momentum ~1400 MeV/c to
the ABC singularity.

It must be said that the existence of the ABC reson-
ance from the very beginning was not completely con-
vincing, since t h e r e were contradictory data on the
spectrum of dipion m a s s e s in react ions (5) and (22) and
in the photoproduction of two pions, in which the ABC
first did not appear and then did appear, changing i ts
location somewhat, but the extremely convincing hump
which can be seen in Fig. 10 forced invest igators to r e -
turn repeatedly to the ABC problem and noticeably
stimulated experiments at small values of ω. In par-
t icular the careful investigations in 1964—1966 by the
CERN group t 7 6 : l were directed part icular ly toward study
of the region of the ABC resonance: ω = 280—350 MeV.
The initial energy of the π mesons was 285 MeV. The
experimental equipment consisted of two thin-foil spark
chambers , between which was located a liquid hydrogen
target . A scintillation counter system, which in the
CERN work was not a high-aperture system, separated
events with two part ic les in the final state; one of the π
mesons with energy in the interval 50— 80 MeV was
slowed down, passing through a water Cerenkov counter,
and stopped in a thick scintillation counter. By analyzing
the pulse height from this counter, the authors could
m e a s u r e the energy of one of the pions (just pions),
since the pulse from the Cerenkov counter was taken
into account (with an accuracy of ± 5 MeV). It is clear
that a knowledge of the emission angles of the pions and
of the energy of one of them completely determines the
kinematics of react ion (5), which was being studied. Use
of Eq. (10) gave σπ*π- » 25 mb for ω2 = 5.3 and 1.5 s p 2

s 4 . In a more recent communication, on the basis of
the same experimental data the authors reported a
Τ Ι - s c a t t e r i n g differential c ros s section άσπ*Ή-/άίΙ\ρ = O,QC

= 1.76 mb/sr . Here and subsequently θ is the scattering
angle of the pions in their own c.m.s . If we assume that
the scatter ing of the pions in the c.m.s. is isotropic for
ω 2 = 5.3, then ffT.f- = 21.2 ± 4.5 mb. The energy depen-
dence of the number of reaction (5) events, found in the
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FIG. 11. The differential cross section for π+π" scattering at 90° in
the dipion c.m.s. as a function of the effective mass of the system.

FIG. 12. Number of events of the reaction π'ρ -* π~π*η as a function
of momentum transfer ρ for various ranges of effective mass of the π+π~
system. The solid curves were calculated from the Chew-Low formula;
the dashed curves represent phase space.

C E R N work, ' 7 6 - 1 d e f i n i t e l y i n d i c a t e s t h e a b s e n c e of t h e

resonance (ABC) in the entire range of ω studied.
Electronic methods have been u s e d [ 7 7 ' 7 8 j to study the

problem of existence of another meson, the So or e, r e -
garding which the situation is not yet c lear (we will dis-
cuss it in part 3 of Ch. IV). The So meson, first observed
in the neutron spectrum from reaction (34) measured by
the neutron time-of-flight method, was not found in
more accurate experiments in which, in addition to the
neutron, the γ r a y s from Ή° decay were recorded with
high efficiency in spark c h a m b e r s . [ 7 7 J In 1965 Cronin ' s
group L 7 8 i looked for a sca lar So meson in the p-meson
m a s s region, studying reaction (5) at an initial iT-meson
momentum of 1.5 BeV/c. The idea of the experiment
was to measure the energy dependence of the differential
c r o s s section for π*π~ scatter ing at an angle θ = 90°,
where there should be no contribution from the ρ meson
with spin 1. This idea also corresponds to an apparatus
which i s well known to all of us , since, after the experi-
ment described, it was used for an experiment which led
to discovery of the nonconservation of CP parity in the
decay K° —• 2π. This apparatus consis ts of a spectrome-
t e r for two par t ic les of approximately equal momenta
emitted in symmetr ic t ra jec tor ie s in a single magnet.
Figures 11—13 show the energy dependence found by
Clark et a l . t 7 8 ] of the differential c r o s s section for π*π~
scatter ing at 90°, and the dependence of the number of
react ion (5) events on p 2 and on the Treiman-Yang angle
in several ranges of ω2. The solid curves in Fig. 12
were calculated on the bas i s of Eq. (10) and the dashed
curves represent phase space. The solid curve in Fig.

Λ/2 it " Λ/Ι

Treiman-Yang angle, radians

FIG. 13. Distribution of events from the reaction π"ρ -* π~π*η in
the Treiman-Yang angle for four effective-mass intervals of the system.
The solid curves were calculated on the assumption of an isotropic dis-
tribution with inclusion of the efficiency of the apparatus.

FIG. 14. The function F(p2,
ω 2 ) as a function of the squared
momentum transfer for various
intervals of effective mass of the
dipion system. Points: Ο—π+ττ"
system, • - π + π + system.
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13 c o r r e s p o n d s to an i s o t r o p i c d i s t r i b u t i o n i n t h e

T r e i m a n - Y a n g a n g l e and i s c a l c u l a t e d wi th i n c l u s i o n

of t h e e f f ic iency of t h e a p p a r a t u s . W e h a v e d i v i d e d t h e

w o r k of C r o n i n et a l . , s i n c e t h e d a t a o b t a i n e d and w h i c h

a r e p r e s e n t e d i n t h e f i g u r e s p e r m i t not only c o n c l u s i o n s

about the So meson but also a number of important con-
clusions on the mechanism of reaction (5) under the con-
ditions of the experiment and determination of the σ π + π -
c r o s s section at smal l u> on the assumption of isotropic
scat ter ing of the pions.

The work of Ypsilantis, Wiegand, et a l . l 7 9 : in 1962
was specially devoted to measurement of οΉ*Ή- and
ffjj.+jj.*. Reactions (5) and (30) were studied at incident
pion momenta of 1.75 BeV/c. A beam of negative or
positive pions from the internal target of the Bevatron
fell on a 10-cm hydrogen target surrounded by a hodo-
scopic system of scintillation counters. The front sys-
tem of 84 counters with scinti l lators 15 cm thick detec-
ted both pions and neutrons delayed relat ive to the pions.
The side system of 48 counters located in the immediate
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vicinity of the target recorded only pions. In front of all
the counters were located lead converters which per-
mitted the recording of even a single γ ray from decay
of a π° produced in the target . The counter system
operated each t ime that an interaction occurred in the
target . The pulses from all counters were recorded on
magnetic tape, but were subjected to further analysis by
computer only when two pulses and one delayed pulse
were recorded simultaneously. The subsequent selec-
tion of the necessary events in the computer and calcula-
tion of p 2 and ω 2 were c a r r i e d out on the bas i s of seven
quantities: three p a i r s of angles—the polar and azi-
muthal angles for each part icle (the angles were meas-
ured with an accuracy corresponding to the dimensions
of the scinti l lators in the hodoscope)—and the recoi l
neutron momentum determined by the t ime of flight from
the target to the front counter system. We can recal l
that the kinematics of react ion (1) is determined by five
variables; the margin naturally improves the accuracy
in determination of p 2 and ω 2 . The c r o s s sections, which
were determined in this work' 7 9 3 on the bas is of Eq. (10)
in the physical region, differ from those obtained in
other studies, although the dependence of νΉ+π~ on ω has
the character i s t ic maximum in the p-meson region.
Figure 14 shows values of F(p 2 , ω2) as a function of p 2

for various ranges of ω 2 , beginning with ω2 = 16. The
lower points refer to π+π+ scattering, and the upper
points to π+τΓ scatter ing. The authors do not present
extrapolation curves, s ince, using polynomials of low
degree, they cannot obtain positive values for σ π 7 Τ , which
a r e the only ones having a physical meaning. The au-
t h o r s note that the difficulties with the extrapolation
may be associated with the strong resonance ττΝ inter-
action in the final s tates with Τ = 3/2, J = 3/2 and
Τ = 1/2, J = 5/2, which appear distinctly in the curves
of the number of reaction (5) and (30) events as a func-
tion of the 7TN- system invariant mass . The data on veri-
fication of the Treiman-Yang cr i ter ion ra ther favor an
anisotropic distribution, at least for events with large
momentum t r a n s f e r s p 2 .

Pion-pion scatter ing c r o s s sections have been meas-
ured in the greates t detail in a s e r i e s of experiments
performed at the Institute of Theoret ical and Experimen-
tal Physics in 1962-1968. [ 3 0 > 8 0 " 8 3 j Reaction (5) was
studied at initial π"-meson energies of 290 MeV and
1.17 BeV, and react ion (30) at an initial 7r+-meson energy
of 720 MeV/c. These studies a r e distinguished by the
fact that events were selected for analysis from reac-
tions (5) and (30) with ρ 2 ~ 1 for small values of relative
pion energies 4 < ω 2 s 9, and in these ranges of p2 and
ω2 s ta t i s t ics were collected which were several t imes
better than the combined world data; careful justifica-
tion was made of the applicability of the pole approxima-
tion under the conditions of the experiment, and esti-
m a t e s were made of the e r r o r s associated with the tech-
nique of determining the c ross sections. The arrange-
ment in principle of the experiments, which differed in
details from each other, was a s follows. The pion beam
was detected by a beam telescope of scintillation coun-
t e r s and entered a liquid-hydrogen target surrounded by
side anticoincidence counters. P a r t i c l e s emitted for-
ward passed through a spark chamber with a small
amount of mater ia l and were recorded in a hodoscopic
system of eight scintillation counter te lescopes. Every
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FIG. 15. Linear extrapolation of F(p 2 , ω 2 ) , a) For the reaction
π'ρ -»· π"π+η for an initial π' energy of 290 MeV, b) for the reaction
π'ρ -> π"π+η for initial π" energy of 1170 MeV; five of the curves refer
to various ranges of ω 2 indicated in the figures, and the sixth to the
total range, c) for the reaction π+ρ -»• π+π+η for an initial π + energy of
590 MeV. Values of F(p 2 , ω 2 ) for p 2 = 0, and values of a m obtained
by extrapolation, are shown in the figures.

t i m e t h e h o d o s c o p i c t a r g e t r e c o r d e d two p a r t i c l e s w h e n

a n i n t e r a c t i o n o c c u r r e d in t h e t a r g e t , t h e s p a r k c h a m b e r

o p e r a t e d . A l l n e c e s s a r y m e a s u r e m e n t s w e r e m a d e f r o m

photographs of the spark chamber. Values of p2 and ω 2

were determined by a correlat ion method from the emis-
sion angles of the part ic le on the assumption of an iso-
tropic distribution of the pions in their c.m.s. Additional
information on the ranges of par t ic le s was obtained from
photographs of a heavy spark chamber located beyond the
hodoscope. The accuracy achieved can be seen in the r e -
sults presented below (see also Fig. 20). Figure 15
shows the extrapolation procedures : in Figs. 15a and b
for reaction (5) at 290 and 1170 MeV, and in Fig. 15c for
reaction (30). Five of the graphs in Fig. 15b refer to
different ranges of ω 2 , indicated in the figures, and the
sixth to the total range. It i s evident that in all the plots
the experimental points a r e well described by straight
l ines passing within the experimental e r r o r s through the
origin. The deviations from the origin, shown with their
e r r o r s in Fig. 15b, taken in relation to the quantities
found by extrapolation of the σ π

+

π - c r o s s sections, can
to a certain degree serve as a measure of the contribu-
tion of nonpole diagrams and, consequently, as a meas-
ure of the e r r o r in the method of determining c r o s s
sections. F r o m this, and also from comparison of the
c r o s s sections found for different values of q, the syste-
matic (and not statistical) e r r o r of the measurements
in refs. 30 and 80—83 can be estimated approximately
as 15%.

3. Photoemulsion Data on the ττπ Interaction

Nuclear emulsion technique i s well developed and, so
to speak, always ready for new problems. It i s no acci-
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FIG. 16. Linear extrapolation of F(p 2 , ω 2 ) for different intervals
of ω 2 , a) p 2 < 5 ; b ) p 2 < 7.

d e n t t h a t it i s one of t h e f i r s t t e c h n i q u e s u s e d t o s t u d y

the πττ interaction. This was done at Dubna in Sidorov' s
group.L e i>B 5 1 The authors studied reaction (5) with initial
meson energies from 210 to 310 MeV. The low initial
energies near the reaction threshold 1 5 3 were important
both for technical reasons , since only in this case could
the authors follow the secondary pion t rack completely
and determine its energy, and also in principle, since
the main purpose was to extract data on the pion-pion
interaction by the method of Ansel 'm and Gribov. -1 We
have already discussed the difficulties and doubts ar i s ing
in application of this method. Nevertheless , without
presenting detailed data, we must say that the authors
found (the final data of ref. 85) that a 2 - a,, = (0.25 ± 0.05),
having pointed out in their work the need of including
quadratic t e r m s . Today it i s m o r e interest ing to analyze
the same data by the Chew-Low extrapolation procedure.
Such an analysis, made by Batusov et a l . t 8 6 : i for events
with p 2 < 5 and p 2 < 7, i s shown in the two columns of
Fig. 16 respectively for 4 < ω2 < 5.5, 5.5 < ω2 < 7, and
for the total range of ω2. The values of σ π + π - obtained in
these energy r a n g e s a r e respectively 25 ± 9 mb and
101 ± 58 mb. The e r r o r s a r e statist ical; as can be seen,
the stat is t ical accuracy i s not very great. One i s struck
by the fact that the extrapolation straight line does not
pass through zero, demonstrat ing a substantial contribu-
tion of nonpole d iagrams . In addition, the distr ibutions
in the Treiman-Yang angle a r e approximately isotropic;
however, in this case this does not argue in favor of
one-pion exchange but r a t h e r that t h e r e i s isotropic
scatter ing of the pions for low relat ive pion energy.'[70J

4. Verification of the Necessary C r i t e r i a for Applicabil-
ity of the One-pion Approximation

We will now use the accumulated data to clarify the
question of the validity of the idea of one-pion exchange,

which serves a s the bas is of most current methods of
obtaining information on the pion-pion interaction. This
can be done most economically by means of the table,
in which we will compare the resu l t s of application of
the var ious cr i ter ia , discussed in detail by us in section
5 of the preceding chapter, to the experimental r e s u l t s ,
which permit at least some of the necessary c r i t e r i a to
be checked. The first column of the table shows the r e -
action investigated in the work re fe r red to in the last
column. The second column gives the initial pion en-
ergy, the third and fourth columns give the ranges of p 2

and ω2, and in the remaining columns under a r b i t r a r y
designations of the var ious necessary c r i t e r i a we have
placed plus signs where the r e s u l t s a r e consistent with
the pole nature of the reaction, and minus signs in the
opposite case. The a s t e r i s k s after the signs a r e ex-
plained in the r e m a r k s column.

F r o m consideration even of the limited mater ia l of
the table we can draw the following conclusions.

1. The c r i t e r i a enumerated in the table a r e not tr iv-
ial. There a r e cases in which they a re very noticeably
violated, indicating the inapplicability of the one-pion
approximation under certain conditions.

2. The c r i t e r i a a r e ra ther sensitive. When the ex-
per iment p e r m i t s verification they always indicate, in
agreement with each other, a dominant contribution of
the pole diagram or, on the other hand, the substantial
ro le of other d iagrams.

3. By no means all data on production of pions by
pions can be used to extract information on σηΊ[ on the
bas i s of the hypothesis of per iphera l collisions.

4. On the other hand, we can perceive certain ru les
or , better to say, can formulate such conditions for oc-
currence of reaction (1) that it will be c o r r e c t from the
current point of view to obtain data on the pion c r o s s
sections.

The conditions of a dominant contribution of the pole
diagram as the bas is for analysis of the applicability
c r i t e r i a have been discussed in detail in refs . 70, 71,
and 33. Before turning to these conditions, we will note
that the plus and minus signs a r e to a significant degree
a r b i t r a r y , and that the comparison i s m o r e qualitative
than quantitative. The experimental e r r o r s , part icular ly
in comparison of the different studies, a re still so large
that it i s sti l l ear ly to make a quantitative analysis of
the relat ive degree of violation of the c r i t e r i a and to
judge the strength and degree of the i r reliability, al-
though an analysis of this type will certainly provide
considerable help not only in rejecting data unsuitable
for extraction of σ ^ but in est imating and substantially
reducing the absolute e r r o r s in determination of the
c r o s s sections, associated with the technique for obtain-
ing the data.

5. Conditions of Applicability of the One-pion Approxi-
mation

F i r s t , and above all (this i s an old requirement,
stipulated already when the Chew-Low method was
originated in o r d e r that the momentum transfer to the
nucleon in reaction (1) should be as small as possible),
ρ 2 ~ 1. This condition is important not only in applica-
tion of Eq. (10) in the physical region, where it expres-
s e s a natural d e s i r e to approach the pole, but a lso in
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o t h e r c o n d i t i o n s b e i n g e q u a l , i t i s n e c e s s a r y t o u s e p o l y -

n o m i a l s o f h i g h e r d e g r e e ) , a n d i n t h e p h a s e - s h i f t a n a l y -

s i s o f a n g u l a r d i s t r i b u t i o n s , w h e n i t i s n e c e s s a r y t o b e

c o n v i n c e d o f t h e p h y s i c a l r e a l i t y o f t h e d i p i o n s y s t e m .

I n a l l c u r r e n t w o r k , a n a t t e m p t i s m a d e t o s a t i s f y t h e

c o n d i t i o n o f s m a l l m o m e n t u m t r a n s f e r t o t h e n u c l e o n .

T h e l i m i t s o f a c c e p t a b l e p 2 i n e a c h c a s e a r e a p p a r e n t l y

o n e ' s o w n . T h e y c h a n g e a s a f u n c t i o n o f t h e o t h e r c o n d i -

t i o n s o f o c c u r r e n c e o f t h e r e a c t i o n s .

S e c o n d , r e a c t i o n ( 1 ) s h o u l d b e s t u d i e d u n d e r t h o s e

i n i t i a l m o m e n t a q a t w h i c h t h e t r i a n g l e d i a g r a m s 1 3 4 ' 3 5 · 1

d o n o t g i v e a d o m i n a n t c o n t r i b u t i o n , i . e . , n o t a t t h e i s o -

b a r p r o d u c t i o n t h r e s h o l d . I t i s i m p o r t a n t t o e m p h a s i z e

t h a t t h i s c o n d i t i o n w a s v i o l a t e d i n t h e w o r k o f K i r z e t

a l . , t 5 6 j f r o m w h i c h F i g . 4 h a s b e e n t a k e n .

T h e t h i r d c o n d i t i o n i t i s c o n v e n i e n t t o e x p l a i n i n

Fig. 17, where we have shown the phase space for r e a c -
tion (1) in coordinates of the squared m a s s of the πΝ
sys tems for var ious values of q, and have marked the
bands corresponding to the location of the Δ 3 3 i sobar.
The axis passing through the origin at an angle of 45° to
the axis of absc i s sas is the axis of squared m a s s of the
dipion system—ω 2 . In each case ω 2 i s calculated from
the right-hand point of intersect ion of the phase-space
curve with the axis. It i s n e c e s s a r y to select for analy-
s is reaction (1) events lying outside the isobar in te r sec-
tion, which can be achieved by choice of q, ω, θ, or by

FIG. 17

measurement of the invariant m a s s W ^ N for each r e a c -
tion event.

Figure 17 shows the half-widths of the i sobars . If the
i sobars a r e produced with large c r o s s sections, then
thei r effect i s noticeable even outside the marked zones.
Then, and th i s i s a fourth condition, it i s necessary to
select events with such q that the c r o s s section for pro-
duction of i sobars is minimal. We recal l that the c r o s s
section for production of i sobars (for example, Δ3 3)
changes very strongly, passing through a maximum
which, possibly, corresponds to cascade decay of the
isobars .



720 G. A. L E K S I N

F, mb

FIG. 18. Linear extrapolation of F(P 2, ω 2 ) for various intervals of
ω 2 . The numbers of events are shown in parentheses.

Fifth, in order to avoid the pr incipal " e n e m y " of the
p o l e m e c h a n i s m , it i s n e c e s s a r y to analyze r e a c t i o n s
with an i s o t o p i c a l l y s u p p r e s s e d i s o b a r s ta te at the end of
the react ion. Incorrect data ο η σ π π a r e obtained in
studying react ions with Δ33 in the final state (see, for
example, the solid points in Fig. 22).

We note that the generally r a t h e r obvious conditions
enumerated have appeared h e r e not as the resul t of
speculative although very likely conclusions, but as the
consequence of known experimental data. Recently they
have found excellent confirmation in the work of Makarov
et al. , [ 8 7 ] which was performed at the Physico-technical
Institute after the i r formulation. This work utilized
original data on react ion (5) obtained by the photoemul-
sion method and events measured in a hydrogen bubble
chamber i r radiated with π" mesons in the energy range
360—780 MeV, which were provided the authors by
Femino, Kirz, and Vittitoe. ) 5 6 ) 8 9 ] These a r e part ly the
same data which we have already discussed and which
led to varying οτ*Έ- c r o s s sections and to violation of the
necessary c r i t e r i a . At the Physico-technical Institute,
for extraction oia^*^-, only events outside the i sobar ic
zones and with smal l p 2 s 6—10 for var ious ranges of ω
were selected. The οπ*Ή- c r o s s sections obtained a r e in
good agreement with those found previously, for exam-
ple, in refs . 30 and 82 (see Fig. 22). The extrapolation
procedure and i ts r e s u l t s a r e well i l lustrated in Fig. 18,
which shows the same quantities as in Fig. 15b. The
distr ibutions in the Treiman-Yang angle for the selected
react ion (5) events (solid curve) and for all events

40
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FIG. 19. Distributions of events of the reaction π"ρ -»· π"π+η as a
function of the Treiman-Yang angle for various intervals of ω 2 .

(dashed curve) a re shown for various ranges of ω in
Fig. 19. Figures 18 and 19 a r e r a t h e r convincing and,
we will hope, after what has been said they will not r e -
quire additional commentary.

IV. PROPERTIES OF THE PION-PION INTERACTION

1. Cross Sections for Low-energy Pion-pion Scattering

Now that we have discussed the sources of informa-
tion on the pion-pion interaction, set down conditions
when they can be used, and in some degree understand
the reliabil ity of the existing r e s u l t s , we will consider
the data o n a n , assuming that they a r e actually the
cross sections for scatter ing of pions by pions. Natur-
ally, we will present and discuss only those data which
are satisfactory from the points of view discussed
above. A complete, uncri t ical review of data for the
period up to 1966 i s given by Barashenkov.C g o : l Compar-
ison of the corresponding distributions with those pre-
sented here shows what contradictory and unfounded
conclusions can be reached by using all published r e -
sults.

F igures 20—22 show measured energy dependences
of the c r o s s sections for the different charge s tates of
the dipion system. The studies from which these data
have been drawn have been discussed above, and refer-
ences to them a r e given in the figures. In all cases
where the form factors were not determined within an
experiment, they have been set equal to unity for small
p 2 . All of the e r r o r s shown in the figures a re statist ical .
In some cases , in order to keep the figures of reason-
able size, for the points of different authors we have
shown with horizontal e r r o r b a r s the intervals of ω in
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FIG. 20. Energy dependence of the cross section for π + π" scattering.
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FIG. 21. Energy dependence of the cross section for π ~η± scattering.

w h i c h t h e c r o s s s e c t i o n s w e r e d e t e r m i n e d , c h a r a c t e r i s -

t i c of t h e s e s t u d i e s . T h e h o l l o w p o i n t s in F i g . 21 r e f e r

t o t h e p a r e n t r e a c t i o n (31), and t h e s o l i d p o i n t s t o r e a c -

t i o n (30) . We wi l l not n e e d t o c o n s i d e r t h e so l id p o i n t s

in F i g . (22), s i n c e t h e y a r e due i n s i g n i f i c a n t d e g r e e t o

t h e r e s o n a n c e 7rN i n t e r a c t i o n i n t h e f inal s t a t e , a s w e

h a v e a l r e a d y d i s c u s s e d . T h e d a t a p r e s e n t e d i n F i g .

20—22 p e r m i t t h e fo l lowing c o n c l u s i o n s t o be d r a w n :

1. T h e r e s u l t s of t h e s t u d i e s r e p o r t e d a r e in good

a g r e e m e n t wi th e a c h o t h e r , a l t h o u g h t h e d a t a f r o m r e a c -

t i o n (31) a r e s c a t t e r e d , of c o u r s e , s o m e w h a t m o r e

s t r o n g l y . T h e m u t u a l c o n s i s t e n c y wi l l b e a p p a r e n t if w e

t a k e i n t o a c c o u n t t h e s y s t e m a t i c e r r o r s not s h o w n i n t h e

f i g u r e s , w h i c h i n t h e b e s t c a s e s ' 3 0 ' 3 2 ' 8 3 ' 8 7 · 1 a r e on t h e

o r d e r of 1 5 % , and in o t h e r s ' 5 4 ' 6 1 ' 9 1 ' 9 2 3 a p p a r e n t l y a s

high a s 3 0 - 4 0 % .

2. Al l t h e c r o s s s e c t i o n s , a s w e s h o u l d e x p e c t , h a v e

values character i s t ic for a strong interaction, but no-
where in the ranges of ω shown in the figures do they
reach resonance values.

3. The c r o s s sections vary smoothly, not revealing
resonance peaks within the resolution in ω. Within the
experimental e r r o r s , νη+π- and σ^-^ο remain constant
up to ω ~ 500 MeV, and σ ^ γ ~ ffj-j- fall smoothly up
to ω ~ 900 MeV.

The angular distr ibutions of pions can be seen in Fig.
7; for the system if if and at small ω for τΐ^π0 they a re
further shown, from the sum of all data known to us, in

Δ SOBB Collaboration
x x'\ a J. P. Baton et al.

[ ο D. D. Carmony et al.
K'jf «D. D. Carmony etal. J

t i l
ω , MeV

,350 500

FIG. 22. Energy dependence of the cross sections for π * π 0 scattering.

FIG. 23. Angular distributions
of pions in the dipion center-of-
mass system.

Fig. 23. The data, part icular ly for smal l ω, a r e clearly
insufficient. It i s difficult to judge about small admix-
t u r e s of phase shifts, although, as we will see, this can
be very important. It is evident only that the S wave is
dominant at threshold. This confirms also the relation,
valid in the S-wave region, σ π ± π ± = IQ^-^Q, which i s
satisfied at smal l ω. The r i s e of the ff^,,0 c r o s s section
relat ive to the falling σ ^ ί c r o s s section i s associated
with the increasing role of the Ρ wave.

2. Scattering Amplitudes at Threshold

At threshold, for ω = 2, the pion-pion scattering
cross sections and amplitudes a r e related by the ex-
press ions :

4x

t = σ π - π - = 8 π | it, | 2 ,

az — ao\'.

( 3 7 )

( 3 8 )

( 3 9 )

( 4 0 )

H e r e a+_ = 2ao + a 2 i s the amplitude of π*π~ e last ic scat-
ter ing in a mixed isotopic state. Extrapolating the data
of Figs. 2 0 - 2 2 to ω = 2 and using Eqs. (37)—(39), we
find, when systematic e r r o r s a re included, |a+_| = 0.95
± 0.20 and |a 2 | = 0.19 ± 0.02. Now let us find |aol. This
i s conveniently done by means of Fig. 24. Along the
abscissa we have plotted a0, and along the ordinate a2.
The zones paral le l to the absc i s sa denote the regions of
probable values of a2. T h e r e a re two of them, since we
know only 0^1 ~ a 2 . The width of the bands, a s also
will be the case la ter , corresponds to one standard
deviation. The paral lel inclined bands correspond to
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FIG. 24

FIG. 25

β r

0,5 Ifi Η2

FIG. 26

p r o b a b l e v a l u e s of a,.., i . e . , t o E q . (37). T h e i n t e r s e c -

t i o n of t h e z o n e s g i v e s four r e g i o n s of p o s s i b l e s o l u t i o n s

for ao and a 2 . In o r d e r t o c h o o s e one of t h e s e it i s n e c e s -

s a r y t o d r a w on a d d i t i o n a l d a t a . T h e r e g i o n s bounded by

t h e c u r v e s in t h e s e c o n d and f o u r t h q u a d r a n t s show t h e

relat ion between a 0 and a2 from analysis of τ d e c a y . U e J

We should note first of all the good agreement of the r e -
sults of Anisovich's analys is ' 4 with a pa i r (and par-
ticularly with one) of the solutions found. It i s important
that the pair of separated solutions is such that lad and
|a 2 | a r e determined uniquely and that the i r signs a r e
different. Choice of the solution with |a o | ~ 0.6 i s con-
firmed by the resu l t s (which unfortunately a r e not very
accurate) obtained by Braun et al.C 7 2 : i in study of r e a c -
tion (33). The l ines in Fig. 24 show the center of a cer-
tain region of a 0 and a2 values allowed by these experi-
ments, the l imits being ra ther indefinite. We might ex-
pect zones in accordance with Eq. (40), but the authors
present their data with respect to σ π + π - c r o s s sections ob-
tained under s imi lar conditions for the same q. Thus,
they apparently hope to exclude uncertaint ies associated
with the unknown form factors Φ'(ρ 2, ω). This method
deserves attention.

In o r d e r to choose one of the solutions or, what
amounts to the same thing, to determine the sign of the
amplitudes, additional data a re necessary . The curves
relat ing a 2 and ao given by Anisovich and Dakhno'46"1 a re

asymmetr ic , so that there i s a hope that improvement
of the spectra of pions from τ decay may lead to choice
of a single solution. Analysis of Eq. (5) in the region of
dominant contribution of the tr iangle diagram of Fig.
l c t 6 : l and analys i s ' 4 8 3 of reaction (27) (Fig. lg) indicate
ao < 0. We can also attempt to determine the signs of
a+- and a2 in the effective-range approximation. That is ,
for small relat ive pion momenta k = Vw 2/4- 1 < 1, i.e.,
for smal l ω, there exist the re lat ions

, , / in , 1 . №r'
( 4 1 )

± | / J i L _ A . a = J _ + i ^ : (42)

where r i s the interaction radius , which we will consider
positive, i .e., we will consider the scattering to be po-
tential scattering. Then, provided of course that Eqs.
(41) and (42) a r e applicable, we can find the scattering
amplitudes and their signs relat ive to the sign of the
radius . This procedure for a + . , which was car r ied out
for the first t ime by A r e f e v et al., ' 9 3 · 1 i s shown in Fig.
25. Figure 26 shows the most correct attempt to deter-
mine the sign of a2 (see also refs . 61 and 32, where the
sign of a2 has been determined by a s imi lar method for
k > 1). In Figs. 25 and 26 the abscissa r e p r e s e n t s k2

and the ordinate the rad ica l s corresponding to Eqs. (41)
and (42). It i s evident that in these coordinates, as
should be the case according to Eqs. (41) and (42), the
experimental points l ie on straight l ines. The two l ines
in Fig. 25 correspond to the <^Ή*Ή- c r o s s sections used,
which were obtained by extrapolation and in the physical
region. The values of | a t _ | and | a 2 | , determined in Figs.
25 and 26 as the free t e r m s of the equation of the
straight line, a r e in good agreement with the values
listed above. The sign of the slope of the straight l ines
gives the sign of the amplitude: a + . < 0. The amplitude
a 2 > 0, but a negative value a2 < 0 is also very likely,
as can be seen from the insert in Fig. 26, where we
have shown contours of χ 2 a s a function of a2 and r. It is
not excluded that a 0 > 0, but, adding all data on the am-
plitude at threshold, it appears that a solution in the
second quadrant is preferable. Doubts a r i se in com-
parison of the signs of a 0 and a2 and the signs of the
phase shifts 6Q and δ°, found by phase-shift analysis in
the p-meson region, relat ive to the sign of the reson-
ance phase shift δ}: it i s usually assumed that 6° > 0,
δ° < 0. Strictly speaking, even the data presented above
do not finally exclude the possibility of a solution in the
second, third, and fourth quadrants.

3 . R e s o n a n c e s i n t h e irn S y s t e m

W e w i l l f i r s t d i s c u s s r e s o n a n c e s i n t h e l o w e n e r g y

r e g i o n , w h e r e w e c o n s i d e r t h e p i o n - p i o n i n t e r a c t i o n

c r o s s s e c t i o n s k n o w n . W e h a v e e m p h a s i z e d t h e a b s e n c e

o f v i s i b l e i r r e g u l a r i t i e s i n t h e e n e r g y d e p e n d e n c e o f t h e

c r o s s s e c t i o n s , a n d t h e i r m a g n i t u d e , w h i c h i s f a r f r o m

t h e u n i t a r y l i m i t . H o w e v e r , t h e r e h a v e a p p e a r e d a n d a r e

a p p e a r i n g i n t h e l i t e r a t u r e r e f e r e n c e s t o r e s o n a n c e s i n

t h i s r e g i o n . A n d e v e n t h o u g h s o m e o f t h e s e r e s o n a n c e s

(for example, the ξ with a m a s s of about 500 MeV) have
died a s tat is t ical death, as yet not one tenth of the
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resonances have died, and the o ther s continue to be dis-
cussed and deserve attention.

F i r s t of these is the ABC resonance or, better to say
today, the ABC anomaly at an energy of about 300 MeV.
There is no bas is to doubt the experimental r e s u l t s of
the experiments of Crowe et al. or the existence of a
maximum in the spectrum of recoi l nuclei in reaction
(35). However, what is involved h e r e i s apparently not
so much the ππ interaction as the type of reaction. Today
this statement i s adequately justified, since the ABC
anomaly i s explained by the dominant contribution of the
frequently cited tr iangle d iagram. L 3 4 > 3 5 j However, if we
accept this explanation, it i s necessary to admit that, in
the first place, in a number of studies, for example,
which have investigated the spectrum of dipions ar is ing
in annihilation of antiprotons, to which the triangle dia-
gram does not apply, the peaks corresponding to the
ABC anomaly a re stat ist ical; in the second place, the
ABC anomaly is an indirect indication of the existence
of interest ing objects—isonuclei. [ 9 4 : l

The tr iangle diagram of Fig. l c i s in addition the ex-
planation of s ingularit ies which were accepted as a
resonance with isospin 0 and zero spin with m a s s of
about 400 MeV, the so-called σ meson. It is sufficient,
as an i l lustration, to look at Fig. 4 from this point of
view. However, the question of the σ meson, to which an
extensive l i te ra ture i s devoted, is more complicated.
The fact is that the σ meson appears in the theoret ical
analysis of πΝ and NN collisions/ 9 5" 9 7" 1 and i ts existence
is consistent with data on η and τ decays. ί 9 & ' 9 9 1 How-
ever, on the one hand, t h e r e is no convincing proof of
the c o r r e c t n e s s and, most important, the uniqueness of
the theoret ical s tatements, and on the other hand, in
theoret ical studies themselves recently the σ meson i s
becoming more and more indistinct. Lovelace et a l . t 9 6 : l

give i t s p a r a m e t e r s a s m a s s 430 ± 70 MeV, and width
Γ = -Ito, which i s a s trange s t ructure for a Breit-Wigner
resonance.

Now, as to the region 700—800 MeV, the region of
the generally accepted ρ meson, which even we have
considered as well known. The ρ meson is apparently
a resonance of Breit-Wigner shape with isospin and spin
equal to unity, negative parity, accepted m a s s and width
of the o r d e r of 760 and 120 MeV, respectively. (Numer-
ous re ferences to original investigations on observation
of the ρ meson and determination of its p a r a m e t e r s , as
also for other resonances, can easily be found in the
well known tables of Rosenfeld.) Here it i s necessary to
speak of the order of magnitude, in spite of the fact that
the s tat is t ical accurac ies a re sufficient. The fact i s that
in different studies and under different conditions the
m a s s of the ρ meson and part icular ly i t s width a r e ex-
t remely different. In some investigations, perhaps, in
the " c l e a n e s t " conditions, the p-meson width ap-
proaches 90 MeV. We can recal l the " s p l i t t i n g " of the
ρ meson, which is not observed at the present t ime. The
angular distributions of pions in decay of neutral and
charged ρ mesons a r e sharply different; the π*π~ angu-
lar distribution is sharply asymmetr ic (see Fig. 7). All
of this has undoubtedly been responsible for the popular-
ity of the search for an i sosca lar sca lar meson, the so-
called So or t meson with a m a s s close to the p-meson
mass , which naturally would explain the features of the
ρ meson. In reviewing papers we have already men-

tioned several original investigations (in par t icular , the
work of Clark et a l . t 7 8 : l ) . The conclusion of that investi-
gation (where, we recal l , d 3a/dp 2do> 2d9 was measured
for θ = 90°, where the P-wave contribution should be
zero) i s a s follows: the experimental data a r e consis-
tent with existence of the So meson, but the correspond-
ing peak in the distribution of the differential c r o s s sec-
tion as a function of ω can be explained as the conse-
quence of depolarization of the ρ meson. If the pion
angular distribution has the form a + b cos20 then a
rat io a/b = 0.06 is sufficient to explain the experimental
data without So- We a r e alerted also by the closeness of
the p a r a m e t e r s of the possible So and the p . Jones
et al.Ll001 prefer to believe in the existence of the So.
In addition to the usual analysis of asymmetry of the
π+π~ angular distribution, they find by extrapolation the
asymmetry for p 2 = — 1 and a s s e r t that for ω = Μρ it i s
close to the maximum possible value for interference of
the resonance values of the S and Ρ phase shifts. The
r e s u l t s of Corbett et a l . t 7 7 ] indicate the absence of the
So; these authors, with an initial momentum
1.72—2.46 BeV/c, looked for a peak in the m a s s spec-
t rum of the two neutral pions produced in reaction (34),
which is preferable to react ion (5), since the p° does not
decay into TTV. In fact, Corbett et a l . t 7 7 j state that there
is no resonance in the region up to 900 MeV if i t s width
is g rea ter than 30 MeV. Workers who have studied the
m a s s spectrum of the system of two neutral pions in a
liquid-deuterium chamber, which employed converter
plates in the chamber volume to detect γ rays , t 7 2 ; l do not
observe the presence of the So. The maximum of the dis-
tribution in the region of 700—800 MeV coincides with
the maximum of the phase-space curve. Thus, the situa-
tion r e m a i n s uncertain. At present a number of groups
are occupied with s e a r c h e s for s ingularit ies in the Λ 0

system. In many investigations a solution of the
So-meson problem is attempted by means of a phase-
shift analysis of ττπ data, separating SQ. We will d iscuss
the phase-shift analysis below, and then turn to the
question of heavier dipion resonances .

We will pass over the dipion resonances being dis-
cussed in the l i te ra ture today with Τ = 2 at 850 MeVLzi}

and Τ = 0 and J = 0 in the vicinity of 1050 MeV, [ 1 0 i : l r e -
garding which we can only make some cr i t ical r e m a r k s
and which need not be considered firmly established.
Let us turn to the f0 meson—an i sosca lar resonance
with quantum numbers 2*, m a s s 1260 ± 10 MeV, and
width ~140 MeV. This is a rel iable singularity. In the
future it will be possible to obtain improved information
only on the s t ructure of the resonance and on its quan-
tum numbers . It is important to emphasize that this is
a resonance in the D wave (where the 6Q phase shift
reaches 90°) with a dominant decay channel to two pions.
The still heavier known resonances, whose existence at
least as s ingularit ies in the miss ing m a s s spectra
r a i s e s no doubt, a r e le s s interest ing to us from the
point of view of the pion-pion interaction, since in their
channel the decay into two pions is strongly suppressed.

In conclusion of the paragraph we will draw a some-
what unexpected conclusion: yes, we do not doubt the
resonance nature of the pion-pion interaction but, in
essence, we know very little about the resonances in the
dipion system. New experiments a r e necessary, even
for detailed study of the ρ and f0 mesons. Universal
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proof is needed of the existence of resonances with
respect to all of the points discussed by us in section 7
of chapter II. It seems extremely important to devote
more attention to the mechanism of formation of reson-
ances, and to isolate the conditions under which they ap-
pear in pure form.

4. Phase Shifts of irn Scattering

At low energies, if we assume that only the S wave
is important, δ ο and 6° can easily be found from a 0 and
a.2, whose values near threshold have been discussed by
us in section 2 of this chapter. We reca l l that even
spins can correspond only to even values of T.

A phase- shift analysis with inclusion of S and Ρ
waves (S, Ρ analysis) has been made many times' · 3 6 ' 4 1 · 1

on the bas is of the angular distributions of Fig. 7. We
will not discuss again (see chapter II, section 8) the
fundamental questions of the applicability of a phase-
shift analysis in this case, but will turn to the r e s u l t s .
A strong asymmetry in the π+π~ angular distr ibutions in
the p-meson region, if it i s explained by interference of
the δ0, and 6j phase shifts, immediately indicates a large
δ0, phase shift. In the opposite case the interference
t e r m , which is proportional to sin 6} sin δ0, cos (δ} - δ£),
would be close to zero for δ} ~ 90°. There a r e dis-
crepancies among different authors as to whether or not
the δ g phase shift p a s s e s through 90° in this region. As
we can see, we are again discussing the So meson. It
appears that for solution of this problem it is necessary
first of all to know the sign of the δ ο phase shift.

Ordinari ly one concludes from the existence of a
positive asymmetry that δ} and 6g have the same signs,
assuming that δ{ > 0. It is easy to see, however, that
the sign of the interference t e r m does not change with
a change of sign of δ°, s ince, in the expression given,
both sin δ° and cos (δ| - δ°) change sign. In other words,
it i s not excluded that the 5° phase shift i s large in ab-
solute magnitude and negative. This possibility is in
good agreement with the most probable sign of the δ£
phase shift at threshold. There i s an alternative possi-
bility— change of sign of δ ο in the energy interval from
threshold up to the ρ meson. In fact, this possibility
must be allowed if we a r e to follow formally all of the
a s y m m e t r i e s observed in the πη system within the
bounds of an S, Ρ analysis. However, the variant with
change of sign does not seem very attract ive, in the
first place because it r e q u i r e s an anomalously small
0 ^ - scatter ing c r o s s section in the region of change of
sign of the phase shift, and in the second place because
it is then necessary to acknowledge the accidental
agreement of the phase shifts found from angular dis-
tributions and from the energy behavior of the π+π"
scatter ing total c r o s s sect ions. A comparison of the
phase shifts has been made in ref. 71 . Of course, per-
haps δ°> > 0 and a 0 > 0 at threshold, but we wish to
emphasize that passage of the δ° phase shift through
-90° not only would be an interest ing fact, but would
also explain a number of features of the observed ρ
meson.

Relative clari ty and uniqueness ex i s t s concerning the
phase shift 6\. This energy dependence is shown in
Fig. 27, which was taken from the art ic le of Baton
et a l . [ 3 2 j Passage of the phase shift through 90° at the

ω, MeV

FIG. 27. Energy dependence of the δ J phase shift of ππ scattering.

p - m e s o n m a s s i s e a s i l y v i s ib le . P a r t i c u l a r l y obv ious i s
the peak in sin 2 δ\ as a function of ω in the inset.

The moduli of the δ° phase shifts found both from the
angular distributions of the π"π° system and from analy-
sis of angular distributions of pions of the same sign
a r e in good agreement with the values of the o^+^t
c r o s s sections shown in Fig. 21, and can be calculated
from them. The δ° phase shifts a r e relatively smal l up
to 1 BeV. This is in agreement with the behavior of the
asymmetry in the ifi\° system. Specifically, in the ρ
region the asymmetry i s practical ly absent, and
cos (δ}- δ°) is small for δ} = 90°. The asymmetry
a r i s e s with decrease and increase of 6} and changes
sign after passage of oj through 90°. The sign of the
asymmetry indicates that δ° < 0. Recently a fundamen-
tally important paper ' 1 0 2 · 1 has appeared in which the au-
t h o r s attempt to find the sign from observation of inter-
ference of the 7Γ7Γ- scatter ing amplitude with the Coulomb
amplitude. They also indicate a negative sign of the a2

amplitude. Unfortunately, the s tat is t ics a r e clearly in-
adequate.

We have already pointed out some contradictions
ar is ing in the course of an S, Ρ analysis, if we believe
all of the observed a s y m m e t r i e s . F e r r a r i and
S e l l e r i t 2 4 ] , who analyzed angular distributions in r e a c -
tion (31), indicate direct ly the presence of a smal l b\
phase shift s tart ing at 600 MeV. There is no doubt that
at 700—800 MeV, if not sooner, the δ2, phase shift should
also play an important role, passing through a reson-
ance value at 1260 MeV, just as of has an effect up to
400 MeV. It is evident that an S, Ρ analysis i s inade-
quate. However, presence of even a smal l δ^ phase
shift can strongly influence the angular distributions.
Therefore, in t e r m s of an S, P , D analysis it i s par-
ticularly clear how necessary a r e new accurate data on
the angular distribution of the pions in their c.m.s.

Experimentally we know little as yet about the higher
phase shifts of νπ scatter ing and about the behavior of
δ°>, δ}, and δ° at energies higher than 1 BeV.

5. Conclusion

The number of papers devoted to the pion-pion inter-
action i s m o r e than several hundred and i s increas ing,
reflecting constant interes t in the problem. In this re-
view, which as it i s has reached the l imits of acceptable
size, we could not dwell on all the papers . We have not
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touched at al l on the theoret ical papers , and of course
these represent the greater number. In these p a p e r s
various authors, on the bas is of the dispers ion relat ions,
the hypothesis of part ial ly conserved axial current ,
cross ing symmetry, and other ideas, attempt to predict
the ττπ-scattering amplitudes. It i s understandable that
s t r ic t calculation of the amplitudes i s impossible be-
cause of the absence of a theory of strong interactions.
The existing theoretical predictions can be character ized
by noting that the probable values of ao and a2 according
to var ious hypotheses have populated r a t h e r densely the
square |aol s 1, | a 2 | s 1. This fact i s useful to r e m e m -
ber if one i s not to be deceived by coincidences of some
experimental data with some theory, and must not in any
way be interpreted as a call not to be interested in the
theoret ical studies. A detailed analysis of these studies
would unquestionably be useful.

It may be noted that a large number of studies a re
based on the relation of Chew and Mandelstam t l 0 3 : l

2a 0 = 5a2, which i s valid in the nonphysical region, at
the point where all three of the Mandelstam invariants
a r e equal, s = u = t. F r o m this relat ion it i s evident that
the signs of ao and a2 would surely be the same.
Actually, the relat ion 2a0 = 5a2 i s satisfied by the solu-
tion in the third quadrant. However, the situation may
change in the physical region, where p e r h a p s [ 1 0 4 ] we
have 2ao— 5a2 = 18a!. This r e t u r n s us to a detailed
analysis of the experimental data on the pion-pion
interaction and to the urgent problem of their accumu-
lation and improvement.

In this review we have discussed mainly papers pub-
lished up to January of 1969. We have not endeavored to
cite even the experimental papers with extreme com-
pleteness . However, we hope that we have been success-
ful in emphasizing the main l ines of investigation and
the principal proper t ies of the πη interaction.
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