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I. FEATURES OF ENERGY SPECTRUM OF
SUPERCONDUCTORS

THE microscopic theory of Bardeen, Cooper, and
Schrieffer!*! and of Bogolyubov!?? explained supercon-
ductivity as being the result of the occurrence of a re-
gion of forbidden electronic states in the energy spec-
trum of the metal near the Fermi surface, this being
connected with the appearance in the superconductor of
electron pairs with opposite momenta and spins at a
temperature below the transition temperature. Pair
production is the result of the exchange of virtual pho-
nons and occurs when the electron attraction connected
with this electron-phonon interaction®®! prevails over
the Coulomb repulsion. The energy spectrum of the
electrons in the metal is changed during the course of
the superconducting transition in such a way, that a gap
2A(T) appears in the electron spectrum of the super-
conductor; this gap depends in a special manner on the
temperature (Fig. 1). The binding energy of a pair of
quasiparticles at T = 0°K is equal to

24(0) = 40pexp [ — g7 )

where @p is the Debye temperature of the metal, N(0)
is the density of the electron states on the Fermi sur-
face in the normal state of the metal, and V is the ma-
trix element of the quasiparticle interaction. For the
superconductor to be excited at 0°K, it is necessary to
break a pair of quasiparticles, and the minimum energy
required for this is 2A(0). In a superconductor, the en-
ergy of quasiparticles that obey Fermi statistics is Eq
= (ea + Ag)'/%, where ¢q is the quasiparticle energy in
the normal metal, measured from the Fermi level, and
Aq is a parameter of the energy gap and depends in the
general case on the direction of the quasiparticle wave
vector q and on €q. Figure 2 shows the dependence of
Eq4 in a superconducting state of a metal on the wave
vector q. The density of the single-particle states in
the superconductor is determined by the following rela-
tion:
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if A = Aleg), where Apjy is the smallest value of Aq.
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FIG. 1. Theoretical temperature dependence of the energy gap in the
spectrum of a superconductor.

0w

FIG. 2. Quasiparticle energy Eq in
a superconductor vs. the quasiparticle
wave vector q [*].
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For an isotropic model, provided A does not depend on
€, the density of the single-particle states is N(0)E /
(E? — A®'/2, The number of elementary excitations in
the superconductor is determined by the Fermi distri-
bution function f(E) =[exp (E/kgT) + 1]7*, where kp
is Boltzmann’s constant. At low temperatures, when
kpT < A(0), the number of elementary excitations that
can accept energy from the outside is approximately
proportional to exp [-A(0)/kgT], making it possible to
find the magnitude of the energy gap by experimentally
investigating many excitation-dependent physical prop-
erties of the superconductor.

We note that the main properties of superconductors
can be described by the simplest idealized model of a
superconducting metal with an isotropic single-connected
Fermi surface and an isotropic energy gap that does not
depend on the wave vector q. However, many phenomena
in a superconductor (‘‘anomalies’’ of the low-tempera-
ture specific heat, anisotropy absorption of ultrasound
and of electromagnetic oscillations, shift of T, under the
influence of an impurity, etc.) cannot be explained with-
out taking into account the anisotropy of the physical
properties and parameters of the metal. The point is
that real metals are anisotropic and have in the normal
state an intricate and multiply-connected Fermi surface
and a complicated distribution of the electron velocities
vy on this surface. In such a case, the value of Ag
should depend not only on the energy €4 and on the
number of the branch (cavity) of the Fermi surface, but
also on the direction of the wave vector of the quasipar-
ticle, so that in a superconductor with a multiply-con-
nected Fermi surface the corresponding values of the
energy gaps are different.* In addition, in an anisotro-
pic superconductor, the matrix element of the interac-
tion of the quasiparticles qu/ is also an anisotropic

quantity. It is precisely the combination of these cir-
cumstances which causes certain deviations from the
predictions of the isotropic theory to be observed in a
number of precise experiments, which will be described
below.

It is natural for the additional singularity of the
spectrum and in the energy of the gaps superconductors
(see, for example, L% 17221} o be of interest in the

* The theory of anisotropic superconductors [], in which account is
taken of the overlap of the energy bands of the metal, shows that the gap

vanishes at T = T¢ simultaneously on the entire Fermi surface (see also
[7510],
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study of the structure of the Fermi surface of metals
(one of the central problems of solid state physics);
however, no detailed quantitative data on the gap aniso-
tropy have been obtained as yet. The presently develop-
ing theory makes use of the following approaches to the
solution of this complicated problem. First, it is possi-
ble to find the general laws common to all anisotropic
superconductors, regardless of the origin and charac-
ter of the gap anisotropy. In this manner, a number of
general inequalities were obtained by Pokrovskii for
the case of weak electron-phonon coupling.t®! For ex-
ample, whereas the isotropic theory of superconductiv-
ity gives a simple connection between the temperature
of the superconducting transition and the magnitude of
the gap at 0°K, namely 2A(0) = 3.5kgT. independently
of the type of metal, it follows from Pokrovskii’s theory

that the smallest gap equals ZA"I’%% < 3.5kpTe.t*!

Another possible attempt at solving the problem is
to assume a concrete model of the gap anisotropy, as
was done by Geilikman and Kresin,['*} by Markowitz
and Kadanoff,t**? and by Clem,!®! and to calculate the
gap. Geilikman and Kresin investigated the influence of
the anisotropy of the shape of the Fermi surface on the
anisotropy of the energy gap (in the case of an isotropic
phonon distribution). They considered two models of the
Fermi surface, closed ellipsoidal and open cylindrical,
and showed that a considerable gap anisotropy results
from any model, depending on the directions in the mo-
mentum space.

Finally, the third way, that of solving the problem of
numerically under certain simplifying assumptions for
at least one metal, was used by Bennett.!**! In deter-
mining the gap anisotropy in superconducting lead, Ben-
nett assumed the main source of the anisotropy to be
the real phonon spectrum of this metal. He used the as~
sumption that the electron-phonon interaction is con~
stant, and that the strong coupling between the electrons
in the lead causes the interaction to be effective in a
wide energy layer near the Fermi surface. Since the
latter causes a certain isotropization of the gap, Ben-
nett introduces the assumption of a relatively weak gap
anisotropy; this enabled him to carry the calculation
through to conclusion. It turned out that at the same ap-
preciable anisotropy of the gap on each of the cavities
of the Fermi surface, the values of the gap in the mini-
mal, maximal, and saddle points of different cavities
were very close, so that there is practically no differ-
ence between these values for different cavities.* The
regions of the Fermi surface near the boundaries of the
Brillouin zone, as noted by Bennett, can have several
different values of the gap and of its anisotropy, where~
as the influence of the anisotropy of the electron-phonon
interaction parameter, which was not introduced in the
calculation, should add up with the obtained gap aniso-
tropy on the entire Fermi surface.

For tin, likewise, Bennett obtained by calculation,
under the same assumptions, approximately the same
complicated picture of the anisotropy of the gap. How-

*'The values of the gap (in meV) at the minimum is: band II (holes)
— 2.66 and 2.65, band III (electrons) — 2.60 and 2.55; at the maximum:
band Il — 2.86 and 2.77, band Il — 2.76; at the saddle points: band II
— 2.70 and 2.66, band III — 2.71, 2.65, and 2.60.
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ever, the results are only qualitative, owing to an annoy-
ing error which has crept in the very beginning of the
calculations: the smallest energy gap in the spectrum of
superconducting tin was assumed to equal 3.05kgT. in
the direction of the two-fold axis, whereas the smallest
gap in this superconductor, according to all data, is not
oriented along the principal axes and apparently amounts
to 2.7TkgT, (see the Appendix). In addition, inasmuch as
lead is a superconductor with weak coupling, the entire
assumed calculation scheme is less justified for this
metal.

It is interesting to note that the temperature depend-
ence of the effective interaction of the quasiparticles
Vaqq' greatly influences the magnitude of the energy gap:
a 5% variation of Vqq’ suffices to produce a change of
the gap in the range 3.0 < 2A/kpT, < 4.2, depending on
the momentum-space region that determines the inter-
action,[t®*?

From the experimental point of view, several inves-
tigation methods have been developed and are extensive-
ly used at present; these yielded (and much less fre-
quently—permitted a detailed study of) the anisotropy of
the gap in the spectrum of superconductors. Among the
most widely used indirect methods are investigations of
the thermodynamic properties (heat capacity, thermal
conductivity, critical magnetic field, variation of T,
under the influence of an impurity) and the study of the
absorption of ultrasonic oscillations. Among the direct
methods are investigations of the interaction of high-
frequency electromagnetic oscillations with supercon-
ductors, and the tunnel effect.

The gap anisotropy, generally speaking, exerts dif-
ferent influences on the physical properties of super-
conductors.t?! This influence on the thermodynamic
properties near T¢ turns out to be very weak, although
the gap anisotropy a itself can be appreciable, and con-
sequently these properties are determined by the gap
Aq averaged over all the directions, so that the magni-
tude of the mean-square gap anisotropy (a%)
= (Aq— Aq)z/ Aé characterizing the superconductor is
approximately equal to 0.01 for most pure superconduc-
tors. On the other hand, a number of physical proper-
ties (including, above all, the absorption of ultrasound
and the tunnel effect), which are determined by elec-
trons gathered in one manner or another from definite
regions of the Fermi surface, make it possible to inves-
tigate the orientation dependence of the gap and by the
same token reflect the gap anisotropy a of the super-
conductor.

II. EXPERIMENTAL INVESTIGATIONS OF THE
ANISOTROPY OF THE ENERGY GAP IN THE
SPECTRUM OF SUPERCONDUCTORS

1, Electron Specific Heat

The microscopic theory of superconductivity yields
the following expression for the electronic specific heat
of an isotropic superconductor:

=z () (F) [ (57) = % () ]

where YT, is the electronic specific heat of the metal
in the normal state at T =T, and K, and K, are Bes-
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sel functions of the second kind.[®? Calculations show
that this expression can be reduced to the form Ces /yTC
=~ a exp (—bT./T), and in the temperature interval 2.5
< T¢/T < 6 we have a = 8.5 and b = 1.44, whereas at
temperatures 7 < T./T < 10 we have a = 26 and

b = 1.62.1%*) In the temperature region To/T > 10 we
get the following relation: 2!

=2.37 (T—I‘f-)a/zexp

Ces

Ve

(1),

It is interesting to note that even before the appearance
of the modern theory of superconductivity, Koppe ob-
tained,’®! within the framework of the Heisenberg two-
fluid theory,!?"1 an approximately exponential tempera-
ture dependence of the thermal properties of supercon-
ductors. These were the results with which compari-
sons were made of low-temperature measurements of
the thermal conductivity of Sn by Goodman,t®? of the
specific heat of Nb by Brown et al., and of the specific
heat of V by Corak et al.[*?? It is probable that the
study of V revealed experimentally, for the first time,
the exponential temperature dependence of the specific
heat, leading to the prediction of a gap 2A ~kpT.'*! in
the spectram of this superconductor, just as in the study
of the thermal conductivity of Sn by Goodman. %! On
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this possible anisotropy should be appreciable (~30%
for Zn and ~15% for Sn). This explanation of the low-
temperature specific heat may be confirmed by the re-~
sults of experiments performed on aluminum by Geiser
and Goodman!*'? and on lead by Keesom and Van Hoe-
vent**1 (in both cases they investigated pure metals and

Table I. Energy gap 2A/kgT. at 0°K and its anisotropy
in the spectrum of superconductors as obtained by meas-
uring the electronic specific heat.

going to lower temperatures, the number of supercon-
ductors investigated increased (Table I), and following
the appearance of the microscopic theory of supercon-
ductivity, its conclusions were compared! s 3% 24 %31
with the results of the earlier experiments.

The experiments have shown that in certain super-
conductors (which included until recently Al!3%,3%:38)
Zn,t%%:37,381 and gnl®*»%1) the temperature dependence
of the electronic specific heat deviates at low tempera-
tures from the predictions of the isotropic model
(Fig. 3). A theoretical analysis by Abrikosov and Kha-
latnikov'?? and by Cooper!®¥? has shown that one of the
most probable causes of this anomaly may be the aniso-
tropy of the gaps of the superconductors. The point is
that at very low temperatures their thermal properties
are determined by the value of the smallest gap in the

energy spectrum ZA?‘IE’{:‘D while at intermediate temper-

atures it is determined by a certain average value over
the entire Fermi surface.*

In the general case it is impossible to determine
from specific-heat measurements the direction or the
section of the Fermi surface on which the experimen-
tally obtained energy gap is located. However, an analy-
sis of its possible anisotropy, made by Zavaritskii® *’!
using the anomalies of the specific heat, has shown that

* We recall that all the thermodynamic properties of superconductors
near T are insensitive to the gap anisotropy (the errors are of the order of
~ < a% > ~ 0.01), because these properties are determined by the proba-
bility of quasiparticle excitation. At energies kBT ~ 2A(T) this probability
is appreciable for all orientations in momentum space. In addition, the
strong electron-phonon coupling and the gap anisotropy affect the thermo-
dynamic properties in opposite directions (for example, the strong cou-
pling increases the gap 2A(0)/kBT¢, causes a jump of the specific heat
Ac/yTc, and leads to a temperature dependence of the critical magnetic
field Hc/Hop, whereas the gap anisotropy decreases these quantities.) Since
both effects are present in one form or another in most pure supercon-
ductors the interpretation of the experiment is a complicated matter

i Temperature dependence
Superconductor, purity, | Lowest tem- |  of the electronic specific 28/kp e
and single-crystal status | perature of heat Gai isot @
of the sample investigation Cogt eXp (—bT¢/T) P anisotropy -
Al: 84 0,15 2a=69, b=13;
deviation from exponential
at T/T>5
99,99%, 0.2 a=82. b=12; 2A3%8 JkpT = 3,120,
polycrystal 38 deviation from exponential Gap anisotropic
at To/T>5
99.998Y 38 0,1 a=T71. b=1.34; 2A /kpT=3,3
deviation from exponential
at To/T >4 b
99,997% 41 TJYT <6 [a=48, b=082; 203 /kpTc ~ 2
deviation from exponential a~25%, impurity
at low temperatures decreases a
Cd: 99,999%, 0.1 a=62, b=1.26 2A/kgT =31
single
crystal 50
Ga: 99,9999 38 0,35 =17, b=1,35
99.9999% 50 0.1 a=7/46, b=1.39; _
no deviation from 2/kpl =34
exponential
Hg: 99.996%, 0.35 At Tc/T< 4 2A/kgT e =3,98
polycrystal 52 a=15+1
b=1.6440.1
—_— 1,6 a=96, b=16 By analysis [*]
18 0.4 b=1.8
99.999%, 0.1 2A[kgl, =3.3—3,7
single crystal 9 dependent on the
interpretation
La: 2 a=1.8, b=1,56 2A/kgT=3,6
mixture of 95% hex.
and 5% fce phases {35]
Mo: >99.999% 56 T IT< 24 2A/kgTc=3.4 + 0.15.
Possible anisotropy
Nb: 57 TT <5 a=10, b=1,63
>99,8%, 0.5 a=8.21, b=1.52; 2A/kgl . =3.7
single crystal 58 deviation from exponential
. at T/T >6 ,
9.9’9 %, . 0.35 Superposition of two expo- | 28’ /kpT ¢ ~ 3.5 and
single crystal nentials with a’ = 7 and &' 2A" kgl ~ 0.3
= 1.46 (T¢/T >6) and a”
=0.0065,b" = 0.12 (T/T .
>14),

(see, for example, [**]).
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Table I(cont’d.)

. Temperature dependence
Superconductor, purity, | Lowest tem- of the electronic specific 58/kRT. .
and single-crystal status | perature of heat R B'c
of the sample investigation Cog =@ XD (=0T /T) Gap anisotropy-&
. o A’ ~ 4
Pb: ?99,99910,42 0.3 At TofT >S5, superposition ZAZ/I:B?‘c Axu
single crystal of two exponentials with a’ A"jkglc ~ 1.4
=10.7and 2" =0.1
Re:  99.989% 59 1.2 a==11.6, b=1,64 2A/kgT  ~ 4
Sn; 34 0.15 deviation from exponential
at T/T>5
99,9989%, 0,2 b=1,35; 2A/kgl . ~ 3.6,
single crystal > deviation from exporential | 24328 /Lp7 <3.9,
at T/T>S a~ 15% 10
99,999%, 0,4 a=1,63, b=1,41; 2A kgl =3.43
polycrystal4® no deviation from expo-
nentials at low temperatures
99,999%, Tu/T<<9 la=7.85, b==1.42; 2A/kgT o =3.45
polycrystal 49 no deviation from exponen-
tials at low temperatures
'
| Ta: < 99,9% 60 1.7 & =1,49 2A/ICBZ‘c ~ 3.5 by anal-
ysis 38
< 99,99 61 1.3 a==10. b=1.5
as estimated in [38]
45 0,35 Superposition of two
exponentials
Tl: 99,9999 5¢ 1.1 a==58, b=13
99,991 9 52 0.35 a=9. b=1.52 2A/k gl = 3,67
at To/T<4
Vi  ~99.89% 31 1.2 a=9.17, b=:1,3
> 99.9% 62 0.8 a=17.b=134 2A0/kgT o =<3,3
45 0,35 Superpostion of two
exponentials
>99.99% sin- 0.6 At low temperatures, a 20’ kgl ==3.2 = 3,5,
gle crystal , term Cgg linear in the tem-
Rogpox/Bpo = perature appears 20"kl ~ 0,1
=r==14047
Zn: 99,99999%, sin- 0.2 2=2.3, b=1.03 2A/kgl ¢ ~ 3.3,
gle crystal 35 22 kT 7,
a ~ 309, 40
99,9999 33 0.35 a =6.4, b=127
single 0,15 a==5.8, b=1,22;
crystal 37 deviation from exponential
at T /T >4

their alloys with nonmagnetic impurities). If the devia-
tion of the low-temperature specific heat of the super-
conductor from the theoretical predictions is actually
connected with the anisotropy of the gap, then introduc-
tion of the impurity should, in accordance with the An-
derson theory of ‘“dirty superconductors,!®? smooth
out the anisotropy of the gap and lead to agreement with
the theory. Effects of this type were possibly observed
in aluminum and lead (Fig. 4), although no exact quanti-
tative agreement with theory was obtained.t**! Accord-
ing to these data the anisotropy of the gap of aluminum
is ~25%, and the temperature dependence of the specif-
ic heat of Pb can be represented in the form of two
components with gap values ~4.1kpT. and ~1.1kgTc.*
An investigation of sufficiently pure Nb, Z, and Pa has
also shown that temperature dependence of the specific

* Unsuccessful attempts were made later to attribute the singularities
of the specific heat of Pb to the temperature dependence of the electron
effective mass brought about by the strong electron-phonon interaction

[44] 3
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heat can be represented by a superposition of two expo-
nentials with gaps ~3.5kgT. and ~0.3kgT, (for the
case of Nb).[*? The hypothesis advanced by Phillips
and co-workers, namely that the specific heat is influ-
enced by two gaps that are due to the overlap of the s
and d bands on the Fermi surfaces of these transition
metals, was confirmed theoretically in ‘*!, Subsequent
investigations have revealed that in order to describe
the temperature dependence of the specific heat of V it
is necessary to assume that the large gap is itself ani-
sotrpic ((3.2-3.5)kgT,). *"

The foregoing confirmation of the probable connec-
tion between the gap anisotropy of a superconductor and
the anomaly of its low-temperature specific heat is not
superfluous, because in recent papers by Keeson, Phil-
lips, and co-workers, devoted to the study of Sn,t %
which is particularly convenient for investigations be-
cause of its high T, and @p, as well as of Ga,'**! re-
vealed no deviation of the specific heat from an expo-
nential variation, up to temperatures T./T =~ 9 (for Sn,
Fig. 5) and T./T ~ 5.5 (for Ga).* In spite of the fact
that the calorimetry was improved in these experi-
ments (low temperatures were obtained by pumping off
saturated He® vapor, and not by adiabatic demagnetiza-
tion), it is hardly possible to agree with Phillips (see
the proceedings of the calorimetric conference’®!),

that the gap 2A?r?ii in these superconductors (and in Al

and Pb) does not appear at all; it is more likely that the
deviations of the specific heat are weaker than custo-
marily assumed. Comparison of the experimental data
of Keesom and Phillips and their co-workers! *%>*%
with Clem’s theory[m] shows, in our opinion, that in Sn
we have (a% ~0.03.

2. Electronic Thermal Conductivity

The question of the thermal conductivity of supercon-
ductors was considered by Biondi and co-workers'®?!
and by Douglass and Falicov.'?®! In spite of the fact
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FIG. 4 FIG. 5

FIG. 4. Temperature dependence of the electronic specific heat of
superconducting lead and of its alloy with indium [*?]. Line — BCS,
O — pure PB,A —~Pb+ 1.76% In, @ — Pb + 5.93% In.

FIG. 5. Temperature dependence of the electronic specific heat of tin
in the superconducting state (®, A — [*%]; O — data of Goodman [34],
[48] .

* According to preliminary data of Phillips, there is no anomaly of

the specific heat in aluminum [5'].
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that the theoretically investigated mechanisms of the
electronic specific heat in scattering of electrons by
impurities'*> %1 and by phonons!® +*®? are in fair
agreement with certain experiments, this question has
not been fully resolved.!*! The point is that, besides
the electrons, the thermal conductivity is governed also
by the lattice, and each of these contributions is limited
by different scattering mechanisms (this is precisely
why in most experiments deviations are observed in the
temperature dependence of the thermal conductivity
from the exponential low). Nonetheless, for a number

- of superconductors (Table II) an exponential tempera-
ture dependence of the electronic specific heat was ac-
tually observed in a certain temperature interval (such
a regularity was first observed by Goodman!?? for Sn).

Further investigations by Zavaritskii have estab-

lished a sharp anisotropy of the temperature dependence
of the electronic specific heat of single crystals of
Ga,'®*"? and Zn and Cd'®! (Fig. 6). A comparison with
Khalatnikov’s theory,!!'? which takes into account the
influence of the gap anisotropy on the thermal conduc-
tivity, has shown that the gap anisotropy in Ga and Zn

Table II. Energy gap 2A/kgT, at 0°K and its anisotropy
in the superconductor spectrum as determined by meas-
uring the electronic specific heat.
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FIG. 6. Temperature variation of the electronic thermal conductivity

of single crystals of Ga in the superconducting state. 1 — orientation of
sample along the b and c axis. The samples contained 0.001% of impurity
(P series) and 0.1% (D series) [*7]. Curves: 1)V- a-1D, ® — 3D-a, A— a-2P,
O —2P-a;2) V—1b-1D,® — 3D-b, 0 — b-3P, A — 2P-b; 3)V— 3D-c, O —
c-3P,A — c-4P, ® — 2P-c.

Superconductar, pusity, | Lowest inves- | Temperature dependence of | o, + . ¢ | is ~30and ~40% respectively, and the gap can be ap-
? igated tem- X . . g T, anisotropy of A - N ’
sl st | ure, °K S :Igne'i;pf_c:}z heat - proximated by an ellipsoid that is oblate along the ¢
AL 99.99% 35 0.15 B=1.5 2A/kpT =33 + 0.1 axis of ‘Ge or in a direction perpendicular te the hexag-
very pure ! 0.32 | Impurity does not change 2A/kgTe =3.5 onal axis of Zn and Cd. We note that the anisotropic
the temperature dependence temperature dependence of the electronic thermal con-
ductivi £ rconducti n, as a function of the ori-
Cd: single crystal 0.1 Anisotropic temperature 2Af}ﬂ°n/kBTc:2,7, uCtlY ty o eupe o cting Sn, . S .
dependence anisotropic gap entation of single crystals, can, in accordance with the
7 0.3 20 /kgTo —3.4 data of Laredo!®? and Graham,'™? also be interpreted
o 0.0 oz r<imdiz<p< | 2 h T2 as a manifestation of the gap anisotropy, but only Zava-
Ga: 99.999 a1 99,9%, . At T, and 1.2 =2.5, s iv sy s -
single crystal? f; fl del;;nqing:r,i, t;h;:,ie,,_ . 22::,%:T::3.5, ritskii’s analysis of the tilermal conductivity oafbgn at
on; the im; €S
not change m‘,’tem,,mm,e a ~30% very low temperatures,“ 3 has shown that 2A min
dependence P <
= 3.1kgT, (from these data, however, it is impossible
Hg: me{’m,’ c76=4-1 from to determine the section of the Fermi surface to which
i this value applies).
In: }Pﬂ‘:” hs ig o f?’kBT;f f§1 A surprising circumstance, from the point of view
s with Sn . / =3.7x0. 217 -
impurity up to for all concentrations of Anderson’s theory,[ 1 is the absence of any changes
5% 171 of $n in the temperature dependence of the electronic specific
Nb: single crystal 0.2 2AjkpTe=3.51:0.2 heat of Gal®"? when its purity is varied in a wide range
;8_ 504 79 (6 28 /T, =35 {from 99.999 to 99.9%). The presence of an appreciable
— - gap anisotropy in the spectrum of this superconductor
Pb 2A/kBTc:4.1 from hould h tributed t ffecti thi £
analysis 76 should have contributed to an effective smoothing o
.906% o2 Amioonie & - this anisotropy under the influence of the impurity (with
Sn:  ~ 99,996%, . nisotropic temperature N i ;
single crystal dependence an appropriate change in the temperature dependence in
6s;g-f;j'éi"/«) 0.15 p=1.45 2020 /T == 3.1 the thermal conductivity, since at low tempelea.ltusx;es this
single crystat % property is detefmmed by the smallest gaps' " °").
polycrystal 73 1.3 The results could not be | 2A/kp7'c = 3.3 Satterswaithe,'! ™! investigating the electronic specific
:::,xg with the gap ZA(/Skr;3 9T9c9:’%§) heat of pure Al and its alloys in the superconducting
(Sn. with impurity state, has shown that a change of the electron mean free
O0L%) 502 path by 140 times has likewise not led to an appreciable
Ta:singlecrystal r=507¢) 0.2 2A/kgTe =38 £ 0. change of this dependence (Fig. 7). Since very pure alu-
Zn: s oy 0.15 =13 minum is the most convenient object for such investiga-
0 0 s s P . :
single crystal °° 01 Anisotropic temperature | 2885 kg To = 2.4, tlo_ns (it is sx_1b]ect to enly one electron scatt'ermg me'ch-
dependence 2Bcp/kple = 3.6, anism, elastic scattering by static defects, in the entire
40% 4 i
@~ 40% . ) . :
polycrystal 7 0.3 Temperature dependence | 24 7. — 3.4 temperatu.re region owing to its hlgh. @p and low T¢),
differs fm%*he data °ft Satterswaithe arrives at the conclusion that measure-
as a resu. eps Py z
:[thll;eps‘::is:tel)"iqgs centers ments of the specific heat are not a sufficiently sensi-
(grain boundarics) tive method of determining the gap (and all the more its
N
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anisotropy) in superconductors. The same conclusion is
reached by Serin and co-workers,'™! who investigated
the thermal conductivity of In films (thicknesses 1200~
20 000 &) containing up to 5% Sn impurity. Since the
scattering by the boundaries decreases the mean free
path of the electrons to a much lesser degree than that
of phonons, the authors succeeded in measuring the ra-
tio of the electronic thermal conductivity in the super-
conducting and normal states without excluding the lat-
tice thermal conductivity. It turns out that the tempera-
ture dependence of this ratio is not sensitive to the
composition of the films.*

Thus, in comparing the thermal methods of investi-
gating the gap and its anisotropy in superconductors,
preference should be given to results obtained by inves-
tigations of the specific heat, although some unanswered
questions still remain in this case.

3. Critical Magnetic Field

The theoretical investigations of Pokrovskil L8] and
of Clem!?+%°? have shown that a careful measurement
of the temperature dependence of the critical field H,
in superconductors can yield information on their mean-
square gap anisotropy (a®. In the case of weak elec~
tron-phonon coupling, (a® enters, for example, in the
function of the deviation of H./H, from a parabolic de-
pendence in the following manner:

D)= %-(1-#): —0.1317 (1 + 6.6 (a%)) (1 —t?)
+0.0986 (1 + 3 (a®) (1 — £2)2 4 0.0287 (1 + 6.15 (a?)) (1 — 128+ . ..,

where t = T /tc.

Comparing with theory the temperature dependence
of H, (at not too low temperatures) of Ga'®'! (Fig. 8)
and its change under the influence of an impurity in
Sn, % Cochran and Reynolds and co-workers deter-
mined the values of (az) of these superconductors
(Table III). Further experiments, however, are neces-
sary at low temperatures, since the only low-tempera-

* Apparently Reynolds et al. ["*] are inclined to ascribe similar results
of a study of the thermal conductivity of polycrystals of pure Sn and its
alloys [®] to the pure-sample texture at which the minimal gap was mea-
sured; in this case the gap can increase with increasing impurity. A sub-
sequent detailed investigation of single-crystal Snf?**Irevealed the influence
of the gap anisotropy on the electronic thermal conductivity (2A/kBT¢ =
3.0 - 4.0).

IN THE ENERGY SPECTRUM OF SUPERCONDUCTORS
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FIG. 8. Deviation of critical magnetic field from a parabolic temper-
ture dependence. The figure shows the theoretical BCS and Clem curves,
and data obtained by measuring H¢ ['] and ceg [$°°%!] of gallium [*'].

Table III. Energy gap 24/kpT, at 0° in superconductor
spectrum, and its anisotropy as determined by measur-
ing the critical magnetic field.

Superconductor, purity, |Ga. 99.9999%, Hg, In, 99.999%, Sn, 99.999%,
and single-crystal status | single crystal |>99.999% 83| gingle crystal ®* | single crystal
Minimum temperature of 0.82 0.3 0,3 0,38
investigation
2A/kgTe 3.32 4.0 3.64 3.60 83
(a?) 0.04 0.022 82

ture investigation of He known to us (to 0.3°K), that of
Finnemore and Mapother!®1 has so far not yielded any
significant results with respect to the anisotropy of the
gap of Sn, Zn, and Hg.

4. Linear Lowering of T, in Dilute Solid Solutions

Until recently, the manifestation of the anisotropy of
the gap in the spectrum was taken to be a linear de-
crease of T as a function of the reciprocal of the elec-
tron mean free path I™' (regardless of the type of im-
purity) in dilute solid solutions of superconductors with
nonmagnetic impurities (see, e.g., [*°2®1), The idea
that allowance for the isotropic scattering of electrons
by impurity centers can lead to a smoothing of the ani-
sotropy of the gap as the condition / ~ { is approached
(£—coherence length) was first proposed by Anderson.t?!
The very phenomenon of the linear lowering of T
(Fig. 9) was observed following introduction of impuri-
ties (up to several tenths of a percent), introduction of
vacancies, plastic deformation, neutron irradiation,
etc., in a number of superconductors (Table IV contains
data on the magnitude of the mean square gap anisotropy

A e T T T T
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FIG. 9. Variation of T¢ of indium under the influences of various
impurities [%].
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Table IV. Mean square gap anisotropy {a®) in super-

conductor energy spectrum as obtained from data on

the shift of T¢ under the influence of an impurity and
of plastic deformation.

cofl‘:il"xecrt.or Al, 19| Hg, 8 (In, 19,87, Pb, 98 Sn, 82 Ta, 9 |TI, 8] V,4v [Zn,»

0,011 0,005 | 0,021 | 0.004 0,023 0.011 0.016 | 0.047

0.001
timat
esi 47ae 0.04245

(a?)

(a?, obtained in accordance with the theory of Marko-
witz and Kadanoff,! '*? for all the superconductors in-
vestigated in this manner; the data for T1 were obtained
by analyzing the variation of T¢ following plastic defor-
mation;t %’ %] the fact that T, of Re remains un-
changed® ®"1 may possibly be connected with the insuffi-
cient purity of the initial metal).

The results of investigation of T1 and Zn are par-
ticularly remarkable. To explain the absence of a lin-
ear displacement T, in Tl under the influence of an
impurity,t® two points of view were advanced. Laza-
rev and co-workers (see, e.g., '*°?) proposed that this
circumstance, together with the previously observed! *!
singularity in the dependence of T, of T1 on the pres-
sure (and the influence of impurity on this singularity)
is connected with the decrease in the number of cavi-
ties of the Fermi surface of this metal.[®1* In spite of
the fact that such an electronic transition has been in-
deed observed also by a direct method'**! in Zn con-
taining ~0.1% Cu impurities and in Cd at hydrostatic
pressure of ~ 10 kbar (the de Haas—van Alphen effect
and the angular dependence of the electric resistance
in a magnetic field were investigated), it would be of in-
terest to have for T1, Re, and In also direct data on
the change of the Fermi-surface topology. As another
possible explanation, Gey'®®? proposed the sharp in-
crease (under pressure) of the very weak anisotropy of
the energy gap of Tl: the change of (a®) from 0.0008
(without pressure) to 0.007 at a pressure of 4 kbar.
Naturally, the electronic transition should also be ac-
companied by a change of the gap anisotropy,f but for
a final determination of the cause of such a change,
further experiments are necessary.

The appreciable shift of T, of Zn under the influ-
ence of an impurity, in the opinion of Farrell et al.,t *?
points to a large gap anisotropy, which the authors at-
tribute to the increase of the value of the gap for those
regions of the Fermi surface, which overlap on the
faces (002) of the Brillouin zone.

Recently Moskalenko and co-workers!®’ have noted
that allowance for the interband scattering of the elec-
trons by impuritiesi also can lead to a lowering of T
of a superconductor, so that in real superconductors,
the indicated effects are probably superimposed.

5. Electron Absorption of Ultrasound

The sharp decrease of absorption of ultrasonic os-

* A similar conclusion was recently drawn also with respect to In(%?]

and Rel?¥%] (see also the investigations of BI*3¢], Cd[2%7], Inl?38] and Zn[*%9)),

t This reasoning was first advanced by V. G. Bar’yakhtar.

t Besides the anisotropy of the matrix elements of the electron-
electron interaction, the anisotropy of the Fermi surface also comes into
play here.

A. G. SHEPELEV

cilllations when a metal goes over into the supercon-
ducting state was discovered by Bommel (for Sn) and by
Mackinnon (for Pb)!'%? even before the development of
a superconductivity theory capable of explaining this ef-
fect as being due to the sharp increase of the energy
gap with decrease in temperature below T.. Within the
framework of the isotropic model, the ratio of the coef-
ficients of the electron absorption of ultrasound in the
superconducting and normal states when kI > 1 (k—
wave vector of sound) is

*g
%n

=2 (1—|—exp A—(T—)])_i.

kgl

Since the gap is anisotropic in real pure supercon-
ductors, let us stop to discuss the work of Pokrovskii
and Privorotskii,'*?***3 who took this phenomenon into
account. They have shown that greatest interest at-
taches to absorption of sound in the low-temperature
region, If the temperature is ‘“moderately’’ low, 1/k!
< (T /var)'/? (and this is the only case so far realized
in experiments) and exp (var A/T) < ki (var A/T)*/?
then the ratio is

o T 172 Am
En_~ (var A) exp (_ kB}‘n) ?
ab abs
where var A = Am;{ — ADS, and (T/var A)'/2~1

for an anisotropic superconductor. Inasmuch as metals
are characterized by a sound to electron velocity ratio
vg/VE ~ 107°, the only electrons effectively interacting
with the sound waves are those moving parallel to the
wave front, i.e., in the equal-phase planes. Therefore
the formula for the absorption of ultrasound contains
the minimal value of the gap A, on the strip k-vg
= 0 of the Fermi surface. At extremely low tempera-
tures, the ratio ag /o, turns out to be determined by

the smallest energy gap A?nii on the entire Fermi

surface. Pokrovskii and Toponogovt®! have demon-
strated the possibility of reconstructing the gap aniso-
tropy from ultrasonic measurement data at not too low
temperatures (for a singly-connected Fermi surface).
Although all the foregoing pertains, strictly speaking,
to the case k! >> 1 and to longitudinal sound, further
theoretical investigations!®'%s1%,1%1 and numerous
experiments have confirmed the applicability of this
analysis to other conditions in a wider temperature in-
terval, starting with a temperature somewhat lower
than T.. We confine ourselves, however, to the pre-
sented information in view of the fact that the energy
gap and its anisotropy are determined in the low-
temperature region.

The possibility of investigating the orientational de-
pendence of the gap in an anisotropic superconductor
(the change of the orientation of k relative to the crys-
tallographic axes of a single crystal leads to a change
in the location of the strip K- vy = 0 on the Fermi sur-
face) has led to the fact that even the first detailed ex-
periments, periormed with longitudinal sound by Galkin
and Morse and co-workers,'®? clearly demonstrated
the presence of noticeable gap anisotropy in supercon-
ducting Sn (Fig. 10). Measurements of the absorption of
transverse sound'*®»*®? also confirmed the anisotropy
of the gap in the superconductor, and yielded gap values
coinciding within the limits of experimental accuracy
with the earlier data. As the result of our investigatiw

\
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in a wide interval of crystallographic orientations®'%"
1981 we obtained a ‘‘map’’ of minimal gaps on the lines
k*vg = 0 of the Fermi surface of Sn (Fig. 11), con~
structed in such a way that to each point of the Fermi
surface there is set in correspondence a point on a unit
sphere, such that the normals at these points are paral-
lel. Here, naturally, each line k-vp =0 of the Fermi
surface corresponds to a great circle on the unit
sphere. It is seen from the results that the orienta-
tional dependence of the energy gap in Sn has 2 compli-
cated character, and the anisotropy of the gap is not
less than 50%. (In a report of a tunnel investigation
published by Zavaritskii {*®? simultaneously with our
paper,t '} the same value was obtained for the gap ani-
sotropy of Sn.) Unfortunately, in connection with the
fact that the Fermi surface of Sn is multiply connected,
we are not certain of the part of the Fermi surface to
which the measured values pertain, all the more since
the detailed structure of the Fermi surface of this mc
metal has not yet been sufficiently well investigated. It
it interesting to note the experiments of Claiborne and
Einspruch,[*°1 in which the decrease of the gap aniso-
tropy (Fig. 12) in Sn (with impurities up to 0.1%) is re-
garded as a patent confirmation of Anderson’s the-
ory.!?¥* In an attempt to compare the experimentally
obtained temperature dependences of the absorption of
sound in pure superconducting tin with a formula that

FIG. 11 Projections of the linesk-vF = 0 on the unit sphere for the in-
vestigated orientations of the wave vector of sound k in tin (conical equal-
interval projection). Heavy lines-data of ['°7,!°%], thin lines-data of {1044y
The point with coordinates (8, ) ~ (90°, 0°) corresponds to the direction
of {001] of tin; (0°, 0°) — [100]; (0°, 45°) — {110]. The numbers show
the values of the minimum energy gaps on the corresponding lines of the
Fermi surface ['°%].

* A similar phenomenon, to be sure, can be observed also for k/~ 1,
when the absorption of sound is determined by the electrons on the entire
Fermi surface [!!!] (see also [2%°]).
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FIG. 12. Value of the gap A/kBT¢ of tin as a function of the displace-
ment of T¢ under the influence of the impurity.

takes into account several gaps on the Fermi surface,
the authors obtained a result which they regard as
clearly unphysical (e.g., 2A’ /kgT, =~ 3 and 2A"/kpT,
~ 9 for k({001].*

An appreciable gap anisotropy (~40%) was observed
by Claiborne and Morse!**! in a study of the absorption
of transverse sound in superconducting Al, in spite of
the closeness of its Fermi surface to the ‘““almost-free”’
electron model. These investigations, however, cannot
be regarded as complete, since the parameter ki,
which is most important in such investigations, was
larger in the investigation of a Dutch group,!'*! where
no gap anisotropy was observed at all in Al. As shown
by an investigation of Bezuglyi and co-workers,'?*! the
anisotropy of the energy gap of Al is manifest also in
the absorption of longitudinal ultrasound (the values of
the gap for different orientations lie in the range (3.25-
3.1 kpTe.

Indications of a gap anisotropy are contained also in
ultrasonic investigations of Ga,''**! Zn, v, {21 Np, 18]
Tl,””’ 118} Re,[ns] In’[lzo, 1217 gud Mol 2! (Table V
lists all the data known to us concerning this question).
Jones and Rayne!*'°»?®*1 conclude, on the basis of the
investigation of three orientations of single-crystal Re
and Mo, that a direct connection exists between the
slope of the curves representing the frequency depend-
ence of the coefficient of electron absorption of ultra-
sound in the normal state of the metal and the values of
the energy gaps in the superconducting state. Our more
detailed investigations of Sn!'%"2'%% %] revealed no
such simple correlation.

An ultrasonic investigation of the gap anisotropy of
T1471 and In'*#*! is made difficult by the dislocation
(amplitude -dependent) absorption of sound, analogous to
that observed earlier in Pb,t'?*/%%®1 pyt it should be
noted that neither in pure Pb!'?®! nor in pure Hg!'*®)
is an amplitude dependence of absorption observed (ac-
cording to a preliminary communication by Willard and
Shaw,[*'®] this effect is missing also in pure T1). In an
analysis of the results of an investigation of In, Bezug-
1yi and co-workers'*®'! have proposed that the gap is
isotropic on the second hole band of the Fermi surface
of In, and the entire gap anisotropy is connected with
the third electron band, the minimal gap belonging to
the external contour of the central section of the third
band, perpendicular to the [001] axis. This assumption,

* In the experiments of Claiborne and Einspruch['!°} (as also earlier
in Vi'121and in Sn!'®’},deviations from an exponential temperature depen-
dence of the sound absorption was observed at the lowest temperatures.
This is possibly connected with the fact that in the region of rather low
temperatures the absorption is determined not by the value of the mini-
mum gap on the k-vi = 0 strip, but by absolute minimum of the gap on
the entire Fermi surface [*247].
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Table V, Energy gap Z.A/kBTC at 0°K and its anisotropy in the spectrum of superconductors from
measurements of ultrasound absorption.

Frequency f (MHz), type of sound, value of Orientati £ " .
Superconductor, purity,and | Minimum tem- | k/; singularities of the temperature depend- za:;:,‘:, s L‘;‘:,ﬁ,;:;::;e;ﬁ:gv; l:: ltnhr; 28/kg Ty,
single-crystal status of sample | perature,°K |  ence of the ultrasound absorption crystallographic directions gap anisotropy — a
coefficient o
j=5—25,
Al: 99,9992%, single 0.4 longitudinal and transverse, k/ ~ 10; for II [100], 3.540,1 forall
crystal 114 transverse sound near T - sharp decrease k([ [1 sl 1 010]. orientations
of k|| [110]; ” [111], [101] [400]
99.9999%, single 0.33 F=16—50, k' [100], s || [110] 2.4£0.4
crystal 113 transverse, kI > 1, near T, - sharp decrease k\ [110], s]| [010] 3.,40.4
of & k || [110], s || [110] 2.41;8.4
a~40%
single crystal 0.35 f=175—225, longitudinal &I » 1 k | (100) 3.540.2
r==104 241 k 1 (110) 3.6+0.2
k I (111) 3,25+0,2
k 1 (122) 3.3+0.2
k L toplane 5° from(110) 3.7+0.2
Rogqe 0.3 — ki e 3.5
. 290°K §=10—100, 0
Ga: B longitudinal and transverse, k/ > 10; no k || b 3.9
=r=5-104, sharp decrease of & for transverse sound
single crystal 115 near T¢ ‘
7=10—250,
Hg: 99.99999%, 1,05, 1.05 longitudinal; frequency dependence of & in k|| [111], [110] 3.5 (kl ~1)
single crystal 127 the entire temperature region, but no ampli- *5 (kl > 10)
tude dependence |
F==210, K0 ‘
P 128 01 3.7+0.2
In:  single crystad longitudinal, amplitude depend of 1| 0013
In: 99,9999% . single f=150—270, longitudinal kI > 100; k|| [110] 3,1+0.2
120 amplitude dependence of k|| [001] 3.4:0.2
crystal 12 ep ce o) ’\ {100} 3.2+0.2
99.9995%, single 1.0 f=227, longitudinal |kl > 10; k J.k(lO((J) 1()111) ;ixiigi
crystal amplitude dependence of & k L (110) 3,354 g 1
k | (011) 3.10::0.1
k1 (023) 3.252:0.15
Mo: =450, single 0.5 =240, longitudinal k ] {100} 3.5+0.2
crystal 120
7 =6.108, single 0.4 $=175—950, longitudinal ki > 1 kl (100} i.ggig.g
crystal 228 k|| {110] 3 0:t0.2
k|| [114] -10=:0.
i — . 3.5+0.2
Nb: 99.7%, single 1.2 F==135, transverse ki<l 1; k | [110], 81| [110] 9zk0..
oyl 8 oo ot T Pt
99.8%, r-=520, single 1.3 §=220, longitudinal kI < 1 K |[ [100], {110], [111] 3.63::0,06  for al
crystal 132 orientations
r =300, single 2 = 300—1280, longitudinal /! > 1 k |} [100], [110} gg } 7=1280 MHz
crystal 118 kil '~3.7 'forall
orientations at
f=:300 ,MHz
r=103, single 1.85 f="170—90, longitudinat kI <1 k| [100] 3.5+0.1
crystal 133 .
=103, single 1.3 f=30—70, longitudinal and transverse k|| [110] 3.7
crystal 138 k<1
= 400, single 1.8 F=30—50, longitudinal kl & 1; ~4
crystal 134 frequency dependence of o
Pb: 99. ‘)97xo,smgle 1.3 /=10—70, longitudinal , kI <{; k || {100] <5.1
i k{110 4,040.1
crystal 32 amplitude dependence of & k ” }1“} 41501
. ta1 12° 2 f=10—110, longitudinal , & > 1; kl’ {100} 3,540.1 -
very pure single crysf 1o litude depend of &, but § k| {110] 33%01 } kl~1)
cy dependence ?rielmat&::\ :1:‘
kl>1
99,9%, single 1.4 F=50—1050, longitudinal , kl<<1 | k{{[111] ~5
crystal 138
Re: r>> 104, single 0,45 f=250—870, longitudinal , kI >1 & || [0001] 2.94:0.1
crystal 119 k ” [1010] 3.040.1
k) [1120] 3,540,
. . ~ itudi 1 k |j [00 3.240.1
Sn: pure single crystals [!4) 1.0 £~ 80, longitudinal , ki >10 angle between k and [100] in (001) =
P
9°=0 3.5:£0,2
3.7£0,2
12 and 30 2.01:8.2
.3:40.2
24 4,14+0.2
45 3.8+0.2
" a ~ 30%
= 5-104, singl - 1( {001] 3.2+0.3
eyt 108 f=80, transverse, kl >1 k | [100] 3.43.0.3
k JJ {110] 3.72:0.3
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Frequency f (MHz), type of sound, value of N . " Jari-
Superconductor, pusity, and | Minimum tem- | KJ; singularities of the temperature depend- s oF ultrasound solatve va the iﬁj;’:,‘é::f' s
single-crystal status of sample perature, °K ence e :oefm:?lt ; sorption crystallographic directions Py
Sn: 99.9999%, r-1~ 1075, 1.0 f=100—300, longitudinal, ki 3 10 k 1 (101) 3.9+0.2
single crystal 107,108 k L (111} 4.840.3
k | (301) 4.1+40,2
k 1 (112) 4.42-0,2
k1 (219) 3.930.2
k1 (113) 4.0£0.2
k1 (311) 4.3:£0.2
a~ 50%
99.999%, single 1.1 §=30—70, transverse kI >10, « k| {o01], s|| [100] 3.4=+0.2
crystal 106 sharp drop of & near T k “ {100], s || [010] 3.7+0.2
k|{ [1001, s i {0011 3,3+0,2
atk || [001] there is such an s that 28/kgT, = 4.3
> 99.9999%, single 1.2 f=50—460, longitudinal , kI > 10 k|| [001) 3.260,02
crystaf 110 k|| {110] 3,0640.04
k|| [100] 3.62:+0.04
(does not depend on kI )
in Sn with 0.1% Inatk || [001] and | 3,5—3,6
{110y 3.820.1
r=104, single 1.2 f~70-- 165, longitudinal , X! - 30 kL (11 (obviously underestima-
crystal 136 ted [137])
r =103, single 1.2 f--75—165, longitudinal , kI 31 kL1 4,4540.15;
crystal 137 at kl ~1
gap ~ 3.3 IrBTc
single crystal Y 0.8 } 40-—-290, longitudinal , ki > 1 angle between k and [100) in (001)
plane
¢°=9 3.78+0,08
27 4.04+0,05
36 3,80+0.06
k|| 310 4.25+0,04
Fa: 99,9%, single 1,2 f=2340, longitudinal , kI <1, k|| [110] 3,5+0.2
crystal 139,130 f=135, transverse kI < 1; k ([ (110], s [110] (underestimated because
no drop of anear T ’ of oscillations of & [13])
Tl: single crystal 117 1.2 f==60 longitudinal , ki <1 kil [0092] 3,76+0,04
k|| [1010] 4.10£0,04
k|| [1210] _ 4,0040.04
f=12—110, transverse &l <1 k|| [0001], s |j (1010] 3,7+0,1
k|| (1010], s || [0001] 3,75+0.1
k || [1010], s || [1210] 3.9+0.1
Accuracy overestimated,
since Qi is small and
T>05T,
99,999% , single 0.5 #=10—130, longitudinal k | [0001] 4.00+0,3
crystal 118 k|| [1210] 3.62+0.1
k|| [1010] 3.70+0.2
Vi 99.95%, single 1.2 f=100—380, Ilongitudinal , kI <1 k|l [110] 3.5:£0.45
crystal 140,130
§=135—225, transverse kI < 1, k|| (110}, s || [110] 3,640.2.
no drop of & near T (underestimated because
of oscillations of ¢ [131])
r ~ 130, single 1.2 342, longitudi ko> k || [100] 3.,1-+0.2
crystal 112 J =342, longitudinal , K > kit 374302
k|| [111] 3.240.2
Zn: 99,9999%, single =233, longitudinal , kIl >1 k| [1210] 3.840,2
crystal 112 k|| {1010] 3.4x0.2

generally speaking, contradicts the existing theoretical
notions, **7**? all the more since it was assumed in the
analysis of ['*"] that in the third band of the Fermi sur-
face of In there are no electron tubes of a type; ex-~
periments!®*®) and calculations'®7"? show that this is
not the case.

6. Relaxation of Nuclear Spins

In view of the fact that the nuclear and electron spin
systems interact strongly in metals, the ratio of the
rates of nuclear spin-lattice relaxation in superconduct-
ing and normal states of the metal, according to the iso-
tropic model of superconductivity, turns out to be

=2 § aBp @) [1+ 521 [-12].
A(T)

In comparing this expression with experiment, Hebel
and Slichter,[**7***} jn order to remove the logarith-
mic divergence at the lower limit as T — T, and A(T)
— 0, introduced a certain ““smearing”’ of the density of
quasiparticle states. If this ‘*smearing’’ is related to
the gap anisotropy of the superconductor,!**! then the
results of measurements of nuclear spin relaxation of
AL g, and Gaf'*® 81 might be regarded as
a manifestation of a certain gap anisotropy in the spec-
trum of these superconductors. In spite of the fact that
introduction of an impurity in Al decreases the ‘‘smear-
ing’’ of the state density,’!'*"? and the gap and its aniso-
tropy itself apparently also decrease with increasing
dimensions of the investigated superconducting particles
and films'** 1*°] (characteristic dimension < ¢), the
proposed explanation of the indicated ‘‘smearing’’ is
not the only possible one. A similar one, unfortunately,
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can be obtained in a superconductor by the interaction
between the quasiparticles and the thermal phonons! **%’
(Fig. 13). More unique results can be obtained in inves-
tigations of nuclear spin relaxation at very low temper-
atures, where the absolute minimum of the gap should
appear. ]

7. Interaction of Electromagnetic Radiation with
Superconductor

Work in this interesting field of research on super-
conductivity began rather long ago!'®'’'*?! and was
stimulated by the hypothesist'*®>?®] that an energy gap
exists in the electron spectrum of the superconductor
(for details see ['**1), As the high-frequency techniques
progressed, it was possible to cover in the mid-sixties
the frequency range corresponding to photon energies
fiw ~ 3kgTe.!'*®1 Table VI contains the values of the
energy gap and its anisotropy, obtained in the study of
threshold effects (hw = 24), and the main results of the
investigations of the absorption of low-frequency elec-
tromagnetic oscillations in superconductors. We note,
that according to the data of Abrikosov, Gor’kov, and
Khalatnikov, ! *®J the experimental results are in good
agreement with the theory,!**®’ *"3 egpecially at high
frequencies; here, as shown by Pokrovskii and Ryv-
kin,t**®1 allowance for the gap anisotropy leads to a de-
crease of the values of the gap (by 10%) compared with
the values listed in Table VI and obtained from inves-
tigations of threshold effects.

The first gap anisotropy was obtained in a study of
threshold effects by Richards!'®! in a spectroscopic
investigation of single-crystal Sn in the wavelength
range 0.5-3 mm.* Unfortunately, the absorption edge
is strongly smeared out (Fig. 14), making it impossible
to determine the value of the gap in samples of different
orientations, Estimates by Richards!'®®? have shown
that in his experiment he measured certain average
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FIG. 13. Temperature dependence of the ratio of the relaxation rates
of nuclear spins in aluminum. @ X — experiment [**1>!43], curve —theory
(owing to a numerical error, the theoretical curve should pass somewhat
lower) [1%°].

*After Tinkham and co-workers observed in Pb and Hg [15%1%°] a
fine structure in the absorption edge of the infared radiation at a pho-
ton energy lower than the energy corresponding to the gap (“‘forerunner
peak’”) this phenomenon was taken to be a manifestation of the gap
anisotropy in the spectrum of Pb and Hg. Many papers were published
concerning the ‘forerunner peak,” and only recently (in the 13th paper!)
did Palmer and Timkham ['%!], by measuring simultaneously the passage
and reflection of infrared radiation in thin films of Pb (making it pos-
sible to determine the optical constants without theoretical premises),
did not find it at all. The absence of a “‘forerunner peak” was confirmed
also by investigations of the surface resistance of Pb films [192].
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Table VI. Energy gap 2A/kgT, at 0°K and its anisotropy
as obtained by investigations of the interaction of electro-
magnetic radiation with the superconductors.

77 fod:
3

Superconductor e | Study of orientation | 2A/kgT,, gap anisotropy
. * | cy f (wavelength A) of electro- A Blc:
purity magnetic radiation of single crystals a
Al: 171 Change of surface resistance, Polycrystal 3.2+0.1
A=3-20mm
99,9999% , { Absorption of electromagnetic | Planes:
single radiation, A = 3 - 20 mm (100), {3.15 and 3,44)4-0.03,
crystal 169 (111), (3.18 and 3.50)+ 0.04,
(110)
at polariza-
tion: E || [100] | (3,08and 3.37)+ 0.04,
E [ 1110] (3.04and3,37)+ 0.05,
a~ 20%
Hg: 160,172 Reflection of radiation from Polycrystal 4,6+0,2;
bulky metal, structure of absorption
edge at energy lower
than 2A/kgT, (“fore-
runner peak”)
In 173 Transparency of thin film in Polycrystal 3.840.3
IR region ]
172 Reflection of radiation from » » £,10.2
bulky metal,
A=0.1—2 mm
242 Absorption of IR radiation at | Film (3000 & 3.692:0.04
1°K
La: 95% Reflection of radiation from Polycrystal 2.85+0.24.
fee, 5% bulky metal At energy 5.7kgT,
hex 167 structure of absorption
edge
fce Measurement of surface resis- | Annealed polycrys- | 2,8720,1
phase 174 tance, f= 30 - 150 GHz talline film
(6-10% &)
Nb: 172 Reflection of radiation from | Polycrystal 2,8+0.3
bulky metal,
A=0,1—2 mm
175 Temperature dependence of » ~ 3,52
depth of penetration of mag-
netic field; f= 0.8 and 4.4 MHz
242 Absorption of IR radiation at | Film (2500 A) 3.6+0.2
1K
Ph; 176,172 Reflection of radiation from Polycrystal 4,1-+0.,2; “forerunner
bulky metal, peak™
A=0.1—2 mm.
Pb: 178 Transparency of thin film in Polycrystal 4,010.5;
IR region “forerunner peak”
177 Measurement of depth of pene- » > 4.9
tration of magnetic field, f =
2MHz
pure and alloys| Reflection of radiation from » 4,1440.1
with bulky metal, (pure Pb); the absorp-
Tl, Bi, Sn A=0,1—2 mm tion edge in the alloys
178 is sharp, but a *“fore-
runner peak” is present
161 Simultaneous investigations of » 4,5 +0.1;
reflection and transparency of no “forerunner peak”
thin films in IR region
182 Absorption of IR radiation Polycrystalline films | no “forerunner peak”™
of thickness
1400, 6000,
54000 A
242 Absorption of IR radiation Film (10000 A) 4.284-0.02 and4.65:4-
at 1°K =+0,02.
Gap anisotropy
Sn: 129 Change of surface resistance, Polycrystal ~ 3.5
A= 1—4 mm
173 Transparency of thin film in » 3.3+0,2
IR region
172 Reflection of radiation from » 3,640.2
bulky metal,
A=0.1—2mm
180 » ~ 4,2

Investigation of depth of pene-

tration of magnetic field
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Table VI (cont’d.)

Measurement method; frequen-

Study of orientation

Superconductor, | e h A) of electro- f 2a/kgTe, gap anisotropy
’ purity l Yy magnetic radiation of single crystals 2
single [ Reflection of IR radiation Planes (110), Average gap for (110)
crystal 163 from bulky metal; absorbed (001), (100) larger than for (001)

edge smeared (considerable
anisotropy of energy gap)

and (100y; structure of
absorption edge in all
samples at energy (4.2 -
4.5)kBTc, impurity
does not destroy it, but
the absorption edge
becomes sharper

Absorption of IR radiation at
1°K

154 Surtace resistance near T, Polycrystal 3.5 4.3%_5.5?
(estimates of gap inaccurate) in pure Sn; ~ 3.6 for
A ~2 mm electrons moving para-
lel to [001] ; ~ 3.6 in
alloys with In, distinct
absorption edge
Sn: 99,9999% | Surface resistance single Possible presence of
165 f=23 GHz crystal two gaps in this spectrum|
single 145 | Sutface impedance Sample axis parallel | In direction
crystal f=3 GHz to {100} ~ 2.9; [001]
[001],  [100], n [110] ~ 3.7; a~
[110] ~ 30%
181 Reflection and absorption of | Polycrystal ~2.8
radiation by film (thickness
50A);f=22-72GHz
242 Absorption of IR radiation at | Film (3500 ;\) 3,58+0.04and3.864
1K —+0.08;
gap anisotropy
Ta: 172 Reflection of radiation from Polycrystal 3,0
bulky metal,
A=0.1—2 mm
242 Reflection of radiation from Film (7500 &) 3.5+0.2
bulky metal,
v 172 Reflection of radiation from Polycrystal 3.4+0.2
bulky metal, -
A=01-—2 mm
22 Film (2500 &) 3.4+0.1

Zn: 99,999%
169

99,999%
182

Reflection of radiation from
bulky metal,
A=3—20 mm

Reflection of radiation from
bulky metal,

F==50—T75

¢ axis of single crys-
tal paralle] to sample
surface

Polycrystal

3,0+0.15; possible
£ap anisotropy

3.01+0.09

values of the gap, for electrons from a Fermi-surface
strip (~30°) parallel to the surface of the sample and
shifted somewhat away from the central section of the
Fermi surface, took part in the interaction with the un-

polarized radiation. Attention is called to the fine struc-
ture of the absorption edge, observed in all the Sn sam-~
ples at phaton energies (4.2-4.5)kgT,, (i.e., at an energy
higher than the average gap, unlike Pb and Hg). Although
Richards refrains from speculating on the nature of

this anomaly, his data show that addition of 0.1% In to
pure Sn has no great influence on the anomaly, whereas
the main absorption edge becomes sharper and its en-
ergy locations cease to depend on the crystallographic
orientation of the samples. The latter is regarded by
him as a manifestation of the isotropization of the
gap,'® all the more since a further increase of the
impurity content does not cause noticeable changes in
the picture of the phenomenon. Indirect confirmation

of the anisotropy of the energy gap in Sn may be the
measurement data of Adkins,!'**? Lewis,''®®? and Wal-
dram,’**®] who were forced, in the analysis of the tem-
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perature dependence of the surface resistance of single
crystals of various orientations (in the case of hw

< 2A(0)), to introduce into the calculations an appreci-
able gap anisotropy for this superconductor.

Leslie et al.,' "3 in a study of the reflection of elec-
tromagnetic radiation in bulky La (face-centered cubic
phase), found a fine structure at energies double the en-
ergy corresponding to the value of the main gap.*

In a paper by Biondi and co-workers, **? devoted to
a direct measurement of the energy gap in supercon-
ducting Al using polarized radio waves in the range
20-3 mm, data are presented indicating a noticeable
anisotropy of the gap in the energy spectrum of this
superconductor. The results of an investigation of
threshold absorption, obtained by the authors at 0.34°K
in pure single crystals oriented along the principal
crystallographic directions, are shown in Fig. 15. All
the surface-resistance curves are characterized by two
sharp changes of the slope at definite photon energy
values; this is attributed by the authors to the gap ani-~
sotropy, which may be connected with the presence of
different gaps on different parts of the Fermi surface.
However, as indicated by the authors, with a reference
to W. Harrison, inasmuch as the electrons on all parts
of the Fermi surface of aluminum are almost free, it is
more probable that one energy gap belongs to the undis-
torted sections of the Fermi surface, which are far
from the boundaries of the Brillouin zone, whereas the
other corresponds to the distorted sections. (That pa~
per contains preliminary data on the investigation of
single-crystal Zn, whose energy gap is also anisotro-
pic.) A recent investigation of infrared absorption in
thick Pb and Sn film has revealed two gaps in each of
these superconductors,t®?f

8. Tunnel Effect

In 1960, Giaever!'®J observed that a system con-
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FIG. 14. Frequency dependence of the relative reflection of elec-
tromagnetic radiation from the surface of single-crystal tin of the in-
dicated orientation at 1.2° K [1%3].

* The authors were inclined to ascribe this structure to the gap anis-
otropy connected with the possible presence of a narrow f-band in La, lo-
cated somewhat higher than the Fermi surface and exerting a strong in-
fluence on the superconductivity of this metal ['**]. We note however,
that investigations of the specific heat of La, made by Finnemore and
Johnson (see the Proceedings of the Calorimetric Conference [**]) ap-
parently do not confirm the indicated mechanism of superconductivity
of La.

T Since we are not considering the influence of the magnetic field
on the energy gap, we only mention an interesting investigation of pure
aluminum, in which Budzinski and Garfunkel ['°] observed a unique
gap anisotropy caused by an external magnetic field.
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FIG. 15. Dependence of the relative surface resistance on the energy
of electromagnetic radiation in single crystals of aluminum at t = T/T¢ =
0.34° K (T¢ = 1.175° K). The figure indicates the orientations of the crys-
tals and the polarization of the high-frequency electric field E relative to
the crystallographic directions; for the (100) plane of aluminum E |
[100]; for the (111) plane E i (110} [*¢°].

sisting of a superconductor and a normal (superconduct-
ing) metal, separated by an insulator, is capable of con-
ducting electron current as a result of the tunnel effect.
The dependence of the tunnel current I (or of di/dV) on
the potential difference V applied to such a sandwich is
not linear, and the gap in the energy spectrum of the su-
perconductor can be determined from these character-
istics (theoretical considerations are given in [3¢,188)),
Since most experiments were made on films of thickness
smaller than the coherence length, it is natural that no
manifestation of the gap anisotropy was seen in these
investigations, all the more since the films always con-
tained lattice defects and impurities. Equally averaged
values of the gap were obtained in investigations of
bulky Nbt'8% 1881 ang Tal'88-19°1 (Tapble VII contains
data obtained with the aid of the tunnel effect; the met-
als investigated in bulky state are specially noted).
Zavaritskii*®’**"1 in investigations of single-crys-
tal Sn was the first to demonstrate the dependence of
the tunnel effect on the crystallographic orientation,
namely, a smearing of the plot of I5/I, against V, fre-
quently with several steps (Fig. 16), was observed on
the current-voltage characteristic at definite orienta-
tions. Zavaritskii proposed that this may be due to the

7 o 7
/A e e
a8 o ] 8 f——p
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74 35 = 45
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b ¥, mv

FIG. 16. Relative conductivity I/, vs. V for tunneling between a tin
film and a bulky sample, the normal to the surface of which makes the
following angle with the [001] axis: a)60°, b) 22° [*!]. (The same ab-
scissa scale is used for a) and b).)
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Table VII. Energy gap 24/kgT, at 0°K and its aniso-
tropy in the spectrum of superconductors from tunnel-

effect data.
Superconductor, | Second element of pair (film); | Minimum 24 [kpTe, gop
state, purity state of pair temper; anisotropy — a
ature, K
Al film?°5 Pb; superconductor- 08 2.7 £0.3; T smeared
superconductor, s — s out
1+391034 | Pb,8n,In,5-5 09 32¢03at1°K
185
1075 am®® | pb, Sn, In (1075 em), 0.1 33701
s—8
27 | phs-s 038 25 %03
208 Sn,s -5 0.87 3.3 @hicknesos of aluminum
. film 400 A°)
1610 A 1% | A1(100 - 200 8),5- s 114 | Noticeable gap anisotropy
Bi: amorphous AL Sn,s-s 1 ~4.1
700 & 2%°
film 210 Al s—s L0 46
o
(1000 A)*3" | Alfilm,s—s 113 4.60 £0.05
Ga: mixture of Al, Sn, Pb films 14 4.2 (amorphous Ga)
phases
film , s—§ 4.1 (7-Ga)
O]
599 — 2000 A 38 @-Ga)
single- Ph,s—s 3.63 — 3.94 depending on
crystal, 243 orientation
=31 000
. I
H: film?1? Als—s 1.07 46+ 011 (thickness of
1500 A°)
In; 187:185 Als—s ~1 3.63+0.10
10755m?% AL (1075sm), s — 5 0.1 345 £0.07
207 “Sn,s—s 0.8 ~3
188 Mg, superconductor — 0.3 3.3610.1
normal metal
s—h
5-10% A 1%% AL{100 - 200 £),s—s 114 Noticeable gap anisotropy
thin fitm 2** | Pb, film, s — s 12 3.87£0.08
-
La: film, Al s —s, Mg,s—h ‘13.65 + 0.%5 (underestimated
103 103 ecause of incorrect determi-
fg ;l?asex’ ¢10° B nation of T |
(<5%
hex.), 214
La: (3+10)10° & | A1(10% A),s-s 1.19 | 3.2 in some film structare
215 of I — V characteristics)
99.9% Nb bulkky, s - s 27 Hexagonal phase of La -
bulky gap anisotropy: 2A/kpTe
198 =3.3-3.9. Fce phase
20 fkgTc =39
Nb: polycrystal Pb,s—s 19 359
187
Ditto 128 Sn,s—3 11 3.84 £0.06
film, 10° & Sn,s—s 18 36
216
single — 09 Along directions:
crysta_}is = In — film,s - {110] ~2.84 £0.02 meV
9307 311] ~3.22+0.03 meV
111} ~3.2 mev
110] and {112] ~3.10%
.05 meV a~15%
j—
Pb: film '%3 Als-h L6 42101
205 Als—s 0.8 435201
187, 185 Ditto ~1 43301
206 Ditto 0.1 4.26£0.08
207 Pb,Sn,s— s 038 4.04£0.1
188 ALPb,s -5 0.3 433101
217 Ge bulky 2 44
188 Ta bulky ,s - § 11 4.30 £0.08 (2.67 meV) and

4.67 (2.90 meV),a~ 10%
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Table VI (cont’d.)

Superconductor, Second element of pair (film); Minimum 24 /xgT, gap
state, purity state of pair temperg- anisotropy — a
ture, K
thick tex- Al,s—s 1 two values of gap
tured films,
{111] per-
pendicular
to surface
(grain 5 —
10 1) [196]
film Ditto 1.1 2.62and 2.82meV.In
5400 & 1%° alloys with T1 (3 - 13%)
one gap at 2.66 meV.
212 Ditto 1 4.8
10% A2 A1a0® &)y, s - s 2.99,2.71 and 2.44 *
51074 ¢ ) 0.02 meV considerable
gap anisotropy
210° R %% Pb,s—s 19 4.29£0.04 (2.69 meV)
>3.10°8 2 Pb210° A), 5 — s 12 2.11--2.99 meV, con-
siderable gap anisotropv
Pb: thick Films of Al (< 1000 £), 1.0 Ve, meV 28, meV 2A/kgT,
c310° &) Films of Pb (5%2000 A), -]
polycrystal- s—s
line film 20> 2.11 340
223 3.60
2.33 3.76
2.39 3.85
244 244 393
252 255 4.11
261 4.21
297 2.99 4.81
film film Al,s - h 1.5 4421004
1p 232 .
2000 £ 22°}  Film S, (3= 2000 &), 15 Additional structue of
s—s dV/dl — V characteris-
ticsat 2V =3.2,3.4,
3.5,and 3.7 meV.
Sn: Film 185 Als-s 0.9 3.46 £0.1
206 Ditto 0.9 3.47 £0.07
’g; Pb,In,s —s 0.8 3.10£0.05
z Nb bulky,s - s L1 351018
>>99.999%, Sn,s - s 1.36 2.7—4.3 depending on
ts:lxll%l&c%sl orientation, @ = 50%
film Al s —8 0.87 3.65%0.2
(11 thous. R )
208
textured films Al(0.051)s — s 11 1.2,1.1 and 1.4 meV;no.
G u), [001} 1.02 meV (contained in
perpendicular 109,191)
surface !
thin fitm 23 Films of Sn, s — s 12 3.67£0.07
film Pb film, (322000 £), 15 Additional structure of
dV/dI — V characteris-
tics at 24 /kgTc = 4.05;
3.7;3.48;3.15and 3.0
Ta: bulky Pb,s — s 1.6 3.72
189
188 Ditto 11 3.6+0.1
single o Ditto 2 3.65 £ 0.05 at surface orienta-
crystal tion (100), (110), (210), (211)
film Ditto 18 3.5
Ta: single 3.6; state-density singularity
crystal dependent on the purity
197 J
Ti: film 22° Als—s 0.3 T 3.57 £0.05
textured films, Ditto 0.8 32-33
¢ axis perpen-
dicular to the
surface 221
V: film 216 Pb,s—s 1.8 ~3.4
Zn: film 222 Als—s 0.1 32%01

Aol
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presence of several gaps in the spectrum of this super-
conductor, it being bound that the anisotropy of the gap
is ~50% (values of 2A/kpT¢ from 2.7 to 4.3). Recog-
nizing that the greatest contribution to the tunnel cur-
rent is made by electrons moving near the normal to
the interface of the sandwich, the author attempted to
explain the complicated character of the gap anisotropy
of Sn (Fig. 17) as being due to singularities of the Fer-
mi surface, using a simplest model, in which the gap is
assumed to be constant on each of the cavities, and the
gap anisotropy is connected with different gaps at dif-
ferent cavities. Within the framework of such a hypoth-
esis, certain regions of gap values (~3.55kgT and
3.75kgT,) could be set in correspondence with the re-
gions of the Fermi surface of Sn, constructed on the
basis of the almost-free electron modelf **?? (the first
range of values is similar to the third hole surface, the
second to the fourth hole surface, and probably to the
fifth electron surface), whereas others (~ 4.3 kT,
and 3.1kgT.) deviate greatly from this model.* The
interesting question of the possible identification of the
smallest observed value of the gap (2Ay,in = 2.7kgT)
within the framework of the assumed model, can unfor -
tunately not be solved. (The gap anisotropy of Sn is
dealt with also in (1%, 199:2291 )

Indication of a gap anisotropy was subsequently ob-
served in the investigations of the tunnel effect in
Pb’[ws, 196] Ta,[lsn La,[ 198] , Al, In’[195] and Nb’[2301
and it was found that addition of T1 impurities to Pb
destroys the fine structure of the I-V characteristic
as a result of the smearing of the gap anisotropy.““’]
Rochlin and Douglass,?°°>?*1 and Rochlin!?*?*? have re-
cently investigated the tunnel effect in thick films of Pb.
The fine structure of the I-V (and of the dV /dI-V)
characteristics, connected with the gap anisotropy, be-
comes manifest not only at a potential difference cor-

//ad 60°

w°

J0°
Cc

50°

FIG. 17. a) Orientation of investigated tin samples on a conical equal-
angle projection of a sphere; the shaded regions denote the values of the
gap 2A/kpT.: b) 4.3, ¢) 3.1, d) 3.4, €) 3.55, 1) 3.7-3.8. At (0,p) = (58°,
18°) and (67°, 6°) the gap is 20/kgTe = 2.7 [,

*Unfortunately, the Fermi surface of Sn, according to present-day
notions ['*®}, differs from that used in the analysis of ['°']; the changes
occur in the bands II — V1.
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responding to 2A of Pb, but also at a smaller potential
difference (Fig, 18). A detailed analysis of the first of
the indicated regions of characteristics has made it
possible to relate values of the gap 24, = 3.93 kgT,
and 4.11kpT with saddle points, and 4.8 kgT, and
4.21 kT, with the maximum and average values of the
gap on the entire Fermi surface of Pb (no minimum
value of the gap was observed). The singularities of the
characteristics at a smaller potential difference corre-
spond to ‘“subharmonics® V./n (upton="17, 1<k=<8),
where eV, = A; + Ag are the critical values of the gap
in the sandwich films (concerning the mechanism of
this fine structure, see also {?®1), Although some of
the obtained eight critical values of Vi {see Table VII,
in which the middle values of the Pb gap, 2,71-2.75MeV,
have been omitted), are possibly averages of other (in
spite of the fact that there are no values of V. between
known gaps, for example 3.93k gl and 4.11kgT), the
authors call attention to their large number, whereas
the Fermi surface of Pb consists of only two rather
smooth but greatly differing cavities (hole—in the sec-
ond band and electron—in the third; the first band is
filled; Fig. 19). The much greater anisotropy of the en-
ergy gap in the spectrum of this superconductor, than
is called for by Bennett’s theory’*®! (Fig. 20), is con-
nected by the authors of £2°':2%?] with the anisotropy of
the electron-phonon interaction parameter, which was
not taken into account in the development of the theory.
A brief communication of Yoshihiro and Sasakit ?*’
presents data on the gap anisotropy of superconducting
Ga, observed in a tunnel investigation of single crystals.
24 = 3.63kpgT, in the [001] and [100] directions, and
(3.78~3.94) kgT, near [010], and the temperature de-
pendence of the tunnel effect in the [110] direction near
T¢ of Ga can be described by a gap 3.78kgT, (2A
= 3.63kpT, at T/T, < 0.55). The great discrepancy
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FIG. 18. Dependence of dV/dl on V at T = 1.18° K, for a sandwich
consisting of thick Pb films separated by an insulator. One of the series
of V/n is indicated for V¢ = 2.31 MeV [*®]. Pb,: 27004, Pb,: 1800A4;
Pb-1-Pb junction 301-E, 1.18° K, H =30 Oe.
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FIG. 19. Fermi surface of lead in accordance with the almost-free
electron model. a) Hole surface in the second Brillouin zone; b) electron
surface in the third zone (scheme of repeating zones) [**].

between these results (the character of the anisotropy
and the magnitude of the gap) and the data obtained by
measurements of the thermal conductivity' "1 and ultra-
sound absorption! ***1 makes a further investigation of
Ga very urgent.

It should be noted that the main shortcoming of the
tunnel procedure is the fact that the obtained informa-
tion characterizes a relatively small surface layer of
matter (not deeper than £), and may not be typical for
the superconductor as a whole.* In addition, the fine
structure of the characteristics may be due to ‘‘traps”’
(impurity metallic atoms, oxygen-ion vacancy) in the
dielectric layer between the elements of the pair.!?*]

III. CONCLUSION

From a general review of all the papers devoted to
the investigation of the gap in the energy spectrum of
superconductors —the gap being one of the few funda-
mental characteristics of the superconducting state of
the metal—and to a determination of this gap, we can
draw the following conclusions:

1. The presence of a temperature-dependent energy
gap in the spectrum of the superconductor leads to im-
portant singularities in many of its physical properties,
both thermodynamic and kinetic,

2. A superconductivity theory operating with an

g 269 254 U

b

FIG. 20. Energy gap (in MeV) in superconducting lead: a) on the hole
surface (second zone); b) on the electron surface (third zone). The Latin
letters pertain to corresponding points of the Fermi surface of Fig. 19.
The squares, triangles, and circles denote the values of the gap at the
maxima, saddle points, and minima ['%].

16)Thjs probably explains the scatter in the values of the gap obtained
by various authors for the same superconductor (see Table ViI).
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idealized model of the metal with an isotropic singly-
connected Fermi surface and with an isotropic gap de-
scribes sufficiently well the main properties of super-
conductors.

3. Experimental investigations recently performed
by various methods have established that the energy gap
in the spectrum of pure superconducting aluminum,
vanadium, gallium, indium, cadmium, lanthanum, molyb-
denum, niobium, tin, rhenium, lead, tantalum, thallium,
and zinc is anisotropic.

4, The presently developing theory of anisotropic su-
perconductors relates the appreciable anisotropy of the
gap with the anisotropy of the Fermi surface of metals
and with the anisotropy of their phonon spectrum. The
value of the gap depends here not only on the energy of
the quasiparticle and the number of the cavity of the
Fermi surface, but also on the direction of the wave
vector of the quasiparticle, and the gap anisotropy is
appreciable within each of the cavities of the Fermi sur-
face.

5. There are no published quantitative theoretical
data on the local connection between the gap and the
Fermi surface of superconducting metals or on the in-
fluence exerted on it by the real phonon spectrum (such
results were obtained only for lead) and on the aniso-
tropy of the parameter of the electron-phonon interac-
tion.

6. In spite of the large number of experimental pa-
pers, no detailed ideas have been obtained as yet con-
cerning the orientational dependence of the energy gap
in real superconductors (with the exception of the rela-
tively noncontradictory ‘“map’’ of the gap in supercon-
ducting tin as obtained from data on the tunnel effect,
ultrasound absorption, and surface resistance).

Thus, to gain a better idea concerning the supercon-
ducting state of real metals it is necessary to perform
both further theoretical investigations of concrete su-
perconductors, and detailed experimental studies of the
superconductors, especially at low temperatures, pref-
erably by selective methods.

The author is grateful to Academician of the Ukrain-
ian Academy of SciencesB. G. Lazarev, to Professor
V. L. Pokrovskil, and to Doctor A. J. Bennett for inter-
esting discussions.

APPENDIX

In view of the fact that the anisotropy of the energy
gap of superconducting tin has been investigated in
greater detail by direct methods, it is meaningful to at-
tempt to compare the obtained results.* Account must
be taken here of the difficulties of such an analysis, due
to the specific features of the procedures, since the val-
ues of the gap measured in each of the procedures are
not quite identical. For example, one of the difficulties
in a quantitative comparison of the data of the most se-
lective procedures—the results of ultrasonic investiga-
tions %% 197 *%1 of the energy gap of bulky supercon-
ducting tin (see Fig. 11) and of the data of tunnel meas-
urements’ '®> %! in the surface layer of this metal (see
Fig. 17) is the fact that a contribution to the sound ab-

* The data on the mean-square anisotropy of the gap of tin, < a? >
~ 0.02 —- 0.03, obtained by measuring the temperature dependence of H¢
and ceg and the shift of T¢ under the influence of the impurity, are only
qualitative in character.

el
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sorption can be made by the electrons of the bridges of
the Fermi surface and of its section near the boundaries
of the Brillouin zone,t?*} where the velocity is vg~0,*
whereas electrons, as one might assume, do not take
any part in the tunnel effect. Furthermore, it is not
quite clear how close the results of the near-surface
(not deeper than £) investigations (tunnel effect) should
be to volume measurements (absorption of ultrasound,
and also the investigation of thermodynamic properties
and threshold effectst);1#?%! apparently, an additional
difficulty lies in the fact that the singularities of tunnel
characteristics (disregarding the possible influence of
¢‘traps’’ in the nonconducting layer of the sandwich®*))
may be due not only to the gap anisotropy, but also to
the energy dependence of the gap.f

In spite of the fact that qualitatively the data on the
energy gaps of tin are very similar, from the quantita-
tive point of view there are slight differences between
the extremal quantities—~a systematic shift, the cause
of which is still unclear, by approximately 15% (the
values of the gap obtained by the tunnel procedure are
smaller than those obtained by ultrasonic measure-
ments). From a comparison of Figs. 11 and 17 we can
conclude that the gap 2A/kpT. ~ 3.1-3.2 is located on
the Fermi surface near the {100] direction (a similar
conclusion is reached also by Waldram®? in an analy-
sis of the data of the surface impedance of supercon-
ducting tin; see Table VIII, which contains a summary
of the values of the gap in tin obtained by various meth-
ods).

The second value 2A /kgT. ~ 3.75, obtained for this
direction from data on the tunnel effect, differs greatly
from the results of other procedures. We note that
from symmetry considerations the value 2A /kpT,
~ 3.1-3.2 cannot be the absolute minimum of the gap
in tin; in addition, from tunnel measurements, the
smallest value 2A/kBTc = 2.7 belongs to two points on
Fig. 17, with coordinates (0, ¢) ~ (58°, 18°) and (67°,
6°); the latter value, to be sure, differs from the values
of the gap obtained by the same author™®! from the
thermal conductivity and the specific heat of tin at very
low temperatures (3.1kgT. and 3.2kpT.). Inasmuch,
as follows from the theory'”»*'7*3 as the smallest gap
should be manifest in these properties, the question of
abs
min
perconducting tin remains open. As to the orientation,
it is clear that the absolute minimum does not lie along
the principal crystallographic directions of the tin.

the exact value of 2A / kpT, in the spectrum of su-

The magnitude and location of ZA?IE)an /kgT, in tin

are apparently not yet clear. It is seen from the ultra-
sonic data that the largest of the observed gaps,
4.8kpT,, does not lie along the principal axes; further-
more, this value cannot be an absolute minimum, since
the latter quantity does not enter in the formula for the
absorption coefficient of sound and cannot be deter-

* In such a situation, probably, the ultrasonic measurememts give
not the miminal values but the effective values of the gap on the lines
k-vg =0.

t Inasmuch as an appreciable depth of penetration of the electro-
magnetic field in the superconductor follows from the uncertainty re-
lation near threshold [2?%].

1 The author is indebted to V. L. Pokorvskii for the last remark.
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Table VIII. Energy gap of superconducting tin as
obtained by various measurements.

Measurement 2A /kpT¢ 20pin/kpTc Note
method
E,le:txonic specific 163 324 Measurement down to 0.2° K
ea
349849 Value of gap to 0.4° K
Critical magnetic 3.6% A\ °
Feld alue of gap to 0.3 K
Electronic heat 3.9% 3.4 Measurement down to 0.2° K
conductivity 234 °
3.0 Measurement down to 1.0° K
Absorption of 32 - 48104110 32 Measurement down to 1.0° X
ultrasound 104, 105,
110
Infrared absorp- 3.3'73, 3.6'72 Structure of reflection edge
tion at temper- &
atures at 1.4°K 42-45'8
Infrared absorp- 3.58 £0.04 and Measurement at 1° K
tion 242 3.86 £0.08
Surface resis- 3.6;4.37; In direction of {001)
tance near 168 2A/kpT = 3.6
T, f =140 >5.0?
GHz
Reflection and 28181 Measurements down to 2° K
absorption of
radiation f =
22 -72GHz
Surface impedance ~32.9;~3.7'%6 ~2.9 In direction of [100]
at temperatures to 2A/kpT ~2.9
25°K,f=3GHz In direction of [001] and
.| [110] 2A/kpT, ~3.7
Depth of penetra- 42180
tion of magnetic
field
Tunnel effect 3.1207, 37213 Measurements down to 0.8° K
2.7 — 43109191 27 Measurements down to 1.3° K

mined. The largest value 4.3kgT,, in the [001] direc-
tion, obtained by tunnel investigations, differs from the
results of the study of the surface resistance of super-
conducting tin made by Adkins’'®*! and Waldram,! %!
The values of the gap measured by these authors in the
[001] were respectively 3.6kpT. and 3.TkgT. (ac-
cording to Adkin’s statement, there is only the single
indicated value in this direction). The second value
3.8kpgT,, which was obtained in tunnel measurements
for the [001] direction, agrees best with data obtained
by other procedures; the ultrasonic measurement data
can be treated in such a way that the gap in the consid-
ered direction lies in the range (3.5-4.0)kgT_. and ap-
parently not larger than the upper value.* A certain in-
dication that the value of the gap is ~5.0kgT, was ob-
tained by Adkins;t'®* in a study of the reflection of in-
frared radiation from the surface of single crystals of
tin, Richards observed, for all orientations, a fine
structure of the reflection edge at photon energies up to
4.5kpT.."***1 1t is quite probable that a further inves-

* It is interesting to note that in a review of Douglass and Falikov
[51, based on sketchy data of earlier work, they advance the correct
opinion that the smallest gap in tin should be less than 3.1 kBT, and the
largest greater than 4.3 kBTc; it seems that in all other respects the ana-
lysis of the gap of tin made by these authors belong with the prediction
of the orientation of the extremal values of the gap along the principal
axes, is inaccurate.

tigation of this structure will make it possible to refine

abs .
the value of 2A min of tin*

There is no disagreement with respect to the value
of the gap in the region of the Fermi surface of tin near
the third principal direction [110], namely, the gap
amounts to (3.7-3.8) kgT, as obtained by ultrasonic in-
vestigations, by surface-resistance data,!'®®? and from
the tunnel effect.

As to the ‘“reconciliation?®’ of the obtained values of
the gap with the Fermi surface of tin, such a procedure
is premature, first because the detailed structure of
this surface is complicated (Fig. 21) and has not yet
been sufficiently well studied; a slight change in this
structure leads to an appreciable change of the orienta-
tion of vy, i.e., of those regions of the Fermi surface,
whose electrons take part in the tunnel effect and in the
absorption of ultrasound. In addition, the assumption
made in tunnel investigations of tin,'**®’'®'! namely,
that the anisotropy of the gap in this superconductor is
connected with the presence of strongly differing gaps
on each of the cavities of the Fermi surface (with weak
variation of the gap along each of them) contradicts the
contemporary theoretical notions that the gap has an
appreciable anisotropy within the limits of each of the
cavities of the Fermi surface.t**’ %]

Summarizing, we can assume that the results of the
measurements of the energy gaps in superconducting
tin, obtained by various methods, agree sufficiently
well with one another and make it possible to assume
with assurance that the gap anisotropy in this supercon-
ductor exceeds 50%." To establish the local connection

Zone 6
(Zone 2: fully
filled)

Zone 5.
Empty near T,
5x does not exist

Zone 4(b) con-
nected with 4(a)
by aneck

FIG. 21. Systematic representation of the Fermi surface of tin. The
first and second zones are filled, zones 4(a) and 4(b) are connected with
a bridge ['93].

* Owing to the large anisotropy of the gap in tin, the main absorp-
tion edge is strongly smeared out, making it impossible to determine the
20%8, /kBTec.

tSuch an appreciable anisotropy can apparently lead to a better
agreement between theory [!3226] and the experimentally observed
decrease of Te of Sn under the influence of impurities [**7].
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between the values of the gap and the entire Fermi sur-
face of tin, further theoretical and experimental re-
search is necessary.
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