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J. HE discrete symmet r i e s play an important role in
elementary part ic le physics , since one can generally
connect them with additional conservation laws. These
a r e first of all the symmetry with respect to reflections
of space P , charge conjugation C and t ime r e v e r s a l T .
A little more than ten yea r s ago there were hardly any
doubts that the invariance of the theory under these
transformations reflect s t r ic t laws of na ture . Then we
became wi tnesses to an experimental overthrow of this
viewpoint; it turned out that parity P , charge-conjuga-
tion pari ty C and combined pari ty CP a r e not conserved
in a s e r i e s of p roces se s . It is t rue that until now we do
not know the profounder reasons for such an asymmetry
of the interactions of elementary par t ic les . Never the-
less such a turn of events has induced in some physi-
cis ts an impatient des i re to " f in ish off" with another
symmetry of the d iscre te type, which has much s t rong-
e r foundations. We have in mind CPT-invar iance . In
this connection we should like from the very beginning
to point out the distinguished role of CPT-invar iance .
F i r s t of all this role consists in the fact that a strong
reflection (or CPT-transformation) is not an ordinary
unitary t ransformation. Indeed, the action of the CPT
(also called © or R) operator on an it i-state maps it
into an out-s tate , so that one can speak about eigenval-
ues of the CPT-opera tor (or CPT-par i ty) only in a con-
ventional way.* Such nonunitary opera tors were in t ro -
duced by Wigner and later by Schwinger.[1> 2 ]

Another essent ia l distinction is the relation of C P T -
invariance to the locality proper t ies of fields and the
character of commutation relat ions among fields, t
Consequently, a violation of CPT will affect to a larger
or l esse r extent problems of locality of the theory and
the relation between spin and s ta t i s t ics . Therefore ,
before one subjects the CPT-symmet ry to any doubts
it is des i rable once more to r emember the basic a s -
sumptions lying at its foundation. This is also n e c e s -
sary because one often hears directly contradicting
statements about CPT-invar iance . On the one hand
(e.g., Matthewsc 3 J) it is stated that " i n a Lorentz-
invariant theory the invariance under strong reflections

(CPT) does not lead to any additional res t r ic t ions or s e -
lection r u l e s , if one a s sumes normal connection between
spin and s t a t i s t i c s . " On the other hand, the opinion is
widespread that a violation of CPT-invar iance signifies
violation of local commutativity or microcausal i ty.

The development of the axiomatic method has a l -

lowed one to prove the CPT theorem from a very gen-
e ra l position and to show c 4 > 5 ] that CPT-invariance is
equivalent to weak local commutativity (WLC)* and
therefore a theory may be CPT-invar iant but not micro -
causal (cf. Example 1 at the end of this ar t ic le) . Thus
the CPT-invariance observed in nature is not a strong
support to the hypothesis of local commutativity.

It is interest ing to compare this resul t of the axio-
matic approach with the usual proof of CPT-invar iance
(the Paul i -Li iders t h e o r e m [ 6 ] ) which is based on the
existence of a local Lagrangian or Hamiltonian.

The purposes of the present repor t a re :
F i r s t , to expose (without r igorous reasoning) the

CPT theorem in the axiomatic approach.
Second, to compare this proof with the usual t r e a t -

ment of the CPT theorem in the Lagrangian method.
Third, to show how the CPT theorem leads to the

relation between spin and s ta t is t ics
Fourth, to list a s e r i e s of examples and to discuss

briefly the possibility of extending CPT and other s y m -
metr ies to unstable par t ic les .

This repor t is not intended as a review of work on
the CPT theorem.

Among the numerous aspects of the CPT problem we
are naturally able to throw light only on the most im-
portant ones, from our point of view. (Therefore this
talk can be considered to a certain degree as a popular
exposition of some facts which a r e well known in a n a r -
row circle of spec ia l i s t s -ax iomat is t s . )

I. THE CPT THEOREM IN THE AXIOMATIC
APPROACH

For simplicity we f irst consider a neutral sca la r
field, and then we formulate the theorem in its general
form.

We assume the following axioms of field theory to be
valid.

The relat ivis t ic quantum postulate: Every state is
described by a unit vector of the Hilbert space • •''/'. The
relat ivist ic transformation law is given by the contin-
uous unitary representat ion of the inhomogeneous Lo-
rentz group (Poincare group):t {a, A} — U(a, A). The
unitary representat ion U(a, 1) can be writ ten in the
form

= exp(ii>%),
where P is a Hermitean operator interpreted as the
energy-momentum of the theory. P ^ P ^ = m2 is the

* Thus, if |ajn, r > is the in-state of the particle a with spin r,
O|am, r > = <<xOut> i-e-> transforms into the out-state of the antiparticle
with spin —r.

^ More correctly, CPT-invariance reflects the propert y of weak
local commutativity (cf. infra).

* The most recent investigations, in particular, the abandonment of
so-called localizable theories destroy this connection: a theory may be
CPT-invariant and nonlocalizable. In such a theory MLC loses its mean-
ing, in general.

t x -»• xr = Ax + a, A is a Lorentz transformation, a is a four-vector.
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mass operator. The eigenvalues of P^ are in the for-
ward light-cone. There exists a unique invariant state
|0> or $ 0 :

*7(a,A)|0> = |0>.

The postulate of existence of local operators cp(x)
defined on &C*<—i.e., of renormalized Heisenberg oper-
ators.

The postulate of Poincare invariance: under a trans-
formation {a, A} of the Poincare' group cp(x) transforms
according to the law

U (a, A) cp (x) U'1 (a, A) = <p (Ax + a).

We do not assume the postulate of local commutativity.
If the theory under consideration exhibits symmetry

(invariance) under discrete transformations these can
be represented by means of unitary operators. Thus, if
there is invariance under space reflection and charge
conjugation, then there exist the unitary operators U(P)
and U(C) such that

U (P) cp (x) U~l (P) = (p(Px) = <f(-x, x0), U (C) cp (x) U-i (C) = cp* (x) = v(x

(for a neutral scalar field). These operators are defined
up to an arbitrary phase (U(P) 10} = e i a 10)). In the
presence of CPT invariance there exists a "unitary"
operator U(CPT) = © such thatt

( 1 )

I n a x i o m a t i c f i e l d t h e o r y a l l p r o p e r t i e s a r e f o r m u l a t e d

i n t e r m s o f v a c u u m e x p e c t a t i o n v a l u e s o f s i m p l e p r o d -

u c t s ( W i g h t m a n f u n c t i o n s ) o r o f T - a n d R - p r o d u c t s

( L e h m a n n - S y m a n z i k — Z i m m e r m a n n , c 7 ] B o g o l y u b o v ,

M e d v e d e v , P o l i v a n o v : 8 : ) .

I f t h e t h e o r y i s C P T i n v a r i a n t t h e n i n t h e l a n g u a g e o f

W i g h t m a n f u n c t i o n s W ( x 2 , . . . , x n ) t h i s m e a n s t h a t

W (*1 Xn) •= (0 | (f (Xi) . . . Cp (Xn) | 0) = (0\lf(-Xn)...(f(-Xi)\0),

a n i m m e d i a t e c o n s e q u e n c e o f ( 1 ) . W

T h e r e q u i r e m e n t s o f P - , C - , C r - e t c . i n v a r i a n c e c a n

b e w r i t t e n i n s i m i l a r f o r m .

T h e C P T t h e o r e m s t a t e s : L e t cp(x) b e a H e r m i t i a n

s c a l a r f i e l d s a t i s f y i n g t h e l i s t e d a x i o m s . I f t h e c o n d i -

t i o n ( 2 ) i s s a t i s f i e d f o r a l l x i t h e n a t J o s t p o i n t s t h e

c o n d i t i o n o f w e a k l o c a l c o m m u t a t i v i t y i s s a t i s f i e d , i . e . ,

t h e o r y o f a l o c a l H e r m i t i a n f i e l d e x h i b i t s C P T - s y m m e -

t r y .

D e f i n i t i o n . T h e s e t o f v e c t o r s

(01 cp (Xl) . . . cp (xn) | 0) = (01 cp (xn) . . . cp O. ) 10).
( 3 )

C o n v e r s e l y , i f t h e W L C c o n d i t i o n ( 3 ) i s s a t i s f i e d i n a

( r e a l ) n e i g h b o r h o o d o f a J o s t p o i n t , t h e C P T - i n v a r i a n c e

c o n d i t i o n ( 2 ) i s s a t i s f i e d e v e r y w h e r e . I n o t h e r w o r d s ,

C P T - i n v a r i a n c e i s a n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n

f o r W L C .

S i n c e l o c a l c o m m u t a t i v i t y i m p l i e s W L C , a n y f i e l d

* S t r i c t l y s p e a k i n g , o n e s h o u l d t a l k a b o u t s m e a r e d - o u t o p e r a t o r s

ff = JV>(x)f(*)dx w h e r e t h e t h e s t f u n c t i o n f i s s m o o t h , s i nce t h e a c t i o n

o f i^(x) o n ^ in JC l e a d s t o a n o n n o r m a l i z a b l e v e c t o r .

t W e e x p l a i n t h e p r o p e r t i e s o f t h e o p e r a t o r 0 : if ty = / f ( x ] )—

f ( * n V ( x i ) - ¥ > ( x n ) ( d x ) | O > t h e n 0 * = * 1 x < O | / f ( - ; < 1 ) - f ( - x n V ( * i ) -

< p ( x n ) ( d x ) c o n s e n q u e n t l y . T h e d e f i n i t i o n o f ©

l — xi — X2, • • • ' fen-1 ~ xn~i %n

is called a Jost point if for arbitrary ftj > 0

( 4 )

It is obvious that the Jost points do not exhaust the
whole region where ^\ < 0, i .e. , where the vectors a re
spacelike, but at any Jost point all £? < 0. We do not
reproduce here the proof of the theorem (cf. c 4 ' 5 ; l ) . We
only note that the proof is essentially based on the ana-
lytic proper t ies of W(xi, . . . , xn) which a r e conse-
quences of the positivity of the spectrum of P° and
Poincare' invariance. (The scheme of the proof: if (2)
is valid, it is a lso valid at Jost points, but the lat ter a re
points of holomorphy of W, so that the signs of all can
be changed, leading to the WLC condition (3).)

For the case of fields with a rb i t ra ry spins the exis t -
ence of the operator © or CPT-invariance is expressed
in the form of the identities (for all Wightman func-
tions)

w h e r e F i s t h e n u m b e r o f f i e l d s o f h a l f - i n t e g r a l s p i n ,

a n d J i s t h e t o t a l n u m b e r o f u n d o t t e d s p i n o r i n d i c e s . I n

a m o r e f a m i l i a r n o t a t i o n , f o r p a r t i c l e s o f s p i n % t h e

a c t i o n o f © i s d e f i n e d a s :

(e^a(x)Q^f^iy^a(-~x). ( 6 )

T h e n i n t h e l a n g u a g e o f W i g h t m a n f u n c t i o n s t h e C P T -

i n v a r i a n c e c o n d i t i o n w i l l b e , ,
( 7 )

< 0 | 1 M * . ) - - - 1 W ( * . . ) | 0 > v '

= in W v * • • • (V'X.n«n <° K . ; ( - xn) . .. ^ ( - x.) | 0;
etc.

We now discuss the action of ® on the opera tors
(pin o u t and what proper t ies of the observables a r e con-
sequences of CPT.

If one a s sumes a linear relation between <p(x) and
^in ,out (the Yang-Feldman equation*), then

T m = cp (x) - j - \ A" (X — x',m)j (x') (i ( 8 )

A p p l y i n g t h e o p e r a t o r © w e h a v e

( 0 c f , n ( x ) 6 - i ) T = < p ( - a - ) - : - ^ \A(-x-x',m)j(x')d*x. ( 9 )

C o m p a r i n g ( 8 ' ) a n d ( 9 ) w e f i n d

( e c p l n ( z ) e - i ) r ^ c r o l l l ( - x ) . ( 1 0 )

O n t h e o t h e r h a n d , s i n c e t h e f i e l d s c p i n ( x ) a r e w e a k l y

l o c a l w i t h r e s p e c t t o e a c h o t h e r , t h e r e e x i s t s a " u n i -

t a r y " o p e r a t o r V , s u c h t h a t

as a n a n t i u n i t a r y o p e r a t o r a c t i n g in t h e s a m e H i l b e r t s p a c e c a n b e f o u n d

in t h e b o o k [ s ] S e c . 3 . 5 .

* In the general case the asymptotic fields are introduced on the basis
of the Haag-Ruelle scattering theory [4]. However, until now there is no
rigorous proof of (10) without use of the locality axiom, for the case of
a nonlinear relation between tp in and <̂ >(x).
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a n d s i m i l a r f o r cpon^(x).

I t f o l l o w s f r o m ( 1 0 ) a n d ( 1 1 ) t h a t

<Pout (*) = ( e (Fcp l n (X) v - y e - y .

T h e p r o d u c t o f t h e t w o " u n i t a r y " o p e r a t o r s

t h e ( g e n u i n e l y ) u n i t a r y o p e r a t o r

( 1 1 )

( 1 2 )

i s

( 1 3 )

which coincides with the scattering matrix S, since

<Poui = Sr*<pinIS, S*S=l. (14)

The relation (13) is extremely useful for the sequel. It
is easy to check that (13) implies

(BS0-lf = S. (15)

The relation (15) allows one to derive the symmetry
properties of the S-matrix implied by the CPT-invar i-
ance of the theory. For an arbitrary matrix element we
have

(0), sY) = (<

Considering that

6 | a, in) = (a, out |, (16)

i t f o l l o w s

( a , i n | S | p\ in ) = {§, o u t | S | a , o u t ) = <]3, in | S | a , i n ) , ( 1 ? )

s i n c e S | o u t ) = | i n > . H e r e \a) d e n o t e s t h e c o r r e s p o n d -

i n g a n t i p a r t i c l e s t a t e w i t h r e v e r s e d s p i n s .

I t i s i n t e r e s t i n g t o c o n s i d e r t h e r e l a t i o n s ( 1 7 ) i n

t e r m s o f e n e r g y v a r i a b l e s . F o r n e u t r a l s c a l a r p a r t i -

c l e s t h e S - m a t r i x c a n b e e x p a n d e d i n t o n o r m a l - o r d e r e d

p r o d u c t s o f i n - o r o u t - o p e r a t o r s :

s ^ 2 i r r

n

= 2 ~S~

Xl Xn) '• f '- {

• • • <Pout (

W e a s s u m e n o r m a l s t a t i s t i c s f o r t h e i n - a n d o u t - f i e I d s .

T h i s d o e s n o t c o n s t i t u t e a n a d d i t i o n a l a s s u m p t i o n a n d

f o l l o w s f r o m t h e d e f i n i t i o n s ( 8 ) , ( 8 ' ) a n d t h e r e l a t i o n s

( 1 0 ) .

F r o m ( 1 0 ) , ( 1 5 ) , ( 1 8 ) w e o b t a i n i n t h e m o m e n t u m

r e p r e s e n t a t i o n o n t h e m a s s s h e l l

P . , •••,Pn) = S n ( - P i , . . . , -pn),
( 1 9 )

0 < i < v, v < ; < n.

It is characteristic that even for a neutral scalar
field this relation is not a simple consequence of Lo-
rentz invariance (as might seem at a first glance). It
also requires certain analytic properties of the Sn (cf.
Example 2 at the end of this article).

A series of examples of interactions of the nonlocal
type without WLC confirm the nontrivial character of
(19), which reflects the CPT-invariance of the scalar
theory (cf. Examples 1 and 2).

Similar reasoning applied to a spinor field of spin V2,
with the assumption that

-x), 1

l e a d , f o r i n s t a n c e , i n t h e c a s e o f t h e m a t r i x e l e m e n t

( w i t h s t a t e v e c t o r s o n b o t h s i d e s o m i t t e d ) o f t h e i n t e r -

a c t i o n o f s c a l a r f i e l d s w i t h a f e r m i o n t o a r e l a t i o n o f

t h e f o r m

Sn (Pt, Pz, k i . . . k n ) = ysSn ( — Pi, —p2; —kt, . . . , —kn) Y 5 ; ( 2 1 )

w h e r e p x a n d p 2 a r e t h e f o u r - m o m e n t a o f t h e i n c i d e n t

a n d o u t g o i n g f e r m i o n s , a n d k ^ a r e t h e b o s o n f o u r -

m o m e n t a ( i = 1 , . . . , n ) .

T h i s r e l a t i o n i s c l e a r l y s a t i s f i e d i n a t h e o r y w i t h l o -

c a l c o m m u t a t i v i t y a n d n o r m a l c o m m u t a t i o n r e l a t i o n s

f o r t h e i n - f i e l d s . I f W L C o r o t h e r p o s t u l a t e s a r e v i o -

l a t e d i t d o e s n o t i n g e n e r a l h o l d .

W e s t r e s s t h e f a c t t h a t i n t h e d e r i v a t i o n o f ( 1 9 ) a n d

( 2 1 ) w e h a v e n o w h e r e m a d e u s e o f t h e p o s t u l a t e o f l o c a l

c o m m u t a t i v i t y o r a n y c o n c r e t e f o r m o f t h e S - m a t r i x i n

t h e L a g r a n g i a n m e t h o d . T h i s w a s a p u r e l y a x i o m a t i c

r e a s o n i n g .

H . T H E U S U A L P R O O F O F T H E C P T T H E O R E M

W e b r i e f l y r e c a l l t h e u s u a l r e a s o n i n g u s e d i n p r o v i n g

t h e C P T t h e o r e m i n t h e L a g r a n g i a n ( o r H a m i l t o n i a n ) a p -

p r o a c h , a n d m a k e s o m e c r i t i c a l r e m a r k s i n t h i s c o n n e c -

t i o n .

F o r e x a m p l e i n P a u l i ' s a r t i c l e t 6 J t h e f u n d a m e n t a l

a s s u m p t i o n s a r e f o r m u l a t e d a s f o l l o w s :

a ) t h e r e e x i s t s a r e l a t i o n b e t w e e n s p i n a n d s t a t i s t i c s

w h i c h f o l l o w s f r o m C P T - i n v a r i a n c e ;

b ) t h e L a g r a n g i a n i s i n v a r i a n t u n d e r p r o p e r L o r e n t z

t r a n s f o r m a t i o n s ;

c ) t h e e q u a t i o n s h a v e a l o c a l c h a r a c t e r , i . e . , a l l

q u a n t i t i e s a r e s p i n o r s o r t e n s o r s o f f i n i t e r a n k a n d i n -

v o l v e o n l y d e r i v a t i v e s o f f i n i t e o r d e r ;

d ) k i n e m a t i c a l l y i n d e p e n d e n t s p i n o r f i e l d s a n t i c o m -

m u t e ; t h e n , a s s u m i n g a d e f i n i t e f o r m o f t h e t r a n s f o r m a -

t i o n l a w o f s p i n o r s u n d e r C P T a n d a n t i s y m m e t r i z i n g a l l

p r o d u c t s w i t h r e s p e c t t o a l l p e r m u t a t i o n s o f s p i n o r s a n d

s y m m e t r i z i n g w i t h r e s p e c t t o b o s o n f i e l d s o n e c a n s h o w

t h a t X r e m a i n s i n v a r i a n t u n d e r a s t r o n g r e f l e c t i o n .

T h e p r i n c i p a l a s s u m p t i o n w h i c h r e s t r i c t s t h e u s u a l -

n e s s o f t h i s p r o o f i s t h e a s s u m p t i o n t h a t a l o c a l L a -

g r a n g i a n e x i s t s i n t h e H e i s e n b e r g p i c t u r e .

I t f o l l o w s f r o m t h e p r e c e d i n g s e c t i o n t h a t t h e l o c a l -

i t y o f t h e i n t e r a c t i o n i s n o t n e c e s s a r y f o r t h e v a l i d i t y o f

t h e C P T t h e o r e m .

I n a d d i t i o n , i t i s i m p o s s i b l e t o d e f i n e i n a m a t h e m a t -

i c a l l y r i g o r o u s m a n n e r t h e c o n c e p t o f a n X(x) i n t h e

H e i s e n b e r g p i c t u r e .

I n s o f a r a s t h e S c h r o d i n g e r e q u a t i o n i n t h e i n t e r a c -

t i o n p i c t u r e i s c o n c e r n e d , H a a g ' s t h e o r e m s h o w s u s

t h a t i n r e l a t i v i s t i c q u a n t u m f i e l d t h e o r y s u c h a p i c t u r e

e x i s t s o n l y i n t h e c a s e w h e n t h e r e i s n o i n t e r a c t i o n b e -

t w e e n t h e p a r t i c l e s !

A m o r e a c c e p t a b l e p r o o f o f t h e C P T t h e o r e m c a n b e

o b t a i n e d s t a r t i n g f r o m a r e p r e s e n t a t i o n o f t h e r e n o r -

m a l i z e d S - m a t r i x i n t h e f o r m o f a T - o r d e r e d e x p o n e n -

t i a l :

int^ ' / V J int / '

i s t h e r e n o r m a l i z e d i n t e r a c t i o n L a g r a n g i a n .w h e r e X

S= T e x p

I 1 1I ,

( 2 0 ) T h e n , a s s u m i n g a s u s u a l t h e a c t i o n o f t h e o p e r a t o r

o n t h e f i e l d s a c c o r d i n g t o E q s . ( 1 0 ) , ( 2 0 ) a n d n o r m a l
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commutation relations for the ill-fields, it is easy to
show that

(ese-»)T = s, since ( 1 5 )

and consequently relations of the type (17) hold for the
matrix elements of the S-matrix. But, in distinction
from the axiomatic proof, here again it was necessary
to assume local commutativity of -^I^W- From what

was said before it is clear that the condition (15) r e -
mains valid even under weaker assumptions about
.'/ mt(x). Because of lack of time we do not dwell on

this subject in more detail.
Now, regarding the quotation (from Matthews) in the

introduction. It is clear that Lorentz invariance and
normal spin-statistics for the injout) fields do not suf-
fice for a proof of the CPT theorem. In Matthews' lec-
tures t 3 ] the matrix elements are represented a la Leh-
mann-Symanzik-Zimmermann. :7] Requiring Lorentz
invariance of this representation on the mass shell only,
it will be valid also in a nonlocal theory, where, in gen-
eral, CPT is violated. If one assumes that this expres-
sion is valid and Lorentz invariant also off the mass
shell, we are led to the local commutativity of the Hei-
senberg operators and thus automatically to CPT-invar-
iance.

m . THE CONNECTION OF SPIN AND STATISTICS

The experimental facts indicate that integral spin
particles are subject to Bose-Einstein and those of
half-odd-integral spin are subject to Fermi-Dirac sta-
tistics. So far no systems obeying parastatistics have
been observed.

The spin-statistics theorem asserts that in quantum
field theory a nontrivial field of integral spin cannot an-
ticommute at spacelike separated points, and that a non-
trivial field of half-integral spin cannot commute, at
such points.

In passing on to commutation relations between dif-
ferent fields the picture becomes more complicated. It
turns out that "anomalous" commutation relations can
be realized, where two integral spin fields, or one inte-
gral and one half-integral spin field, anticommute, and
two half-integral spin fields commute. At the same
time the theory exhibits symmetries of a special type.
Owing to these symmetries one can always select in
such theories the fields in such a manner that they obey
normal commutation relations and are related to the
original fields by means of so-called Klein transforma-
tions. In this sense a theory with anomalous commuta-
tion relations is equivalent to one with normal commu-
tation relations.

We shall not prove all these assertions since the
proof can be found in the book by Streater and Wight -
man.1-5-1 We illustrate the facts on the case of a scalar
field cp(x) (and its Hermitian adjoint cp*(x), to be con-
sidered a different field!). Assume that

-0 , if (22)

Then cp(x)*0 = 0, <p*(x)*0 = 0. In a field theory where
<p and (p* commute or anticommute with all other
fields this implies <p = cp* =0. The "simplest" proof
follows from the Kallen-Lehmann representation

<01 [cp (x), cp* ((/)].-10) = - i § dx2p (x2) A (x-y, x2) = 0, (x-yf <0.

(23)

Comparing (22) and (23) it follows (using analyticity)

<O|cp(z),p*(!/)jO)=O,
or

(this means that ||</>(f)*0|| = ||<p*(f)*0|| = 0 where cp(t)
= Jcp(x)f(x)d4x, f(x) being a smooth function from the
test function space, and the norm).

The second part of the theorem (cp = cp* = 0) is
proved on the basis of analyticity of Wightman func-
tions.

IV. SOME APPLICATIONS OF CPT INVARIANCE

1. We first consider stable particles. We show that
CPT invariance implies the equality of particle and
antiparticle masses. Let * i n denote a state of a parti-
cle of mass m, i.e.,

ipup ) ̂ {'ia = m?yin. (24)

Considering that

(25)

we obtain from (24) and (25)

e i ^ e - w f = ">F°ut* (

where * o u t is an antiparticle state of opposite spin, or

as required.
2. Unstable particles. The one-particle state is,

generally speaking, unstable, i.e.,

S I a, in) =^ | a, in).

If one assumes that, as before (taking into account the
decay interaction), the theory is CPT invariant, one can
establish the equality of lifetimes of particle and anti-
particle. The decay probability of the particle is de-
fined by

£8>B-/>a)|(|3, in ISI a, in) 1*.
s (26)

where S is the S-matrix from which a four-dimensional
delta function has been removed and \a in) is the in-
state of the unstable particle. CPT-invariance implies
(cf. (17))

<P, in | S ] a, in) — (a, in | S \ (3, in). (27)

The decay probability of the antiparticle is proportional
to

2«4Oi5-Pa)l<P, in | S [ a, in) |2.
V (6 0)

Using the relation (27) and Lorentz invariance, one can
reduce the expression (28) to (26).

Other examples of applications of CPT-invariance to
K-meson decays can be found in the reviews [9"11:|.

3. Let us briefly discuss the extension of the con-
cepts of P, C, and other symmetries to unstable parti-
cles. The most consistent approach to introducing un-
stable particles into the theory is the determination of
the corresponding singularities on unphysical sheets of
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t h e m a t r i x e l e m e n t s o f s t a b l e p a r t i c l e i n t e r a c t i o n s .

T h u s , c o n s i d e r t h e p r o c e s s *

n+ + p —> n+ + Jt+ + «.

A s s u m e t h a t t h e m a t r i x e l e m e n t of t h i s p r o c e s s , a s a

f u n c t i o n o f t h e i n v a r i a n t m a s s q 2 o f t h e t w o f i n a l p i o n s

h a s a p o l e i n t h e u n p h y s i c a l s h e e t a t t h e p o i n t

W e d e n o t e t h e r e s i d u e a t t h i s p o l e b y

T (s, t; M1 — iX).

T h e n i f X / M 2 « 1 , o n e c a n u s e t h e v a l u e o f T ( s , t , M 2 ) a s

a d e f i n i t i o n of t h e t r a n s i t i o n m a t r i x e l e m e n t f o r TT+ + p

w i t h t h e f o r m a t i o n of a n u n s t a b l e p a r t i c l e (a p m e s o n ,

s a y ; w e d o n o t c o n s i d e r o t h e r q u a n t u m n u m b e r s h e r e ) .

It i s o b v i o u s t h a t i f t h e o r i g i n a l t h e o r y h a s a c e r t a i n

s y m m e t r y ( e . g . , C P T ) t h e n t h e q u a n t u m n u m b e r s c o r r e -

s p o n d i n g t o t h i s s y m m e t r y c a n b e a t t r i b u t e d t o t h e u n -

s t a b l e p a r t i c l e . U p t o t e r m s o f t h e o r d e r X / M 2 o n e c a n

i n t r o d u c e c r e a t i o n - a n n i h i l a t i o n o p e r a t o r s f o r t h e u n s t a -

b l e p a r t i c l e s , e t c . If t h e p a r t i c l e s h a v e a l a r g e w i d t h

t h e r e a p p e a r c o m p l i c a t e d u n s o l v e d p r o b l e m s .

In a c o m p l e t e l y a n a l o g o u s m a n n e r o n e c a n d e f i n e t h e

m a t r i x e l e m e n t s f o r t h e f o r m a t i o n of t w o o r m o r e u n -

s t a b l e p a r t i c l e s .

4 . W e g i v e t w o e x a m p l e s o f t h e o r i e s s a t i s f y i n g t h e

s p e c t r a l c o n d i t i o n a n d L o r e n t z a n d t r a n s l a t i o n i n v a r i -

a n c e , b u t w h e r e l o c a l c o m m u t a t i v i t y d o e s n o t h o l d . In

t h e f i r s t e x a m p l e t h e t h e o r y i s C P T i n v a r i a n t , a n d i n

t h e s e c o n d e x a m p l e t h i s i n v a r i a n c e i s v i o l a t e d . F o r

s i m p l i c i t y w e c o n s i d e r n e u t r a l , z e r o s p i n p a r t i c l e s .

E x a m p l e 1. W e w r i t e a n S - m a t r i x of t h e f o r m

S = exp ((A), A = A*

a n d s e l e c t A of t h e f o r m

T h e m a t r i x e l e m e n t f o r t h e s c a t t e r i n g of t w o p a r t i c l e s

(p, q — p ' , q ' ) i n t h e g 2 - a p p r o x i m a t i o n w i l l h a v e t h e

f o r m 6 4 ( p + q - p ' - q ' ) X { 6 [ ( p + q ) 2 - m 2 ] + 6 [ ( p - q ' ) 2

- m 2 ] + S [ ( p - p ' ) 2 - m 2 ] } . I t s a t i s f i e s t h e s y m m e t r y r e -

q u i r e m e n t (1 9 ) w h i c h f o l l o w s f r o m C P T - i n v a r i a n c e , b u t

v i o l a t e s t h e a n a l y t i c i t y p r o p e r t i e s w h i c h a r e i m p l i e d b y

l o c a l c o m m u t a t i v i t y .

E x a m p l e 2 .

A = g { {<Dff (x)(t>',S (x) <pff (x): + h . C. } d*x.
o

T h e f i e l d * m d e s c r i b e s a p a r t i c l e of m a s s m , a n d

<Pin d e s c r i b e s a p a r t i c l e of m a s s JUL. In t h e g 2 - a p p r o x -

i m a t i o n t h e m a t r i x e l e m e n t i s

(p, 1 ->• P', 64 (P + 1 - P' - 9') ?0) 8 ({p + q)* -

It does not exhibit CPT-invariance, but satisfies all the
postulates, except local commutativity.

X E . P . W i g n e r , G o t t i n g . N a c h r . ( M a t h . - N a t u r w i s s .

K l a s s e ) 3 1 , 5 4 6 ( 1 9 3 2 ) .

*The neutron is considered stable.

2 J . S c h w i n g e r , P h y s . R e v . 8 2 , 9 1 4 ( 1 9 5 1 ) ; ( R u s s .

T r a n s l . , M . I L 1 9 5 4 ) .
3 P . T . M a t t h e w s , T h e R e l a t i v i s t i c Q u a n t u m T h e o r y

of E l e m e n t a r y P a r t i c l e I n t e r a c t i o n s , L e c t u r e N o t e s , U .

of R o c h e s t e r , N . Y . 1 9 5 7 .
4 R . J o s t , T h e G e n e r a l T h e o r y of Q u a n t i z e d F i e l d s ,

A M S , P r o v i d e n c e , 1 9 6 6 ( R u s s . T r a n s l . , M i r , 1 9 6 7 ) , C h .

V a n d v n .
5 R . F . S t r e a t e r a n d A . S . W i g h t m a n , P C T , S p i n a n d

S t a t i s t i c s , a n d a l l t h a t , B e n j a m i n , N . Y . 1 9 6 4 . ( R u s s .

T r a n s l . N a u k a , 1 9 6 6 ) .
6 W . P a u l i , i n " N i e l s B o h r a n d t h e D e v e l o p m e n t of

P h y s i c s , " P e r g a m o n , 1 9 5 7 . T h i s p a p e r c o n t a i n s a d e -

t a i l e d b i b l i o g r a p h y .
7 H . L e h m a n n , K. S y m a n z i k a n d W . Z i m m e r m a n , N u -

o v o C i m e n t o 1, 2 0 5 ( 1 9 5 5 ) .
8 N . N . B o g o l y u b o v , B . V . M e d v e d e v a n d M . K. P o l i -

v a n o v , V o p r o s y t e o r i i d i s p e r s i o n n y k h s o o t n o s h e n i i

( P r o b l e m s of t h e T h e o r y of D i s p e r s i o n R e l a t i o n s ) , F i z -

m a t g i z , M . 1 9 5 8 .
9 M . V . T e r e n t ' e v , U s p . F i z . N a u k 8 6 , 2 3 1 ( 1 9 6 5 ) [ S o v .

[ S o v . P h y s . - U s p . 8 , 4 4 5 ( 1 9 6 5 ) ] .
1 0 L . B . O k u n ' , U s p . F i z . N a u k 8 9 , 6 0 3 ( 1 9 6 6 ) [ S o v .

P h y s . - U s p . 9 , 5 4 7 ( 1 9 6 7 ) ] .
1 1 H . G r a w e r t , G. L i i d e r s a n d H . R o l n i c k , F o r t s c h r i t t e

d e r P h y s i k 7 , 2 9 1 ( 1 9 5 9 ) [ R u s s . T r a n s l . U s p . F i z . N a u k

7 1 (2 ) , 2 8 9 ( I 9 6 0 ) ] .

D I S C U S S I O N

V . B . B e r e s t e t s k i i :

A r e n ' t t h e r e q u i r e m e n t s i m p o s e d o n t h e S - m a t r i x b y

t h e C P T t h e o r e m in i t s r i g o r o u s f o r m t a u t o l o g i c a l ? In

f a c t t h e y c o n t a i n t h e d e f i n i t i o n of a n t i p a r t i c l e s .

V . Y a . F a i n b e r g :

N o , s i n c e t h e p a r t i c l e - a n t i p a r t i c l e c o n c e p t s a r e i n -

t r o d u c e d in t h e l a n g u a g e of i n - (or o u t - ) o p e r a t o r s , i . e . ,

f o r n o n i n t e r a c t i n g p a r t i c l e s . In a n y t h e o r y w h e r e , f o r

i n s t a n c e , w e a k l o c a l c o m m u t a t i v i t y i s v i o l a t e d ( h e n c e

a l s o l o c a l i t y ) , o n e c a n i n t r o d u c e p a r t i c l e s a n d a n t i p a r -

t i c l e s , b u t t h e i n t e r a c t i o n ( S - m a t r i x ) w i l l n o t b e C P T

i n v a r i a n t .

D . A . K i r z h n i t s :

C a n o n e m a k e a n y s t a t e m e n t o n w h e t h e r , in p r i n c i p l e ,

t h e c o n d i t i o n of w e a k l o c a l c o m m u t a t i v i t y r e d u c e s t o

t h e f i r s t t h r e e p o s t u l a t e s , o r w h e t h e r t h i s c o n d i t i o n

r e p r e s e n t s a n i n d e p e n d e n t r e q u i r e m e n t ?

V . Y a . F a i n b e r g :

D y s o n h a s s h o w n t h a t if f i e l d s p o s s e s s t h e p r o p e r t y

of w e a k l o c a l c o m m u t a t i v i t y ( W L C ) t h e W i g h t m a n f u n c -

t i o n s w i l l b e a n a l y t i c a n d s i n g l e - v a l u e d in a r e a l n e i g h -

b o r h o o d of s p a c e l i k e p o i n t s . T h u s , i n g e n e r a l W L C e x -

t e n d s t h e d o m a i n o f a n a l y t i c i t y a n d i s t h u s a n a d d i t i o n a l

r e q u i r e m e n t .

M . K. P o l i v a n o v :

S i n c e w e a k l o c a l c o m m u t a t i v i t y i s h i e r a r c h i c a l l y a

w e a k e r r e q u i r e m e n t t h a n l o c a l c o m m u t a t i v i t y , a v i o l a -

t i o n o f w e a k l o c a l c o m m u t a t i v i t y w i l l w i t h o u t d o u b t l e a d

t o a v i o l a t i o n o f l o c a l i t y in t h e s t r o n g s e n s e .
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V. Ya. Fainberg:

This is a correct statement.

S. Matinyan:

Recently the assertion has frequently been made that
the proof of the CPT theorem does not require the whole
apparatus of quantum field theory, but can be "proved"
in an S -matrix theory (Chew, Stapp). On the other hand,
Jost has criticized Stapp's attempt in this direction,
showing that in fact Stapp introduces into his proof those
analytic properties of the S-matrix elements which are
required for the CPT theorem. Can you say something
in this regard? How seriously should one take the S-
matrix approach?

V. Ya. Fainberg:

It is now clear that Jost 's criticism of Stapp seems
to be valid only within the so-called localizable theo-
ries (Meiman, Jaffe). In the case of nonlocalizable the-
ories, when the matrix elements can grow exponentially
or faster in momentum space, the analytic properties
of the S-matrix which are equivalent to CPT invariance
do not imply the existence of local operators: the con-
cept of weak local commutativity somehow loses its
meaning and the S-matrix approach turns out to be
more general (cf. footnote 3 >).

A. A. Komar:

You have asserted that in the axiomatic approach
CPT invariance is equivalent to weak local commutativ-
ity. However, if one goes over to observable (to the S-
matrix) it was necessary to assume additionally the ex-
istence of the Yang-Feldman equations. Isn't this a
rather stringent new hypothesis, which brings the axi-
omatic proof of the CPT theorem closer to the proof in
the Lagrangian formalism?

V. Ya. Fainberg:

In the transition to observables in the theory of
asymptotic fields and particles (the Haag-Ruelle scat-

tering theory) one also assumes the completeness of
the in-states:

and local commutativity. However, the latter assump-
tion does not seem to be necessary: it is only neces-
sary that the commutator of two fields decrease suffi-
ciently rapidly in spacelike directions. In the case of a
linear relation (a la Yang-Feldman) between the in-
operators and the Heisenberg operators, the require-
ment of local commutativity is not necessary for prov-
ing the CPT-properties of the S-matrix.

L. B. Okun':

What happens if one writes a Lagrangian which is
not symmetrized in boson fields, or antisymmetrized in
fermion fields ? Can one use such a Lagrangian for
computing matrix elements, etc., or will some prob-
lems arise ? The symmetrization or antisymmetriza-
tion are needed not only for the proof of the CPT-theo-
rem.

V. Ya. Fainberg:

If the fields which enter into u. (x) are subject to such
commutation relations that X (x) satisfies local (or
weakly local) commutativity, then there certainly exists
an operator © such that

(ej? (i)e-1)T---jf (—x),

and the theory will be CPT-invariant. In this case the
symmetrization-antisymmetrization procedure for the
boson and fermion operators which occur in y(x) r e -
duces to eliminating so-called contact infinities. In the
interaction picture this procedure is equivalent to a
transition from ordinary products to normal-ordered
products. If the fields are nonlocal, the theory will cer-
tainly nc be CPT-invariant. Thus, roughly speaking,
in a local theory the symmetrization is equivalent to
some kind of renormalization of i5(x)

Translated by M. E. Mayer


