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INTRODUCTION

I N calculations of the ionization equilibrium in a
plasma, account is usually taken of two possible r e -
combination mechanisms: photorecombination of an
ion Bz+i

and nonradiative three-particle recombination

In the latter process, the second electron is needed to
carry away the excess energy, since the transfer of
this energy to the nucleus is incompatible with the mo-
mentum and energy conservation laws. In a low-density
plasma, three-particle recombination plays practically
no role. An estimate shows that photorecombination
prevails at an energy density

A e < (^r) z* Ry ~i0"z>irycm3>
where T—plasma temperature, Ry = 13.6 eV—ioniza-
tion energy of the hydrogen atom, and Z—ion charge.
To be sure, this is an overestimate, since it takes no
account of the stepwise three-particle recombination.
Nonetheless, three-particle recombination apparently
plays no role at Ne < 1013 cm'3.

The probability of radiative recombination in col-
lisions between an electron and an ion is relatively
small ( ~ a 3 = (e2/Rc)3 ~ 10'6), in view of the weakness
of the electromagnetic interaction.

In addition to the two indicated processes, resonant
capture of an electron at a high level (n, I) is possible,
with simultaneous excitation of one of the electrons of
the ion Bz . i . If the electron energy (within the limits
of the level width) equals the excitation energy minus
the binding energy at the (n, I) level, then the capture
process takes place without radiation. The two-elec-
tron excited state produced thereby is unstable. It
decays either via auto-ionization, or as a result of
radiative transition into a stable excited state Bz,
which lies below its ionization limit*. In the first case,
the electron returns to the continuous spectrum. The
second variant leads to a recombination of the ion
Bz+i—this indeed is dielectronic recombination (hence-
forth d.r.). Figure la shows the elementary scheme of
the process. Figure lb shows the same process more
rigorously, as a transition in a two-electron system.
An example is the reaction

(Is, n, I) 4- »<n.

"Here and below a state is defined arbitrarily as "stable" if it is not
subject to auto-ionization decay, i.e., it lies below the ionization boundary.
A radiative transition into the ground state is of course possible in this
case.

This process has been known for quite a long time1 ,
but its role was underestimated. The importance of
d.r. in the establishment of ionization equilibrium in
a plasma was first pointed out by Burgessf2j, who pre-
sented more accurate quantitative estimates. In[2~4j

they calculated the rates of the d.r. in a number of
concrete cases. Subsequently the role of d.r. in pro-
cesses occurring in certain astrophysical objects were
discussed in a number of papers, for example t5~10j.
In , at least, there are many inaccuracies, which in
some cases lead to incorrect conclusions. It has be-
come clear recently that the role of d.r. is not con-
fined to the influence on the ionization equilibrium, and
can be quite appreciable in the population of the high-
excited levels [ 8 ' u j , thus opening up new wide possibili-
ties in many astrophysical applications.

We also analyze in the article processes that de-
crease the role of d.r. under concrete astrophysical
conditions as a result of ionization from high level by
background radiation[13j and by electron impact.

The auto-ionization states, which are an intermedi-
ate stage in the d.r. process, play an important role in
the interpretation of the experiments on scattering of
electrons by atoms and ions. They appear as sharp
resonances in the energy dependence of the elastic -
scattering cross section. The theory of resonant scat-
tering has been extensively developed in recent years.
The position of the resonances makes it possible to de-
termine the position and the width of the auto-ioniza-
tion levels, which are quite difficult to observe by op-
tical means. Nonetheless, we shall not discuss here
the connection between the d.r. and resonant scattering.
The point is that, as will be shown later, the d.r. pro-
ceeds mainly through high auto-ionization levels with a
large value of the principal quantum number n. In theory
and experiments on resonant scattering, to the contrary,
the main interest is focused on states with small n.
This difference is fundamental. The probability of
electron capture at the n-th level is proportional to
l/n3 and is particularly large when n is small. How-
ever, an important role is played in the d.r. phenome-
non not only by the capture of the electron, but by
maintaining it at a given level for a time ~10~8 Z 4 sec,
needed for the radiative transition into the stable state.
Since the probability of the auto-ionization decay is
also proportional to l/n3, the contribution of the n-th
level to the total d.r. coefficient does not depend on n
at all values of n < n s ( n s > l , see Ch. II). Thus, the
role of the lower levels "becomes dissolved" in the
large number of levels with large n.

We note, in conclusion, one more circumstance.
Resonant scattering is possible also from neutral
atoms as a result of unstable excited states of the nega-
tive ion. But the d.r. of a neutral atom with formation
of a negative ion is impossible, since process should
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FIG. 1. Scheme of the dielectronic recombination process, a) Ele-
mentary scheme of three stages of recombination; b) more rigorous
scheme in terms of a unified system Bz+, + e -* B^.

terminate with an excited stable state of the negative
ion, which is optically coupled to the ground state.
Apparently there are no such states (see note added in
proof at the end of the article).

1. Coefficient of Dielectronic Recombination

Let us consider the process of d.r. of an ion Bz*i
(in a state y0) via an intermediate auto-ionization
level (y, n, I) of the ion Bz (see Fig. 1)

n, (1)

Here and throughout Z denotes the effective charge of
the atomic residue, i.e., it exceeds the multiplicity of
the ion by unity: Bz = B ( Z - X K We note that Z coin-
cides with the spectroscopic symbol of the ion (for
example, He II with Z = 2).

With practically no loss of generality we can as -
sume that y0 is the ground state of the ion Bz*i. The
excited ion Bz(ro, n, I) produced as a result of the
recombination can subsequently either go to the ground
state (y0, n0, l0) emitting one or several quanta, or
else again become ionized by an external particle or a
photon. In this section we confine ourselves to consid-
eration of the first possibility, which is realized at a
sufficiently low plasma and radiation density. The
possibility of repeated ionization will be considered in
Ch. n .

To calculate the rate of the d.r. it is necessary to
determine the population Ny j r i j j of the auto-ionization
state (y, n, I) of the ion Bz- To this end, we write

down the balance equation for the reaction (l)

NZHNeF (AE) vod (ynl) 8E = N-,, „,, (W + A), (2)

where F ( E)—electron energy distribution function,
assumed to be Maxwellian, AE—energy of the level
(y, n, I) relative to the ionization limit Bz (see Fig.
1)> <̂ d(y> n> 0—cross section of electron capture at
the (y, n, I) level, and W and A—probabilities of
auto-ionization and radiative decays of the (y, n, I)
level. If we put A = 0, then (2) should satisfy the Saha
distribution

e _ 2g(y0)
U n'l~ gtynl)

,mkT\3/2 F/hT (3)

where g(y0) = g(y, n, I) = g(y)(2l + 1)—statistical
weight of the corresponding states Bz+i and Bz- The
argument of the exponential has a plus sign, since tlk.
(y, n, I) level lies above the ionization limit. From
(2) and (3) follows a relation between a^ and W,
namely:

For the rate of d.r.

we get, using (2) and (4),

1 WA - V (5)

Capture of the electron occurs principally from the
level with the higher value of n (see below). The elec-
tron at the (n, I) level has practically no influence on
the internal electron in the state y or y0, so that the
quantities pertaining to Bz can be replaced by the
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corresponding quantities for the ion Bz *i-'

&E =-= Em- ^p- ^ £•„„, A (v, n, I) = Av = 2 -lyy', ( 6

v'<v
w h e r e E y y Q — d i s t a n c e b e t w e e n t he l e v e l s y a n d yo of
the ion B z , R y = 13.6 eV— hal f of t h e a t o m i c e n e r g y
u n i t , and l / A y — l i f e t i m e of t h e l e v e l y. In m o s t c a s e s
A y can b e r e p l a c e d w i t h good a c c u r a c y by Ayy0-
F i n a l l y , t he a u t o - i o n i z a t i o n p r o b a b i l i t y W can b e e x -
p r e s s e d in t e r m s of t he p a r t i a l c r o s s s e c t i o n Oy y(l)
f o r t h e e x c i t a t i o n of t h e l e v e l y b y e l e c t r o n i m p a c t
n e a r t h r e s h o l d . Indeed , the i n v e r s e p r o c e s s — c a p t u r e
of an e l e c t r o n on the ( n , I) o r b i t — c o r r e s p o n d s to e x -
c i t a t i on of t he ion B z * i by an e l e c t r o n wi th a n e n e r g y
s o m e w h a t be low t h r e s h o l d .

A s i s w e l l known, t he p a r t i a l c r o s s s e c t i o n Oy0y(l)
f o r t he e x c i t a t i o n of the ion a t t h r e s h o l d i s f in i t e
(unl ike t he c r o s s s e c t i o n s f o r t he e x c i t a t i o n of n e u t r a l
a t o m s , wh ich v a n i s h a t the t h r e s h o l d ) . E x t r a p o l a t i n g
Oy0y{l) t o t he r e g i o n be low t h r e s h o l d , we ob ta in f o r
t h e m e a n v a l u e of t h e c a p t u r e c r o s s s e c t i o n

cvov dE = od6E dn,

if dn c o r r e s p o n d s to t he e n e r g y i n t e r v a l d E . C o n s e -
q u e n t l y ( a s s u m i n g / to b e spec i f i ed )

6(1)

(I).MY. n, l)SE =-- ow (1) ^ ---. ̂ R
Substituting (7) in (4) we obtain an expression for

the auto-ionization probability

g(y)
(4')

In Append ix I w e g ive a d i r e c t q u a n t u m - m e c h a n i c a l
p roo f of r e l a t i o n (4 ') in f i r s t o r d e r of p e r t u r b a t i o n
t h e o r y . A m o r e d e t a i l e d e x p o s i t i o n of t he p r o p e r t i e s
of the C o u l o m b c r o s s s e c t i o n a t t h r e s h o l d and of t h e
l i m i t i n g t r a n s i t i o n , l e a d i n g to f o r m u l a (7) , i s con t a ined
in Append ix II, wh ich w a s w r i t t e n b y P . P a r a d o k s o v . *

U s i n g (A'), (5) , and (6) a n d a s s u m i n g f o r t he p u r p o s e
of s i m p l i f y i n g t he f u t u r e f o r m u l a s tha t Ay = Ayy0, we
can ob t a in t h e fo l lowing e x p r e s s i o n fo r t he d . r . r a t e :

w h e r e

" (Y)=- ^ ^ 2 J 1
C 21 + 1

(8)

• ^ r j • (9)

1 r »!oVoV(') -11/3
ovJ • (10)

H e r e a = e 2 / f ic = Yi37, a 0 = B 2 / m e 2 = 0 .53 x i o " 8 c m ,
iyoy— o s c i l l a t o r s t r e n g t h of t he y o ^ - t r a n s i t i o n in t he
B z - n ion, a n d ( n i + 1 ) i s a p p r o x i m a t e l y e q u a l to t h e
p r i n c i p a l q u a n t u m n u m b e r of t he l o w e s t a u t o - i o n i z a -
t ion l e v e l . T h e p h y s i c a l m e a n i n g of t h e n u m b e r n s

wi l l b e d i s c u s s e d l a t e r .
T h e c r o s s s e c t i o n a(l) i s p r a c t i c a l l y i n d e p e n d e n t

of n , bu t d e c r e a s e s v e r y r a p i d l y wi th i n c r e a s i n g /
( F i g . 2 ) . I t can t h e r e f o r e b e a s s u m e d tha t t he u p p e r
l i m i t of the s u m m a t i o n o v e r / d o e s not depend on n,
and it i s p o s s i b l e to i n t e r c h a n g e the o r d e r of t he s u m -

*The authors are grateful to P. Paradoksov for proposing to include the
previously unpublished notes in the present review.
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FIG. 2. Partial cross sections for excitation and resonant transition in
He II and Ca X at threshold vs. /.

m a t i o n in (9) . R e p l a c i n g , f u r t h e r , t he s u m m a t i o n wi th
r e s p e c t t o n by i n t e g r a t i o n a n d o m i t t i n g t h e f a c t o r
e x p ( Z 2 R y / n 3 ) , wh ich i s c l o s e to un i ty , we c a n r e p r e -
s e n t c (y) w i th good a c c u r a c y in t he f o r m

l i ( n )

(1) d e c r e a s e in p r o p o r t i o n to Z~4 a s Z — <*>,

a n d n s <Ŝ  1 f o r a l l / . In t h i s c a s e w e can c a r r y out
t h e s u m m a t i o n wi th r e s p e c t to n and / in (9):

c(Y) = 2 , 5 . l 0 « ( ^ i ) 1 / 3 a V o V ( c m 3 s e c - 1 ) , z - ^ o o , ( H a )

" t o t a l c r o s s s e c t i o n of t hew h e r e yoy = °yoy

y0 — y transit ion and we neglect the difference between
ni and ni + 1.

2. Discussion of Formulas

We now stop to discuss the proper t ies of the obtained
formulas in g rea te r detail .

1) The population of the auto-ionization levels
(y, n, I) is determined, in accordance with (2) and (4),
by the rat io A/W = (n, n s ) 3 . Therefore all the levels
a r e subdivided in natural fashion into two groups. Fo r
the levels with n < n s we have W ^$> A and the rad ia -
tive decay does not influence the population. These
levels a re in thermodynamic equilibrium with the con-
tinuous spectrum:

For the levels with n > n s we have W « A , and each
capture of the electron is accompanied by recombina-
tion. The population at these levels is

(13)
Ny,n,l = Nz+1Ne-

i . e . , i t d e c r e a s e s r a p i d l y wi th i n c r e a s i n g n.
I t m u s t b e e m p h a s i z e d tha t t he n s i s p r o p o r t i o n a l

to [oy0y (I)] a n d d e p e n d s s t r o n g l y on / . B y way of
i l l u s t r a t i o n , F i g . 2 s h o w s t he a(l) d e p e n d e n c e f o r two
t y p i c a l c a s e s : the t r a n s i t i o n I s - 2 p in He II ( l a r g e
E yyo 1 ) and the t r a n s i t i o n 3s - 3p in C a X
(small Eyyo, na ^> 1 ) . At sufficiently large / we have
n s < ni, i .e. , there a r e no levels that a r e in the rmo-
dynamic equilibrium with the continuous spectrum.

2) At small values of / , corresponding to the maxi-
mum values of a(l), we can put a(l) ~ Tta.oiyoy
(Ry/Eyy )P. For es t imates it is usually possible to
put p = 2° i .e . ,

"1
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Actually the main contribution to c ( y ) is made by
those I for which the inequality (14) is satisfied. It i s
seen from (9) that in this case the principal role i s
played by the auto-ionization levels with n < n s , which
a re in thermodynamic equilibrium with the continuous
spectrum. Inasmuch a s n s 3> 1 and all the levels with
n < n s make the same contribution, we can henceforth
put that only levels with n ^ > l a r e significant.

3) In Sees. 1—2 we re fe r r ed essential ly to an ex-
te rna l electron captured from the free s tate by a
highly-excited level (n , I) of the B z ion. Let u s now
consider y0 - y t ransi t ions of an internal electron—the
optical electron of the Bz*i ion. In the sum over y in
(8) it is sufficient, as a rule , to take into account only one
or two of the lowest excited configurations, which are
optically coupled with the ground state (resonant
states)*.

It i s easy to show that if the values of Eyy do not
differ very strongly for the individual t e r m s of the
given electronic configuration, then the splitting into
t e r m s can be d is regarded completely and the e l e c -
tronic configuration can be considered as one s tate .
Fo r this purpose it i s sufficient to show that c ( y ) i s
additive over the t e r m s . The quantity n s in (10) is a
function of the ra t io ayoy/iyoy only, which does not
depend on the t e r m at equal values of Eyy 0 . Conse-
quently the ent i re dependence i s concentrated in the
factor f., v in (9). But the osci l lator strength, as i s

well known, i s additive in the upper levels , thus proving
the additivity of c ( y ) . As r ega rds the splitting of the
ground state ya, it i s possible to use the following
general relation: let F o and T be the indices of the
t e r m s of the electronic configurations yo and y, then
(see, for example )

/r0, v = 2 /ror = /vov

and consequently, in (8)—(9) we have

It i s obvious that al l the foregoing per ta ins to an
equal degree not only to the t e r m s but a lso to the com-
ponents of the fine s t ructure , e t c . Therefore the in-
dices yo and y below pertain throughout to the e l e c -
tronic configurations of the ion Bz*i-

The magnitude of the d.r . coefficient depends s ig -
nificantly on the rat io E y y o / k T , owing to the presence
of the exponential factor in (8). If the yo - y t ransit ion
takes place with a change of the principal quantum
number of the optical electron, then Eyy 0

Then the d.r . r a te i s smal l . For ions of this kind (an
example i s the He II — He I recombination), the d.r .
plays a role only at such high t empera tu res that the
concentration of this ion in the p lasma i s insignificant.

In those cases when the optical electron in the
resonant state y has the same principal quantum num-
ber as in y0 , we have Eyy o<& | E y o | and the exponen-

E y o l > k T .

*A direct two-electron radiative transition to the ground state is
possible from unstable excitations of the levels of a negative ion. How-
ever, the probability of such a transition is small (see note added in proof
at the end of the article). We note, in addition, that in view of the
absence of a Coulomb field the number of purely unstable levels of the
negative ion is small.

t ial factor in (8) plays no ro le . At the same t ime, for
such t ransi t ions the c ro s s section i s very large (see
formula (14)). Therefore «d tu rns out to be very la rge .
We note that in ions with Z > 2 an important role can
be played by transi t ions from the filled subshell, for
example 2s22p<l — 2s2p (T1 .

3. Comparison with Triple Recombination and Photo-
recombination

We now compare the efficiencies of different types
of recombination.

a) Photorecombination Bz+i + e -— B z + Rw. The
frequency of this p rocess in a p lasma N e {vov} i s of
the o rder of N e a 3 ( a o h / m ) , i .e. , it is proportional to
the f i rs t power of the density. Since this p rocess is
connected with emission of a quantum, the expression
for i t s ra te includes a smal l factor a 3 — 10"6. The
photorecombination occurs in the ground and in the
lower s ta tes of the ion B z , or more accurately in
those s ta tes for which the energy | E n [ > kT.

b) Three-par t ic le (nonradiative) recombination
Bz+i + 2e — B z + e. The frequency of this p rocess in
a plasma N§{ VOV) i s proportional to the square of the
electron density, and is much smal le r than the photo-
recombination frequency at sufficiently low density.
Es t imates show that when N e < 1013 cm"3 one can
neglect a s a rule the tr iple recombination in calcula-
tions of the ionization equilibrium. To be sure, it
somet imes must be taken into account in es t imates of
the populations of very highly excited levels .

c) The frequency of the d . r . p rocess (l) i s Ne/cd.
Using (8), (9), and (14) we find that, in order of magni-
tude,

Just a s in photorecombination, the frequency of the
d.r . i s proportional to the f i rs t power of the density.
However, N e«d contains in lieu of the factor a 3 only
a2 , i .e. , it can be smal ler by two o rde r s of magnitude
than the photorecombination ra te . Of course, it i s
necessary for this purpose that the exponential factor
be of the o rder of unity, i .e . , that Eyyo <C kT. Unlike
photorecombination, the d.r . occurs essential ly at high
levels with n ~ n s .

Thus, in a low-density p lasma the total recombina-
tion frequency is N e [ ( v a y ) + Kdl- The dependence of
Kd on the tempera ture i s given by formula (8). We can
indicate for (VCT^,) only the asymptotic behavior at
kT •< Ei and kT ^> Et (Ei—ionization energy):

kT <
kT >

<KO»>'
•*•&•

:
v v o

/ h r
, "I

•JlcT)3'*- I (16)

4. Influence of Dielectronic Recombination on the Level
Populations and P lasma Radiation

1) As a resul t of the d.r. , a shift of the ionization
equilibrium takes place in the plasma. The additional
recombination p rocess obviously leads to a decrease of
the degree of ionization, i .e. , all the ionization curves
shift towards l a rge r t empera tu res . Therefore, failure
to take d.r . into account has led in some papers to
underes t imates of the tempera ture obtained a s a resul t
of a spectroscopic measurements .
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In addition to the shift of the ionization equilibrium,
the d.r . can, generally speaking, exert also a direct
influence on the populations of the excited levels and,
consequently, on the intensity of the radiation. Let us
f i rs t consider in this connection the radiation in the
y — To resonance line of the ion Bz*i- The line in-
tensity due to the direct excitation of the y0 - y t r a n s i -
tion by electron impact i s Nefia;(vcxyOy), where

F(E)vawydE~F(Evn)vamkT. (17)

Each act of d.r . is accompanied by emission of the
same quantum, albeit with a slight frequency shift due
to the presence of the electron at the high level (n, / ) .

The increase of the intensity i s obviously equal to
Nehw/cd(> /). For comparison with (17), we express
Kd(y) with the aid of (4), (5), and (7) in the form

F(E)vcyoydE

(18)

We make use here of the fact that at energies c o r r e -
sponding to n > n s we have W <$̂  A. It is easy to see
now that K&iy) <S. (vuyoy). Indeed, the f irs t t e rm in
(18) is small a s a resul t of the smal l region of in tegra-
tion: Z ^ y / n l <̂C kT. In the second t e rm , the region of
integration is < kT,* and the factor [ 1 + (W/A)]'1

<SC 1, since n < n s . Thus, an increase of the intensity
of the y —• y0 resonance line, and consequently the
radiation loss due to the d.r., is a s a rule insignificant.

Of course , a s already noted in the beginning of the
section, the shift of the ionization equilibrium can
great ly influence the intensity of the resonance lines of
the ions.

In es t imates of the thermal balance of the in te r -
galactic medium, an important role is played by He,
the number of atoms of which amounts to approximately
10% of the H a toms. The es t imates presented above
show that the d.r. does not influence directly the inten-
sity of the He II resonance line. The large value E y y 0

= 40 eV denotes that the d.r . can affect the rat io
He I/He II only at very high tempera ture T •£ 105°K.
At such tempera tures , the number of He II ions is de -
termined by the equilibrium with the hydrogenlike ion
He III, for which d.r . is impossible (see Fig. 4 below).
Thus, the d.r . has likewise no effect on the ionization
equilibrium of He n , and consequently does not influ-
ence the radiation of He n . The possibility of invest i -
gating the spect ra of quasa r s in the far ultraviolet
depends on the optical thickness of the intergalactic
gas in the l ines H I and He I. When T £ 105 °K a c e r -
tain increase of the optical thickness in the He I r e s o -
nance line (A 584 A ) is possible. This is apparently

"This relation is confirmed by a consideration of a number of typical
but particular cases. It is difficult to prove it rigorously in the general
case.

just the tempera ture of the intergalactic gas . However,
the absence of absorption in L a H I (in the spectra of
remote quasars) points to a small thickness also in the
He I line, since according to Fig. 4 the number of H I
atoms is smal ler than the number of He I atoms at
T ~ 106 °K.

2) The situation i s entirely different with the popu-
lation of the high levels . As already noted above, the
auto-ionization levels (y, n, I) with n < n s a r e in
thermodynamic equilibrium with the continuous spec-
t rum. The corresponding stationary levels (y0, n, I)
a r e populated at a ra te Ayyo> and decay a s a resul t of
a radiative transition to lower states much more
slowly (at least by a factor n 3 ) . Therefore the popula-
tion of the levels (y0, n, / ) relat ive to the continuous
spectrum will be much higher than in the case of
thermodynamic equilibrium. With increasing n, the
population Ny o I 1 will increase up to n = n s .

To obtain a quantitative es t imate , let us assume that
during the lifetime of the B z ion in the n-th (stationary)
excited state there occurs a total mixing with respect
to the quantum numbers /. At the same t ime, we shall
d is regard the collisions that lead to the ionization of
the ion B z or to transi t ions with change of n.* In ad -
dition, we neglect the underpopulation of the level n as
a result of radiative transi t ions from higher levels .

Using formula (5), we can wri te the balance equa-
tion for the level yon in the form

TV, (19)

where A n is the total probability of the radiative decay,
which equals in the Kramers approximation

sec

L = In
(1.4B0—1

(20)

Here n0—effective principal quantum number of the
ground state of the ion Bz- For the probability of the
resonant transition in the ion Bz-n we have

From this we get the ratio of the population of the
level yon to the equilibrium (after Saha)

(21)

b (n) -= - V
2.. itf* m • '22)

We see that the factor b ( n ) increases with n in p r o -
portion to n3 up to n — n s (the presence of the sum
over I complicates the variation somewhat, but does
not change it qualitatively). When n > max n s (we
have in mind the maximum with respect to I), b ( n )
remains almost constant. The corresponding maximum
value of b ( n ) with allowance for formula (n) can be
written in the form

137"
: 3,-iL ' (23)

If the exponential factor is not too small , a s is the

*Such an assumption is quite artificial, since the cross sections of the
transitions n, / -> n, / ' at n, / -* (n + 1), / ' do not differ very strongly.
Therefore the estimates presented above should be regarded only as il-
lustrations.
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case in general, then b (n) can reach very large values.
Actually, however, at a certain sufficiently large n,
collisions become significant and possibly also photo-
ionization (see the following chapter n), and these r e -
store the thermodynamic equilibrium (the Saha distri-
bution; b = 1). Consequently, at a certain value of n,
which depends on the electron density or on the radia-
tion density, a decrease of b (n ) from the maximum
value to unity begins.

5. Certain Results of Numerical Calculations

The rate of the d.r. can be calculated by means of
formula (8) if one knows the coefficients c (y ) . As al-
ready noted above, in most cases it is sufficient to con-
fine oneself to one term in the sum over y, namely
recombination through the resonance level of the ion
Bz. i . The transitions encountered in practical cases
can be broken up in this case into two types:

Table I. Types of transitions and parameters

a) re0;2-^n0io~\ nl;
b)

with l=lo+l, N = 2(2ZO + 1), i.e., shell;
c (y) for these two types of transitions are conveniently
written in the form

a)

(24)

Then the coefficients c depend little on q. Figure 3
shows the dependence of c" on Z for the isoelectronic
sequences from He to Ne.

The transition energies Eyy o in the ion Bg+i can
be written in the form

yyo

«. + «.!. (25)

We recall that Z = 1 corresponds to the neutral atom
obtained in d.r. of a single ion. In Table I we list the
corresponding yo - y transitions and the values of the
parameters a0, ai, and a.2 for the isoelectronic se-
quences He — Ne. In Table II are given the parameters

SOZIZDIZHIS 6 5

Isoelectronic
sequence

He
Li
Be
B
C
N
0
F
Ne

7~7o transition

Is—2p
Is2 —Is2p
2s —2p
2s2-2s2p

2s22p —2s2p2

2s22p2-2s2p3
2s22p3 — 2s2p4

2s22p4 — 2s2p5

2s22p5_2s2ps

0.75
0.75
0
0
0
0
0
0
0

"X

0
0.78
0.135
0.176
0.219
0.256
0.295
0.333
0.376

0
—

—0.039
0.027
0.117
0.258
0.420
0,609
0'.816

FIG. 3. Dependence of the d.r. coefficient c on Z for a series of
isoelectronic sequences (the abscissas represent Z + 1).

of the transitions in different ions of Fe( Z).
The presented values of c~ were obtained with the

aid of formulas (9) and (10) by numerically calculating
the cross sections of the excitation of the y0 - y
transition at the threshold in the Born-Coulomb ap-
proximation, i.e., in first order of perturbation theory,
when the outer electron is described by a Coulomb
wave function with charge Z + 1. The energies Ey0
and Ey were determined as the eigenvalues of the
single-electron Schrodinger equation without allowance
for the volume. Comparison with the experimental data
available for ions with small Z shows that the error
in the calculation of the energies is of the order of the
splitting of the state y into terms.

To illustrate the influence of the d.r. on the ioniza-
tion equilibrium, Figs. 4—6 show the ionization curves
for H, He, O, and Ca. These curves correspond to the
so-called "corona approximation" (small Ne), when
the ionization by electron impact is in equilibrium with
the pho tore combination and with d.r. All the necessary
cross sections were obtained numerically for each ion
(for details see [6))

H. INFLUENCE OF COMPETING PROCESSES

1. Introduction

As already noted, the d.r. occurs essentially on
highly-excited levels. These levels are subject to the
influence of the surrounding (electrons and radiation)
much more strongly than the lower state, since the
ratio of the interaction cross sections to the probability
of the radiative decay increases rapidly with increas-
ing n. Therefore in the case of d.r. the competing
processes (collisions with electrons and absorption of
radiation quanta) play a much more important role than
in the case of photorecombination, which occurs es -
sentially at lower levels. A correct quantitative cal-
culation of the influence of the competing processes
entails considerable difficulties and has not yet been
performed. We therefore confine ourselves here only
to a qualitative discussion and to some ve ry simple
estimates which are more readily of illustrative char-
acter.

With increasing electron density, the influence of
the competing processes increases rapidly, and under
the conditions of a laboratory plasma the role of the
d.r. is in most cases apparently insignificant. We con-
fine ourselves below to a discussion of only astro-
physical applications (Ne ^ 108 cm'3).
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T a b l e I I . C h a r a c t e r i s t i c s o f d . r . i n i o n s F e ( Z ) ( t h e q u a n -

t i t i e s c', ~c', a n d b m a x a r e d e f i n e d i n t h e t e x t

z

1
2
3
4
5
6
7
8
9

10
11
12

13
14
15
to
17
18
19
20
21
22
23
24
25

7o~T transition

is—ip
3pO'M*— 3p53rf?
3p63rf5—3p53rf8
3p«3dJ — 3/)53r/5
3p63.i3 — 3p53d'
3p«.'W2-3p!>3tf3
3p«3d — 3pS3d2

3s'23p«—3J
3s-3p5 —3rf
3s23pS —3s3p«
3S23/J4 — 3ii
3s23p4—3s3p5

3s23p° — 3d
3s23p3 —3s3p4

3s23/>2 — 3d
3s23p2 —3s3p:1

3s23p-3tf
3s23p —3s3p2

3s2 —3s3p
3s-3p

2,)6-2,,53rf
2s22p5 —2s2p6
2s22p« — 2s2/>5

2s22p3 —2s2p4

2s22p2 —2s2p3

2s22p —2s2p2

2s2 - 2s2p
2s -2p

ls2-ls2/>
Is — 2p

£YV.
(Z + 1)2 Ry

0.090
0.400
0.23
0.146
0.102
0.076
0.059
0.047
0.038
0.025
0.031
0.021
(1.026
0.0173
0.021
0.0148
0.0179
0.0127
0.0111
0.0097
0.19
0.023
0.0191
0.0156
0.0126
o.oto
0.0077
0.0056
0.78
0.75

1.0
1.7
2.0
2.4
2.8
3.04
:!.4
3.4
2.75
0.17
1.86
0.326
1.3
0.47
0.73
0.6
0.33
0.716
0.82
0.39
3.0
0.05
0.086
0.12
0.128
0.13
0.13
0.05
0,8
0.42

-

1.37
0.89
1.57
2.3
3.2
4.0
4.8
5.3
5.8
3.1
6.3
3.5
6,8
3.8
7.0
4.1
7.4
4.3
4,5
4.8
0.55
0.76
0,79
0.82
0.84
0.86
0.85
0.82
0.0088
0.009

0.20
0.65
1.25
1.9
2.7
3.6
4- 4
4.8
5.3
2.7
5.8
3.0
6.3
3.3
6.6
3.7
7.0
3.9
4.1
4.3
0.55
0.75
0.78
0.81
0.83
0.8i
0.82
0.79
0.0088
0.0090

"ma*'10"3

1.1
35
23
17
13
10.7
9
7.4
4.6
0.6
2.93
0.93
1.8
1.1
1
1.26
0.4
i.3 ;
1,32 j
0,57
0.048
0,0196
0.034
0,046
0.0546
0.0616
0.066
0.030
0.00058
0.00027

2. Influence of Secondary Ionization from an Excited
Level

In the calculation of the d.r. coefficient in Ch. I, it
was assumed that the excited ion Bz(y , n, I) produced
as a result of the recombination goes over subsequently
to the ground state (y0, n0, lo)- However, at not too low
an electron density Ne, or in the presence of high-
density radiation in the plasma, the ion B^iyo, n, I)
can be again ionized prior to radiative decay to the
ground state. This leads to a decrease of the coefficient
of the d.r.[12]

For an estimate of the indicated effect, we shall use

HI He] №11 Helll

T.'K

F I G . 4 . I o n i z a t i o n c u r v e s n z ( T ) f o r H a n d H e . n ^ = njjjj N ^ ' -

r e l a t i v e c o n c e n t r a t i o n o f t h e i o n . T h e s o l i d l i n e s w e r e o b t a i n e d w i t h al-

l o w a n c e f o r t h e d . r . , d a s h e d l i n e s - w i t h o u t a l l o w a n c e f o r t h e d . r .

a s i m p l i f i e d m o d e l , w h i c h i s a l r e a d y u s e d a b o v e i n

S e c . 4 o f C h . I . N a m e l y , w e s h a l l a s s u m e t h a t t o t a l

m i x i n g o f t h e s t a t e s ( y 0 , n , / ) t a k e s p l a c e w i t h r e s p e c t

t o t h e q u a n t u m n u m b e r s I b u t w e s h a l l d i s r e g a r d t h e

p o p u l a t i o n o f t h e l e v e l ( y 0 , n ) a s a r e s u l t o f t r a n s i t i o n s

f r o m t h e l e v e l s w i t h o t h e r v a l u e s o f n . T h e n t h e c o n -

t r i b u t i o n t o t h e d . r . a t t h e n - t h l e v e l w i l l b e d e c r e a s e d

b y a f a c t o r

w h e r e A n a n d A , , — p r o b a b i l i t i e s o f s p o n t a n e o u s d e c a y

a n d p h o t o i o n i z a t i o n o f t h e l e v e l n , a n d N e { v a j ) —

p r o b a b i l i t y o f i o n i z a t i o n b y e l e c t r o n i m p a c t .

F o r a P l a n c k r a d i a t i o n f i e l d w i t h t e m p e r a t u r e T ,

w e h a v e i n t h e K r a m e r s a p p r o x i m a t i o n

Ofll
B ms 8 10'

T.'K

F I G . 5 . I o n i z a t i o n c u r v e s f o r O . T h e s y m b o l s a r e t h e s a m e a s i n F i g . 4 .
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qoi
8 W4 3 10s B I06 T,"K

We 2 4 8 W7 Z 4 T,'K
FIG. 6. Ionization curves for Ca. The symbols are the same as in

Fig. 4.

ha Z2Ry

(26)
where Q^V (to ) —cross section for ionization from the
level n, and J(w)— Planck function of the radiation
flux. The coefficient Ao and the probability An of the
spontaneous decay are given by formula (20). The rate
of impact ionization {vo\) can be represented, in the
case of a Maxwellian electron-velocity distribution
with temperature T, by means of the semiempirical
formula

kT rfikT ' (27)

Thus, allowance for the secondary ionization leads to
replacement of c (y ) in (8) and (9) by

4ji3/2a3»a0 21 + 1 (28)

dx
3A0L

(29)

It is easy to see that
we have

= e ' x n /3Lx n . When xn < 1

( 3 0 )

Analogously, qe is exponentially small when /3n > 1.
However, in all the cases of interest /3n <^ 1, i.e.,

n' __r2,4-10"L / Hy\ 1/2T1/7 (31)

Without taking into account the secondary processes,
the d.r. occurs at levels with n ^ n s . The photoioniza-
tion and ionization by electron impact cause levels with
n > min iny, ne } to take practically no part in the d.r.

Let us consider by way of an example the case of
the solar corona. We shall assume the radiation of the

photosphere to be Planck radiation with Tu =* 6000°K,
electron density Ne a io9, and electron temperature
T ~ 106°K. Then nv = 18Z and ne = 25Z6/7. For ions
with Z ~ 10 we have nj = ne . For helium-like ions
n s ~ 40 Z~4/3, i.e., impact ionization and photoionization
do not play an important role when Z > 2. Ions of thiso
kind produce radiation in the x-ray region (A ~ 1—30A).
The radiation in the lines of the visible and ultraviolet
regions of the spectrum is connected with ions having
a ground-state electronic configuration of the type
2s22p(l or Ss^p^. For such ions, the rate of the d.r.
in the absence of photoionization is very large, since
n s « 10 V Z"1 ~ 2 x 103Z"\ When Z = 10 we get n s
~ 200, i.e., on the order of n.

Thus, photoionization by Planck radiation can lead
to a noticeable weakening of the d.r., precisely in those
cases when the role of this process is particularly
large. The role of photoionization is apparently much
more important under conditions prevailing in quasar
envelopes (see the end of Sec. 2 of Ch. in below and[21]).

Of course, the foregoing estimates are quite crude
and, as shown by comparison with the result of numeri-
cal calculations, somewhat overestimate the role of the
photoionization. By way of illustration, Table II lists
also the parameters c' calculated for a number of Fe
ions in accordance with (28)-(31) at Tj, = 6000°K, Ne
= 108

and T= 106oK.

3. Populations of Excited Levels

In Sec. 4 of Ch. I we have shown that the d.r. leads
to a very large over-population of the high levels. With-
out allowance for the secondary processes, the factor
b(n) , which equals the ratio of Ny^ to its equilibrium
value (according to Saha), increases in proportion to
n3 when n < ns , and remains practically constant when
n > n s . Impact ionization and photoionization cause the
quantity b (n) to start decreasing again when n > n^
or n e . To take these effects into account, it is suffi-
cient to divide (22) or (23) by [ 1 + (n/n^)2+ (n /n e ) 7 ] .

It should be borne in mind, however, that the
formula obtained in this manner is valid only at not too
large values of n, namely so long as b(n) ij> 1. At
still larger values of n, it is necessary to include in
the balance equation the inverse processes— photore-
combination (including induced) and triple recombina-
tion. For n > max n s , the factor b(n) with allowance
for all the indicated processes, can be written, using
the known relations between the recombination and
ionization rates, in the form

(n > max ras). (32)

Here b m a x is determined by formula (23), qv
= (n/%,)2, and qe = (n /n e ) 7 are given by formulas
(29)-(31), and the coefficient T takes into account the
possible difference between T^ and T:

r = -
I ov(l — e

(33)

Using the Kramers approximation for the photorecom-
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w •

F I G . 7. A p p r o x i m a t e p l o t o f t h e f u n c t i o n b ( n ) .

b i n a t i o n c r o s s s e c t i o n ov, w e g e t

""

Z2Hy (34)

I t i s e a s y t o s e e t h a t i n t h e c a s e o f g r e a t e s t i n t e r e s t

Z ^ y / n 2 <•£. k T j , « . k T w e h a v e r ^ l .

I n t h e c a s e n < n s i t i s n e c e s s a r y t o s u b s t i t u t e i n

( 3 2 ) i n l i e u o f b m a x t h e q u a n t i t y d e f i n e d b y ( 2 2 ) .

T h u s , t h e f a c t o r b ( n ) f i r s t i n c r e a s e s w i t h i n c r e a s -

i n g n i n p r o p o r t i o n t o n 3 . I f n s < n ^ , n e , t h e n i n t h e

r e g i o n n g < n < m i n ( n , , , n e ) t h e v a l u e o f b ( n ) r e -

m a i n s c o n s t a n t a t b m a x - W h e n n ^ > n , , , n e w e g e t

b ( n ) —• 1 , c o r r e s p o n d i n g t o t h e r m o d y n a m i c e q u i l i -

b r i u m w i t h a c o n t i n u o u s s p e c t r u m ( F i g . 7 ) . T a b l e I I

l i s t s a l s o t h e v a l u e s o f b m a x f o r d i f f e r e n t F e i o n s .

F o r a m o r e c o n s i s t e n t e s t i m a t e o f t h e p o p u l a t i o n s

i t i s n e c e s s a r y t o i n c l u d e i n t o c o n s i d e r a t i o n , b e s i d e s

i o n i z a t i o n , t h e t r a n s i t i o n s b e t w e e n t h e d i s c r e t e l e v e l s

u p o n c o l l i s i o n w i t h e l e c t r o n s o r u p o n a b s o r p t i o n a n d

s t i m u l a t e d e m i s s i o n o f q u a n t a . T h e e l e c t r o n i n t h i s

c a s e d i f f u s e s , a s i t w e r e , o v e r t h e l e v e l s o f t h e a t o m

( s e e , f o r e x a m p l e , [ 1 4 > 1 5 J ) . D e t a i l e d c a l c u l a t i o n s o f t h i s

e f f e c t h a v e n o t y e t b e e n m a d e . I t c a n b e e x p e c t e d t h a t

a l l o w a n c e f o r t h i s e f f e c t c a n b e t o a n o t i c e a b l e s m o o t h -

i n g o f t h e p o p u l a t i o n f u n c t i o n o v e r t h e l e v e l s , i . e . , t o a

d e c r e a s e o f b ( n ) .

T h i s e f f e c t i s p a r t i c u l a r l y i m p o r t a n t i n t h e r e g i o n

n > n s . I n d e e d , t h e d e c r e a s e o f t h e f u n c t i o n b ( n ) a s

a r e s u l t o f p h o t o i o n i z a t i o n b e g i n s a t

The transitions between the neighboring levels, upon
absorption of Planck radiation, lead to diffusion of the
atomic electron from the level n < n,, to the level
n = n ,̂. As a result, the decrease of b(n) begins al-
ready at a level for which AEn = kTj,, i.e., with

(2Z"-1\\- \ 1/3

In concluding this section, we shall discuss briefly
the following question. If high-density radiation is
present in the volume it is necessary, in general, to
take into account the stimulated photorecombination.
If Tu <&. T, then it occurs only at high levels with
n > n,,. The total photorecombination probability in-
creases for such n by a factor kTj,/Ru>n ~ n2- In

other words, the probability of photorecombination at a
level n > nv is proportional to ( l /n3)n2 = l/n. How-
ever, when summing over n it is necessary to bear in
mind that at sufficiently large n (n > n e) the levels

are in equilibrium with the continuous spectrum as a
result of the much stronger collision effect. A simple
estimate shows that in all real conditions the increase
of the total probability of photorecombination as a
result of stimulated transitions is insignificant.

It is seen from the foregoing estimates of the popu-
lation of the higher levels that stimulated recombina-
tion is insignificant in this case, too. Indeed, it affects
only the expression for T, which is close to unity in
the most interesting cases.

m. CERTAIN ASTROPHYSICAL APPLICATIONS

1. Solar Corona

The physical interpretation of the spectrum of the
solar corona is a rather complicated problem, prin-
cipally in view of the appreciable inhomogeneity of the
corona. In particular, the temperature of the corona
varies with depth, and within the limits of one layer
there are active regions whose temperature is much
higher than the average temperature of the "quiescent
corona." Nonetheless, there are observational data in
abroad spectral region, from the visible to the x-ray
region, which make it possible to obtain a considerable
amount of information in the chemical composition and
on the temperatures of both the quiescent corona and
its active regions. We shall stop to discuss certain
questions for which the d.r. may turn out to be signifi-
cant.

The line radiation in the visible region of the spec-
trum is connected with transitions between terms or
fine-structure components of the ground-state electron
configuration of ions of large multiplicity. Obviously,
the ions should have an unfilled electron shell. In this
case, the ionization equilibrium curve Nz(T) has a
sharp maximum. The lines of the given ion are emitted
from the regions of the corona with an electron tem-
perature close to the temperature Tz of the maximum
of the corresponding ionization-equilibrium curve. On
the other hand, it is possible to determine the tempera-
ture Tg from the line width, which, under the condi-
tions of the corona, is due entirely to the Doppler
broadening mechanism.

Of course, both Tz and Trj for lines of different
ions are essentially different, since the lines can be
emitted from different regions of the corona. A
stranger fact is that for each line T-Q turns out to be
systematically larger than Tz (see, for example,t16-1).
In all the calculations of Tz performed prior to 1964,
the d.r. was not taken into account. Burgess and
Seaton[ were the first to show that allowance for the
d.r. in the calculation of the curve of the ionization
equilibrium leads to an increase of Tz and accordingly
to an appreciable decrease of the difference between
Tj) and Tz- By way of illustration, Table III lists the
temperatures for three lines.

If a consistent account is taken of the secondary ef-
fects, then the role of the d.r. can possibly decrease.
A more accurate knowledge of the difference Trj - Tz
is important for an estimate of the velocities of the
macroscopic motions in the corona.

Lines in the x-ray region of the spectrum are due
essentially to emission of H- and He-like ions (the
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Table in

Ion

FeX
Fe XIV
CaXV

J.A

6374
5303
5694

7-o.10-.

1.9
2.5
3.0

T z-10-6
With
out
d.r.

0.6
1,2
2.5

With

1.25
2.7
3.2

only exceptions are the Ca and Fe ions). For the
former, the d.r. is impossible at all. For He-like ions
it leads to an appreciable increase of the concentration
in those cases when the ionization energy Ez is smaller
than kT, i.e., to the right of the maximum of the ioni-
zation-equilibrium curve. The shift of the maximum is
in this case insignificant. It should be noted that with
increasing Z the rate of photorecombination increases
in proportion to Z, and the rate of ionization decreases
like Z~3. Therefore the value of Eg/kT at the maxi-
mum of the ionization curve of the ion Z becomes
smaller. As a result, the role of the d.r. increases
with increasing Z for He-like ions.

Table IV lists the intensities of certain lines of the
solar corona, calculated with and without allowance for
the d.r., for three values of T. The data in the table
correspond to a uniform model of the corona with an
emission measure after Baumbach ( N | V = 3.2
x 1049 cm"3), and with the photospheric values of the
abundance of the elements[17]. Although the uniform
model cannot claim a complete description of the
x-ray spectrum, it does give qualitatively correct
ideas of the temperature of those corona regions which
are responsible for the emission of the indicated lines.
Recent data indicate that the abundance of a number of
elements in the corona differs greatly from the photo-
spheric values. A comparison of the results listed in
Table IV with experiment[18] confirms this conclu-
sion1^9'6'7-1 , but the presently available data apparently
are still insufficient for a reliable determination of the
abundance of the elements in the corona.

The d.r. process leads also to rather interesting
peculiarities in the dependence of the ratio of the line
intensities on the temperature. Thus, the ratio of the

FIG. 8. Ratio of the intensities of the resonant lines of the ions N
VII and O VII as a function of the temperature. 1,4- abundance in
accordance with photospheric data ["], 2 - abundance in accordance
with data on ultraviolet radiation [19], 3 - abundance in accordance with
data on solar cosmic rays [19]; 1 - 3 - calculations with allowance for
d.r., 4 — without allowance for d.r.; horizontal line — experimental
value ["].

intensities of the resonant lines N VII and O VII has a
"plateau" in the temperature region (1.5-3) X 1O6°K
(Fig. 8). Inasmuch as the temperature can hardly ex-
ceed 3 x 106 °K by a large amount, this makes it pos-
sible to draw certain qualitative conclusions concern-
ing the ratio of the abundances of O and N in the
solar corona. Indeed, the curve presented in the same
figure, corresponding to the abundances of O and N is
obtained from data on the ultraviolet radiation of the
corona and of solar cosmic rays, clearly favors the
latter.

2. Emission and Absorption Lines in Transitions
Between High Levels

D.r. leads to a considerable repopulation of the high
levels b(n) ^> 1 at large values of n. This can strongly
influence the intensities of the emission line connected
with the transition between the high levels. The study
of such lines (with n ~ 100) in the spectra of gas
nebulas in the radial band plays an important role in
the determination of the physical characteristics of the
nebulas. The properties of levels with such large n
for atoms of all elements are practically identical with
those of hydrogen. This pertains also to the rate of
population of the levels in radiative and triple recom-
bination, d.r. is the only exception, for in the case of
hydrogen it is impossible. The large values of b(n)
denote an anomalously large intensity of the radio lines
of Mg, O, C, etc. compared with H (with allowance for
the relative abundance of the elements. This is pre-
cisely the explanation proposed by Goldberg and
Dupree[20j for the results of the observations of the
lines 109a (i.e., the transition n = 109 — 108) in C
and H).

In the case of ions of large multiplicity, the lines
corresponding to the transition n —• n - 1 fall in the
infrared invisible regions of the spectrum (at Z ~ 10
and n ~ 10—15). An important fact is that the intensity
of such lines does not depend on n, whereas when they
a re excited by electron impact or in photorecombina-
tion, the intensity is proportional to n"3. A rough e s t i -
mate shows that when n > n s ~ 4— 6, the population
due to the d.r . becomes more effective than population
by electron impact.

When n > nv or n e , i .e. , on the decreasing branch .
of the b ( n ) curve (see Fig. 7), it is possible in p r inc i -
ple to observe the absorption lines111'20-1. In this case
the optical thickness is

(35)12nh2]3'2n*ah(n)

where k—absorption coefficient

k — i3*mAa fn, n+i, /n,7.+i = -̂ - ( large «). (36)

and Aw—line width. Assuming Doppler broadening
(since the collisions become significant only when
n <si n e ) , we get ultimately

t ^ l O ^ A W y i - ^ L ^ l . (37)

When n > n s , with allowance for secondary p rocesses
of photoionization and impact ionization, we get in ac -
cordance with (32)

b(n)= , *m" loo)
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Table IV. Relative concentrations ng and x-ray fluxes J( erg/cm2 sec) in the lines of the
most abundant elements

Ion,
transition

N VI
ls--2p
:< vii
ls-2p

-lip
0 VII
Is - 2p

-lip
0 VIII
Is — 2p

— lip
Ne IX
Is —2p

-lip
Ne X
s — 2 p
-lip

Na X
[s 2p

- - lipNa XI
"-lip

Ms; XI
Is —2p

-'ip
Mg XII
Is — 2p

— 'dp
Al XII
ls-2p

-ip
M XIII
ls--2p

— 3p
Si XI11
ls-2p

-lip
Si XIV
Is — 2/)

-lip
S XIV
2s —4 p

— 5p
S XV
Is-2/)

-3,,
S XVI
Is—2p

-3p
Ca XV
2p — 3s

— Is
- liil
- 'ul

Ca XVI
2/>-3s

— is
— '.'.<!
— 'id

Ca XVII
2s-Dp

— 4p
Ca XVIII
2s-Dp-•• i p

C a X I X

I s - -- 2 p

C a X X

l s - 2 ; .

F e X V I I

2 p — 3d

— 'ul

F e X V I I I

I p - l i s
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— 'id

A b u n
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o f e l e

m e n t

— i IT i*

- 3 9 1

— 1 8 1

— 5 2 0

— 4 2 5

—

— 5 1(1

—

— i 3 2

—

— i 2 0

—

—

— 5 1 1

-

—

—

—

>.. A

2 8 . 7 5

2 i , 9 5

2 i . 7 7

2 ' 1 . 9 7

2 1 . 5 6

1 8 . 5 7

1 8 . 8 7

1 6 , 0 8

1 3 . 6 9

1 1 . 1 9

1 1 . 9 8

1 0 . 2 5

1 0 . 9 8

9 . 4 3

9 . 9 9

8 . 3 8

9 . 1 6

7 . 8 3

8 . 4 4

7 . 1 1

7 . 7 i

6 . (52

7 . 0 9

5 , 9 9

I U i 5

5 . 1 9

B . I 9

5 . 2 4

2 3 . 3 8

2 0 , 9 8

5 . 2

1 . 1 9

4 . 7 8

3 . 9 9

2 6 . 1

1 9 . 1

2 i . 1

1 8 . 7

2 3 , 9 * * * )

1 7 . 5 * )

2 2 . 7 * )

1 7 , 2 * )

' 0 . 1 * )

1 5 , 1 * )

1 9 . 0 7

l i . 2 8

3 , 1 9

2 . 9 9

j 1 5 . 2 6

1 2 . 1 6

1 5 . 8 8

1 2 . 0 2

1 1 . 3 3

1 1 . 1 8

1

— 2

0

4

0

— 6

0

— 9

— 1

— 2

/(

7

— 7

—

z

9 5

1 5

9 9

7 2

8 8

2 3

6 7

1 0

2 8

7 5

/,/,

3 2

1 1

1 8

4 0

K

J

— 2 2 2

— D 2 i

- 3 III

— 5 9 0

— 2 4 6

- 3 3 7

— 5 7 7

- 6 5 2

— 5 7 8

- 7 3 2

- * * )

— 7 1 2

— 9 3 4

—

— 8 4 6

—

—

—

—

—

—

—

—

-

—

—

— 9 19

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

—

W i t h o u t d . r .

— 1

1

0

0

0

— 1

0

— 2

0

— 3

0

— 1

ii

- 1 ;

0

- 1

— 9

— 1

2

— 3

— 5

— 7

.

0

— 3

2 • 1 08 °K

Z

39

46

38

54

9 '

41

97

20

92

18

79

13

51

70

30

50

32

96

66

41

47

13

12

58

—:
—3

2

- 3

— 1
2

— 1
2

^
4

4
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— 5
— 6

— 8
- 9

— 4
- 5

— 8

—li
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— 5
—7

— 1
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- - 6
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- 8
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37
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67
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(radiative recombination is insignificant under the
conditions of interest to us). The value of bmax c a n

be estimated with the aid of (23) and the semiempirical
formula for OyQy'-

whence
Ry

(39)

(40)

Let us consider by way of an example the situation
in the solar corona: T = 106 °K, T = 6000 °K, Ne
~ 108—109 cm"3, and values of n for which q,, > 1 and
qv > qe. Such values of n are the most interesting,
since they lead to the maximum of 9b(n)/3n. Using
(38) and (40), and introducing the wavelength of the
absorption line X = 0.45 x 10"5 n3/Z2 cm, we get

i « 10-"NeNzl V~A -^f t-gL-) e~E^l". | (41)

(1.2)

Z \3/2
)

/~2ZT /-,/~8ZT\ Zh.

where cpo,l(r) is the radial Coulomb wave function of
the continuous spectrum with zero energy.

It follows from (I.I) and (1.2) that

,< (1.3)

The matrix element in (1.3) coincides exactly with the
matrix element which determines the partial cross
section for the excitation of the y0 - y transition in
the Born-Coulomb approximation at an incident-elec-
tron threshold energy:

„(') = - .rl v . J> I2

When A < Xu, the value of T is smaller than that given
in (41). When X > Xe « 0.1Z, where Xe corresponds
to qe » qv, the optical thickness x decreases with in-
creasing X in proportion to l/X. In the estimate of T
it is necessary also to summarize the contribution of
ions at different elements with given Z, since X depends
only on Z and n. According to our estimates'-11-1, the
total value of T is of the order of flO 2 when Z = 10 (the
values of NzNeZ were taken from'7J). An optical thick-
ness of the same order, 10~3—10~2, can be expected
also for other ions.

The absorption lines should be manifest also in the
quasar spectra'211. Here, however, the conditions
differ greatly from the conditions in the corona. The
continuous spectrum differs from the Planck spectrum
and has a very large effective temperature. The elec-
tron density in the quasar shell is apparently much
smaller than in the solar corona. As a result, the
decreasing branch of b (n) is connected exclusively
with photoionization. Estimates presented in'21-1 show
that it is possible to expect T ~ 10"3—10"1 (the emis-
sion measure NgZ is not very well known) for ions
with Z = 1-4.

APPENDIX

I.

In first-order perturbation theory in the interelec-
2 1tron interaction V =Z)e2 | r - rj |" the probability of

the auto-ionization (y, n, Z) — (y0, E, I') (E, I' —
energy and angular momentum of the electron in the
continuous spectrum) is determined by the formula'22^

(I.I)

If n is sufficiently large, the dependence of (I.I) on n
can be determined in explicit form. It is necessary to
take into account here that <pn>l is the wave function of
the electron in the Coulomb field of the atomic re -
mainder -Ze 2 / r , i.e., its radial part equals

Comparing (1.3) with (1.4) we get (4').

H. QUASICLASSICAL PROPERTIES OF HIGHLY
EXCITED LEVELS IN A COULOMB FIELD AND
DIELECTRONIC RECOMBINATION*

High excited levels with n -§> 1 of an electron in a
Coulomb field describe states in which the electron is
almost always far from the nucleus: in this sense, the
states are similar to the states of electrons in the
continuous spectrum at low positive energy. It is
therefore natural that suitably-averaged quantities
pertaining to the discrete spectrum near its condensa-
tion point (as n — °°, E -~ 0) do not differ from the
corresponding values for the continuous spectrum near
the threshold, i.e., when 0 < E <C Z ^ y .

As is well known, processes in which slow electrons
in a Coulomb field are obtained in the final state differ
in the fact that the corresponding cross sections tend
to a finite nonzero value ao at threshold when E —• O.t
The_vanishing of the phase volume (dN/dE ~ p
~ V E) as E —• 0 is compensated by the infinite growth
of the matrix elements due to the deformation of the
wave function by the Coulomb field:
| ^ ( 0 ) | 2 / | ^ ( ° ° ) | 2 ~ 1//E. We express quantities per-
taining to the discrete spectrum when - Z ^ y < E < 0 ,
i.e., when n — °°, in terms of a0:

In the discrete spectrum, the cross sections are
5-functions of the energy (without allowance for the

*See footnote on p. 413.
tit is well known that without the Coulomb interaction the cross

section of the photoeffect at similar processes in which low particles
are produced tends to zero in proportion to the particle momentum
p ~y/E. Accordingly, the cross section for the capture of slow particles
is proportional to 1/p ~ 1/v in the absence of a Coulomb field. To the
contrary, in the Coulomb field the cross section for capture of slow
change particles is proportional to 1/p2, i.e., it is inversely proportional
to the energy.
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level widths) or else very narrow resonance curves.
It follows from formula (II. 1) that the integral of the

cross section of the energy for each individual sublevel
with fixed I and m is on the average proportional to
l/n3. If we take the interval An = n2 - nx <^ n and
recognize that the difference En2 - En i

' f c L i -n?) /n^ i i ] we get

2Z2 Hv on (A.3)

We can qualitatively assume that the process of ob-
taining the slow electron (for example when an elec-
tron in the ground state absorbs the quantum) always
occurs near the nucleus. Then, if fiw = I + E (I—ioni-
zation energy, E—small but positive), then the slow
electrons will off to infinity.

If ftco= I — I,

the slow electron also goes far away from the nucleus,
but still remains bounded. As a result of quantization
of the bound states, £ can no longer be arbitrary, but
« = ?n = Ry/n2.

However, for the probability of the process when
white light "continuous spectrum" is used for the
irradiation, the sign of E is not important, and the
total probability of the process is the same when
E > 0 (ionization), and when E = - £ < 0 the total
probability of the process is determined by the events
that take place near the nucleus, and does not depend
on the subsequent fate of the electron or on whether the
electron moves far away or all the way to infinity.

Formulas of the type (n.l) and (II.2) pertain to
several types of processes:

1) Absorption of light by an atom in the ground state.
We assume here that

ha ^ 1

and compare the photoeffect R
excitation of the high levels at

> I, E > 0 and the

2) Emission of light upon interaction of a fast elec
tron with an ion. The electron energy is A; it can
radiate

= A— E, E > 0

—bremsstrahlung or

= A — Z2Ry/n2

upon recombination at a high level n.
3) The same formula pertains also to nonradiative

interaction of an electron with a positive ion, con-
nected with the internal excitation of the ion. Let AE
be the energy of excitation of the ion. Then inelastic
scattering of the electron takes place at an electron
energy A = AE + E, E > 0, with the slow electron
(energy E) going off to infinity. At an electron energy
An = AE - Z^y/n 2 , an atom is produced in a doubly-
excited state with positive energy. In this state, an
internal electron is excited, and furthermore, a bound

incoming electron is on a remote orbit. Thus, for
example, the process He*(Is) + e -* He(2p, n, I) is
possible.

It is precisely this process—d.r.—which is con-
sidered in detail in the fully orthodox article to which
these remarks are appended.

Note added in proof (to p. 412). According to (9) we have c(7) ~
*7o7' Therefore we do not consider at all optically forbidden 70 -7
transitions from which f~ y is small, although Oy y can be appreciable,
together with the corresponding capture cross sections (for example,
exchange excitation of levels with s =£ s0).
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