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MOST experimental investigations of the interaction
of neutrons with nuclei contained in molecules refer to
the region of relatively low energies Ep of the neu-
trons, less than say one eV (‘‘slow’’ neutrons). The
reason for this is primarily the relative simplicity of
obtaining a beam of slow (i.e., thermal) monoener-
getic neutrons, and the ease of counting scattered
neutrons having low velocities (for example, by time
of flight). This also is why most theoretical work has
been on thermal neutrons. Nevertheless, the region
of higher neutron energies, for example energies of
one eV and above, (we shall call such neutrons fast) is
of no less interest than the thermal region, for the
following reasons: 1) the analysis of molecular prop-
erties from the spectra of scattered fast neutrons is
very much simpler and therefore enables one to ex-
plain many fine features of molecular structure that
are practically impossible to decipher in the spectra
of slow neutrons. We note that these considerations
were the basis of the proposal of V. I. Gol’danskil in
195611 of the method of molecular ‘“‘neutronoscopy,’’
i.e., the investigation of properties of molecules from
the spectra of scattered fast neutrons; 2) in the scat-
tering by molecules of fast neutrons having an energy
of the order of the chemical binding, a variety of
chemical transformations are possible whose investi-
gation is of intrinsic interest for radiation chemistry
and biology.

A systematic presentation of the theory of scatter-
ing of fast neutrons by molecules, based mainly
on [2-9] ¢ the main purpose of this survey.

In doing this we have limited ourselves to that
class of problem which is related to the study of
spectra of neutrons scattered by molecules, and have
not included phenomena of chemical transformation
under the influence of neutrons (whose theory is
given in our paper o ), which require the use of
methods of radiation chemistry for their investigation.

Since for many nuclei the scattering amplitudes for
fast neutrons are strongly energy dependent (in par-
ticular, show resonances) the theory is given right
from the start for the general case of variable am-
plitudes for neutron-nucleus scattering.

The survey also presents the theory of scattering
of slow neutrons by molecules, insofar as it can be
formulated using a classical description of the mole-
cular rotation, so that one can use the mass tensor
method and replace integration over the rotation

variables by an average over molecular orientations
in the formulas for the neutron scattering cross sec-
tion (Chap. II). Our development of this theory, which
is widely used by experimenters, but has not been
covered well in the survey literature, is based mainly
on [10]. However, the effective mass approximation
used in 10l is subjected to a critical examination,
which shows that in many cases it leads to serious
errors; a procedure is described for computing scat-
tering cross sections by a rigorous averaging over
molecular orientations.

The content of the monograph is more completely
described in terms of the following classification of
the processes of scattering of neutrons by chemically
bound nuclei as they depend on the nature of the neu-
tron-nucleus interaction and the energy of the neu-
trons.

The neutron-nucleus interaction can be character-
ized by an effective time of collision of the neutron
with the nucleus. If the scattering of the neutron is
potential scattering, the effective time of scattering
is A/v (A is the amplitude for neutron-nucleus po-
tential scattering, v is the neutron velocity). The
fact that this quantity is very much smaller than the
period of vibration of atoms in a molecule 1/w
=h/AEv (where AEy is the difference in energy of
vibrational levels in the molecule), is the essential
reason why the pseudopotential method of Fermi [23]
is applicable. This method enables one formally to
compute the cross section for scattering of neutrons
by chemically bound nuclei using matrix elements of
the Born type, even though the neutron-nucleus inter-
action is not weak. The method of the pseudopotential
in its usual formulation becomes invalid for the case
of varying (in particular, resonant) scattering ampli-
tudes F(Ep) for the neutron-nucleus system.
Nevertheless, if this dependence is sufficiently
smooth, or the resonance is sufficiently broad, so
that the effective time of the neutron-nucleus inter-
action hd(In F)/dEp = h/T (where I is the reso-
nance width) is small compared to the period 1/w of
the molecular vibrations:*

*This condition is satisfied in the overwhelming majority of
cases, since the widths of resonances usually exceed 0.1 eV, while
the separations of vibrational levels for sufficiently heavy nuclei,
which are the only ones for which resonance phenomena can occur,
do not exceed hundredths of an eV.
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h 1

the scattering of neutrons by chemically bound nuclei
can be treated in the impulse approximation, which
enables one to picture the process in a relatively
simple form which is a kind of generalization of the
pseudopotential approximation of Fermi. We note that
in the case of (1), if the additional condition
VEmMAEy/T & 1 is satisfied, taking account of the en-
ergy dependence F (Eyp) is important, despite the
large resonance width, and leads to the appearance
of qualitatively new phenomena, similar to the Dop-
pler effect, that are associated with the intramolecu-
lar motions of the nuclei. ( The quantity

Em =4mmyE,/(m, + m)? represents the maximum
energy that can be transferred from the neutron to
the nucleus at rest; m is the neutron mass, and m,,
the mass of the nucleus.) In addition to the effective
time for the neutron-nucleus interaction, another im-
portant characteristic of the interaction of neutrons
with chemically bound nuclei is the effective time for
transfer of energy from the neutron to a nucleus of

a molecule of mass my, which according to the un-
certainty relation for the energy is of the order of
/R (where R = (lix¥2m, is the recoil energy, and
hk =h(k — k') is the momentum transferred to the
nucleus, i.e.,

h? Lt 7.
R= 2",;": (k2 -+‘ k'2 —2kE cos '&),

fik and ik’ are the neutron momenta before and after
scattering, 4 is the angle of scattering of the neutron
in the laboratory coordinate system). On the other
hand it is meaningful to introduce several times for
changes of the state of the molecule: the time for
change in orientation of the molecule /A Ey (where
AEy is the distance between rotational levels of the
molecule) and the time for a significant change of
separation of nuclei i/AEy. In the region of low
(subthermal) neutron energies, the time H/R for
transfer of energy R to the nucleus is comparable
with or less than the time for change of molecular
orientation h/AEy, and in this case the theoretical
treatment is extremely complicated (cf. in particular
the papers of Zemach and Glauber,[“’”] and
also[13“22]), since it requires numerical computations
for each individual molecule.

If the neutron energy is sufficiently high, so that
the condition

2 h
YA (2)

is satisfied, one can assume that the molecule does
not change its orientation during the time of transfer
of energy to the nucleus. This means that the rotation
of the nucleus can be treated classically, i.e., one can
use the approximation of a classical rotator with
simultaneously given angular momentum and orienta-
tion. This greatly simplifies all the computations and
enables one to write the formulas for the scattering

cross section in a universal form, valid for molecules
of any type.

Within the framework of condition (2), the processes
of interaction of neutrons with nuclei in molecules
can be divided into two regions: a) the slow neutron
region, where the condition

h 1

i (3)
is satisfied, i.e., the time for transfer to the nucleus
of the energy R is greater than, or of the order of,
the period of atomic vibration 1/w, so that the dis-
tance between the atoms in the molecule can change
significantly during the time of the collision, so that
the vibration of the atoms during the scattering ap-
pears as a quantum mechanical effect. Chapter II is
devoted to the description of phenomena that occur
when conditions (2) and (3) are satisfied, so that the
molecular rotation is treated classically and the
molecular vibration quantum mechanically; b) the
region of fast neutrons, where the condition

13 1

PO “)
is satisfied, i.e., the time for transfer of energy from
the neutron to the nucleus is much smaller than the
period of molecular vibrations. Together with condi-
tions (2) and (3), this means that all the effective
times characterizing the interaction of the neutron
with the nucleus are small compared with the effec-
tive time for the change of state of the molecule. Con-
sequently, under these conditions the scattering nu-
cleus behaves as if it were free at the time of colli-
sion with the neutron, and the molecular binding mani-
fests itself only through the spread in momentum de-
termined by the wave function of the initial state of
the molecule. Naturally the total cross section for
scattering of neutrons with these energies is close to
the cross section for free nuclei, so that these meas-
urements can give no useful information about molec-
ular properties. The features of the molecular struc-
ture do, however, have a strong effect on the double
differential cross sections for scattering of fast neu-
trons, d’r/dedo, which give the probability for scat-
tering of a neutron by the molecule into the solid
angle do with a given energy change ¢. Here the
theoretical description of the various features of
molecular structure that appear in the formulas for
dzcr/dedo, and the unraveling of molecular properties
from the spectra of scattered fast neutrons (i.e.,
from the measured values of dzo/dEdo) is incompar-
ably simpler than for slow neutrons, since it reduces
simply to a correct treatment of the momentum dis-
tributions in the scattering nuclei, which can be re-
garded as free. On the basis of these arguments we
believe that fast neutrons, despite difficulties in
getting and recording them, are much more attractive
for investigations of molecular properties than slow
neutrons. The theory of the scattering of fast neutrons
is presented in Chapter III. As already mentioned, in-



672 G. K.

cluding the energy dependence of the neutron-nucleus
scattering amplitude, as is done in this survey, re-
quires the use of the impulse approximation. For this
reason Chapter I, preceding the main body of the
survey, gives the essentials of this method. The
presentation is based on[“, in a form convenient for
treating the scattering of neutrons by chemically
bound nuclei,

I. THE IMPULSE APPROXIMATION METHOD AS
APPLIED TO SCATTERING OF NEUTRONS BY
CHEMICALLY BOUND NUCLEI

1. Cross Sections for Molecular Transitions under
the Influence of Neutrons, in the Impulse Approxi-
mation.

The impulse approximation in scattering theory,
which was first introduced in[“'z”, is based on a
series of assumptions. The main assumption is that
one requires that the time of interaction of the inci-
dent particle with one of the particles making up the
scattering system be small. In the case of the scat-
tering of neutrons by chemically bound nuclei this
condition coincides with the condition (1) in the intro-
duction. Let us enumerate the main assumptions of
the impulse approximation method in this case,
starting from the Schroedinger equation for the neu-
tron-molecule system:

HY=EY, H=K+UJ}V, (1.1)
where K is the kinetic energy operator for the system
of N atoms making up the molecule and for the neu-
tron, U(ry, ..., ryN) is the interaction potential of
the atoms in the molecule, V is the potential for the
interaction of the neutron with the nuclei in the mole-
cule, which is a sum of the potentials for the interac-
tion of the neutﬁon with each of the nuclei in the

molecule V = E V,(r — rp) (where r is the radius
v=t

vector of the neutron and r; are the radii vectors of
the nuclei). The potentials V, can be complex, so
Eq. (1.1) takes account of the possible capture of the
neutron by a nucleus. Obviously, writing the Schro-
dinger equation in the form (1.1) assumes that the
molecule is in its ground electronic state, which does
not change as a result of the collision with the neu-
tron. (The interaction between different electronic
states can be important only if the corresponding en-
ergy terms overlap.) We note that Eq. (1.1) is
written in the laboratory system of coordinates, to
which we shall refer all our arguments, i.e., in (1.1)
Ej is equal to the sum of the kinetic energy of the
neutron and the total energy of the molecule in the
laboratory coordinate system.

We shall make use of the apparatus of the formal

IVANOV and Yu.

S. SAYASOV

theory of scattering, (28] according to which (1.1) can
be rewritten in the form*

V=@ +(E;—H' +in)* ¥, (1.2)

where ¥] is the wave function describing the transi-
tion from the initial state &j =@j(ry, ..., rN)elKT
(we shall assume that the final state is fixed: &f
=@f(ry, ..., rN)elk'r), and @i and ¢f are the wave
functions of the molecule in the initial and final states.
The neutron wave vectors k, k', before and after
scattering, satisfy energy conservation

. k2 ‘2
o T R (1.3)

(€i and €f are the energies of the molecule before
and after scattering of the neutron). Using (1.2) one
can write the double differential cross section for
scattering of the neutron by the nucleus into an ele-
ment of solid angle do, accompanied by a transfer
to the molecule of energy
k2 k2
T om T Im

and its transition to some final state ¢ in the form

d? k' 2
d55037<%> | Tss |28 (e +e:—ey), (1.4)

where
Ty = (D, TO;)= S O!TD,; dedry. . .dry,

and T is the operator defined by the equation
T=VQ =V4+V(E—H +in)V,

where r{,..., rN are the coordinates of the nuclei
in the molecule and r is the coordinate of the neu-
tron.

The impulse approximation consists in replacing

the operator T by the operator T® =), ty, where
=1
ty is defined by the expression

ty=V0t =V, 4+ V,(Ex—K—Vy+in)tV,, (1.5)

and Ex is the kinetic energy of all the atoms in the
molecule (characterized by a definite set of momenta
p(pPi,...,PN) and of the neutron. As is easily seen,
T is the leading term in a certain operator expan-
sion, for which the correction characterizing the in-
fluence of the molecular binding on the scattering of
the neutron has the form

N
[¢3]
TV = 2 tvvy
v=1

tow ==ty (Bx— K 4+ in) ! (Ex— E; -+ U) (Bx— K+ in) 2 . (1.6)

We go over to the momentum representation for the
molecular wave functions:

*For convenience we shall use the system of units in which
Planck’s constant is unity, and the Boltzmann constant is also
one.
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3N )

@i==(2n) 2 S @i (p) e P 1 dp,
_3v ., oot

Pr=(2n) 2 \e(p)e PATadp’.

Then the contribution to the matrix element Tjf as-
sociated with the operator t, can be written in the
form

) =(Dy, v, D)= S oF (P") Nwprlv Yxo®: (P) dp dp’ drodry. . dry.

(1.7)

Integration over the variables p’ and r and some
elementary transformations (cf. L4 ) gives the follow-
ing expression:

1 ii S @1 (K, k)e™ v g dry ... dry, (1.8)
where
By (i, k) =52 (7™, (@) vk (o) de,
e—r—r., kv:mvk—mf)v R Sl AURS Py) (1.9)

my—+m my-Fm

In the special case when F, depends weakly on p,,
we have

tf,f::% Fy (Koo, kyo) 5 gre® v qidry ... dry, (1.10)

where k,, and k;,, differ from k, and k;, in having
f)y = 0. If the changes in the neutron-nucleus scatter-
ing are potential, i.e., if the ¥, are independent of
energy, (1.10) coincides with the pseudopotential
method. The quantity F,, appearing in (1.8) coincides
with the elastic scattering amplitude only if |k, |

= | k;, |. However, in the special case of s-scattering,
if the condition kj,d, << 1 is satisfied (where d,, is
the effective radius of the potential V,), which will
always be the case for us, we can set e 1¥V*P =1 in
(1.9). Consequently, F, is actually independent of
k;, and thus this quantity (up to terms of order

(ky, d,,)z) coincides with the amplitude for elastic
scattering corresponding to the relative momentum
k, of neutron and nucleus. In other words, in the case
of potential neutron-nucleus scattering we shall have
(cf.12%) p. 478)

; ~ Ay (1 +idky), Ay=—-=const, (1.11)

1
So
while in the case of resonant neutron-nucleus scat-
tering (cf.m], p. 513)

1 T, K
2ky E—EO—{—%’ 21y

F,= (1.12)

Using the definition of the operator t; in (1.5) and
the usual definition of the operator (EK — K + in Y4,
one can also easily find the correction associated
with the operator t,, of (1.6) which characterizes the
effect of the chemical binding. For the most import-
ant case of a potential U(ry,..., rN) of the oscil-

lator type the matrix element t},fy can be written in
the form

thy = (psy Fve™ i) (1.13)

py? dFy 2

2m, dE’ = 2u,
easily explain in the conditions for validity of the
impulse approximation and also, for the special case
of potential scattering, obtain the corrections to the
Fermi pseudopotential approximation. These correc-
tions have been studied in 3073 where, however
they were obtained in a much more complicated form
than that given by (1.13). It is easy to see from (1.10)
and (1.13) that the ratio t},fy /t,1,f is of the same order
of magnitude, in general, as the quantity @,d In
F,/dE, i.e., in the special case of neutron-nucleus
potential scattering, A,&,/v,, while for the case of
resonance scatteringit is GV/F (where w, is the
mean vibrational energy of the v-the atom, and v, is
the relative velocity of the neutron and nucleus). This
is in agreement with condition (1) given in the intro-
duction. Using the matrix element (1.13), one can
easily find these corrections explicitly.

It is also easy to get the corrections to formula
(1.10), taking account of the dependence of the ampli-
tude F, on p,. To do this we expand F, in a series
in powers of py. In the lowest approximation we have

Fv - Fvo + e

my+m (pv=0).

Then from (1.11) we conclude that the correction to
(1.10) when we take account of the dependence of the
amplitude F, on the momenta of the bound atoms is

where 7, =~ . Using (1.13) one can

m

PV,

o
m *

T ) 97 (P) Py e v, (p) dp. (1.14)

This expression is of order pg dIn Fu/dkv (where
p‘,’, is the characteristic momentum of an atom in the
molecule, 1/ p(l), is the amplitude of vibration of the
atoms in the molecule), i.e., is of order AVpIOJ in the
case of potential scattering and of order VEy,&,/T
in the case of resonant scattering. It is obvious that
for sufficiently high neutron energies the quantity
VEp®,/T cannot be small. This means that in such
cases one cannot use the approximation (1.10) but
must use the general formula (1.8) which includes
phenomena similar to the Doppler effect that are
associated with intramolecular vibrations.

2. Representation of the Cross Sections for Scattering
and Absorption of Neutrons as Averages over the
Initial State of the Molecule.

In experiments on the scattering of neutrons by a
molecule one does not measure the cross section for
a transition of the molecule to some definite final
state (1.4), but rather the cross section for scattering
of the neutron that corresponds to a transition of the
molecule to any of the energetically admissible states.
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Using the expression (1.8) for the matrix elements for
transition of the molecule to definite final states, and
the fact that the wave functions of the final states form
a complete set, one easily gets a convenient expres-
sion for the cross section that is actually measured
experimentally, which is the sum of the crosg sections
d®¢if/dedo for transitions to all energetically allowed
final states. According to (1.8)

d2 k' 2 ’ * =i ’ ’
o= D D (@ (), Py o, (97)) (9 (B),
f v’

e *"F\p. (p) 8 (e 4 & —¢y).

Using the completeness relation for the system of
functions ¢f, 2 ¢ (p')@f(p) =6 (p —p’), the rela-
f
tions
eth(Pi — eisit(pi’ e Htcpf — eieft(Pf

(H is the Hamiltonian of the molecule) and the inte-
gral representation for the delta function, we find

d2g¢

Gede ~ (P TO),
1w 2T ietme ey i .
T=got p”; \ emietFye ey ittty p o—itit gy (2.1)
vy O
v -—00

Formula (2.1) is the analog of the familiar Zemach-
Glauber formula derived (11} for the case of F,

= const. Thus, the double differential cross section
for scattering of neutrons can be written as an aver-
age over the initial state of the molecule of a set of
operators determined by the Hamiltonian of the mole-
cule and the amplitudes for two-particle scattering.
The fact that the wave functions ¢f of the final states
of the molecule do not appear explicitly in (2.1) is

of particular importance in treating the scattering of
fast neutrons, which is accompanied by a large en-
ergy transfer, so that these wave functions are very
complicated and cannot be found practically in ex-
plicit form. Expression (2.1) can be somewhat sim-
plified by using the fact that in a classical description
of the rotation of the molecule (which we shall always
use) the interference terms, which correspond to

v # v’, are usually unimportant. So for our purposes
we may set v =’ in (2.1).

We make the further transformation (11]

e——iMrveiHieiKrv — eiHvt

'

Hy=H(@Py ..., pv+%, ..., py)=H LR, + L, R,=

Zm ’

X
L,=2Bv.
My

(2.2)

this comes from the familiar commutation rules for
the operators p, and r, (cf. [29] p. 46), which allow
one to get the relation e'lK Ty pyel®'Tv = p, +x (and
consequently, e~1¥°Tv Helk'Tv —H ), Then we can
write the operator ¥ in (2.1) in the form

IVANOV and Yu.
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=5 % 2 ()

We shall make extensive use of (2.3).* Since all the
formulas we shall give for the cross sections for
scattering of neutrons by molecules are made up ad-
ditively from the cross sections for scattering by in-
dividual nuclei, we shall from now on refer all our
arguments to an individual nucleus. This means, in
particular, that we are not concerned with the spin
dependence of the amplitudes F,, (which is taken into
account by a trivial summation over spin projections
of the quantities | F,, |? in the final formulas).

By integrating the cross section d®c/dedo given
by (2)1) and (2.3) over angles one can obtain the cross
section do/de for energy transfer, which is of great
interest for the theory of neutron moderation, while
by integrating do/de over the energy transfer €
using the conservation law (1.3) one gets the total
scattering cross section o (Ep).

In addition to the cross sections d’c/dedo de-
scribed above, for applications to heavy nuclei one is
very much interested in the cross section for absorp-
tion of neutrons oy (Ep). In the impulse approxima-
tion the chemical binding manifests itself in the ab-
sorption of neutrons mainly through the Doppler ef-
fect associated with motion of the nuclei in the mole-
cule, so the expression for oy( E,) can be obtained
in a simple and general form in this case.

The cross section for absorption of neutrons by
the v-the nucleus can be written in the general case
in terms of the flux of neutrons incident on this nu-
cleus, in the form

e—i“F:eiHvthe—”“df. (2.3)

U,=—11mg (2.4)

* L, * '
7 lim [ (170 — 0w, ) dodr
where the quantities p and k;, are defined in Section
1. Using the expression for the total wave function

¥ obtained in the impulse approximation (cf. (1.5)):
¥, =Q'D, ~ Z O g Ykp®: (P) dp = 2 S Vv (0) eichcxicpri (®) dp.
v v

we easily find using (2.4)

o, = S o (py) 91 (p) dp, (2.5)

where

o = ;- h:xg ' S (P, Vibk, — ik, Vi, ) doy = —%— (=I5,

v p
so=12ik,F, (py)
is the cross section for absorption of the neutron by
a free nucleus having momentum p,. In the special
case of resonant Breit-Wigner absorption

*As is easily shown, the operators F,, and etHt can be regarded

as commuting to an accuracy sufficient for all our further calcula-
tions.
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o — T Tl =T —T..
TR T e

Thus, in the impulse approximation the cross section
for absorption is simply the average over the initial
state of the molecule ¢; (p) of the cross section for
two-particle absorption of the neutron by the free
nucleus 0(19) (p, ). The correction to this approxima-
tion (analogous to the correction tbv) is of order
@,/T and, consequently, the simple formula (2.5) is
valid when we satisfy the condition w, < T', which,
as already pointed out, is satisfied in most cases.

If the condition w, << I' is violated, investigation
of the resonance absorption requires the use of the
general formalism of the theory of resonance absorp-
tion (cf., for example,[s‘c’]), according to which, for an
isolated resonance, the total cross section for re-
moval of neutrons from the beam, ot =0y +0e, can
be written, using the optical theorem, in the form
ot = (4n/k)Im A, where A is the amplitude for

forward resonant scattering, which, according to (5]
has the form
A i_ilfc' § et (En‘E(?F)‘((P“ Ve oy dr (2.7)
0

where H, =H (py,...,pp +k,...,pN). Formula
(2.7) is analogous to formula (2.1) for the double dif~
ferential cross section for potential scattering of
neutrons (i.e., with F, = const) if we set

e=¢ =E,—Eo—4T and #=k.

But this analogy is not complete: because ¢’ is com-
plex the calculations based on (2.7) lead in general to
much more complicated formulas than those found
for the double differential cross sections for potential
scattering.

We shall therefore limit ourselves to investigat-
ing formula (2.5), which follows from the impulse ap-
proximation, whose advantage (aside from simplicity)
is that it is valid for an arbitrary (and not just Breit-
Wigner) energy dependence of the amplitude for two-
particle neutron-nucleus scattering.

We note that in all the expressions for d?c/dedo
given above we must average oy not only over the
momentum distribution in ¢;(p) but also take a
statistical average (which we shall denote by the
symbol (.. .>)'i~) over the vibration-rotation states
of the molecule, which we shall assume to be dis-
tributed according to the equilibrium, i.e., Boltzmann,
law. In principle, one could avoid this assumption,
which is violated in some cases that are of great in-
terest (when there are chemical reactions in a ma-
terial irradiated with neutrons).

Further simplifications of the general formulas
given here for the scattering cross section are based

*In addition to <>T we shall use the symbol <>, denoting both

a quantum mechanical and a statistical average.

on special transformations of the operator

eipt e"i t, which for small energy transfers ¢ are
based on certain special assumptions about the wave
functions of the initial and final states of the mole-
cule, while in the case of large energy transfers they
depend on expansions of this operator in powers of
the Hamiltonian H of the molecule.

II. SCATTERING OF SLOW NEUTRONS

3. General Formulas for Slow Neutron Scattering
Cross Sections with Classical Treatment of
the Molecule.

As already mentioned, for sufficiently low energies
of the incident neutrons, satisfying the condition
VEp@w/T <« 1 (cf. Chap. I, Sec. 1), the neutron-nu-
cleus scattering amplitude may be assumed to be
independent of the momenta of the atoms; in this
case in the fundamental formula (2.1) for d’¢/dedo
the operator ¥ simplifies as follows:

o ‘

1
I‘E k

v P N i e-ietg'Hyle=Hl gy (3.1)
h% —00
and the further treatment can be done as for Fy
= const. For the same reasons the absorption cross
section given by the general formula (2.5) coincides
with the cross section for absorption by a free nu-
cleus if the neutron resonance E; lies at low ener-
gies. In the following we investigate the scattering
cross sections dz(r/dﬁdo, do/de and do/do for the
case where the operator ¥ is given by (3.1).

In carrying out specific computations using this
formula, the character of the excitation of the mole-
cules is extremely important. For moderate energy
transfers €, much lower than the chemical binding
energy D, one can use simplifications based on the
properties of the internal motion of the molecule. By
this we mean the requirement (usually well satisfied)
of low velocities of the nuclei as compared to the
electrons, and furthermore, the requirement of ab-
sence of crossings of the ground electronic term with
other electronic terms in the classically accessible
region of the nuclear motion.

Another type of simplification is based on the
properties of the motions of the nuclei in the mole-
cule, namely on the assumption that vibrational, ro-
tational and translational motions of the nuclei are
independent. This assumption allows us to represent
the operators r,, p, and the molecular Hamiltonian
H as a sum of independent terms, and the wave func-
tions as products of factors corresponding to the vari-
ous independent degrees of freedom of the molecule,
i.e,,

ry=Rotby+uy, o5 = Vool [Qby] £ u,,

Hiy

H:'Ht’.VHr‘fI{vv @ == PPy (32)*

*[Qby] = Q x by.
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1
Here Ry, Vi, Ht, ¥t = vie e are the co-

ordinates, velocity, energy operator and wave func-
tion for translational motion of the molecule
(¥translation is normalized to unit volume V), b, is
the coordinate of the atom relative to the center of
gravity of the molecule, 2 is the angular velocity,
Hy and ¥ are the energy operator and wave function
for the molecular rotation; uy, 4,, Hy and ¥y are
the vector displacement of the atom from its equili-
brium position, its velocity, the energy operator and
wave function for the vibrational motion of the mole-
cule.

A necessary condition for independence of rotation
and vibrations of the molecule, i.e., the condition for
validity of (3.2), is the inequality

AEL, AEL < AE,, (3.3)

where AEL, AE;?. are the average separations of

rotational levels in the initial and final states of the
molecule, respectively. If B is the separation of the

ground and first excited rotational levels, AE} ~VvBT.

After transfer to the molecule of an energy € exceed-
ing T, the average distance between levels becomes
of the order of VBe, Thus, condition (3.3) may be
violated at high temperatures or for high energy
transfers. One therefore usually assumes in compu-
tations that

2
7 BEP o (8B

In accordance with condition (2) of the Introduction
we also require that

(3.4)

e > AE.. (3.5)

For most molecules AEy is usually some thousandths
of an eV, i.e., two orders of magnitude smaller than
the separation of vibrational levels. Thus both at
normal and low temperatures, but for energies of the
incident neutron large compared to AEy, when con-
dition (3.5) holds, high angular momenta are excited
in the ground state in the scattering, and these can be
described quasiclassically. These arguments are the
basis for the mass tensor approximation, which per-
mits a very great simplification of all cross section
calculations both at high and low temperatures. This
approximation has been used in a whole series of
papers,[1°'35"39] mainly applied to the scattering of
neutrons by rigid molecules. By the term ‘‘scatter-
ing by rigid molecules’’ we mean the situation where
the vibrational motion of the molecule does not man-
ifest itself in the collision. We shall begin our dis-
cussion with a treatment of this simplest case.

As one knows, the rotational part of the Hamilton-
ian of a rigid molecule can be written in the following
form:

H =4 LIL, (3.6)

[ SIS

S. SAYASOV

where I is the moment of inertia of the molecule, L
is the angular momentum vector.

In the case of a rigid molecule, the expression for
the transformed Hamiltonian H,, in (3.1) is

H, :H+% [by%] I [byx] +% LI [byx] -F% [byx] I1L.

The probability for a rotational transition is given by
the expression
S e~iet (| e Hvle=iHt | ) di.

—20

A

Ww =
2n

(3.7
Under the condition € > AEy the noncommutativity
of the operators plays no role; thus the probability
(3.7 can be taken equal to

oo %R v

i B ¥ + 'tlﬁzz/zu
I i — 4
T Q e 18[('\% | e 2

\ [, dt.

—00

(3.8)

We have introduced a new tensor ﬁy according to the
equation

[byx] It [hyx] = xR (3.9)

where the vector LIV?=1,

The tensor Ry, having the dimensions of inverse
mass, characterizes the motion of the atom in a
rigid molecule, its principal components (R!", R{?)
are related to the components of the inertia tensor
Ij and the position of the scattering atom relative to
the principal axes of the molecule, b,j, as follows:[33]

N2

RY = e A D 1bd 1 [ (Dbl

—ALI BRI IE |
RY = 5 {Zi ngd = [(D 1t )

— AL T35 bl T &"]l/’} ) (3.10)

where

IS =Ty £ 0y I8 =1, £ 0y, I =1, £ I, i=1, 2, 3.

The component RP, corresponding to motion of the
atom along the line joining this atom to the center of
gravity of the molecule, is always equal to zero, i.e.,
Rgf” = 0. If the temperature is not high (T = AEy),
the internal motion of the molecule plays no part,
since in this case kRyk > ZRV“K, and the second
term in the exponent in (3.8) need not be taken into
account. In other words, for T < AEy and kRyk

> AEy, the scattering is described by the simple
formula

w={56(e—5 uRw)>, . (3.11)

This result is especially easy to see if the rotation
of the molecule is described the spherical rotator

functions Y. In this case we have from (3.8)
L

3 S Y (e—% uRm) YinmdQ, (3.12)

M=—1L
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but, since

L
2L 4+1
D YiwVim=510,

M=—L

we immediately get formula (3.11). The bracket
{...)q denotes an average over molecular orienta-
tions, which, as shown in (38, gives rise to complete
elliptic integrals.

Zemach and Glauber 112} have also calculated
corrections to formula (3.11) (for the cases of the
simplest rotators—spherical and linear). Volkin (38
has made similar calculations for rotators of arbi-
trary type.

The corrections depend on the specific rotational
state of the molecule and are of order AEy/kR k.

For high temperatures T > AEy, the treatment
given above becomes invalid because the second
term in the exponent in (3.8) cannot be regarded as
small compared to the first. But in this case one can
use the fact that at sufficiently high temperatures the
important states of the molecule are those with large
angular momenta L, whose wave functions are de-
scribed by the quasi-classical approximation. Using
the fact that in the quasiclassical approximation all
the operators appearing in (3.8) commute (cf.m],

p. 49), we write the quantum mechanical average in
(3.8) as follows:

1 Id iHot i

5L \ Z tpﬁtpremv to—iHE JO)
K

(K is the projection of the angular momentum L on

some selected axis). Since in the general case of an

2L+ 1 .
asymmetric rotator, Prdr = 4 (Cf-m]), in
K

complete analogy with (3.12), for the case of high
temperatures, if we explicitly write the average over
the rotational states, including the factor

exp (~1¥2T), we get

1
1 vau+1RV/2u)

U B Y A o eper (3 kit
w~_n!\)e dtSNre e T
Ne=\ e, (3.13)

Y

Integration over dl in (3.13) gives the following ex-
pression:

W= 2—15 S e~ (t)dt, W, = <exp L%Mva (it —27) —1>p .
(3.14)

The validity of the quasiclassical approximation is
determined by the two conditions:

2Ry > AE,, T > AE,. (3.15)

Nevertheless the region of validity of (3.14) is ac-

tually much greater, since for T — 0 formula (3.14)
goes over into (3.11) and, consequently, at any tem-
perature it gives correctly the main features of the

process of scattering of neutrons by molecules.*
This is related to the fact that at low temperatures
the thermal motion is unimportant.

Having at our disposal a simple method for handling
rotational transitions of the molecule, it is now no
longer difficult to make detailed calculations of the
scattering of slow neutrons in the general case, when
the cross section is given by formula (3.1), which, in
accordance with the assumption that the ¢ used above
in deriving (3.14) is quasiclassical, can be written in
the form

d%o,, 1 2 S m
dedo ~ 2nm % <E—

PR g e~ =W (1)dt,  (3.16)
where

W () = W W W)q,
Wy coincides with (3.14),

N
Wy ==(Y¢le (2“"+mm)1‘l7t>y

i.e,

2 (%
W, — S e—,HVm/ZTelf (’ﬁ‘*— Vp) (le/i e_Mv:’/ZTde. (3.17)
After further integrations over Vi, in (3.17) and over
t in (3.16) we arrive at the following expression for
the cross section for the process:

[

d2g, [
dedo !

2 vy’ - -
Fyl2 <;li> 22k Twmytn)

< e’ ——% uﬁt?x) 2 N
E - ~ Wv ’ .
X e‘ip[ i } (&> (3.18)
where m;! =R, + ﬁ 1, where 1 is the unit tensor.

The quantity m, is the mass tensor for the atom in
the molecule, € is the energy transferred to the ro-
tation-vibration degrees of freedom of the molecule,
€y is the energy going into vibrational excitation of
the molecule. The total energy transferred by the
neutron is € =€’ + €y. The calculation of the factor

W () = oo

o e (o Uy piHg TNy o—iHYy (]}

g

(3.19)
is done in the harmonic approximation, To do this we
expand the vector for the vibrational displacement of
the atom in normal coordinates:

u, = ey, (3.20)
i

where C% is the amplitude vector which describes the

intensity with which the atom participates in vibra-

tions of the particular type.

*It should, however, be mentioned that the corrections to formula

(3.11) that depend on the temperature are given incorrectly by for-
mula (3.14) in the region T < AE,.
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The determination of the quantities Cb requires,
in general, a knowledge of all the elements of the
force constant matrix for the molecule, Fy/, which
are the coefficients in the expansion of the potential
in internal valence coordinates:4%)

2V = Z FeoS4Spy, Sp= Z (¢} —el)m,.

i

(3.21)

In the case of diatomic and linear triatomic molecules,
to determine them it is sufficient to use the normali-
zation relation

3 (cin) +nmytn = (3.22)

lnv
(where n is an arbitrary unit vector), which states
the invariance of the kinetic energy when written in
normal and natural coordinates. From (3.22) for a
diatomic molecule we get, for example,
(ev)r= % M_—;;A ,
where M is the mass of the molecule.

For the case of the water molecule, for which the
force constants have been calculated theoretically, (62
the geometry of the vibrations is shown in Fig. 1. One
can approximately combine the vibrations with fre~
quencies w; = 0.466 eV and wy = 0.446 eV and as-
sume that the amplitude vector cﬁ) that character-
izes them is directed along the line joining the hy-
drogen atom to the center of gravity of the molecule.
One can also assume that the vector cg), corre-
sponding to the deformation vibration with frequency
wy = 0.20 eV, is perpendicular to this direction. Ac-
cording to this model the force constants and the
vector amplitudes corresponding to these types of
oscillation are uniquely related to their frequencies,
namely,

[¢9]2 =0.945 L, [cfP]*=0.463 mLH (3.23)
We note that a similar model can be used for studying
a number of other molecules, for example H,S and
Dy0. In calculations with formulas (3.19) and (3.20)
one usually uses second quantization for the coordi-
nate operators and some general theorems about
oscillators. These calculations are given in detail in
a number of papers and monographs.[“’41’42’43] The
result for Wy (€y) can be written in the form

I
Cx Vo2
Cy

FIG. 1. Geometry of vibrations of the water molecule.
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w, <ev = nw);,) =[] exp L —(mz’v)zcth ;’—;
1 n

2(JJA’

xomp [ =] Iy | (hg%” | (3.247*

where In}\
ment.

is the Bessel function of imaginary argu-

4, Scattering of Neutrons with Energies Less than the
Energy for Excitation of Molecular Vibrations.

For most molecules the scattering of thermal
energy neutrons leads only to rotational excitation,
where the chemical binding appears either not at all
or only through the zero point vibrations of the mole-
cule. The formula describing this case of scattering
has the form

d20, ¥ Ay
Bov | By % (@nTwmyin) ™2
(e—gwits)”
E— 5 Wy %
N2 | W
X exp [ 2Twmy'n ] ¢ s’ (4.1)
iyg )
Wy — “‘"Z"GV): cth %, (4.2)

Wt is the Debye-Waller factor. For rigid molecules,
when e"WT ~ 1, the problem reduces, as already
stated, to the scattering by a free particle with a
mass having tensor properties., This approximation,
which is called the mass tensor approximation, was
first introduced by Sachs and Teller [35] and used to
find total scattering cross sections.

The result of Sachs and Teller is obtained by
double integration of formula (4.1) (with e™WT = 1)
over energy and angle. A single integration of (4.1)
over angles gives the cross section for energy trans-
fer do/de. This cross section is used in direct cal-
culations of slowing down and thermalization of neu-
trons.[37] Formula (4.1) also has intrinsic importance,
since it describes the double differential cross sec-
tion, which is of paramount interest from the point of
view of experimental studies of molecular properties.
We shall convert this expression to a form suitable
for numerical computation. In the diagonal represen-

tation of the tensor m'V1 we have for the quantity

kK
ur}z;‘x =x2(rysin? 0 cos? ¢ + rysin? 0 sin? ¢ + rycos?0), (4.3)

where the symbols ry, ry, r3 denote the components
of the tensor fn}}.[% The component ry corresponds
to transfer of momentum directed along the vector
joining the scattering atom with the center of gravity
of the molecule (9 is the angle between this direction
and the vector k); thus ry = 1/M, where M is the

*cth = coth, sh = sinh.
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Values of components of the tensor ;! the effective mass
for atoms of hydrogen in certain molecules (in units of m,
the mass of the hydrogen atom)

\ Component of tensor Eﬁ:

]‘ Effective mass

\
\
Krieger and \
i

according according to
“ Molecule . to Kogen
! i t T2 8 M© Nelkin
‘ __1 v oMy

|

'1 Cli, % 0.438 | 0.438 | 0.0625 3.20 ‘ 3.40 ;
‘ Nl | 0.604 | 0.436 | 0.059 2.72 2.85 %
| 11,0 |1 0.535 | 0.0355 1.85 | 2.06 \
‘y Coll, | 0.39 0.151 ‘\0.036 | 5.2 ‘ 5.81 w‘
i 1
I i

mass of the molecule. The components of the tensor

fn','} are given in the Table for a number of molecules.

For any diatomic molecule, r; =1, = 1/m, (v = 1,2),

for linear and spherical molecules, ry =1y = I'lb%,
+1/M (b, is the distance of the atom from the center
of gravity of the molecule). The third tensor com-
ponent ry, equal to 1/M, is usually much smaller then
than the first two for light atoms. In such cases one
may therefore regard only two components of the
tensor m;! as different from zero. There is, how-
ever, a class of molecules and molecular groups
(molecules CH;l, NH,Br, the groups CHg, NHj, H;O';
which enter into the structure of more complex mole-
cules, etc), characterizable by a single axis of rota-
tion to which there corresponds a small moment of
inertia; for these we may consider that only one of
the components of ' is different from zero; it is

Ty = I‘1bi (where I is the moment of inertia and b,
the distance from the special axis). The spectrum of
the scattered neutrons depends essentially on the re-
lation between the components of the tensor fn'VI.
Using (4.3), we get the formula

I

d20., 2 og K mo NV oo
o= B2 ()00, (4.4)
For rigid molecules (i.e., for W = 0),
1 ¢ z [’
: (x - Y
f(/ 8) )‘t] r (r».—rd)s E [ * ‘/)& r¥ T’{>
Ve 1 N 2
’ . T lo—g v )
Sz — %) (y — #2rg)) /2ex1)L—f,—];—— wiy dz dy
e (1422, ri=re (1 (4.5)
r>/

The region of integration is determined by the in-
equalities

52, z ¥
LY 2Ky i w
1 2

< w2

Formula (4.5) is valid for rigid molecules of any type.
When we include the zero point vibrations in the

integrand of (4.5) we get an additional factor depend-

ing on the shape and vibration frequency of the mole-

cule. For molecules like H,O and H,S this factor

has the form

z
=exp { Z’”ﬁ)i < T

¥\ 1

Ir\/

—— %]
2mws r2f .

(4.6)

Formula (4.5) for d’c/dedo and the resulting
formulas for the cross sections do/de and ¢ (Ep)
are quite complicated for practical use. For this
reason the different approximations obtainable from
(4.1) are of great value,

In recent years, within the framework of the
classical approximation for a rotator, there has been
extensive use of the effective mass method, the es-
sence of which is the following. In considering rota-
tional transitions of the molecule, we introduce for
each of its atoms, in place of the mass tensor fnu, an
effective mass M(,?) depending on the rotational prop-
erties of the molecule, but independent of the orienta-
tion of the molecule relative to «.

The introduction of an effective mass is obviously
equivalent to an approximate averaging of (4.1) over
molecular orientations, which gives rise to the so-
called monatomic gas approximation. The formulas
in this approximation for the cross sections
% /dedo and do/de have the form

/7 d20, mon" 2 ,,12 1 / M(n) 1/9 - B M(ﬂ)
 dedo ) £ P W anre ) P L I
u? 2 da m do
X ( - EEKT)> —’ ’ de 3 dp (4-7)
do "y mon My . |
(Hfg,”‘ T Ovee T — ‘:Po) *erf (Gp e Cp())
ST orf (Opo—Lp) = erf (Bpo + Lp)]}. (4.8)

In formula (4.8), p, and p are expressed in units of
VZMT; the upper sign is for p; >p, the lower for
Po < D5 Oy =47 | Fyl® m/ud,

o M\ »fm - M(v")Am 2 g 2
e*q O, 51/ Ao ! erf o= = Se gt
T 2V MPm Vad
M ]2 .
G = Oy e—B? 2 LA
i el I | S C RV Torip],
AI(O)F 1/2 4 9
B_ N mT~ ( ’ )
When g > 1, i.e., when Ey > T, we get from (4.9)
MY 1 m RN
0 =0y [( Iy P > T oy <*’}1,,V‘> - . —j .
M —m 7 M MY —m En .

(4.10)
There are two ways of choosing the effective mass,
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proposed respectively by Kogen[m and Krieger and

Nelkin_.[lo] According to Kogen’s definition the effec-
tive mass is

(M1 = (nmitn), (4.11)

(n is an arbitrary unit vector), Such a choice for
M(m in many cases does not give good agreement
with the rigorous formula of Sachs and Teller 38 for
the total cross section, which is obtained directly
from the fundamental formula (4.1) by integration
over de and do and which, when Ej > T and W
=0, has the following simple form:

™ + E (4.12)

where
a= (1 - nmy'n)y2,, % = -i— (nmy'n (1+ nmy'n) 2.

Because of this Krieger and Nelkin[“’] propose

that one choose the effective mass by an adjustment
method, taking as the effective mass in formulas
(4.7), (4.8) and (4.10) not (4.11), but another quantity
M,, which is defined so that formula (4.10) coincides
with (4.12). Comparing (4.10) with (4.12) we find

i 1 1r 1 1 (4.13
[Mv]1=7[ﬁls+mg], )

where
-2 b 1 ;
a—<1+ {3’} v o= MP.

As we see from the table, the effective masses M?J
differ considerably.

The effect of the zero point vibrations on neutron
scattering can also be taken into account by introduc-
ing into (4.1) an average over molecular orientations
of the Debye-Waller factor:

1ya
(cv)i cth %ﬂ = u2y. (4.14)

Wrig=un?
1
Then, as can be shown by simple transformations, to
include the zero point vibrations in formula (4.1) it
is sufficient to replace the temperature T and the
mass M, by T’ and Mj:

T'=tT, M,=(M,, (4.15)

and add a factor e P€ to formula (4.7) and a factor

2 2
ePP" PO 4 formula (4.8). Here

C= (L4 8YILT) p= 22
Experimental measurements of total scattering
cross sections, made by the method of thermal neu-
tron spectroscopy are in good agreement with the
Krieger-Nelkin theory for most molecules. 44,451
These 1nclude experiments for methane CHy
(Melkoman [46] ), ethylene C,H, (Melkonian, (46} Janik
et al. 47]), ammonia NH; (Janik et al, (48] Rysh et
1[49]) for the molecules Og, CO,, N2 and CF,
(Melkonian, (461 Fermi and Marshall 51]) Small devi-
ations from the theory were observed for the ethylene

molecule (they were, however, attributed to the un-
certainty in the frequencies of the bending vibrations)
and the HsS molecule. More significant differences
(in the range of 20—30%) were found for the water
molecule.’®) Even though the experiments on water
are considered doubtful by various authors,[43] the
observed deviations from experiment serve as an in-
dication that the Krieger-Nelkin model is not always
applicable even for getting the total scattering cross
section. This is not an accident. The principal de-
fect of the effective mass method (independent of how
one chooses the mass) is the incorrect averaging of
the scattering effect over molecular orientations,
which manifests itself most clearly when the com-
ponents of the mass tensor m, are very different,
since in this case the quantity nfn',,1 n appearing in
(4.1) changes considerably with a change in orienta-
tion of the molecule. As we see from the Table,
among the molecules enumerated this situation is
most clearly shown for the H,O molecule (similarly
for H,S).

Figure 2 shows curves obtained by the Krieger-
Nelkin method (curve 1) and by an exact averaging
over the molecular orientations (curve 2). As we see
from Fig. 2, the difference between these curves
when Ej < T is about 10 . Curve 2 lies closer to the
experimental points, (501 but there is still not com-
plete agreement with it. Thus the discrepancy be-
tween theory and experiment that was pointed out
in(4544] jg only partially eliminated by the more
exact computations. It should be mentioned that the
experiments described in >4} contain a small
systematic error, (43 which apparently explains the
incomplete agreement of our exact computations with
the results.[®) It seems to us that the effect noted for
the example of H,O (the difference between the total
cross section and the Krieger-Nelkin result) may be

N\ |

N,
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FIG. 2. Energy dependence of total cross section for scattering
of neutrons by hydrogen atoms in the water molecule, computed per
atom of hydrogen. Curve 1 is obtained by the Krieger-Nelkin
method, [**] curve 2 is obtained by rigorous averaging over molecu-
lar orientations in formula (4.1); x — experimental points of Hein-
loth.[*°]

[4]
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typical for molecules with a sufficiently large differ-
ence in the components ry and r; of the mass tensor
m;t.

When applied to the differential scattering charac-
teristics, such as do/de, do/do, and d*c/dedo, the
defects of the effective mass method appear even
more clearly. This can be seen by a simple compari-
son of formulas (4.7) and (4.8) with the formulas ob-
tained by rigorous averaging over molecular orienta-
tions, i.e., with formula (4.4) and the formulas for
do/de that follow from it.

We may assert that in general the effective mass
method cannot give the correct result for the cross
section d’c/dedo. This follows in particular from a
comparison of (4.7) with (4.4) as T— 0. From (4.7)
it follows that the scattering cross section in this
case is proportional to a delta function whose argu-
ment is € — KZ/ZM(O), whereas the true cross section,
as we see from (3.11) is ‘““smeared out’’ over the
whole region € < x’r;/2. When E,~ T, (3.11) and
(4.7) approach one another to some extent, but for-
mula (4.7) is quantitatively accurate only when the
the components of fn;} are almost equal. The ques-
tion of the validity of the Krieger-Nelkin approxima-
tion for the cross section d’c/dedo is discussed in
the paper of McMurry et al (63 for the example of
the methane and propane molecules and OH. They
show that this method gives a fair result for the
methane and propane molecules (for CH; the error
seems to be no more than 10%). But for OH the ap-
proximation is much cruder.

The cross sections do/de and do/do are less
sensitive to the procedure of averaging over molecu-
lar orientations. Figure 3 shows curves of dg/dp
computed with the Krieger-Nelkin formula (4.8) and
by rigorous averaging over molecular orientations
using formula (4.1) (curve 2) for the water molecule
Hy0O, i.e., for a molecule with markedly different
components of the mass tensor. The resulting errors
in the determination of the cross section do/de by
the effective mass method are about 10—20%. Similar
conclusions hold for a number of other molecules
(cf.[g]). This method can therefore not be used for
determining the cross sections do/de¢ and do/do if
one requires very high accuracy of the results.

Among the molecular properties that it would be
desirable to study experimentally are: the waveform
of the molecular vibrations, which is unknown for
most molecules, certain features of the internal
structure of molecules (Fermi resonance, bending
vibrations, hindered rotation), features related to the
presence of more than one equilibrium position, and
also molecular interactions in liquids and crystals.

The molecular vibrations have only a slight effect
on the scattering of thermal neutrons. The effects
associated with them are contained in the function
Wt (cf. (4.2), (4.1)), which, in the energy region
€ < w treated here should be less than unity, since in
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FIG. 3. Cross section do/dp (p = \/(E, — ¢)/T), for scattering
of neutrons by the hydrogen atoms in the water molecule, for differ-
ent incident neutron energies E,, = p2/2m. Curve 1 is obtained from
formula (4.8); curve 2 is gotten by a rigorous averaging over molec-
ular orientations in formula (4.1). p, and p are expressed in units

of /2mT.
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order of magnitude WT ~ ¢/w. Thus, among the class
of problems discussed in this Section are included
only the features of the motion of molecular groups
and the effect of the aggregate state of the material,
The simplest experiments are those that measure
the total scattering cross section and angular distri-
bution of the scattered neutrons. We have already
spoken about experiments for simple gaseous mole-
cules. But there is undoubtedly great interest in
measurements for molecules in the liquid and solid
states. Such measurements have been carried out,
for example, for water (Melkonian, 46 Heinloth[SO}),
liquid amonia NHj; (Wanic [52]), for the HCOOH mole-
cule and benzene in the liquid state (Heinlothm]), and
also for the molecular groups NHjl and NH3;Br in
polycrystalline materials.[®! The most interesting
of these experiments are those done on the tempera-
ture dependence of cross sections near a phase tran-
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sition of the first kind.[%%5) At these points one sees
a sharp discontinuous change in cross section which
indicates a marked change in the character of the
intermolecular interactions at the phase transition.
More useful information about molecular proper-
ties comes from experiments on the double differen-
tial cross sections d’c/dedo. Such measurements
have been made very recently, and are still few in
number. These include the experiments of Randolf
et al'®) on gaseous methane and a series of papers
on water. [57-60] On the basis of experiments on neu-
tron scattering by water, Larsson and Dahlborg (01
have calculated the spectra of quasiphonons assuming
a quasicrystalline structure for the liquid. These
spectra seem to be strongly temperature dependent.
There have recently been studies (made through
measurements of the cross sections dza/dédo) of
the dynamics of molecular groups like CHj, NH,, and
Hz0" in different molecules and different molecular
media.[el] From the special features of these cross
sections (presence or absence of peaks, kinks) the
authors of 61! draw definite conclusions about the
degree of freedom of rotation of individual groups of
atoms. We emphasize that the list of experimental
papers given here is by no means complete. An ex-
haustive list (to 1964) is given by Janik in a survey
contained in the collection 3],

5. Scattering of Neutrons Accompanied by Vibrational
Excitation of the Molecule.

The general formula describing this case of scat-
tering has the form (3.18), where Wy (¢€y) is given by
(3.24). This formula can be simplified in the follow-
ing two important cases.

For a molecule with a large moment of inertia, so
that Ib],2 >>m, (where b, is the distance of the atom
from the center of gravity of the molecule) rotational
transitions are unimportant and the problem reduces
to the case of scattering of the neutrons by a system
of independent harmonic oscillators, i.e.,

do g =1y P o S W (o)
Wy is given by (3.24).

A special case of (5.1) is the model of an isotropic
or anisotropic oscillator, which was already studied
in the first papers of Fermi (28) and others.[%0:30 1f
the inequality Ib,> >> m,, is not satisfied, the pro-
cesses of vibrational and rotational excitation of
molecules occur simultaneously. One must therefore
treat them together. We consider this case for w,
€ » T, This condition, which is quite typical for most
molecules, permits us to neglect the thermal motion
of the molecules. In this case we find from (3.18)

Poy N pop/m 2k’/( 1 ~_1>
<dsd0>n,v“‘p"|<—@> % §(e En;,(o;v 5 RN

(5.1)

(e, )z

2 th

(5.2)

M
1 <”c'\’)2 ny,
x l;[ nyl _2(1),\, :’
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The simplest recipe for further simplification of the
calculations is to introduce averages of quantities
over molecular orientations:

(M@ = (niy'n)g, [ME]=((neh)®q

(n is an arbitrary unit vector). Such an approach was
proposed by Nelkin 651 gor calculating excitations of
vibrations of molecules of water (taking account of
the thermal motion). One can then obtain the cross
section d¢/de and the total cross section for vibra-
tion excitation op,, , My from (5.2) in analytic
form. The behavior of the cross section opn as a
function of incident neutron energy is characterized
by the following law: as the energy is increased,

M
Mm?;nxwx),

reaches a maximum at approximately the value

m n
<VAAM7“(1);~>2";b

and then falls off smoothly to zero as Ep— .

The errors associated with the use of this pro-
cedure are significant even for finding total cross
sections for vibration excitation. Such an approach is
therefore not applicable for analyzing experiments on
neutron scattering. The fact that the cross section
for scattering of neutrons by water, calculated using
this method, is in fair agreement with experlment[54 43]
in no way contradicts this statement, since in the
total cross section one does not observe individual
transitions, but rather a collection of them, and fur-
thermore, in the region studied (Ep < 1 eV) these
transitions still do not play an important role.*

In contrast to the case for the thermal region, the
vibrational characteristics of the molecule (frequency
and vibration shape) are directly manifested in the
scattering cross sections in the region of excitation
of vibrational transitions. But the analysis of the
cross sections on the basis of formulas (3.18) and
(5.2) is very complicated, since each individual
molecule requires involved numerical computations,
or more precisely, a whole series of such computa-
tions.T

Thus the spectroscopy of slow neutrons (energies
Ep < 1 eV) has limited possibilities as a method for
experimental investigation of vibrational character-
istics of molecules.

As we shall see, a much simpler connection with

o (Ep) increases (starting from E, 2

4mmv
(m m\,

m ==

*Some simplifications are also possible in the classical treat-
ment of individual types of molecular excitation (McMurry [**]),
namely those for which we have the inequality (x - czj,)2 >> wj. But
this is a very strict condition, since for vibrations with low fre-
quencies the coefficients (cl{)z are usually small.

1In this connection we note that the scheme for numerical compu-
tation of cross sections for vibrational excitation was suggested by
Massey [*¢] even before the appearance of the general formalism of
the theory presented here.
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the vibrational characteristics is established from
spectra of scattering of fast neutrons.

III. SCATTERING OF FAST NEUTRONS

6. Approximation by Free Particles with a Momentum
Spread.

As already indicated, for large energy transfers
the interaction time of neutron and nucleus is small
compared to the period of vibration of the molecule
and, consequently, under these conditions the chem-
ical binding can appear only kinematically, through
the momentum spread of the atoms in the molecule.
The smallness of the time for energy transfer can
be formulated mathematically in two ways. The first
of these, developed in [66’6”, consists of the following,
In accordance with the assumption of small time for
energy transfer, the operator elHyt o=1Ht o (5 gy i
expanded in powers of t, and only the leading terms
in the expansion are kept. The expansion (67] has the
form

©
Iyt iRyt @
ez vig—iHt . o'ty Z — Zn,

go=1, gy== Ly,

n=>0

As has already been noted, [42] formula (6.1) can-
not be used for finding the double differential cross
section, defined by (2.1) and (2.3), because when we
substitute (6.1) in (2.3) singularities appear (the
delta function 6 (¢ — R}, ) and its derivatives). Thus
the expressions given by (6.1) and (2.3) for the
double differential cross section can be used only as
an intermediate formula for calculating the total
scattering cross section o ( E,). In lowest approxi-
mation, keeping only the first term of the series (6.1),
we find

oy = ow b et () dp ), (6.2)
where ¢, =47 | Fy [* is the cross section for scatter-
ing of the neutron by a free nucleus with momentum
py- The formula (6.2) for the scattering cross section
obviously has the same meaning as (2.5) for the ab-
sorption cross section, —in both cases we are dealing
with an average of the cross section for neutron-
nucleus interaction over the initial state of the mole-
cule.

A consistent derivation of the formulas for the
double differential cross section under these condi-
tions can be given by expanding the operator
elHut e'th not in powers of t but in powers of the
molecular Hamiitonian H, i.e., roughly speaking, in
the reciprocal of the period for molecular vibration
(which, we recall is here assumed to be large com-
pared to the effective time for energy transfer). This
expansion, including all terms of first order in H,
has the form (378!

e/ Mvlp—iHl — HRvT Ly} {1 + '21; [H, L (it)?
1 cnn
g U, L, Ll 02 )
Substituting this expression in (2.3) and integrating
over t, we find

420, ko

de do [N

+ (I Fy(py) P (e — Ry— Ly},

where h denotes the operator

m

S 20 (e Ry L))

(6.3)

1 (2) = - 0% (&) H, Lyl — oy 8% (2) (L, Lu], Ly]

(AP @) L) Ly L]

8 (z) = - 8 (2).

The first term in (6.3) has a clear physical meaning:
the double differential cross section for scattering of
a neutron by a chemically bound nucleus is the result
of averaging the differential cross section for scat-
tering of a neutron by a free nucleus, | F, (p,) 12,
over the momentum spread which the nucleus has in
the molecule. (The energy and momentum conserva-
tion in the collision are taken into account through the
argument (¢ — R, — L;,) of the delta function.) It is
natural to call the resulting expression the approxi-
mation by a free particle with a momentum spread.
The second term in (6.3) characterizes the finite
nature of the time for energy transfer. Including it
greatly improves the accuracy of the approximation
in some cases.

We note that, according to (6.3), averaging over the
momentum spread is equivalent to introducing some
effective momentum appearing in the collision, de-
termined by the relation € — R, — L, =0, i.e., having
order of magnitude p, :\/Tn‘l,( € —R, )/VR,. It then
follows that in cases of large energy transfer all the
estimates made earlier concerning the role of binding
in the scattering and of the role of the variability of
the amplitudes F,, (cf. Sec. 1) must be modified as
follows. The correction to (1.13) to take account of
the finite time for interaction of neutron and nucleus
is equal in order of magnitude to

E_f; dlnF

P Exiv_ C e—R,
my, dE -

’ = = s
r oy Ry

the correction for the finite time of energy transfer
(second term in (6.3)) is approximately vp2/R,m,
~ ¢ V®,/R,, while the correction for variability of
the amplitude (1.14) is

dinF, .V R.o,
(e— Ry nEs Vit
It is easy to see that all these corrections are small
for scattering angles close to the angle #; corre-
sponding to collision of the neutron with a nucleus
initially at rest, and given by the relation € = Ry, ().
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They increase with increasing |¢ — ¢/, since then
the factor ¢ increases. One may then say that the
conditions for validity of all formulas derived on the
basis of (6.3) become worse for large deviations of

4 from ;. This fact is, however, unimportant, since,
as we shall see, for large |4 — 190] the cross section
d?¢/dedo is exponentially small.

7. The Case of Potential Neutron-nucleus Scattering

a) General formulas for the double differential
cross sections. For not too heavy nuclei, the neu-
tron-nucleus scattering in the energy region con-
sidered here is potential scattering, and consequently
the amplitudes F, may be taken to be constant. Thus
this case deserves special treatment.

So we set I}, = const and consider the leading
term in (6.3). We shall again determine the wave
function of the initial state from formula (3.2), but
without the assumption that $v necessarily corre-
sponds to a system of independent harmonic oscil-
lators. The quantum mechanical average in (6.3)
can now be written as

S PEPPES (6 — Ry — Ly) byprpy dRo dQ du, (7.1)
where Ry is the radius vector to the center of inertia
of the molecule, u is the set of vibrational coordi-
nates, and @ is the set of angles determining the
orientation of the molecule. The further arguments
are similar to those made in deriving formulas (3.13)
and (3.17). Assuming that the temperature is suffi-
ciently high so that we can use the gquasiclassical
picture for ¥, we reduce the matrix element (7.1) to
Jubo(e =Ry — Ly)dydu(dQ/4nm), i.e., we are left
only with the integration over u and the averaging
over molecular orientations. We write the velocity
of the v-th atom in the molecule as v, =V, + @by

+ 1y (ef. (3.2)). The delta function appearing in

(6.3) can then be written in the form

8(e—Ry—Ly) = K 8 (B, — Vi) 6 (E; — [@by] %) & (E,— xuy)

% 8(e—Ry—E{—E, —E)dEdE dE,. (7.2
Thus,
(8(e—Ry— L)) =< \Wt( O We(E) W, (Ey)

X 8(e—Ry—E\—E.—EJ)dEdEdE,)g;

the factors W{WyWy contain an average over the
translational, rotational, and vibrational degrees of
freedom:

. MV
We=Ng\ e 2T §(E{—uVy)dVy=

M Yz _g2/.4°
R e Tt
2nTn?, ’

=T, M= (e v, (1.3)
_ulL g
W,=N;IS ¢ 2T §(E,—%[Qby])dL = (q0?)"V2e Fr /T,
. . _ul
a2 =2TxRx, Ny= 5 e 2T JL (7.4)
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(R, is the mass tensor introduced earlier in Sec. 3),
W, = (8 (E,—xu,)).

It then follows that
(e Rv—Ev)-

W, (E,)dE

]
o't‘“"'r

(6 (e—Ry—L v> .

O

(7.5)
b) The case of harmonic vibrations. Further

specification of (7.5) requires the use of assumptions
about the nature of the vibrational motions. If the
vibrations of all the atoms are harmonic in the ground
and excited states, then one may assume (cf. Sec. 3)
that

¥
V) _\\‘]/n(a"*t—i-a'i) _Swe

8 3

uy=Neig,  wv=eiP, b= [ 0P,

where q;, Pi are the normal coordinates and momenta,
s is the number of vibrational degrees of freedom,
and consequently

= S H WP (ED) 8 <Ev_‘ 2 E‘j’) dEY,

W = Z (Viyle” T SW(’)(P)IZ‘S(E(I) %ei P} dP,

n=0

- S Q8 (EP —meiP,) dP,,

where
i < iy—1 "%. i 9 w; V2
Dp=2) (V) e [PL(P,) | :<nmiCLhﬁ>
n=0Q
/ 7o
X exp
( ; cth ZT )

is the Bloch distribution of the momenta of a har-
monic oscillator.[m
We thus find that

(i)
B
(i)y2

(@)

i 1
W‘(,’): —— exp(——
(i)
V:rw.v

Substituting these definitions in (7.5) and integrating

; e ®
) o (@)= (wel)* cth o

S s
over dEy = 11 dE(Vl) we finally get
i=t

(e—Ry)2

B0y | F, 2 ( >2 LS -y {7.6)
dwdo = | Iy k \Vnaz Ja'
where
at=a} 4a? +of= Z (ncl) o; cth—zmT — 2Txfni'n.  (7.6")
i—t
Introducing the unit vector n =«&/k, we can write the .

quantity a? in the form

= 2R,0y(n), ® (n)=m, [ 2 (ein) @; cth —2-“37",— -+ 2an’h;1n] .

We note that when T >> wj(i=1,...,s8), wpy(n) =2T.
The unit vector n, which takes on an arbitrary direc-
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tion in space, determines the orientation of the mole-
cule. Thus, averaging over orientations of the mole-
cule is equivalent to integrating over the components
of the vector n.

It should be noted that formula (7.6), derived on
the assumption that the temperature is sufficiently
high, is actually also valid for low temperatures,
lower than the rotational energies. The reason is that
at low temperatures the rotation of the molecule plays
no part in the neutron scattering, i.e., for T— 0 we
can simply set oz% = a2r =0 in (7.6"). The only excep-
tion in this respect is the case of diatomic molecules,
for which, as T— 0 a special anomaly appears (cf.
below).

Formula (7.6) is also easily modified for the case
where the rotations and translational motion of the
molecules are not free, as assumed in its derivation,
but are frozen (this situation occurs in liquids and
molecular crystals). If we assume that the frozen
rotation and translational motion are characterized
by harmonic oscillations, then, repeating the argu-
ments given earlier, we obtain the earlier expression
for d*¢/dedo, i.e., formula (7.6), with the one differ~
ence that a% now has the form ozzr = wt cth (wi/2T)

x kRyk, where wt is the frequency of the orienta-
tional vibrations, while a% = wnp cth (wn/ZT)Kz/M
where wp is the frequency of the translational vibra-
tions. When wt > T, at = wtKRyK while for wi{ > T
we get the earlier expression (7.4) for a2 (and sim-
ilarly for @}). We also note that the corrections to
formula (7.6) associated with the operator h(e¢ - R,
— L) in (6.3) also have a relatively simple form in
the case where the vibrations in the molecule are
complete1¥ harmonic. Their detailed computation is
given in

Let us discuss formula (7.6) in more detail. Let
us introduce a system of coordinates with its center
on the v-th atom, in which the quantity w, (n) given
by (7.6), which is a quadratic function of the projec-
tions of the unit vector, has a canonical form (i.e., if
we write the projections as cos 6, sin 6 sin ¢, sin ¢
cos ¢, where ¢ and ¢ are spherical angles, then in
the general case

o =0" cos? 0+ o® sin?0 sin® ¢ + ©® sin20 cos? g,
where w(”, wm, w® are complicated functions of
the components of the amplitude vectors and the
components of the mass tensor). The result of inte-

grating in (7.6) over d{2 = sin 6d6 d¢ can be ex-
pressed in terms of a universal function (p?, p, 4):

d2o,, —l 2 / m N2 k'
dedo Fv‘ U P-v Tk 1/2:”? (1)(1) f(P Py 9)s
. (E—Ry)? o® _o®
"= SRear =om ' 9T Gar (7.7)

(where it is assumed that w‘? > ‘2 > w'®), where

7
Fet pg) =\ de 55
1

o0t

! (r—9) ¢—=1) 1
Vi—p - K< d=p) (1 —q) <

I / (1—p)(1—q) 1oyt
V(p—q)(t—n (r—gq) (t—1) p g

K(x) is the complete elliptic integral of the first
kind.

In the case of linear molecules there are only two
preferred directions in the molecule—along and
perpendicular to the molecular axis. Thus, in this

o8’ + w'? sin*6. For diatomic mole-

case wy = w
cules the quantltles 0 w2 have the meaning
mi,2 py
o T, o), =2T.

("(1‘,)2 = —21 @cth W"‘ 2
Correspondingly, for linear molecules the function £
in (7.7) is replaced by

1/p
1 \ e P @

dt, p—22
Vat—p | Vi—p P70

For p =0 (scattering at the angle #; corresponding
to scattering of the neutron by a nucleus at rest) the
function £(0, p) has a maximum equal to

fe* p)= (7.8)

Ly (1xVizs
2V 1=p 1—11=p

10, p)= >~~ln~ as p-»0;

(7.9)
in the case of diatomic molecules, at sufficiently low

temperatures

m 2T
1‘14’2 L L

Consequently the scattering cross section at angle 44,
may reach large values as T — 0:

, 2 m N2 1 @ M
=iF 5] ) e In { 5 ——— ) .
’ Ry, 2 /0 Y 2aR,, s0® 2T myg, 4

The anomaly mentioned occurs 1i/n the region of angles
2
of order |4 — &;| ~< pln —) . Formula (7.10)

becomes invalid for very low temperatures, lower
than the rotational energies. On the other hand, in
liquids the inclusion of frozen rotation by the same
method as in Sec. 7a leads to replacing the argument
of the logarithm in formula (7.10) by w/wt, where
wt is the frequency of orientational vibrations. An
example of a calculation of the angular distribution of
neutrons scattered by the hydrogen atoms of the water
molecule, done using formula (7.6)* is shown in Fig.
4. We note that the spread in angle is quite large,
i.e., is easily observable, and depends strongly on
the temperature.

The differential cross section (7.6) for scattering

*The graph in Fig. 4 was constructed to include the correction
h(e - Ry, — L) in (6.3).
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FIG. 4. Angular distribution of cross section d%s/de do for scat-
tering of fast neutrons by hydrogen atoms of the water molecule for

two different temperatures. The cross section is computed using
k[ 1
i . . 2 kK
(7.6) and is given in units of 4 | Fy | e
neutron energy.

; E, is the initial

of fast neutrons contains the most important proper-
ties of the molecule: the frequencies wj of the mole-
cule and the amplitude vectors ¢;, which are directly
related to the force constants (cf. Sec. 3). We shall
discuss the question of possible determination of the
components of the amplitude vectors from the spec-
trum of scattered fast neutrons (assuming that the
frequencies of the molecule and its geometry are
given) for the general case of a molecule consisting
of N different atoms. The experiment enables one to
determine the spectra for scattering of the neutron
from each individual atom, since the angles which
correspond to maxima of the angular distributions of
the scattered neutrons, and are given by relations

€ = Ry (¥4y) depend critically on the mass of the scat-
tering atoms and are therefore well separated. Using
formula (7.7) we can, from the spectra of scattered
neutrons, determine for each atom the quantities
w(”, w(Z), w(3), i.e., we can get 3N relations con-
necting the components of the amplitude vectors, of
which there are 3Ns, Considering that the components

of the amplitude vectors are connected by the relations

(3.22) and the relations that follow from conservation
of momentum and angular momentum (cf. Sec. 3

and 4] p. 11), the number of which, in general, is 3N
+ 6 s, we arrive at the conclusion that the use of the
additional relations among the components of the
amplitude vectors that are obtained from neutron
measurements is sufficient for a complete determina-
tion of all the components of the amplitude vectors
and, consequently, of the complete set of force con-
stants for the general case of a triatomic molecule.
For more complex molecules one must make meas-
urements at several temperatures corresponding es-
sentially to the different values of w?, w®, and w®.
The use of molecular symmetry elements usually
greatly simplifies the analysis. For example, for
linear triatomic molecules X X;X; it is sufficient to
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FI1G. 5. Geometry of vibrations of linear triatomic molecules.

measure the maximum of the angular distribution
(for a given energy transfer €) described by formula
(7.9), in order to determine the values of the three
force constants F;, Fy, F3 characterizing respec-
tively the longitudinal vibrations along the bonds X;X,
and X,X3 and the interaction of these two vibrations
(Fig. 5). Assuming that »'® is known (it is the
uniquely determinable frequency of transverse vibra-
tions) one can from the measured d’c (#9)/dedo for
scattering by one of the atoms (for example, X;) find
the frequency w® by means of the formula (7.6):

1 D2
o =, cth o7 (6171 +wp oth - [fP),

where w{, wy, Cm, C(IZ) are the frequencies of longi-
tudinal vibrations and the amplitude vectors corre-
sponding to the two types of longitudinal vibrations.
Now, using (3.22),

1 1
(72 @2 _ .
R g

and the relations following from momentum conserva-
tion ([40] p. 23),

myet — mae —mael =0, myey® 4 mocl® —mae® =0,

we find C{P, c{?, c'P, ci?, cfP, ¢{?, and from
them, by using (3.21), we get the force constants. A
good example of this type of molecule is OCS, for
which the force constants F,, Fy;, F3 are unknown. In
the case of a molecule of the type X, X,X; (for exam-
ple, CO,) the analysis is even simpler, but in this
case there are only two force constants for longitud-
inal vibrations, which are uniquely determined by the
longitudinal frequencies. It should be emphasized that
at present there is no general experimental method
for determining molecular force constants, and they
are usually found by incomplete theoretical calcula-
tions, or from molecular frequencies ny using the
crude valence force approximation ([40 , p. 174). The
development of methods for determining them by
means of neutron spectroscopy would therefore be of
great importance for quantum chemistry.

¢). Effects of anharmonicity of intramolecular
vibrations. In certain cases that are of great inter-
est the vibrations of the atom corresponding to one
or more degrees of freedom are strongly anharmonic.
This is the case, in particular, for NH; and PHj,




INTERACTION OF NEUTRONS WITH MOLECULES 687

characterized by an inversion doubling of levels. In
such molecules the vibration of the N or P atom
relative to the Hs plane occurs in a complicated
potential obtained by superposing two parabolas
separated by a potential barrier, whose height in the
case of NH; is D = 2076 cm™* (cf. Fig. 8.4 of 0y At
low temperatures T << D the vibrations of the N
atom are harmonic and the cross section for scatter-
ing of neutrons by the N atom is given by our earlier
formula (7.6). On the other hand, at temperatures of
the order of thousands of degrees the N atom car-
ries out a complicated motion, shifting from one
equilibrium position to the other. Approximately,
such an intramolecular motion of the atoms can be
described by using a simplified model, according to
which one of the normal vibrations of the N atom
(perpendicular to the H plane) occurs in this complex
potential, while the other normal vibrations remain
harmonic.

Another example of partially harmonic intramolec-
ular vibrations is the freezing in of the rotation of
groups of atoms within the molecule. The simplest
example of this Fhenomenon occurs for the CHyOH
molecule (cf. 43 ). In this molecule the H atom of
the hydroxyl group moves relative to the CO bond in
a complex potential having three minima. If the tem-
perature is low, we may assume that the H atom of
the hydroxyl group vibrates harmonically near one of
the three equilibrium positions, But if the tempera-
ture is sufficiently high (of the order of several
thousand ° C), this atom performs a complicated
periodic motion, rotating around the CO bond. Under
these conditions we may again use a simplified model
in which all the vibrations are taken to be harmonic,
except for the one in which the H atom of the hy-
droxyl group moves in the plane perpendicular to the
CO bond. It is easy to get a formula for d*¢/dedo for
these molecular models which are characterized by
one anharmonic degree of freedom.

Repeating the arguments used in deriving (7.3),
and assuming that one degree of freedom (the j-th) is
anharmonic, we get a formula that includes both the
cases discussed:

; gl
d2g., . N2 kS 1 (e—Ry—EV)
o= P (I (e[ T
Ade do wy . V:rta'-" R . a? i

X W, (ENAE]> . (7.11)

where

=3 (xe.)? 0; cth <f;_> 42Tt

i=

-

(the prime means that the j-th term of the sum is
omitted)

wi(E)={w; ()8 (£ ~ff>q>1(p/ dp;),

@ (pj) is the momentum distribution corresponding to
the motion in the j-th (‘‘anharmonic’’) coordinate.

Formula (7.11) can be used for determining the char-
acteristics of the anharmonic potentials discussed
above from the spectra of scattered fast neutrons.

Anharmonicity of the intramolecular vibrations
also manifests itself in the peculiar phenomenon of
Fermi resonance, which lifts the degeneracy of two
neighboring vibrational energy states of a polyatomic
molecule to which there correspond harmonic vibra-
tional wave functions ¢; and ¢,. The lifting of the
degeneracy gives a mixture of these states z,b1 = ay,
+ by, ¥ =b¥, — ayy, where a and b are parameters
determined by the anharmonicity. The calculation &)
of the cross section for scattering of fast neutrons
taking account of Fermi resonances reduces to re-
placing ¢, ¥ by ¥’, ¥” in the summation (Sec. 7a)
over vibrational states of the molecule, and leads to
the appearance in formula (7.6), which can be written
in the form

d2o,,

a0y o/ N2 Mk; .
de o ! FV‘ p,\, Jk (W)o,

of an additional term AW, i.e.,

d2a L2 IL y
Lo (s

de do oy AT Ya.
[e]

As one can show, "’ in order of magnitude,

_ »{,1 E1

A= Ty T,

where E,; is the excitation energy of the molecule
corresponding to the unsplit vibrational level. The
presence of the additional term AW leads to the ap-
pearance of an easily observable asymmetry in the
angular distribution of scattered neutrons with re-
spect to the angle ), as givenby € = Ry (4). In the
case of Fermi resonance for the COy; molecule
(lifting of degeneracy of the 100 and 020 levels), the
estimates [*) show that for T ~ E, =0.16 eV, AW/W
~ 0.1, i.e., the effect is surely observable.

d) Cross section for energy transfer. In connec-
with the important part of the energy transfer cross
section do/de in the theory of neutron moderation,
we study its behavior in the region of high initial neu-
tron energies. On the basis of (7.6), integrating over
all scattering angles, we find, to within exponentially
small quantities,

Aoy Ovo 1 , SR N TN
%—:»—Efl’r—w(s) w (&) = =< {1 Lert La( T —6/)1/9,

(7.12)
where

m,—m ,
=7 Gy = 4n ' F, 2:
my,—m w=An By B

PR S ( Y
2'\/1an (n) fomy

the quantity w(¢) has the meaning of the probability
for transfer of energy € to the nucleus. In the
special case of scattering by a hydrogen atom,

’{6\ — ‘7\0 o \

de T Em w(e), w(e)= \erf VZ)nm (n) n 7’
An interesting feature of this last formula is that the
probability w appearing in it is independent of the
initial neutron energy Enp.

(7.13)
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Formulas (7,12) and (7.13) can be simplified con-
siderably by replacing the averages over molecular
orientations by the averaged quantity @,

d
=fw,(n) - As the results of an exact averaging

over molecular orientations show for the case of
neutron scattering by the hydrogen atoms in the water
molecule, this procedure does not lead to serious
errors, i.e., in all cases one can use formulas (7.12)
and (7.13), simplified by introducing the average quan-
tity @y in this way. Then the formulas acquire a
clear physical meaning. According to (7.12) the prob-
ability for energy transfer is w(e€) =1 if the final
neutron energy E} = k'’/2m exceeds the minimum
energy 62Eyp that it would have on the basis of the
conservation laws after scattering by a free nucleus
of mass m, at rest. On the other hand, when Ej

< 62En the probability for energy transfer is expo-
nentially small. The width of the region in which the
smearing of the step function with w(€) =1 for Ej
= 6%E,, w =0 for Ej = 62E, occurs is given, ac-
cording to (7.12), by a quantity of order of magnitude
\/Em—w— (in energy units).

We note that formulas (7.12) and (7.13) are not
valid for quasielastic scattering of fast neutrons, i.e.,
for € £ @, since in that case the approximation by a
free particle having a momentum spread is invalid
(cf. Sec. 6). In this case we can, however, use the
general formula (4.1), which is also valid, as follows
from its derivation, for describing the scattering of
fast neutrons accompanied by small energy transfers.
(k + k')?

2my,
>> 4T(my-nm;! n)"! is satisfied, by integrating
formula (4.1) over angle one can obtain a cross sec-
tion do/de valid for € < w,:

Assuming that the auxiliary condition

&
day, Oy /1 —ﬁ(sii)\ 714
dev T Enm w(s)’ w(s)_\—p,_s_e s ( )
where
N T So(nel .
i=1

(the minus sign refers to processes in which the neu-
tron loses energy, the plus to those in which it gains
energy in collision with the molecule). Just as in
formulas (7.12) and (7.14), we can replace the aver-
aging in (7.14) over molecular orientations by intro-
ducing averaged quantities

Figures 6 and 7 show graphs of the dependence of

w ( E;l), constructed using formulas (7.12)—(7.14),
for the case of scattering of neutrons by H and D
atoms in the HoO and D;O molecules. As we see
from the graphs, the region of quasielastic scattering
€ w, is characterized by a ‘‘spike,’’ which is re-
lated to the fact that for small energy transfers the
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FIG. 6. Probability of energy loss w(Ey), E; = K”*/2m, for scat-
tering of neutrons by H atoms in H,0. Computations for
En - E;>> & done using formula (7.13) and those for E, - EL < @
using formula (7.14). E{ is expressed in units of @.

nucleus does not behave as if it were free and the
scattering of the neutron is markedly affected by the
chemical binding and the inertia of the molecule.

8. Case of Variable Amplitudes for Neutron-nucleus
Scattering

a) Absorption cross section. One can write the
general formula (2.5) for the absorption cross sec-
tion in a more detailed form, assuming, as usual, that
the wave function for the initial state of the molecule
is given by the adiabatic approximation ¢j = ¥t¥y¥y.
We write the cross section for absorption of a neu-
tron by a free nucleus, which depends on the energy
of relative motion of the neutron and nucleus, for
my >> m,

— v o my
E——m =~ mEn-—kvv,
as follows:
7 v
oy = S a® &\\'m\:'—l{—m E,— Etrans— E:— EV> 8 (By—kVm),

8 (F; —k [@by]) 8 (Ey— kuy) dEansdE ; dE, .

Arguing in the same way as in the derivation of (7.6),
we have

0,——-<S W W, Wl (=™

my--m

En_Et—Er_Ev>

X dE dE, dE, ), (8.2)

where the factors W, Wp,, W, differ from those de-
fined earlier in (7.3) and (7.4) in having k replaced
by k. If we assume that all the molecular vibrations
are harmonic, (8.1) can be written as follows:

/

Z2i\7

R ¢
7 8 9 &

w(E)

a

0 7 2z % 4 6 ¢

4

FIG. 7. Probability of energy loss w(Ep) for scattering of neu-
trons by D atoms in D,0. Curve 1 corresponds to E,, = 9eV. Curve.
2 is for E, = 9% (where & is the effective ‘‘frequency’’ of vibra-
tion of the D atom in D,0, equal to 0.14 eV at T = 300°K. In both
cases the energy scale is expressed in units of @.
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0,:<Se Ty +mE —-n)dn>

1
A2=Em'—2~ (l)(n),

and w(n) is defined in (7.6). In the special case of
0

resonant Breit-Wigner scattering, when ¢’ is given
by formula (2.6), we have from (8.3)
4nl,T dQ
o= | v o4,

© 1 ™Y _,—E

a o~ BE-E g My tm T 0 T
‘P(g'l I): Se ﬂ%? x:2———_—I“—7E:T'

- (8.4)

If in (8.4) we replace the average over orientations
by introducing the average quantity

- { wy(n) oM+ a® 4 0®
o= 2y aq— . ,
then
4nrl I = r
Gr= k2r2'1p(§ z), &=

V2 2 B (8.5)

m‘\:’

{(where w/2 ~ T when T > wji) and, consequently,
the resonant absorption of the neutron by a nucleus
contained in a molecule is described by the same
formula as in the case of the thermal Doppler effect
on free nuclei, with the one difference that (8.5) con-
tains, not the thermal energy T, but the effective
quantity @/2, which takes account of the momentum
spread of the nuclei which is associated simultane-
ously with the vibrational, translational and rota-
tional motion of the molecule.

As the results of numerical computations show,
replacing the rigorous averaging in (8.4) by introduc-
ing the averaged quantity w, is possible only if the
effective frequencies w(ll’, @ do not differ too
markedly, namely if

@ o@® 1

ol T gl F 9
In the opposite case one must carry out the rigorous
averaging over molecular orientations, which leads
to formulas considerably different from those for the
thermal Doppler effect. In the most interesting case
of £ = T/A < 1, when the function ¥ (£, x) can be
written as the asymptotic expression

= VREexp(—%?:ﬁ),

we find from the angular integration in (8.4)

¥ (€, z)

4nl, I,
Or= Tjarz

VR Ei.f (sz P, q)7

Ay= ‘/2'"1«; B0,

@ ®®

P=—5 9=-ay (8.6)

o@

T 5 z2
§1:'A‘iﬂ PZZE‘,

where the function f(p?, p,
(7.7).

We give the results of a specific calculation on the
example of resonance absorption of neutrons by Cl
atoms in the CCly; molecule. In this case we may
assume that vibrations of the Cl atoms occur only
along the C-Cl bond and perpendicular to it. Using
the frequencies of vibration and force constants for
the C-Cl and Cl ~C1 bonds taken from [70], we get for
the effective frequency of vibration along the C-Cl
bond (in eV)

q) is defined by formula

+-0.46T

o =0.0153 cth (O 028"*) +0.0466 cth (0 0466
(8.7

and for the effective frequency of vibration along the
C1-C1 bond (in eV)

0@ = ® —2.7.10-% cth (ﬂ;ﬁ) 4-1.62-10"2 cth (1_-93;0—2>
L1327 (8.8)

Using (8.7) and (8.8) we get at 300°K, w? =0.055 ev,
w'® =0.078 eV, i.e., @ =0.063 eV and @/2T = 1.1.
Thus, in this case the energy dependence of the ab-
sorption cross section as given by (8.5) agrees
closely with the analogous dependence for the thermal
Doppler effect. On the other hand, when T = 100°K,
w? =0.066 eV, w'® =0.027 eV, ie., © =0.04 eV
and /2T = 2.3. Thus, at low temperatures the dif-
ference from the thermal Doppler effect is very great.
One may expect the molecular bonds to show up more
clearly at room temperature in the case of the mole-
cules NOC1 and CH;Cl, for which w = 0.1 eV at
300°K,

Formulas (8.5) and (8.6) may find application to
analysis of results of measurements of parameters
of nuclear resonances for nuclei contained in a
molecule, At the same time it should be mentioned
that measurement of the energy dependence oy ( Ep)
(in those cases where it is sufficiently clear) can be
used for determining some of the characteristics of
molecules. One should be guided by the arguments
that molecular properties manifest themselves sig~
nificantly in neutron absorption when the parameter
V2 m/my ) Ej@ is small (where E; is the reso-
nance energy). This is the situation, for example, in
the case of the chlorine nucleus (resonance with
parameters E; =400 eV, I = 0.06 eV '™} and the
iron nucleus (resonance with parameters E; = 200 eV,
T =0.6evi® ). Thus we may hope that observation
of the energy dependence of the cross section for
resonant absorption of neutrons by iron nuclei may be
used, in particular, for studying biological objects of
interest, for example hemin, which is contained in
hemoglobin,[m and which contains iron,

It should also be noted that in some cases, when
the vibrational motion of the resonantly absorbing
nucleus is strongly anharmonic, the dependence of the
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neutron absorption cross section should show a
peculiar behavior. Such is the case, for example, for
the AsCl; molecule, in which the As nucleus (having
a convenient resonance with parameters E, = 47 eV,
I' =0.34 eV [74]) can occupy two equilibrium positions,
as does N in NH;.

b) Neutron scattering cross sections. It follows
from (6.2) that the formula for the total cross section
for resonant scattering of neutrons should differ from
(8.4) only in the replacement of the factor I'¢l'y/I'2
by I‘%B/F2 (i.e., the whole derivation of a) remains
valid also for the scattering cross sections). It is
also of interest to discuss the regularities associated
with the double differential cross section for resonant
scattering of neutrons, since one can obtain additional
information about molecular structure by measuring
them. When all the vibrations of the molecule are
harmonic, we easily find, using (6.3),

::;2 ={Fy(ps) S (G—Rvi'_”kLyDQ;
2 (e—~Ry)?
dn T 1. Ty,
= Tei <‘P (&, x)m) e ZR"“’V(")>9, (8.9)
where
T 2 1
§:*———~T——— y T=f E";”_—mEn—Eo——f(e—Rvo .
sz_zxz
B ® (n)

In the general case the angular distributions of the
scattered neutrons described by (8.9) are character-
ized (for a given energy transfer €) by having two
maxima, of which one is determined by the condition
x = 0, and the other by the condition € =R,. In scat-
tering into the backward hemisphere one may usually
take £ >> 1, and then on the basis of (8.9) we arrive
at the conclusion that in this case

2

ds, | m 1
wan = o (G Ea—Bo— g (6= RY))

(e~Ry)2

X ((2nvav(n))_1/2 ¢ ;Rvm"(n)m. (8.10)

we recall that formulas (8.9) and (8.10) are valid un-
der the conditions T, € > &. When the energy trans-
fer is low, € % and T >» @, the cross sections for
resonant scattering are described by the formulas
found in (141 *
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