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INTRODUCTION homogeneity moves and spreads in such a way that

THE development in a plasma of electric and mag-
netic fields that exert a strong and frequently decisive
influence on its motion is a fundamental feature of
plasma dynamics, distinguishing it from the dynamics
of neutral gases. This feature becomes manifest to
the fullest degree in the motion and spreading of
macroscopic inhomogeneous formations, i.e., plasma
inhomogeneities. Indeed, owing to the difference be-
tween the diffusion and drift velocities of the elec-
trons and ions, the electronic and ionic components

of the inhomogeneities always tend to separate. This
gives rise to an uncompensated electric charge, which
produces an internal electric field. The latter retards
the fast particles and accelerates the slow ones, thus
hindering the charge separation. As a result, the in-
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the electron and ion concentrations in it are prac-
tically equal. The internal electric field exerts in
this case a strong influence on the motion of the in-
homogeneity as a whole, giving rise to electric cur-
rents that produce an internal magnetic field, which
in turn can exert a strong influence. The net result

is that it is precisely the internal fields which deter-
mine the velocity of the overall motion of the inhomo-
geneity, and the rate and the character of its spread-
ing,

To describe motions in a plasma, under conditions
when the dimension of the inhomogeneities are much
larger than the particle mean free paths, it is neces-
sary to cd@}ider the system of hydrodynamic equa-
tions for all the plasma components (electrons, ions,
neutral molecules) jointly with Maxwell’s equations
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for the field. In the general formulation, these equa-
tions encompass an exceedingly broad region of
plasma dynamics. In the present article we have in
mind to explain a much narrower yet clearly de-
lineated group of problems. Namely, the first chapter
will consider the diffusion spreading of inhomogenei-
ties in a plasma in a magnetic field. In the absence
of an external magnetic field, this process was first
considered by Schottky (1] who showed that it reduces
to ordinary diffusion, called ‘‘ambipolar.’’ The in-
ternal electric field influences in this case only the
magnitude of the diffusion coefficient, while the
plasma situated in the magnetic field is anisotropic.
The action of the internal electric field on the motion
of the electrons and ions in the anisotropic plasma
leads not only to a change in the diffusion coefficient,

but also to the occurrence of closed electric currents,

As a result, the diffusion spreading of inhomogenei-
ties in a plasma situation in a magnetic field is
qualitatively different from ordinary diffusion.

Further, the charged particles in the plasma are
frequently made to drift by the inhomogeneity of the
magnetic field, by an external electric field, by neu-
tral-particle wind, and by other causes. The analyses
of the character of motion and spreading of inhomo-
geneities under drift conditions is the subject of the
second chapter. The internal electric field exerts in
this case an even stronger action on the processes
in the plasma. It leads, in particular, to a splitting
of the inhomogeneities and to the appearance of a
special (‘‘dispersion’’) mechanism of spreading of
inhomogeneities; this mechanism is more energetic
than diffusion.

We shall consider for the most part the motion and
spreading of inhomogeneities in an unbounded plasma.
This is important primarily for the physics of iono~
sphere, of the space next to the earth, and of outer
space, Diffusion plays, for example, an important
role in the formation and shape of ionospheric of
layers [2'9], clouds of artificial ionization produced
with the aid of rockets and high-altitude explo-
sions 19714] the origin and structure of ionospheric
inhomogeneities 157181 egpecially inhomogeneities in
the E layer, connected with hydrodynamic turbu-
lence [1%20] otc. Diffusion processes play a decisive
role in the formation of trails of meteors and arti-
ficial objects (rockets, satellites) in the iono-
sphere [#1728) and their scattering of radio
waves,[24-28]

Analogous problems arise also in laboratory-
plasma investigations of inhomogeneities whose
dimensions are much smaller than the dimensions of
the entire system. They are imﬁ)ortant, in particular,
in the analysis of stability.!?*~%2) We shall not stop
here to discuss the results of concrete investigations
dealing with the distribution and lifetime of plasma
in laboratory equipment. They are discussed in the
review article by Golant tss) (see also [34—35]). Nor do

we touch upon the extensive and important problem
of diffusion in an unstable plasma, which was con-
sidered in detail in the reviews of Kadomtsev [* ],
Vedenov [3] Cote 13"}, and others.*

a) Fundamental equations. The motion and
spreading of inhomogeneous formations, whose char-
acteristic dimensions are much larger than the
particle mean free path, is described by the following
aggregate of macroscopic equations for all the plasma
components: T

anN,

o T Vie=0, (0.1)
S+ V=0, (0.2)
hi= _a*:@*ﬂ%g)—ﬁewve—; NVm,  (0.3)F
i =% <E+E"Z—m)—ﬁiVN,~+1vivm,. (0.4)
o 9 (Vo) =0,
MNm [ 0;,;1 +(VnV) Vi | = —V (NnuT)— 1AV

— 3V (VVi) = mVem (ViulVe — jo) — MiVim (Vi Vi — i)
(0.5)

We assume here for simplicity that the plasma
consists of electrons, of one species of singly-
charged ions, and of neutral molecules, Ng, Nj, and
Ny, are the concentrations of these particles, E is
the electric field, H the magnetic field, je and jj
the electron and ion fluxes [36], Vm the hydrodynamic
velocity of the molecules in the same coordinate
system, M, Mj, and m the masses of molecules,
ions, and electrons, e the electron charge, and c the
speed of light. Further, Ge, 5§, De, and Dj are the
conductivity and diffusion tensors for the electrons
and ions, 7 the viscosity coefficient, and Ve and
Vim the tensors of collisions of the electrons and
ions with the molecules. All these quantities are de-
termined with the aid of kinetic theory; they will be
given in the next section. Here we note only that the
terms with the tensors Ve and Vi in Eq. (0.5)
describe the neutral-gas friction due to the collisions
of the molecules with electrons and ions. The colli-
sion tensors Ve and Diy are not independent, and
can be expressed with the aid of the conductivity and

*We note that the lifetimes of inhomogeneities in a plasma can
also be strongly dependent on recombination, ionization, adhesion,
and other microscopic processes, which are not considered in the
present paper. Such processes are important, for example, in the
lower ionosphere; they can exert a marked influence on diffu-
sion [***].

TIn order for Egs. (0.1)-(0.4) to be valid it is sufficient that
the dimension of the inhomogeneity in a direction perpendicular
to the magnetic field be much larger than the ion Larmor radius.

HVaH] =V x H.
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diffusion tensors. Their introduction is useful in a
number of cases. Equations (0.1)—(0.5) have been
written out under the assumption that the processes
in question are isothermal, Otherwise it would be
necessary to add to them the equations for the tem-
peratures of the electrons, ions, and molecules.*

The equations of motion of a plasma must be sup-
plemented by Maxwell’s equations

VE = 4nae (V; — N,), (0.6)

1 4H
[VE]I—;T s (0.7)
VH=0, (0.8)
[VH] =22 (5, —j.). (0.9)

In (0.9) we have neglected the displacement cur-
rent (1/4ne 9E/dt), bearing in mind that we shall
consider below only relatively small quasistationary
processes, We point out also the possibility of one
more important simplification of the initial equations.
Namely, when the inhomogeneities are relatively
large and the condition

Rp|VN| N (0.10)

is satisfied (here N - density of electrons and ions,
Rp = ( T/47e?N)Y? _ Debye radius), and the plasma
is quasineutral, i.e., the electron and ion densities
are approximately equal:

N;~N.. (0.11)

Then the continuity equations (0.1) and (0.2) for the
electrons and ions can be replaced by a single equa-
tion for the joint density N = Ng = Nj:

—%V——Q-Vj:O. (0.12)

It is obvious that this is possible only when the addi-
tional condition

Vj.=Vj=Vj (0.13)
is satisfied. The condition (0.13) can always be satis-
fied by choosing a longitudinal electric field E

= V¢. Thus, the additional condition (0.13) should
now be regarded as an equation defining the longitud-
inal electric field and replacing Poisson’s equation
(0.6). The latter determines, when the field E is
specified, the difference between the electron and ion
densities, Ng — Nj, required to produce the field. By
virtue of condition (0.10), this density difference is
only a small fraction of N, on the order of

(Rp | VN | N)Z, Consequently, the plasma quasineu-
trality condition (0.11) is satisfied with this degree

of accuracy.

" *The isothermal character of the diffusion processes in an un-
bounded plasma is apparently well confirmed. The point is that the
thermal conductivity in a plasma, which is not connected with the
quasineutrality conditions, always proceeds more energetically
than diffusion.
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Thus, when condition (0.10) is satisfied, we can
consider quasineutral motions of an inhomogeneous
plasma. The initial equations (0.1), (0.2), and (0.6)
are then replaced by equations (0.11)—(0.13).

b) Kinetic coefficients. Weakly ionized plasma.
The components of the electronic conductivity tensor
in a weakly ionized plasma in a magnetic field are as
follows:

oe“ = Uezz= e2N K g (0)/mVem,

0%z =0%x="0yx =03y=0,

0’1 =0%x =0y = 2N eVem Koo (gm)im (0} +v2,,),

o) =0ky= —0%x = —e2N.opKe, (gu)/m (0} +V2,). (0.14)
The Z axis is directed here along the magnetic field,
QH = WH/Vem, wH = €d/mec is the gyromagnetic fre-
quency, and ven, is the frequency of collisions be-
tween the electrons and the neutral molecules; this
frequency plays the major role in a weakly ionized
plasma:

ks

oo
27/2aN, 2
vem=——n_’" (-"L- S vZexp 4 — my dv \ sin® (1 —cos0)
3 Te J
0

27,

X gem (v, 0) d6, (0.15)
where Np, is the molecule density, Te the electron
temperature, and gem (v, 8) the differential effective
electron-molecule collision cross section. For ex-

ample, if ggpy = 9¢/47v, then
(0.16)

Vem = Nmdo-

If the collision cross section does not depend on the
electron velocity qem = gpe/4n (collision with
elastic sphere), then

(0.17

The coefficients K;¢ and K¢ are close to unity in
a weakly ionized plasma. When ‘-UH/Vem > 1 they
are always equal to unity. Their concrete form for
an arbitrary value of w{/vem is determined by the
character of the dependence of the cross section g
on the velocity v. For example, in the case of (0.17)
Ks; and K¢ are strictly equal to unity. For the model
of collisions with elastic spheres (0.17), the coeffi-
cients K¢ and Kee are given in (% (see also (%),
p. 70). Expressions for the collision frequency vem
and the coefficients K; and K¢ for another depend-
ence of the collision cross section q on the velocity
v can be obtained in Shkarofsky’s paper [40] %

We can present in similar form the ion-conduc-

*The numerical results given in [***¢] are for functions h, and
qg, which are connected with K, and K¢ by the relations

(1+43) 90 (ag)

(1+g}) ko (a)
) ot ey’

Ko (qg)= m.

K, (qH)=
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Table 1

CH s °H Kem | | Kema | Keil | Kein °H s °H Kem| | Kema | Keil | Kein

Vem Vei Vem Vei
0, 0,884 0 0.51310 1,0 0.927)0.09370.577 [ 0.356
0,01 0,88410.0018 (0,513 0.0021 2.0 0.99710,034210.644 | 0.279
0,05 0.87910,008510.5130.0110 4.0 0.98210.0094)0.796 | 0.113
0,1 0,885]10,176 0,513 10,0241 6.0 0,99210.0032 | 0.854 | 0.0524
0.2 0.895]0,0332 0,522 | 0.0654 10.0 1.0 |0 0.946 | 0.0146 ¢
0.5 0.915)0.538 }0.544)0,236

tivity tensor g, except that the electron density and
mass Ng and m in formulas (0.14) must be replaced
by the ion density and mass N; and M;j, and the
electron gyrofrequency wy must be replaced by Qg
= el/Mjc. The ion-molecule collision frequency
(elastic sphere collisions) is determined according
to 141 by

Vim = zzi_ N
Here M is the molecule mass and gyj the total scat-
tering cross section in collisions between ions and
and molecules. Expressions for viy for other types
of interaction can also be found in [41],

The coefficients Kgi{ QH/vim) and K¢i(QH/vim)
coincide, if Mj < M, with the corresponding coeffi-
cients K o(w/vem) and Keeg(wH/vem), if the
collision cross sections have the same velocity de-
pendence. But if M; R M, then the coefficients Kqi
and K.j are much closer to unity than K;e and Kee.

The diffusion tensors for the electrons and ions in
a weakly ionized plasma are connected with the con-
ductivity tensors by Einstein’s relations (see [42]

p. 251):

™
M; (M +M;) )/

1/2

(0.18)

mOgi

2 Te =~ 3 7y -
De*?ﬁ\/‘e‘ Ces Dy== N, Oi-

(0.19)

For collisions between electrons and neutral mole-
cules, the tensor Vem can be represented in the form

(0.20)

~ ~
Vem = Vem&em,

where vem s the collision frequency considered
above, and K¢y, is the tensor of the coefficients.
The components of the tensor f{em can be expressed
with the aid of the functions K; and K¢, which were
considered above,
K _ Kge (qH) (1+q%1)

eml K (4T 9nKE (1)

1
Kemy=Eem1 O =55y -

. 98 [Kee (97) — K5, (9]
K = . 21
AT K 0 T gy K (g (0.21)

Here qg/vem. For the elastic-sphere collision case
(0.17), the coefficients Kgyy | and Kemp are listed
in Table I. The ion-molecule collision tensor Djm
can be represented in perfectly analogous form, ex-
cept that the frequency ve,, is replaced by viy, wH
by QH, and the functions Kge and Kee by Kyi and

K¢i respectively. In addition, the sign of the function
KimA is reversed.

We note that the collision tensors Vgy, and bjm
enter not only in the equations of motion (0.5) of the
neutral molecules, but also in the equations for the
velocity of the macroscopic motion of the electrons
and ions:

mNVemVe= —eNE—— [VH| N.—T, VN, (0.22)

MNyviVi— eNiE—i——:— Ny [V H]—T;VN;. (0.23)

Using these equations, we can readily establish the
connection expressed by formulas (0.21) between the
collision tensors and the conductivity tensors.*

It is important that for collisions between elec-
trons and neutral molecules the tensor of the coef-
ficients Kepy = Vem/Vem 1S very close to a unit
tensor. This pertains to an even greater degree to
the tensor Kjm. In approximate calculations it is
therefore possible to replace, with sufficient accuracy,
the collision tensors Vem and Vi, by the scalar
collision frequencies vgy, and vip,. Such an approx-
imation is called in 3% the ‘‘elementary theory.’”” In
the ‘‘elementary theory’’ approximation, the expres-
sions for the conductivity and diffusion tensors are
given as before by formulas (0.14), with K; = K¢
= 1. In the absence of a magnetic field (as H — 0)
the conductivity, diffusion, and collision tensors go
over naturally into scalar quantities equal to the
longitudinal components of the corresponding tensors.

Arbitrary Degree of Ionization

We have considered above only a weakly ionized
plasma, when the principal role is played by colli-
sions with neutral molecules, At higher degrees of
ionization, collisions between electrons and ions also
become important., To take these into account in the
calculation of the conductivity and diffusion tensors,

*In operator form, the connection between the collision tensor
and the conduction tensor in a weakly ionized plasma has the
simple form

~ 2N,

A s 2N,
Gem = (Vem—0g)1, 0=

o,

™ (Cim+ ),

where

QHX:_L';_ [H, x].

-~ e
opx=—-—[H, x|, M,
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it is necessary to add in the right sides of (0.22) and
(0.23) the terms mNgVei(Ve — Vi) and

mNePei( Vi — Ve) respectively. Here Dej is the
electron-ion collision tensor:

For=veiKet, (0.24)
where vgj is the collision frequency:
_4V2Zn N,
Vei—'—g—'mln/\. (0.25)

N; is the ion density and In A = In( TgRp/e?) is the
Coulomb logarithm (Rp is the Debye radius).

The tensor Kgj is given by (0.21), i.e., it is de-
scribed as before by the two functions Kej) (qy) and
Keip (aH) (Keil = Keil(0)). For a fully singly-
ionized plasma, these functions are listed in Table I
as functions of wy/vej. It is seen from the table that
the deviation of kei from a unit tensor is in general
more appreciable than in the case of collisions with
molecules.* In a partly ionized plasma, where colli-
sions of electrons with both neutral molecules and
ions are important, the form of the functions Kegj |
and Kejp changes, depending on the ratio veji/vem.
The same pertains to the functions Kem |, KemA,
Kiml, and KimA. In the general case, one can ap-
parently state that the functions K, and K, assume
values between those listed in Table I for the corre-
sponding functions in weakly-ionized and fully-
ionized plasma.f It is also important to emphasize
that under real conditions the gyrofrequency is usually
comparable with the collision frequency only in a
weakly ionized plasma. At high degrees of plasma
ionization, when vgj 2 vem, the gyrofrequency is
usually much higher than the collision frequency.
For example, in the ionosphere wy ~ venm at alti-
tudes h ~ 80—90 km, and QH ~ vim at h~ 1(
100—120 km. At these altitudes, the ionosphere
plasma is weakly ionized. On the other hand, at alti-
tudes on the order of 200 km and higher, where the
plasma is strongly ionized, the gyrofrequency is
larger by 2—3 orders of magnitude than the collision
frequency. The coefficient tensors K are in this case
close to the unit tensor. Under these conditions we
can confine ourselves to the ‘‘elementary theory’’
approximation, setting the tensors K equal to the

*We note that for a fully ionized plasma with ionization multi-
plicity Z the difference between K.; and the unit tensor is even
greater. This follows from [**%*"],

tThe kinetic coefficients for the electrons in a plasma of arbi-
trary degree of ionization were calculated in {*"]. No account was
taken there, however, of the ion motion, a procedure valid ap-
parently only in the case of an alternating electric field of suffici-
ently high frequency w > (Jy. In general form, transport phenomena
in a three-component plasma were considered in {**]. The electron
and ion conductivity and diffusion tensots for an arbitrary degree
of ionization are expressed with the aid of the collision tensors

in [®].
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unit tensor. In this approximation, accurate to small
terms of order mvem/Mivim ~ Vv m/M <« 1 the com-
ponents of the conductivity and diffusion tensors, for

arbitrary degree of ionization, are:

_ 2V, _e2N;
e e L™ g [ e (4 '
6 .= — 2N, o [1+mvei/Mv; Q2. /v?
eA = mA H ei/ MiVim+ Qy/Vin]
__ e, Vem _ e2N; 2 3
O = My Geartvem) * OHL T Mivged (om T VemYei + ),

€2N;Q
OiaA= ngﬁ' (V:m+ Mveivip/m+ (0%1)7

mvei

e"_T<1+2 )/m(vem+v,m),

=T (Vem +2Vei}/ M iVim (Vem t+ Vei)

v,
De_L: [(Vem+vez) <1+2 TYet >+ (Vem+zvez)_l
Ta)H Mmvei |
{1+3M1Vlm‘ Vi ’
mv,
Dz_]_ M;‘V 7l [(Vem+vez) (Vem - zvel)Tm <1+2M'le
TQn M;
DiA:Mi’V’i'mA Vim0 — ml vei"im} ’
e mva L %
A= em+va+aly (1420 L ). (0.26)

We see from the foregoing formulas that relations
(0.19) are valid only in a weakly ionized plasma.*

The coefficient of kinetic viscosity in a gas of
neutral molecules, for different laws of interactions
between them, is given in [41]. For example, for the
elastic-sphere collision model

n=0.563m , (0.27)
Cp

where ¢ is the total scattering cross section in the

collision,

1. DIFFUSION SPREADING OF INHOMOGENEITIES

1.1. Equation of Ambipolar Diffusion in a Plasma
Situated in a Magnetic Field

Let us consider the spreading of a quasineutral
inhomogeneity in a plasma.f We neglect the influence
of the solenoidal electric field on the molecule mo-

*We note that the components of the complete plasma electric
conductivity tensor ¢ = 0 + g; have the following form in the same
approximation (Ne = N; = N):

. — e2N 6. — e2N (
I m (vem +ve) ' 17
c*NmH
OA: mA .

1The question of establishment of the quasineutral state is
considered in Sec. 1.4c, where it is shown that if condition (0.10)
or the more exact condition (1.48) is satisfied, an atbitrary initial
charge diverges rapidly and a quasineutral state is established and
spreads out by diffusion.
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tion. The roles of these two factors will be discussed
in Sec. 1.4, where we shall show that their influence

is indeed immaterial under a wide range of conditions.

The general equation describing the diffusion spread-
ing of the inhomogeneities follows in this case
directly from (0.12) and (0.13). Substituting in them
the expressions (0.3) and (0.4) for the electron and
ion currents and recognizing that E = Vg, where ¢
is the potential of the electric field, we obtain

dN

1 5 A 1 o0 .
=5 (VDV 4+ VD.V) N+ - (V& V —Vao;V) g,

2 (VoY 4 V5, ¥) ¢== (VD,V — VD, V) N. (1.1)
Here e, f)e and o j, f)i are the electron and ion con-
ductivity and diffusion tensors. Under stationary
conditions in a weakly ionized plasma, equations of
this type were considered by Johnson and Hulbert (31,

In a weakly ionized plasma, when the electron-ion
collisions are immaterial and the tensors G, and 7
are proportional to N, the following condition is
satisfied:

(V3.V) (V6;V) = (V6,V) (Vo V). (1.2)

It is satisfied also for an arbitrary degree of ioniza-
tion in the linear approximation, when N = N, + 6N
and the tensors G and ¢j depend only on the homo-
geneous concentration Nj. In these cases, multiplying
the first equation of (1.1) by (Vo¢V + VoiV) and the
second by the difference of the same quantities, we
can eliminate the electric-field potential. The ambi-
polar diffusion equation then takes the form (47,48}

(V&Y +V6,9) X [(V5.9) (YD, V) + (V5,9) (VD V) V.
(1.3)

In the absence of a magnetic field, the conductivity
and the diffusion coefficient are scalars. The equa-
tions in (1.1) then take the form
8N D.o;+Dsa,
ot~ Oeto; AN,
(Vo.+Vo;)) Vop=¢(VD;— VD, VN.

We have taken into account here the relations
0iVoe = 0¢Voj and 0gVDj = —0jVDg, which hold for an
arbitrary degree of plasma ionization accurate to
small terms of order mvep /Mjviy ~ vV m/Mj. The
first of these equations is the ec};uation of ambipolar
diffusion obtained by Schottky[1 (see also
Equation (1.1) for strictly longitudinal or strictly
transverse diffusion also reduces to this form in the
presence of a magnetic field. In the latter case,
naturally, gg = 0g), De = Dej, etc.

Equations (1.1) and (1.3) are of fourth order. They
differ significantly from the usual equation of diffu-
sion in an anisotropic medium:

N 52N 82N | 8N °
s =P 5z +D—L< 5t T oy ) :

(1.4)

(1.5)

It should be noted that the authors of many papers

[33,34,42,49,50] )

devoted to diffusion in a plasma in a magnetic field
obtained the ambipolar-diffusion equation in the form
(1.5). They did it by replacing div jo = div j; the
derivation of (0.13) by the stronger condition jg = ji,
i.e., they imposed an additional requirement that
prohibits solenoidal currents in the plasma (see, for
example, [21:3%:36,51,52]) ' guch a requirement greatly
limits the class of possible solutions. It does not
follow from the initial equations and is in general
unjustified (see [53]).

In an unbounded plasma, which will be considered
henceforth, we have at infinity the natural conditions
N — N, and ¢ — 0. We note that if the boundary and
initial conditions of the problem contain no charac-
teristic dimensions, then Eqgs. (1.1), (1.3), and (1.4)
admit of a self-similar solution of the type

N (r, ) ==t—2N (E), (1.6)

where & = r/\/T, and o is a constant, The transfor-
mation (1.6) decreases the number of variables in the
equations under consideration. The latter retain the
same form, except that §N/8t is replaced by

£
2
tiation with respect to £. The transformation (1.6)
can be used, in particular, in the calculation of the
Green’s function in an unbounded plasma. In this case
a = 3/2 (for the three-dimensional problem).

The boundary conditions for Egs. (1.1) and (1.3),
which are specified on the surfaces bounding the
plasma, relate the concentration with the particle
flux on the surface. On each boundary, there are in
this case two conditions defining the electron and ion
currents, This is as it should be, since Egs. (1.1) and
(1.3) are of fourth order (unlike the ordinary diffusion
equation). In the general case the boundary conditions
are

—(a + V)N, the operator V denoting now differen-

~ 06, Yeg—nD VN =N, )
¢ (1.7)

% n6;Ve—nD VN = AN,

Here n is the normal to the boundary at the point
under consideration, and Ae¢ and Aj are factors that
depend on the character of the interaction of the elec-
trons and the ions with the surface bounding the
plasma and on the plasma potential.* In particular,

in the case of total absorption (neutralization) of the
electrons and the ions on the boundary surface, con-
ditions (1.7) take the formt

*The calculation of the factors A; and A, is a task of kinetic
theory. No such calculations have been made for the general case
as yet. For a weakly ionized plasma in the absence of a magnetic
field, the problem was considered in {*"].

{1t is necessary also that the mean free path and the Larmor
radii (for strictly transverse diffusion) be much larger than the
Debye radius.
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N=0, n(6.Vop-LeD,VN) :i‘_fn (D, VN —6:V¢). (1.8)

The first of these conditions is analogous to the
usual condition at an absorbing wall in the case of
diffusion (see "), On a nonconducting surface, the
field potential is in addition established in such a
way that the currents of electrons and ions which be-
come absorbed (neutralized) at a given point of the
surface, be equal, i.e.,

Ae=A;. (1.9

Then the boundary conditions (1.8) do not depend on

the factors Ae and A;. The potential of an isolated
conducting surface is established in such a way that

the integral electron and ion fluxes are equal at the
surface. Relation (1.9) is satisfied then only in special
symmetrical cases, namely a spherical or cylindrical
surface with an axis parallel to the magnetic field(%5 %!,
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1.2. Solution of Equation of Ambipolar Diffusion.
Diffusion Coefficient.

We assume that the initial inhomogeneity is a per-
turbation of the main density of the homogeneous
plasma: N(r, 0) = Ny +6N(r, 0), 6N <N, The
spreading of such inhomogeneities is described by
Eq. (1.3). It can be readily solved for an unbounded
plasma by expanding the unknown functions in Fourier
integrals with respect to the coordinates

8N (r, t) = S 8Ny (t) e'kr ok (1.10)

1
(2m)3
Substituting the expansion (1,10) in (1.3) we get

8Ny (2) = 6Ny (0) exp { — D, (B) k*}. (1.11)

Here 6Ny (0) are the Fourier components of the
initial perturbation of the density, 6Nk (0)

=6N(r, 0) exp(—ik-r)d®, and Dy (B) is the coeffi-
cient of ambipolar diffusion

(G cos? B+ 0g sin? B) (D; cos? B + Dy sin2 ) 4 (07 cos2 B + o7 ) sin? B)(Dgy cos2B + Dy sin2B)

D, ()=

Here o) and o], D) and D, are the longitudinal and
transverse components of the conductivity and diffu-
sion tensors of the electrons and ions, and 8 is the
angle between the direction of the vector k and the
direction of the magnetic field Hy. In the derivation
of (1.12) we took account of the fact that ojikjk;
= (o cos?8 + o sin’8) k®. We now analyze the con-
crete form of the ambipolar diffusion coefficient. For
the components of the tensors ¢ and D we shall use
in this case the equations of the elementary theory.
a) Weakly ionized plasma. Substituting (0.14) and
(0.19) in (1.12) we get [47]:

Do (B) = (Te+T:) {Mvim 1+ (R[u/Vir)*1/[1 4 (Qu/vim)? cos? ]
- mvem [1 4 (0g/Vem)?V/[1 - (0/Vem)? cos? ]} L. (1.13)

The coefficient of ambipolar diffusion (1.13) de-
pends in essential fashion on the angle 3. In longitud-
inal diffusion (8 = 0) the diffusion coefficient (1.13)
is equal to

Tt T;
MVem 4+ MiVim
It coincides with the diffusion coefficient (1.4) in an
isotropic plasma, Consequently, the magnetic field
does not influence the diffusion along the force lines,
In the case of transverse diffusion (8 =7/2) we
have f21]

Dy = (1.14)

T,
Dy =37 et Ty (1.15)

MVim+mOY Vem
It follows therefore that in a sufficiently strong
magnetic field, QHwH » VimVem., the coefficient of
ambipolar diffusion transverse to the field coincides
with the coefficient of transverse diffusion of the
electrons, multiplied by a factor (1 + Ti/ Te) due to
the ion influence.l80-62}

(G| + 05| )cos? B+ (0, +0;))sin2p

(1.12)

The solution of Eq. (1.5), which describes ordinary
diffusion in an isotropic medium, can also be repre-
sented in the form (1.11). In this case the diffusion
coefficient for arbitrary angle B is determined by the
transverse and longitudinal diffusion coefficients:

Dy(B)=D, cos?p-+ D, sin®*p. (1.16)

In our case the diffusion coefficient (1,13) has a more
complicated dependence on the angle §. It differs
quite strongly from Dy(B). This is seen from Fig. 1,
which shows a plot of Dy against cos 8 for
myvem/Mivim = 0.01 and for the different values of
Qy/vim indicated in the figure. The dashed curves
in the figure show for comparison, at the same values
of the parameters, the coefficient Dy(3). We see that
the difference between the coefficients Dy (8) and
Dy(B) is large. It increases with increasing ratio
Qi/Vim. It is seen from (1.13) that when

WHRH/ VemVim < 1, i.e., H< (c/e)(Mmvemvim)Y?
the influence of the magnetic field is negligible and

%?57)
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the diffusion is isotropic. Under the opposite condi-
tions, considerable anisotropy sets in. It is precisely
this case which is represented by the curve

QH/vim = 0.5 in Fig. 1, In a strong magnetic field
when Qg » viy, i.e., H> Mjyy (¢/e), the aniso-
tropy is very strong. In this case, at values of § not
too close to /2, the approximate value of the coef-
ficient Dy (B) is

Da(B) ~ <1+ ; >(Di" costp- Dy sinp),  (1.17)

where Dy, and D;, are coefficients of the longitudinal
and transverse diffusion of the ions. Under these con-
ditions the diffusion proceeds at the ion-diffusion

rate increased by a factor (1 + T¢/Tj). However at
angles very close to n/2 (when 7/2 — 8

S (vim/92H)V myem /Mijvim) the coefficient Dy (8)
decreases sharply to a value D (1 + Te/Ti)

X Vmyem/M;¥;,. This is seen from Fig. 2, which
shows in logarithmic scale a plot of D, against

cos § for Qp/vim = 10. The dashed curve represents
Dy(B), and the dash-dot curve the coefficient D, (5)
calculated with formula (1.17).
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The indicated singularity of the function Dg (8) at
angles 8 close to n/2 greatly influences the charac-
ter of the spreading of the inhomogeneities in the
strong magnetic field. In fact, we recognize that if
the inhomogeneity is strongly elongated in the H
direction, then its Fourier transform has a sharp
maximum at angles § close to n/2. The width of this
maximum is A ~ R} /R), where R and R) are the
characteristic dimensions of the inhomogeneity along
and across the magnetic field. It is clear therefore
that the character of the spreading of the inhomo-
geneities differs greatly with the shape of the inhomo-
geneity, or more accurately with the ratio of Ry to
R,. Indeed, if

(1.18)

then the presence of a sharp maximum in the diffu-
sion coefficient would have little effect on the spread-
ing of the inhomogeneity. In this case one can use the
approximate formula (1.17) for Dy (8). The inhomo-
geneity transverse to the magnetic field moves then

at the rate of the transverse ion diffusion, increased
by a factor (1 + To/Tj). But in the case of inhomo-
geneities that are very strongly elongated along H,
when the condition inverse to (1.18) is satisfied, the
rate of spreading of the inhomogeneities transversely
to the field is much smaller, of the same order as

the rate of transverse diffusion of the electrons. Thus,
the rate of spreading of the inhomogeneity in a plasma,
transversely to the magnetic field, depends strongly
on the shape of the inhomogeneity,

b) Arbitrary degree of ionization. For arbitrary
degree of plasma ionization, both collisions with
neutral molecules and collisions between electrons
and ions are important. Substituting in this case the

10
co0s G general formulas (0.26) for ¢ and D in (1.12), we get
FIG. 2.
v N2 o my oy
2T[<1+-f-’-> +— cosZB<i+2Mﬂf >+ — cos4ﬁ]
Yei \2, CHOH et L iy H
Mivim I: (1 + vem> +vimvem <i +Vem> +‘V§m i_i—Mivim_I-V%m > COS2ﬁJ

We have neglected small terms of the order of D, 2T (Vom -+ Vet) (1.20)

mVepy/Mjvim ~ VvV m/M; compared with unity, In ad-
dition, we have assumed for simplicity that Tg = Tj
= T. Formula (1.19) was derived by Grigor’ev [63],
When vej = 0, expression (1.19) coincides with
formula (1.13) which was considered in the preceding
section, When H = 0, the diffusion coefficient (1.19)
goes over into (1.14); the electron-ion collisions
consequently do not influence the diffusion when there
is no magnetic field. The same result is obtained
also for longitudinal diffusion in a magnetic field
(B =0). For transverse diffusion (8 =n/2), the
electron-ion collisions, to the contrary, are very
important. In this case, as shown by Golant (64,331

T Mpvim (Vei‘i‘vem)”"mm%{ ’

We see therefore that the collisions of the electrons
with the ions exert a decisive influence on the trans-
verse diffusion at high degrees of plasma ionization.
When vem — 0 formula (1.20) leads to the well known
expression which determines the transverse diffusion

in a strongly ionized plasma (65
2r Vei
Dy=-- ol (1.21)

The dependence of the diffusion coefficient D, on the
angle B is in general analogous to the case of a
weakly ionized plasma. This is seen from Fig, 3,
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which shows a plot of Dy (8)/D5(0) for
mvem/Mivim = 1073 at different values of the param-
eters Qy/viy and vei/vem: curve 1 — for Qg/vim
= 29.5; vei/vVem = 3.7; curve 2 — for QH/viy = 3.5
X 10 and vei/vem = 40; curve 3 — for Q/viy = 2.4
% 10* and vgi/vem =4 X 103.* The dashed curves in
the figure show plots of (1.16), where D|; and D, are
given by (1.14) and (1.20), We see from the figure
that the dashed curves differ greatly, as before, from
the continuous ones. However, with increasing elec-
tron-ion collision frequency (more accurately, with
increasing ratio mvgj/Miviy ), the difference be-
tween them decreases and becomes small when
mvei/Mjvim » 1. Consequently, when vej > Mjyiy/m,
the diffusion spreading of the inhomogeneities in a
plasma situated in a magnetic field is close to ordi-
nary diffusion in an anisotropic medium with diffusion
coefficients D;| and D; given (1.14) and (1.20), This
can be readily seen also from formula (1.19). Indeed,
when vej » vimMi/m, neglecting small terms, we
get

27

2T,
= 2 —aVel
Da (B) = Mvim °° B+ MVimVei +may

(1.22)

sin?p.

Thus, at large values of the ratio mvei/Mjvim
the ambipolar diffusion in the plasma assumes a
character close to ordinary diffusion in an aniso-
tropic medium. It is easy to understand the cause of
this phenomenon. The point is that the singularities
indicated above in the diffusion of a plasma trans-
versely to a magnetic field are connected with the
large differences in the rates of the transverse dif-
fusion of the electrons and ions. The ions diffuse
transversely to the magnetic field, in general, much
more rapidly than the electrons. As a result, the
electronic and ionic components of the inhomogeneity
separate and an electric charge appears and hinders
the motion of the ions transversely to the field. The

*These values of the parameters correspond to altitudes 150,
200, and 400 km in the ionosphere.
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same charge leads to an intensification of the motion
of the electrons transversely to the field, owing to
the formation of conduction currents, This permits
the inhomogeneity spread transversely to the field at
a rate much larger than the rate of transverse elec-
tron diffusion. However, with increasing degree of
plasma ionization, the rate of transverse electron
diffusion increases and approaches, when mygj

> Mjvim, the rate of transverse diffusion of the ions.
When mvej > Mjvim, the electrons and ions diffuse
transversely to the field at equal rates, with a diffu~
sion coefficient (1.21); consequently the effects con-
nected with the difference in the rate of transverse
diffusion of the electrons and ions become weaker, as
we have seen before. It must be emphasized at the
same time that in those cases when these effects are,
generally speaking, small, they again become quite
appreciable, and even decisive, at large distances

r > VDt (see Sec. 1.3b).

c) Polarization of inhomogeneity. Perturbations
of magnetic field. The potential of the electric field
in the inhomogeneity is determined by the second
equation of (1.1). The Fourier components of the
potential ¢ are

e[(Dyy — Dy ) cos® p+(D;; — D, )sin? B]
=", |!”+ % )l cos? ﬁ-l-(%_L:Li-Ui_L)JS—inz B o (129

where 8 is again the angle between k and H, and
ON| are the Fourier components of the density per-
turbations (1.11). Recognizing that Dg) > Dj; and
Djj > De| in a strong magnetic field, we see that the
sign of ¢ changes with the angle 3. Consequently,
the sign of the electric-field potential in the inhomo-
geneity in a strong magnetic field depends on the
shape of the inhomogeneity: it becomes positive for
inhomogeneities which are very strongly elongated
along the field. A similar singularity takes place,
naturally, also in the difference of the electron and
ion densities in the homogeneity:
(Dgy —Dyy) cos2 ﬁ—i—(De_L— Di_L) sin? B k2
Oy +05y) cos? [5—{—(0,_1_—{—08_]_) sin?f  4n

BN —ON = 3N,

(1.24)

The process of spreading of the inhomogeneity in
the magnetic field is accompanied by the occurrence
of a closed electric current j:

j=e(i—le)y Vi=0,

where jj and jo are the ion and electron fluxes (0.3)
and (0.4). This leads to the appearance of magnetic
perturbations, too. The Fourier components of the
magnetic-field perturbations are

L o, { Ik Bi— D K1 +1k, Got K]
Doy — Dy )cos2 f+(D,) — D, )sin2 P

(0 +o0; %) cos? B +(0,; +0;,)sin2P

LA
S8Hy =i TkTqu]:

(1.25)

In particular, in a weakly ionized plasma, substituting
the expressions for the components of the diffusion
and conductivity tensors, we get hence a7l
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When H =0, and also for the case of strong longitud-
inal diffusion, there are no magnetic-field perturba-
tions, as should be the case.

1.3. Spreading of Small Perturbations. Green’s
Function

We now consider the spreading of inhomogeneities
which had at the initial instant of time very small
(pointlike) dimensions: O6N(r, 0) =n(r). The
Fourier transform of such an initial inhomogeneity is
a constant: dNK(0) =ny, It follows then from (1.10)
and (1.11) that at any instant of time the particle-
density perturbations are described by the expression

ikr— D, (B)k2t

8N (r, 1) = n, S e Bk =nG(r, t).  (1.26)

The function G(r, t) is the source function, or the
Green’s function, for Eq. (1.3).*

We now integrate in (1.26) with respect to d’. To
this end, we introduce in the space of the vectors k
the spherical coordinates k, 4 = cosg = k- H/kH, and
¢ - the angle between the planes rH and kH. Inte-
grating then with respect to dk, we obtain 66,

reR2
4Dy (n2) t}

oo { -

0

1
8n¥/2,%2 § D3/z (12)

{1~z gari} 4o

B=pcosa-+ V1 —p?sinacos q.

G, )=G(r, a, t)=

(1.27)

Here « is the angle between r and H.
a) Small distances. When r <V Dt we get from
(1.27):

i
1 S dp

GO, )= .
( ) 8n®/24%/2 d D:/"(p.z)

(1.28)
From this we see that the perturbations of the con-
centration in the center of the inhomogeneity, which
are proportional to G(0, t), decrease with time like
t'3/2, i.e., in the same manner as in ordinary diffu-
sion. The value of G(0, t) (more accurately, the

*The general solution of the linearized equation (1.3) can be
expressed in terms of the Green’s function for arbitrary initial
perturbation oN(r’, 0) and in the presence of a source I(r', t):

BN (r, )=\ ON(r', 0)G (r—r, 1) %
o

t
+§ S G(r—r', t—t') [ (c't')y d% dr’,
i)

o + mH 2 102 /v?
v v ———cos2 P (1 4-Q /vlm)J

value of the integral in formula (1.28)) characterizes
the rate of spreading of the inhomogeneity. It depends
essentially on the rate of diffusion of both the elec~
trons and the ions. In particular, in a weakly ionized
plasma with wy 2 vey we have

i
~C_a
r=\ DY (w3

+ ()" Wm>%}

In a strongly ionized plasma (vej > Mivijp/m) with
Te = Tj we get from (1.22)

[ o 27D {1 + MV“’H } )

lmvez

Qp \ 2

Vim )

-8
~ Dy

(1.29)

(1.30)

It is seen from (1.29) and (1.30) that the values of
the integral I increase in a strong magnetic field in
proportion to H?. The rate of spreading of the in-
homogeneity decreases accordingly. It is interesting
that in a strong magnetic field (wH > vei, QH
> vim) expressions (1.29) and (1.30) can be repre-
sented when Tg = T in the form

1
Y @D;y)@D;,) 2D, )’

(1.31)

where Dj;, Dj), and Dy are respectively the coef-
ficients of longitudinal and transverse diffusion of the
electrons and ions. Let us compare this expression
with the value I = 1/V D\ Df, which is obtained in the
case of ordinary diffusion in an anisotropic medium.
It is natural to assume that the coefficient of ambi-
polar diffusion along the magnetic field is Dy

= 2Dj;. It then follows from (1.31) that the effective
coefficient of plasma diffusion transversely to the
magnetic field is the mean square of the doubled co-
efficients of transverse electron and ion diffusion.

b) Asymptotic behavior. We now determine the
character of the perturbations at large distances from
the main inhomogeneity, r > 2V Dt. We consider first
a simple case, when r I H, i.e., cos o =1, In this
case

G(r, 0, )=G

0 (rs )

1

8:1:3/2 13/2 S 3/2 (n2) <

’21*2_
T 4D, (1) t} )
(1.32)

Replacing u by a new variable x = ru/2V Dy (ul)t,
we rewrite (1.32) in the form

rap?
T30, WY1 ) exp {

YRR e~ [1—222] dx
Gy (ry )= { sl s

4:13/%
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Here and below D} = dD,/du?, D; = d®D, /(du?)?, ete.
In the integral (1.33), the significant values are

x ~ 1, Recognizing that r/2vV Dt > 1, we replace the
upper limit of integration by infinity. Expanding the
denominator in a series in the vicinity of u = 0 and
expressing u in terms of x, we find that

307 (0) ¢

G“ (I‘, t)z—__ﬂr5 . (1.34)

In particular, for a weakly ionized plasma, when
Da(uz) is given by expression (1.13), we have

i:)?iQH
12D40t (14 Qp/ Vil [+ 04/ Vo) 5= —
VemVim

ard {1+ 0gQH/VemVim}®

GII (I', t)=

(1.35)

We see therefore that the perturbations of the density
0N decrease in proportion to 1/r’ with increasing
distance. They also increase with increasing mag-
netic field, In particular, 6N increases in proportion
to H? in a strongly magnetized plasma ( Qg > vip),
As H — 0, the coefficient Dg(O) approaches zero in
proportion to H%., When H =0 the asymptotic expres-
sion for G|, degenerates and the Green’s function
decreases exponentially with distance, as in the case
of ordinary diffusion.

The change in the asymptotic behavior of the
Green’s function in the case of diffusion in a plasma
in a magnetic field is the consequence of violation
of the analyticity of its Fourier components Gy in the
vicinity of the point k = 0. Indeed, according to (1.26)

Gy = exp {— Da (u?) k%}.

We see therefore that if Dy (u?) = Cy + Ci®, where
4 =k, /k, then Dgk? is an analytic function of k and
the function Gi is also an analytic function of k. But
if the diffusion coefficient has a different dependence
on wl (given, for example, by formula (1.12)), then a
singularity arises at the point k = 0, This singularity
is indeed the cause of the change in the asymptotic
properties of the Green’s function, The physical
cause of the phenomenon lies in the fact that the
character of the perturbations at large distances
from the main inhomogeneity is determined by the
influence of the electric charge and not by diffusion.

We have considered above only the case a = 0.
Similar calculations show that for an arbitrary angle
a between r and H the density perturbations at
large distances are again proportional to t/r5,[66]

c) Shape of inhomogeneity. The Green’s function
G depends on three variables: distance r, angle «,
and time t, From (1.27) it follows, however, that the
product t%/2G is the function of only two variables,
the angle o and x = r/2V 2Dy t. This is as it should
be, since the Green’s function in an unbounded plasma
is determined by the self-similar equation (1.6). It is
therefore convenient to consider the dimensionless
function G(x, ) =G(r, t, ®)/G(0, t), where
G(0, t) ~ 1/t¥? is the value of the Green’s function
at r =0, determined by formula (1.28).

FIG. 4.

g wz o W a8 W,

The result of the numerical calculation of the
function G(x, o) is shown in Fig. 4 (weakly ionized
plasma, Qy/vim =1, mvem /Mivim = 3% 107%). The
dependence of G on x is shown here for different
values of the angle «: curves 1, 2, 3, and 4 are con-
structed for cos @ =0, 0.9, 0.99, and 1 respectively.
We see from the figure that for small values of x the
function G decreases rapidly, exponentially. When
x ~ 1 the rate of decrease of G is much slower, At
large values of x, according to the asymptotic expres-
sions given above, G decreases in proportion to
1/x°, At small x, the function G decreases especially
rapidly in a direction perpendicular to the magnetic
field (cos @ = 0), as expected. The anisotropy of
the function G(x, a) at x ~ 0.1 is quite strong; when
s ~ 1 it is much less pronounced.

The curves G(x, a) = const = Gy characterize the
shape acquired by the inhomogeneity during the pro-
cess of its spreading in the plasma. They are shown
in Fig. 5a in a logarithmic scale for the different
values of Gg indicated in the figure. In Fig. 5b, the
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curve Gy = 0.03 is drawn in a linear scale. The
abscissas and ordinates indicate the values of x, and
the angle o is measured from the ordinate axis,
which is directed along the magnetic field. We see
from the figure that the inhomogeneity acquires, as
a result of the spreading, a shape which differs
noticeably from the ellipsoids which are produced in
ordinary diffusion in an anisotropic medium.

d) Lifetime of inhomogeneity. The lifetime of an
inhomogeneity is naturally defined as the time during
which the perturbation 6N (O, t) of the particle
density at the maximum of the inhomogeneity, de-
creases by a specified factor p (say, 10 or 100).
Assume that at the initial instant of time the pertur-
bation of the density at the maximum of the inhomo-
geneity was 6N (0, 0). The lifetime t of the inhomo-
geneity is then determined from the relation
6N (0, 0) =p6N(OQ, t). Using for ON(O, t) expres-
sions (1.26) and (1 28), we get

A+7./T) 2/3

1||

w—{ T Dah ] d“} ; (1.36)
azv"&p o | 4D @ Tary. (137

Here t; is the lifetime of the inhomogeneity in the
plasma in the absence of a magnetic field, ng
=Jf6N(r, 0)d® is the total number of particles in
the initial inhomogeneity.* The ratio ny/8N(0, 0) is
of the order of R}, where R, is the characteristic
dimension of the initial inhomogeneity. It follows
from (1.37) that the lifetime of the inhomogeneity is
proportional to R}/Djj.

With increasing magnetic field, the lifetime of the
inhomogeneity increases. For example, in a weakly
ionized plasma, as follows from (1.29) and (1.36), we

have
) 1/2 ) 3/2 } 2/3
(Vem rd VZ"L

We see therefore that in a strong magnetic field the
lifetime of the inhomogeneity is proportional to HY/3,
At an arbitrary degree of ionization of a plasma in a
strong magnetic field (QH > vim, wH > vei) we have

t/ty= {1 +

Z/fo — 3[/[3/01/3 1 ’3

1.4. Influence of Motion of Neutral Molecules and of
Solenoidal Electric Field

a) Molecule motion. We have neglected in the
foregoing the motion of the neutral molecules (V,,
= 0). Actually, when the inhomogeneities of an elec-
tron-ion component of the plasma spread out, the

*Formula (1.36) is valid under the assumption that the lifetime
of the inhomogeneity is sufficiently large: t > R2; /DY D}?, where
R,y is the characteristic dimension of the initial inhomogeneity in
a plane perpendicular to H. At large values of the number p, as is
clear from (1.36), the foregoing condition is always satisfied.

collisions with the molecules give rise to motion of
the neutral gas, too. It is natural to expect that when
N « Ny, it will affect only slightly the diffusion
spreading of the inhomogeneities.

We consider first a weakly ionized plasma in the
absence of a magnetic field. In this case the disper-
sion equation for the system of linearized equations
(0.12), (0.13), (0.3)—(0.5), describing the quasineutral
motion of the electrons, ions, and neutral molecules
with Tg = Tj = T is written in the form

(io + Dpk?)2 {z(o3 w2k? (Da+ 5 D >—Lmk2 (Da L Vi - S2>

—k4szna} =0. (1.38)
Here Dy =n/M;Ny, is the viscosity coefficient, S the
speed of sound in the neutral gas, and Dy the coeffi-
cient of ambipolar diffusion (1.14). Equation (1.38)
has four roots. The root w = iDyk? describes the
damping of the hydrodynamic motions of the incom-
pressible gas of neutral particles (V 1 k), and the
roots w =1i(%;) Dy + SkV1 + 2N/Ny,, describe the
sound waves.* Finally, the root

Te- T;

. _ (1.39)
Mvim+Mvim (Te+-Ti) N/TNp,

=ik

describes the diffusion spreading of inhomogeneities
of the electron and ion density - ambipolar diffusion.
It is seen from (1.39) that at low degrees of ionization,
the change in the diffusion coefficient, connected with
the particle motion, is small, At high degrees of
ionization it becomes appreciable.

It is interesting that the coefficient of ambipolar
diffusion (1.39 retains its meaning also when Np,
— 0: in this case w = ik®TNpy /MjNvj,,. At the same
time it is known that no diffusion spreading of the
inhomogeneity takes place in a fully ionized isothermal
plasma in the absence of a magnetic field. The point
is that a state with constant pressure must be pro-
duced for diffusion spreading of the inhomogeneity.
In particular, the process of ambipolar diffusion in
an isothermal plasma in the absence of a magnetic
field is always a process in which mutual diffusion
takes place of the electron-ion gas and of the neutral-
molecule gas. It is easy to see that in this case the
following relation is always satisfied:

SN (1, t):-TL‘T‘L.T—iéN(r, 7). (1.40)

Because of this, the pressure perturbation is Ap

= T6Nm + TedNg + Ti6Nj = 0, so that the total pres-
sure in the plasma is constant. If N/Nm « 1, then
the pressure of the neutrals does not affect the mu-
tual diffusion, as is usually the case for diffusion in
gas mixtures'!!, When N/Ny, 2 1, on the other hand,
the diffusion is quite appreciable. However, when

*The longitudinal waves in a partially ionized gas were consid-
ered, for example, in [***°].
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N > Ny, as is clear from (1.40), only very weak
perturbations of the charged-particle concentration
can spread out: 6N ~ 8N, < Ny, In a fully-ionized
plasma (when Ny, = 0) such motions are generally
impossible.

In the presence of a magnetic field the dispersion
equation with allowance for the motion of the neutrals
has in general a very complicated form.!"3! In longi-
tudinal diffusion k Il H the root describing the ambi-
polar diffusion is determined, as before by (1.39).
For transverse diffusion, k L H,

' N (Te+Ti)
@ = zkzDaJ_/[ 1 +NmT 1+ ogQH/VimVem)

where Dg) is the coefficient of transverse ambipolar
diffusion (1.15). We see therefore that the magnetic
field only weakens the influence of the neutral-mole-
cule motion on the diffusion. Apparently in the general
case, when the condition

N(Te-+Ty) « NpuT (1.41)

is satisfied, the motion of the neutral molecules like-
wise does not affect the ambipolar diffusion.*

b) Solenoidal electric field. So far we have as-
sumed throughout that the electric field E is longi-
tudinal. We shall now take into account the influence
of a solenoidal electric field on the motion of the ions
and electrons. In other words, we consider in lieu of
Eq. (0.6) the complete system of quasistationary
Maxwell equations (0.6)—(0.9). The general dispersion
equation describing the spreading of quasineutral in-
homogeneities is then written in the form [4

08 A (D k%) 0% — iB (Dyk?)2 0 —C (Dyk?)3 =0, (1.42)

where Dy = c"’/47r(7e is the magnetic viscosity. The
coefficients A, B, and C in a weakly ionized plasma
take the form:

A=2+p+_ﬂ’.g_li {1+ cos? B),
VemVim
B=142p+-2H2H (44 o0 c0g2 By 4o gos %
=14 P+m( ~+2p cos? ) +;3-1;005 B 1+;g R
w2 Q%
Czp[i—l—wicos?ﬁ(i—]—vTHcosz ﬁ)]
em im

Here S is, again the angle between the vectors k
and H, and p is a dimensionless parameter:

(Te+T;) 4me2N
mc? Mivimvem ’

D
p= z;,la‘ ”%“(“enDiqu"iuDen)= (1.43)
The dispersion equation (1.42) is of third order. All
its roots w are proportional to k?, and consequently
the spreading of the quasineutral inhomogeneities in

the plasma is described in general, when a solenoidal

*[t must be emphasized that in this section we consider only the
molecule motion brought about by the spreading of an electron-ion
inhomogeneity. The gas of neutral molecules, as a whole, is as-
sumed to be as rest. The role of the motion of the entire neutral-
particle gas is discussed in the next section.
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field is taken into account, by three independent dif-
fusion processes.

For example, in the case of transverse diffusion
(cos § = 0) the roots of the dispersion equation (1.42)
are

03,0= K30y {p1+-SHDE

VemVim
¥ l/(p—i)2

At small values of the parameter, p «< 1
+ wHLH/VemVim, the root w, is equal to ik?D,,
where Dy is the coefficient of transverse ambipolar
diffusion (1.15), It is precisely this root which de-
scribes the spreading of the particle-density pertur-
bations. The two other roots are much larger under
the same conditions - on the order of Dpj. They de-
scribe the spreading of the magnetic perturbations.
For longitudinal diffusion (cos 8 = 1):

2(0 HQ H
vemv

v+1}

w3=ik2D,,.
R v’* 3 M

Wy = ik2Da”,

02, 3=k Dy [ 14 PHRE oy OB

The first of these roots describes longitudinal ambi-
polar diffusion, and the two others the spreading of
the magnetic disturbances. The latter process has
not only diffusion but also wave properties. If Qg
< vim and wH > vem, respectively, the correspond-
ing waves are weakly damped. Their dispersion is
quadratic (w ~ k?). These waves are observed in the
earth’s ma%netosphere [s0~-92] (‘‘whistlers’’) and in
solids (87-10 (¢sheljcons??).

For an arbitrary diffusion diffusion, if the condi-
tion

_4neN (T4 T3) [0F 719554
T T mMciViven <1+

VemVim ' (1'44)
is satisfied, one of the diffusion roots, w;, is much
smaller than the other two. It is this minimal root
which describes the spreading of the particle-density
perturbations. It coincides with the coefficient of
ambipolar diffusion (1.13),

Thus, in the general case, the spreading of quasi-
neutral inhomogeneities in a plasma is a composite
of three independent diffusion processes, which de-
scribe the time variation of the perturbations of the
magnetic field and of the electron and ion densities.
When condition (1.44) is satisfied, these processes
separate: two of them become much faster than the
third, and the latter is connected just with the spread-
ing of the plasma-density perturbations. A solenoidal
electric field has no great influence on the latter
process, which coincides with the already considered
ambipolar diffusion. The condition (1.44) limits the
pressure of the electron-ion plasma component. In
particular, in a sufficiently strong magnetic field
WHSH > YemVim, condition (1.44) has a simple physi-
cal meaning: the pressure of the electron-ion gas
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N{(Te + Ti) should be smaller than the magnetic-
field pressure H%/47. Under real conditions, in outer-
space and in laboratory plasma, this requirement is
usually satisfactorily met.

c) Establishment of quasineutral state. So far we
have considered only quasineutral inhomogeneities,
i.e., we have assumed that the uncompensated electric
charge has already time to diffuse. This is true, of

course, only in the case of sufficiently slow processes.

Let us consider now the spreading of an arbitrary
initial inhomogeneity in a plasma and let us show how
the quasineutral state, from which the ambipolar dif-
fusion starts out, is produced.[“]

In a weakly ionized plasma, the equations (0.1)—
(0.6) take the form

AN,
at

——V’<%9E>——VWﬁeVAQ):O,

aN; a - N
v (‘; E> —~V (D;VN) =0,

i (1.45)
VE= —4ne (N;—N,).

In the derivation of (1.45) we have neglected, as
usual, the motion of the neutral molecules and the
influence of the solenoidal electric field. Let us as-
sume, as before, that the inhomogeneity of the homo-
geneous plasma is 6Ne,i <« Ny. Expanding the un-
known functions 6Ng, 6Nj, and E in a Fourier inte-
gral in terms of the coordinates, we get from (1.45)
the following system of equations for the functions
ONgk (t) and ONjp (t):

N
25+ (D)) 082 B+ D | sin? B) k2 8N - 471 (0, cos? b
+0,, sin?B) (BN, —6N, ) =0, (1.46a)
Wi cos2B+D | ; sin2 ) k2 0N, 44 2
—57 H(Dyi 08 B+D, ;sin?p) s (o cos? B
40, ;8in2 B) (BN —ON ,)=0. (1.46Db)

The solution of the linear equations (1.46) can be
written in the form:

BNy, ()= GN;%:ef“’l’ + 6N:i’ef"°2', (1.4
BN (£) = NP0t 1 SN G i02!,
where w; and w, are the roots of the characteristic
equation. If the characteristic dimensions of the dis-
turbed region are large compared with the Debye
radius Rp (condition (0.10), then

6> Dk, o;» DA% (1.48)
In this case the roots w; and w, have the simple

form:

wy = 4 [(0),+ 0y;) cos? B+ (0| -+ 0 ;) sin? B], (1.49a)
. (o), cOS? p+o,,sinZp) (Dyycos2 B+ D | ;sin? )~
@y =1 {011+ 0)j) c0sT B (0, , -0 ) sinZ
% =+ (0): 052 B+ 0 ; sin? ) (D, cos2 B+ D, sin? f) . (1.49b)

(0}, 0));) cos2p-+(0) ,+0, ;) 8in2f

For 6Ny, 5Ni{2;, oN(Y, and 6N} we obtain in this
case

SN Ojocos2P+o,,sin?f ,
ke (GHEA,—o“i)cosZﬁ+(a_l_e—§—oii)51n2ﬁ

[‘SNke 0)— 6Nki O,
(1.50)

AN — 03 €082 40, ;sin? f
ki (0))e+0y;) cost B+ (0| 0, ;)sin?f

[&’Vki (0)— BNke )],

T(2) (2)
BN =8N

_ (o) cos B+, sin? ) 8Ny; (0)+(oy; cos? B+ g ; sin? B) SN, (0)
(0}, 0y3) c0s® f+-(0, ,-+ 0y ;) sin? P ‘

(1.51)

Here 6Nke( 0) and 6N;(0) are the Fourier com-
ponents of the initial perturbation of the electron and
ion density.

From (1.47)—(1.51) we see that the root w; de-
scribes the spreading of the initially uncompensated
charge in the plasma, which is proportional to
[6NKi(0) — 6Nke(0)]. The charge vanishes very
rapidly, and after a time

At > 1/ [(0,,+0))) cos2 B4-(0 | -+ 0 ;) sin? B] (1.52)

the inhomogeneity becomes quasineutral, 6Ny (t)

= 6N (t).* The spreading of the quasineutral in-
homogeneities is described by the second root w,.
This process coincides with the ambipolar diffusion
which was considered above. It is much slower than
the leakage of the initial charge, since wy/w;

~ (kRp)? < 1.

Thus, the quasineutral state of the plasma becomes
established after a time (1.52) or (1.52a). When the
conditions (0.10) or (1.48) are satisfied, this time is
small compared with the characteristic time of am-
bipolar diffusion.

2. MOVING INHOMOGENEITIES

We have considered above the diffusion spreading
of inhomogeneities in a plasma, and assumed that the
electron and ion gas in the homogeneous (unper-
turbed) plasma is at rest. Under real conditions,
however, the electrons and ions frequently execute
also a common motion or drift, The drift may be
due to various causes: external electric field, motion
of neutral gas (wind), inhomogeneity of the magnetic
field, gravitational field, etc.

*In choosing the condition (1.52), we used the macroscopic
equations. Therefore satisfaction of this condition is essential
only in a sufficiently dense plasma, when the electron collision
frequency v exceeds the plasma frequency w,. If v < v,, then the
establishment of the quasineutral state proceeds via emission of
plasma waves. The time of establishment is of the order of 1/w,.
The condition (1.52) is then replaced by the condition

At > 1/wg.
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When drift is present in the plasma, the inhomo-
geneity moves. If the electron and ion drift velocities
Ve and V; are equal, then the entire inhomogeneity
will move at the same velocity, of course, Usually,
however, the electrons and ions drift with different
velocities, Then the drift tends to separate the elec-
tronic and ionic components of the inhomogeneity.
This gives rise to an electric field that hinders the
separation. The action of the field causes the in-
homogeneity to move at some mean velocity inter-
mediate between Ve and Vi, and the electron and
ion densities in the inhomogeneity are always equal
to each other, However, the same electric field
causes the inhomogeneity to spread. This mechanism
of spreading of moving inhomogeneities, called here
‘‘dispersion mechanism,’’ is radically different from
diffusion. It leads to a ‘‘splitting’’ of the moving in-
homogeneity. The present section is devoted to an
analysis of the motion and spreading of inhomogenei-
ties in a plasma under drift conditions.

2.1. Equation of Motion of the Inhomogeneities

We assume that condition (0.10) is satisfied, i.e.,
we shall consider only the motion of a quasineutral
plasma., We neglect, as before, the influence of the
internal vortical electric field and the perturbations
in the motion of the neutral gas. We then get directly
from (0.12) and (0.13) an equation describing the
motion and spreading of an inhomogeneous plasma,
an equation which is essentially the generalization of
the ambipolar diffusion equation (1.1) to include the
case of a plasma with drift. Indeed, substituting into
(0.12) and (0.13) the expressions (0.3) and (0.4)
for the electron and ion fluxes and taking into ac-
count their drift motion, we get:

I AV (NVuy+NVig)— 5 (VD,V+ VD, V) N

—5 ! w6, v—VEV)g=0,
V6V L V& V)@=V (NViy—NVi) + V (D,V — VD, 9) N
(2.1)

Here ¢ is the potential of the internal electric field,
and V,; and Vj, are the drift velocities of the elec-
trons and ions:

VeO: Um {Eo 7 "—[Um ]_—
&HeTe [HVH] [H, (HV) H]
T 2N < + = > '

M; el't HV, H
io—‘Um+ {E0+ [UmH]+ g}+02§21v [ H? ]

MLYULINY (2.2)

Here E; is the external electric field, Uy, the
velocity of the neutrals, and g the acceleration due
to gravity., Expressions (2.2) can be derived from

(0.3), (0.4) by substituting for E the effective force
acting on the electrons and ions in the gravitational
field and an inhomogeneous magnetlc field

(see (57,65, 7”) The tensors crHe and GHj coincide in
the elementary-theory approximation with G and
di.* Therefore, in a coordinate frame moving to-
gether with the neutral gas the drift velocities Vg,
and Vj; coincide with the velocities produced by the
effective external electric field Eg¢f. The latter,
however, is different for the electrons and the ions:

Eeff e _EO_’__[UmH]___T__zezN <[H VH]+[H (HV) H])

Eetr, =By 5 [UnH] + 28 T (ILTHL 15 G AT

(2.3)

The boundary conditions of (2.1) have the same
form (1.7) as before.

If the inhomogeneity is only a perturbation of the
main density of the homogeneous plasma N, i.e., if
N = Ny + 6N, where 6N « Ny, then Eq. (2.1) can be
linearized and ¢ eliminated. The linearized equation
takes the form

dON

(V6.¥ +V5,¥) G + [ (V6.9) 55 (NoVio¥)

+(V6:Y) 3 (NOVGOV)J 3N —[(V3,V) (VD;V)

+ (Vo VYD, V)]6N =0. (2.4)
The tensors ¢, 74, De, and D; and the velocities

Veg and Vi, depend here only on the density N of

the homogeneous plasma.,

The solutions of the linearized equation (2.4) will
be considered later on.T It is important to emphasize
the limitations that follow from the very formulation
of the linearized problem in a homogeneous plasma
with a homogeneous magnetic field., Indeed, the drift
velocities of the electrons and ions are not equal to
each other. Consequently, a current of constant
density flows in the plasma. This current produces
its own proper magnetic field, which is inhomogene-
ous. It upsets the homogeneity of the plasma. It is
therefore meaningful to consider only inhomogeneities
whose dimensions are bounded by the condition

(2.5)
Here Rp is the Debye radius, V = | V| = | Vig — Vegl,

L<%RD.

*The difference between the tensors oye or og; and Ge OF G is
connected with the fact that the effective force acting on a particle
moving in an inhomogeneous magnetic field depends on its velocity
(F ~ V%), This affects only the form of the collision tensor or the
tensor of the coefficients R.

fThe motion and spreading of cylindrical inhomogeneities with
strong density perturbation 8N ~ N, (meteor trails in the ionosphere)
were considered in a number of papers [*7”]. In these papers, how-
ever, the problem was not solved rigorously. Assumptions which
were not always sufficiently corroborated were made, and the ac-
curacy of the results is therefore not certain.
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and L is the dimension of the inhomogeneity in the
direction perpendicular to V: L = VAN/(V-VéN).
When the condition (2.5) is satisfied, the pressure of
the proper magnetic field is smaller than the plasma
pressure, so that the field cannot greatly upset the
plasma inhomogeneity. We note that if the problem is
considered in a homogeneous magnetic field Hy, then it
is necessary to satisfy besides (2.5) also the condition

(2.6)

which follows from the fact that the magnitude of the
inhomogeneous magnetic field of the current is
limited by the requirement that this field be small
compared with Hy. If the pressure of the external

(Oy1¢ c0s?f+0, . sin? (3) 3N (Novzo) + (0'”1 cos?+0 ) ;sin? ﬁ) TN (No e0)
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magnetic field H(z)/47r exceeds the plasma pressure
2N,T, only the condition (2.6) is important.

2.2, Solution of Equation of Motion

a) Velocity of ambipolar drift. The solution of the
linear equation (2.4) in an unbounded plasma is ob-
tained by expanding the sought function in a Fourier
integral in terms of the coordinates. This yields:

£ 6Nk (O) etk (r—Vg (B) )—Da () R2t dak’ (2.7)

1
o )
where 6Nk (0) are the Fourier components of the
initial concentration perturbation, Da(3) is the co-
efficient of ambipolar diffusion (1.12), and Vg () is
the velocity of the ambipolar drift:

ON (r, t)=

(2.8)

Va= (o”ea—anl)coszﬁ-l—(ch_eﬁ—G_Ll)sm?ﬁ

This formula expresses the velocity of the quasineu-
tral inhomogeneity (velocity of ambipolar drift) in
terms of the drift velocities of the electrons and ions
in the inhomogeneous plasma Vg, and Vj,. It is very
important that the drift velocity V, turns out to de-
pend on the angle 8 between the wave vector k and
the direction of the magnetic field H;. Consequently,
the different Fourier-components of the inhomo-
geneity have different velocities, This means that
when we consider an arbitrary inhomogeneity we can

. ag
2
1(G”ecosﬂﬁH-c; . 5in% f) NE

Vao=Up+ —

. gy 00
eff . i —(0); cos? p+o,,sin3p) ETo

speak only of some mean value of its velocity, which
depends on the Fourier spectrum of the inhomo-
geneity, i.e., on the shape of the inhomogeneity, In
addition, the dispersion of the ambipolar drift velocity
Va(B) leads to a spreading of the inhomogeneities,
in analogy with the spreading of wave packets in a
dispersive medium.

Taking account of expression (2,2) for the drift
velocities of the electrons and ions in a homogeneous
plasma, we can rewrite (2.8) in the form

Here Eggf i and Eeff ¢ are the effective electric
fields for the electrons and ions, determined by
formulas (2.3). In a weakly ionized plasma the con-
ductivity is proportional to Nj, and consequently
83/8Ny =3/N,. At an arbitrary degree of ionization,
the components of the tensors 95¢/8 Ny and 86i/0N,
have the following form in the elementary-theory ap-
proximation:

24,2
ao“i _ e2ve 60“,2 B 2o
Ny Mivip (Vem+vei)2 ' 0N, m (Vom +-Vei)* ’
90, e2v2

; v vE,
a_NO_ZM—iViZ"AZ {(vem—|— Vi) 4 0k <2+2 ei _*v;)

(1 ()

em\:;n {(Vem—}—ve,) + o <.1 +2 Vei

ueh)}

e2WyVem
Mvim AL { (Vem -+ Vei) <2Vet +‘M im

96|,

2
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N, + M; Vem"’zm)

+(DH v <2+

6041
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Vez 2VengVim J
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Vem mv2,,
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+opven il [ 24 (25

¢ (O +0y) cos? p4-(0, | +0; ) sin®f

Eeff, e
. (2.9)
o 2
Ae _e O 2 a2, '3 mve; mvye;
Ny " maz | Vem V""‘“’H[ Mevim (2 +u vl,,,>j|

tont (2 G0}

A= (Vom+ ver)? + 0} (1+2 mvge; +Q%1

2
Mvim Vim Vi

(2.10)

Expressions (2.9), (2.10), and (2.3) solve the problem
of the velocity of a quasineutral inhomogeneity in a
plasma, i.e., of the velocity of ambipolar drift,

We note here that in the absence of a magnetic
field the drift in the plasma can give rise to an ex-
ternal electric field and to motion of the neutrals.
From (2.9) it follows that in this case we have

a0 00e
\ %ean, " CtaN
Va:U'"T< e(ooe+0) 0> Eo.

Taking the relation g¢(980i/8Ny) =0j(dge /0N;) into
account, we find that the velocity of the ambipolar
drift in the absence of a magnetic field is equal to the
velocity of the neutral gas. It does not depend on the
external electric field. This is understandable: a
quasineutral inhomogeneity with 6N = 6Nj becomes
polarized in a plasma situated in an external electric
field E, but does not move, since the force
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F =eE(6Ng — 6Nj) acting on it is equal to zero
(accurate to small terms of order (kRD)z).

b) Plasma in an electric field, For the ambipolar-
drift velocity in a weakly ionized plasma situated in
an external field E; in a magnetic field H;, we get
from (2.9)[78]

e o 2QE, . QH <1 og Qg )
£ | H —=. 2 o8
Va Mivind {V%m cos ﬁ ot Vem + Vem Vim ﬁ
x [EoH] _ Ok H(EH)
H Vi, H? ’

w [93 AN
A=1+-2£coszl5<1+TH)—!—ﬂH—Qi.
Vem Vim

VemVim (2.11)
In the absence of the magnetic field, the velocity Vg4
vanishes. The dependence of the drift velocity on
cos 8 for different values of wH is shown in Fig, 6.
The ordinates represent the following components of
the drift velocity Vg in units of (eE cos a)/(Mjvim):
V; - the component in the magnetic-field direction,
V, - the Hall component (in the E x H direction),
V3 - the component in the Hx [E X H] direction;
cos @ = (H-E)/HE = 1/¥ 2, mvem /Mjvim = 0.01 (all
the subsequent figures are plotted in terms of the
same units and at the same values of cos ¢ and
mvem/Mivim). With increasing H and when wq
< vem- the first to grow is the Hall component of the
velocity (proportional to E X H). This is seen from
Fig. 6a, which shows a plot of the velocity V, for
wyg = 0.5vgy. When wy ~ vepy the region of angles
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B close to n/2 (i.e., k 1 H) is distinct., The com-
ponent of the velocity V, parallel to H increases
rapidly when cos g — 0, and reaches the value of the
electron drift velocity eH/mvem when QH ~ vim.
This is seen from Fig. 6c (wH = 50vem). In a strong
magnetic field the velocity V; decreases with in-
creasing ratio Qf/viny (Fig. 6d) (wy = 100vep).
However, as before, the component of V, parallel to
H increases rapidly as cos 8 — 0.

The normal component of the drift velocity, V,
=(k-Vy)/k was determined in a paper by Clemmow
and Johnson ", It depends only on the angle 8 be-
tween the direction of the magnetic field and the wave
vector k, but also on another angle, which charac-
terizes the direction of the vector k. The velocity Vp
as a function of cos g is shown for kIl [EX H] in
Fig. 7a and for k L [EX H] in Fig. 7b. Curves 1, 2,
and 3 are for wH = vem, 50em, and 100vgy, re-
spectively, It is seen from Fig, 7 that the normal
component of the drift velocity also changes strongly
with changing angle §. In a strong magnetic field the
normal component of the drift velocity increases
sharply at angles 8 close to n/2.

In the case of crossed fields, E L H, the com-
ponent of V5 parallel to H which is the most strongly
dependent on the angle B, vanishes. This case is
particularly interesting, since in other drift mecha-
nisms the effective electric field, as is clear from
(2.3) is usually perpendicular to the magnetic field.
The velocity V, then lies in a plane perpendicular to

v
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H. The hodograph of the velocity Vg is shown in
Fig. 8 as a function of the angle 8 in the case when
E 1l H (wyg =vem). The drift velocity is seen to have
appreciable dispersion.

The dispersion of the ambipolar-drift velocity
leads, first, to an influence of the shape of the in-
homogeneity on its mean velocity. Indeed, if the in-
homogeneity is strongly elongated in the direction of
the magnetic field, then the main contribution to its
Fourier spectrum is made by the region of angles 8
close to 7/2. In this case the inhomogeneity can move
at the velocity of the electron drift. Inhomogeneities
that are not strongly elongated in the direction of the
magnetic field have velocities that are only of the
same order as the ion drift. The dispersion of the
drift velocity leads also to dispersion spreading
(attenuation) of the inhomogeneities. It will be con-
sidered in the next section.

In a strongly ionized plasma in crossed fields
E | H, under conditions Qg > viy, and vei > vem
(these conditions obtain in the ionosphere at altitudes
exceeding 200—300 km), the dispersion is small and

the inhomogeneity moves at a velocity (8078
V, = c [EHJ/H. (2.12)

This is connected with the fact that under the indi-
cated conditions the electron and ion drift velocities
are approximately equal. The components of the
drift velocity in the directions of H and of

HX [E x H] are in this case small; for these com-

(eH)

V()

FIG.- 8.
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ponents, however, a considerable dispersion exists
as before.

2.3. Spreading and Shape of Moving Inhomogeneities

a) Green’s function. Dispersion mechanism of
spreading. The spreading of inhomogeneities, which
had at the initial instant of time very small dimen~
sions (points) is described in the presence of drift by
formulas (1.26) and (1.27), where

B=py+V T—p A—v}cosg, y=pH/pH, p=r—V, (u?).
(2.13)

Here p =cos 8 =k-H/kH and ¢ is the angle between
the rH and kH planes.

The maximum of the function G is attained at
p = 0. In diffusion without drift, this condition deter-
mines one maximal point r = 0; in the case of drift
with only one velocity V, the condition defines only
one point r = Vit In our case, owing to the disper-
sion of the drift velocity, Vg4 = Va(uz), the condition
p =0 at each instant of time t is satisfied not for
one point, but for a one-dimensional set of points
- a curve defined by the relation

l'::va(].L:) t, (2.14)

where py runs through all values from 0 to 1. With
increasing time, the locus of the maxima (2.14)
moves in space, becomes elongated, and conserves
similarity. This is seen from Fig. 9, where the loci

[EH)

[ H]

a4 t=0 U

b)
FIG. 9.
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of the maxima (2.14) were plotted in a plane perpen-
dicular to H for instants of time t4 < t; < t3.*

The length of the locus of the maxima increases
linearly with time. The maximum value of the
Green’s function should decrease accordingly. Con-
sequently, the dispersion of the drift velocity leads
to a spreading of the inhomogeneities. This process
of dispersion spreading is faster than the diffusion
spreading, but proceeds only along the locus of the
maxima. In directions perpendicular to this locus,
the inhomogeneity spreads out as a result of diffusion.
Simultaneous action of the dispersion and diffusion
mechanisms should cause the particle density in the
moving inhomogeneities to decrease in time more
rapidly than in stationary inhomogeneities, when only
diffusion is important.

The asymptotic values of the function G(r, t) at
points lying on the locus of the maxima (2,14), i.e,,
for r and t satisfying the relation r = Va(uﬁ)t, can
be calculated by the saddle-point method (681 1t turns
out here that the principal maximum of the function
G is determined by the condition r = V;(0)t. The
value of the Green’s function at this maximum is
G(r=Va(0)?)

=0.64173D 74 (0) [1 — y? (0)] /4

><[d—‘-’”—2}va () —Va (0)‘ ];;’; 1=, (2.15)
Thus, in the principal maximum the density decreases
with time like 1/t"/%. This maximum moves with a
velocity V4(0). In other words, the velocity of the
principal maximum of the inhomogeneity is deter-
mined by formulas (2.8) or (2.9) with coszﬁ =0,

The second maximum moves with a velocity
V(u?), where u}, satisfies the condition u};
+7v(pd) = 1. The Green’s function at this maximum
decreases like t"1%/8. When v = 0 the second maxi-
mum moves with a velocity V4(1). The Green’s
function decreases in this case like t~11/6,

In all other directions of the locus of the maxima
(2.14), the Green’s function decreases in proportion
to 1/t2. Thus, the concentration of the particles in
moving inhomogeneities decreases with time more
rapidly than in stationary ones when Gmax ~ 1/t¥2.
1t is this increase in the rate of spreading which
manifests the dispersion mechanism of inhomogeneity
spreading.

b) Shape and lifetime of the inhomogeneities. As
indicated above, the asymptotic expression for the
Green’s function has two maxima if drift is present

*The curves in Fig. 9a were plotted for the case when the drift
in the plasma is produced by an external electric field perpendicu-

lar to H (the conditions are the same as for Fig. 8.). In Fig. 9b, the

drift is produced by the wind of neutral particles moving with a ve-
locity Uy, perpendicular to H (wy = 50 vem). In both cases, the
locus of the maxima is nearly straight and lies in a plane perpen-
dicular to H. In the general case this is a three-dimensional curve.

in the plasma, Accordingly, during the course of its
motion the inhomogeneity should ‘“split’’ it were into
two parts moving with essentially different velocities
V4(0) and Vg4 (He). In addition, the inhomogeneity
becomes elongated in the direction of the locus of the
maxima (2,14), which joins both indicated maxima.
The direction in which the inhomogeneity becomes
elongated does not coincide in general with the direc-
tion of the magnetic field.

Figures 10a and 10b show equal-concentration
curves for two instants of time in a moving inhomo-
geneity[sﬂ. This pertains to a weakly ionized plasma,
and the drift is due to motion of the neutral gas with
velocity Up, in a direction perpendicular to H, In
this case the velocity of the ambipolar drift is

Qo

mz -
1—|——2H—coszﬁ Up+ cos?f [UMEJ
V. — Vim VimVinm H 1
a QH [0}-4 w%{ Q%I )
S5 o { | cos? B
Vim Vem ' Vem vim

(2.16)

It was assumed in the numerical calculation pre-

FIG. 10.
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sented in Fig. 10 that wi/vem = 50 and wy/Vim
= 0.5. Figure 10 shows curves of constant values of
the ratio G(r, t)/Gg( 0, t) in a plane perpendicular
to H(G(r, t) = Green’s function for the moving in-
homogeneity, Gg( 0, t) = Green’s function at the
maximum of the inhomogeneity if the latter were at
rest and its spreading were determined only by the
diffusion as per (1.28)). The curves of Fig. 10a are
plotted for the instant t = 2Dj/U%,, and those in
Fig. 10b for t = 20D;;, /U%,. When t < 2Dy / U},

shape of the inhomogeneity is determined by d1ffus1on
spreading. It is seen from Fig. 10a that when
t = 2Dy, /U%, the influence of the drift on the shape
of the inhomogeneity is already quite pronounced (the
curves determined by diffusion alone are shown
dashed in the figure). When t « 2Dy /Ufn the shape
of the inhomogeneity is determined completely by the
drift. The inhomogeneity splits in two - two maxima
appear. This is seen from Fig, 10b. The principal
maximum of the inhomogeneity moves in this case,
according to (2.15) and (2.16), in the direction of Up,
at a low velocity

Vo (0) = Um/[1+ H“’H] 0.0385U,.  (2.17)

VimVem

The value of the ratio G(r, t)/Gg( 0, t) in the prin-
cipal maximum, at t = 20Di”/U§n, is already much
smaller than unity; this decrease is the result of the
dispersion mechanism of spreading. The second
maximum, according to the asymptotic formulas,
moves in a direction which does not coincide with the
direction of motion of the principal maximum:

1+ oy /vi,
va (1) = 0)%1 Q orQH m
”W(’*FFW
QH(D?{/V;mVZm H
+ QH“’H [Umﬁ]
1+ 2 ( VimVem
—0.794U,, - 0.397 [Um%] ) (2.18)

The velocity of the second maximum is larger by
more than 20 times than the velocity of the principal
maximum.

The values of the ratio G(r, t)/Gg( 0, t) for the
principal maximum (Gy), the second maximum (Gy),
and the saddle point { G3) are shown in Table II for
different instants of time t. It is seen from the table
that the concentration of the particles in the second

Table II
e, 3‘ tUl,
G G
D 1 2 Gg ‘ Di” Gy Ga Gs
H
0 1 — — | 80 0.54 | 0.27 0.098
2 0.92 — — | 200 | 0,44 0.25 0,045
20 0.65 0.29 0.22 1] 800 | 0.34 0.23 0.020

maximum decreases for some time more slowly than
in the first maximum. The relative height of the
second maximum therefore increases and approaches
that of the first maximum. An apparent transfer of
particles from the first to the second maximum takes
place. The value of the function G decreases much
more rapidly at the saddle point between the maxima
than at the two maxima. This shows that the splitting
of the moving inhomogeneity into two parts becomes
more intense in the course of time. The first of these
two inhomogeneities is strongly elongated along the
magnetic field. It moves at a velocity V,(0). The
second, which is elongated in a plane perpendicular
to H, moves with velocity V,(1).

It is natural to define the lifetime t of the moving
inhomogeneity, as before, as the time during which
the particle density at the maximum of the inhomo-
geneity decreases by a specified number of times
(p times). For the case considered here this is
shown in Fig. 11, The ordinates represent the ratio
t/t,, where t; is the lifetime (1.37) of the inhomo-
geneity in the plasma in the absence of a magnetic
field; the abscissas are the dimensionless quantities

nop 1/

Dy LON (O, 0)]
The quantity x is proportional to UpRy/Djj, where
Ry~ [ny/6N(0, 0)]1/3 is the characteristic dimen-
sion of the initial inhomogeneity. It is seen from the
figure that when x £ 1 the motion has practically no
effect on the lifetime of the inhomogeneity; con-
versely, when x > 1 the lifetime decreases markedly.

th,
30t

ar FIG. 11.
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It is easy to verify that in the general case, if the

condition

P2 Ro| Va (1) —Va (O]

Dy

is satisfied, then the principal role is played by the
diffusion spreading, and the lifetime of the inhomo-
geneity is determined by formula (1.36) and (1.37). If
a condition inverse to (2.19) is satisfied, the drift
spreading exerts a strong influence, It decreases
noticeably the lifetime of the inhomogeneity.

Let us dwell in conclusion on the conditions
limiting the applicability of Eq. (2.1), which describes
ambipolar motion and spreading of electron-density
and ion-density inhomogeneities in a plasma, Equa-

<1, (2.19)
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tion (2.1) was derived neglecting the influence of the

- solenoidal electric field and the perturbation of the
molecule motion. In addition, in the presence of drift,
corrections must be introduced in the expressions
used in the derivation of (2.1), those for the electron
and ion fluxes (0.3) and (0.4). These corrections are
connected with the influence of the inertial (8V/5t)
and nonlinear (V V)V terms in the equations for

the macroscopic velocities of the ions and electrons.
The influence of the latter factors is explained

in [43’34], where it is shown that their role is negligible
if

VgV, (2.20)

where V7 is the thermal velocity of the ions. It can
be assumed that the role of the perturbations of the
molecule motion is also negligible when the condition
(2.20) is satisfied (here V7 is the thermal velocity of
the molecules), supplemented by the condition (1.41).

As already indicated above, in the presence of
drift a solenoidal electric field upsets the general
homogeneity of the plasma, thus limiting the dimen-
sions of the inhomogeneities (2.5) and (2.6) considered
here. In addition, when account is taken of the
solenoidal electric field, as indicated above (Sec. 1.4Db),
three types of diffusion processes come into play.
However, when condition (1.44) is satisfied, the
associated corrections to the ambipolar diffusion and
to the drift are apparently small.

Thus, to be able to use Eq. (2.1) to describe the
motion and spreading of inhomogeneities it is neces-
sary to satisfy the conditions (1.41), (1.44), (2.5),
(2.6), and (2.20). In addition, it must be emphasized
once more that the entire analysis has been carried
out here only under the assumption that the plasma
as a whole is stable.

CONCLUDING REMARKS

For further investigations of the motion and
spreading of macroscopic inhomogeneous formations
in a plasma, it is expedient to note the following, The
question of the behavior of inhomogeneous perturba-
tions in a laminar unbounded plasma can be regarded
as generally clarified. The purpose of further work
would be essentially to solve the inherently nonlinear
problems (when the initial particle density in the
inhomogeneity exceeds by many times the density of
the homogeneous plasma), and also to take into con-
siderations the limits and, of course, to solve ana-
logous problems for an unstable (turbulent) plasma.
It is desirable to investigate in detail the influence of
various microprocesses in the plasma on the struc-
ture and character of spreading of the inhomogenei-
ties,

Further progress in the study of the phenomena
under consideration is hindered, however, by the lack
of clear and sufficiently complete experimental data.

A. V, GUREVICH and E. E, TSEDILINA

It is necessary to investigate experimentally, first,
the influence of the form of the inhomogeneity on its
velocity (2.2a) on the speed of spreading (Sec. 1.2a).
It would be of interest to observe the effect of the
splitting of the moving inhomogeneities (sec. 2.3b),
and to separate their dispersion damping (Sec. 2.3a).
The dependence of the velocity of ambipolar drift on
the angle between k and H (sec. 2.2a) can apparently
be investigated experimentally with the aid of radio
waves directed at different angles to the magnetic
field and scattered by the inhomogeneity. The form
of the moving inhomogeneities can probably be studied
by adding luminous or absorbing ionized impurities.*
An extensive experimental investigation of different
singularities of motion and spreading of inhomogenei-
ties in a plasma is essential,
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