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INTRODUCTION

THE most complete exposition of the theoretical and
experimental results on continuous spectra is con-
tained in the article by Finkelnburg and Peters(!). We
confine ourselves in this review to a narrower group
of problems, connected with the continuous spectra of
a low-temperature plasma and atomic gases; we shall
consider only multi-electron atomic systems*; prin-
cipal attention will be paid to the near infrared, the
visible, and the ultraviolet bands. These questions are
of interest in themselves and essentially new physical
results were obtained for them since the publication
ofl!), Let us list the radiative processes that will be
considered in the present review.

The electron can be in a bound state (in which case
its energy is negative and assumes a discrete set of
values) or free (positive energy, which can vary con-
tinuously). Continuous absorption and emission spec-
tra are the result of the transitions of the electron
from the bound state to the free one and vice-versa
(bound-free and free-bound transitions) and as a re-
sult of free-free transitions. Bound electrons can be
situated in an atom, a positive ion, or a negative ion;
a free electron can travel through the field of an atom
or an ion. Accordingly, a distinction is made between
two types of free-bound transitions in the case of the
emission of radiation: in the field of the ion-recom-
bination radiation (A" +e — A +hy, A™ +e — A" + hy,
etc.), and in the field of the atom-radiative adhesion
(A+e— A +hv), and between two types of free-free
transitions: bremsstrahlung in the field of the ion or
the atom (A + e(v) — A + e(vy) + hv, where (mv}/2)

— (mvi/2) = hv, etc.). In the case of absorption, a dis-
tinction is made between bound-free transition in the
field of the ion (photoionization of atoms and ions:
A+hv+ A" +e, A" +hy — A" + ¢, ete.) and in the field
of the atom (photodetachment from negative ions:

A +hv — A +e) and free-free transitions in the field
of the atom and ion.

We shall also discuss the formation of the continu-
ous spectrum as a result of coalescence and the

*The spectra of single-electron atomic systems are covered
quite fully in the literature [*"*]. On the other hand, molecular
spectra could serve as a subject of a separate review (photoioniza-
tion of simple molecules was considered in [°] and of complex ones

in "1,
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vanishing of discrete levels at the boundaries of the
series. We shall not consider absorption and emission
of light by electrons situated in a field produced to an
equal degree by several particles.

As a rule, the resultant continuous spectra are
superpositions of several continua that are due to in-
dividual transitions. The number of such superimposed
continua may turn out to be quite appreciable, in which
connection the determination, and particularly the
analysis, of the resultant spectrum may turn out to be
a far from trivial problem.

In Secs. I and III we describe methods of calculating
the probabilities of individual transitions. We present
a summary of theoretical and experimental results
and discuss possible causes of the existing discrepan-
cies. In Secs. I and IV we consider the spectra result-
ing from the superposition of a considerable number
of continua. The measurement results are compared
with the predictions of the theory. In Sec. V we discuss
the possibility of using the described results for the
analysis of spectra of non-equilibrium gases and
plasma; we consider also multiphoton processes.

1. PHOTOIONIZATION CROSS SECTIONS
1.1 Calculation of Cross Sections

The theory of photoionization is considered in detail
in{?:"10)  We present some general results. In the
single-electron approximation, the expression for the
cross section is of the form

o

o=CES X Qu|{ Bui() R () rar|l,

U=i+1 0

(1.1)

where (l/r)Rnl(r) and (1/1)Ry;/(r) are the radial wave
functions of the active electron in the initial and final
states, n is the principal quantum number, ! and I’ are
the orbital quantum numbers; the energy of the ab-
sorbed photon is E = |E,;| + k%, and E,; and k® are the
electron energies in the initial and final states, ex-
pressed in Rydberg units; the factor & takes into ac-
count the role of the passive electrons!®-?], and usually
& =1; Qp;+ is a numerical coefficient that depends on
the spectroscopic type of the initial and final
states[8-10:72:911 . ¢, = 4rala/3 = 8.56 x 1071%; the wave
function of the free electron is so normalized that when
r — « we get



CONTINUOUS SPECTRA OF ATOMIC GASES AND PLASMA

Ry (r) — k~"2sin [kr—% U —}—% In 2kr

~:-argr(z'+1—i§>+al.(k)] , (1.2)
Z is the charge of the residual ion, and the phase éll(k)
is due to the non-Coulomb nature of the potential at
small r.

Expression (1.1) is derived by using the matrix ele-
ment of the radius vector. The cross section can also
be expressed in terms of the matrix elements of the
velocity (momentum) and acceleration/®>!!!, The main
contribution to different matrix elements is made by
different distances from the nucleus. The wave func-
tions are known only approximately, and their use may,
depending on the methods used to derive them, turn out
to be more reliable far from the nucleus, or near it, or
in an intermediate region. This determines the most
advantageous choice of the form of the matrix element.
On the other hand, agreement between results obtained
for different types of matrix elements is an indirect
criterion of the quality of the approximate wave func-
tion as a whole.

A widely used method for finding the wave functions
is that of the self-consistent field (the Hartree-Fock
method), which is described in detail in a number of
references (see, for example,[1®12]) | Let us consider
in greater detail the sources of errors in the photo-
ionization cross sections calculated with the aid of self-
consistent wave functions.

The Hartree-Fock method is approximate even in its
most general formulation. In addition, owing to the
large computational difficulties, additional approxima-
tions and simplifications are used in determining the
wave functions for concrete atomic systems. These ap-
proximations affect both fundamental problems (for ex-
ample, allowance for exchange), and methods of solving
the equations. Consequently, the calculations of the
wave functions (and accordingly of the photoionization
cross sections) for concrete atomic systems are
periodically under revision. It is essential that the cal-
culated cross sections are quite sensitive to refine-
ments in the wave functions.

The self-consistent field method makes it possible,
generally speaking, to obtain only the wave functions of
bound states. It has not yet been consistently extended
to include a system with a free electron, owing to the
fundamental difficulties that arise when attempts are
made to take polarization into account, i.e., to allow for
the influence of the free electron on the ion. Therefore
the wave function of the free state is calculated for an
electron situated in the static self-consistent field of
the ion (exchange effects can be taken into account).
Sometimes this field is assumed for simplicity to be the
same as the self-consistent field acting on the bound
optical electron prior to ionization.

In order to make some allowance for the influence
of the free electron on the ion, a polarization potential
V(r) — a/2r' as r — =, where « is the polarizability of

53

the residual ion, is added to the static self-consistent
field of the ion in some calculations. Such an allowance
for the polarization is not consistent and requires, in
particular, knowledge of the value of «. In addition, the
polarization potential cannot be introduced uniquely,
owing to the arbitrariness in the definition of the poten-
tial at small distances.* Nonetheless, such an allow-
ance for the polarization makes it possible to improve
the results greatly in certain cases.

The sensitivity of the cross section to the choice of
the wave function (both free and bound) is due to the fact
that the wave functions obtained with the aid of the
Hartree-Fock method are the best approximate wave
functions for the determination of the energies of the
bound states, but are not the best approximate wave
functions for the calculation of the cross sections.
Therefore a refinement of the wave functions which re-
sults in small corrections to the values of the energy
can greatly change the photoionization cross sections.
Thus, the cross sections obtained with the aid of the
available approximate functions may be subject to ap-
preciable error.

It would be more consistent to use a variational
principle formulated directly for the matrix element.
However, work in this direction has only recently
begun{41"] and has not yet been applied to a concrete
calculation of photoionization. A variational principle
for the matrix element will apparently lead to equations
that are more complicated than the Hartree-Fock equa-
tions.

Returning to the Hartree-Fock method, we empha~
size that an improvement of this method cannot be the
end purpose of the construction of a theory of many-
electron atoms. The point is that the self-consistent
field approximation is best for single-electron approxi-
mations. Therefore, the obtained wave functions take
very little account of the correlation between particles.
In order to improve the results, a dependence of the
wave function of the system on the interatomic distance
is postulated in the theory of two-electron systems; the
calculations are carried out without separating the var-
iables(?!. This procedure is hardly realistic for atoms
with a large number of electrons. Another way is to
consider the self-consistent field in the many-configu-
ration approximation.

A promising approach may be the use of modern
methods of many-particle theory. In these methods, the
self-consistent functions are used as a zeroth approxi-
mation!!?]. The first attempt in this direction, as ap-~
plied to photoionization, were made in!20-22]. m[21} the
theory was developed far enough to permit calculation
of the cross sections. It was not the purpose of the au-
thors of(?!} to obtain reliable cross sections, since this
entails both fundamental and computational difficulties.
However, using alkali-earth atoms as an example, they

*The introduction of the polarization potential in the Hartree-
Fock method is considered, for example, in [*®].
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Table I. Calculation of photoionization cross sections

Atom* Method Atom* Method Atom* Method
He D27,28 Li B37 Hg D22
B B29 ## A3s Lit D27
C B 29,30 D3 N+ B3
N B29-31 Na A3 Mg+ cu
0 B31-33 B40 Si+ c#
F B29 B4 K+ C45
Ne A 34 K B,C42 Cat A46,47 (See also 40),

B35 Be D21 Ca+ A3
Ar A 34,36 Mg D21 Agt A3

D22 Ca D21 N+ A4
Kr A34 Sr D21 0+5 A48
Xe A 36

A and B - calculations with self-consistent wave functions (A — wave function of
the free state is calculated in the same field as for the bound state, B — in the field
of the unperturbed residual ion), C — a polarization potential is added to the self-con-
sistent potential in calculating the wave function, D — an attempt is made to take ac-
count of correlation in some manner,

*The calculation for L.i was made for the first six excited states [“], for Mg+ -
for the states 3°S, °P, and 2D, for Si* — 478, P, 3?P, and D, for Ca" — 4%,
2P, and 32D, for N *and 0'° — 2, 3, 525, 22P; only the photoionization cross sections
of the ground states were calculated for the remaining atoms and ions.
**In [29], the calculated cross sections were approximated by means of simple ana-

and Si

lytic formulas: In addition to the atoms B, C,Jr

. . . [ +,
tions for J&he iol+low1ng iso-electronic ions: E , N 4 o ,+F . N+e , Nf , N+, o : F+2.
Ne™, Na™% Mg, 0™, F%, Ne™, Na', Mg™, 1", F'*, Ne™, Na™, Mg™, A",
4

N, 9, F!' ang Ne,+they Eres%nt Cross sec-

have shown that allowance for the correlation can radi-
cally change the calculated cross section. It is essential
that similar refinements have a rather slight effect on
the eigenvalues of the energy, thus emphasizing once
more the specific feature of the Hartree-Fock functions.
It is therefore possible that when a more rigorous theory
is constructed it will be more convenient to choose as
the zeroth approximation the single-electron functions
which are best in the sense of the matrix element.

Attention should be called also to the choice of the
type of coupling. In determining the wave functions, the
type of coupling (usually LS) is postulated prior to the
solution. But deviations from LS coupling may be sig-
nificant even for light elements, especially for excited
and free states; this will be discussed in the next sec-
tion.

Summarizing, we can state that the approach towards
a consistent theoretical determination of the photoion-
ization cross sections is already being indicated at the
present. However, by virtue of the arising difficulties,
the now available methods (principally the Hartree-
Fock method) contain such assumptions and approxima-
tions (not only simplifying the calculations but having
also a fundamental character), that the methods them-
selves lose their consistent theoretical character, and
the results obtained by them cannot claim to be the
most accurate. In the earlier literature (seem), when
only the Hartree-Fock functions were used, it was as-
sumed that the result can be regarded as reliable, pro-
vided the ‘‘quenching’’ is weak, i.e., the calculated
radial interval in (1.1) is not too small. There are no
grounds for being certain of this. Therefore the dis~
crepancies between the calculations and the measure-
ments, for example those in the case of ca®3 | are not
at all surprising.

In view of all these factors, an extensive literature
has been devoted to the calculation of the wave functions
and energies of bound states* and to the improvement
of the Hartree-Fock method and other variational
methods, and the number of papers in which the photo-
ionization cross sections are calculated is much
smaller. In Table I we summarize the calculated
photoionization cross sections, including the most re-
cent published data on each atom or ion (references to
earlier calculations can be found in the papers referred
to in the table, and also in the reviews!?%25:26])

1.2 Semiempirical Methods of Calculating the Cross
Sections

The fundamental and computational difficulties con-
nected with consistent theoretical methods of cross-
section calculation make it necessary to resort to
semiempirical methods. The most widespread method
is one using asymptotic wave functions determined from
semi-empirical considerations. For the calculation of
the photoionization cross sections of complex atoms,
such a method was proposed by Burgess and
Seaton!%6] | who used the quantum-defect method'®’
to determine the wave function of an electron in a
Coulomb field.

The quantum-defect method deals with a two-body
system consisting of an external (optical) electron and
a residual positive ion. Account is taken of the fact that
the radial part of the wave function of the optical elec-
tron satisfies a Schrodinger equation with a Coulomb
potential in the entire region of space outside the core.

*We call attention to [**], where a many-configuration approxi-
mation, which takes into account an admixture of free states, is
developed for the calculation of the energy of the bound states.
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For the bound state we have

d2 2z 1{14+1
[W+En,+-r—__‘j;—’]ﬂ,,l(r):o. (1.9)
Using the experimentally obtained value of E, 7, we can
solve (1.3) and thus obtain the wave function outside the
corel®!]. R, 7(r) is expressed in terms of the Whittaker
function

Rt (1) = \°C (n + 1+ ) T (uf — 010 | 4 (2
‘".l, E

71*—> (1.4)

where the effective quantum number is determined by
the relation

En = —Z/nf. (1.5)

The determination of the radial function of the free

state is a more complicated matter. The point is that
the general solution of (1.3) is written in the form of a
linear combination of two linearly independent solutions.
In the case of bound states, one of the solutions diverges
when r — «, and must therefore be discarded. But in the
case of free states, a linear combination of both solu-
tions must be taken into account, since both are finite at
'infinity. Therefore to determine the radial function it

is necessary to obtain additionally the coefficient in

this linear combination or, what is the same, to find

the phase shift 6;(k%. A method for determining &;(k?
was proposed by Seaton!%®], and consists in the fol-
lowing: Let us consider a sequence of terms that differ
only in the principal quantum number. We define for
each term the quantum defect p,;*

(1.6)

*
Rnp=n—n;.

The points KEnl lie on some continuous curve corre-
sponding to the function pj(E,;), which depends little
on the energy E;7. If we extrapolate the thus-obtained
function p;(Ey ;) to positive values of the energy k2, we
get the function u l(kz). It turns out that the sought func-
tion Gl(kz) and the obtained function ul(kz) are connected
by the simple relation

d; (k%) = apy (K7). (1.7

This result of Seaton’s is very important and is
widely used, but the proof proposed for it in{®] cannot
be regarded as fully satisfactory[53] . It turns out, how-
ever, that if we use the theory of elastic scattering for
small energies (the effective-radius theory!® %)) for
an attractive Coulomb field, and then go over from
positive energies (continuous spectrum) to negative
ones (discrete spectrum), then we obtain a connection
between the eigenvalues of the energy and the phases
of the wave functions in the continuous spectrum, i.e.,
between u;(E;) and 6l(k2). This connection justifies
the extrapolation of uj(E,;). Thus, the quantum-defect
method is a consequence of the theory of elastic scat-

*un can depend also on other quantum numbers besides n and
I; for the sake of brevity we shall not indicate this dependence
here and below.
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tering by a force center. This question was considered
in{®! and somewhat later in!®J.

Using Coulomb radial function, Burgess and
Seaton[4?26] obtained approximate formulas and com-
piled tables which make it possible to calculate the
photoionization cross sections of atoms and ions of
different elements in arbitrary states. In'?6], the photo-
ionization cross section o,;(v} is given in the form

Ont (v) = CEE] 2 Qu-gh- (nt, &),
=T+

gu- (nf, €)= Gur (1) T2 (nf) (ensfe)" "D cos 7 [nf + - ()

+xu (nt, )], (1.8)
where € ; = ni"'z and € = Z2E; n* is the effective quan-
tum number of the initial state; uj/(k? is the extra-
polated quantum defect of the levels I’. The quantities
Gy (0] vy, (o), and xll,(n’;, €) are obtained with the

aid of the tables given in(26],

Let us consider the factor ¢ (n’;), which was not
considered in[4%], Its appearance is due to the cor-
rection of the normalization of the functions (1.4), as
given in[®). The normalization factor in (1.4) was
chosen in analogy with hydrogen (n was replaced by n%),
since it was impossible to calculate directly the norm-
alization integral. To get around this difficulty, a spec-
ial procedure[59] was used in!®} , whereby the integral
over the volume was replaced by an integral over an
infinitely remote surface. The latter integral can
already be calculated using asymptotic values. It has
turned out that it is necessary to introduce in (1.4) a
factor g'l’/ 2(n’;) given by

a

TEL (1.9)

Lo (rF) =14 By /Onf =1 -2n} -2

w (Enp)-

For the upper excited states §l(n’;) =1, and for the
ground and several other states, at which n’%‘ is small,
account must be taken of gl(n"l‘). If n’{ is close tol, a
simple formula can be obtained for §l(n*). If n"l‘ -1,
then ul(Enl) —n— [, since py(E ) is a slowly varying
function, we get in the linear approximation u Z(Enl)
=n—1-b; (I">=n}%. Taking (1.5) into account we

get b, = n*2I%n* + 1)"'. Substituting the obtained value
I { l
in (1.9) we get

L (r¥)=1—2n}3;=(n¥—1) (n} +20) nF~1 (n} 1)1, (1.10)
When I =1, Eq. (1.10) coincides with a formula presen-
ted without proof in{%] .

In calculating the photoionization cross section for
values of n¥ close to I, account must be taken of the
fact that 5'11/2(11’{) — o, and the quantity Gll,(n’;) , which
contains the factor I'"1/2(n* — I), vanishes. It is there-
fore necessary to use the finite quantities ¢ ,(n* (n* — )7}
and G, (n},) (o ~ 1)"1'2; the latter is also tabulated
inle6]

The Burgess-Seaton formulas are universal and are
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widely used in the literature. The cross sections of
different states of C[60:611% NI60,62,63]1 ([62,63] of the
alkali metals(84:651, Mgl62) Xel66] and others were cal-
culated on their basis; they served as the basis of ob-
taining approximate expressions which will be discussed
in Sec. II below. The Burgess-Seaton procedure is also
used to calculate photo-ionization from the internal
shells (the K shell of Li, Be, and other light me-
tals[6769]  of the L-shell of Nel™J); in these cases, it
is necessary to obtain the quantum defects in a suitable
genealogical scheme for each transition!®"-8"), Let us
consider the limits of applicability and the possible
causes of errors, as well as ways of improving the
Burgess-Seaton formulas.

The radial functions and the method of extrapolating
61(k% were determined within the framework of a sim-
ple Coulomb model. Therefore, many effects (which will
be discussed later) were not taken into consideration.
At the same time, the extrapolation involved experimen-
tal values of the quantum defects, i.e., ‘‘effectively’’ all
the subtle moments were taken into account in some
manner or another. It must also be stated that certain
errors become manifest in similar fashion in both the
free and bound wave functions, and are thus partially
offset in the radial integral. Nevertheless, in some
cases formula (1.8) gives erroneous results.

The Coulomb interaction is only the strongest but
not the sole long-range potential. There exist beside it
the polarization potential proportional to r™, the spin-
orbit interaction proportional to r™3, etc. In addition to
forces having a central character, an interaction with~
out spherical symmetry may also be significant, for
example one due to multipole (primarily quadrupole)
moments of the charge system of the residual ion. This
interaction, as is well known, causes splitting of terms
belonging to one configuration. The solution of the prob-
lem with due allowance for additional potentials entails
considerable mathematical difficulties. An attempt to
refine the effective-radius theory with allowance for
additional long-range potentials (particularly r™%) has
been made in!™).

Polarization becomes manifest not only in the fact
that a long-range proportional to r ¢ appears, but also
in the deformation of the short-range potential, which
becomes different from the potential of the unperturbed
core. This deformation can depend on the energy. Thus,
the dependence of the potential on the energy (nonadia-
baticity) must be taken into account in the effective-
radius theory.

Elimination of the foregoing errors makes the com-
putable cross section more accurate and the extrapola~
tion of 6l(k2) more reliable (see also p. 77), but it can
hardly lead to a radical change in the results. Of grea-
ter importance may be the errors that are connected

*Formula (18) was not used in that reference, in the matrix
elements were calculated directly, with wave functions determined
by the quantum-defect method.
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directly with the many-electron character of the prob-
lem and are due to the type of coupling and the super-
position of the configurations.

Following[%] formula (1.8) is customarily used as
applied to the LS coupling. Substituting the correspond-
ing value of Qp;/, this formula can also be used for
other types of coupling (the values of Qp; for different
transitions are considered in!"2]), The relative magni-
tudes of the photoionization cross sections for the terms
of one multiplet are then altered. It is essential, how-
ever, that the type of coupling changes not only from
atom to atom, but also from state to state in one and
the same atom. In particular, on approaching the limit
of the series, the coupling becomes intermediate, close
to jj™ ™1, and this should remain in force also for the
adjacent spectrum of the free states. The selection
rules depend on the type of coupling that describes the
upper states. At the same time, the quantum defects of
different series belonging to the same value of I differ
among themselves for many atoms, both in absolute
magnitude and in energy dependence. Therefore a re-
finement of the type of coupling can lead, compared
with the LS approximation, to a change in the quantum
defects of the free state, which must be taken into ac-
count for the calculation of photoionization from a given
level. Finally, the type of coupling between the free
electron and the ion can change with electron energy,
and this leads to an energy dependence of the ‘‘effec-
tive’” Qzz/- An investigation of all these questions has
been made difficult so far by the limited available in-
formation on the splitting of the highly-excited terms.
The determination of the type of coupling from the
splitting of the terms is considered in["3757],

The quantum-defect method and the Burgess-Seaton
formula are valid within the framework of the one-elec-
tron approximation. In atomic spectra, however, a large
role is frequently played by the configuration interac-
tion. It is shown inl""}, using the bound-bound transi-
tions szpn — s’plt- s as an example, how great an influ-
ence can be exerted on the transition probability by the
perturbing action of another configuration (sp™* ) in the
upper state. The matrix element becomes the algebraic
sum of terms corresponding to single-electron transi-
tions s?p™ — s?p™~ !s and s?p™ — sp? ' !. 1t is possible to
have both an increase in the resultant transition proba-
bility and a unique ‘‘quenching’’—mutual cancellation
of the terms, even though each of the single-electron
matrix elements may be large. To consider these ef-
fects one must have semiempirical methods of determ-
ining the configuration admixtures (including allowance
for autoionization in the continuous spectrum) and a
refinement of the calculations of n’; and u ! in the case
of perturbations.

To take into account the configuration interaction, it
is necessary to develop a multichannel quantum-defect
methodl’8). The general theory is developed inl787811,
It is used inf82-83] to consider the determination of the
scattering phases of an electron in the field of He* and
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other single-electron ions, and in4 to determine the
perturbation of the series and autoionization for cal-
ciunﬁ. Related problems of the theory are touched upon
in(89),

The last error that should be mentioned is due to the
unknown contribution of small values of r to the radial
integral. It is apparently of little importance. This
error can appear most noticeably either for states with
low energy or for states, transitions from which corre-
spond to near-zero radial integrals (‘‘quenching’’—mu-
tual cancellation of the contributions of different inter-
vals in r to the radial integral). In these cases, how-
ever, the errors discussed above may turn out to be
more important. The presence of ‘‘quenching’’ can be
deduced from the small value of the cosine in (1.8) 261,

Summarizing, it can be stated that the main criterion
for a reliable application of the semiempirical proced-
ure is the presence of the required experimental data
on the term scheme, and also the possibility of extract-
ing from it all the information (not only concerning the
radial asymptotic values, but also concerning the type
of coupling and the configuration admixtures). Even
formal application of expression (1.8) is presently
sometimes impossible because of lack of data or the
irregular behavior of the quantum defects.

It is of interest to compare the results for the cross
sections and oscillator strengths obtained by the quan-
tum-defect method and in the self-consistent-field ap-
proximation. Experience with such comparisons[ze’ge]
indicates that the agreement is satisfactory; in the
worst case the possible difference is less than by a
factor of two. We note that the greater part of these
comparisons pertains to the ground states, i.e., to the
case when the contribution of small r is the largest.

A comparison made over a wide range of energies
is given inl43). Figure 1 shows the results for N*. The
quantum-defect method and the Hartree-Fock approxi-
mation give nearly equal results within the limits
k? < 7%, which agrees with the theoretical estimates[?6] *
At high energies, the Born approximation gives good
results; it is shown int3] that it is necessary in this
case to use the acceleration matrix element, since it is
equivalent to the velocity matrix element calculated
using the next order of the Born approximation.

1.3 Autoionization

In the case of complex atoms, a discrete spectrum,
corresponding to excitation of two (and more) electrons

*In many cases the condition k? < Z* overestimates the region
of applicability of (1.8). Formula (1.8) has been obtained by ap-
proximately calculating the radial integrals, and therefore does not
give a perfectly accurate result even for hydrogen. For frequencies
far from threshold, the discrepancy with the exact hydrogen results
may turn out to be appreciable [***""%]. Formula (1.8) is corrected
for large k* in [%*-*°]. However, the application of the obtained ex-
pressions to complex atoms cannot be reliable, since it requires a
relatively remote extrapolation of the quantum defects.
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FIG. 1. Calculated cross sections for the photoionization of N*
(2p? *p » 2pk*d, *P *D) [**] as functions of the energy of the de-
tached electron. 1 and 2 — Hartree-Fock (using the matrix elements
of the radius —1 and of the velocity -2), 3 — Burgess-Seaton, 4 —
Born approximation (with acceleration matrix element).

or to the excitation of the internal shell, is superim-
posed on the continuous spectrum. The states of the
discrete spectrum can interact with the continuum, and
this determines the possibility of nonradiative transi-
tion of the optical electron to the continuous spectrum
(autoionization) or the inverse (dielectronic recombina-
tion).

If we neglect the interaction, then the spectrum of
absorption from some lower state is a simple super-
position of the spectral line on the continuum. Taking
the interaction into account, we obtain an isolated ab-
sorption spectrum, separation of which into lines and
continuum is arbitrary: A region of relatively sharp
variation of the absorption coefficient can be regarded
as a line, and the region of slow variation as the con-
tinuum. As a result of autoionization, the line turns out
to be strongly broadened. It must be emphasized that,
as will be shown later, the perturbation can also notice-
ably influence the photoionization cross section in the
regions adjacent to the line.

In calculation methods considered in Secs. 1.1 and
1.2, autoionization was not taken into account. At the
same time, for many atoms it is impossible to obtain
satisfactory theoretical photo-ionization cross sections
without taking autoionization into account. At the pres-
ent time the theory of autoionization is not yet at the
stage where methods are available for calculating the
absorption spectra. However, in recent years much
progress was made, in which an important role was
played by the paper of Fano ™!, who explained the main
laws of autoionization spectra. According to!®!, the
ratio of the photoionization o, obtained with account of
the configuration interaction, to the cross section o,
calculated in the zeroth approximation can be approxi-
mately described by the simple function
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0/oe= (g + z)* (1 22), (1.11)

where x = 2(hv — Ei)I"i, with E; the position of the per-
turbing level with allowance for the configuration inter-
action and T" the width of the perturbing level, due to
the autoionization (I' = 27| V|2, where V is the matrix
element of the configuration interaction). The parame-
ter g = M;/7VM, where M, and M are the matrix ele-
ments characterizing the probability of the direct tran-
sitions from the lower state to the discrete level and

to the continuum. It must be emphasized that the proba-
bilities of transitions to the discrete level and to the
continuum, when taken separately, have no physical
meaning in the presence of interaction. The probability
of photoionization is determined not by the sum of these
probabilities, but by the square of the sum of the corre-
sponding matrix elements, taken with the coefficient
—(nV%~! tan A (where A = tan™![T/2(E, — hv)}), which
depends on the energy and takes on positive and nega-
tive values. We note that A is the additional increment
in the phase of the asymptotic value of the wave func-
tion (1.2). In the perturbation region, the phase changes
smoothly by an amount equal to 7. Far from the per-
turbing level, A — 0 on one side and A — 7 on the
other.*

Figure 2 shows a family of curves corresponding to
(1.11). The cross section consists of a peak (corre-
sponding to the line), which goes over rapidly on one
side to a zero minimum. Depending on the sign of q,
the minimum can be on the left or on the right of the
peak. In the side opposite to the minimum, the function
drops off to unity slowly and monotonically. A similar
slow character is possessed by the increase in the func-
tion to unity after passing through the minimum. Thus,
the region in which the perturbation appears is much
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FIG. 2. The Beutler-Fano profile. The curves for g < 0 symmet-
trical to the curve q > 0 about the line x = 0.

*Fano considered also the perturbation of a sequence of dis-
crete terms by a superimposed level and obtained the empirically
known result [**] that the quantum defect of this sequence changes
by unity in the perturbation region. The expression for the change
in the quantum defect is similar to the expression for A/xn.
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larger than the spectral section occupied by the ‘‘line.”’
Thus, when q = 3 the half-width of the line is Axy = 2.5,
whereas the distance between the points corresponding
to o/, = 2 and a/oy = 1/2 is Axg = 17. With increasing q,
this situation becomes aggravated, since Axp — 2 and
Axqy— 5.8q.

The characteristic asymmetrical profile shown in
Fig. 2 is frequently called the Beutler-Fano profile; it
is interesting that at values of q close to zero, the per-
turbing level becomes manifest only as an absorption
minimum. With respect to the value of the cross sec-
tion at the minimum, it must be stated that photoioniza-
tion from a given state usually corresponds to transi-
tions to several continua. Autoionization perturbs only
part of these continua. Therefore the real minimum of
the photoionization cross section is equal not to zero
but to the cross section oy corresponding to the unper-
turbed transitions.

The problem is solved in!%] by directly considering
the superposition of bound and free configurations, and
the method of solution is adapted from the discrete
spectrum. The Beutler-Fano profile was subsequently
obtained in(® %3], m(%] the atom is regarded as a set
of classical oscillators (which is valid in the near-
threshold region), and account is taken of the fact that
the oscillators are coupled to one another (the equiva-
lent of configuration interaction). m!*J, the theory of
resonant nuclear reactions is used for the analysis of
atomic phenomena. We note that the presence of maxi-
mum and of a deep minimum can be obtained also from
formula (1.8) by introducing the phase A and taking into
account its energy dependence.

Fano'® considers essentially the very simple case,
when one discrete level is superimposed on one con-
tinuum. The results are generalized also to include the
case of one discrete level superimposed on several
continua, and of several discrete levels superimposed
on a single continuum. These questions are considered
in greater detail in[**), which contains also a prelimin-
ary discussion of the Rydberg series of perturbing
levels. The corresponding continuum begins at the limit
of such a series, and therefore the photoionization cross
section experiences here a sharp change. mb] ig pro-
posed an approximate expression for the jump Ao of the
cross section at the limit of the autoionization series

Ao=0—(0p+01) = %T @—1)0a,, (1.12)
where o is the cross section after the jump, oy toyis
the cross section ahead of the jump (in the intervals
between the autoionization lines), the distinction be-
tween 0, and ¢y was explained before, and T and q are
the mean values for the series, T being the reduced
width (the ratio of the width of the level to the distance
between the neighboring levels). If g2 < 1, then A¢ < 0.
Indeed, at small values of q the perturbing level appears
only as a ‘““window’ in the absorption spectrum (Fig. 2).
It is therefore obvious that at the limit of a series of
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such ‘‘windows’’ the absorption coefficient should be-
come smaller than between the ‘‘windows."”’

The papers discussed above explain the main quali-
tative laws governing the influence of autoionization on
the photoionization spectra. However, a reliable calcu-
lation of the values of q, I, the level shift, and the os-
cillator strengths is still difficult. Some estimates are
given i), The angle parts of the matrix elements of
the configuration interaction are calculated inl95:96]
The calculation of the width of the autoionization levels
is the subject of[*].

The most complete calculations were made for He.
In[%-100,28] iy, the strong-coupling approximation, are
considered the scattering of an electron by an He' ion,
and the position, half-width, and probability of auto-
ionization of the discrete levels of an He atom in the
continuum are determined; the mixing of the discrete
states with the continuum is taken into account from the
very outset in the calculation of the wave functions. The
He levels are calculated also in[% ; a classification of
these levels is given in(1°1:102)  As mentioned in Sec.
1.2, calculations were also made for He with the aid of
the multichannel quantum defect method®?:83], the de-
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velopment of which will prove quite useful for the analy-
sis of autoionization[™85)

Estimates were made of the autoionization probabili-
ties of He, Li, Be'[1937105) "and Hel1%]  the energy levels
of Li") the oscillator strength of NelIs?p® — sp®mp!108]
and AlIs%p 2P — sp?28(1%%]; the wave functions in these
papers were calculated without account of the interac-
tion between the discrete levels and the continuum. A
paper paying principal attention to predissociation—a
phenomenon which is related to autoionization—may be
of interest.[110]

1.4 Measurement Results; Comparison with Calcula-
tions

The work done on the experimental determination of
the photoionization cross sections is summarized in
Table I for the ground states and in Table III for the
excited states. Table II gives only the latest measure-
ments for each given element; where possible, work
performed in parallel in different laboratories is cited.
References to earlier work, in which certain cross sec-
tions were measured for the first time (He, Ne, Ar, Kr,

Table II. Measurements of the photoionization cross sections of
ground states

Atom, Measurerréent Atom, Measurengent
threshold (A) Method range (A) threshold (A)] ~ Methed range (A)
H, 911 s 851 Xe, 1022 I1 140 923—280
He, 504 114 504—200 [118 250—23
I1 115 504280 1141 275—80
IV 118 504 [135 1010—600
1V 117 504—230 11T 142 1022860
1118 250—44 I 136 44—7
1119 250—100 Li, 2300 I 143 2300—1450
1120 240—180 ] 144 2300—1150
11121 504—300 1145 280—80
I1 122 500—300 Na, 2412 148 2412—1000
Ne, 575 J123 575—80 I 147 1100—600
111 124 575-—280 K, 2856 ] 148 2856—1150
111256 575—300 Rb, 2972 17 29722400
1126 575200 Cs, 3185 17 3185—2000
Ar, 787 111 127 % 790—400 Mg, 1622 1148 1622—1450
11 128 500-—400 Ca, 2028 ] 150 2028—1080
I 129 787600 Sr, 2177 ] 151 2177
130 250—23 1152 2177
11 131 790—280 V 153 appr. 2177
] 132 790—170 Ba, 2379 1154 ## appr. 2379
1133 790—400 ] 155 #x appr. 2379
111 124 575—280 1156 2379—1700
{134 300—100 Mg, 1622 1249 1622—1450
1 122 780—300 Cd, 1379 I 157 1379—1150
138 790—600 Hg, 1188 I 162 1188
1136 447 Al, 2060 1158 2060—1700
Kr, 886 1137 886—600 V153 appr. 2060
11128 560—400 Ga, 2070 V153 appr. 2070
1138 845—230 In, 2220 I 159 2220—1700
s 250—23 V153 appr. 2220
1135 886—600 T1, 2030 T 160 *xx 2030—1450
Xe, 1022 1139 900-—-450 N, 852 111 162 725—400
I 128 1022—600 0, 910 1163 910—500
1138 923—230 Xet, 585 1164 700—450
1 — absorption method, II ~ double ion chamber method, III — ion current method,
IV — electron impact method, V — extrapolation estimate.
Investigations devoted to autoionization lines only are not mentioned in the table;
reference to these investigations is made in p. 63.
*Relative measurements.
**Qualitative study of the spectrum.
***Results of [mo] as refined in [““].
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Table III. Measurements of the photoionization cross sections of
excited states

and in some measurements for C.
bination spectra.
these cross sections.

O (Vmn) by means of formula (1,13).

scheme and a strong ‘‘quenching.’’

Agreement Agreement
Atom State* Refer- A & aith & with
ence¥* (1.8)**x* OV )+ *
C (3s) 3p 1P, 3D) 201 0.28—0.58 satisf. 201
(3p 3P, 3S) poor 201
2p33D0
N 3p 2S5,4P,45,2D 202 0,43—0.63 satisf. 62
3p4D, 2P poor 62
0 3p3p, 5P 203 0.43—0.63 satisf. 62,183] satisf, 153
Mg 3p 3P 204 0,24--0,27 poor 62,183  poor 153
C] #wkk (45) (4p) 205 0.28—0.54 poor
Ar (4s) 208 0,25—0,35 satisf, 163 satisf. 183
Ca 4p3P, 3d3D 207 0.285—0.355 poor 153 satisf. 183
Cs 6p2P,5d2D 65, 208 0,4—0.6 satisf, 6% satisf. 65

*The multiplet structure was not resolved in the measurements for Cl and Ar
**All the results were obtained from measurements of the intensity of the recom-
***Apart from the use of formula (1.8), no other calculations were made so far for
****For N and Cl, there are not enough known oscillator strengths to construct the

*****The experiments in [205] are subject to certain doubts (see p. 81), and calcula-
tion by means of formulas (1.8) is difficult because of the incompleteness of the term

alkali metals, Ca) can be found in the cited papers, and
also in the reviews!":% 111112 Before discussing the re-
sults let us dwell briefly in the basic measurement
methods.

Absorption method!"®!. Measurements are made of
the intensities I; and I; of a nearly monochromatic beam
of light incident on a layer of thickness ! of the investi-
gated gas, and passing through this layer. The spectral
absorption coefficient is

ky=111n (I,/I,).

The photoionization cross section can be readily ob-
tained if one knows, besides k;, the concentration of the
absorbing particles. It is seen that relative measure-
ments of I and I, are sufficient. The method is the most
widely used, and its various modifications are also des-
cribed in the papers cited in Table II.

Ion-current method!""*]. One measures the absolute
values of I, and of the current i of the ions produced as
a result of the photoionization

ky=—1"1In{1— (ihv/ely)].

The required kind of ion can be separated with a mass
spectrometer.

Double ion chamber method!!65!. One measures the
ion currents iy and i, produced in two neighboring layers
of gas of equal thickness d:

ky=d™1n (i)/i,).
The measurements are made simultaneously, making it
possible to get rid of the errors due to fluctuations of I.
Observation of recombination spectra!1%]. One

measures the spectral brightness of the continuum and
also the temperature and composition of the gas (the

gas must be heated, so as to produce sufficient ioniza-
tion). These data can be used to calculate the recom-~
bination cross section, and consequently the photoion-
ization cross section. Usually several recombination
continua become superimposed (other processes also
contribute; see Sec. IV), and therefore the value of the
individual cross section can be determined directly
only in the vicinity of the jump.

Electron impact method!®¥7:188])  Ope investigates in-
elastic collisions at high electron energies and at small
scattering angles. Under these conditions, the Bethe-
Born approximation, which makes it possible to deter-
mine the corresponding cross section of the optical
transition from the cross section of the inelastic colli-
sions, is valid. The final results are obtained by
slightly extrapolating the experimental data to the
limiting conditions, when the Bethe-Born formula be-
comes exact.

In addition to direct measurements of the cross sec-
tion, an extrapolation estimate!!%] is possible if the
oscillator strengths of the lines of the corresponding
spectral series are known from experiment. We shall
arbitrarily define as the photoexcitation cross section
the quantity 0,,(vy,,), which is proportional to the
‘“smeared’’ density of the oscillator strengths:

Om (Vmn) = Cy df/de =< Cyfipn/Aen
2 Cont¥fmn/2; Cy=8.07.10718 cu?,

(1.13)

where v, and £, are the frequencies and oscillator
strengths of the lines corresponding to transitions from
the m~th state to different n-th states, Ae,, = 2n}3 is
the ‘“smearing’’ interval of the individual oscillator
strengths, and n3, is the effective quantum number of
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the n-th level. The cross section oy, () for the photo-
ionization of an atom from the m-th state can be ob-
tained in the near-threshold region, by extrapolating
with respect to frequency the quantity o, (v, . But if
the photoionization cross section is known, then the
relative correspondence between the measured cross
section and the density of the experimental oscillator
strengths is an additional criterion for the reliability
of the experimental results!?:18] (the theoretical quan-
tities can be verified in the same manner[les]).

Ground States

Hydrogen. In view of the experimental difficulties,
the first measurements were made only recently!!13].
There is good agreement between the results and the
predictions of the theory.

Inert gases. The results are most complete. Agree-
ment exists between the cross sections obtained in
different laboratories. Different series of measure-
ments yielded reliable data in a wide wavelength inter-
val (with the exception of the structure of certain auto-
ionization lines). Recent results (especially for Ar)
differ from those obtained earlier and given, for exam-
ple, in[7?].

The ratio of the photoionization cross sections
corresponding to the formation of ions in the states
2P, /, and 2P,,, was measured in'""! for Ar, Kr, and Xe
in a wide range of wavelengths.

Different calculations are compared with the experi-
mental data in Fig. 3, with Ne as an example. Calcula-
tion with self-consistent wave functions by method B[3%
(see Table I) turned out to be more successful than that
by method A®) . Agreement with the measured oscilla-
tor strength of the resonance line is obtained. The
Burgess-Seaton Coulomb approximation also gives
satisfactory results, although the excellent agreement
between the data of(" and the experimental points be-
yond the L-threshold is apparently accidental.

Both detailed calculations and the quantum-defect
method agree well with the measurement for Hel26:431
Calculations’®) for Ar and Kr deviate from the experi-
mental data both in the frequency dependence and in
absolute magnitude (by a factor 2—3). Calculation by
means of (1.8) apparently gives better accuracy in the
near-threshold region.

Alkali metals. In view of the chemical activity of the
vapors, a special measurement procedure was devel-
oped[g]. The cross sections are small and have a deep
minimum directly beyond the threshold. To obtain re~
liable results in the region of the minimum, it is neces-
sary to separate more precisely the contributions of
the atomic and molecular components of the vapors to
the absorption coefficient!146].

The agreement between different calculations and
the experimental data is shown in Fig. 4 with Na as an
example. We see that none of the calculations gives
good agreement in the entire measurement range. The
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FIG. 3. Photoionization cross section of neon. Experimental
data: 1 — ['**], 2 — [**], 3 — photoexcitation cross section point
corresponding to the oscillator strength of the resonance line
[*"]. Calculation results: 4,5 — [**] (calculations made with veloc-
ity matrix element -4 and radius matrix element -5). 6 — [**] (the
photoexcitations are also shown sepatately for the p > s and p > d
transitions; we note that the wavelengths of the lines and the ioni-
zation potentials in {**] were calculated, and the results differed
somewhat from the true ones, and therefore the corresponding
curves in the figure are shifted), 7 — [*°] — calculation by the
quantum-defect method (details unknown), 8 — formula (1.8) (the
photoexcitation cross sections are also indicated separately for
p > s and p - d transitions).
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FIG. 4. Photoionization and photoexcitation cross sections for
sodium. Experimental data: 1 — [**°], 2 — points for the photoexci-
tation cross section corresponding to oscillator strengths from
{*7#'7], Calculation results: 3 — [*], 4 — [*°], 5 — [**] (a calcu-
lated ionization potential somewhat different from the true one was
used in [**]), 6 — formula (1.8).

best agreement is attained for method C, but the polar-
izability @ = 1.85 x 1072% cm? used in/4!! differs from
the values 1.31 x 1072 and 1.48 x 10725 used in174]
and!1"%) regpectively and obtained from the energies of
the hydrogenlike levels of Na. Formula (1.8) gives
satisfactory results near threshold; it is difficult to
obtain a reliable cross section at lower wavelengths,
owing to the very strong ‘‘extinction.”’
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The calculations for Li exhibit a noticeable scatter,
in spite of the relative simplicity of this atom[4];
good results are obtained with (1.8). Calculations for
potassium were made by method C'4?) at several values
of @ for K* from 0 to 2 x 1074, The agreement with
experiment turns out to be best for a = 1.55x 10724.[148]
It was found in#?) that the cross section is quite sensi-
tive to the choice of the value of «; the curve corre-
sponding to the value o = 0.811 X 10”2 obtained in[!74!
has nothing in common with the experimental cross
section. This may be connected with the fact that the
bound wave function was calculated in[4?) with allowance
for exchange and without allowance for polarization,
whereas the free function was calculated with allow-
ance for polarization but without allowance for exchange,
i.e., under different approximations. In addition, the
method for taking polarization into account can itself be
regarded as doubtful. Unsatisfactory results for K are
obtained also with the Burgess-Seaton formula.

The deviation of o, ;;, from zero is explained by the
fact that actually there are two transitions:
ns S — k’p?P;/, and ?Py/,, the corresponding cross
sections going through zero at some different wave-
lengths, so that o i, > 0 for the total cross section[4].
The calculations for Na, K, Rb, and Cs yielded oy,

x 10%* = 0.001, 0.03, 0.4, and 3, while the experimental
values were <0.3, <0.4, 0.4, and 6 respectively. It is
noted inl4") that a nonzero minimum is obtained also
when quadrupole transitions are taken into account.

Rare-earth metals. The available experimental data
are quite limited (with the exception of Ca) and pertain
to the near-threshold region. For the elements of this
group, as shown with Ca as an example!!%1%6:177] 4y
important role is played by the autoionization lines.

The correspondence between different calculations
and the experimental data is illustrated in Fig. 5, with
Sr as the example. The cross sections obtained with
self-consistent wave functions, both without and with
account of correlation, do not duplicate the characteris-
tic variation of the experimental data. Formula (1.8)
gives better results. A similar picture takes place for
Ca and Mg[?1,62,1%] A minimum near threshold is ap-
parently observed for all elements. It would be of in-
terest to investigate opjp-

Elements of Al group. A specially important role is
played for these elements by the superposition of con~-
figurations in the discrete and in the continuous spec-
trum.

By way of an example, Fig. 6 shows the cross sec-
tion of Tl, the experimental data for which are most
complete. The autoionization line 2P/, — P,/, perturbs
a relatively narrow spectral interval. Outside this
interval, the photoexcitation and photoionization cross
sections correspond well to each other, and the auto-
jonization minimum corresponds to the cross section
of the ps transition, which is not perturbed by this line.
The appearance of the 2P};, — *P,/, line and the fact
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FIG. 5. Photoionization and photoexcitation cross sections for
strontium. Experimental data: 1 — [**!], 2 — photoexcitation cross
section determined using oscillator strengths from ['"*]. Calcula-
tion results: 3,4 — [**] (3 — photoionization cross section, 4 —
points for the photoexcitation cross section corresponding to os-
cillator strengths of two lines; we note that the calculated values
used in [**] for the line wavelengths and for the excitation poten-
tial differs somewhat from the true ones; the dashed lines show
the interpolated photoexcitation cross section. Two calculations
were made in [*']: the lower curve corresponds to results obtained
without account of correlation, and the upper one with account of
correlation), 5 — formula (1.8). The arrow denotes the position of
the threshold.
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FIG. 6. Photoionization and photoexcitation cross sections for
thallium. Fxperimental data: 1 — [***'¢'], 2,3 4 — photoexcitation
cross section determined using oscillator strengths from [*”°] (2 —

p - d transition, 3 — p - s transition, 4 — sum). Calculation results:
5 — formula (1.8) (the small contribution of the p - s transition is
indicated). The arrow denotes the position of the threshold.

that it perturbs the ?D;/, continuum point to a deviation
from LS coupling.

The *P},, — ’D,/, line is very strong (f = 0.5), and,
in addition, the perturbation of the spectrum is allowed
in the LS-coupling scheme. It is seen from Fig. 6 that
the cross section given by (1.8) can be interpreted ap-
proximately as being o, of expression of (1.11). Then
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Fig. 6 is an illustration of the fact that the strong auto-
ionization line can perturb a very broad spectral inter-
val, including also the discrete spectrum of the corre-
sponding series (the processing1®!) of the cross sec-
tion of Tl with the aid of formula (1.11) also shows that
the perturbation encompasses a very broad interval,
although no account was taken in{161) of the possibility
of perturbing indiscrete spectrum). Obviously, an in-
verse situation is also possible, in which the strong
interaction of the configuration in the discrete spectrum
affects the threshold region of the photoionization. The
lines P}/, — *Py/,, 2D/, have a characteristic Beutler-
Fano profile. The level ?P;/, cannot perturb the d-con-
tinuum; the corresponding line is additively superim-~
posed on the background and has apparently a symme-
trical profile.

The 2Dy/, level of Ga and In is closer to the ioniza-
tion boundary and the absorption minimum appears in
the region of the threshold!!%: 0] Agguming that the
cross sections of Ga and In are similar to the cross
sections of TI, but are shifted in frequency, and using
the available information for individual spectral inter-
valgl[19-180:158.81] "o can approximately construct the
cross section in a sufficiently broad interval. The
cross section of Al has an absorption maximum near
the threshold and the minimum is shifted even farther
in the region of the photoexcitation cross sectionl 153
Thus, with decreasing number of electrons, the 2Dy,
level approaches the ionization boundary, causing a
nonmonotonic change in the value of the cross section
at threshold.

Formula (1.8) is not suitable for elements of this
group. The cross sections obtained turn out to be close
for all the atoms: ~2x 10°1" cm? at threshold!!®}. on
the other hand, the experimental data differ both in
frequency dependence and in absolute magnitude (within
two order of magnitude). The error is due not only to
the upper but also to the lower states, where there is
also an admixture of the sp? configuration.

Nitrogen and oxygen. The photoionization cross sec-
tion of O is shown in Fig. 7. Formula (1.8) gives good
results in the near-threshold region; a reliable com-
parison for the other succeeding threshold regions is
made difficult by the lack of the required gquantum de-
fects and the need for extrapolating the tabulated
Burgess-Seaton data, since the tables are limited to
n¥ = 1, and n* < 1 is required. For short wavelengths,
calculations using the self-consistent functions give
better results than (1.8). The data are less complete
for nitrogen, but a similar agreement between theory
and experiment can be expected.

Autoionization. Extensive measurements were made
in inert gases. The level positions for He were deter-
mined in[184:18,117] 354 the line profiles and the photo-
ionization cross section in the region of the lines were
measured in'12"), The structure of the photoionization
cross section, the line profiles, and the position of the
levels between the first and the second ionization thres-
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FIG. 7. Photoionization cross section of atomic oxygen. Exper-
imental data: 1 — photoionization cross section of atomic oxy-
gen [***], 2 — half of the photoionization cross section of 0,, [***]
3 — point for the photoexcitation cross section of O, corresponding
to the oscillator strength of the resonance line [***''**]. Calculation
results: 4,5 — [**] (4 — calculations with velocity matrix element,
5 — with radius element), 6 — [*'] (calculated only for the process
02p* °P > 072p® *S), 7 ~ formula (1.8) (the photoexcitation cross
sections are also indicated separately for p -~ s and p » d transi-
tions).

holds (*P,,, and 2P,/,) were measured for Ar!12%135]
Kr[137.135]  and xel129:189, 1351421 gimilar measurements
for the lines s?p® — sp®mp were made in{12! for Ar and
Kr; measurements limited to the wavelengths of such
lines are reported for Ne and Ar in{1%187,18] gnd for
Kr and Xe in{19019:87)  The pogitions of the levels
corresponding to the excitation of the d-electron were
determined in{1%2:193) for Kr and in{192194) for Xe. The
simultaneous excitation of the d and p electron in Kr
and Xe is investigated in{1%5), Excitation of the internal
shell 4p® of xenon was observed in!1%2:195]

As to the other elements, as already mentioned, in-
vestigations were made on Cal1%:176:177] gnq q[160,161]
The profile and the oscillator strengths of the compon-
ents of the doublet All s%p 2P%— sp? ?S were determined
in(1%] and those of InI s?p 2P — sp? S and 2P in!"81). An
investigation was made of the p® 3P level of cad-
mium¥) | Autoionization of these elements, as well as
of Ga, Sr, Ba, Pb, and a few others, is discussed in/18],
Levels of Li, K, and Rb, lying between the first and
second ionization thresholds, were observed inl1%] .

The main features of the observed autoionization
lines and of the adjacent regions of the photoionization
cross sections agree with the qualitative predictions of
the theory. An analysis made in[?0-94:120:161.181] gy g
that the parameters ¢ and I" can be so chosen (of
course, separately for each line) that formula (1.11)
agrees well with the observed profile. Besides the
asymmetrical lines, ‘‘windows’’ in absorption, corre-
sponding to q = 0 were also observed (Fig. 2). Observa-
tions made of series of autoionization lines have shown
that, in accord with (1.12), the jump in the photoioniza-
tion can have positive, negative, or zero values[%) .
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Positive ions. Experiments are made difficult by
the fact that it is necessary to work with a plasma and
to carry out the measurements in the ultraviolet. The
only paper published thus far!164] deals with the Xe'
ion. The absorption cell was a shock tube. Autoioniza-
tion phenomena were also observed for ions. Charac-
teristic asymmetrical lines were observed in the spec-
trum of OMI.[*) Processes due to autoionization of
inert-gas ions were investigated in[2%®). The methods
used to calculate the cross sections for positive ions
are the same as for atoms, and there are no grounds
for assuming that any peculiar difficulties will arise
in the future when comparison is made with the meas-
urement results.

Excited States

As seen from Table III, the number of investigated
individual cross sections is small. Attention is called
to the sharp divergence from the Burgess-Seaton
formulas in half the cases, the reliability of the meas-
urements being confirmed by agreement with the photo-
excitation cross sections (Fig. 8a shows by way of an
example the cross section of Ca 3 ®D). Thus, the ap-
proximate character of the existing variant of the quan-
tum-defect method becomes evident for both ground
states and excited ones. This confirms the opinion ad-
vanced in 1.2 that the reliability of formula (1.8) is
connected essentially not with the degree of excitation
of the considered states, but with the degree of mani-
festation of the interaction of the configurations and
the deviations from LS coupling.

The role of the configuration interaction is con-
firmed also in measurements!2’!) that have revealed
that the first threshold of the photo-ionization of the
carbon atoms from the state 2sp? *D? corresponds to
the formation of a carbon ion in the state 2s’p. This
can be explained as meaning that the term identified as
2sp® °D? has actually an admixture of 2s%p3d 3D°. This
opinion is confirmed also by the observation of a strong
2s%pYp P — 25p? 3D’ line.

An interesting picture is obtained for Mg 3 3P? (Fig.
8b). The discrepancy between the photoionization and
photoexcitation cross sections becomes even larger if
account is taken of the fact that what was actually meas-
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ured in12"} was the ratio of the photoionization cross
section to the oscillator strength of the transition

3 3P% —~ 5 35, the value of which was taken from the
theory and turned out to be 2—4 times lower than the
values obtained in later measurements. Unless subse-
quent experiments change this situation, the observed
picture can be attributed to the fact that a perturbing
level is located in the 38 000 cm™! region, and thus the
Beutler-Fano profile connects the regions of photoex-
citation and photoionization.

The discussion presented for the ground and excited
states shows that deviations of the calculated curves
from the experimental ones can have a nonmonotonic
local character and in this case they are due to pertur-
bation of the upper states. Other deviations are mono-
tonic and encompass a broad spectral interval, and in
this case they are due to the crudeness of the analysis
of the lower states or to a smooth variation of the char-
acter of the upper state (for example, change in the type
of coupling). In semiempirical calculations, one can at-
tempt to use several experimental points as reference
points for the reconstruction of the entire curve.

1.5 Verification with the Aid of Sum Rules

The experimental and theoretical cross sections can
sometimes be verified with the aid of sum rules!?09-211],
The sums

S (k) == ) fun (B — Em)" (1.14)
n

are expressed in terms of quantities that characterize
only the m-th state. These quantities can be obtained
from measurements or calculated quite accurately (if
one knows the wave function #,; the wave functions ¥,
are no longer required here). Expression (1.14) is a
sum taken over all the discrete states plus an integral

over the continuum. The most useful are the sum
rulesl209.210]

S(—2k)—Bs k=2, 3, 4, ..., (1.15)

S(—2)==p, (1.16)

5(‘1)=%<m|<2 ri>2|m>, (1.17)
i

S(0)=N, (1.18)
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Table IV. Contributions of different parts of the spectrum to the
sums S(k) for Ne*

data are used.

Spectral _ _ . s s
eee | W | o | ey ey | s | W |
1 1,24 0.068 | 0.104 | 0.13 0.16 0.2
2 1.45-1.58 0.027 | 0.060 | 0.09 0.13 0.2 —
3 “1.58—3.56 0.077 | 0357 | 0.8 2.02 5.5 -~
4 ~3.4 — 0.004 | 0.01 0.04 0.1 —

3.56-13.0 0.006 | 0.146 | 0.78 457 327 | 0.03
5 { 13.0—63.7 0.004 | 0.07 1.36 31.4 | 0,10
6 63.5 — — - 0.02 11 | oo

(| 372218 — 0,02 1.63 | 167.0 | 1.96

. 227.8-911.3 - = 0.17 64.5 | 2.68
31 911.3—7353 — — 0.01 16.7 | 3.19

1 7353—c0 - = 1.4 | 3.20
Sum 0.178 | 0.675 | 1.94 | 10.1 321 11.2
$ (k) 0.18 0.671 | 2.22 | 10 203.7 | 10.4

*The last line of the table contains the results of direct measurements or calcula-
tions of the values of S(k), taken from [215] and, for the case k = —4, from
**] _ resonance line; oscillator strength taken from measurements [”l]; 2 — remain-
ing 2p - ns and d lines; summary oscillator strengths determined by interpolation of the |
photoexcitation cross section; 3 — continuum between L, ; and L, thresholds; photo-
ionization cross section taken from measurements [126]; 4,6 — lines 2s — np and 1s —
np respectively; spectral interval chosen to equal 0.34 Ry in analogy with transitions
from the 2p shell; oscillator strengths determined from the extrapolated photo excitation
cross section; 5,7 — continua between L, and K thresholds and beyond the K threshold,
respectively; results taken from [215], where the existing calculated and experimental

[210].

SW =4 {Ent5 Dmppim}t, (119
i%j
S@=Laz X omls@m)m, ) (120

where a, is the polarizability of the atom, Epy, the
binding energy, p; and rj the momentum and radius
vector of the i-th electron; all the quantities are ex-
pressed in atomic units and the energy in Rydberg
units; N is the number of electrons. The quantities Sy
can be obtained from the values of the Verdet constant
or the refractive index!21}. The quantity S(—1) can be
related with the diamagnetic susceptibility y as follows:

g= —7.9-107 38 (—1)— 3 (m|rir;| m)].
1§

The Van der Waals forces acting between the atoms are
expressed in terms of the quantities Sk . [211,213,214]

The spectral region making the main contribution to
S(k) varies as a function of k (this is illustrated in
Tables IV and V with Ne and Li as examples). This de-
termines the efficacy of choosing any particular sum
rule to verify the cross section in a definite spectral
interval. We see that for Ne the calculation of the
quantities S(—4), S(—2), S(—1), and S(0) is a good check
on the cross section in the spectral interval of interest
to us. For Li, on the other hand, the main contribution
to all S(k) is made either by the resonance line or by
the photoionization from the K shell. We therefore
cannot verify in this manner the reliability of the
photoionization cross section of Li in the ultraviolet
region. A similar situation obtains also for the re-

*The sum rule introduced in [***] actually coincides with (1.20).

Table V. Contributions of different parts of the
spectrum to the sums S(k) for Li

Spectral 3 (— _
Proc- interval, 5(~2) S(—1) S (0) S (1)
esses ° Ry-2 Ry-1 Ry
A
1 6710 40.8 5.53 0.750 0.102
2 32302300 0.19 0.06 0.020 0.007
3 2300—1150 0.27 0.15 0.083 0.049
4 280—80 0.04 0.23 1.35 8.84
Sum — 41.3 5.97 2.20 9.00
S (k) 38+4 3
|

1 — Resonance line, f taken from [216]; remaining lines of
the 2s — np series, f taken from [“6] and partially interpo-
lated; some uncertainty exists in connection with the insuffi-
ciently good agreement between the photoionization and
photoexcitation cross sections; 3 — photoionization 2s — kzp,
cross section taken from [x“l; 4 — photoionization from K
shell, cross section taken from [“S], where measurements
were made for a metallic lithium film.

maining alkali metals. Thus, the sum rules cannot be
used for verification of any arbitrary cross section.

The sums S(k) were calculated in detail for He
inl?1") | and the results were in good agreement with
direct calculations or measurements of S(k). Calcula-
ted sums (k = 0, —1, —2, —4, —6) are given[?!3) for all
inert gases; we note the good satisfaction of the rule
(1.18).

Let us apply the sum rules to the hydrogen atom.
There is noticeable disparity between the experimental
and theoretical photoionization cross sections (see
Fig. 7). We are interested in the ultraviolet band,
therefore (in analogy with Ne) to clarify the reliability
of the cross sections we shall calculate S(—2). The
contribution of the experimental cross section is 1.0
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and that of the theoretical one[33) 0.677. Recognizing
that the contribution of the resonance line is 0.068 and
of the remaining lines 0.094, we find that the polariza-
bility corresponding to S(—2) is @ = 7 x 10725 cm? if we
assume the experimental cross section and o = 5

x 10725 cm? if we assume the cross section calculated
in'33). On the other hand, a direct determination of the
polarizability yields 7.7 X 1072° cm® (measurement)
and 8.9 X 10725 cm? (theory) (28], Thus, the cross sec-
tion measured in[163) turned out to be more reliable
than that calculated in33].

In calculating the sums, some of the missing tran-
sition probabilities can be estimated by interpolating
and extrapolating the cross sections(6?1%1. An impor-
tant contribution is made in some cases by autoioniza-
tion lines. The values of the directly measured or cal-
culated polarizabilities are given in{2%®:2%%1 . Approxi-
mate sum rules may be useful; for example, the rule
(1.18) is approximately satisfied for individual shells,
such 1s? and 2s of Li, and 1s? and 2s?p® of Ne, but it is
already impossible to separate the 2s? and p® shells of
Ne (see Tables IV and V).

1.6 Shift of Photoionization Threshold in a Plasma

In a real plasma, the atoms, ions, and electrons
interact with one another. These phenomena may exert
an influence on the continuous spectra, the degree of
ionization, and other plasma properties. At the present
time these effects have not yet been sufficiently investi-
gated. Let us examine qualitatively their influence on
the photoionization cross section.

The interaction prevents realization of the higher
discrete levels (this consideration, as is well known,
is used to cut off the partition function). In addition,
the uppermost realized levels, can, generally speaking,
overlap as a result of broadening. These two phenom-
ena modify the level scheme of the atom, causing an
actual reduction in the ionization potential and, further-
more, the coalescence of the upper level leads to an
apparent reduction. The end point of the continuous
spectrum shifts towards lower frequencies. In the
spectrograms, the role of these phenomena is indis-
tinguishable, and no corresponding theory has been de-
veloped so far. We shall therefore combine them and,
bearing both phenomena in mind, we shall talk of the
transformation of the lines into a continuous spectrum.
The resultant shift of the threshold frequency will be
denoted Av.

For an approximate account of the shift of the photo-
ionization threshold, we can assume that the influence
of the interaction on the continuous spectra reduces
only to transformation of the upper terms of the spec-
tral series into a continuous spectrum in accord with
the unperturbed density of their oscillator strengths.
Thus, the photoexcitation cross section (1.13) gives us
the form of the photoionization cross section in a
plasma for frequencies lower than the ideal threshold
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frequency. For higher frequencies, the photoionization
cross section is assumed invariant. Such assumption
constitute the extension of the principle of spectro-
scopic stability on the upper terms of the spectral
series and a continuous spectrum, which is not suffi-
ciently justified. However, there are certain experi-
mental data confirming these assumptions!!®!,

Generally speaking, it is necessary to compare the
following quantities: the oscillator strength density
and the photoionization cross section, both measured
for an isolated atom, and the photoionization cross
sections measured at different ever increasing shifts
Av. However, there is no set of such measurements
for any of the cross sections. The most complete re-
sults can be obtained for the photoionization of oxygen
from the state 3°P and argon from 4s and s’. For tran-
sitions from these levels there exist oscillator
strengths which make it possible to obtain at two points
the summary cross section o(vyn). The photoionization
cross sections under plasma conditions were also
measured (Fig. 9). The latter can be separated from
the spectral?%3:2%6] formed by certain superimposed
continua. It is therefore possible to determine reliably
only the threshold cross sections.

It is seen from Fig. 9 that the obtained values agree
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FIG. 9. Photoionization and photoexcitation cross sections
of Ar 4s, s’ (a) and O 3°P (b) [***]. 1 — Experimental points for
the photoexcitation cross section; 2 — threshold values of the
photoionization cross section, measured in [*°***°]; 3 — calcu-
lation in accord with (1.8); 4 — limit of the series of the iso-
lated atom.
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well with the points for the photoexcitation cross sec-
tions.

For oxygen, the measurements were made at sev-
eral temperatures, corresponding to different values
of the shift Av, so that the threshold value of the cross
section can be determined for several values of the
frequency. Unfortunately, the obtained points exhibit a
strong scatter. The frequency dependence can never-
theless be roughly estimated by separating at one tem-
perature the contribution of the individual continuum
from the data of(?%3) in a certain interval beyond the
threshold. The obtained dependence (decrease with
increasing frequency) also agrees with the variation of
the photoexcitation cross section.

The experimental points agree with the theoretical
curve constructed after Bates-Damgard-Burgess-
Seaton. Therefore it is possible to assume that the
theoretical curve can serve as a real photoionization
and photoexcitation cross section for the isolated atom.

Figure 9 demonstrates that the assumed spectro-
scopic stability of the higher terms of the spectral
series as they are transformed into a continuous spec-
trum is reasonable. The cross section of Ca (see Fig.
8) was also obtained under conditions when the photo-
ionization threshold was shifted. In this case, too, the
cross section turned out to be continued in the direc-
tion towards the available points for the photoexcitation
cross section. The sharp frequency dependence of the
cross sections for O, Ar, and Ca makes any other in-
terpretation difficult. Additional experimental con-
firmations will be obtained in Sec. IV in the analysis of
the summary spectra.

In the theoretical calculation, the variation of the
cross section in the region adjacent to the threshold is
determined by the Burgess-Seaton formulas (or some
other formulas for the photoionization cross sections),
by analytically continuing them to negative values of k?.

The value of Av can be approximately determined
by the Inglis-Teller formula?2®). The validity of this
formula was recently confirmed by the reduction of the
results of[202:203) §n[221] It should be recalled at the
same time that the Inglis-Teller formula was obtained
for hydrogen and does not take into account the pecul-
iarities of complex atoms. Estimates show that even
for the upper non-hydrogenlike excited levels of com-
plex atoms the broadening mechanism may differ from
that for hydrogen. For hydrogenlike levels, on the
other hand (i.e., those with near zero quantum defect),
the following may be significant: a) the incomplete de-
generacy in I, which leads to a decrease in the number
of the Stark components; b) the larger number of levels
with identical n and I, due to the multiplet nature;

c) the role of the non-hydrogenlike lower level, which
becomes manifest in the fact that the intensities and
the number of the Stark components of the correspond-
ing lines may differ from the hydrogenlike levels (this
circumstance pertains to lines corresponding to tran-
sitions from non-hydrogenlike upper levels). These

misgivings are confirmed by measurement results!%]

in which the values of the numbers m turned out to be
different for simultaneously observed series

Ca 14s® '8, — 4smp 'P? and Al I 3s%p ?P? — 3s’md ’D
(13 and 9 respectively).

In conclusion we mention the phenomenon of forced
autoionization!?22) | which appears when the continuous
spectrum produced as a result of lowering of the ion-
ization potential is superimposed on a discrete level
situated below the ionization potential of the isolated
atom. The corresponding line broadens and acquires a
characteristic asymmetry. This phenomenon was ap-
parently also observed in!1%).

IO. RESULTANT RECOMBINATION AND BRE MS-
STRAHLUNG SPECTRA

In some regions of the spectrum, the absorption is
due to photoionization from different excited states.
The total absorption coefficient ky¢(v, T) can be ob-
tained by calculating the cross sections, multiply them
by the corresponding concentrations, and summing over
all the states from which the photoeffect is possible
upon irradiation at frequency v:

Hpp (v, T) = (2.1

—Uy) O (v),
0

where wj is the statlstlcal weight of the excited state,

a Boltzmann distribution of the atoms over the state is

assumed, Z, is the partition function of the atom,

u,7 = |EL7|/KT (uy—value of u,; for the ground state),

T is the temperature, and N, is the concentration of the

atoms.

In 1938, when there could be no talk of any rigorous
calculation of kpg(v, T), Unsold!??3] proposed an ap-
proximate formula, extending to many-electron atoms
the resultant expression for absorption coefficient
valid for hydrogen and obtained after replacing the
summation over the excited states by integration. The
singularities of the structure of complex atoms were
taken into account by introducing an effective charge
Z* and a factor T' that took into account the multiplet
nature of the terms of the complex atom. Unsold in-
cluded in his analysis also free-free fransitions, using
for them the same effective charge Z* as for photoion-
ization. As a result it was possible to obtain a single
general formula accounting for both bound-free and
free-free transitions:

% (v, T) (2.2)

where C; is a constant, u = hv/kT, Au = hAv/kT. It was
noted subsequently that (2.2) can be used when v < v_;
when v > Vg the argument of the exponential does not

change and (v, T) decreases like v™3; the value of the
end-point frequency v, is determined by the lower ex-
cited state(?24:1) A review of investigations in which
formula (2.2) was used is given in[®), where it is
shown that the published recommendations on the

== C3l'Z*2 exp (—uy+ u+ Au) v-3N,,
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choice of Z* and T have neither theoretical nor ex-
perimental justification and contradict each other.

The recently developed methods of calculating the
cross sections have made a direct calculation of ex-
pression (2.1) more realistic. However, in view of the
complexity of the calculations of the cross sections
and the large number of levels which must be taken
into account in the summation, the calculation by
means of formula (2.1) is in the general case a labor-
ious problem. In addition, it must be recalled that the
theoretical cross sections are approximate in charac-
ter. In this connection, direct summation is in most
cases an unjustified procedure.

Expression (2.1) and the Burgess-Seaton formulas
were used in!22%) ag the basis for obtaining a number
of simplifying assumptions, valid for all atoms, and a
general formula, which is theoretically justified and
suitable for practical use, was obtained for kpg(v, T).
Further analysis is presented inl226:87],

The entire energy level scheme of the atom is
broken up into two parts A and B. Group A comprises
the levels which have an appreciable quantum defect;
the levels of group B have practically no quantum de-
fects. Group A includes levels with small I (usually
1 = 2). This makes it possible to use as the basis the
value Kll){f(v, T) for hydrogen, by introducing a factor

£(v),* which takes into account these peculiarities of
the cross sections of the group A levels. The summa-
tion over the levels is replaced by integration. To de-
termine KH(V, T), use is made of a well known expres-
sion that follows from the Kramers formulas. In
calculating £ (v) it turns out to be possible to employ a
number of approximations which greatly simplify the

use of the parameters tabulated by Burgess and Seaton.

For atoms with several valence electrons, the sum
(2.1) should be taken not only over the quantum num-
bers n and I, but also over the values of the total spin
S, the total orbital angular momentum L of the initial
state, and the angular momentum L’ of the final state,
and, in general, over the values of the total angular
momenta j and j’. In many cases, the energies and
the quantum defects of states with identical n and [
differ little. It is then possible to separate the sum-
mation over n and ! and to carry out the summation
over the remaining quantum numbers. In the formula
for (v, T), thére appears an additional factor v,
equal to the statistical weight of the parent term of
the atom under consideration. This result, obtained
for LS coupling, remains in force also for other types
of coupling, since the summary line strength (so long
as we have unified all the levels with given n and [)
does not depend on the quantum numbers used to des-
cribe the separate levels. To take into account photo-
ionization from the shifted terms, the quantity y must
be replaced by the partition function of the residual
ion Z,.

*It will be shown that £(v) is as a rule practically independent
of T, and this is a very interesting and useful result.

Until recently, free-free transitions of an electron
in the field of a positive ion were assumed to be
hydrogenlike or calculated with the aid of (2.2). A
quantum mechanical analysis is presented in{87/88],
The matrix elements were obtained by extrapolating
the bound-free transition matrix elements calculated
by Burgess and Seaton. Direct extrapolation was made
difficult by the fact that it turned out that the Burgess-
Seaton formulas are unsuitable for calculation of the
photoionization cross sections (at constant v) of the
upper excited states. To carry out the extrapolation it
was therefore necessary to modify the parameters
tabulated by Burgess and Seaton, correcting them with
the aid of exact expressions known for hydrogen. The
expression obtained for the matrix elements takes into
account the specific nature of the free-free transitions
in the field of the ion, compared with the transitions in
the field of the proton (or nucleus).

To find the absorption coefficient k¢e(v, T) due to
the free-free transitions, derivations were used sim-
ilar to those employed in the analysis of the photoion-
ization absorption. The free states, in accordance
with their quantum defects, were separated into groups
A and B. The Kramers formula was used to determine
K E(V, T) and the function £(v) was introduced. The
electron velocity distribution was assumed Maxwellian.

The resultant absorption coefficient x (v, T) is equal
to the sum of kp,e{v, T) and «ge(v, T). Inasmuch as in-
tegration over the electron energies was used in the
calculation of both terms, it becomes possible to com-
bine both terms in one expression and to use a common
function &(v). The final formula for the frequencies
below the end-point frequency vg is

x (v, T)=C5(2 214/ 20) T exp [—u, 4w+ (RAVIKT)] Z% (v) v°N,,

Cy=167%ke® (3 )/ 3eht)yt = 0.89.10%, (2.33)
and for v > Vg
(v, T)=u(vg, T)E (vg) E (V) (vg/v)*+ D #ms (v, T), (2.3b)

where u, = hvy/kT. The end-point frequency is equal
to the maximum threshold frequency of the photoeffect
for the excited states taken into account in integral
fashion. However, as a rule, there are also several
levels in isolated positions, the photoionization from
which must be taken into account individually. Conse-
quently one introduces in (2.3b) the sum of the photo-
absorption indices for states whose threshold frequency
is larger than v, but smaller than the considered fre-
quency v. As a rule, the number of such levels is
small and this does not complicate the calculation.

We note that for v < v, the ratio of the contributions
of the bound-free and free~free transitions is approxi-
mately (e! — 1):1, so that the contribution of the free-
free transitions becomes predominant when
hv < 0.7 kT. ¥ hvg < 0.7 kT, then the contribution of
the free-free transitions prevails in the entire region
of frequencies up to the thresholds of the isolated
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levels. A considerable fraction of the atoms has quan-
tum defects, which can be approximately assumed
independent of the energy for a given!. Then

1
E(v =1+ 21 Kype™ {cos? @ [xur (&) + pir — W] — cos® e (e)},
=0

where 1, is the largest value of I for states of group A;
Koy = 0.75, Ky = 2.8, Ky3 = 6, my; = my, = 0.82, my,

= 0.90, I’ =1 + 1 (the contribution of the I’ =1 -1
fransitions is neglected as small), xy7/(€) = ajy,

+ bzz'“? +eyqpr€ ifv< Vg and x z;:(€) = Xll’(ng’ €) if

V> vy, the coefficients aj;s, bys, and cy;s are given
in426] with n* corresponding to vg, and pg and s
are the quantum defects of the levels ! and /. In most
remaining cases the dependence of the quantum defects
on the energy is linear. An analytic expression for the
function £ (v) ,[87] which in this case can depend on T,
was also obtained in the case of such a dependence.

Using Kirchhoff’s law, we can obtain formulas for
the radiation brightness e¢(v, T):

e(v, I

Ci(2 X/ 2o exp[—w

+ (RAV/ET)] Z* £ (W) kTN, if v<v,, (2.42)
8 (vg, TYE (vg) E(v) exp (ug—u)
+ Denr (v, T), if v, (2.4b)

C,=32n%" (3 1/ 3h3¢3)1 = 0.95.107".

The quantity e(v, T) is given for a thickness of 1 em in
units of erg-sec lem 3sr-!(sec’) !, If we express Ny in
(2.3a) and (2.4a) by means of the Saha formula in terms
of Np and Nj, we obtain respectively

(v, T) = CsN N; (kT)~V2 exp [(hAv — eAl)/ET] Z2E (v) e*v3,
(2.5
5 =8¢ )/ 1 (3 ) 6mhem)t =4.3,
& (v, T) == CgNN; (kT)Y2exp [(hAv — eAD)/KT] Z2E (v),
Cs-=8 )/ 27e8 (3 )/ Imme3)y1=-6,36-10"17,

(2.6)

where A1 is the lowering of the ionization potential in
the Saha formula. It is customarily assumed that hAv
is much larger than eaAI'2?7],

Let us explain the appearance of Av in formulas
(2.3)—(2.6). Under the assumptions made in 1.6 with
respect to the photoionization cross sections under
plasma conditions, the summation (2.1) should be ex-
tended over all levels for which V%l — Av < v, where
v% ; is the threshold frequency for the isolated atom.
All the subsequent derivations given in") remain un-
changed and now give formulas (2.3)—(2.6). The
formulas for £(v) remain unchanged. v _ = ! — Av,
where 1 is determined from the term scheme of the
isolated atom.

The spectroscopic-stability principle was applied
also to the transformation of bound-free transitions

into free-free transitions. Under this assumption, the
formulas obtained after replacing the summation by
integration are not changed at all. The role of the
shift of the threshold is manifest only in the formal
delineation between the contributions made to the gen-
eral expression by the bound-free and the free-free
transitions.

Formulas (2.3)—(2.6) can be easily generalized
when the plasma consists of different chemical ele-
ments and contains ions of different multiplicity. For
example, (2.6) takes the form (v < Yotz for all Z and t):

e (v, T)= CeVe (KT)~"2 Yexp [(hAv, — eAT)/ET] ZiN 4252 (v),
it
' (2.7

where t is the index of the chemical element of the
mixture, and the summation is carried out over t and
Z. The quantities Ny, Ve and ¢(v) depend on t and Z,
while Av and Al are assumed to depend on Z only.

In the derivation of (2.3)—(2.7) we used for KlI;]f(V, T)
and Kg(l/, T) expressions that followed from the
Kramers formulas. In the infrared region it is neces-
sary in some cases to take into account the Gaunt fac-
tor g(v, T)[3:428] for free-free transitions. Then, for
example, we obtain in lieu of (2.3a) and (2.6)

®x(v, T)=C, (2 21/20>T exp (—uy) [exp <u+— };ATV

—1h g, T) | 2 () VN, (2.8)
(v, )= CelN.N; (KT)~/2 [exp I;/;,v —e - eig (v, T)]
X eXp <— ;ATI ) Z2E (v). (2.9

Formulas (2.8) and (2.9) are customarily useful at fre-
quencies such that the peculiarities of the ions do not
appear in practice. Therefore, the factor £(v) = 1 has
been introduced only for a smooth transition in (2.3a)
and (2.6) (otherwise the Gaunt factor would have to be
taken into account also in the derivation of £(v)).

Expressions (2.3)—(2.6) differ formally from those
of Unsold in the fact that the constant factor (Z*/Z)?
is replaced by the function £(v) and the factor I (in
the expression for (v, T)) is replaced by double the
ratio of the partition functions. Plots of £(v) are given
in Fig. 10. A temperature~dependent value for £(v) is
given in®") . The obtained functions £(v) have as a rule
a strong frequency dependence. As v — 0 we get £(v)
— 1 as a result of the predominance of group-B levels.
However, even in the visible range £(v) can be several
times larger or smaller than unity. The latter is of
particular interest, since the value of (2*/Z)? was
always chosen in the literature to be larger than unity
for all atoms.

Arguments are advanced in!?%:87] to facilitate an
estimate of £(v) for a number of elements for which no
calculations were made, by comparing the quantum
defects. In particular, it is indicated that for alkali
metals £(v) should be close to the £(v) of inert gases,
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something subsequently confirmed by direct calcula-
tions® (Fig. 11).

In 2 number of cases it is necessary to know £(v)
for heavy elements (Fe and others). The calculations
are made difficult by the lack of data on the term en-
ergies, and also because of the strong manifestation of
the configuration interaction (the latter lead, in par-
ticular, to an uncertainty in the photoionization thres-
holds). So far, only rough estimates under the assump-
tion £(v) = 1, or the determination of £(v) from the
experimental data, have been useful.

Figure 12 shows, with oxygen as an example, the
functions £(v) for ions of the same element but with
different ionization multiplicity. With increasing Z,
the system becomes more hydrogenlike, i.e., £(3) — 1.
Then £ (v) no longer tends to unity monotonically (with
v/ Z? constant), but experiences a number of oscilla-
tions.

Formulas (2.3)—(2.6) are universal, but have an
integral character and were obtained with the aid of a
number of simplifying assumptions. Figure 13 shows
a comparison with the results of a direct summation
of the Burgess-Seaton cross sections. On the whole,
the agreement is satisfactory (levels with equal n ana
I were unified int*J so that the curves of[%J have
sharper jumps than actually exist). An attempt[m] to
correct the functions ¢ (v) for Ar, such as to take into
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FIG. 12. Plots of &(v) for oxygen ions.
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FIG. 13. Comparison of the absorption ceofficients
obtained by direct summation [**'°°] (dashed) with those
calculated by means of (2.3) (solid lines); a — nitrogen,
b — xenon (2, =9 for N and 2, = 1 for Xe, free-free
transitions disregarded).
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account the real arrangement of the levels, led to an
error.

The coefficients of photoionization absorption of
Ne, Ar, Kr, and Xe were recently calculated'?3?) by
direct summation, and agreement with the integral
formula (2.3) was likewise obtained. The individual
sections were calculated in/2%! not with the aid of
(1.8), but by direct calculation of radial integrals with
Coulomb functions. This was due to a criticism ex-
pressed in'). However, the results differed only
slightly from (1.8).

We note the arbitrariness of the choice of v, in
formulas (2.3)—(2.6). It must be remembered, how-
ever, that individual cross sections sometimes do not
correspond to the Burgess-Seaton formulas (see 1.4);
the summed results are apparently more reliable than
the individual cross sections. The choice of v affects
£E(v) (via xll,(e)); however, the possible changes are
small as was verified by direct calculations inf84,

An estimate of the free-free transitions in the field
of the O ion, carried out inl®!} by the Hartree-Fock
method, agrees qualitatively with £(v). A recent
paper![?!] gives detailed calculations of the matrix
elements of free-free transitions using wave functions
obtained by the quantum-defect method!?6:®]. There is
still no Maxwellian averaging in[?*!], nor are results
given for the absorption coefficients due to the sum of
all Il’ transitions. It is therefore not clear whether the
results off2%!] are a noticeable improvement on the
results of 8], We note that, in accord with[®} it is
found in!?%] that the results of!?6) for bound-free tran-
sitions cannot be directly extrapolated to free-free
transitions.

The analysis presented in this section is valid for
frequencies higher than the plasma frequency. Prob-
lems in the theory of radiation in the region of the

plasma frequency are investigated, for example,
in[2321

IoI. ELECTRON TRANSITIONS IN THE FIELD OF A
NEUTRAL ATOM

3.1 Photodetachment

The photodetachment cross sections were calcula-
ted by formula (1.1) in the same manner as the photo-
ionization cross sections, but the requirements
imposed on the methods of calculating the wave func-
tions turn out to be somewhat different. The point is
that whereas in photoionization the influence of the
external electron on the core is a correction to the
Coulomb interaction, in photodetachment this influence
is the sole cause of the long-range interaction between
the atom and the external electron (whether in the
bound or in the free state). Therefore the effects of
polarization, distortion, correlation, etc. can be much
more significant in calculations for photodetachment.

The most thoroughly investigated was photodetach-
ment from the hydrogen ion H . The relative simplicity

of the two-electron system makes it possible to em-
ploy in this case high-precision methods of calculating
the wave functions and to obtain good agreement with
the available experimental data. A review of the re-
sults for H is given in?38], and in addition we refer
tol234238] g6 far, similar calculation methods cannot
be applied to more complex ions.

The most approximate calculations of photodetach-
ment are made with wave functions obtained for a static
central self-consistent potential of the unperturbed
neutral atom. These calculations are highly unrelia-
ble: the results of the calculations for C [23") exceeded
the subsequently obtained experimental datal?%) by one
order of magnitude. A discrepancy by one order of
magnitude (but in the opposite direction) between the
calculation!?%] and the subsequent experiments(233!
was obtained also for O . The corrected calculations
performed later on give more successful results: for
C", the calculations of!24?) are already much closer to
the experimental curve, although they still deviate
greatly from it in the near-threshold region.

It was proposed in{?4!] to take into account the
polarization potential in the calculation of the photo-
detachment of O . This was done in more consistent
fashion in[?#2). The results of!2%?} were extended and
somewhat improved in(243] where the cross sections
were also obtained for C7, F, and Cl". The gist of the
procedure is as follows: a) The self-consistent poten-
tial V(r) of the unperturbed atomic core is obtained.

b) The radial Schrodinger equation for the bound state

a 1({t-+1)

L{%--?V (r)+ —ﬁz] Rgr (n=0, (3.1)
is solved; the bound-state energy 8? is obtained here
from experiment or from other calculations, r, is
chosen equal to the average distance from the nucleus
to the outer electrons of the unperturbed atomic core,
and the polarizability « is determined as the eigen-
value of Eq. (3.1) together with the wave function R
Rﬁl(r). ¢) The free wave functions Ry ;(r) are obtained
using the already known value of ¢ from (3.1) and re~
placing (—p% by k®. The obtained wave functions are
most reliable for large distances, so that the radius
matrix element is used in calculating the photodetach-
ment cross section.

The effects of exchange, correlation, etc., are taken
into account in (3.1) indirectly, since an experimental
value is used for f%. Therefore the value of o deter-
mined from (3.1) need not agree with the polarizability
of the atomic core. Calculations(?42:243] ghow, however,
that the difference is very negligible (14% for C, 9% for
O, and 0.7% for F). This gives reason for hoping that
the indirectly allowed-for factors play a much smaller
role than the potential @/2r*. These effects, however,
can be different in the bound and in the free states.

An attempt to take into account the correlation in
the free state was made in[**) with C” as an example,
by introducing into the wave function the dependence
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on the interelectron distance of the free s- and bound
p-electron. The analytic form of this dependence was
determined by the boundary conditions and by intuition,
while the parameters were determined from the
Hulthen variational principle. The agreement obtained
in[244] between the velocity and radius matrix elements
is muq.a_hgnetter than in the model of the rigid self-con-
sistengegbtential with exchange 240 but the deviation
from experiment was much greater than in[240].

In'245] | which so far is only of methodological inter-
est, an attempt was made (with O as an example) to
use the analytic properties of the amplitude of scatter-
ing of an electron by a neutral atom (the bound wave
function is not investigated here). The obtained cross
section turns out to be closer to experiment than that
calculated in the Born approximation.

An attempt to calculate the photodetachment of H
and Li” was made in{%). It was proposed that each of
the two s-electrons, which do not interact with each
other, moves in a model potential V(r) = ry! — r! if
r < ryand V(r) = 0 if r = rj (the 1s% shell of Li is
combined together with the nucleus). The parameter
ry is determined beforehand from the condition that
the potential V(r) correspond to only bound state and
that the energy of this state be equal to the affinity
energy of the atom under consideration. Inasmuch as
the Schrédinger equation is solved for the chosen V(r)
exactly, this ensures the equality of the three forms
of the matrix elements and the satisfaction of the sum
rules (1.17) and (1.18)*; this, however, is not a suffi-
cient criterion for the accuracy of the calculated cross
section. The calculation made in'®) for B agrees well
with the variational calculations, and the cross section
for photodetachment of Li~ was calculated by assuming
that the affinity energy is 0.384 eV. A calculation for
Li~ was repeated by the same procedure in/24) for an
affinity energy 0.8 eV, and the form of the curve as
well as the absolute magnitude at the maximum
changed insignificantly, but the position of the maxi-
mum shifted by 0.4 eV. This allows us to assume that
the affinity energy can be deduced from the position of
the maximum. A model calculation for O using an
ineffective procedure is given!®7].

Of use in simplifying the numerical calculations
made with the results oft2#:249] (and of the latert?50]),
in which analytic expressions for the photodetachment
cross sections are proposed. They use for the free
functions Eq. (3.5) with published data for the phase(24]
or a plane wave!?4?] | and for the bound states the pub-
lished self-consistent functions approximated by linear
combination of exponentials. Thus, the main task, that

*The rule (1.17) is satisfied [**] if model wave functions are
also substituted in the right side of this equation. On the other
hand, to check the approximate cross sections, it is necessary to
calculate the right-side of (1.17) with exact wave functions. The
rule (1.18) is rigorously satisfied in the model analysis [**] only
for H™.

of calculating the bound and free wave functions, is not
considered in(%:24?] It must also be recalled that the
self-consistent functions can lead to significant errors
in the photodetachment cross section, all the more
since approximation formulas for the wave functions
have in[24-2%) an asymptotic behavior which does not
agree with (3.10). The assumption 6, = 0 made in the
calculations for Li, Na , and K %1%jg doubtful. Cross
sections for C, O, N (°P), CI, and F are also calcu-
lated inf248-2421

Let us consider the measurements of the photode-
tachment cross sections. In the crossed-beam
method?3] the photodetachment cross section is de-
termined from the small current of free electrons
produced in a high vacuum when two mutually perpen-
dicular beams cross, one containing negative ions
separated by a mass analyzer, and the other in intense
beam of visible light from a light filter. The relative
frequency dependence of the photodetachment cross
section is measured. The absolute values are obtained
by measuring the integral cross section or by com-
parison with the already known cross section for
another ion.

Vapor emission and absorption cross sections were
investigated in!251°255] | Salts were evaporated by pass-
age of a shock wave in a shock tube filled with an inert
gas. The choice of the salt was determined by the re-
quirement of obtaining a sufficient concentration of
negative ions at relatively low temperature, so that
the photodetachment be strong and the only source of
absorptiont?51:252:254] (halides of alkali metals were
used in the investigation of the halogen ions). For the
emission spectral?:25] it was accordingly necessary
to obtain a sufficient concentration of electrons and
of the corresponding atoms at a moderate tempera-
ture, so as to make the radiation adhesion strong and
the only source of radiation (K,0, and RbyO were used
for the investigation of O). The photographic method
ensures high resolution, and is therefore advisable for
the investigation of the fine structure of the spectrum,
particularly the behavior of the cross sections at
threshold; measurement of photodetachment in the
ultraviolet became possible for the first time. Meas~
urements using this procedure yielded reliable relative
results; the error in the absolute values is still large,
since no reliable control over the establishment of
thermodynamic equilibrium has been exercised.

Radiative adhesion spectra at relatively high tem-
peratures were investigated in dischargest202:203,256-258]
and in shock tubes[?%7262] Other radiative processes
play an important role under these conditions, so that
the reliability with which the contribution of the radia-
tive adhesion is determined depends on the extent to
which the other processes can be calculated (see Sec.
.

The measurements are summarized in Table VI.
We see that the number of investigated ions is small,
and the spectral intervals of the measurements are
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Table VI. Measurements of the photodetachment cross sections

73

Ton, Measure- Ion, Measure-
threshold Method ment range || threshold Method ment range
A (A) A (A)

H-, 16439 A 233 13000—4000 | O—, 838616 B 257
B 260 6000—4000 A 263 Thresh~ 3100
B 261 6000—4000 s-, A 264 old
B 262 8000—3000 60004-200
C-, A 238 Thresh- 4000 | F-, 359545 C 252 Near
10 000 +250 old threshold
N-, ? B 202 6300-—4300 B 258%)  threshold3000,
B 256 7500—2700 Cl-, C 251, 253, 264 Near
B 269 5000 342744 threshold
B 257 Thresh- Br-, C 251, 253, 254 Near
0-, 838646 A 233 old 4000 3688 1-4 threshold
B 203 6300—4300 | I-, 405312 A 265 266 threshold3000
C 256 Near C 251, 253 254 Near
threshold threshold
A — method of cross beams, B — measurement of plasma emission spectra, C — meas-
urement of vapor emission and absorption spectra.
*Qualitative study of the spectrum.

small. Therefore no extensive comparison of experi-
ments with calculation can be made. The following was
found for individual ions: For H, as indicated above,
the agreement is good. The calculations for O and C”
could in general be satisfactorily reconciled*#3]; we
note only that the maxima of the experimental curves
are closer to the threshold than those of the theoretical
ones. Tentative data for F~ and Cl” do not contradict
the calculations[?43:249]

Two photodetachment thresholds corresponding to
two states of the produced atom, X (!8) — X (}P,/, and
2p,/,) were observed for halogens[?5-253,266,28] pe
threshold structure, which is due also to the splitting
of the level of the most negative ion, was investigated
for oxygen: O (*Py/, and 2Py/,) — O (°P,, °P, 3Py [2%9],
For O there was observed also a threshold corre-
sponding to the formation of an atom in the first exci-
ted state: O P — O ID[%3], Photodetachment from
the excited state of a negative ion was registered for
2381

To check on the experimental and theoretical cross
sections, one can use sum rules, which are more use-
ful in the case of photodetachment than in the case of
photoionization, since the spectrum consists of a con-
tinuum only. A reliable comparison has been made so
far only for H [235] For the remaining ions, the analy-
sis is made difficult by the fact that the cross sections
have not been obtained in a sufficiently broad inter-
vall?33] | The rule (1.16), which requires a relatively
narrow interval, can very rarely be used because of
the lack or unreliability of the values of «. Data are
available for F (a = (0.8 — 1.2) x 10724[218:26?] 54
1.8 x 10724 cm321%)y and for C17 ((3 - 3.5) x 10724(218]
and 6.2 x 10 2¢ cm?®?19]y. Calculations by integration
of the calculated cross sections yield 2.2 x 107 (F)
and 5.4 X 10724 (Cl"); the cross sections obtained inl243]
are thus apparently too high.

In the study of photodetachment it is necessary to
know the values of the affinity energies. A review of

the experimental and theoretical values is given
in2681*  Under plasma conditions, a decrease in the
affinity energy may be observed?™!. Unlike the drop
in the ionization potential, this effect becomes mani-
fest in pure form and no strong lines are superimposed
on it. For ions with low affinity energy, the perturbing
action of the surrounding particles may lead to the ab-
sence of such ions even at not too dense a plasma.
Under plasma conditions, a change may also occur in
the photodetachment cross section, but this question
has not yet been investigated.

So far we have spoken of stable negative ions. Re-
cently, unstable excited states of negative ions have
been under persistent study!#3:27217] | The existence
of such ions and their energy levels were established
from the appearance of the resonances in the scatter-
ing of electrons by atoms. The number of such states
turns out to be quite appreciable. Their influence on
the absorption and emission spectra has so far not
been considered. Unstable ions, if they play any role
at all, can appear primarily in the emission spectra,
since the brightness due to radiative adhesion is pro-
portional to the concentration of the electrons and
atoms and does not depend on the ion concentration.

3.2 Free-free Transitions

The transitions investigated in greatest detail were
those in the field of the hydrogen atom. The first
calculations were made in the Born approximation and,
as shown by subsequent calculations, gave values that
differed from the true ones by one or two orders of
magnitude. This was followed by a number of investi-
gations in which account was taken of all the main
effects, which were made more precise. Of all the
investigations aimed at independently determining and

*See also [#***°). Data for Li~, Na~, and K~ are gathered
in [**°]. Measurements for K~, Rb™, and Cs™ are made in [*"°]. The
ions Al”, Ga™, In", and T1™ were observed in [?™].
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refining more accurately the wave functions, followed
by direct calculation of the matrix element, the grea-
test accuracy was attained in[?78-2801

Free-free transitions in the field of multielectron
atoms were investigated numerically using nitrogen
and oxygen as examples, in the series of paper
The first calculations(?81:282) were made for the self-
consistent field of the unperturbed atom. This was
followed!283:284] by investigation of exchange and polar-
ization effects. The polarization was taken into ac-
count by perturbation theory. So far there are no
sufficiently well developed consistent methods for
taking polarization into account, so that one cannot
expect the results of(28%:284] to be perfectly reliable,
all the more since the allowance for the polarization
leads to a decrease in the order of magnitude of the
bremsstrahlung intensity. The role of exchange is
much weaker![283)

In(?85], three calculations were made for nitrogen:
for the field of the unperturbed atom and for the po-
tential used in (3.1), using two pairs of not greatly
differing values of @ and r,. The results have shown
that allowance for the polarization potential reduces
the absorption coefficient by almost two orders of
magnitude, and that even small changes in the parame-
ters greatly influence the result.

These estimates show that the calculations are
highly sensitive, so that calculations(?8] for crude
model potentials are hardly meaningful.

A variational principle was used directly in'%"! for
the matrix element (as applied to the hydrogen atom).
The calculations were made with two- and four-
parameter wave functions. The accuracy attained was
the same as in calculations with ordinary variational
principles carried out with a large number of parame-
ters. Reference[?®"] is in practice a continuation of the
general variational principles formulated in!. we
note that the asymptotic form used in both[?"] andl!4]
for the wave functions neglects the polarization poten~
tial and other long-range potentials.

In a group of papers, the probability of the free-free
transitions is related to the cross section 6o for the
elastic scattering of an electron by an atom. Such a
connection was first established with the aid of asymp-
totic wave functions (see Sec. 3.3). In(?8! is given a
simplified method using the classical expression for
the energy de, radiated in the spectral interval from
v to v + dv upon collision of an electron with an atom
(27vT < 1), dey, = (4/3)(e?/cH(av)idv, where Av is the
change in the velocity vector upon collision, and 7 is
the collision time. If hy «< E; = mlz/ 2, then averaging
over the scattering angle yields (Av)? = 2v%(1 — cos 6),
and the differential effective emission cross section is

(3.2)

doy =0y dey/hv = (8e*%/3c®hv) 0,7 dv,

where 0. = 0g; (1 — cos 6) is the transport cross sec-
tion. Equation (3.2) differs from (3.16) only in the ab-

gl281-2847

sence of factors which have little effect when hv «< E,
and in the fact that oy,. is preferable to gq;.

An attempt to relate free-free transitions with
scattering in general form was made in?%). A dia-
gram technique developed for this purpose has made
it possible to present lucidly the structure of the proc-
esses and to write down both general expressions and
the contributions in any order of perturbation theory.
The sum of all the diagrams of the perturbation theory
can be represented in the form of six diagrams (Fig.
14). The free electron corresponds here to a thin line,
the atom to a heavy one, the photon to a dashed line,
and the sum of all diagrams describing the scattering
of an electron is denoted by a shaded rectangle, which
can include thus also inelastic processes.

T B R
S

FIG. 14. Diagrams cotresponding to free-free transitions.

It is seen from Fig. 14 that free-free transitions
are actually connected with the scattering process,
but it is necessary to know the scattering amplitudes
off the energy shell, and not the amplitudes of the real
scattering. Diagrams 1—3 correspond to electron
radiation, diagrams 4—6 to atom radiation. Assump-
tions concerning the possible role of the atom radia-
tion were advanced earlier, and the results of(28?]
make it possible to estimate these effects quantita-
tively.

Equating the scattering amplitude to its value on
the energy shell (this can be done when hv « E;, and
apparently also when the cross section depends weakly
on the energy), the authors of(?®®] found that the con-
tribution of diagrams 3—6 can be neglected, and dia-
grams 1—2 yield an expression that differs from (3.2)
only by the factor (1 — hv/Ep!/2. We note that this
factor, which is not important when hv «< E,, describes
correctly the vanishing of the cross section as
hy — E;. In the approximation of one partial wave (but
not necessarily the s-wave), diagrams 1 and 2 yield
(3.16). Averaging over a Maxwellian distribution, the
authors of(?8) obtained

% (v, T) = CyV N, (kT)~"2av 2 exp (hv/2hT) K, (hv/2kT),
C7=2¢h (3nme J 2nm)™, (3.3

where K,(x) is a Bessel function of imaginary argu-
ment.

A rough experimental verification of the connection
between the radiation intensity and the elastic-scatter-
ing cross section was made in{2]. The results of the
measurements (T = 6000—9000°K, A = 2—8 u) were ap-
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proximated by the Kramers formula, from which the
value of Z? was obtained. As seen from the table, a
correlation exists between Z? and o,;. We note that
the Kramers formula is physically meaningless here,

z2.102 Gy <1015
0 0.2 0.2
N 0.9 0.5
Ny 2.2 2

so that its use in a wide interval of A and T can lead to
an appreciable error. In particular, from (3.3) in the
limit hv/2kT « 1 we have

22 = (2V3/n2et) oo (T) (KT)2%; (3.4)

at large frequencies, Z? depends also on v: Z?2
= (V3/4me* VMo, (T, v) ()3 2k D) /% if hv/2kT > 1.
The simple connection with the scattering cross
section has a very limited region of validity. In par-
ticular, nothing definite can be said so far for atoms
with large polarizability and for atoms with the
Ramsauer effect. One can, however, expect for them
a greater role of the radiation from the atoms them-
selves.

3.3 Calculations with Asymptotic Wave Functions

In the simplest approximation, one neglects the
long-range forces acting between the electron and the
atom. Then the radial function of the free electron
outside the atomic core takes the form![2%11:

- pl+l .
Bu)= (=1 Y 25 (5 ) S, @9
with
Ry (r) ——> V/ 2/nsin [lcr —S it (k)] (3.6)

(formulas (3.5) and (3.6) coincide for the s-wave). The
phase shift §;(k) is due to the potential of the atomic
core. It is significant, however, that the analytic form
of the dependence of §;(k) on k at low energies is uni-
versal. The quantity

[ (2) == k242 et &, (k) (3.7)

can be expressed at small values of k by an approxi-
mation linear in k?:

Fi (k) = — ap* 4 rork? (3.8)
(it is sometimes useful to expand the inverse f-1(k?
=—-a;— (1/2) azlrnkz). The distinguishing features of the
short-range potential become manifest only in the
values of the constants a7 and ryz * 5],

The function f;(k? can be continued analytically to
negative energies. It is necessary then to make the
substitutions k — i and cot &;(k) — i[*]. We obtain a

connection between aj and ry; and the eigenvalues
[354,292,2981

(— 1) — a7 4 rof? or (— 1)1 =y — 5 adrof.

(3.9
We note that inasmuch as 8 > 0 and the second term of
the expansion is smaller than the first, the equations
of (3.9) can hold only at a definite sign of the scattering
length. An opposite sign of the scattering length indi-
cates that it is impossible to produce a bound state[%]

For the bound state we have outside the core

Rm(r)::Nr’“(_ 1t d )’e_"””_‘

o - (3.10)

With the aid of the procedure indicated in the deriva-
tion of (1.10) we get

N2 = (2B)1 1 + 20 — (— 1)} ro, B2, (3.11)
The same result is obtained also from an analysis of
the meaning of the constant ry7 2%,

The obtained wave functions make it possible to de-
termine the character of the behavior of the photode-
tachment cross section at the threshold[??%2%]

o~ E'mt 1 L 0@k, (3.12)
where Iy, is the smallest value of the number [ for the
free states at which the dipole transition is allowed.
Thus, for H and alkali-metal ions o ~k?, and the cross
section starts out from the threshold with a zero slope,
while for O, C’, etc., 0 ~k and the cross section (as a
function of the energy, frequency, or wavelength) in-
creases vertically upward from the threshold.

The asymptotic functions (and the radius matrix
element) can be used also for a complete determina-
tion of the transition probabilities, the result being
given in analytic form. For the photodetachment cross
section this was proposed in?2) with O as an exam-
ple (p — s, d-transitions). The constant N and the
phase 54 were obtained by numerically solving
Schrodinger’s equations (see p. 71). Photodetachment
of H (s — p transition) was considered in(?®2] under
the assumption that 6p = 0. The obtained

(3.13)

ol = % agai V2 E3E3,
The value of N was determined from (3.9) and (3.11).
The results of(24-292] are in satisfactory agreement
with the experimental data. Allowance for the phase
shift 8, has been made for H in(27); they obtained

Gup = 0% [ c0s 8+ (B2 34%) Bl sin ép]z . (3.19)

The cross section determined under the assumption
sin 6p = tan 6p = apk3 yields no better agreement with
the experimental data in the short-wave part of the
measurement range than the assumption 6, = 0. Good
agreement is attained by putting sin 6 _ = tan 6

- aka(ﬁ? _ kZ) (BZ + 3k2)-1.[297'298] p p
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The use of asymptotic wave functions for the calcu-
lation of the matrix elements of free~free transitions
was proposed in[2%] and later in[®). In these papers,
only s — p and p — s transitions are considered. The
wave functions are taken in the form (3.5), but the
phase shift §,, is assumed equal to zero. The expres-
sion obtained for the matrix element is

LK sin 8, (k). (3.15)
Calculation with the aid of (3.15), besides its simplic~
ity, has, compared with direct calculations of the ma-
trix elements, the advantage that the usual variational
principles give the values of the phase much more ac-
curately than the values of the wave functions; the
phase can also be determined from the experimental
data (see below).

Calculations were made in?%’ for hydrogen and
repeated and expanded later in{31-302] with account
taken of new values of 4(k). Calculations for He are
given in(3%] and for the H, molecule in{*4). Formula
(3.15) is used also in{23:284] for O and N.

Expression (3.15) takes into account only 64(K).
Extension to the case 6p(k) = 0 entails no fundamental
difficulty. One can also consider the transitions p — d,
d = p, d — f, etc. The obtained expressions are more
complicated and include (to eliminate divergences) a
small cutoff radius corresponding to the dimension of
the atomic core.

Expression (3.15) makes it possible to connect the
probability of the free-free transitions with the cross
section for elastic scattering of slow electrons (for
which experimental data are frequently available),
inasmuch as 0,; = 0, ~ sin’ 6 when the higher phases
are neglected. The expression obtained for the photon
emission cross section3®) (mv'?/2 = E;— hv) is

doy = (4e20%/3¢hv) V 1 — hv/Eq (6 (v') + o (v)—(hv/E,) o (v)] dv
== (4e2?/3c3hv) V 1 — hv/E, (2 — hv/Eg) o dv. (3.16)

No such simple connection is obtained when 6p is taken
into account. In[3'5), using transitions in the argon
field as an example, results of cross sections calcu-~
lated by different formulas are compared. It was found
that certain approximations, particularly (3.16), can
lead to significant errors.

When using the asymptotic wave functions to calcu-
late photoionization and free~free transitions in the ion
field, we had at our disposal also the quantum-defect
method, which afforded a semi-empirical method of
determining the phases. There is no semi-empirical
method as yet for determining él(kz) (or the parame-
ters a7 and ry;) in calculations for photodetachment
and free-free transitions. This greatly decreases the
usefulness of such formulas as (3.13)—(3.15). Some
way out is provided by the use of experimental elastic-
scattering cross sections directly via (3.16), and also
by reconstructing the values of all the partial phases
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from the cross section and substituting them in ex~
pressions of the type (3.14) and (3.15).

Another possibility is indicated in[3%8]. With the aid
of the quantum-defect method we can calculate the
phases of the wave functions of the electron in the field
of ions of an iso-electron series, and then attempt to
extrapolate these data in order to find the phases for
the neutral atom. For example, from the phases for
the ions Na*, Mg"*, Al""", etc. one can determine the
phases for the Ne atom. A method of such an extra-
polation is proposed in[*%] for 54(k). Development of
the extrapolation procedure, and also its extension
tol > a, will make it possible to obtain data for the
calculation of photodetachment and free-free transi-
tions.

Another important shortcoming of formulas (3.13)~
(3.15), etc. is the fact that they do not take into account
(or can take into account only partially) polarization
and similar long-range forces between the electron
and the atomic core; nor is account taken of possible
effects due to the multi-electron nature of the problem
(all this has much in common with the discussion pre-
gsented in pp. 56 and 57).

The behavior of the wave functions in a field
(—ar™*/2) is considered in(2%:307) | The wave function
outside the atomic core is expressed in terms of a
Mathieu function, and at large distances the normal-
ized function differs from (3.6) by an additional factor
that depends on k (see[®%1). The expansion (3.8) is ob-
tained, but the analytic dependence of f7(k? on &;(k)
turns out to be more complicated than (3.7).* For
comparison with the earlier expansion, one can separ-
ate tan 6;. The result obtained for the s-wave ig[2%3:307
vt =a/ay
I

3 \z?k—% asy2k? In 1,23vk

kol tg 8 (K)= —ag—

1 m 7 7
—a; (?’03-‘.'—3— Y‘ﬂY3/3a§>k2+§ Y2k3 (a:‘l‘m Y2> T

(3.17)
The results for I > 0 were &; ~k?[®!] and the expan-
siong[293,307]
tg 8, (k) = ny2k2/15—y2k3ap/9 + O (k9),
tg &) (k)=my2k?/Q2U+3)2L-1) @2L—1) 40 (&Y, I>1.  (3.7))

These expressions were used inl*"*] to determine ag,
ryg, and ap of inert gases from the experimental cross
sections g,; and the known polarizability «.

The expansions (3.17) etc. are valid in a relatively
narrow region of small energies, while the expansion

*The behavior of the phase 8s(k) in a field (~ar™*/2) was con-
sidered also in [**°]. The Schrodinger equation was solved approxi-
mately, making it possible to construct from tan S¢(k), the polariza-
bility, and from k an expression which actually corresponds to
fs(k*), but which is assumed constant in [**°]. Thus, the dependence
of the phase §g(k) on k was determined in [***] under the assump-
tion ros = 0. As in [*®] it is indicated in [**°] that the affinity
energy can be used to determine d(k).
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Table VII. Measurements of the summary spectra

Gas Method A, ME T, 103 °K Remarks
Hydrogen B 262 0.3—0.8 11—18 Ne=0.3—1.1.1017
Carbon A 201 0.28—0.58 | 12.5—14.5 p—1 atm
C+H D314 0.22—0.7 39 p=120 and 500 atm
C+N-+0 A 224 0,23—0.65 10,9 p=1 atm
Nitrogen A 202 0.43—0.63 | 10.5—13 p==1 atm

Bg 315, 317 2—6 8 0/0p=0.8
3 6.5—9 py=1 mm Hg
B, 259 0.5 9.25 0/0¢=0.2—2.10"2
A 256 0.25—0.75 11andi2 p=1 atm
4.4 12
0.5 9.3—11.6
B 318 0.25—0.55 40—50 N, =2 1018
Oxygen A 203 0.43—0,63 | 10.5—13 p=1 atm
By 318 0.5 9—12 py=1 mm Hg
A 819 0.3—2.5 9—14 p=1 atm
Air B, 320 1—4.8 8 0/09=:0.85
B, 315, 317 2—8 8 0/gp=0.9
2.4and 3.9 6—8 py=1 mm g
B, %21 0.25—2 9.65 py=0.1 mm Hg
B, 322 0.5 9,65 py=0.1—1 mm Hg
0.5—1.3 10.5 py=1 mm Hg
B, 323 0.2—1 7—11 p=0,1—1 atm
B, 317 0.2-2.8 9.65 py=0.1 mm Hg
B , 318 0.51 9.65 0/Qp=10"3—-0.1
B, 918 6 8—12 py=0.1 mm Hg
C316 0.25—0.55 40—50 Ng=1018
C 32 0.4—0.48 ~35 N ==1016—1017
Argon B, 325 0.42—0.58 10—13 py==10 mm Hg
A 326 0,3—1 16 p=1.1 atm
B, 327 0.48* 10.5 N, =1016
A 328 0.4—0.7 | 10,513 p=1 atm
0.4-2.4 11—11.7
A 206 0.25—0.75 12 p=1 atm
B, 329 0.41and0.45 ~10 p =1 atm **
B 330 0.4—0.6 30 pi=1 .atm
0.45 24
Bg 331 0.4—0.6 ~12 p=6 atm
A 332 0.4 12 p=1 atm
A 359 0.35—0.6 ~13 p==1 atm
A 333 0.35—0.8 p="5—50 torr
Krypton B, 327 0.34—0.48* 10.5 Ng=3-1016
B, 33t 0.43
and (.55 *** 9—11 Ne=0.2—1.2.1017
B, 329 0.43and0.49 ~10 p=1 atm **
B, 330 0.45 ~38 py=1 atm
B, %31 0.4—0.6 ~13 p=13atm
Kr+H B, 260 0.4—0.6 11 p=40 atm
B, 261 0.4—0.6 8 p =40 atm
Xenon A 33 ddkk ) 0219 8—10 p=25 atm
B, 327 0.48 * 10.5 N,=1017
B 334 0,55 *ax 9—11 Ne=0.6—2-1017
B, 329 0.43 ~10 p=1 atm **
B, 331 0.4—0.6 ~13 p =20 atm
Chlorine A 205 0.28—0.54 | 10.5—12 p=1 atm
CHCl, A338 0.4—-0.6 |11.2and11.5| p=1 atm
Iron A387 0.3—0.5 6.3 Ne=3-101¢
Mercury As38 0.2—3 ~6 p=1.6 atm
A339 1.1—1.6 7.3 p=35 atm
A340 0.28-—0.65 7.8 p=60 atm

A — arc discharge, B, — incident shock wave, B, — reflected shock wave, C —
spark, D — capillary discharge, p — pressure in plasma, p, — pressure of cold gas
ahead of the shock wave front, Ne — electron density in plasma, P/Po — relative
plasma density (p, — normal density).

*The relative measurements were made in the range A = 0.24 — 0.48 i. T = 7.15
—12 X 10* K, Ne = 10*° - 10"%. .
**Only relative measurements were made: the parameter ranges are: Né(k’l‘)‘/2
=10" - 3 x 10™ (Ar); 3 % 10*° - 3 x 10 (Kr); 10¥ ~ 10°% (Xe).
***Relative measurements were made in the range A = 0.3 — 0.6 .
****¥Review of work on xenon high-pressure arcs.
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for f;(k? or fi‘(kz) is apparently applicable in a wider

interval. InB3!!) attempts were made to find an expan-
sion that is valid in a wide energy range.

All the results off2%3:307) were obtained from exact
solutions of the Schrodinger equation, which were
available for the potential (—ar™¢/2). An analysis
method which does not require knowledge of the exact
solution was proposed inf312] and used subse-
quently(313:308) for scattering in the field of a quadru-
pole potential (we recall that this potential is non-
central). An expansion was obtained for tan §; under
the simultaneous action of a quadrupole and polariza-
tion potential.

The influence of the nonadiabaticity of the polariza-
tion on the character of the dependence of the phase
on the energy is considered in(311],

The more accurate values of 6l(k2) can be used in
formulas of the type (3.14) and (3.15). It is not clear,
however, whether it is necessary to recalculate anew
the matrix elements with the more correct asymptotic
functions. It is obvious that the functions (3.5) and
(3.6) must be used with a more accurate normalization
factor; for the threshold behavior of the photodetach-
ment cross section this has yielded3%!

o~ kw1 —Ck?1n k+0 (k?)], (3.18)

where the constant C is determined by the polarizabil-
ity, the quadrupole moment, and I .

The behavior of the cross section at the threshold
is investigated in the measurements of(25255], The
results point to the validity of (3.12) for all the inves-
tigated ions, although for Br and I resonance maxima
were observed near threshold[2%!. These peaks ap-
parently do not pertain to photodetachment proper,
although the possibility of autodetachment is not ex-
cluded (a phenomenon analogous to autoionization).
In'2%] an attempt was made to verify formula (3.18),
but the insufficient accuracy has not made it possible
to conclude that (3.18) agrees with the experimental
data better than (3.12).

IV. SUMMARY SPECTRA

There are now a large number of papers reporting
measurements of the spectra of hot gas or plasma.
The spectra determined are for the most part those of
emission. The absorption coefficient is determined
in(314:3%] (from the change in brightness with increas-
ing layer thickness[314:330] and directly, from the at-
tenuation of the transmitted beam[3141) *

The observed spectra are produced as a rule as a
result of superposition of spectra due to several ele-
mentary processes. The existing theoretical and ex-
perimental data on the individual processes considered
in the preceding sections make it possible to interpret

*A new method of measuring the absorption coefficient is con-
sidered in [**].

the observed spectra. To this end, however, it is
necessary that a complete set of parameters (tem-
perature, pressure, chemical composition, etc.) be
determined in the measurements. A summary of the
experiments which satisfy to some degree or another
this requirement is given in Table VII.

An analysis of the experimental data shows that on
the whole the results of the calculations and the meas-
urements for the summary spectra are in satisfactory
agreement. Examples of the comparison is shown in
Figs. 15—20, under conditions for which different
processes predominate. Let us discuss the results of
the comparison of the measured and calculated spectra.

We note first that in the interpretation of the con-
tinuous spectra it is necessary sometimes to take the
role of the molecules into account, even if they are
present in small concentrations (for example, in Fig.
19 the concentration of NO is 1/40 that of the atoms).
The molecules make a contribution to the continuous
spectrum via the same processes as the atoms (re-
combination radiation and bremsstrahlung, radiative
adhesion, etc.), and also via distinct molecular proces-
ses (for example, photodissociation). In addition, the
analog of spectral line in molecular spectra are bands
which, under conditions of increased pressure, mutual
superposition, and insufficient resolution, can be taken
to be sections of a continuous spectrum.
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FIG. 15. Radiation brightness of oxygen plasma (10 500°K,
1 atm.). Measurement results: 1 — [**]. Calculation results: 2 —
recombination radiation and bremsstrahlung (2.6), 3 — bremsstrah-
lung of O atoms (3.3), 4 — sum, including O™ radiative adhesion.
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FIG. 16. Radiation brightness of nitrogen plasma (13 000°K,
1 atm.). 1 — Measurement results [*?], 2 — recombination radiation
and bremsstrahlung calculated in accordance with (2.6), 3 — calcu-
lation in accordance with (2.2) at minimum value Z*? = 1.
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FIG. 17. Radiation brightness of a nitrogen plasma (12 000°K,
1 atm.). Measurement results: 1 — [*°?], 2 — [***}. Calculation
results: 3 — formulas (2.6) and (2.9) (the levels 3s®P and *P have
been separated, the level 2p* *P was not taken into account), 4 —
the brightness of radiative adhesion of N™, estimated under the
assumption that the photodetachment cross section is constant at
107*° cm?® and the affinity energy is 1 eV, has been added to the
brightness given by curve 3.
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FIG. 18. Absorption coefficient of argon plasma. 1 — Experi-
mental results [***] (for 16 000°K we give the curve calculated
in [***] from data of [**°]). 2 — calculation according to (2.3).

Recombination radiation and bremsstrahlung (with
ions). Formulas (2.3)—(2.9) describe satisfactorily
the available experimental data. The agreement is both
in absolute magnitude and in the frequency and tem-
perature dependences. Cases of £(v) > 1 as well as
&£(vy < 1 are included. The frequency dependence of
€(v, T) when v < v, was experimentally confirmed.

The functions £(v) are different for ions of the same
chemical element but of different ionization multipli-
city. With increasing Z, they tend to unity. Thus,
£(v) = 1 for O III and N III. In!316] , the emission spec-
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tra of air were actually found to be independent of the
frequency under conditions when these ions predomin-
ate. We note that for ions the deviation of £(v) from
unity becomes manifest with increasing Z at ever in-
creasing frequencies. For an experimental observation
of the frequency dependence of £(v) it is necessary to
carry out measurements in a frequency interval pro-
portional to Z2.

At small values of v, when free-free transitions
predominate (formula (2.9)), €(v, T) depends also on v
(see Fig. 17), this being due to the deviation of the
Gaunt factor from unity. Expression (2.9) is valid up
to the plasma frequency near which a sharp decrease
of glow is observed[®33%)  Another possible limitation
on the applicability of (2.9), on the low-frequency side,
is due to the appearance of reabsorption: with further
decrease in frequency, the brightness decreases in ac-
cordance with the black-body formulal344.3451,

The agreement between theory and experiment is
better for the summary recombination spectra than for
the individual cross sections discussed in Sec. 1.4.
The reason is that some of the errors which appear in
(1.8) for individual cross sections (see Sec. 1.2) cancel
each other upon summation.

The levels of the real atom are not uniformly dis-
tributed, so that the experimental spectra can have
certain nonmonotonic deviations from the smooth
curves given by (2.3)—(2.7) (see Fig. 18). Direct
summation over all the levels does not always im-
prove the situation markedly, since all the errors of
formula (1.8) come into play here. This is confirmed
by direct calculations for nitrogen!?].

In comparing theory with experiment, account was
taken of the displacement of the photoionization thres-
hold. The value of the factor exp (hAv/kT) did not dif-
fer greatly from unity and amounted to 1.25—1.5. This
factor could therefore not influence noticeably the re-
sults of the comparison of theory with experiment. At
the same time, the factor exp (hAv/kT) improved in all
cases the agreement between theory and experiment,
thus demonstrating that the assumptions made in the
approximate allowance of the role of the interaction
effects are reasonable.

Usually the measurements are made at pressures
on the order of 1 atm (several dozen atmospheres for
xenon arcs). In[314) the measurements were made in a
capillary discharge at pressures 120 and 500 atm.
Allowance for exp (hAv/kT) leads to good agreement
between theory and experiment at 120 atm. At 500
atm, however, this factor leads to theoretical bright-
nesses which are high compared with experiment.
Thus, at high pressures, factors that attenuate the
intensity of the continuous spectrum come into play,
and in particular, the section of the trajectory on
which the electron interacts with the individual ion
becomes shorter. The creation and investigation of a
dense plasma entails considerable difficulties;
in!330:348] attempts were made to carry out measure-
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FIG. 19. Spectral intensity of radiation from air (8000°K,
35 atm, layer thickness 1 cm) [**?]. Experimental values: 1’ ~
(**], 2'— [**], 3'— [***] (p = 38 atm). Calculated contributions of
individual processes: 1 — O, bands; 2,3,8,9,10,16 — NO bands;
4,5 — N, bands; 6,7 — N: bands; 11 — O™ radiative adhesion;
12 — N radiative adhesion; 13 — bremsstrahlung and recombination
radiation of electrons in NO? field; 14 — the same for the ions N*
and OF; 15 — bremsstrahlung of electrons in fields of neutral parti-
cles (essentially N,), = — summary calculated intensity of radia-
tion; ' — the same for p = 38 atm. The thin dashed line cotre-
sponds to 0.1 of the intensity of the black-body radiation.
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FIG. 20. Radiation brightness of inert gases heated by a strong
shock wave. 1) Theoretical curve (some differences between the
results for Ar, Kr, and Xe are disregarded); Experimental points:
2) Ar [#7], 3) points obtained in [**"] from the results of [**°];

4) Kr [**"], 5) Kr [***], 6) Xe (upper point from [**], lower from
[334])'

ments for a gas heated and compressed by a shock
wave produced by an explosion (the initial gas pres-
sure is atmospheric).

Radiative adhesion. The photodetachment cross
sections measured by direct methods agree well with
the observed summary spectra (see Fig. 15). For N
there are no direct measurements, but since the ex-
istence of this ion has been established, the excess of
the observed glow[202:2%6,289] can be attributed to radia-
tive adhesion. Subtracting from the measured bright-
ness the calculated brightness due to recombination
and bremsstrahlung processes, we can estimate the

photodetachment cross section™; the obtained value
can then be used to determine the range of p and T at
which N” plays an important role/3). At 1 atm and

13 000°K, such an estimate shows that the contribution
of the radiative adhesion is small and, indeed, experi-
ment agrees with theory without involving N (see

Fig. 16).

The recombination continuum has a different tem-
perature and pressure dependence than the continuum
due to radiative adhesion. Therefore measurement of
such dependences for the summary continuum will help
identify the nature of the observed spectruml?®J, and
also make it possible to separate approximately the
continua due to different processes, without resorting
to direct calculations of individual contributionst?93:257],
This separation is facilitated by the fact that the tem-
perature dependence has an analytic form not only for
the continuum of the radiative adhesion, but also for
the recombination-bremsstrahlung continuum, since
the graphically specified function £(v) is practically
independent of T.

Bremsstrahlung processes (with atoms). The scanty
available experimental data agree with the theoretical
estimates. For comparatively simple systems, we can
present a quantitative comparison (see Fig. 19) by
using (3.3). From (3.4) follows an approximate general
criterion for the predominance of bremsstrahlung
processes with atoms over bremsstrahlung processes
with ions(30];

NiIN, € 10756 (T) T2,

where 6(T) is expressed in units of ra? and T in elec~-
tron volts. Under the conditions of(3%] at which the
spectral brightness of the mercury arc was measured,
the inequality (4.1) is satisfied and the measured value
is actually one order of magnitude higher than that
given by formula (2.6). Equation (4.1) was not satis-
fied in[3®) for argon, and the measurements agreed
with the value given by (2.6).

Existing discrepancies. One group of experi-
ments(2%:318] reveals that the measurement results
are somewhat higher than the calculated data and the
results of other experiments. These measurements,
however, were made with shock tubes without direct
measurements of Ty and Ng. In such cases it is diffi~
cult to expect high accuracy. Figure 20 shows the re-
sults of similar measurements for inert gases. It is
stipulated in[3") that the absolute measurements are
accurate within a factor 2—3, and that the accuracy of
the results of12%) is not higher. The reliability of the
measurements in(334) ig also estimated to be of this
order.

Cooling, possibility of deviation from equilibrium,
non-ideal nature of the reflection of the shock-wave,

(4.1

*In view of the uncertainty in the binding energy, it is in fact

more convenient to estimate the brightness of the radiation emitted.
in radiative adhesion, as well as the absorption coefficient, calcu-
lated in terms of one electron and one atom.
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errors in the calculation of the temperature, etc. make
it difficult to compare the measurement results with
theory when the calculated parameters of the shock
waves are used. Comprehensive measurements yielded
results which agreed well with theory!262] .

Let us evaluate the results obtained in{2°% for the
emission of a chlorine plasma in a discharge. Meas-
urements at different temperatures made it possible
to separate the recombination continuum. It was found
to comprise the smaller part of the observed bright-
ness. Direct calculation by means of (2.6) also shows
that recombination processes cannot explain the entire
observed emission (the value of £(v) was assumed,
from considerations of similarity of the quantum de-
fects(8"], the same as for K and Ar). The emission
excess cannot be attributed to C1°, whose affinity en-
ergy is 3.6 eV (we note that the edge of the spectral
interval in[2%5) overlapped the threshold of C1°, but no
corresponding continuum was observed). To identify
the excess emission with bremsstrahlung transitions
in the fields of the atoms it is necessary to have, in
accordance with (4.1), & > 10°ra, which is not very
likely, all the more since we can expect the presence
of the Ramsauer effect in the case of Cl. The emission
from the plasma of chloroform (CHCIl;), due essentially
to the chlorine, was measured in3%!. The results
oft338) are half as large as those of(25) (when referred
to one chlorine atom). This decrease, however, still
does not eliminate the question of excess emission.

1t is of interest to measure in greater detail the

temperature dependence of the recombination emission.

The results of[202:2%] for nitrogen are somewhat con-
tradictory, and there is also a certain discrepancy be-
tween the measurements of2%6:201] and the predictions
of the theory. On the other hand, agreement between
experiment and calculation for the relative tempera-
ture dependence should be much better than for the
absolute values. Thus, when T changes from 10 480 to
13 030°K, the absorption coefficient of Ar (A = 0.4 u)
changes by a factor of 18.4 (calculation) and 18.0
(measurement) (Fig. 18).

An unidentified maximum is observed in the spec-
trum of carbon(?01].

Integral measurements. There is a number of in-
vestigations in which an attempt was made to measure
the integral radiant fluxes of different gases (in a
larger or smaller region of the spectrum); data on the
radiated energy can be obtained from an analysis of
arc balance38] or shock-wave cooling®®). These re-
sults also afford a certain possibility of verifying the
theoretical calculations of the continuous spectra. It
must be recognized, however, that besides the continu-~
ous spectrum, the spectral lines also make an impor-
tant and sometimes the main contribution to the energy

radiated by a low-temperature plasma, as shown in
in[349-3517

Use for diagnostics. Experimental and theoretical
investigations of the continuous spectra have made it

possible to obtain in a number of cases sufficiently
reliable results for the absolute values of the bright-
ness and for the spectral and temperature dependen-
ces. Therefore the use of the analysis of continuous
spectra for plasma diagnostics is at present much
more justified (see, for example,[352-35]),

V. SOME ADDITIONAL QUESTIONS

Nonequilibrium conditions. In the derivation of the
expressions for the summary coefficients of absorp-
tion or emission, it was assumed above that local
thermodynamic equilibrium obtains. We can consider
in exactly the same manner the radiation of a non-
equilibrium gas; it is necessary then to use the corre-
sponding distributions of the atoms and ions with
respect to the excited states, and those of the elec-
trons with respect to the velocities. The situation be-
comes simpler if the state of the gas is such that it is
possible to introduce an electron temperature Tg and
an excitation temperature. Then a number of the
formulas obtained above can be used directly.

In finding the resultant photoionization-absorption
index it was assumed only that a Boltzmann distribu-
tion obtains with respect to the excited states. There-
fore the result can be used also in those nonequilibrium
cases, when the excitation temperature differs from
the kinetic temperature. All that matters is that the
distribution of the excited atoms be describable by the
Boltzmann formula. This is the temperature that must
be used in the resultant expressions for the absorption
index.

Sometimes the populations of the excited states and
the electron density differ from the equilibrium values
to an equal degree3%]. The relative distribution with
respect to the excited states is characterized by Tg-
In this case one introduces into the expression for the
absorption index both T, and a coefficient that takes
into account the common measure of deviation from
equilibrium. It must be indicated that the deviation
from equilibrium may have also a more complicated
character, as shown experimentally in!3%] and theor-
etically in[3%] .

Analogously, the formulas for the brightness of the
recombination and bremsstrahlung emission (in the
field of ions or atoms) are valid in all those cases
when the velocity distribution of the electrons is Max-
wellian. Tg can differ from the temperature of the
heavy particles. In such cases it is necessary to use
in (2.6) and (3.3) the quantity T and the actual values
of N, and N, (the same considerations hold also for
absorption due to free-free transitions). In spite of the
self evident nature of these considerations, the dis-
cussion of this question in the literature is not per-
fectly clear. This is correctly indicated in(357] , Where
measurements are reported, showing the applicability
of expression (2.6) under conditions when a Maxwellian
distribution is realized and there is a strong deviation
from the Saha formula.
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The functions £(v) in themselves still have an even
wider range of applicability under nonequilibrium con-
ditions. The point is that in the derivation of the
formula for £(v) it is in fact not necessary to have the
explicit distributions of the atoms with respect to the
excited states. We can assume this distribution to be
arbitrary (the only limitation is that for levels with
identical energy the populations must be proportional
to the statistical weights, i.e., the distribution is of the
form (w l/Eo)ft(Enl), where the parameters character-
izing the distribution are denoted by the symbol t). The
entire derivation is carried out in perfect analogy, and
we obtain (v, t) = kg(v, HE(W),

X1 (v, T) = 3} w2y (End) 0t () =\ 1 (Bua) - 273001 () dE,

obtaining for £(v) the same formula as before. This
result is valid in the case of quantum defects that do
not depend on the energy; inasmuch as we have seen
that even for linear quantum defects the functions
£(v, T) depend little on the temperature, then it is
evident that the average value ¢ (v) = £(v, T) can also
be applied to a gas with other than Boltzmann distribu-
tion. Allowance for the multiplicity and extension to
include free-free transitions are carried out in perfect
analogy and introduce no new features whatever.
Multiphoton processes. A general analysis is pre-
sented in[3%0], We confine ourselves to a discussion of
only a few questions connected with two-photon ab-
sorption and emission. Let us write the Hamiltonian
of the interaction of the radiation field with the char-
ges, confining ourselves for simplicity to examination
of one electron. In the standard notation

H;= — (¢/mc) Ap+ (e2/2me?) 42, (5.1)

The operator Af) describes single-photon processes in
first-order perturbation theory, and a group of two-
photon absorption and emission processes in second
order; the latter can be treated as transitions from
the initial state to the final state via an aggregate of
virtual states. It is then necessary that the photon
frequencies w, and w B correspond to the condition

EZ—EizhmG+hm57 (5.2)

and the initial and final states have equal parity.

The operator A? leads to two-photon processes even
in first order of perturbation theory. This process
goes without participation of virtual states. The con-
dition (5.2) is necessary, as before, but the parities of
the initial and final states should be different, making
it possible to consider the two aforementioned groups
of two-photon processes independently. Let us note
some qualitative singularities of two-photon proces-
ses.

The absorption probability of two photons is pro-
portional to Ny, ~an——the product of the concentra-

tions of the photons of the corresponding frequen-
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cies(®1]. Analogously, the probability of emission of
two photons is proportional to

(7, +1) (nmp-}—1)=nmanmﬂ+nmm+nmﬁ—|—1. (5.3)

The first term in the right side of (5.3) represents
stimulated emission of two photons, and the latter
spontaneous emission. The second and third terms
represent a radiative process which has no analog in
the group of single-photon processes, and which can be
treated in the following manner: an excited atom emits
under the influence of photons of any particular fre-
quency (w, or wpg) two photons (w, and wﬁ). It can be
shown that one of them is identical in its characteris-
tics to the photons causing the transition. The only
condition imposed on the second photon is the one de-
termining its frequency in accordance with (5.2). It is
appropriate to call this process stimulated-spontaneous
emission(362],

An equilibrium between the radiation field and mat-
ter in the presence of two-photon absorption and emis-
sion processes can be obtained only when the stimu-
lated-spontaneous emission is taken into account.
Detailed balancing should take place separately for
the processes due to the first and second terms of the
Hamiltonian (5.1). This yields the connection between
the probabilities of all four processes of each
group(362],

Unlike the single-photon processes, the two~photon
processes lead to the appearance of continuous spec-
trum even in the case of transitions between discrete
states (see (5.2)). In the case of two-photon ionization,
the continuous spectrum is produced in a region of fre-
quencies below the limits of the photoeffect.

The number of known published papers reporting
observation of two-photon absorption by gases in the
optical range is quite limited. Thus, two-photon ab-
sorption of emission from a ruby laser by cesium
vapor was first observed in[33]. The transition pro-
duced there was 6S — 9D, as evidgnced by the appear-
ance of emission of the Cs 5847 A line (transition from
9D,/, to the intermediate level 6Pg/,). The absorption
probability was calculated. The result of the calcula-
tion was used to estimate the intensity of A 5847 1&,
which turned out to be two orders of magnitude higher
than the measured value. The author of(33] proposes
that the discrepancy is connected with the quenching
of the 9Dy/, state by interatomic collisions.

Two-photon absorption in potassium vapor, causing
transition between the discrete levels 4S8 — 6S, was ob-
served in!%4¢], The potassium atoms were subjected
to the action of two light flashes, one from a powerful
ruby laser and the other resulting from Raman scat-
tering of the laser beam. The presence of two-photon
absorption was revealed by the appearance of the po-
tassium lines corresponding to the transitions from
the 6S level.

In[385], where the method of crossed beams was
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used, two-photon detachment from I was observed
(the photon energy in the laser beam was 1.785 eV,
and the affinity energy of iodine is 3.076 V). Calcula-
tion of the photodetachment probability is relatively
easy, since there are only two states (the ground state
of the ion and the continuum). The probability W, of
two-photon detachment, calculated per negative ion
and per second, is equal to W, = 6 F?, where F is the
photon flux (in em 2sec’!). It was found(3¥] that o = 5
x 10™% (for I, 1.2 x 1075 (Br"), or 0.3 x 107%! (F").
Experiment!385) | however, yields 6 = 180 x 107% ().
The authors of(365) propose that the discrepancy is due
to the fact that in calculating the matrix elements
in[388) the wave function of the free electron was
chosen to be plane. The discrepancy may possibly
also be due to the fact that only the term Ap of the
Hamiltonian was taken into account in{*®], Allowance
for the term A? (in the plane-wave approximation)
leads to 6 = 20 x 10751%7]  Since the negative ion does
not have excited discrete states, the probabilities of
the single-photon and two-photon photodetachments can
be related with each other. In[37] using the known
cross section of single-photon photodetachment, a
value 6 = 410 x 105! was obtained for the two-photon
photodetachment. The role of the first and second
term in the interaction Hamiltonian is also discussed
in{368-3691

Zernik(*""] developed a theory of two-photon ioniza-
tion of hydrogenlike states. He took into account the
first term of the Hamiltonian. To calculate the sum of
the second-order matrix elements he used a method
proposed inl¥"1!. The results were extended inl3%],
Assume that both single~photon and two-photon ioniza-
tion are energetically feasible; the summary cross
section of the photoionization is equal to

0 (M) =1,045-10"224n=%}3 [g; +-g5 (I/1o) (M )o)®],

where gy is the Gaunt factor, g, a quantity close to
unity and weakly dependent on A and n, I, = 7.019

x 10 W/cm?, and A, = 455.88 A. For wavelengths
larger than the red edge of the photoeffect, when only
two~photon ionization is possible, op(M) oscillates
strongly with variation of the wavelength, increasing
on the average with increasing A (at a fixed energy
density of the incident radiation).

Rand3") considered free-free single-photon and
two-photon absorption occurring upon irradiation of an
electron moving in the Coulomb field of an ion. The
result was strongly dependent on the parameter
e’E?/mhw?, where E is the intensity of the incident
field and w its frequency. It was shown that whereas
for small values of the parameter the cross section
varies like w‘”z, at large values it varies like w.
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Note added in proof. We call attention to a number
of papers published after this article went to press.

Photoionization. Calculations were made of the
cross sections of Hel!l, N, and O'21* from the ground
states and Cs[®] for a number of states. Measurements
were made for the ground states of the atoms Hl4)

(840 and 826 A; an unexpected deviation from theory
is observed), Ar[5] (5650 — 350 ;X), olé] (refinements
for individual wavelengths), cald?] (2028 — 1660 A),
Al and T1M (2100 — 1500 &), Ga and I8!

(2500 — 1500 A), and the states 2p® ?D° and ?P? of the
nitrogen atom!®] (near threshold). Autoionization cal-
culations were made for He“’m], and autoionization
lines were investigated experimentally for Ar(%]

(350 — 550 A) and Hel%31,

Photodetachment. The cross sections were calcula-
ted for H 15,12), C 123, and O ™3], The continuum of
radiative adhesion, due to the formation of N, was
measured in[14:15:16]; the results confirm the very
large value of the photodetachment cross section. The
forbidden continuum 1s — ks of the ion H (and of
alkali ions) is considered theoretically in[1]; this
continuum can appear in a plasma because of the pres~
ence of micropoles, and make a dominating contribu-
tion in the near-threshold region, inasmuch as the

*See list of additional references

corresponding cross section of photodetachment in-
creases like k, whereas for the allowed transition
1s — k’p the cross section is proportional to k2.

Bremsstrahlung processes on neutral particles.
Free-free transitions of an electron in the field of the
H atom were calculated in!1238). Calculations were
made also for Hel®1, ¢l20] N and 0211 H, He, N, O,
Ne, H,, Ny, and 02[22], and C11%%]. The influence of
resonances in elastic scattering on bremsstrahlung
transitions is considered in23!.

Summary spectra. The absorption coefficients of
hot air is calculated inl?4), and the photoionization
spectra in{?®] for N* and O** and in[?¢! for N, O, N
and O'. Plasma radiation cross sections were meas-
ured for oxygen and nitrogen[14’15’36] , air(16:36]
xenon!3%] , and absorption was measured in inert
gases?"]. The measurements in'™! were made only
for individual wavelengths, but in a wide interval of
T (9500 — 13 500°K). To interpret their results, the.
authors of!") use the theoretically-known relative
temperature dependences of the radiative-adhesion and
recombination continua, and, by choosing normaliza-
tion factors, good agreement is obtained between the
calculated and measured values in the entire interval
of T. Thus, the absolute values of the contributions of
each of the continua were determined in{!4) for oxygen
and nitrogen. The obtained values of ¢ (v) turned out to
be somewhat higher than those obtained in the earlier
approximate calculations (see Sec. I). The theory of
photoionization and photodissociation spectra of di-
atomic molecules at high temperatures is considered
in!28), Continuous molecular emission of inert-gas
plasma was measured inl?®) | and the theory of this
process was discussed in[30]

Multiphoton ionization. The theory is considered
inl31]
intst],
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