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1. INTRODUCTION

.EiLECTROMAGNETIC waves propagating in cosmic
space a r e radiated as the r e s u l t of var ious m e c h a -
n i s m s . Thus, in the optical p a r t of the spectrum the
main ro le is played by radiat ion result ing from t r a n -
sit ions of e lec t rons between d i s c r e t e atomic or m o -
lecular levels (bound-bound t r a n s i t i o n s ) , from r e c o m -
bination (free-bound t r a n s i t i o n s ) , and, finally, from
t r a n s i t i o n s in the continuous spect rum (free-free
t r a n s i t i o n s ) . In the las t case when the conditions
Hoi « kT are satisfied (u> = 2irv i s the cyclic f r e -
quency of the radiat ion and T is the absolute t e m p e r -
a t u r e ) , the radiat ion p r o c e s s can be t r e a t e d c lass ical ly
—we a r e of c o u r s e consider ing b r e m s s t r a h l u n g ar i s ing
in the acce lerat ion of an e lect ron pass ing near an atom
or an ion. Some components of the cosmic radio e m i s -
sion a r e generated in s imi la r fashion. Thus, the ob-
served radio e m i s s i o n s of atomic hydrogen (A. = 21 c m )
and OH a r e due to bound-bound t rans i t ions , while the
t h e r m a l radio emiss ion of i n t e r s t e l l a r and coronal gas
i s b r e m s s t r a h l u n g .

T h e r e a r e also other important radiat ion m e c h a -
n i s m s in the radio region. Among these t h e r e a r e in
p a r t i c u l a r those incoherent and coherent m e c h a n i s m s
of sporadic s o l a r radio emiss ion whose action i s a s s o -
ciated with the p r e s e n c e of a quite dense p lasma. In
other words , we a r e considering e m i s s i o n s which
could not occur from the motion of individual e lec t rons
in vacuum. Making the p icture r a t h e r crude, we may
say that these m e c h a n i s m s a r e important in the radio
region because for the solar a tmosphere the p l a s m a
frequency l ies just in the radio region, ш0 = V 47re 2 N e /m

(where N e i s the e lectron c o n c e n t r a -= 5.64 x
t i o n ) .

T h e r e i s , however, another emiss ion mechanism
which act s even for the motion of e l e c t r o n s in vacuum
and plays a t remendous ro le in radio as t ronomy. We

*This paper is being published simultaneously in English in
the Annual Review of Astronomy and Astrophysics, vol. 3, 1965.

a r e speaking of magnetic b r e m s s t r a h l u n g , somet imes
called synchrotron radiat ion.

In the motion of a charged par t ic le in a magnetic
field, as soon as i ts velocity i s not d irected along the
field, the p a r t i c l e exper iences an acce lerat ion and
consequently must r a d i a t e e lect romagnet ic waves.
Thus, the appearance of magnetic b r e m s s t r a h l u n g
immediately follows simply from the fundamentals of
c lass ica l e lec t rodynamics . The main features c h a r a c -
t e r i s t i c of the magnetic b r e m s s t r a h l u n g of u l t r a r e l a -
t iv is t ic p a r t i c l e s have been known for a long t i m e ; we
may point out that th is problem was a lready consid-
ered in quite great detail in the book of Schott, ^ pub-
lished in 1912. But, as usually o c c u r s in such c a s e s ,
magnetic b r e m s s t r a h l u n g a t t racted attention only when
i t s investigation b e c a m e associated with quite i m p o r -
tant and specific physical and astrophysical p r o b l e m s .
By these, we r e f e r to the magnetic b r e m s s t r a h l u n g in
e lect ron a c c e l e r a t o r s , ^ 2 ' 3 ^ in the t e r r e s t r i a l magnetic
field, E4'5^ and under cosmic conditions (cf. C16~183 and
b e l o w ) . *

The theory of magnetic b r e m s s t r a h l u n g was devel-
oped after Schott by many authors (cf. E2~5>14~173). How-
ever, nei ther the analysis nor the presenta t ion of all
these p a p e r s a r e of d i rec t importance for us . The
physical aspects of the problem and even the compu-
tat ions, so long as we a r e in teres ted only in o r d e r of
magnitude, can be obtained in most c a s e s from e l e m e n -
t a r y a rguments (cf. Sees. 2 and 3 ) . As for some of the
formulas which a r e obtained a s a resu l t of long compu-
tat ions, we p r e s e n t them without proof, r e f e r r i n g to the
original paper in which one can find the deta i l s . At the
s a m e t i m e , we hope that what we have given will be

*There is a very extensive literature concerning the problems
considered in this paper. In this connection, to give a complete
reference list would be almost impossible and rather useless. We
refer primarily to papers which are of interest for the correct under-
standing of the history of the problem, to summaries, and finally
to individual papers which are directly used in the text. We also
mention that at certain points in the present paper we make use
of material contained in our book.[34]
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sufficient for r e a d e r s to make use of the theory of
magnetic b r e m s s t r a h l u n g and i ts applications to typi-
cal as t rophys ica l p r o b l e m s . In p a r t i c u l a r , we t r e a t
the problem of magnetic b r e m s s t r a h l u n g in the motion
of e lec t rons not in a vacuum, but in a p l a s m a (cf.
Sec. 4 ) , since this is important in many c a s e s ( d i s -
c r e t e s o u r c e s of cosmic radio emiss ion, so lar corona,
e t c . ) .

The i n t e r e s t in magnetic b r e m s s t r a h l u n g for a s t r o -
phys ics is p r i m a r i l y re la ted to the fact that the non-
t h e r m a l (non-equi l ibr ium) cosmic radio emiss ion in
most c a s e s has prec i se ly the nature of a magnetic
b r e m s s t r a h l u n g . ^ " 9 ' 1 8 " 2 0 ^ This applies to the general
galact ic radio emiss ion (radiat ion of the disc and h a l o ) ,
radio emiss ion of the envelopes of supernovae ( C a s s i -
opeia A, T a u r u s A, e t c . ) , and radio emiss ion of normal
and rad io galaxies (we a r e r e f e r r i n g to the radiat ion
in the continuous s p e c t r u m ) . A par t ia l magnetic
b r e m s s t r a h l u n g c h a r a c t e r is p r e s e n t also in the spo-
r a d i c radio e m i s s i o n of the sun, СЮ,21-23] a g wei± a s of
J u p i t e r . 2 3 > 2 4J in addition, in p a r t i c u l a r c a s e s ( Crab
n e b u l a — T a u r u s A, radio galaxy M87 = NGC4486
= Virgo A, galaxy M82, and possibly the quasar
s o u r c e s — s o u r c e 3C273B e t c . ) , one observes optical
magnetic b r e m s s t r a h l u n g ; C13>25>26] it appears that th i s
i s the c a s e also for the optical radiat ion with a con-
tinuous spect rum which s o m e t i m e s o c c u r s during the
t ime of so lar f l a res . ^12^ In cer ta in c a s e s , especial ly
in the Crab nebula, one may also expect the a p p e a r -
ance of cosmic magnetic b r e m s s t r a h l u n g in the x-ray

region. [27-32]

In those c a s e s w h e r e the cosmic r a d i o or optical
emiss ion has the c h a r a c t e r of a magnetic b r e m s s t r a h l -
ung, the determinat ion of the intensity in the spectrum
of this radiat ion enables one to obtain information about
the concentrat ion and the energy spectrum of r e l a t i v i s -
tic e l e c t r o n s in the corresponding s o u r c e . It is for this
r e a s o n that the question of magnetic b r e m s s t r a h l u n g in
the c o s m o s i s closely connected with the as t rophys ics
of cosmic r a y s , or, using a m o r e common terminology,
with the problem of the origin of cosmic r a y s , C11-18»19»
33,34] g j ^ ^gQ W i t h gamma and x-ray as t ronomy. ^2 7~3 2]

Thus magnetic b r e m s s t r a h l u n g plays an important
ro le in contemporary as t rophys ics , and one must con-
s ider it in analyzing a var iety of important p r o b l e m s .
It i s understood, however, that in the f ramework of the
p r e s e n t paper it i s impossible to p r e s e n t in detail all
of these p r o b l e m s as well as the r e s u l t s of r a d i o a s t r o -
nomic invest igations. We therefore r e s t r i c t our p r e -
sentation to the theory of magnetic b r e m s s t r a h l u n g and
c e r t a i n ways of applying it in as t rophys ics (Sec. 5).

Let us make just a few h i s tor ica l r e m a r k s . This
s e e m s appropr ia te to us because in the l i t e r a t u r e the
history of the question is frequently presented in-
c o r r e c t l y .

Non-thermal cosmic rad io signals were f irst a s -
sumed to be formed in the a t m o s p h e r e s of s t a r s
( " r a d i o - s t a r h y p o t h e s i s " ) . [ 3 5 > 3 6 ] At f irst glance, such

a point of view s e e m s natura l , consider ing the
existence of the quite intense sporadic radio emiss ion
of the sun. However, it i s easy to see that to explain
the observational data the hypothetical radio s t a r s m u s t
be distinguished by very unusual p r o p e r t i e s . The e s -
pecially fantastic r e q u i r e m e n t s presupposed in the
r a d i o - s t a r hypothesis became c lear after the q u a s i -
spherical component of the general galactic radio
emiss ion was observed. '-37-' It then became c lear that
the s o u r c e s of the non-thermal galactic radio radiat ion
a r e mainly in the galactic halo whose existence was
predicted only just a l i t t le e a r l i e r . ^ Never the less ,
even in paper '-37-' and in some of those which fol-
lowed, Сзэ>4°] the r a d i o - s t a r hypothesis still was not
di scarded. But if we associate the general galactic
radio emiss ion with magnetic b r e m s s t r a h l u n g of r e l a -
t ivist ic e l e c t r o n s , ^ 7 ' 8^ then we immediately a r r i v e at
completely tenable and reasonable e s t i m a t e s of the in-
t e n s i t i e s of i n t e r s t e l l a r fields and the concentrat ion of
re la t iv i s t ic e l e c t r o n s . In the case of d i s c r e t e
s o u r c e s , C6>8] the e s t i m a t e s a r e also sat is factory.
Thus, in the U.S.S.R. the r a d i o - s t a r hypothesis was
di scarded as ear ly as 1953, and the m a g n e t i c - b r e m s -
strahlung c h a r a c t e r of the main p a r t of the non-thermal
cosmic radio emiss ion seemed unquestionable.

F o r phys ic is t s the mechanism of magnetic b r e m s -
strahlung is so s imple and lucid that to use this m e -
chanism under cosmic conditions seemed completely
n a t u r a l . But to many of the a s t r o n o m e r s the mechanism
of magnetic b r e m s s t r a h l u n g at f irst apparently ap-
peared to be too s t range and applicable apparently only
to the cosmic radio emiss ion. Because of th is the pop-
ulari ty of the magnet ic-bremss t rah lung hypothesis r o s e
rapidly after the optical magnetic b r e m s s t r a h l u n g was
detected. So far as we know, the question of cosmic
optical magnetic b r e m s s t r a h l u n g was f irst d i scussed
in 1952 by Gordon as applied to so lar f lares . ^12^ Later,
Shklovskii applied the same p ic ture to explain p a r t of
the optical emiss ion of the Crab nebula. ^13^ Magnetic
b r e m s s t r a h l u n g , as i s obvious from the most e l e m e n -
tary considerat ions (cf. Sees. 2 and 3 ) , is general ly
speaking polar ized. Thus a lready in 1953 proposa l s ^41>
42,n,i2] w e r e m a d e regard ing polar izat ion m e a s u r e -
ments in the optical and radio r e g i o n s . * Very quickly
the polar izat ion of the optical emiss ion of the Crab
nebulaC25,26] a n d o f t h e j e t i n t h e N G Q 4 4 8 6 galaxy

(radio galaxy Virgo A) was detected. ^ In the radio
region the polar izat ion of the observed magnetic
b r e m s s t r a h l u n g general ly i s much weaker for a
variety of r e a s o n s and p r i m a r i l y because of the F a r a -
day rotat ion of the plane of polar izat ion in the s o u r c e s
and in the i n t e r s t e l l a r media. However, even in this

*It is quite curious that at this first stage the possibility of
observing the polarization of the optical radiation of the Crab
nebula gave rise to a dispute (cf.["]; we should like to call atten-
tion to the summary!/13] as a source of information about the state
of the problem at the middle of 1953).
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case , the polar izat ion was detected (cf., for e x a m -

The polar izat ion m e a s u r e m e n t s seemed especial ly
convincing to many a s t r o n o m e r s apparently because
from the point of view of all the known non-magnetic
b r e m s s t r a h l u n g m e c h a n i s m s it was difficult and, in
fact, essent ia l ly impossible to explain the polar izat ion.
However, we feel that t h e r e was no r e a s o n for doubt-
ing the m a g n e t i c - b r e m s s t r a h l u n g c h a r a c t e r of the non-
t h e r m a l cosmic radio radiat ion and of the optical r a d i -
ation in the continuous spect rum in the Crab and the
Virgo s o u r c e s , independent of m e a s u r e m e n t s of the
polar izat ion.

In any case , at the P a r i s symposium on radio a s -
tronomy in 1958 (cf. ^ 4 8 \ in c o n t r a s t to the Man-
c h e s t e r symposium of 1955 (cf. '-4 0-'), the m a g n e t i c -
b r e m s s t r a h l u n g theory of the non-thermal cosmic
radio emiss ion already was general ly accepted.

2. MAGNETIC BREMSSTRAHLUNG OF AN INDI-
VIDUAL ELECTRON

2.1. C h a r a c t e r of Electromagnet ic Radiation from the
Accelerat ion of Nonrelat iv is t ic and Ult rare la t iv i s t ic
P a r t i c l e s

If a charged p a r t i c l e moves in vacuum, it r a d i a t e s
e lec t romagnet ic waves only when it i s acce le ra ted
(during motion in a medium the p i c t u r e i s changed
fundamentally; the influence of the medium will be
t r e a t e d in Sec. 4 ) . In the nonrelat iv is t ic case when the
velocity of the p a r t i c l e v « с = 3 x 10 1 0 c m / s e c , the
radiat ion usually has a dipole c h a r a c t e r . More p r e -
cisely, the intensity of the quadrupole and higher m u l -
tipole r a d i a t i o n s i s proport ional to additional fac tors
of the o r d e r of ( v / c ) 2 n ~ (а/Л) 2 П , where a i s the
size of the radiat ing sys tem (for example, an osc i l -
la tor ), X = c T is the wave length of the radiat ion,
T ~ a/v i s the c h a r a c t e r i s t i c per iod of motion of the
p a r t i c l e , n = 1 for a quadrupole, n = 2 for an octu-
pole, e t c . So, for example, the quadrupole radiat ion
is usually important only if the dipole moment of the
sys tem i s equal to z e r o or is anomalously smal l . For
a dipole ( o s c i l l a t o r ) with moment p changing only
in magnitude, the e l e c t r i c field in the wave zone
v a r i e s according to the law Ш ~ sin x and the in-
tensity i s

where x i s the angle of the wave vector of the r a d i a -
tion к with the axis of the dipole and dfi i s the e l e -
ment of solid angle (Fig. l a ) .

In a magnetic field, a nonrelat iv is t ic par t ic le with
charge e and m a s s m moves along a helix where the
cyclic frequency of i ts rotat ion around the axis of the
helix i s

ё c^> sin JT

FIG. 1. a) Electric field intensity of a fixed dipole as a func-
tion of angle x between the axis of the dipole p and the wave
vector k. b) Intensity of cyclotron radiation as a function of angle 0
between the magnetic field vector H and the wave vector k.

H e r e H i s the m a g n e t i c f ield s trength, and the n u m e r -
i c a l v a l u e i s g i v e n for an e l e c t r o n ( i n f o r m u l a (2.1),
and l a t e r on, u n l e s s s p e c i f i c a l l y s tated, w e g i ve the
abso lute va lue of the c h a r g e of the p a r t i c l e ) .

The radiat ion f r o m a n o n r e l a t i v i s t i c e l e c t r o n dur-
ing i t s mot ion in a m a g n e t i c f ield i s s o m e t i m e s c a l l e d
c y c l o t r o n radiat ion. The f requency of the c y c l o t r o n
radiat ion i s ajjj' and i s d ipole radiat ion. In the s i m -
p l e s t c a s e of c i r c u l a r m o t i o n (orb i t r a d i u s r ^ = v/u){ |
= m c v / e H ) , the p a r t i c l e r a d i a t e s l ike two mutual ly
perpend icu lar l i n e a r o s c i l l a t o r s shifted in p h a s e by
7г/2, or, what i s the same thing, like a fixed dipole
perpendicular to the magnetic field and rotat ing with
frequency oi}}1. The intensity of the cyclotron r a d i a -
tion averaged over a period is

{|'

dJ =

= 1.76-10'Я. (2.1)

where £ is the angle between к and the field H
(Fig. l ,b) . For the helical motion, so long as the c o m -
ponent of velocity para l le l to the field уц = v • H/H « с,
the intensity distr ibution changes very slightly.

Ul t rare la t iv i s t ic p a r t i c l e s r a d i a t e completely dif-
ferently. For them

(2.2)

When v =* с the dipole radiat ion is by no means p r e -
dominant in intensity, and the c h a r a c t e r of the r a d i a -
tion is most simply explained qualitatively as follows:
We change to a system of coordinates in which the in-
stantaneous velocity of the par t ic le i s z e r o or is non-
re la t iv i s t ic . Suppose that in this sys tem the radiat ion
has dipole c h a r a c t e r and occurs at frequency WJ. We
now t r a n s f o r m the radiat ion field by changing to a s y s -
tem in which the velocity of the p a r t i c l e i s v. Then the
frequency is determined by the well-known formula for
the Doppler effect (ф is the angle between v and the
wave vector k )
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1 COS If
(2.3)

We s e e t h a t i n t h e u l t r a r e l a t i v i s t i c c a s e (2.2) t h e

frequency ш ~ u j j / V l - ( v / c ) 2 = o^E/mc 2 i s l a r g e
compared to ojj, so long as the angle ф i s sufficiently
small , namely, so long as

iC<? = ^ . (2.4)

If, however, ф » m c 2 / E , the frequency of the r a d i a -
tion drops markedly . Express ions for the field
s t r e n g t h and the intensity of the radiat ion (cf., for ex-
ample, L17H ) also contain in the denominator some
power of the factor (1 - ( v / c ) cos ф). Thus the r a d i a -
tion i s mainly concentrated within a cone of opening
angle ~ m c 2 / E around the direct ion of the ins tanta-
neous velocity of the par t ic le (Fig. 2). Below we shall
always a s s u m e that condition (2.2) is satisfied, i .e. ,
that we a r e dealing with u l t r a r e l a t i v i s t i c p a r t i c l e s .

FIG. 2. Projection of the electric field on a plane passing
through the axis of the dipole as a function of angle ф between
the translational velocity of the dipole v and the wave vector k.
The dipole moves perpendicular to its axis. The field distribution
is shown for the case v = 2/3 с

2 . 2 . M a g n e t i c B r e m s s t r a h l u n g of an U l t r a r e l a t i v i s t i c

E l e c t r o n ( E s t i m a t e s )

In t h e m o t i o n of a n e l e c t r o n w i t h a r b i t r a r y t o t a l e n -

e r g y E in a m a g n e t i c f ie ld, t h e r o t a t i o n p e r i o d T

, w h e r e

eH тс% eH /.

~mc E = ТтГ У ~ (2.5)

The velocity of the e lect ron v m a k e s a constant angle в
with the field vector H and d e s c r i b e s a cone about the
field d i rect ion (Fig. 3). F o r в » £ = m c 2 / E an ob-
se rve r , sitting on the surface of this cone at a l a rge
distance from the radiat ing pa r t i c l e , fixes his a t ten-
tion successively on different radiat ion pulses follow-
ing one another at in tervals т = 27г/шд. The c h a r a c t e r
of these pulses (Fig. 4) i s easily explained if we con-
sider the e l e c t r i c field of a rapidly moving dipole
(Fig. 2) which t u r n s relat ive to the o b s e r v e r as the
r e s u l t of the motion of the par t ic le in the magnetic
field (the accelerat ion vector, which corresponds to

FIG. 3. Velocity cone of electron moving along a helix around
a magnetic field H. v is the instantaneous velocity of the particle,
в the angle between v and H, ф the angle between к and the near-
est generator of the velocity cone.

FIG. 4. Electric field in the wave zone as a function of time
for a particle rotating in a magnetic field. This picture is ob-
tained if we rotate the field of a rapidly moving dipole, shown in
Fig. 2, with angular velocity и н .

t h e a x i s of t h e d i p o l e i s a l w a y s p e r p e n d i c u l a r t o t h e

f ie ld H a n d r o t a t e s a b o u t i t w i t h f r e q u e n c y w y ) . T h e

d u r a t i o n of e a c h p u l s e i s

eH,
тс2

E
( 2 . 6 )

where Гд = E/eHj^ is the rad ius of curvature of the
space t ra jectory of the p a r t i c l e * , Hj_ = H sin в i s the
magnetic field component perpendicular to the d i r e c -
tion of motion (velocity) of the e lect ron and the factor
( m c 2 / E ) 2 appears as a consequence of the Doppler ef-
fect. In fact, within the l imits of angle i; = m c 2 / E the

*We emphasize the difference between the radius of curvature

of the space trajectory r% = V— ~—— and the radius of cur-
eH i

vature rir = - с sin B £ sin2 в
о>я

for the circle which describes
j_

the projection of the electron velocity on the plane perpendicular
to the field H (the radius r^ will not appear in what follows, and
thus the radii of curvature will usually be designated simply as
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electron moves in the direction of the observer during
a time At' = гд£/с = mc/eH^. During this time the
electron has traversed a path vAt' and the pulse
radiated is therefore also contracted by an amount
vAt' (this is the Doppler effect). As a result, the
observed length of the pulse is of o r d e r (с — v )Af
and i ts durat ion At = At' (1 - v/c ) <* 2Af (mc 2 /E ) 2 ,
which is equivalent to (2.6).

The spect rum of the radiat ion, consist ing of pulses
following one another at interva ls т = 2тг/шд, will ob-
viously consis t of overtones of the frequency oijj. In
fact, since т » At, in the region of high h a r m o n i c s the
spect rum can be considered to be continuous, where
the maximum in the spectrum is at the frequency

Cum'
eH .

(2.7)

An important point i s that the field of the radiat ion
changes sign (cf. Fig. 4 ) . This is why the spectrum
has a m a x i m u m . The effective width of the spect rum
of the radiat ion is also of o r d e r w m , and thus the
mean spect ra l density of power of the magnetic b r e m s -
strahlung can be es t imated by dividing the total power
of this radiat ion (cf. formula (2.10) below) by o ) m . As
a r e s u l t

- P{E)
P~ Mm ' me2 (2-8)

One of the c h a r a c t e r i s t i c fea tures of magnetic
b r e m s s t r a h l u n g i s i t s polar izat ion. In the coordinate
sys tem fixed on the e lectron the preferent ia l d irect ion
for the e l e c t r i c vector in the radiated waves l ies in the
s a m e plane a s the direct ion of acce lerat ion (cf. Fig. l ,a) .
Since during the motion of a par t ic le in a magnetic field
the d i rect ion of the acce lera t ion i s continually changing,
the waves will general ly be elliptically polar ized. If
the osci l la tor is moving in the direct ion of the ob-
s e r v e r , the polar izat ion of the radiat ion moving along
the d i rect ion of t rans la t ion does not change. It is thus
c l e a r that magnetic b r e m s s t r a h l u n g of a single e l e c -
t ron in genera l i s polar ized ell iptically with the e l e c -
t r i c field Щ in the wave a maximum in a plane pass ing
through the acce lerat ion direct ion. This m e a n s that
the pre ferent ia l d i rect ion of the field % in the wave i s
perpendicular to the projection of the magnetic field
and the plane of the d i a g r a m . (As usual, by this plane
we mean the plane perpendicular to the l ine of s ight .)

Before proceeding to the r e s u l t s of the quantitative
theory, we should emphas ize that the magnetic b r e m s -
strahlung of e lectromagnet ic radiat ion t r e a t e d in the
p r e s e n t paper is by no means the only possible type of
magnetic b r e m s s t r a h l u n g . In fact, a charged par t ic le
moving in a magnetic field will r a d i a t e all those fields
with which it i n t e r a c t s . Thus p a r t i c l e s of all types will
r a d i a t e gravitational waves, while, for example, p r o -
tons should also r a d i a t e тг+, тг° mesons ( p r o c e s s e s
p — n + w*, p — p + л-0), p o s i t r o n s and neutr inos (/3+

decay of the proton in a magnetic field, i .e., the p r o -

cess p — n + e + + v). However, the intensity of the
magnetic b r e m s s t r a h l u n g of nonelectromagnetic r a d i -
ation is negligibly small and plays no p a r t i c u l a r role
in as t rophys ics . E*8^

2.3. Magnetic B r e m s s t r a h l u n g of an Electron
(Formulas)

During the motion in a uniform magnetic field H the
frequency of rotat ion of the e lectron is given by formula
(2.5), and the r a d i u s of the project ion of the orbit on the
plane perpendicular to H is

mcv sin 9v sin 6

The total power in the magnetic b r e m s s t r a h l u n g is
easily calculated from the general formulas (cf. ^1 7^,
Sees. 73, 74) without carry ing out a spectra l r e s o l u -
tion. This power is

( 2 - 9 )

F o r the u l t ra re la t iv i s t ic case

E
me2 ' = 1.57-10-1 5#i( A* erg

sec

=0.98-1(Г 3 #1
2 eV

sec (2.10)

where the numer ica l e s t i m a t e s r e f e r to e lec t rons
(and p o s i t r o n s ; m e 2 = 0.51 x 106 eV); for a nucleus
with charge eZ and m a s s M

£ ; . (2.11)

Express ion (2.10) obviously de te rmines the r a t e of
los s of energy by an u l t ra re la t iv i s t i c e lec t ron moving
in a constant magnetic field. We note that in a field of
e lec t romagnet ic radiation with cha rac te r i s t i c frequency
w « (mc2)2 /KE the so-cal led Compton l o s s e s of en -
ergy differ from the express ion (2.10) by the r e p l a c e -
ment of Hf by (167r/3)wp where Wp i s the density of
energy in the radiat ion (for m o r e deta i l s , cf. ^34^,
Sec. 8 ) .

The calculation of the e lec t romagnet ic field for
each of the harmonics of the magnetic b remss t rah lung
i s quite involved (detailed calculat ions a r e given in
E15^; for c i rcu la r motion of the e lect ron, i .e . , for sin 9
= 1, the appropriate express ions a r e not difficult to
obtain by using the potentials given in ^1 7^). If the
e lec t r ic field of the radiat ion of an u l t ra re la t iv i s t i c
par t ic le is expressed in Four ie r s e r i e s

where Re i s the rea l pa r t of the express ion, at d i s -
tance r from the par t ic le the amplitude of the n- th
harmonic of the radiation in the direct ion к i s
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+ ity(l*+ty*)1/2Ki/3(gn)l2}. (2.12)

H e r e e * i s t h e c h a r g e of t h e r a d i a t i n g p a r t i c l e ( f o r
an electron e* = - e ), г̂  is the angle between the wave
vector к and the nearest generator of the velocity
cone, lj and 12 are two mutually perpendicular unit
vectors in the plane of the diagram, where 12 is par-
allel to the projection of H on this plane, and lj
= k x l 2 / k . The functions Ky 3 (g n ) and K2/3(gn) are
Bessel functions of imaginary argument of the second
kind, while

,i,2W, (2.13)
s n - з sin e v * ' T ' •

In the express ion (2.12), as throughout in symbolic
formulas , we use only the absolute (Gauss ian) sys tem
of units .

As one. sees from (2.12), the e l e c t r i c vector
Re { g n e Ш Ш Н | £ o r a g i v e n harmonic desc r ibes an
el l ipse in the course of t ime . One of the axes of this
el l ipse (the minor ax is ) is along the projection of H
on the figure plane, and the second (major ) axis i s
perpendicular to this projection, and their ra t io , which
we denote by tan /3, by v i r tue of (2.12) is equal to

(2.14)*

When ф > 0 the direct ion of rotation i s r ight-handed
(clockwise re la t ive to the o b s e r v e r ) , and when ф < 0
it i s left-handed. The angle ф i s taken to be posit ive
if the direct ion of the radiat ion and the magnetic field
vector l ie on the same side of the velocity cone (Fig. 5).

FIG. 5. Ellipse of vibration of the electric vector in a wave
radiated by a particle moving in a magnetic field. The charge is
assumed to be positive. For a negatively charged particle (an
electron) the direction of rotation is opposite to that shown. К is
the figure plane (the plane perpendicular to the direction of radia-
tion, or, what is the same thing, to the direction of the observer);
1, and 12 are two mutually orthogonal unit vectors in the figure
plane, of which 12 is directed along the projection of the magnetic
field H on the figure plane.

*tg = tan.

T h e p o l a r i z a t i o n d e g e n e r a t e s t o l i n e a r only w h e n
ф = 0, i .e., if the wave vector l i e s prec i se ly on the
surface of the velocity cone. For large ip ( i .e . , when
ip » £ ) the polarizat ion tends toward c i rcu la r p o l a r i -
zation, since for l a rge values of the argument K2 /3(x)
=* K ^ C x ) =! ( т : /2х) 1 / ' 2 е" х ; however, the intensity of the
radiat ion then becomes negligibly small (cf. below,
Fig. 6) .

FIG. 6. Magnetic bremsstrahlung of a single electron. The
angular dependence of the radiation fluxes for the two principal
polarization directions: perpendicular to the magnetic field pro-
jection on the figure plane (p^1}) and along this projection (p'") for
v/v = 0.29. The unit for the vertical scale is the coefficient
3e'H/4n^T'mc!(vc/v)! in expressions (2.17) and (2.18). The angle
ф = 0 corresponds to the direction of the instantaneous velocity
of the electron.

T h e d e n s i t y of flux of e n e r g y of t h e r a d i a t i o n a v e r -
a g e d o v e r a p e r i o d , f o r t h e e n e r g y c o n t a i n e d in t h e n - t h
h a r m o n i c , i s

Pn = 8я
(2.15)

S i n c e w h e n £ = m c 2 / E « l t h e r a d i a t e d e n e r g y i s a l -
m o s t e n t i r e l y c o n c e n t r a t e d in t h e r e g i o n of v e r y h igh
h a r m o n i c s w h e r e t h e s p e c t r u m i s p r a c t i c a l l y c o n t i n u -
o u s , i t i s c o n v e n i e n t to c h a n g e f r o m h a r m o n i c n u m b e r
n t o f r e q u e n c y

2я
2 "£ 3

3 sin 6

w h e r e w e h a v e i n t r o d u c e d t h e n o t a t i o n

3e# sin 9 ?>eH I
Aumc

\1
J

(2.16)

T h e n , by v i r t u e of (2 .15) , (2 .12) , and (2 .16) , t h e s p e c -
t r a l d e n s i t i e s of flux of r a d i a t i o n w i t h t h e two p r i n c i -
p a l p o l a r i z a t i o n d i r e c t i o n s a r e

p ^ ^ b S H - w i Kl/ (gv), (2.17)

P(" = A v c y Е.г

w h e r e
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and we wr i te pv = p n d n / d i ' = 2тгрп/шн-
The angular d i s t r ibut ions of the radiat ion fluxes

pj,1 ' and p[,2> a r e shown in Fig. 6. F o r the unit on the
v e r t i c a l scale we have taken the coefficient
(Зе 3 Н/47г 2 г 2 тс 2 £ )(v/vc)

i in express ions (2.17) and
(2.18). The curves a r e drawn for v/vc = 0.29 which
cor responds , a s we shall see l a te r , to the maximum
in the frequency spec t rum of the total radiat ion (over
all d i rec t ions ) of an e lect ron. F igure 6 shows that in
the region of small angles ф the main contribution to
the radiat ion comes from p\}\ i .e. , f rom vibrat ions
for which the e l e c t r i c field direct ion is perpendicular
to the projection of H on the figure plane.

We now find the spect ra l dis tr ibut ion of the total
radiat ion (over all d i r e c t i o n s ) of a single u l t r a r e l a t i v -
i s t ic e lec t ron. To do this we must integrate e x p r e s -
sions (2.17) and (2.18) over all solid angles. Here we
can use the fact that the quantit ies p j/ ' and p j 2 ' a s
functions of angle ф tend rapidly to z e r o outside an
interval Аф ~ m c 2 / E and thus, in integrat ing over
solid angle, the only important contribution comes
from the n a r r o w r ing sec tor Ail = 2ir sin & Аф around
the velocity cone, where ^ = в ~ф ^ в i s the angle b e -
tween the direct ion of observation к and the field H.
Thus we must find the quantity

V . L . G I N Z B U R G a n d S . I . S Y R O V A T - S K I I

(2.19)

—oo
-J-co

v/v

w h e r e i n t h e l a s t e x p r e s s i o n t h e l i m i t s of i n t e g r a t i o n
a r e r e p l a c e d by ± ° o . A s t h e c o m p u t a t i o n s h o w s (cf.,
f o r e x a m p l e ,

. (2.20)

The s p e c t r a l dis tr ibution of the power in the total r a -
diation from a single e lectron i s

p (v) = 2яг2 sin 6 ^ (p™ + pf

FJ/
(2.21)

T h e g r a p h of t h e f u n c t i o n F ( x ) = x j K 5 / 3 ( i ) ) d 7 7 ,
x

s h o w i n g t h e s p e c t r a l d i s t r i b u t i o n of t h e p o w e r in t h e
t o t a l r a d i a t i o n (2.21) i s g i v e n i n F i g . 7. T h e p o l a r i z a -
t i o n of t h e t o t a l r a d i a t i o n ( f o r m o r e d e t a i l s s e e s e c -
t i o n 3 . 3 ) i s

П =
(v/vc) fp(v/VC)

• F(v/vc)
(2.22)

0.29

FIG. 7. Spectral distribution of the power of the total radiation
(over all directions) from a charged particle moving in a magnetic
field.

Values of the function F ( x ) and F p ( x ) = xK 2/ 3(x) and
their approximate express ions a r e given in Table I.

The maximum in the s p e c t r u m of the radiat ion from
a single e lect ron is at the frequency

me \mc
V
J

E
me*

(2.23)

Here the frequency vm i s expres sed in h e r t z (cyc les
per second) and the component of the field H^ p e r p e n -
dicular to the l ine of sight i s m e a s u r e d in oers ted .

At the maximum frequency (2.23) the spect ra l den-
sity of the power in the total radiat ion (2.21) is

e r g

• s e c - H z
(2.24)

and, of c o u r s e , i s in agreement with the e s t imate (2.8).
Express ions for the intensity of the magnetic b r e m s -

strahlung for the c a s e of an aggregate of e lec t rons , with
which one actually deals in astrophysical c a s e s , will be
obtained and discussed in the following Section 3. How-
ever, it i s a lready useful h e r e to consider the s implest
case when there a r e monoenerget ic e lec t rons with a
distr ibution of velocit ies which is i sotropic over all
d i rec t ions . We denote the concentrat ion of such e l e c -
t r o n s with energy E at point r by N ( r ) and a s s u m e
that the total power p(v) i s radiated s t r ic t ly in the
direct ion of the motion. Then the spect ra l density of
the flux of radiat ion from e l e c t r o n s in volume dV
= r 2 dr dfl at dis tance r from the o b s e r v e r and moving
in the solid angle dfl' i s

The intensity Ju i s taken per unit solid angle dfi
and i s the flux through unit area, i .e. , in this case d
= dS/r 2 = 1/r2.

Thus

/ v = -
du

P(v)
4я \ N (r) dr, (2.25)

w h e r e t h e i n t e g r a t i o n i s t a k e n a l o n g t h e l i n e of s i g h t
and t h e m a g n e t i c f ie ld on w h i c h p ( v) d e p e n d s i s a s -
s u m e d t o b e u n i f o r m a l o n g t h e w h o l e p a t h .

A c t u a l l y w e do n o t h a v e t o r e g a r d t h e e l e c t r o n s a s
b e i n g d i s t r i b u t e d i s o t r o p i c a l l y — t h e i m p o r t a n t p o i n t i s



COSMIC M A G N E T I C B R E M S S T R A H L U N G 681

Table I. Values of the functions F(x) = x j K5/3(Tj)d7)
x

and Fp (x) = хК2/з (x)

F (*) PnW F (X) F (x)

0
0.001
0.005
0.01
0.025
0.050
0.075
0.10
0.15
0.20
0.25
0.29

0
0.213
0.358
0.445
0.583
0.702
0.772
0.818
0.874
0.904
0.917
0.918

0
0.107
0.184
0.231
0.312
0.388
0.438
0.475
0.527
0.560
0,582
0.592

0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.0
1.2
1.4
1.6
1,8

0.918
0.901
0.872
0.832
0.788
0,742
0.694
0.655
0.566
0.486
0.414
0.354

0.596
0.607
0.603
0.590
0.570
0.547
0.521
0.494
0.439
0.386
0.336
0.290

2.0
2.5
3.0
3.5
4.0
4.5
5.0
6.0
7.0
8.0
9.0

10.0

0.301
0.200
0.130
0.0845
0.0541
0.0339
0.0214
0.0085
0.0033
0.0013
0.00050
0.00019

0.250
0.168
0.111
0.0726
0.0470
0.0298
0.0192
0.0077
0.0031
0.0012
0.00047
0.00018

Approximate expressions
for x < 1

F (x) =

Х { 1 - '
Г f

уз I\»/)
40

I

У З , * ( l )>/з , „ ^ y 3 *_K±J_ f х_\10'з ,

for x

55 iO151 _
72 10368 -r • • 7

••}

t h a t w i t h i n t h e r a n g e of a n g l e s ip ~ | = m c 2 / E a l o n g

t h e l i n e of s i g h t t h e i r d i s t r i b u t i o n s h o u l d n o t c h a n g e a

g r e a t d e a l , w h i l e t h e i r c o n c e n t r a t i o n p e r u n i t s o l i d

a n g l e i s e q u a l t o N ( r ) / 4 7 r . T h u s w e c a n c a r r y o u t a n

average over the angle ф, and the simplifying a s s u m p -
tions made above about the radiat ion being s tr ict ly for-
ward a r e unimportant . A m o r e consistent derivat ion of
formula (2.25) i s given in Sec. 3.3.

At the maximum frequency, which i s re la ted to the
e lect ron energy E by formula (2.23), we find, a c c o r d -
ing to (2.24) and (2.25)

J i \ N (r) dr

1 . 7 . ю - - я ± ^ ( г ) ^ c m, s e c : H z . s r

iV (r) dr
m Hz-sr

(2.26)

To the monoenerget ic e lect ron spect rum, t h e r e ob-
viously c o r r e s p o n d s a distr ibution N ( r , E )

= N ( r ) 6 ( E - E ' ) where 6 ( E ) is the delta-function.
A s i m i l a r resu l t i s obtained when the spect rum of the
e lec t rons i s a r b i t r a r y , but the energy of the p r e d o m i -
nant majority of p a r t i c l e s l ies in an interval ДЕ « E.

3. MAGNETIC BREMSSTRAHLUNG OF AN AGGRE-
GATE OF ELECTRONS

3.1. The Stokes P a r a m e t e r s

Before proceeding to give the bas ic formulas char -
acter iz ing magnet ic b r e m s s t r a h l u n g of an aggregate of
e lec t rons , we r e c a l l the definition of the Stokes p a r a m -
e t e r s . ™

An a r b i t r a r y flux of radiat ion, in addition to i ts f r e -
quency dependence, is c h a r a c t e r i z e d in general by four
independent p a r a m e t e r s ; for example, the position of
the pr incipal axis of the polar izat ion el l ipse, the inten-
s i t ies along the two principal axes, and the direct ion
of rotation of the e l e c t r i c vec tor . The choice of these
p a r a m e t e r s i s , of c o u r s e , not unique. In many c a s e s
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it is convenient to make use of the Stokes parameters,
which are defined as follows:

Let us choose, at the point of observation, in a plane
perpendicular to the direction of arrival of the electro-
magnetic wave (that is, in the so-called figure plane)
two mutually perpendicular directions Sj and s2

(Fig. 8, the wave vector of the radiation is directed
toward the reader) . Then the intensity of any har-
monic of the electric field produced at the point of ob-
servation by an individual radiating particle (with
label i) has the projections

-Ь), (3-D

where |J and <̂ j are the amplitude and phase of the
oscillation along axis st, while £2 and (<Pi-<l>i) are
the similar quantities for direction s2. The field of
the radiation from an aggregate of particles is equal
to the sum of the respective components for all par-
ticles:

£1 (0 = 2 £1(0. £г(0 = 2 Ш 0 - (3.2)
i i

The quantity measured experimentally is the time av-
erage of the flux of energy in the radiation (or the in-
tensity of the radiation, when we are_talking about the
flux per unit solid angle) J = (c/47r)E2. One can get
complete information about the flux of radiation by in-
troducing some additional phase difference for one of
the projections of the electric field and measuring, as
a function of the position of the analyzer, the intensity
of the radiation with a given vibration direction as se-
lected by the analyzer.

Suppose that, for the projection of the electric vec-
tor of the vibrations along direction s2, we introduce
an additional phase difference e relative to the vibra-
tions along Si (cf. Fig. 8).

FIG. 8. Definition of the Stokes parameters. In the direction s2

we introduce an additional retarding phase e relative to the vibra-
tions in the perpendicular direction s,. Angle § determines the
position of the plane of the analyzer. The measured flux of radia-
tion is directed toward the reader.

Then the wave (3.2) becomes

= 2 1* cos

If the plane of vibration of the electric vector selected
by the analyzer makes an angle б with the direction
s t (cf. Fig. 8), then at the output of the analyzer the
electric field is equal to

while the time averaged energy flux of the radiation
(intensity) is

/(6, 8) = J-[£(i)]2 =4я 4л l (t)] 1 COS2 6 + [ | 2 (I)] 1 Sin» б

+6, ( 0 Ь С) sin 26}. (3.5)

If the radiations of individual particles are inco-
herent (phases for different particles independent and
distributed randomly), then from expression (3.3),
after averaging over time and phase, we easily find

=4 2 (Ш2. Moi2=4 2 >̂2-

(0 = -g" S 6IEIcos % cos e — -| 2 Si£l sii *« sin e. (3.6)

Thus, if we introduce the notation

/= = 4 2 rnr+ain

Q=2 ('i - 'i) = ш 2 к*.*)1 - (
(3.7)

the intensity (3.5) as a function of position of the ana-
lyzer (angle 6) and the additional phase difference e
becomes

/(6, e) = — F sine) sin 26]. (3.8)

(3.3)

The quantities J, Q, U, and V are called the Stokes
parameters and completely characterize the flux of
radiation. By changing the phase difference e and the
analyzer position 6, we can, as is clear from (3.8) ex-
perimentally determine all these parameters. For in-
dependent (incoherent) fluxes of radiation the Stokes
parameters are additive, as is immediately seen from
their definition (3.7).

For the radiation of an individual particle, the
Stoke parameters J e , Q e , U e , and Ve are expressed
in terms of the densities of flux of radiation with the
two principal directions of vibration р£Л and p^2>, the
ratio of the minor and major axes of the ellipse of the
vibration of the electric vector, which we denote by
tan /3, and by the angle x between a fixed direction
(direction Sj) and the major axis of the ellipse of vi-
bration (the angle x is measured clockwise and ob-
viously is defined in the interval 0 < x < "")• Let us
find these expressions.
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The vector of the e lec t r ic vibrat ions of the r a d i a -
tion from a single par t ic le can be writ ten in the form
(cf. Eq. (2.12))

% = A (cos |3cos(o< l (-j-ship sin at ]2). (3.9)

If the pr incipal axes of the vibrat ion e l l ipse l j and 12

a r e turned through an angle x re la t ive to the axes s^
and s2 respect ively , then the vibra t ions along axes
Sj and s2 a r e expressed as follows:

g, (t) = A (cos % cos p cos at — sin % sin p sin at) = £i cos (at +1^),

£2 (/) = A (sin % cos p cos at + cos % sin p sin at) = g2 cos (wt — ip2).

(3.10)

The phase difference of these vibrat ions ф = ф\ + фг

and thei r amplitudes | t and £2 (cf. (3.1)), as one can
easily verify from (3.10), a re given by the re la t ions

2£iE2 cos г|з = A2 cos 2 (3 sin
2^12 sin ^-=А2 sin 2p.

(3.11)

F o r a single par t ic le the dens i t ies of radiat ion flux
with the two principal d i rect ions of polarizat ion a r e ,
as a consequence of (3.9), equal to

p<2 =-»—/l2sin2p. (3.12)

Thus, according to (3.7), (3.11), and (3.12), re la t ive to
the axes Sj and s 2 the Stokes p a r a m e t e r s of the r a d i -
ation of a single par t ic le a r e equal to

(3.13)

The f irst Stokes p a r a m e t e r J obviously d e t e r -
mines the total density of energy flux (or intensi ty) of
the radiat ion. The degree of polar izat ion of the r a d i a -
tion is given by

P =
V (3.14)

while the angle x> character iz ing the posit ion of the
principal axis of the polarizat ion el l ipse, is , a c c o r d -
ing to (3.13),

*«2Х = | г - (3-15)

Of the two values of the angle x ( ° — X < 7 r ) . given by
(3.15), we select the one which l i e s in the f i rs t quad-
rant if U > 0, and in the second quadrant if U < 0.

The degree of ellipticity ( ra t io of pr incipal axes
of the vibrat ion e l l ipse) i s c h a r a c t e r i z e d by the angle
/3 defined by the re lat ion

sin 20 = — . (3- 1 6 )

The angle /3 is defined within the interval -7r/2 < /3
r< 7г/2; for /3 > 0 the direct ion of rotat ion of the e l e c -
t r i c vector is r ight-handed (clockwise re la t ive to the

o b s e r v e r ) , while for /3 < 0 it is left-handed (cf. equa-
tion (3.9)).

In the absence of ell iptical (and c i r c u l a r ) p o l a r i z a -
tion V = 0 and the degree of polar izat ion is

р ^ ш а х г ф ш (3.17)

where J m a x a n c * ^min a r e * n e maximum, and minimum
values of the observed intensity (3.8) as a function of
the analyzer angle б (without introducing re tardat ion,
i.e., for e = 0 ) .

3.2. Radiation from an Aggregate of P a r t i c l e s

Let us now consider the radiat ion of a system of
p a r t i c l e s . Let N ( E , r, T)dEdVdft T be the number of
p a r t i c l e s in the volume element dV = r 2 d r d f t , whose
energ ies a r e contained in the interval E to E + dE,
and with velocity within the solid angle di2T in the
neighborhood of the direct ion т. Since the radiat ion
of the individual e l e c t r o n s is incoherent and the Stokes
p a r a m e t e r s a r e therefore additive, the intensity of the
radiation of such a sys tem along the direct ion к is

k ) = f Je(v,E, r, 6, , r, r)dEdQxr*dr.
(3.18)

Here J e ( v, E, г, 0,г\>) i s determined by the f irst of the
express ions (3.13), and consequently for the magnetic
b r e m s s t r a h l u n g of a single e lectron is equal to
Se{v, E , r , в,ф) = p(j} +p<$) (cf. (2.17) and (2.18)); the
integration over r is c a r r i e d out along the line of
sight in the direct ion - k . The other Stokes p a r a m -
e t e r s a r e expressed s imi lar ly .

We emphasize that, unlike the Stokes p a r a m e t e r s
for the radiat ion of a single e lectron (3.13), with the
dimensions of spectra l density of flux of radiat ion en-
ergy, express ion (3.18) d e t e r m i n e s the intensity of the
radiat ion, i .e., the flux of energy p e r unit a r e a p e r p e n -
dicular to the direct ion of the observer , taken p e r unit
solid angle and per unit frequency interval . The usual
unit for the m e a s u r e m e n t of intensity of radiat ion in
radioas t ronomy is W / m 2 H z - s r = 103 e r g / c m 2 - s e c -
H z - s r .

If the source (the radiat ing sys tem of e l e c t r o n s )
has smal l angular s ize, then the quantity m e a s u r e d
experimental ly is (as in the case of an individual p a r -
t icle ) the spectra l density of flux of radiat ion

Фе = \ / v dQ = \ Je (v, E,r,Q,y)N (E, r, x) dE dQx dV,
J J (3.19)

where dV = r2drd£2 and the integration is taken over
the whole volume of the source .

In the express ions (3.18) and (3.19) and the analo-
gous express ions for the other Stokes p a r a m e t e r s ,
the integration over di2T can be ca r r i ed out in general
for an a rb i t r a ry distr ibution of pa r t i c l es N(E, r , T).
In fact, as we have seen in deriving express ions (2.20)
and (2.21), the functions pj,1 ' and p<,2) differ from zero
only within the small solid angle AQ,T = 2-n sin в Аф



684 V. L . G I N Z B U R G a n d S. I . S Y R O V A T - S K I I

where Лф 4 m c 2 / E . Thus, the contribution to the r a -
diation comes only from p a r t i c l e s moving within this
angle. If the distr ibution of p a r t i c l e s over the angle в
between the velocity and the field is sufficiently
smooth, then considering that i > = 9 - ^ » 9 we may set
N ( E , r , т ) = N ( E , r , k ) , and from now on not make any
dist inct ion between the angles S- and в. Then the i n t e -
grat ion over dfl T r e d u c e s to an integration over dtp.
As a resu l t , using express ions (2.20) and (2.21) we get

v/v

, = /(v, k ) = \ N(E, г, k)p(v)dEdr
СО

г, к) Я sin 9-1. jj K4,{i\)di\}dEdr.

(3.20)

Here in the general c a s e the field intensity H, the
angle в between к and H, and the density of p a r t i c l e s
N ( E , r , k ) depend on the distance r .

We can s imi lar ly express the other Stokes p a r a m -
e t e r s , for example

J [N(E,

X Кги ( — dEdr. (3.21)

The p a r a m e t e r U ( c , k ) differs from Q ( y , k ) only in
the r e p l a c e m e n t of cos 2x in the integrand of (3.21) by
sin 2\. As for the p a r a m e t e r N(v, k ) , which c h a r a c -
t e r i z e s the p r e s e n c e of elliptically polarized radiat ion,
in the u l t ra re la t iv i s t ic approximation considered h e r e
it i s equal to z e r o . E163 This r e s u l t i s valid up to t e r m s
of o r d e r m c 2 / E and is easily understood if we r e c a l l
that the sign of ф d e t e r m i n e s the direct ion of rotat ion
of the e l e c t r i c vector in the wave radiated by an indi-
vidual e lec t ron. Since the power of the radiat ion (cf.
(2.17) and (2.18)) is independent of the sign of ф, while
the distr ibution of p a r t i c l e s over d i rect ions of motion
within the l imi t s of very smal l angles ф & m c 2 / E is
pract ica l ly constant by assumption, the contributions to
the radiat ion in a given direct ion from p a r t i c l e s with
posit ive and p a r t i c l e s with negative ф a r e the s a m e ,
and the polar izat ion will be l inear . A significant e l l ip-
t ical polar izat ion in the u l t r a r e l a t i v i s t i c c a s e could
occur only for a markedly anisotropic distr ibution of
veloci t ies of the e l e c t r o n s . F o r this it would be n e c -
e s s a r y that the dis tr ibut ion vary markedly within the
very smal l angle ф ~ m c 2 / E , i .e., essential ly t h e r e
would have to be a discontinuity in the angular d i s t r i -
bution of the e lec t rons just along the direct ion toward
the o b s e r v e r . If, in addition, we consider the possible
fluctuations in d i rect ion of the magnetic field, the
rea l izat ion of this sor t of possibil i ty is extremely
improbable .

3.3. Intensity and Polar izat ion of the Radiation in the
Case of Monoenergetic and Power-law Spectra of
the E l e c t r o n s .

and polar izat ion of the radiat ion in var ious specific
c a s e s .

If all the e lect rons have the same energy (monoen-
erget ic s p e c t r u m ) and the magnetic field i s uniform,
the intensity of the radiation, according to equation
(3.20), is

v/v
(3.22)

where N(k) = j N ( r , k ) d r i s the number of e lec t rons
p e r unit solid angle along the line of sight, whose v e -
loci t ies a r e directed toward the observer . F o r m u l a
(3.22) obviously coincides with (2.25) obtained in l e s s
r igorous fashion. The degree of polar izat ion in this
case, according to (3.14), (3.20), and (3.21), i s

р =
1

т
Г( "5"

•У
f o r v < v c ,

f o r v > v e

( 3 . 2 3 )

a n d c o i n c i d e s w i t h t h e d e g r e e o f p o l a r i z a t i o n o f t h e

t o t a l r a d i a t i o n ( o v e r a l l d i r e c t i o n s ) o f a s i n g l e e l e c -

t r o n ( 2 . 2 2 ) . V a l u e s o f t h e f u n c t i o n s F p a n d F a r e

g i v e n i n T a b l e I .

T h e e n e r g y s p e c t r u m o f t h e e l e c t r o n s a l o n g t h e l i n e

o f s i g h t c a n b e a p p r o x i m a t e d w i t h i n a l i m i t e d e n e r g y

i n t e r v a l E j < E < E 2 b y a p o w e r f u n c t i o n o f t h e f o r m

N(E,k)dE = K{k)E~ydE. ( 3 . 2 4 )

H e r e N ( E , k ) i s t h e n u m b e r o f e l e c t r o n s a l o n g t h e

l i n e o f s i g h t m o v i n g i n t h e d i r e c t i o n o f t h e o b s e r v e r

a n d t a k e n p e r u n i t s o l i d a n g l e a n d p e r u n i t e n e r g y i n -

t e r v a l .

A s w e s h a l l s e e l a t e r , f o r t h e e l e c t r o n s r e s p o n s i b l e

f o r c o s m i c r a d i o e m i s s i o n , s u c h a n a p p r o x i m a t i o n i s

a p p l i c a b l e o v e r a q u i t e b r o a d i n t e r v a l o f e n e r g y . H e r e

t h e l i m i t s E j a n d E 2 o f t h e s p e c t r u m ( 3 . 2 4 ) f r e q u e n t l y

c a n b e t a k e n s o t h a t , w i t h i n t h e r a n g e o f f r e q u e n c i e s o f

r a d i a t i o n o f i n t e r e s t t o u s , t h e r a d i a t i o n f r o m e l e c t r o n s

w i t h e n e r g i e s E < E j a n d E > E 2 w i l l b e n e g l i g i b l e . O n

t h i s a s s u m p t i o n , i n t h e i n t e g r a l s ( 3 . 2 0 ) a n d ( 3 . 2 1 ) w e

c a n t a k e t h e s p e c t r u m ( 3 . 2 4 ) o v e r t h e w h o l e e n e r g y i n -

t e r v a l a n d m a k e u s e o f t h e r e l a t i o n s

dE E ~ y - - K ,
Г

1 p /'3y— 1Л p СЗу 4- 7 N\ . uw, и,. „
T V 12 ) \ T 2 ~ " ) i. ~2ят3с5\.

v-i

v/vc

(Зу + 7\ j-J
[ 12 J L (3.25)

We now p r e s e n t the express ions for the intensity where Г ( х ) is the Euler gamma function and we a s -
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sume that the condition у > % is satisfied. Then (3.20)
reduces to the following expression for the intensity of
the radiation of a system of electrons with energy spec-
trum (3.24) in a homogeneous magnetic field H:

У К к) = -
3y—1 Л

12 j 12
e3 ( 3r )

тс2 \ 'Ытлсь J

Y-l
2

V±i _
X X" (к) [Я sin 6] 2 v

v-i
(3.26)

Here K ( k ) is the coefficient in the spect rum (3.24).
Let us a s s u m e that the distr ibution of e lec t rons

can be r e g a r d e d as homogeneous and i sotropic, i .e.,
N(E, r , k ) = ( 1 / 4 T T ) N ( E ) , where

N (E) dE = KE~y dE (3- 2 7 )

i s the number of e lec t rons p e r unit volume with a r b i -
t r a r y d i rec t ions of motion and with energ ies within the
interval E to E + dE.

Then

where К is the coefficient in the energy spect rum
(3.27) and L is the extent of the radiat ing region along
the l ine of sight. Of c o u r s e , in the genera l case , K ( k )
may depend on the angle в between the direct ion of the
magnetic field and the l ine of sight.

In the c a s e of a homogeneous field the degree of p o -
lar izat ion of the radiat ion depends only on the exponent
у in the energy s p e c t r u m (3.24) and, as can be seen by
using (3.14) and (3.25), is equal to

(3.28)

which amounts to 75% when у = 3 and 69% when у = 2.
It i s not appropr ia te to apply formulas (3.26) and

(3.28) to magnetic b r e m s s t r a h l u n g of cosmic e lect rons
since the observed radiat ion i s collected from a large
region of space, over different por t ions of which the
magnetic field is or iented differently. One should
r a t h e r a s s u m e that along the line of sight the direct ion
of the magnetic field v a r i e s chaotically. In this case
t h e r e is no polar izat ion of the radiat ion, and i ts inten-
sity is easi ly found by averaging (3.26) over all m a g -
netic field d i rec t ions . By using the re la t ions

Y+l
(3.29)

this gives the following express ion for the intensity of

the radiat ion from a homogeneous and i sotropic d i s -
tr ibution of e lec t rons with energy spect rum (3.27) in
a random magnetic field:

3e V
4ят 3 с 5

zl ± i
2 H 2 KLv

Y+l
~ ~ ^ 6 2 6 1 0 l i

(3.30)

= 1.35-10-^а(у)ЬКН
cm sec-sr-Hz'

Here К is the coefficient in the s p e c t r u m (3.27) per
u n i t v o l u m e , and by H ^ + 1 ^ 2 w e m e a n s o m e a v e r a g e

v a l u e of t h i s q u a n t i t y i n t h e r a d i a t i n g r e g i o n , w h i l e

a ( y ) i s a c o e f f i c i e n t d e p e n d i n g o n t h e e x p o n e n t of t h e

e n e r g y s p e c t r u m y :

Y-i
З Г

12 12

(3.31)

Values of the coefficient a ( y ) a r e given in Table II.
As we see from express ions (3.26) and (3.30), for a

power-law energy spect rum of the radiat ing p a r t i c l e s
with exponent y, the corresponding exponent in the
frequency spect rum of the radiat ion is

:, a = y-=±. (3.32)

We have assumed above that the energy spect rum
of the e lec t rons is a power-law spectrum (cf. (3.24)
and (3.27) within some sufficiently wide range of e n e r -
gies. Now we p r e s e n t quantitative e s t i m a t e s of this in-
terva l . The e r r o r caused by the rep lacement in (3.20)
and (3.21) of the finite integration l imi t s by 0 and »
for a given frequency v does not exceed 10% for each
of the l imits if the conditions

1V2 о IEi (v) < тс2 [Алтс\/ЗеНу1 (у)}

E2(v)> тс2 [АятюГАеНу2(у)\1/2 ~ 2,5-102 \v/y2 (y) H\1/2

eV ,

eV

(3.33)

a r e satisfied.
The values of the numer ica l factors y j (y) and

y 2 ( y ) for different values of у a r e given in Table II.
As we see, in the case of a power-law spectrum the
energy interval giving the main contribution to the r a -
diation at a given frequency is strongly dependent on
the exponent y. For у >: 1.5 (а г 0.25) m o r e than 80^
of the radiat ion at a given frequency comes from e l e c -
t r o n s with energ ies different by no m o r e than a factor
of ten. F o r у < 1.5 this energy interval i n c r e a s e s

Table II

Y

a(
Y
)

a(Y)
i/i(Y)
Уг(У)

0
0
0.
0

l

283
34
80
00045

1,5

0.147
0.22
1.3
0.011

0
0
1
0

2

.103

.15

.8

.032

...

0.0852
0.11
2.2
0.10

0.0742
0.074
2.7
0.18

0
0
3
0

4

.0725

.036

.4

.38

5

0.0922
0.018
4.0
0.65
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rapidly, and when у — % (a %) it becomes infi-
ni te . The point i s that within the range of frequencies
v < vm, the intensity of the radiat ion from an indi-
vidual p a r t i c l e р„ = p(v, E ) ~ (v/vc)V3 ~ 1;1/зЕ-2/з>

and for the s p e c t r u m (3.17) the total intensity

Jvoo*\ip(v,E)N(E)dEzo<\j
dE

is unbounded if the energy s p e c t r u m of the p a r t i c l e s i s
taken with index у < % to a r b i t r a r i l y l a r g e e n e r g i e s .

The value a = - У3 i s minimal for magnetic b r e m s -
strahlung in vacuum since even the spect rum of the
radiat ion from an individual p a r t i c l e does not contain
regions with a m o r e rapid r i s e in intensity with f r e -
quency.

In applications of the theory one frequently comes
a c r o s s the problem of evaluating the interval of e n e r -
gies of e lec t rons (Eu E 2 ) giving radiat ion with a power
s p e c t r u m (3.32) within the frequency interval vx to v2.
If the frequency interval i s sufficiently la rge {v2/vi

к. У1(у)/Уг(у)), then from the r e s u l t s given we con-
clude that the e lec t rons should have a power-law e n -
ergy spect rum within the energy interval Ej < E < E 2 ,
where

Ei = me1 \Anmc\ll?>eHyi (Y)] 1 / 2 ~2.5-Wi[vi/y1 (у) Щ1/г eV ,

Ег = тсг [4nmcv2/3eHy2 (v)]V 2 ~2.5-i02[v2/y2(y)H\1/2 eV .

(3.34)

If, however, the frequency interval is smal l , or a i s
smal l (in p r a c t i c e a < 0.25, i .e. , у < 1.5 ), then we
can only make a rough es t imate of the interval of en-
ergy of the e lec t rons by assuming that all the r a d i a -
tion of an e lectron with energy E o c c u r s at frequency
vm = 0.29 vQ. Then, in express ions (3.24) we must set

y i ( y ) = У 2 ( У ) = 0.24.
If we make such a simplifying assumption, i.e., if

we set (cf. (2.10) and (2.23)) pv = p{u, E )
= P ( E )6(u - ^ m ) , then for isotropical ly moving e l e c -
t r o n s with the s p e c t r u m (3.27) in a random magnetic
field ( n \ = % H 2 ) we easi ly find

тс*
3e

1 V+l

Я 2 XLv~ (3.35)

where a ( y ) = 0 . 3 1 ( 0 . 2 4 ) ( / ) " о / 2 . The values of the c o -
efficient a ( y ) a r e given in Table II. As we see, with-
in the interval of values of у considered, the exact
formula (3.30) and the e lementary approximate for-
mula (3.35) differ only by an unimportant numerica l
coefficient.

3.4. Radiation in a Non-uniform Field

If the magnetic field over the extent of the l ine of
sight L is inhomogeneous or cannot be regarded as
completely random, the assumptions made in deriving
equations (3.26) and (3.30) a r e not valid, and we must

use express ion (3.20). Then, in the general case , we
must take account of the dependence of the magnetic
field intensity H and the distr ibution function for the
radiat ing p a r t i c l e s N ( E , r , т) on the coordinates . In
this general form the problem was solved, for e x a m -
ple, for a dipole magnetic field in p a p e r s C51>52], in
o r d e r to d e t e r m i n e the c h a r a c t e r i s t i c s of the magnetic
b r e m s s t r a h l u n g of the radiat ion belts of the e a r t h and
Jupi ter .

It is s o m e t i m e s of in teres t to cons ider a s o m e -
what different formulation of the problem where, with-
out giving a specific dependence of magnetic field on
coordinates, we can r e s t r i c t ourse lves simply to some
of i ts average c h a r a c t e r i s t i c s . F o r example, in the
problem of the polar izat ion of magnetic b r e m s s t r a h l -
ung, an important ro le is played by a cer ta in effective
anisotropy of the field, if the field cannot be regarded
as homogeneous or completely random.

The calculation of the degree of polar izat ion in such
an " i n t e r m e d i a t e " case was c a r r i e d out in ^16^ for two
models of the magnetic field.

The f i rs t of these a s s u m e s that t h e r e i s superposed
on a homogeneous field some random ( isotropic on the
average over the radiat ing region) field H c whose ab-
solute value is constant. We may imagine that such a
situation exis t s approximately in the neighborhood of
the galactic plane and in p a r t i c u l a r in the spira l a r m s
of the galaxy. If Hj_ is the projection of the intensity
of the homogeneous magnetic field on the figure plane
and /3 = H ^ / H c , then in the two l imiting c a s e s of weak
and s t rong homogeneous field the degree of p o l a r i z a -
tion t u r n s out to be

P = 1 -

7 \

V + l

(P « 1),

(P »

(3.36)

(3.37)

The second model cor responds to the situation
where t h e r e is no homogeneous field, but because of
the m o r e or l e s s regular c h a r a c t e r of the field (for
example, a mixture of dipole or toroidal f ields) c e r -
tain d i rect ions occur m o r e frequently than o t h e r s .
This case may be rea l ized in the d i s c r e t e s o u r c e s
of cosmic radio emiss ion. If the distr ibution of m a g -
netic fields over direct ion differs l itt le from isotropic,
while the intensity of the field H can be assumed to be
approximately constant in absolute value, then the d e -
gree of polarizat ion is

(3.38)

where ДН2 = H2 - H | is the difference between the av-
e r a g e s over the volume of the source of the squares
of the components of the magnetic field along two p e r -
pendicular d i rect ions in the figure plane; these d i r e c -
tions a r e chosen so that this difference i s a maximum.
Thus, for both models the d e g r e e of polar izat ion serves
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as a m e a s u r e of the anisotropy of the magnetic field in
the s o u r c e of radiat ion.

4. INFLUENCE OF COSMIC PLASMA ON THE PROP-

AGATION AND RADIATION OF ELECTROMAG-

NETIC WAVES

In m o s t of the c a s e s one m e e t s it may be assumed
that the magnetic b r e m s s t r a h l u n g develops and i s
propagated in vacuum, as we have assumed above.
This does not mean at all, however, that the effect of
the medium, and in p a r t i c u l a r the cosmic plasma, can
always be neglected.

On the contrary , the medium somet imes has a r a d i -
cal effect on the c h a r a c t e r of the e lect romagnet ic r a d i -
ation. Consider, for example, an osci l la tor (dipole)
vibrating in an i sotropic, non-absorbing p lasma, for
which the square of the index of re fract ion has the
form

5 ^ = i _ 3.18 • 109 ~-V =
та2 (02

- 8.06 • 107

( 4 . 1 )

where N e i s the concentrat ion of e lec t rons in the
p l a s m a . If the frequency of vibration of the osc i l la tor
ajj is significantly higher than the p l a s m a frequency

(4.2)

t h e o s c i l l a t o r i n t h e p l a s m a r a d i a t e s i n a p p r o x i m a t e l y

the s a m e way as in vacuum. But when u>i & ш0 the in-
fluence of the p l a s m a becomes decis ive, s ince for
cjj < OJQ the radiat ion is absent in genera l . This last
point is a lready c l e a r from the fact that when OJJ < ш0

the index п(о>^) becomes imaginary, and the field far
from the osc i l la tor i s damped so t h a t *

ecv) exp -i —

Another c h a r a c t e r i s t i c example is the radiat ion from
a uniformly moving e lectron: In vacuum this radiat ion
is absent, w h e r e a s in a medium it can occur—we a r e
speaking of Cerenkov radiat ion which appears when the
velocity of motion v exceeds the phase velocity of
waves in the medium Cp = c/n(w ). Formal ly we may
say that it is just the rep lacement of с by Cp = c/n(w )
that dist inguishes the theory of radiat ion in a medium
from the c a s e of a vacuum. In o r d e r to understand the
situation m o r e specifically we shall show that formula
(2.3) for the Doppler effect in the motion of a r a d i a t o r
in a medium becomes (cf.

(Oj

1 n (со) cos \

( 4 . 3 )

I n t h e e x p r e s s i o n s i n t h e d e n o m i n a t o r f o r t h e i n t e n s i t y

we must natural ly also r e p l a c e the factor 1 - (v/c ) cos ф

*Here, obviously, the field is assumed to be sufficiently small
so that we need not consider non-linear effects.

by 11 - (v/c )n cos ф | . This rep lacement is extremely
important because when ( v / c ) n ( w ) cos фц/с = 1, the
frequency (4.3) and the intensity go to infinity. Of
course , for observed quantit ies t h e r e is no divergence
if we take account of d i spers ion and some other fac-
t o r s (for example, absorpt ion) in actual c a s e s . But
the possibil ity of fulfilling this condition, which we
wri te in the form

n (со) v

a l r e a d y s h o w s v a r i o u s p o i n t s . F o r e x a m p l e , w h e r e a s

i n v a c u u m t h e f r e q u e n c y u> —• °° o n l y f o r v / c — 1, a n d

o n l y i n t h e d i r e c t i o n o f t h e v e l o c i t y o f t h e r a d i a t o r

( i .e . , for angle ф = 0; cf. (2.3)) in a medium OJ —» °°
on the cone ф = i/>0 (cf. (4.3), (4.4)). Condition (4.4) d e -
t e r m i n e s the direct ion of the Cerenkov radiation, i .e.,
the cone ф = ф0 i s the Cerenkov cone. This cone s e p a -
r a t e s the whole space of wave vector direct ions into
two p a r t s . Outside the cone (region of angles ф > ф0)
the Doppler effect i s n o r m a l . H e r e formula (4.3) dif-
fers from (2.3) only by the rep lacement of с by c/n,
while the physical p r o c e s s e s in the radiat ion occur
qualitatively just as in vacuum (for example, the r a d i -
ating atom goes from a higher energy level to a l o w e r ) .
Within the cone (when ф < фй) the Doppler effect is said
to be anomalous o r " s u p e r l u m i n a l . " Of c o u r s e , the
anomalous Doppler effect ex is t s only for motions with
" s u p e r l u m i n a l " velocity, i .e. , when v > c / n ( w ) . For
the anomalous effect we m u s t take the absolute value
of the denominator as we have wri t ten in (4.3) and as
is automatical ly obtained in a quantum o r c lass ica l
calculation. The physical feature of the radiat ion in
the region of the anomalous Doppler effect consis ts in
the fact that the radiat ion i s accompanied by the t r a n s -
ition, for example, of an atom from a lower energy
s ta te to a higher; for a c las s ica l osc i l la tor this c o r r e -
sponds to a jump of the vibration when the radiat ion
o c c u r s , whereas for the n o r m a l Doppler effect the
vibration of the osc i l la tor is damped as a resu l t of
radiat ion. (The i n c r e a s e of amplitude of oscil lation
during radiat ion o r , in quantum language, the t r a n s i -
tion of the sys tem to a higher energy s ta te , is a c -
companied by a reduction of the kinetic energy of
t rans la t ional motion of the rad ia tor , which guaran-
tees the satisfying of the laws of conservation of
energy and momentum; cf. '-53^.)

The influence of the medium on the radiation is e s -
sential ly different depending on whether n ( w ) > 1 or
n ( w ) < 1. If n(oj) < 1, as i s the case in an isotropic
p lasma (cf. (4.1)), then vn/c < 1 always, and the anom-
alous Doppler effect cannot occur . In this case , even
at the very highest energ ies , when v — c, the denomi-
nator in (4.3) does not tend to zero, and the radiat ion
does not have the features typical for the radiat ion of
u l t r a r e l a t i v i s t i c p a r t i c l e s in vacuum (cf. Sec. 2 .1) .
Thus, even when E / m c 2 — °° , the radiat ion is concen-
tra ted not within a cone with opening angle ~ m c 2 / E
(cf. (2.4)), but within the range of angles ф £ V 1 - n (
(for simplicity we a re assuming that 1 - n « 1; cf.
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(4.3)). From similar arguments one can easily see that
the effect of the medium is unimportant if

This condition i s also obtained, of c o u r s e , from a
di rec t calculation of the intensity of radiat ion in a
medium (cf. (4.24)). If, however, n > 1, then the r a -
diation i s very s i m i l a r in i ts p r o p e r t i e s to the r a d i a -
tion of u l t r a r e l a t i v i s t i c p a r t i c l e s in vacuum even when
v < c, namely in the vicinity of the Cerenkov cone.
Specifically, this means that the very highest f requen-
cies and the main fraction of the energy will be r a d i -
ated not along the direct ion of the instantaneous v e -
locity of the moving rad ia tor , but in the neighborhood
of the Cerenkov cone. Here we must say that when
dispers ion is taken into account (dependence of n on
u>), the situation becomes much m o r e complicated
since the Cerenkov angle ф0 itself depends on ш. All
we wished to do, however, was to emphas ize the fea-
t u r e s which occur for a r a d i a t o r moving in a medium.
This applies in p a r t i c u l a r to the magnetic b r e m s s t r a h l -
ung in a medium, which will be considered in Sec. 4.3.

Still the formulas for the magnetic b r e m s s t r a h l u n g
in vacuum in many c a s e s a r e reta ined completely. This
is explained by the low concentrat ion of the cosmic
p l a s m a . Thus, in interga lact ic space the influence of
the medium is unimportant over the whole radio range
(cf. the c r i t e r i a (4.26)). In the i n t e r s t e l l a r medium
(Ne £ 1) the formulas obtained for the vacuum also
can be used in a l a rge pa r t of the radio range , and the
situation is changed only for waves with wave length
A. £30—100 m e t e r s . The inclusion of the effect of the
medium is more important for the long wave pa r t of
the spec t rum of var ious d i sc re t e sources of radiat ion
and also in the solar corona and, in general , in s te l la r
a tmospheres .

The p r o c e s s of radiat ion of e lect romagnet ic waves
is d i rec t ly affected by the medium which i s in the v i -
cinity of the rad ia to r , in a region with dimensions of
the o r d e r of the wavelength in the medium, A
= 27гс/п(ш )w. But at d i s tances r » Л from the r a d i -
ator the wave field already is formed and " s t r i p p e d
off" f rom the s o u r c e . Thus the influence of the medium
on the radiat ion when r » \ can be t rea ted without
making any connections with the c h a r a c t e r and nature
of the radiat ion. Questions of this s o r t a r e usually
called p r o b l e m s of propagation of e lectromagnet ic
waves. Here we m u s t f i rst of all explain how the
amplitude ( intensi ty) and the s tate of polar izat ion
of a plane wave of the type

g = g 0 exp | — — xz + i — u>t J j

changes as it traverses a path L through some
medium.

The index of re fract ion n and the absorption index к
(absorpt ion coefficient ^ = 2OJK/C) depend on the p r o p -

e r t i e s of the medium and the frequency w of the r a d i -
ation. Here we have to deal with the most var ied con-
ditions, and t h e r e a r e no universa l formulae for all
media and all f requencies . Thus у r a y s with energy
E k, 10 1 1 eV may be absorbed in the cosmos as a resu l t
of the p r o c e s s у + у' —- e + + e~, i .e. , creat ion of p a i r s
from t h e r m a l photons (y')> which a r e p r e s e n t in space
as a r e s u l t of radiat ion from s t a r s . When 108 < E
< l l u eV, у r a y s a r e absorbed mainly because of p r o -
duction of p a i r s e + + e on nuclei and e lec t rons , while
for E < 10 eV we must also consider Compton s c a t -
ter ing . X r a y s and soft у r a y s a r e absorbed p r i m a r i l y
as the r e s u l t of photoeffects in a t o m s . In the optical
region the important effect is the absorption in atomic
t rans i t ions as well as in i n t e r s t e l l a r dust. Finally in
the radio region the absorption in the cosmos occurs at
the l ines of neutra l hydrogen (Л = 21 c m ) and, in p r i n -
ciple, in some other l ines, but in the r e s t of the spec-
t r u m is associated with the collision of e lec t rons with
protons in the cosmic p l a s m a . Later we shall r e s t r i c t
our t r e a t m e n t of the propagation of rad io waves in
p l a s m a and leave out of account the effects of neutra l
atoms (cf. Sec. 4 .1) , s ince this case is the most in-
teres t ing one in radioas t ronomy. F u r t h e r m o r e it i s
especially important to consider the reabsorpt ion of
the magnetic b r e m s s t r a h l u n g by the radiat ing r e l a t i v -
is t ic e lec t rons themse lves (Sec. 4.2).

4 . 1 . Propagation of Radio Waves in the Cosmic P l a s m a

The p r e s e n c e of magnetic fields in i n t e r s t e l l a r
space and general ly under cosmic conditions makes
the p l a s m a magnetoactive. The propagation of waves
in such a p l a s m a in general is strongly dependent on
the intensity of the constant magnetic field, the angle
between this field and the wave vector, e tc . (cf., for
example, E5 4]). However, if we do not consider s te l lar
a t m o s p h e r e s and, specifically, the so lar corona, under
cosmic conditions the influence of magnetic fields
shows itself only in a rotat ion of the plane of p o l a r i z a -
tion of the radio waves. The point is that the gyrofre-
quency O J ^ ' = 1-76 x 10 7 H (cf. (2.1)), even in a field
H ~ 10" 2 Oe, amounts to w $ J ~ 105, from which \ g '
= гтгс/ш^* = 1.07 x Ю4 H ~ 106 c m . Usually, however,
the field H in the cosmos is weaker, and consequently
the frequency wjf* is even s m a l l e r (for H ~ 10~5 we
already have Л.^' ~ 109 c m ) . Thus, even in the radio
region (especial ly in the region of m e t e r waves, which
a r e most widely used in rad ioas t ronomy) the frequency
of the radiation

•в > (4.5)

If this inequality is satisfied, the p l a s m a can be r e -
garded as pract ica l ly i sotropic (with index of r e f r a c -
tion (4.1)), except when we a r e computing the phase
difference between the ordinary and ext raord inary
waves. This difference (o j/c)(n 2 - n ^ L i s p r o p o r -
tional not only to the difference of the indices of r e -
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fraction n 2 -Гц °f the waves of the two types, but also
to the path length L. Therefore, obviously, even for
negligible values of | n 2 - n j | the phase difference may
become quite l a r g e . F r o m the general formulas for a
magnetoactive p l a s m a one can easi ly show that for
pract ica l ly all angles в between the constant magnetic
field H and the wave vector k, the propagation of
waves in the cosmic p l a s m a can be regarded as
" q u a s i - l o n g i t u d i n a l . " * As a resu l t , for the angle
Ф through which the plane of polar izat ion of the r a d i -
ation r o t a t e s in t r a v e r s i n g the path L, we may use
the formula

ourse lves to the c a s e where

2neh\'eH cos i L

= 0.93• 106 N*LHc05e = 2.36• 104 NeLHcos® .
C D 2 " • V 2

(4.6)

In the c a s e where the quantit ies H, N e , and 9 vary
along the line of sight but this change is smal l over a
wave length, we must r e p l a c e the product N e L H cos в

in (4.6) by an integral J N e H cos в dr , which is taken

along the line of sight. It is also of i n t e r e s t to con-
s ider the rotat ion of the polar izat ion and the d e p o l a r i -
zation of the radiat ion when t h e r e a r e var ious inhomo-
geneit ies along the line of sight (gas clouds, local in-
homogeneity of the magnetic field, e t c . ) , but we shall
not cons ider this h e r e (cf. E5 5]).

The inequality (4.5) may be violated in s te l la r a t -
m o s p h e r e s , and it frequently cannot be used in the
analysis of the propagation of radio waves in the solar
corona. In such c a s e s , one must use the very famil iar
genera l formulas for a magnetoactive p l a s m a . [53>233
Under cosmic conditions the absorption of rad io waves
usually is comparat ively smal l . Thus under the condi-
tion (4.5) in f irst approximation one can, for the a v e r -
age value of n, use the formula (4.1), and for * (or
n 2 —nj), use formula (4.6), in which absorption i s not
included. At the same t ime total absorption along the
line of sight may be important, and therefore one must
know the coefficient of absorption of radiowaves \x d u r -
ing thei r propagation through the cosmic p l a s m a .

The express ion for д depends on the rat io ш/ш0,
i.e., the ra t io of the frequency of the radiat ion to the
p l a s m a frequency (4.2). If we exclude the case of
s t e l l a r a t m o s p h e r e s , the e lectron concentrat ion in
the cosmic p l a s m a N e < 104 c m " 3 and consequently
ш0 < 5 x 10е (Ло = 27гс/ш0 > 3 x 104 cm = 300 m ) . Usu-
ally, however, N e 4 10 c m " 3 , w0 £ 105 and Ло £ 10 km.
At the same t ime, in radioast ronomy usually one uses
waves sho r t e r than 30 m e t e r s , and only with sate l l i tes
can one systematical ly c a r r y out measu remen t s at
longer wavelengths. C56>573 We shall therefore l imit

*The condition for "quasi-longitudinal" waves in this case has
the form (cf.[54], Sec. 37) u sin4 в/4 cos 2 в « 1, u sin2 в « 1,
yfi = шя/ю.ШЬепЛ = 2лс/ы = 10" cm and H ~ 10"5, the parameter
u - 10-12.

= 1 .77-10-*-^=-
У Ne

(4.7)

Under the condition (4.7) the absorption coefficient is
given by the express ion (the derivation for this for-
mula can be found in £54^, Sec. 37)

__ 2(0 _
c X ~ 3 /

-ln (2kT,\3/2
2.115e2m /2

ю-зд;
1 7 . 7 + l n (4.8)

where the e lectron t e m p e r a t u r e T e i s m e a s u r e d in °K
and v in Hz. ( formula (4.8) i s identical with formula
(35) given in paper E 2 23 ; we shall throughout drop the
subscr ipt on T e ) .

The absorption of radio waves, which we a r e con-
s ider ing occurs in the p r o c e s s of coll is ions of e l e c -
t r o n s with ions, i.e., in a p r o c e s s which is inverse to
b r e m s s t r a h l u n g . F o r m u l a (4.8) i s a purely c lass ica l
formula (the quantum constant R does not appear in
i t ) , s ince it applies to the frequency region satisfying
the condition

kT. (4.9)

F u r t h e r m o r e , in using c lass ica l theory to descr ibe the
coll is ions of an e lectron with an ion, it i s assumed that
eVfiv « 1, i .e., T « 3 x 105 d e g r e e s . If T k. meVkh"2

= 3 x 105 °K, then in (4.8) the logar i thmic t e r m has a p -
proximately the form In (V 3 x Ю 5 T/v). F o r T » 3
x 105 the factor In [ (2kT) 3 / 2 /2 .115e 2 m 1 / 2 w ] in (4.8)
is replaced by

In AkT
1.781ЛШ

W h a t w e h a v e s t a t e d , o f c o u r s e , d o e s n o t m e a n t h a t

f o r m u l a ( 4 . 8 ) c o u l d n o t b e o b t a i n e d b y q u a n t u m m e t h o d s

o r b y u s i n g v a r i o u s q u a n t u m p i c t u r e s , f o r e x a m p l e , t h e

E i n s t e i n r e l a t i o n s b e t w e e n t h e p r o b a b i l i t i e s o f s p o n t a -

n e o u s e m i s s i o n a n d a b s o r p t i o n ( c f . , f o r e x a m p l e , C 5 4 3) .

B u t f o r t h e m a j o r p a r t o f t h e p r o b l e m s of r a d i o a s t r o n -

o m y o n e c a n l i m i t o n e s e l f t o t h e c l a s s i c a l f o r m u l a ( 4 . 8 )

i f i t s c o n d i t i o n s o f v a l i d i t y a r e s a t i s f i e d .

K n o w i n g t h e a b s o r p t i o n c o e f f i c i e n t \x o n e c a n c o m -

p u t e t h e o p t i c a l t h i c k n e s s o f t h e g a s i n t h e d i r e c t i o n

c o n s i d e r e d

т = \ ix dr. (4.10)

If т » 1, then an ionized gas with t e m p e r a t u r e T (or ,
m o r e prec i se ly , with an electron t e m p e r a t u r e T e ) r a -
diates like a black body, i .e., the intensity of the radia-
tion under the condition (4.9) is

_ 2A-V2

(4.11)

In this c a s e the spect ra l index a, i .e., the exponent in
the relat ion Jv = const* v i s a = - 2 . For an a r b i -
t r a r y optical thickness
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Л. = -^-r e f f = 3.07-1

2.76-10-1'

eff erg
cm2 sec-Hz-sr

X2 (in meters) * e f f m2 mHz-sr '

where

(4.12)

(4.13)

When т « 1 (optically thin layer), according to (4.8)
and (4.10)

= const, a = 0 (4.14)

(the weak logarithmic dependence of (4.8) on frequency
v can usually be neglected). Thus the spectral index
of the thermal radiation varies within the range - 2
•< a < 0, while the effective temperature Teff < T.
These two facts permit one in principle to separate
out the thermal radiation of the medium from the non-
equilibrium radiation and in particular from the radia-
tion of the magnetic bremsstrahlung type.

4.2. Reabsorption of Magnetic Bremsstrahlung by
Relativistic Electrons

If the dimension of the region which is filled with
relativistic electrons is sufficiently large, one begins
to feel the effect of absorption of the magnetic brems-
strahlung by the relativistic electrons themselves.
This process of reabsorption leads to a redistribution
of the energy over the spectrum of the magnetic
bremsstrahlung of the system.

Let us determine the coefficient for absorption
(self-absorption) in an ultrarelativistic electron gas
which is in a magnetic field. Let N(p) be the distri-
bution function of the electrons in momentum space
and Jj, the intensity of the radiation in a given direc-
tion. The reduction in the number of quanta in the ra-
diation flux with intensity Jv associated with true ab-
sorption caused by transitions of electrons from state 1
with energy E -hv to state 2 with energy E is
Bj2N(p-Rk)J[/, where Hk is the momentum of a pho-
ton with frequency v = kc/27r and B12 is the Einstein
absorption coefficient. On the other hand, the number
of quanta in the flux increases as a result of stimu-
lated emission (transitions from state 2 to state 1) by
an amount B1 2N(p)J^. Thus the net change in number
of quanta per unit volume per unit time is

B21N (p) Jv - BnN (p - ftk) / v,

while the reabsorption coefficient, taking account of
all possible transitions, is

_ 1 dJv

= ^ {Bl2N(p-hk)-B21N (

We now make use of the Einstein relation

B2i = B12 = A2i jy^j-,

(4.15)

where the spontaneous radiation probability A21 is
equal to the number of quanta radiated by an electron
into unit solid angle per unit time in the absence of ex-
ternal radiation. We assume the radiation to be occur-
ring in vacuum, i.e., we set the index of refraction
equal to unity.

Since, for ultrarelativistic electrons, the radiation
is concentrated in the direction of motion and its power
p(v) = p(v, E) is given by (2.21), on substitution in
(4.15) we should set A21d£2 = p(v, E)/hi>. Then, taking
account of the fact that p and к are parallel,

p - —
c

Here for simplicity we assume the distribution of elec-
trons to be isotropic; but we may take N(p - (hv/c))
to be the distribution function per unit solid angle for
the direction k. If we consider that the only transi-
tions having significant intensity are those with hv
« pc, we may set

hi
с

N(p)-N(p —

A s a r e s u l t , e x p r e s s i o n ( 4 . 1 5 ) t a k e s t h e f o r m

hy_dN_
с dp

W e n o w g o o v e r f r o m t h e s p e c t r u m i n m o m e n t u m

s p a c e t o t h e e n e r g y s p e c t r u m of t h e e l e c t r o n s u s i n g

t h e e q u a t i o n s E = c p a n d N ( p ) 4 7 r p 2 d p = N ( E ) d E ,

w h e r e t h e e l e c t r o n s a r e a s s u m e d t o b e d i s t r i b u t e d

i s o t r o p i c a l l y . E x p r e s s i o n ( 4 . 1 6 ) n o w b e c o m e s

«2
( 4 . 1 7 )

Then for the power spectrum N(E) = KE У we get
(cf. (2.21) and (3.25))

Y+2 Y+4
2 (4.18)

where the coefficient g(y) which depends on the index
of the energy spectrum is equal to

Values for the coefficient g(y) are given in Table III.

Table Ш

Y

g(y)

1

0.96

2

0.70

3

0.65

4

0.69

5

0.83

Substituting numerical values in (4.18) we have
Y+2

цг = g(y) 0.019 (3.5 -
Y+4

2 (4.20)

Taking account of reabsorption, for example, for a
homogeneous radiating layer of thickness L,
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Jv оэ [ p (v) e - w dr = - ^ - (1 — e-^ L ) .

If the depth of the radiat ing region L » 1/цг>
 t h e

spect ra l dependence of the emerging radiat ion will
have the form

/ v OO pv/(i r CND V
Y-l Y+4

2 = V5/*. (4.21)

As we see, this dependence is different from the f r e -
quency dependence of the equil ibrium t h e r m a l r a d i a -
tion of an optically thick layer, which is proport ional
to the square of the frequency. This difference is r e -
lated to the fact that the assumed power s p e c t r u m of
the e lec t rons is not an equil ibrium s p e c t r u m .

4.3. Magnetic B r e m s s t r a h l u n g in a Medium ( P l a s m a )

In Sec. 4.1 we have a lready discussed qualitatively
the effect of the index of refract ion of the medium on
the p r o c e s s of radiat ion of e lect romagnet ic waves. We
now must dwell on the quantitative inclusion of the ef-
fect of the medium on the intensity of the magnetic
b r e m s s t r a h l u n g . In the cosmos, under the condition
(4.5), we may a s s u m e the p l a s m a to be isotropic and
use formula (4.1) for n, with n < 1. This is just the
case which we will consider . More general ca lcula-
tions [2 3>5 8] a r e needed, for example, for the solar a t -
m o s p h e r e where the frequencies oi and ojjj' = eH/mc
may be comparable to one another.

The computation of the power radiated by an e l e c -
tron moving in a magnetic field in a medium with n < 1
is analogous to the computation mentioned above for
motion in vacuum, and under the condition 1 - n « 1
gives the following express ion for the spect ra l density
of the power of the radiat ion

P (v) ^ V 3 г" ; 1 т ( 1 - п - ) 1 -Аг i
' v ' ' me1 1. x ' \ me- J J

X

where

Къ,3(ц)(1г\, (4.22)

(4.23)

We see from (4.22) and (4.23) that the medium has a
strong influence on the radiat ion only under the con-
dition

If, however,

1 - n2 < (
V к

(4.24)

the influence of the medium can be neglected (this
same c r i t e r i o n was obtained in section (4.1)). Using
express ion (4.1) for the index of refract ion in a plasma,
the inequality (4.24) can be wri t ten in the form of a

condition on the frequency interval for which the influ-
ence of the medium is not appreciable:

Ne
e

ecNe (4.25)

where the characteristic frequency VQ is determined
by the expression (2.16). In order for the effect of the
medium to be negligible over the main interval of fre-
quencies of the magnetic bremsstrahlung v ~ vc, it is
necessary that the criterion

v > vn = AecNe 20- (4.26)

be satisfied. Based on this condition one can easily
verify the validity of the statement made at the begin-
ning of Sec. 4, that it is possible in most cases occur-
ring in the cosmos to neglect the effect of the medium
on the intensity of the magnetic bremsstrahlung.

5. SOME APPLICATIONS OF THE THEORY OF MAG-
NETIC BREMSSTRAHLUNG TO ASTROPHYSICS

5.1. General Remarks

The theory of magnetic bremsstrahlung has a very
extensive and rapidly increasing region of application
in astrophysics. This fact is explained by two circum-
stances which have become clear during the last ten
to fifteen years.

First of all, relativistic particles, and in particular
relativistic electrons, occur under cosmic conditions
not as an exception, but as a rule. Their appearance
is caused by the fact that in a moving or turbulent
plasma there are practically always various instabili-
ties and various accelerating mechanisms.

Second, as a rule there are magnetic fields in the
cosmos. Their occurrence is also related to instabili-
ties, in this case to the instability of the motion of a
conducting medium (cosmic plasma) in the absence
of magnetic fields. In other words, the blowups of
various oscillations and turbulences (in the broad
sense of this concept) leads on the one hand to the
appearance of "superthermal" particles and gener-
ally insures the injection of fast particles. On the
other hand, the production of a turbulent plasma, es-
pecially in the absence of collisions, means precisely
that in it there are blowups, and different electromag-
netic " n o r m a l " waves are propagated, including the
low frequency waves which are called magnetohydro-
dynamic waves. The appearance in a plasma of dif-
ferent motions leads to the "twisting" of the force
lines, i.e., an increase in intensity of the magnetic
field.

The question of what level the energy density of
relativistic particles (cosmic rays) reaches and how
high the magnetic field rises does not become com-
pletely clear and in general under nonequilibrium
conditions we cannot give an entirely general answer.
But apparently, in the cosmos, one frequently has
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conditions which a r e c lose to quasi-equil ibr ium, when

«"с. - l ^ - - ^ 1 . (5.1)
K = '~

•v-i
V Л ~ 2 "a (y) LH V6.26-1018Я

H e r e w c r i s the density of energy of cosmic r a y s ,
Н2/87г is the energy density of the field, and pa2/2 is
the density of kinetic energy of chaotic ( turbulent)
motion of the gas .

The p r e s e n c e of re la t iv i s t ic e lec t rons and magnetic
f ie lds—these a r e n e c e s s a r y and also pract ical ly suffi-
cient conditions for the appearance of magnetic b r e m s -
strahlung. As we have already pointed out in the I n t r o -
duction, and as is very well known, the magnetic
b r e m s s t r a h l u n g p r o c e s s accounts for the radiation
and, especially, the radio emiss ion of a very la rge
number of cosmic objects .

The p r i m a r y u s e of the theory of magnetic b r e m s -
strahlung cons is t s in drawing conclusions about r e l a -
t ivist ic e lec t rons and magnetic fields in the s o u r c e s of
radiat ion on the bas i s of m e a s u r e m e n t s of the intensity,
spect rum, and polar izat ion of cosmic radiat ion. An-
other application is associated with the analysis of the
changes in intensity of the radiat ion of the source, r e -
absorption, depolarization, and rotat ion of the plane of
polarizat ion of magnetic b r e m s s t r a h l u n g , for the p u r -
pose of determining var ious p a r a m e t e r s , (for e x a m -
ple, e lect ron concentrat ion), charac ter iz ing both the
s o u r c e of radiation itself as well as the medium on
the path from the source to the ear th .

It would be impossible and u s e l e s s to d i scuss in
detail , within the framework of the p r e s e n t paper, the
var ious methods and poss ibi l i t ies for using the theory
of magnetic b r e m s s t r a h l u n g . Our problem is much
m o r e p r o s a i c , to point out some of the most important
re la t ions and formulas which allow one to make typical
calculat ions.

5 . 2 . E l e c t r o n i c C o m p o n e n t o f C o s m i c R a y s i n E x -

t e n d e d a n d D i s c r e t e S o u r c e s o f R a d i o E m i s s i o n

Q u i t e f r e q u e n t l y o n e d e a l s w i t h a s i t u a t i o n w h e r e

t h e s p e c t r u m o f t h e r a d i a t i o n i n a g i v e n r e g i o n of f r e -

q u e n c i e s c a n b e r e g a r d e d t o s u f f i c i e n t a c c u r a c y a s a

p o w e r l a w , i . e . , 3V ~ v~a. W e f u r t h e r m o r e a s s u m e

t h a t f r o m s o m e a r g u m e n t s ( p r e s e n c e o f p o l a r i z a t i o n ,

v e r y h i g h e f f e c t i v e t e m p e r a t u r e , o r c o n s i d e r i n g t h a t

f o r t h e t h e r m a l r a d i a t i o n a < 0 ) w e a r e s u r e t h a t

t h e r a d i a t i o n i s o f m a g n e t i c b r e m s s t r a h l u n g o r i g i n .

Then, as we see from (3.32) one immediately d e t e r -
mines the exponent у in the differential energy s p e c -
t r u m of e lec t rons N ( E ) = KE~^. Namely

Y = 2a + 1. (5.2)

If the magnetic field in the radiat ing region is a s -
sumed on the average over the line of sight to be r a n -
dom in direction and equal to H, then from formula
(3.30) we have

a{y)L

V+3

H e r e

т —

(5.3)

(5.3')

the path length L is m e a s u r e d in cm, H in oers ted, v
in Hz, T eff in d e g r e e s , and К in erg~^- c m " 3 . We
r e c a l l fu r thermore that N ( E ) d E = K E ' ^ d E is the
number of e lectrons p e r unit volume ( c m 3 ) in the
energy interval E to E + dE. F u r t h e r m o r e , the d i s -
tribution of e lec t rons along the l ine of sight (path L)
i s assumed to be i sotropic and homogeneous. F o r an
inhomogeneous distr ibution, other things being un-
changed, KL in (3.30) and (5.3) is replaced by

Г К d r . As for the assumption that the e lectrons

a r e i sotropic, it i s used in the derivation of formulas
(3.30) and (5.3) s ince it i s assumed that the d i s t r ibu-
tion of e lectrons over direct ion does not depend on the
direct ion of the vector H at a given point in space. If,
however, the field in the radiat ing region can be a s -
sumed to be uniform (in p a r t i c u l a r , on the bas is of
polarizat ion m e a s u r e m e n t s ) , then one should use for-
mula (3.26). In deriving this formula the assumption
of isotropy was, in fact, not made. The only thing n e c -
e s s a r y was that the distr ibution over direct ion vary
slightly within the l imits of the cone with opening angle
~ mc 2 yE along the line of sight.

If the spect rum is a power spectrum with v\ < v
^ vt, then according to formulas (3.34) we can d e t e r -
mine the values of the energy E t and E 2 between which
the e lectron spect rum also can be taken to be a power
law. For a rough es t imate it is convenient to use the
simple re lat ion (2.23) between E and v = y m for mono-
energet ic e l e c t r o n s .

We r e m a r k that information on the quantity у = 2 a + 1
can also be obtained from polar izat ion m e a s u r e m e n t s
(cf. (3.28)) so long as depolarizing factors can be a s -
sumed to be absent, as is the case for sufficiently high
frequencies for radiation in a quasi-uniform field. Un-
fortunately, this la t ter condition occurs only as an ex-
ception in the cosmos.

If the spect ra l index a i s unknown o r if one wants
to obtain a lower l imit for the total number of re la t iv-
istic e lec t rons , one should use formula (3.22) for mono-
energet ic e lec t rons , according to which (cf. also (2.25)
and (2.26))

^ » w e , . (5.4)

Here it is assumed that for all e lec t rons the maximum
in the radiat ion spect rum occurs at the observed f r e -
quency v, i .e., the i r energy is determined by e x p r e s -
sion (2.23), while the spectra l density of the power of
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the radiat ion is given by express ion J2.24) . In the i s o -

t ropic c a s e when H]_ = % H2, while N(k) = NL/4TT, the

concentrat ion of re la t iv i s t ic e lec t rons according to

(5.4), i s equal to

-7 v(k) =
LH

(5.5)

When one cons iders d i s c r e t e s o u r c e s , then usually
the m e a s u r e d quantity is not the intensity Jv, but the
spectra l density of the flux of radiat ion

cp v = \JvdQ, (5.6)

where the integrat ion is taken over all solid angle o c -
cupied by the s o u r c e . If the l inear s ize of the source
L is smal l compared to the dis tance R to it, while the
absolute value of the magnetic field intensity and the
concentrat ion of re la t iv i s t ic e lec t rons can be as sumed
to be approximately constant over the volume of the
source, we have from (5.6) and (3.30)

Q v =1.35-10- 2 2 a( Y ) KVH 2
).26-1018

v-l
2 (5.7)

where V is the volume of the s o u r c e (for a spher ical
source obviously V = 7rL3/6).

Express ing К in t e r m s of the spect ra l density of
the flux of radiat ion Ф^ observed at some frequency v,
we get

# = • " ' • • " " " " " "

a (Y) HV 6.26-1018Я

F r o m t h i s o n e c a n d e t e r m i n e t h e t o t a l n u m b e r o f r e l a -

t i v i s t i c e l e c t r o n s i n t h e e n e r g y i n t e r v a l ( E j , E 2 ) :

\
.)

El
Я L V,

V-l
2

X | l -

y-1
2 (5.9)

Here E 4 and E 2 a r e the l imi t s of the energy interval
in which the e lect ron spect rum has the form KE~^.
The frequencies v\ and v2 a r e re la ted to El and E 2

according to (3.34); in the frequency interval (v\, v2)
the spect rum of the radiat ion will be a power law with
index a = ( y - l ) / 2 (cf. Sec. 3.3). Since usually v±
« v2 and y 2 ( y ) < y i ( y ) . for у > 1 the number of e l e c -
t r o n s is determined pract ical ly only by the lower l imit
of the frequency interval and is equal to

* < < > ^ = < £ ^ ) ^ [ ^ ] 2 • ( 5 - 1 0 )

T h e v a l u e s o f t h e f a c t o r s a ( y ) a n d y j ( y ) a r e g i v e n i n

T a b l e I I .

S i m i l a r l y w e c a n r e p r e s e n t t h e t o t a l e n e r g y o f t h e

e l e c t r o n s i n t h e s o u r c e r e s p o n s i b l e f o r r a d i a t i o n i n

t h e o b s e r v e d i n t e r v a l o f f r e q u e n c i e s c j < v < ^ a s

(5.11)

w h e r e

A ( y , v ) =

2 . 9 6 - 1 0 1 2

( Y - 2 ) a ( Y )

v v 2 f
y i ( y )

r M v )

i№> (Y)

Y)v"l

v-1

V l J
Y-2

Lj/,(Y)v2
f o r

f o r Y = 2 ,

^ ] V ) f o r ^ : Y < 2 .

( 5 . 1 2 )

5 . 3 . C o s m i c R a y s a n d M a g n e t i c F i e l d s i n D i s c r e t e

S o u r c e s o f M a g n e t i c B r e m s s t r a h l u n g

T h e f o r m u l a s ( 5 . 3 ) , ( 5 . 8 ) , a n d ( 5 . 1 1 ) g i v e n a b o v e

p e r m i t o n e t o d e t e r m i n e t h e e l e c t r o n c o n c e n t r a t i o n

a l o n g t h e l i n e of s i g h t i n a n e x t e n d e d s o u r c e ( f o r e x -

a m p l e , i n t h e g a l a c t i c h a l o ) o r t o d e t e r m i n e t h e t o t a l

e n e r g y o f r e l a t i v i s t i c e l e c t r o n s i n a d i s c r e t e s o u r c e

from the known Ф„ and R only if we know the field H.
Unfortunately, t h e r e a r e st i l l no re l iable, independent
methods for es t imating the s t rength of the magnetic
field in s o u r c e s , and there fore in calculating W e one
must make additional assumptions .

As the bas ic assumption of this sor t , one usually
a s s u m e s that the energy of the magnetic field in the
source, WJJ = ( H 2 / 8 T T ) V , and the energy of re la t iv i s t ic
p a r t i c l e s (cosmic r a y s , including re lat iv i s t ic e l e c t r o n s )
W c r # , in f irst approximation a r e equal to one another.
Actually, this assumption corresponds to a minimum
total energy of the sys tem of field and p a r t i c l e s for a
given power in the magnetic b r e m s s t r a h l u n g . More
precise ly , the minimum of the total energy of the r e l a -
t ivist ic e lec t rons (5.11) and the magnetic field in the
source, i .e. , the minimum of the quantity W = W e + Wjj
= CjH~3/2+ C 2H 2, where C t and C2 a r e coefficients in-
dependent of H, o c c u r s when WJJ = 3/ 4W e. (A s imi la r
resu l t , WJJ = 3/4WC i I. f, is also obtained using the for-
mula (5.14) below, so long as /cr i s independent of H.)
We note f u r t h e r m o r e that a magnetic field with an en-
ergy density significantly l e s s than the energy density
of the re la t iv i s t ic p a r t i c l e s could not re ta in the r e l a -
tivist ic p a r t i c l e s within the l imited volume of the
s o u r c e . As a resu l t , the outflow of p a r t i c l e s from the
sys tem itself would probably lead to a s tate of e n e r -
getic quasi-equi l ibr ium between the magnetic field and
the re la t iv i s t ic p a r t i c l e s . Thus, it s e e m s quite r e a s o n -
able to a s s u m e that in the source

WH = KHWC.T., (5.13)

where кц i s a numer ica l coefficient of o r d e r one.
Since the data on radio observations p e r m i t one to

judge only the number and energy of e lec t rons in the
source, to de termine the total energy of all re lat iv i s t ic
p a r t i c l e s one must also establ ish a re lat ion between
this quantity and the energy of re lat iv i s t ic e lec t rons
We. Any sor t of re l iable method for es t imating the
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fraction of relativistic electrons in the total energy of
relativistic particles does not exist at present, and so
one must introduce some proportionality coefficient
between the energies of all cosmic rays in the source
and the energy of the relativistic electrons:

Wc.r.=xrWe. (5.14)

Usually one assumes that the proportionality coeffi-
cient is of order кг = 100. The choice of this value is
to a large extent arbitrary, but a basis for it may be
the relation between cosmic rays and electrons in the
galaxy and in some radio nebulae (for example, in
Cassiopeia A, ef. E69]).

Under these assumptions, from the observed flux
of radio emission one can directly determine both the
magnetic field intensity and the total energy of cosmic
rays and electrons in the source, if one knows the
spectrum, the angular diameter, and the distance of
the source. In fact, from (5.11), (5.13), and (5.14) it
follows that

Then

(5.15)

(5.16)

where A(y, v) is determined by expression (5.12),
V = (7r/6)L3 and <p = L/R is the angular diameter of
the source. Then the total energy of cosmic rays in
the source is equal to

5.4. Emission Spectrum and Characteristics of Dis-
crete Sources

We assumed above (in Sees. 5.2 and 5.3) that the
spectrum of the radiation and the corresponding spec-
trum of the electrons followed power laws. Of course,
such an assumption has only a limited validity, and
actually the spectra of all sources somewhere deviate
(kink or pile up). The study of the reasons for the
change in spectral index is a matter of overwhelming
interest since it discloses possibilities for determin-
ing various parameters of the sources.

The inclusion of all possible factors makes the pic-
ture very difficult to see through. It is, therefore,
natural to restr ict oneself to two of the more frequent
formulations of the problem.

Within the framework of one of these, we assume
that the electrons radiate in vacuum, and that their
radiation is propagated without distortion, that the
spectrum of electrons no longer is assumed to be a
power law, and in general is not assigned beforehand.
In this case, the problem consists in (based on some
specific pictures) determining the nature of the energy
spectrum of the electrons and the corresponding fre-
quency spectrum of the magnetic bremsstrahlung.

In the second formulation of the problem, the elec-
tron spectrum will be assumed to be given (a power
law in the simplest case), but the effect of the medium
in the process of radiation and propagation of electro-
magnetic waves will not be neglected. Here the prob-
lem reduces to explaining the nature of the changes in
the frequency spectrum, polarization, and intensity of
the radiation caused by the influence of the medium.

Let us look at the first formulation of the problem,
i.e., let us consider the factors determining the char-
acter of the energy spectrum of ultrarelativistic elec-
trons. If for simplicity we assume the distribution of
electrons to be isotropic, for which there is a justifi-
cation in some cases, then this distribution is com-
pletely characterized by the function N(e, r, t) giving
the number of electrons per unit volume and unit en-
ergy interval at the time t. When we include spatial
diffusion, energy losses and the contributions from
sources of electrons, the function N = N(E, r , t ) sat-
isfies the equation

dN -DAN д r, t). (5.18)

Here D is the diffusion coefficient for electrons, b(E)
= dE/dt is the rate of change of the energy of the elec-
trons as a result of continuous loss due to radiation
and collision (this term by necessity includes the sys-
tematic acceleration of the particles in the variable
magnetic field), T is the lifetime of the electrons with
respect to catastrophic losses, for example, radiation
with large energy transfer in one collision, Q (E, r, t )
is the strength of the sources (number of electrons
emerging per unit time) taken per unit volume and unit
energy interval.

In applications to the general, non-thermal emission
of the Galaxy, in first approximation it is natural to
limit oneself to the stationary picture, setting N
= N ( E , r ) and Q = Q ( E , r ) in (5.18). Here it is as-
sumed that over the last (1—3) x 108 years (the life-
time of cosmic rays in the galaxy), the galaxy has
changed very little. In particular, if during this time
there have occurred, as is assumed in paper t6 0^, ex-
plosions of the galactic nucleus, we assume that they
led to no significant change in intensity of relativistic
particles (cosmic rays and electrons) in the galaxy.
For such a stationary model, the spectrum and distri-
bution of electrons in the galaxy was determined by
means of Eq. (5.18) in C61-623. In C"H the spectrum of
the sources was assumed to be a power law with index
y = 2 , while in £623 the source of relativistic electrons
was taken to be the process of generation of electrons
in the collisions of cosmic rays with the nuclei of the
interstellar gas, i.e., the electrons were assumed to
be secondary with respect to the proton and nuclear
components of cosmic rays. In papers C61>62] spatial
diffusion and continuous loss of energy for the elec-
trons were taken into account.

The spectrum of secondary electrons in the galaxy
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was also calculated in ^63J for a spatially homogeneous
stationary model where N = N(E ) (diffusion was not
considered, but to estimate the outflow of particles, in
(5.18) T was taken to be the time T e for diffuse
emergence of particles from the galaxy).

If we include all these various factors (non-power
spectrum, of electron sources, energy losses, and dif-
fusion), the spectrum of electrons no longer, of course,
can be a power law if we are not considering individual
small regions. Thus, to calculate the spectral intensity
of the magnetic bremsstrahlung, one must use the gen-
eral expression (3.20), which, for an isotropic distri-
bution of electrons in a field H which is random in
direction, takes the form

For losses of energy due to magnetic bremsstrahlung
and Compton effect, b(E) ~ E2 (cf. (2.10)); therefore
the spectrum (5.24) has the form N(E) = KE~Y, where
the index is

•/„ = / 3 dr [ dEN(E,r)H(r)Cb(v/v0). (5.19)

Here

while the function (cf.

Ф (0 -

3etf
\ me

K
Vt

(5.20)

P (i)
(5.21)

gives the spectral distribution of the radiation from an
electron, averaged over all angles в, between its ve-
locity and the field H. Thus, for example, the spectral
density of the power of radiation from electrons with
energy E (monoenergetic spectrum) and an isotropic
distribution in the chaotic field is equal to

(5.22)

where p^ is the spectral density (2.21) of radiation of
an electron moving at an angle 9 to the magnetic field.

In the problems considered in C62>633 the reason for
the non-power nature of the spectrum of the radiation
was primarily the non-power spectrum of the sources
of electrons. However, even in the case of a power
spectrum of the sources, ^61^ the character of the spec-
trum of the electrons (and consequently also the spec-
trum of the radiation) may be changed drastically as a
result of energy losses.

This can be easily seen on the example of a station-
ary homogeneous problem where N = N(E ). In this
case, the solution of (5.18) has the form (cf. C34>G13; it
is assumed that b(E) < 0, i.e., there is no acceleration
of particles, or it is less important than the losses )

l { S v m } ^ ( 5 - 2 3 )

E Bo
If there are no catastrophic losses (T = °° ), and the

sources have a power spectrum of the form Q(E0)
= QoE^Yo, then from (5.23) we get

(5.24)

= Yo+l- (5.25)

In the case of radiation losses, if we assume ap-
proximately that these losses are continuous, then
b(E) ~ E and, as is clear from (5.24)

= Yo- (5.26)

For ionization losses (loss in collision with particles
of the medium) b(E) for ultrarelativistic electrons
depends only logarithmically on energy. This depen-
dence can be neglected in first approximation and then

Y = Yo-l. (5.27)

In various parts of the energy spectrum usually
losses of different types predominate (ionization
losses at low energies, magnetic bremsstrahlung and
Compton losses at high energies). Therefore even for
a power law over the whole range of the energy spec-
trum of the sources, the spectrum of the electrons will
not be of this type.

Now let us consider the non-stationary case which
apparently applies to such discrete sources of radio
and optical magnetic bremsstrahlung as the radio
galaxies, exploding nuclei of galaxies, and supernovae.
In the non-stationary case, the spectrum of the elec-
trons is determined by the expression (cf. E34>61^)

(5.28)

A detailed analysis of this expression for the case of
magnetic bremsstrahlung losses was given in ^64^.
However, the main consequences can already be ob-
tained from the expression for the magnetic brems-
strahlung loss (2.10). In this case b(E)= -P(E)
and integrating the equation

dE
dt = - P (£)= — p£2,

where

we get

E =

(5.29)

(5.30)

where Eo is the energy of the electron at time t = 0.
It then follows that the energy of the electron decreases
by a factor of two during the time

1 M =
5.1-108 mc2
—Hi E^sec- (5.31)

Furthermore, as is clear from expression (5.30), for



696 V. L . G I N Z B U R G a n d S. I . S Y R O V A T - S K I I

any initial energy of the e lectron, at t ime t i t s energy
does not exceed the value

5.1-10"
- о т с 2 = 2.6-10" eV. (5.32)

T h e r e f o r e , if t h e g e n e r a t i o n of e l e c t r o n s in t h e s o u r c e

c e a s e s a t t = 0, t h e n a f t e r t i m e t o n e w i l l o b s e r v e i n

t h e e l e c t r o n s p e c t r u m a s h a r p d r o p a t t h e e n e r g y , d e -

t e r m i n e d b y t h e e x p r e s s i o n (5.32) . T h i s d r o p wi l l c o r -

r e s p o n d in t h e f r e q u e n c y s p e c t r u m of t h e m a g n e t i c

b r e m s s t r a h l u n g t o a s h a r p e d g e a t f r e q u e n c i e s (cf.

(1.23))

о л 4П23

^ H z . ( 5 . 3 3 )

If, h o w e v e r , t h e s o u r c e i s " s w i t c h e d o n " a t t i m e

t = 0 a n d i s s t a t i o n a r y s t a r t i n g f r o m t h a t m o m e n t , t h e n

in t h e e n e r g y r a n g e E > l//3t o n e c a n h a v e a s t a t i o n a r y

s p e c t r u m d e v e l o p e d , w h i c h , i n t h e c a s e of a p o w e r law

f o r t h e s o u r c e s , w i l l h a v e t h e e x p o n e n t (5 .25) . F o r

E < l//3t t h e s p e c t r u m wi l l d i f fer v e r y l i t t l e f r o m t h e

s p e c t r u m of t h e s o u r c e s , s i n c e t h e l o s s e s in t h i s e n -

e r g y r e g i o n a r e s m a l l , a c c o r d i n g t o (5.31) . T h u s , t h e

q u a n t i t i e s E m ( t ) and » m [ E m ( t ) ] (cf. (5.32) a n d (5.33))

i n t h i s c a s e d e t e r m i n e t h e p o s i t i o n of t h e k i n k i n t h e

e n e r g y s p e c t r u m of t h e e l e c t r o n s and i n t h e p a r t i a l

s p e c t r u m of t h e i r r a d i a t i o n , r e s p e c t i v e l y .

In a c e r t a i n s e n s e an a n a l o g o u s s i t u a t i o n a l s o h o l d s

i n t h e s t a t i o n a r y c a s e , w h e n w e i n c l u d e di f fus ion e m e r -

g e n c e of p a r t i c l e s f r o m t h e r a d i a t i n g r e g i o n . In t h i s

c a s e , t h e r o l e of t h e t i m e t i s p l a y e d b y t h e e f f e c t i v e

t i m e of d i f fuse e m e r g e n c e T e = L 2 / 2 D w h e r e L i s t h e

s i z e of t h e r e g i o n and D t h e d i f fus ion c o e f f i c i e n t . F o r

p a r t i c l e s w i t h e n e r g i e s E » E c , w h e r e

W
( 5 . 3 4 )

t h e s p e c t r u m w i l l b e d i s t o r t e d b y t h e e f f e c t o f l o s s e s

a n d , f o r e x a m p l e , f o r s o u r c e s w i t h a p o w e r s p e c t r u m ,

w i l l h a v e a n e x p o n e n t ( 5 . 2 5 ) , w h e r e a s f o r E < E c t h e

s p e c t r u m w i l l d i f f e r l i t t l e f r o m t h e s p e c t r u m o f t h e

s o u r c e s . A c c o r d i n g l y , i n t h e f r e q u e n c y s p e c t r u m o f

t h e r a d i a t i o n , i n t h e r e g i o n o f f r e q u e n c i e s

v ~ v m (Ec) =
3 , 1 - 1 0 2 3

ЩТ1 Hz (5.35)

o n e wi l l o b s e r v e a k i n k . T h u s t h e a n a l y s i s of s i n g u -

l a r i t i e s in t h e f r e q u e n c y s p e c t r u m c a n g ive v a l u a b l e

i n f o r m a t i o n a b o u t t h e a g e of s o u r c e s , d i f fus ion c o e f f i -

c i e n t , e t c .

F o r a g i v e n f o r m of t h e e n e r g y s p e c t r u m of t h e

e l e c t r o n s , a c h a n g e i n i n t e n s i t y of t h e m a g n e t i c b r e m s -

s t r a h l u n g m a y b e c a u s e d b o t h by t h e outf low of e l e c -

t r o n s f r o m t h e r a d i a t i n g r e g i o n , a s w e l l a s by t h e

c h a n g e i n d i m e n s i o n s of t h e s o u r c e of r a d i a t i o n , for

e x a m p l e d u e t o t h e e x p a n s i o n of a r a d i a t i n g n e b u l a . ^ 6 5 ^

L e t u s c o n s i d e r in m o r e d e t a i l t h e c h a n g e in i n t e n s i t y

of r a d i a t i o n w h e n t h e d i m e n s i o n s of t h e r e g i o n o c c u p i e d

by r e l a t i v i s t i c e l e c t r o n s a n d m a g n e t i c f ie ld c h a n g e s .

H e r e w e s h a l l a s s u m e t h a t t h e r e i s n o i n j e c t i o n o r

" p u m p i n g i n " of e n e r g y t o t h e r e l a t i v i s t i c p a r t i c l e s .

S i n c e , u n d e r c o s m i c c o n d i t i o n s , t o h i g h a c c u r a c y ,

w e s a t i s f y t h e c o n d i t i o n f o r f r e e z i n g i n of f o r c e l i n e s ,

i . e . , c o n s e r v a t i o n of m a g n e t i c flux t h r o u g h a m a t e r i a l

c o n t o u r , for a u n i f o r m e x p a n s i o n

H (5.36)

w h e r e L i s t h e s i z e of t h e s o u r c e of r a d i a t i o n . A r e -

d u c t i o n of t h e m a g n e t i c f ie ld l e a d s t o a n a d i a b a t i c

" c o o l i n g " of t h e p a r t i c l e s , n a m e l y t h e e n e r g y of a

r e l a t i v i s t i c p a r t i c l e in t h e i s o t r o p i c c a s e c h a n g e s

a c c o r d i n g t o t h e l a w

• L'1. (5.37)

T h i s r e l a t i o n i s e a s y t o o b t a i n b y t a k i n g a c c o u n t of t h e

c o n s e r v a t i o n of t h e a d i a b a t i c i n v a r i a n t pj^/H in a

s l o w l y v a r y i n g m a g n e t i c f i e l d . H e r e pj_ i s t h e c o m -

p o n e n t of t h e m o m e n t u m of a p a r t i c l e p e r p e n d i c u l a r

t o H w h e r e p = E / c ; if in t h e p r o c e s s of e x p a n s i o n

t h e i s o t r o p i c d i s t r i b u t i o n of t h e p a r t i c l e s i s m a i n -

t a i n e d , t h e n p]^ = 2 / 3 p 2 .

F u r t h e r m o r e , in t h e e x p a n s i o n t h e n u m b e r of p a r -

t i c l e s d o e s n o t c h a n g e , b u t t h e y g e t sh i f ted t o s o m e

o t h e r e n e r g y i n t e r v a l . T h u s

VN (E) dE = VKE~y dE = const,

from which with V •» L 3 and E •» L" 1 , we get

К „ Г — ( Y + 2 ) / E Q Q \

C o n s e q u e n t l y , t h e f l u x o f r a d i a t i o n f r o m a d i s c r e t e

s o u r c e , a c c o r d i n g t o ( 5 . 7 ) a n d ( 5 . 3 6 ) — ( 5 . 3 8 ) , c h a n g e s

w i t h t h e s i z e o f t h e s o u r c e a c c o r d i n g t o t h e l a w

F r o m t h i s , f o r e x a m p l e , f o r a n e b u l a e x p a n d i n g w i t h a

r a d i a l v e l o c i t y v ( a n d d L / d t = 2 v ) , t h e p e r c e n t a g e

c h a n g e i n f l u x i s

l
dt

dL

dt
(5.40)

S u c h a n e f f e c t w a s d e t e c t e d i n L 6 6 ] for t h e r a d i o s o u r c e

C a s s i o p e i a A ( r a t e o f e x p a n s i o n o f t h i s n e b u l a — t h e e n -

v e l o p e o f a s u p e r n o v a o f t h e s e c o n d t y p e — r e a c h e s

7 , 0 0 0 k m / s e c ) .

W e p o i n t o u t h e r e t h a t w h e n i n s u c h a s o u r c e t h e r e

i s a k i n k o r s o m e o t h e r s i n g u l a r i t y i n t h e s p e c t r u m ,

t h e f r e q u e n c y v\ c o r r e s p o n d i n g t o t h i s s i n g u l a r i t y

c h a n g e s a s t h e s o u r c e e x p a n d s a c c o r d i n g t o t h e l a w

V j - Z r * ( 5 . 4 1 )

( c f . ( 2 . 2 3 ) a n d ( 5 . 3 6 ) , ( 5 . 3 7 ) ) . I n a d d i t i o n t o t h e a s -

s u m p t i o n s m a d e a b o v e a b o u t t h e c o n s e r v a t i o n o f i s o -

t r o p y i n t h e d i s t r i b u t i o n o f e l e c t r o n s o v e r d i r e c t i o n

d u r i n g e x p a n s i o n , w e a l s o a s s u m e t h a t o t h e r p r o c e s s e s

w h i c h c o u l d l e a d t o a c h a n g e i n t h e p o s i t i o n o f t h e k i n k

( p r i m a r i l y l o s s o f e n e r g y o f t h e e l e c t r o n s ) a r e s l o w

c o m p a r e d t o t h e e x p a n s i o n . F o r e x a m p l e , i f t h e k i n k

i s d u e t o m a g n e t i c b r e m s s t r a h l u n g l o s s e s a n d , c o n s e -
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quently, i ts position changes with t ime according to
the law dE/dt = -/3E2, then one must satisfy the con-
dition L ^ d L / d t » ; 3 E .

Now let us briefly consider those changes in the
c h a r a c t e r i s t i c s of magnetic b r e m s s t r a h l u n g which a r e
caused by effects of the medium in the p r o c e s s of gen-
erat ion and propagation of magnetic b r e m s s t r a h l u n g .

The polar izat ion and intensity of magnetic b r e m s -
strahlung can change because of the effect of the m e -
dium not only in the source, but a l so along the path
from it to the e a r t h . In the l a t t e r case , however, the
nature of the radiat ion is not specific (if we do not
consider the fact that in the cosmos polar izat ion is
p r i m a r i l y a c h a r a c t e r i s t i c of the magnetic b r e m s -
s t r a h l u n g ) . We shall there fore not spend t ime on d i s -
cussion of the " m e t h o d of de-exc i ta t ion" consist ing in
finding information about in ter-ga lact ic , i n t e r s t e l l a r ,
or so lar p l a s m a s on the bas i s of a study of the p o l a r -
ization c h a r a c t e r i s t i c s of the cosmic radio emiss ion
(cf. Sec. 4.1 and E5 S]). As for the usual absorption
along the path from the s o u r c e , as a r e s u l t of such
absorption the intensity will change according to the
law J = J(je~T where J o i s the intensity n e a r the source
and т is the thickness of m a t e r i a l t r a v e r s e d (cf.
Sec. 4 .1) . Therefore in the low frequency region
where т becomes large, one should observe a rapid
fall-off in intensity in the s p e c t r u m of the radiat ion.
For the galactic radio emiss ion such a fall-off is ob-
served at frequencies v 4 3 MHz.

Absorption in the s o u r c e itself a lso should lead to a
change in the s p e c t r u m of the radiat ion. Thus if g(v)
is the intensity of the radiat ion from unit volume of the
source (radiat ive p o w e r ) , then the total intensity is

(5.42)

Since the absorption coefficient д depends on f r e -
quency (for radio waves in p lasma, according to (4.8),
/u ~ v'2), obviously the s p e c t r u m of the total radiat ion
of the source J(v) differs f rom the spectrum of the
radiat ion of the p a r t i c l e s g( v) if the optical thickness
т = дЬ is sufficiently l a r g e . In application to the
radio-galact ic radio emiss ion, the case of i n t e r e s t is
that where the radiat ing region is i n t e r s p e r s e d with
absorbing regions (clouds of ionized hydrogen) . Such
a case was t rea ted in £673.

Reabsorption of radiation in an u l t ra re la t iv i s t i c
electron gas leads in a qualitative way to a r e su l t
analogous to ordinary absorption, s ince the absorption
coefficient in the case of reabsorpt ion (4.18) also in-
c r e a s e s rapidly with decreas ing frequency. As a resu l t
of reabsorpt ion in the low frequency region, where the
optical thickness ^ r L for reabsorpt ion is l a rge , the
spect rum of the radiation changes markedly in form,
namely, the intensity drops with decreas ing frequency
like y 5 ' 2 (cf . (4.21)), in cont ras t to the case for the high

the case of reabsorpt ion, the absorption coefficient (cf.
(4.18)) depends on the concentration of re la t iv is t ic e l e c -
t rons and the intensity of the magnetic field, the p o s s i -
bility a r i s e s of obtaining information about the values
of these quanti t ies in the source s tar t ing from the ob-
served posit ions of kinks in the spec t rum of the r a d i a -
tion due to reabsorpt ion .

Finally, if condition (4.26) is not satisfied in the
source , one must take into account the effect of the in -
dex of refract ion on the p r o c e s s of radiat ion itself, i .e . ,
one must use express ion (4.22) for the intensity of the
radiat ion of a p lasma with n < 1. The analysis of this
express ion shows that in the frequency region v < vn

(cf. (4.26)) the intensity of the radiation falls off m a r k -
edly (cf., for example, [ 6 9 ] ) .

F r o m the r e m a r k s in the p resen t section it i s c lear
that the study of magne t ic -bremss t rah lung spec t ra
makes it possible to obtain a var iety of important in -
formation about re la t iv is t ic e lec t rons , magnetic fields,
and gas in sources , and also about the t ime sca les and
ages of sou rces .

5.5. Optical and X- ray Magnetic Bremss t rah lung

Optical and x - ray magnetic radiat ion does not dif-
fer from the magnetic b remss t r ah lung in the radio r e -
gion, and he re again the qualitative p ic ture given in
Sec. 2 r e m a i n s , and the quantitative r e su l t s presented
in Sees. 2 and 3 a lso . At the same t ime, in a given
magnetic field, for radiat ion of optical and even more
so for x - ray frequencies , the e lect rons should have
considerably higher energy than in the case of radiation
of radio frequencies . If, however, the energy of the
elect ron is unchanged, then we must inc rease the m a g -
netic field even m o r e . Specifically, for an es t imate we
make use of formula (2.23), by vir tue of which

н 1,2 El (5.43)

frequency region, for which Jj, , a. > 0. Since, in

Suppose, for example, ut = 3 x 108 (Л = C / J ^ = l m ) in
a typical field Hj.^ = 3 x i o " 6 for the galaxy. Then,
according to (2.23), the energy of the radiat ing e l e c -
t r o n s Ej ~ 5 x 109 eV. In the same field Hx>2 = Hj_;1,
the optical frequencies v2 = 10 1 4—10 1 5 (Л= 0.3— 3 ц)
can be radiated only by e lectrons with energies E 2

~ 5 x 10 1 2 eV. F o r x- rays , v2 ~ Ю 8 and, consequently,
for the s a m e magnetic field the e lec t rons must now
have energy E 2 ~ 3 x 101 4 eV.

One must keep in mind that magnetic b r e m s s t r a h l -
ung l o s s e s a r e proport ional to HJE 2 (cf. (2.10)) and
there fore p a r t i c l e s with very high energy or in a very
strong field a r e slowed down very quickly. An e s t i -
mate of the energy and " l i f e t i m e " in a magnetic field
can be made conveniently using formulas (5.30) and
(5.31). Then in formula (5.31) one can express the en-
ergy of the e lectron in t e r m s of the c h a r a c t e r i s t i c f r e -
quency of its radiat ion (2.23) and thus obtain a d irect
connection between the observed frequency and the
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c h a r a c t e r i s t i c l i f e t i m e ( t h e t i m e d u r i n g w h i c h t h e e n -
e r g y d e c r e a s e s by a f a c t o r of t w o ) of t h e r a d i a t i n g
e l e c t r o n s :

" 4i^rr y r . (5.44)

t h e e n e r g i e s by t h e q u a n t u m e n e r g y h e . T h u s , a c c o r d -
i n g t o (3.30) t h e i n t e n s i t y of t h e n u m b e r of q u a n t a i s

Y+l
7(v) = 4 ^ = 3.26-10- 1 5 a(

Here Hĵ  is m e a s u r e d in Oe and v in Hz. The t i m e
Tjy[ expressed in t e r m s of frequency has , of course ,
a somewhat conventional c h a r a c t e r s ince we have used
for v the frequency corresponding to the maximum in
the spect rum of the radiat ion of monoenerget ic e l e c -
t r o n s .

In a field H^ = 3 x Ю" 6 , the t i m e s Тэд for e lec t rons
12with energy 5 x 10 s, 5 x 10 , and 3 x Ю 1 4 eV a r e r e -

spectively 2 x Ю8, 2 x Ю5, and 3 x Ю 3 y e a r s . F o r our
galaxy, and general ly for normal galaxies for which
the value H^ = 3 x 10~6 can be r e g a r d e d as typical,
a c h a r a c t e r i s t i c t ime Tjyj of the o r d e r of 105 y e a r s ,
let alone 103 y e a r s , s e e m s to be ext remely smal l , and
it is there fore natura l that the optical and x-ray m a g -
netic b r e m s s t r a h l u n g will be weak. More prec i se ly ,
the situation can be changed only when t h e r e is an i n -
t e n s e injection of e lec t rons at high energy in i n t e r -
s te l la r space from some of the s o u r c e s , for example
from the envelopes of supernova. A discuss ion of the
question of i n t e r s t e l l a r x-ray magnetic b r e m s s t r a h l -
ung can be found in i-29^. In the c a s e of a field H^ ~ 3
x 1O~4 which is typical for the envelopes of s u p e r -
novae, the e lectrons responsible for optical and x-ray
radiat ion a r e those with energ ies 5 x 10 1 1 and
3 x Ю 1 3 eV, for which the l i fetimes Т м a r e of o r d e r
102 y e a r s and 1 y e a r respect ive ly . Thus, for example,
for the Crab nebula, whose age i s about 900 y e a r s , to
a s s u m e that the e lec t rons respons ib le for the optical
radiat ion were formed in the explosion can only be
possible by s t re tching things ( this is poss ible in a field
Hx ~ 10~4, which from other considerat ions is a l ready
too w e a k ) . But if the x- ray radiat ion of the Crab nebula
is magnetic b r e m s s t r a h l u n g , as now a p p e a r s most p r o b -
able, the exis tence in the Crab of " p u m p i n g s " — i n j e c -
t ions of e lec t rons of high energ ies r ight at the p r e s e n t
t i m e — a p p e a r s completely definite.

As stated, the optical and x-ray magnetic b r e m s -
strahlung is descr ibed completely by the formulas
given e a r l i e r . T h e r e even a r i s e s a simplification in
that at high energ ie s one can neglect the effects of the
index of re f ract ion n ( w ) * 1 in the radiat ing region,
reabsorpt ion, and rotat ion of the plane of polar izat ion
in the cosmic p l a s m a . Thus, one need only include ab-
sorption of the radiat ion along the path from the s o u r c e
to the e a r t h or in the s o u r c e itself, for example, when
it contains dust ( a s for the galaxy M82).

F o r convenience, we give some express ions which
a r e useful for calculation. In the x-ray region and
s o m e t i m e s also in the optical region, one uses not the
energy flux, but the flux or intensity of the number of
p a r t i c l e s (photons), which we denote respectively by
F,, and \v. The change obviously i s made by dividing

Y+l
2 photons

cm2 sec-sr-Hz

(5.45)

o r , if w e go o v e r f r o m f r e q u e n c y v t o p h o t o n e n e r g y
e = hu, e x p r e s s e d i n eV,

v+i
) = / ( v ) ^ - = 0,79a MLKH

v+i
~~2~f 2.59-104

У+1
photons

— Г -.
cm sec-sr-eV

( 5 . 4 6 )

Here L is m e a s u r e d in cm, К in ( e r g s ) ^ " ' « c m " 3 ,
H in Oe and e in eV. Similarly the flux of photons
from a d i s c r e t e source (cf. (5.7)) is

V+l Y+l

or, taken re lat ive to the photon energy e = hv =

4.14 x Ю " 1 5
v eV,

•v+i

/•(e) = 0.79a (у) 2 - 5 9 ' 1 0 4 photons
cm sec-eV

(5.47)

(5.48)

F u r t h e r m o r e when the e lectron s p e c t r u m can be
assumed to be the s a m e over the whole volume of the
source, it i s convenient to use the following e x p r e s -
sion for the ra t io of the fluxes of radiation at different
frequencies v± and v2 (cf. (5.7))

Ф, (v,)

Y+l
2

Y-l
2

(5.49)

H e r e i t i s a s s u m e d t h a t t h e r a d i a t i o n a t f r e q u e n c y vt

a r i s e s i n a r e g i o n of t h e s o u r c e w i t h v o l u m e Vi, w h i l e
i n t h i s r e g i o n t h e m a g n e t i c f ie ld i n t e n s i t y i s H 1 ; w h e r e a s
t h e r a d i a t i o n a t f r e q u e n c y v2 c o m e s f r o m a v o l u m e V2

w i t h f ie ld H 2 . If w e a r e c o n s i d e r i n g t h e r a d i a t i o n of
e l e c t r o n s w i t h t h e s a m e e n e r g y E 2 = E j , t h e n t h e f r e -
q u e n c i e s v2 a n d v^ a r e r e l a t e d by (5.43) a n d t h e r a t i o
of f l u x e s i s

(5.50)ViHl

F o r m u l a s (5.49) a n d (5.50) a r e i m p o r t a n t w h e n , w i t h i n
a s m a l l v o l u m e V2 of t h e s o u r c e w i t h t o t a l v o l u m e Vj,
t h e f ie ld H 2 » H ^ and i n t h e e l e c t r o n s p e c t r u m t h e r e
i s a cutoff on t h e h i g h e n e r g y s i d e s o t h a t t h e e l e c t r o n s
f r o m t h e v o l u m e Vj do n o t r a d i a t e a t f r e q u e n c i e s v2

» Vi w h i l e t h e r a d i a t i o n f r o m v o l u m e V2 a t f r e q u e n -
c i e s v\ i s s m a l l b e c a u s e of t h e s m a l l n e s s of v o l u m e
V 2 . T h e n t h e o b s e r v e d r a t i o of f l u x e s a t f r e q u e n c i e s

a n d f r o m t h e w h o l e s o u r c e w i l l b e d e t e r m i n e d
by t h e r a t i o of t h e f l u x e s f r o m t h e v o l u m e s V2 and Vi
Such a s i t u a t i o n c a n e x i s t , f o r e x a m p l e , i n t h e c a s e of
a n e b u l a , h a v i n g i n i t s c e n t r a l r e g i o n a c o l l a p s e d s t a r
w i t h a v e r y s t r o n g m a g n e t i c f ie ld .
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5.6. Summary of Important F o r m u l a s

We may a s s u m e that the p r e s e n t paper will be used
not only to famil iar ize the r e a d e r with the physical a s -
pects and r e s u l t s of the theory of magnetic b r e m s -
strahlung, but simply in o r d e r to find quickly formulas
that a r e needed. We therefore, in conclusion, give a
s u m m a r y of the most important formulas which we
have a lready met and discussed in the text .*

The total power of the magnetic b r e m s s t r a h l u n g of
an u l t r a r e l a t i v i s t i c e lectron (magnetobremsst rahlung
l o s s ) is

P(E)=\ p (v) dv = 0.98- 1 0 - 3 # i (~ГУeV/sec- (2- 1 0 )
о

The s p e c t r a l density of the power of the total radiat ion

from a single e lectron is

(— erg
sec • Hz

(2.21)

a plot of F ( x ) is given in Fig. 7, and i t s values and
approximate express ions in Table I. The spect ra l
density p ( v) has a maximum

(2.24)

at the frequency

= 4.6-lCr6tf.L[£T(eV)]2Hz. (2.23)

The e lec t ron energy for which the maximum of the
radiat ion occurs at frequency v = y m is

\Чг
= 7 . 5 - 1 0 - " ( ^ - J / 1 e r g = 4.7-10» ( ^^ Y / 2 e V . (2.23)

T h e i n t e n s i t y of t h e r a d i a t i o n i n a h o m o g e n e o u s f i e l d ,

f o r e l e c t r o n s d i s t r i b u t e d i s o t r o p i c a l l y a l o n g t h e l i n e o f

s i g h t ( l e n g t h L ) , w i t h o n e a n d t h e s a m e e n e r g y ( m o n o -

e n e r g e t i c s p e c t r u m ) a n d c o n c e n t r a t i o n N ( r ) , i s

( 2 . 2 5 )

о

i t s v a l u e a t t h e m a x i m u m i s

L

N(r)dr erg

0
cm sec-sr-Hz

( 2 . 2 6 )

T h e a v e r a g e c o n c e n t r a t i o n o f e l e c t r o n s ( a s s u m i n g H 2

*In al l c a s e s t h e m a g n e t i c f ie lds H and Hĵ  are m e a s u r e d in

o e r s t e d , t h e p a t h L in cm, t h e t ime in s e c , t h e frequency v

in hertz (cps), electron concentrations N and N e in cm"3, the co-

efficient К in the energy spectrum of electrons N(E)dE = KE'^dE

in (erg)1 '"1 cm"3.

B R E M S S T R A H L U N G

ь
N= \- [ N(t)d

0
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(5.5)

The intensity of the radiat ion in a random magnetic
field, for e lec t rons with a homogeneous and i sotropic
distr ibution along the path L and energy s p e c t r u m
N ( E ) = RE*""*' ( radiat ive power gv = J ^ / L ) i s

Y+l
2 6-1018 erg

cm2 sec-sr-Hz
(3.30)

The intensity of number of photons under these s a m e
conditions (photon energy e = h.v = 4.14 x 10~ l s v
m e a s u r e d in eV) is

Y+l Y+l
•-~Я-Ю\ 2 photons _ ( 5 4 6 )

S J cm sec-sr-Hz

T h e v a l u e s o f t h e c o e f f i c i e n t a ( y ) a r e g i v e n i n T a b l e I I

o n p a g e 6 8 5 .

T h e l i m i t s of t h e e n e r g y i n t e r v a l f o r a p o w e r s p e c -

t r u m of e l e c t r o n s g i v e n a p o w e r s p e c t r u m of r a d i a t i o n

i n t h e i n t e r v a l v^ < v < i>2

 a r e

i = 2.5-102 [vj/y, eV,
eV; (3.34)

The coefficients y j (y) and y 2 ( y ) a r e given in Table II.
F o r rough e s t i m a t e s , and also when у < 1.5, we may
set y t ( y ) = y 2 ( y ) = 0.24.

The intensity of radiat ion, expressed in t e r m s of
effective t e m p e r a t u r e , is

/ v = 3.07 • 10-s7V2r eff 2 5" •
v e I t cm2 sec-sr-Hz

(4.12)

The coefficient in the e lect ron s p e c t r u m expressed in
t e r m s of the intensity or effective t e m p e r a t u r e of the
radiat ion at frequency v i s

а (у) LH

Y-l
2

6.26-1018 Я

Y+3
(5.3)

The flux of radiat ion Ф„ from a d i s c r e t e source of
volume V, located at distance R, i s

I n t h i s

1 . 3 5 . 1 0 " 2 2 a ( Y )

c a s e

„ 7.4-1021Д

a(v)H

Y+_i
KVH 2

2®v f
V { 6.26

f 6.26-
V, v

V
•1018Я

1018

) c

Y-l

V
) cm2

- 1

erg

sec-Hz'
(5.7)

(5.8)

T h e t o t a l e n e r g y o f r e l a t i v i s t i c e l e c t r o n s i n a s o u r c e

i s

v ) - ^ . ( 5 . 1 1 )

Express ions for the coefficient A(y, v) a r e given in
formula (5.12).

The magnetic field energy Wjj and the cosmic ray
energy W c r _ in the s o u r c e a r e
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= 0A9[xHxrA(y,

The magnetic field intensity is

*r^(Y, v)<Dv/.ff(p3]2/'.

(5.17)

(5.16)

The characteristic time for magnetic bremsstrahl-
ung losses (the time during which the energy of the
electron decreases by a factor two) is

5.1-«Pirn»
H\ E (5.31)

or if v is the frequency at which the maximum in the
spectrum of radiation of the electron occurs, then

sec. (5.44)

The maximum energy of electrons at time t after
their injection into the magnetic field is

(5.32)

The frequency in the spectrum of radiation of these
electrons corresponding to the dropoff of the spectrum
is

3.1 • 1023
TTHZ. (5.33)

The change in flux of radiation due to expansion of the
source with dimension L in the absence of "pumping
in" of energy is

Ф„ • [L{t)\-* (5.39)

The coefficient of absorption of radio waves in a
p l a s m a is

10-2JVf [ 17.7 + In i^- J e m " 1 . (4.8)

The coefficient for reabsorpt ion in a gas of u l t r a r e l a -

t iv is t ic e lec t rons i s

•V+2
.019 (3.5 -iQ')yKHx

2 v 2 cm
y+4

2 ,-1 (4.20)

The values for the coefficient g ( y ) were given in
Table III (coefficient g ( y ) ~ 1) . The c h a r a c t e r i s t i c
frequency above which the deviation of the index of r e -
fraction of the p l a s m a from unity has no effect on the
magnetic b r e m s s t r a h l u n g is

20 Hz, (4.26)

w h e r e N e i s the concentrat ion of e lec t rons in the
p l a s m a . The angle of rotat ion of the plane of po lar iza-
tion of the radiat ion in pass ing through a path L at an
angle 0 to the field H is

V2
r a d . (4.6)
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