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I. ELEMENTARY THEORY AND GENERAL REVIEW
OF EXPERIMENTS ON MULTIPHOTON PROCES-
SES

1. Introduction

A multiphoton process is defined here as interaction
between radiation and matter, accompanied by absorp-
tion or emission (or both) of not less than two photons
per elementary act. The probability of such an elemen-
tary act cannot be formally represented in the form of
a product of the probabilities of absorption and emis-
sion of individual photons.

Interest in multiphoton processes has increased
strongly in recent years in connection with the obser-
vation of quantum phenomena in the radio band, on the
one hand, and the appearance of optical quantum gen-
erators (lasers) on the other.

Although multiphoton processes were considered
theoretically even during the first years of develop-
ment of quantum mechanics^ ^ , the experimental
techniques of that time did not make it possible to ob-
serve many of the predicted phenomena. The main
difficulty in the study of multiphoton processes is their
exceedingly low probability, compared with single-
photon processes. As a rule, in order to observe

multiphoton processes it is necessary to have radia-
tion densities that are many orders of magnitude
larger than those used for the observation of single-
photon processes. In the optical band, prior to the
appearance of lasers, only two-photon processes of
light scattering could be observed experimentally
(resonant fluorescence or Rayleigh and Raman scat-
tering). Multiphoton processes connected with the ab-
sorption or induced emission of several photons of the
radiation exciting the field per elementary act were
first observed in the radio band in connection with the
relative simplicity of constructing sufficiently power-
ful radiation sources in this band, and then in connec-
tion with the appearance of lasers in the optical band.

The purpose of the present review is to describe
briefly the main ideas connected with the investiga-
tions of multiphoton processes, and the main results
of the experimental and theoretical investigations. In
Chapter I we consider the elementary theory of multi-
photon processes and present a general review of the
experiments. In the discussion of the results of the
most interesting experimental research on multipho-
ton processes (Chapters II and III), we have confined
ourselves to only the main ideas and trends of r e -
search in this field, occurring during the last decade.
The review includes articles published through July
1964.
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FIG. 1. Diagram representation of the terms of the per-
turbation theory series for the state amplitudes a

2 . E l e m e n t a r y T h e o r y o f M u l t i p h o t o n P r o c e s s e s

1 . F u n d a m e n t a l r e l a t i o n s . M u l t i p h o t o n p r o c e s s e s

a r e d e s c r i b e d b y s e c o n d a n d h i g h e r a p p r o x i m a t i o n s o f

p e r t u r b a t i o n t h e o r y f o r t h e i n t e r a c t i o n b e t w e e n t h e

r a d i a t i o n f i e l d a n d m a t t e r . W e c o n s i d e r a q u a n t u m

s y s t e m * d e s c r i b e d b y a t i m e - i n d e p e n d e n t H a m i l t o n i a n

H o , u n d e r t h e i n f l u e n c e o f a p e r t u r b a t i o n w h o s e o p e r a -

t o r V ( t ) i s o f t h e f o r m

V(t), i f 0 < / < T ,

0 , i f t<0, t > x ( ! )

( w e s h a l l h e n c e f o r t h t a k e t h e p e r t u r b a t i o n t o m e a n t h e

a c t i o n o f t h e r a d i a t i o n f i e l d , s a y , o n t h e a t o m ) . T h e

b e h a v i o r o f s u c h a s y s t e m i s d e s c r i b e d b y a S c h r b -

d i n g e r e q u a t i o n

w h i c h h a s n o s t a t i o n a r y s o l u t i o n . T h e i n t e g r a l (2) i s

b e s t s o u g h t i n t h e f o r m

(3)

w h e r e E n a n d * n a r e r e s p e c t i v e l y t h e e i g e n v a l u e s a n d

t h e e i g e n f u n c t i o n s o f t h e o p e r a t o r H o . W e a s s u m e t h a t

a t t h e i n s t a n t t = 0 t h e s y s t e m i s i n a s t a t i o n a r y s t a t e

w i t h e n e r g y E m . t h a t i s

an (t) = 6 n m , w h e n t < 0 .

A f t e r t e r m i n a t i o n o f t h e a c t i o n o f t h e p e r t u r b a t i o n , t h e

c o e f f i c i e n t s a n ( t ) a s s u m e n e w c o n s t a n t v a l u e s a n m ( T ) ,

w h i c h d e p e n d o n t h e f o r m of t h e p e r t u r b a t i o n a n d o n

t h e i n i t i a l s t a t e ( d e s i g n a t e d b y t h e s e c o n d s u b s c r i p t ) ,

t h a t i s , w h e n t a T w e h a v e

(4)

The square of the modulus of the coefficient anm(T) is

Wmn(i)=\anm(x)\i (5)

detailed description of the system it is necessary to
know the complete wave function, so that the phases of
the coefficients a n m must also be taken into account.*

If the perturbation is not too large and the coeffi-
cients an(T) change little after a time T relative to
their initial values, then the a n m can be obtained by
successive approximations and represented in the
form of an infinite series ^

"nm \y) — u-nm T" anm T anm + anm + • • •

a n d r e p r e s e n t s t h e p r o b a b i l i t y t h a t t h e s y s t e m w i l l b e

s i t u a t e d i n a c e r t a i n s t a t i o n a r y s t a t e w i t h e n e r g y E n ,

t h a t i s , t h e p r o b a b i l i t y o f t h e s y s t e m g o i n g o v e r , w i t h i n

a t i m e r a n d u n d e r t h e i n f l u e n c e o f t h e p e r t u r b a t i o n ,

f r o m t h e i n i t i a l s t a t e m i n t o t h e s t a t e n .

I n t h e s o l u t i o n o f m a n y p r o b l e m s i n q u a n t u m m e c h -

a n i c s , i t i s s u f f i c i e n t t o c o n f i n e o n e s e l f t o a c a l c u l a t i o n

o f t h e m o d u l i o f t h e c o e f f i c i e n t s a n m . H o w e v e r , f o r a

*For c o n c r e t e n e s s we s h a l l hencefor th t ake the quantum s y s -

tem to mean an atom.

Hi)-1 ^ Vnm (tt) eton

(i*)-2 J Vm. (U) e^nn-hdti J Vn.m (t2) exp (ia^mt2) dt
0 b

<1
»«' (fi) exP (

X e x p (ton-n-h) dt2 \ Vn..m (t3) e x p (iwn*mt3) dt3+ ..

b
(6)

H e r e V a b ( t ) — m a t r i x e l e m e n t o f t h e o p e r a t o r V ( t ) b e -

t w e e n t h e s t a t e s a a n d b , a n d R o ) a b = E a - E b -

I t w i l l b e u s e f u l i n t h e f u t u r e t o c o n s i d e r s o m e d i a -

g r a m r e p r e s e n t a t i o n s w h i c h i l l u s t r a t e t h e m e a n i n g o f

e a c h t e r m of t h i s s e r i e s ^ 5 > 6 ^ . I n t h e z e r o t h a p p r o x i -

m a t i o n a n m ( t ) = a n ° m = 6 n m a n d a £ m ( t ) = a ^ J * = < 5 n m ,

w h i c h c a n b e r e p r e s e n t e d i n t h e f o r m o f t h e d i a g r a m

o f F i g . l a , o n w h i c h t h e i n d e x a b o v e t h e t i m e a x i s i n d i -

c a t e s t h e s t a t e f o r w h i c h a n m a n d a n m d i f f e r r e s p e c -

t i v e l y f r o m z e r o . I n t h e z e r o t h a p p r o x i m a t i o n , f o r a l l

t w e h a v e o n l y a n m = a m m a n d a * m = a * j m , a n d c o n -

s e q u e n t l y o n l y | a m m | 2 , d i f f e r e n t f r o m z e r o , t h a t i s ,

t h e a t o m r e m a i n s a l l t h e t i m e i n t h e i n i t i a l s t a t e ( t h e

z e r o t h a p p r o x i m a t i o n d o e s n o t t a k e i n t o a c c o u n t t h e

p e r t u r b a t i o n s ) .

I n t h e f i r s t a p p r o x i m a t i o n

a n d

anm (t) = a™* (t) =

(t) = a™ (<) = ( - i h

Vnm (ti) e x p ( J o W , ) dtx

V*nm (t2) e x p ( - mnmt2) dt2

w h i c h i s r e p r e s e n t e d b y t h e d i a g r a m of F i g . l b . T h i s

d i a g r a m s h o w s t h a t t h e c o e f f i c i e n t a n m d i f f e r s f r o m

z e r o i n t h e i n t e r v a l f r o m t , t o t , w h i l e a ^ m — i n t h e

i n t e r v a l f r o m t 2 t o t . I n a s m u c h a s t j a n d t 2 a r e s i m p l y

*Phenomena which require an accoun t of the p h a s e r e l a t ions

be tween the coef f ic ien t s a n m wil l be cons ide red in Chap te r III.
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integration variables and therefore are the running
coordinates on the diagram of Fig. lb, there are no
grounds for assuming beforehand that t t = t2- At the
same time, were we to have t t = t2, then for t < tj only
the a ^ m and a m ^ would differ from zero (that is,
only 1 arn>m.l2 w o u l ^ be different from zero), and the
system could be observed only in the initial state m.
In exactly the same manner, we would have for t > t5

only |an\{|2 * 0, and the system is in the state n. Thus,
the instant of time tl = t2 comes into play in this case
as the instant when the quantum system goes over from
the state m into the state n under the influence of the
perturbation. If t t * t2, then in the interval t2 > t > t{

the nonvanishing coefficients are a [^ m and â 1^* or
a^1,̂  and a^'^, that is, the system can be in a super-
position state. Getting ahead of ourselves, we note
that the magnitude of the time interval t2 — t t depends
essentially on the spectrum of the perturbation and
plays the role of the duration of the elementary act of
the single-photon transition.

In the second approximation

an (t) = a'Jl (t) = Y (if,)"2 \ Vnn. («,) exp (i(>w«i) d«,

and

\ Vn'm ('2) exp (id>n'mt2)

x exp (— i dt3 exp (— j(on»m£4)

which is represented by the corresponding diagram on
Fig. lc . Now, in the time interval from 0 to t, the non-
zero amplitudes are those of the intermediate (n'( n")
and final (n) states. Summation over the intermediate
states reflects the possibility of attaining the final
state via a series of intermediate states, which are
connected with the initial and final states by nonzero
matrix elements. In each transition, the system ab-
sorbs (or emits) one photon. Consequently the transi-
tion m —* n corresponds to a two-photon process.

If t2 = t4 and tt = t3, then for t < t2 only | a ^ m | 2 * 0
and the system would be in a state m; for t2 < t < tt

the system can be either in pure intermediate states
n' or n" (|anVm|2 * 0 or |a^,)m |2 * 0), as well as in their
superposition state; finally, when t > tt the system is
in state n. Thus, the second approximation regards
the transition m —- n as going in two stages through a
series of intermediate states. In the general case
t2 * t4 and tj ^ t3; the time intervals t4 — t2 and t3 — tt

then play the role of transition times from the initial
into the intermediate and from the intermediate into
the final state, and the gap between these intervals is
the time between individual transitions in the two-
photon process.

In analogous fashion we can regard the third and
higher approximations, which describe processes in
which three and more photons participate in each tran-
sition from the initial to the final state.

2. Some characteristics of the single-photon proc-
esses. We shall review, using as an example the
single-photon processes, some important concepts
which will be extensively used in what follows. By
way of an example let us consider in the dipole elec-
tric approximation a single-photon process of t ransi-
tion of an atom from the lower state m to the upper
state n under the influence of the radiation field. This
field will be regarded classically, for the sake of sim-
plicity. * Then

(7)

where d—atomic dipole moment operator and E(t) —
electric field intensity at the point of the location of
the atom. The probability of the transition m —» n
within a time T, is, in accordance with (5) and (6)

J E* (tt) E (t2) exp [ - mnm (t, -t2)} | dmn 1
2JT2 dt2

(8)

where dmn—matrix element of the projection of the
dipole moment on the direction of the field E(t). In the
radio-frequency band, the field can be described by an
analytic function, and in the simplest case by a har-
monic function. In the optical band, the fields E(t) are
aggregates of a large number of fields of individual
harmonics with random phases ^ (we are disregard-
ing for the time being the case of optical quantum gen-
erators) . As a result, the amplitude and the phase of
the field are subject to irregular fluctuations, the
speed of which depends essentially on the width Aw of
the spectral band E(t), and may be regarded as invari-
ant only in the time interval At £ (Aw)"1. For such
fields, the probability of the transition m — n is cal-
culated by averaging Wmn(T) over the distribution W(E)
of the field E [ ^

n{*, E)W(E), (9)

where Wmn(T, E)— probability of the m — n transition
for a definite field E(t). This averaging is a linear
operation and reduces to averaging the product
E*(tj)E(t2) under the integral sign in (8). The result
of the averaging (E*(tj)E(t2)) is the second moment or
the correlation function $(tj, t2) of the field E(t),
knowledge of which is sufficient for the calculation of
the average probability Wmn(T). In the case of the
usual optical sources of radiation, with constant inten-
sity, the correlation function depends only on the time

*A quantum-theoretical consideration of the radiation field
does not change the tesults[7].
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difference tj - 1 2 , and is connected with the spectral
density I(w) in the following ^ 1 ^

, t2) = <D (tt —12) = Site'1 \ I (co) e^C

f r o m w h i c h i t f o l l o w s t h a t t h e c o r r e l a t i o n f u n c t i o n

d i f f e r s f r o m z e r o o n l y if t j — 1 2 & ( A w ) " 1 . D u r i n g t h i s

t i m e t h e f i e l d c a n b e r e g a r d e d a s d i f f e r i n g l i t t l e f r o m

c o h e r e n t . T h e q u a n t i t y A t = ( A w ) " 1 d e t e r m i n e s e s s e n -

t i a l l y t h e e f f e c t i v e t i m e o f t h e e l e m e n t a r y a c t o f t r a n -

s i t i o n a n d t h e t i m e o f e s t a b l i s h m e n t o f t h e s t a t i o n a r y

s t a t e of i n t e r a c t i o n b e t w e e n t h e r a d i a t i o n f i e l d a n d t h e

q u a n t u m s y s t e m .

I n d e e d , i t f o l l o w s f r o m ( 5 ) , ( 6 ) , a n d (9) t h a t t h e

p r o b a b i l i t y P m n o f t h e t r a n s i t i o n m —•• n p e r u n i t t i m e

( t h a t i s , t h e a b s o r p t i o n i n t e n s i t y ) c a n b e w r i t t e n i n t h e

f o r m (

dt
dt'<D(t, t')

x [exp [i(nnm {t — t')\ + exp [ — iu>nm (t — (11)

The values of *(t, t') = 4>(t - t') decrease rapidly if t'
differs from t by an amount larger than (Aw)"1. There-
fore, the intensity of absorption at a given instant t is
determined not by the total time of action of the ex-
citing radiation, from 0 to t, but only by the action
during a certain interval ~(AOJ) ' preceding the in-
stant t. Further, the sharpness of the function *(t, t')
enables us to replace the lower limit in the integral
(11) by °° when t » (Aw)"1. Then, taking (10) into ac-
count, we get

Wmn (t) = Pmn t.

(12)

(13)

T h i s m e a n s t h a t a s t a t i o n a r y i n t e r a c t i o n m o d e i s e s -

t a b l i s h e d b e t w e e n t h e r a d i a t i o n a n d t h e q u a n t u m s y s -

t e m a f t e r a t i m e i n t e r v a l t o f t h e o r d e r o f ( A w ) " 1

f o l l o w i n g t h e s t a r t o f t h e a c t i o n o f t h e r a d i a t i o n . T h i s

m o d e i s c h a r a c t e r i z e d b y t h e f a c t t h a t t h e t r a n s i t i o n

p r o b a b i l i t y p e r u n i t t i m e i s c o n s t a n t , a n d t h e t o t a l

p r o b a b i l i t y o f t h e m —- n t r a n s i t i o n i s p r o p o r t i o n a l t o

t a t t h e i n s t a n t o f t i m e t .

O n t h e b a s i s o f t h e f o r e g o i n g , t h e t i m e A t = ( A w ) " 1

c a n b e i n t e r p r e t e d a s t h e e f f e c t i v e d u r a t i o n o f t h e e l e -

m e n t a r y a b s o r p t i o n a c t . ^ 1 2 ^ T h i s i n t e r p r e t a t i o n a g r e e s

w i t h t h e c l a s s i c a l n o t i o n t h a t t h e f i e l d i s a n a g g r e g a t e

o f i n d i v i d u a l w a v e p a c k e t s i n t e r a c t i n g w i t h t h e a t o m

d u r i n g a t i m e e q u a l t o t h e r e c i p r o c a l o f t h e i r s p e c t r a l

w i d t h [ 8 ] .

T h e c a s e o f i n t e r a c t i o n b e t w e e n t h e s y s t e m a n d a

m o n o c h r o m a t i c f i e l d c a n b e o b t a i n e d b y g o i n g t o t h e

l i m i t a s A w —- 0 i n t h e e x p r e s s i o n s w r i t t e n o u t a b o v e .

T h e n (8) a n d (10) y i e l d

P ^ / M f e " ^ " 1 ( 1 4 )

y c ^

FIG. 2 . D e p e n d e n c e of the rat io

j j - ^ t (a> — <>>nm)2 on the frequency co.

Figure 2 shows a plot of sin2 [(w - wnm)t/2]/(w - o)nm)2

against the frequency w of the exciting radiation. The
height of the principal maximum, which determines
the probability of finding the system in the state n by
the instant t under the action of the resonant field
(w = a>nm)> increases in proportion to t2. The appreci-
able probability of the system transition m —* n is r e -
tained in the interval w = wnm ± 27r/t. In other words,
for each frequency w there exists a time range
t » 27r/|wnm — w|, within which the probability of the
transition m —• n is of the same order as in resonant
excitation. Such a frequency dependence of Wmn(t)
on co can be regarded also as a manifestation of the
complex spectrum of a harmonic oscillation restricted
to a time t, and as a reflection of the fact that the law
of conservation of energy is satisfied within the time
interval t of the interaction between the quantum sys-
tem and the radiation field only accurate to within the
energy uncertainty relation AEt £, K. Only in the limit-
ing case as t —- °° does the requirement of the energy
conservation law lead to the possibility of excitation
of the transition m —• n of only one resonant harmonic
w = w n m .

In the foregoing analysis we disregarded the finite
width of the energy levels of the quantum system, that
is, the finite lifetime at the levels m and n. In the
simplest case such an account can be carried out under
the assumption that the k-th state decays like
expf-r^t ) , where T"1—lifetime of this state. Then the
distribution of the energy of the system in the k-th
state is described by a Lorentz function

Wk(E) = - (15)

(io — u>nm) 2 s i n 2 (w •

a n d t h e e x p r e s s i o n f o r t h e a m p l i t u d e s o f t h e s t a t e s (6)

r e m a i n s v a l i d w h e n E ^ i s r e p l a c e d b y E ^ — ( i n T k / 2 ) 4 .

I t c a n b e s h o w n t h a t i n t h i s c a s e , f o r s u f f i c i e n t l y l o n g

t i m e s t ( t » r ^ ' j j j ) , a f t e r t h e n o n s t a t i o n a r y p r o c e s s e s

h a v e t e r m i n a t e d , t h e t r a n s i t i o n p r o b a b i l i t y W m n ( ° ° ) i s

e q u a l t o *

*The quant i ty W m n (co) i s defined h e r e as the ra t io of the t o t a l

absorbed energy to the t rans i t ion energy h<yn m .
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FIG. 3. Resonant excitation by radiation with "narrow" (a) and

"broad" (b) spectrum.

Wmn (co) =, 8K {

^ { K ^ ^ r T j } ^
(16)

where r n m = ( r n + r m ) / 2 . The r e su l t of integration
depends essent ia l ly on the ra t io of the width of the
spec t ra l distr ibution Aw of the function I(o;) to the
sum of the natura l half-widths of the levels m and n
( r n m ) . Let us consider two limiting ca se s of exci ta-
tion of a sys tem by radiat ion with a " n a r r o w " and
" w i d e " spec t rum. In the former case Aw « r n m>
that i s , the spec t rum of the exciting radiat ion is s i tua-
ted in a region which is na r row compared with r n m

near the frequency w0 (which general ly speaking is not
equal to a.nm> see Fig. 3a). Then

X [

where

^ - l i - 2 F - 1

(17)

Io= I(co) dco

is the total excitation intensity. The contour of the
absorpt ion line is Lorentz ian with half-width r n n i
[cf. (15)]. In the ca se r m » F n and |w0 - w n m | 2

« T ^ / 4 , the quantity Wn m(°°) is propor t ional to F ^ ,
that is , the square of the lifetime of the initial s ta te
m. This co r responds to the fact that when Aw « r m

the effective duration of the p r o c e s s of absorption by a
single quantum sys tem At = (Aw)^ is much longer than
the l ifetime of the initial s ta te F ^ and that the p roba -
bility of absorpt ion of a photon with frequency
w0 ~ w n m is proport ional to the square of the t ime
[see formula (14) and Fig. 2].

In the second case of excitation with radiat ion with
a " b r o a d " spec t rum Aw » F n m (Fig. 3b), the quan-
tity I(o>) can be r ega rded a s constant in the frequency
region near w n m ( I (w n m ) ) , where the i n t e g r a l i n (16)
differs from zero . Then

r. y/////////

n

///////////. k

n

FIG. 4. Three-level scheme of two-
photon transition.

It follows from this express ion that if the effective
t ime of absorpt ion At = (Aw)"1 is much sho r t e r than
the l ifetime of the initial s tate F ^ , then, accura te to a
factor 2TT, the t ransi t ion probabi l i ty W m n W is equal
to the product of the probabil i ty of the t rans i t ion
m —• n p e r unit t ime [see (12)] by the average lifetime
of the sys tem in the initial s ta te F ^ - This c o r r e -
sponds to the fact that the main contribution to the
t rans i t ion probabi l i ty is made by the t ime region
t » (Ao;)"1 (but st i l l t « F ^ ) , where the t rans i t ion
probabil i ty Wmn(t) is propor t ional to the t ime t, and
the total absorpt ion t ime is l imited to F m .

3. Two-photon t rans i t ions ( second-order p r o c e s -
ses ) . Before we proceed to consider the genera l laws
of multiphoton p r o c e s s e s , we emphas ize some fea-
t u r e s of two-photon p r o c e s s e s , using two examples .
As a f i r s t example we consider in the dipole e l e c t r i -
cal approximation the t rans i t ion of an atom from the
lower s ta te m into an upper s ta te n with absorpt ion of
two photons from the radiat ion field E(t). Fo r s i m -
plici ty we a s s u m e that in addition to the init ial and
final levels the re i s only one additional level k with
energy E^ and damping F ^ (Fig. 4). Averaging the
probabil i ty of the two-photon t rans i t ion W m n ( t ) over
the t ime t, in accordance with (6), we get

Wmn (t) = ] a',Vn (t) i2 = J."11 dmh W dhn |
2

X \ dtt ^ dt^ dt3 Jj dti(E(ti)E(U)E*(t3)E*(ti))
o o 0 b

X exp{(iallh-rkl2)t1 +(imhm^Thl2)t2-{i<ank + Thl2

x t3—(iwhm — ry2) tk\.

The only cha rac t e r i s t i c of the_field which mus t be
known for the calculation of W m n ( t ) is the four th -order
moment ni = <E(t1)E(t2)E *(t3)E *(t4)) . Under a normal
(Gaussian) distr ibution of the field E(t), the fourth
moment can be expressed completely in t e r m s of the
cor re la t ion functions. If the field intensity does not
depend on the t ime, ^ ^

(20)

W m n ( 0 0 ) = ' ( 1 8 ) w h e r e * ( t a - t b ) i s g i v e n b y ( 1 0 ) .
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In interpreting the terms of the series (6), which
give the second approximation, we have already noted
that the time intervals tt —13 and t2 — t4 (as well as
t] — t4 and t2 — t3, which correspond to replacing t3 by t4

in Fig. lc), play the roles of the times of transition of
the atom from the initial to the intermediate and from
the intermediate to the final state, while the gap be-
tween these intervals is the time between the individual
transitions in the two-photon process. Inasmu'ch as
*(t a — tfo) differs essentially from zero only in the
time interval At = (Aw)"1 when the radiation field is
coherent, the durations of the individual transitions,
as in the case of the single-photon processes, cannot
be essentially larger than (Aw)"1 (this statement can be
proved more rigorously). As to the time interval be-
tween the individual transitions, it is determined by
the requirement that the energy conservation law be
satisfied for the system "atom + radiation field," and
can be much shorter than (Aw)"1.

We assume first that the excitied field is mono-
chromatic and has a frequency w « w n m / 2 , and that
Ek ra (En - E m ) /2 . It then follows from (10), (19), and
(20) that

Wmn (t) = 512n*P (co) | dmh |' | dhn fc-Hr*
(21)

sin2(conm—2a>) t/2
[(«Am—«)2 + rg/4](conm—2(0)2 •

The quantity Wmn(t) differs markedly from zero
only when wnm = 2w» a n d is proportional to the square
of the field intensity I(w) and the product of the squares
of the matrix elements | dmkl and | dknl. Such a tran-
sition m —* n can be regarded as a sequence of ele-
mentary transitions m — k and k — n, in each of which
one photon is absorbed. It is important, however, that
the photon absorption acts cannot be regarded as inde-
pendent. Indeed, were they to be independent, the
probability Wmn(t) would coincide with the product of
the probabilities of the individual transitions, and the
second resonant factor in the denominator would be
not (wn m - 2w)2, but [(wnk - w ) 2 + r£/4] [see (17)].
The presence of two factors of this type would signify
that the energy conservation law is satisfied in each
elementary absorption act and that the transition
m —• n can be caused with approximately equal proba-
bility by any two photons with frequency lying in an
interval of width Tk near a>n m /2. On the other hand,
the presence of the factor (wn m — 2w)2 reflects the
requirement of obligatory conservation of energy (for
t —• ») only for the entire two-photon process.

The two-photon process considered above calls for
the existence of an intermediate state, which is con-
nected with the initial and final states by nonzero
matrix elements. Frequently the intermediate states
of a quantum system are divided into real and vir-
tual £14^, the latter being distinguished for the fact that
they do not satisfy (as is customarily assumed) the
energy conservation law. (In our case the virtual state
would be the state k, for which | Ek - E m - liaj| » Tk-)

From the classical point of view, foregoing the energy
conservation law makes the virtual state physically
meaningless. However, quantum representations make
it possible to present a different treatment of the in-
termediate states, without separating them into real
and virtual with respect to satisfying the energy con-
servation Iawti5,i6]. indeed, in our analysis of the
single-photon processes we noted that, as a result of
the energy uncertainty relation, the probability of find-
ing an atom in the state k within a time interval
Atk w 27r/|a>kn ~ « | is approximately the same order
as when u> = Wkm for any arbitrarily large deviation
of the frequency u from the resonant frequency o>kn-
Therefore, when |UJ - Wkml » I"k the interval Atk can
be regarded as the lifetime of the atom in the inter-
mediate state k; although a; ^wkm> the energy con-
servation law is not violated from the quantum point
of view. At the same time, inasmuch as for the entire
two-photon process the energy conservation law should
be satisfied (as t—"*>), the second photon should be
absorbed within a time Atk-

Therefore, the shorter the time that the atom is in
the intermediate state, the smaller should be the proba-
bility of the two-photon transition. This follows indeed
from (21), which shows that when |o>km ~w\ » ^k the
quantity Wmn(t) ~ At? . The quadratic character of the
dependence can be readily understood by recognizing
that in our case Atk <<: (Aw)"1 [see formula (14) and
Fig. 2].

We note that the inequality |wkm ~<JL>\ » Tk or
At^ « r^1 corresponds to the fact that the lifetime in
the k-th level is determined not by relaxation proc-
esses, but by the requirement of energy conservation
within the limits of the uncertainty relation. It is
natural here that the quantity Wmn(t) does not depend
on F^1. To the contrary, if |wkm — w| « Fk> then
Atk » Fj^ and the lifetime at the k-th level (and con-
sequently also Wmn(t)) is determined by relaxation
processes. Thus, depending on the sign of the inequal-
ity written out above, the levels can be separated, if
necessary, into real and virtual; the energy conserva-
tion law, however, is satisfied for both.

We assume now that the transition m — n is excited
by two harmonics with frequencies wj and w2, such

k- m this case,that + w2
(19) yields n m

and

\dhn

i 2

y
J

„ — (Oj U>hn (22)

This expression is similar to the relation for the
probability of a two-photon transition via two inter-
mediate states, differing in the fact that a photon w, is
absorbed in one of them and a photon co2 is absorbed
in the other, i.e., a two-photon transition with a differ-
ent photon absorption sequence. It is important that
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the probabil i ty of such a t rans i t ion is not equal to the
sum of the probabi l i t ies of the t rans i t ions via the two
poss ib le in termedia te s t a t e s . Formula (23) shows that to
de te rmine W m n ( t ) it is f i r s t n e c e s s a r y to add the a m -
pli tudes of the probabi l i t ies of the poss ible t ransi t ion
pa ths , and then form the square of the modulus of the
sum of these ampl i tudes . We get an " in t e r f e r ence of
p r o b a b i l i t i e s , " as a r e su l t of which the probabil i ty of
the two-photon p r o c e s s can vary from ze ro to the
square of the sum of the ampli tudes of the probabi l i -
t i e s of the t rans i t ions along the different pa ths . Thus,
the total probabil i ty W m n ( t ) = 0 when the levels a r e
s t r ic t ly equidistant, w k m - U ( = u>2 — <^km> that i s ,
two-photon t rans i t ions m —- n a r e imposs ib le (this r e -
sult is valid only when F ^ = 0).

The " in t e r f e r ence of p r o b a b i l i t i e s " is a manifes ta-
tion of the ambiguity of the t ransi t ion path between two
s ta tes in the two-photon t rans i t ion . In this case this
ambiguity is connected with the fact that in pr inciple
we cannot tel l which of the photons (ojj or u;'2) is the
f i r s t to be absorbed, if al l we know is that the sys tem
has gone over from the s ta te m into n. Such an a m -
biguity (and consequently, the " in t e r f e r ence of p r o b a -
b i l i t i e s" ) d i sappears if the in termedia te level is
resonant for one of the photons. Indeed, if Iw^m — Wj|
— 0, then the second t e r m in (22) with the nonresonant
denominator aj^m ~ W2 c a n t>e neglected.

Let u s examine, finally, the excitation of an a tom
with in termedia te level E^ = (En — Em) /2 by radiat ion
having a spec t r a l width Aw » Fk n e a r the frequency
w = c u n m / 2 . Then (19) yields

Wmn (t) = (23)

As in the case of the single-photon t ransi t ion, the two-
photon t rans i t ion probabil i ty is propor t ional to the
t ime t, and we can therefore introduce the concept of
t rans i t ion probabil i ty p e r unit t ime , independent of the
t ime . Formal ly express ion (23) can be represen ted ,
accura te to a factor 2ir, as a product of the p robab i l i -
t i e s of the t rans i t ions m — k and k — n [ see (12) and
(18)]. This r e su l t is a consequence of the fact that
when Aw » Fj^ the s ta t ionary mode of excitation i s e s -
tabl ished within a t ime (AOJ)"1 « F^1. In this mode, the
probabil i ty of the t rans i t ion k —• n p e r unit t ime i s
propor t ional to the population of the level k, and the
la t t e r is propor t ional to Fj.1. We note, however, that in
the individual two-photon t rans i t ion ac t the absorpt ion
of the individual photons cannot be r ega rded as inde-
pendent. This cor responds mathemat ical ly to the fact
that (22) cannot be r ep resen ted in the form of a product
of probabi l i t ies of absorption of individual photons.

By way of a second example of a two-photon p r o c e s s ,
le t us consider resonant sca t ter ing of light by an atom
having two nondegenerate levels m and n. For this
p r o c e s s the re is a complete theory, which makes use
of the quantization of the radiat ion field. For suffi-
ciently l a rge t imes t, when all the t r ans ien t p r o c e s s e s
have terminated , the probabil i ty that a photon wp of

incident radiation will be absorbed and a photon wCT

will be emit ted, while the atom will again a s s u m e the
init ial s tate (m) [see^1 7^, formula (37a)], is equal to

+ (w p -Gv)TMv l + (<>w--GV)T1, (24)

where v\^n and V J ^ — m a t r i x e lements for the a b s o r p -
tion of the photon Wp and emiss ion of the photon o j a ,
while y m and y n a r e the half-widths of the levels m
and n. This formula was obtained for nondegenerate
radiat ion, when the induced t rans i t ions from the upper
to the lower levels can be neglected. In this c a se 2yn

is the na tura l width of the level n, defined by the spon-
taneous t rans i t ions , and the width of the init ial level
2 y m is de termined by the finite t ime that the atom will
stay in the initial s ta te in the p r e s e n c e of the radiat ion
field (yn » y m ) .

Let u s consider the shape of the absorpt ion and
emiss ion l ines in the two limiting c a s e s of " n a r r o w "
(Aw « yn) and " b r o a d " (Aw » y n ) excitation spec t r a .
In the fo rmer ca se the spec t ra l density I(w) differs
from zero in a na r row spec t ra l in terval near the f r e -
quency O!0 (see Fig. 3a). We obtain the total absorpt ion
probabil i ty by integrating (24) over a l l values of the
frequency co a , which yields

= COnSt • (25)

It follows therefore that the shape of the absorpt ion
line contour i s Lorentzian with half width y n .

We obtain the emiss ion line shape by integrat ing
(24) over a l l va lues of uip. Since y m « y n for all coCT

differing from ojp by an amount l a r g e r than y m , the
value of Wp c r i s l ikewise p rac t ica l ly ze ro if
Aw » y m

Wa = const •7(co0)[Y?,+ K m ~ O 2 ] - (26)

It follows therefore that the emiss ion line width coin-
cides with the line width of the exciting light and is
much n a r r o w e r than the na tura l linewidth 2 y n of the
spontaneous emiss ion . Inasmuch, fu r the rmore , as the
denominator in (26) r ema ins prac t ica l ly constant within
the confines of the line I(a; a) , the in tegral intensity of
the sca t te red light d e c r e a s e s with increas ing
l w nm ~~ wol m the s a m e way a s the intensity of the
spontaneous emiss ion . This means that the resonant
sca t te r ing of radiat ion with a " n a r r o w " spec t rum
cannot be r ega rded as two success ive independent
p r o c e s s e s , for o therwise the atom would not " r e m e m -
b e r " which of the photons was absorbed, and the s p e c -
t rum of the sca t t e red light would coincide with the
spec t rum of spontaneous emiss ion . This r e s u l t can be
easi ly understood by using the c lass ica l r e p r e s e n t a -
tion of the atom as a harmonic osc i l la tor with damping
y n . Such an osc i l la tor i s excited by ha rmonics with
frequencies lying in the interval 2 y n , and i ts s tat ionary
osci l la t ions cor respond only to the frequency of the
driving force .
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In the case of the scattering of light with a "broad"
spectrum, the shape of the absorption line is given by
the expression

Wp = const •/(wp)YnY™K«W--«p)
2 + Y«rI, <27)

and the shape of the emission line

Wa = const • yn [(mnm — co0)
2 + y *] (28)

and both coincide with the shape of the spontaneous
emiss ion l ine. Consequently, in this c a se the r e s o n -
ance sca t te r ing a s a whole can be r ega rded a s c o n s i s -
ting of two independent processes—absorpt ion of the
photon Wp and succeeding emiss ion of the photon ua.*

As in the case of resonant sca t t e r ing of radiat ion
with a " n a r r o w " spec t rum, the r e su l t obtained can be
understood by using the c lass ica l ideas . Indeed, a s
shown above, the t ime At = (Ao;)"1 i s the effective a b -
sorption t ime . When AOJ » yn , this t ime is much
sho r t e r than the l ifetime of the atom in the excited
s ta te n. Therefore the atom is excited prac t ica l ly in-
stantaneously, and then r ad ia t e s l ike a freely vibrat ing
osci l la tor with a de-exci tat ion t ime constant y n ' .

4. General cha rac t e r i s t i c s of multiphoton p r o c e s -
s e s . Having examined by means of the two examples
the fea tures of two-photon p r o c e s s e s , we p r e s e n t
without proof a formula for the t rans i t ion probabil i ty
p e r unit time—in which p-photons par t ic ipa te s imu l -
taneously. It is the resu l t of solving equations of the
type (6) for the probabil i ty ampli tudes an(t) under the
assumption that when t = 0 the sys tem i s in one of un-
per tu rbed s ta t ionary s t a t e s m. 14-' By sys tem we mean
here the aggregate " a t o m + radiat ion f ie ld ," and the
energy of the sys tem is made up of the energy of the
radiat ion field, the energy of the atom, and the energy
V of the i r interact ion, the la t te r being regarded as a
smal l per turba t ion . To calculate the probabil i ty of the
p-photon t ransi t ion, we f i r s t obtain, by per turbat ion
theory, the amplitude of the final d i sc re t e s ta te an(t)
in the p - th o rde r . This express ion , when wri t ten out
in genera l form, is complicated and difficult to i n t e r -
p re t . It can be simplified if we bea r in mind that in
most c a se s of p rac t ica l in te res t of multiple-photon
t rans i t ions , the final s tate is not one d i sc re t e s ta te ,
but a group of closely-lying s t a t e s . Then physical in-
t e r e s t a t taches to the probabil i ty of observing the s y s -
t em in any of the s t a tes of this group. In the p-photon
t rans i t ion this probabil i ty i nc r ea se s l inear ly with t ime,
so that we can speak of the t ransi t ion probabi l i ty p e r
unit t ime, which tu rns out to b e ^ J

pj/(p) __ 2jth~11 K^v^ p p (29^

where pn—density of the final s ta tes near the energy
Wn « W m of the unperturbed sys tem, and K^' —com-
pound mat r ix element of o rde r p:

V 1 * mhA k'k" • • • * k < P - l > n

~ ) • ( 3 0 )

k', k", ...,h"
(Wm—Wh,)(Wm—Wh,,) ... (Wm —

*On the other hand, the elementary acts of absorption and
emission of individual photons are interdependent [see (24)].

Here Wn—energy of the unperturbed sys tem in the
s ta te n, and V ab—matrix element between the s ta tes a
and b of the interaction opera tor V. Formula (29)
differs from the corresponding formula for the s ing le -
photon t ransi t ion probabil i ty only in that the ma t r ix
element of Vmn °f the d i rec t t ransi t ion i s replaced by
the compound mat r ix e lement K^' of o rde r p . Its
numera to r contains the product of p ma t r ix e lements
of the form Vab : the f i r s t ma t r ix e lement s t a r t s with
the initial s ta te m, and the l a t t e r a r r i v e s at the final
s ta te n. The denominator K J ^ J contains the product of
(p - 1) energy differences between the initial and the
in termedia te s t a t e s . The s t r u c t u r e of re la t ions (29)
and (30) gives grounds for regarding the p-photon t r a n -
sition a s occurr ing in p s tages via (p - 1) r ea l i n t e r -
mediate s ta tes of the unperturbed system: one photon
is f i rs t absorbed (or emitted), leaving the sys tem in a
s ta te k ' , followed by absorpt ion (or emission) of a
second photon, bringing the sys tem to the s ta te k",
e tc . Finally, a s a r e su l t of e lementa ry single-photon
ac ts , the sys tem is in the final s ta te n. The quantity
[(Wm - Wk ' ) (W m - Wk") . . . (W m - Wkfr-i))]"1 (in
analogy with the pa r t i cu l a r example considered above)
i s proport ional to the product of (p — 1) effective
t imes during which the sys tem i s in the (p - 1) i n t e r -
mediate s t a t e s . The ca se s when the energy differen-
ces vanish call for an evaluation of the finite l ifetimes
of the in termedia te s ta tes (two such cases—a stepwise
two-photon t ransi t ion and resonance f l u o r e s c e n c e -
were considered e a r l i e r ) . Thus, the calculation of the
probabil i ty of the multiphoton t ransi t ion reduces to the
calculation of the ma t r ix e lements of single-photon
t rans i t ions via the in te rmedia te s t a t e s . General ly
speaking, it is n e c e s s a r y to know the m a t r i x e lements
of the t rans i t ions via a l l the in te rmedia te s t a t e s , s o m e -
thing grea t ly complicating the problem compared with
the calculation of the probabil i ty of the single-photon
t rans i t ion . However, it is frequently sufficient to take
into account only the in termedia te s t a tes that make the
maximum contribution to the multi-photon p r o c e s s .

Relation (29) allows us to draw severa l important
conclusions concerning the cha rac t e r i s t i c features of
the multiphoton t rans i t ions , without determinat ion of
the exact values of the ma t r ix e l emen t s . These include
the following:

1) The probabil i ty of the p-photon t ransi t ion differs
essent ia l ly from zero only if the energy conservation
law is satisfied for the en t i re p r o c e s s as a whole, but,
unlike in the single-photon t ransi t ion, photons can be
emit ted in a multiphoton p r o c e s s also if the resu l t an t
t rans i t ion of the atom is to e i ther a lower or a higher
energy s ta te .

2) In the case of a t ransi t ion with absorption of
p-photons of equal frequency, the quantity W*P) is
proport ional to the number of photons of this frequency,
r a i s ed to the degree p , that i s , to the emiss ion inten-
sity ra i sed to the degree p .

3) The maximum contribution to the probability of
the multiple-photon t ransi t ion is made by the resonant
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intermediate states, for which Wm — Wk(k) —* 0. Thus,
in the case of a two-photon transition, it is sufficient
to leave in (30) only one resonant term.

4) The selection rules for multiphoton transitions
differ from the selection rules for single-photon tran-
sitions. In systems with a symmetry center, dipole
electric transitions in which an even number of photons
participate are allowed only between states having
equal parity, and those with participation of an odd
number of photons are allowed between states of oppo-
site parity.

5) If there are not one but several intermediate
states of the type k', k", . . . , k ( P ^ \ then the additive
quantities are not the probabilities but the amplitudes
of the probabilities of the different possible paths of
the p-photon transition. This peculiarity of multipho-
ton transitions is connected both with the fact that in
principle it is impossible to distinguish between the
photon absorption and emission sequences and with the
fact that, in principle, for a given photon absorption
and emission sequence, transitions via different inter-
mediate states of the system are possible.

3. General Review of Experiments on Multiphoton
Processes

The volume of experimental material on single-
photon processes accumulated by now is so large, that
it is advantageous to present only a brief general r e -
view, and consider in more detail problems of greatest
interest from the theoretical and experimental points
of view. Although such multiphoton phenomena as
resonance fluorescence or Rayleigh and Raman scat-
tering were known long ago and were analyzed theor-
etically in detail, the special interest in multiphoton
processes as a whole arose and developed during the
last decade in connection with the observation of
phenomena connected with the absorption of several
photons of the exciting radiation in a single elementary
act, first in the radio band and then in the optical band.

In most of the earlier papers devoted to such in-
duced multiphoton transitions, principal attention was
paid to the extent to which the experimental results
correspond to the theoretical predictions. Rarefied
systems with discrete energy spectra are in this sense
the most interesting. The possibility of investigating
multiphoton phenomena in discrete atomic systems in
the optical band, are at present essentially limited by
the lack of generators of stimulated emission in the
optical band with adjustable frequency. Because of the
relative simplicity of producing sufficiently intense
radiation sources in the radio band, the relatively
large number of systems that are convenient for the
observation of multiphoton transitions, and the possi-
bility of varying the positions of the most energetic
levels over a sufficiently wide range (the Zeeman and
Stark effects), the main results on quantitative experi-
mental and theoretical investigations of multiphoton

phenomena were obtained at radio frequencies (see,
for example, T.18-29]). A systematic study of multi-
photon transitions, aimed at checking the correspon-
dence between the theoretical and experimental results,
is the subject of'-21'26^. A distinguishing feature of the
experimental study of multiphoton transitions in the
radio band, using rarefied systems, is the need for
creating a non-equilibrium distribution of the popula-
tions of the sublevels of the investigated transition,
inasmuch as in the radio band we have |En - E m |
« kT, so that in the state of thermodynamic equili-
brium the populations of the initial and final levels
are practically identical. In^21^ there were investiga-
ted multiphoton transitions between the sublevels of
the ground state of potassium vapor, and the neces-
sary population difference was attained by the mole-
cular beam method. In-26^, in an investigation of
multiphoton transitions between sublevels of the ground
state of sodium vapor, the necessary population differ-
ence was produced by the optical-orientation
method *"29 .̂ The main results of the investigation can
be briefly formulated in the following fashion: in all
cases when it is possible to make a sufficiently accur-
ate comparison of the experimental results with the
theoretical ones, the theoretical predictions were
fully confirmed by experiment (see Chapter II, Sec. 1).

An investigation of multiphoton transitions in the
optical band, using laser emission, is of great interest
from two points of view. It is possible to use this
method, first, to investigate transitions between
states having identical parity, that is, transitions
which are forbidden in single-photon processes
(see^30"42^, Chapter I). Second, if the structure of the
levels and the matrix elements of the transitions in
the investigated system are sufficiently well known,
then the investigation of multiphoton processes can
yield additional information on the statistical proper-
ties of the laser emission^43^, inasmuch as processes
of second and higher orders are determined by
moments of fourth and higher orders of the radiation
field, respectively. Unlike the usual radiation of in-
coherent sources, there are no theoretical grounds
whatever for assuming that the radiation of the laser
obeys a Gaussian (normal) distribution law.-44^

In systems with a continuous spectrum, such as
metals and semiconductors, where a theoretical analy-
sis of multiphoton transitions is very complicated
even now, and apparently cannot be carried out with the
accuracy required for comparison with the experimen-
tal resultsL45,46j^ jf- j g oj- interest to observe such
phenomena as two-photon internal and external photo-
effects. The internal two-photon photoeffect in a semi-
conductor, which consists in exciting electrons from
the valence band to the conduction band, was observed
in^47^ in CdS using a ruby laser. The energy of the
photons of the ruby laser (1.8 eV) is insufficient to ex-
cite the electrons in the conduction band (the energy
gap between bands is 2.4 eV), so that for ordinary
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radiation sources with the wavelength of the ruby laser
this semiconductor is transparent. Two-photon exci-
tation of electrons in the conduction band was detected
by observing recombination emission from the exciton
and impurity levels, arising as a result of two-photon
excitation. The intensity of the recombination emis-
sion has exhibited a quadratic dependence on the ex-
citation intensity, and has coincided in order of
magnitude with the theoretically predicted value.
^[45,481 a r e (J i s c u s s e c j the possibilities of using two-
photon processes in semiconductors for the detection
of weak infrared radiation.

Theoretical estimates of the external surface and
volume two-photon photoeffects in metals and semi-
conductors'-49"52^ show that in principle it is possible
to observe such an effect at intensities afforded by
pulsed solid-state lasers. A study of these phenomena
is essential for the investigation of the red shift of the
photoeffect at large radiation densities, but its obser-
vation is made exceedingly difficult by thermionic
emission'-53-' and, as far as we know, has not yet been
made.

Of interest from both the theoretical and experi-
mental aspects is the possibility of two-photon ioniza-
tion of atoms by laser radiation; it is complicated,
however, by the fact that the minimum energy of
ionization from the ground state, 3.89 eV for cesium,
exceeds the two-photon energy of the available high-
power lasers . Such an effect can be observed in the
negative ions I", Br", and F", which have an ionization
potential that is sufficiently low for two-photon excita-
tion with the aid of a ruby laser'-54-'. The development
of techniques of nonlinear effective frequency conver-
sion in lasers (generation of a second harmonic,
stimulated Raman scattering, see Chapter III, Sec. 3)
uncovers new and broad possibilities for the investiga-
tion of two-photon photoionization of atoms. An inves-
tigation of multiphoton absorption processes in both
the radio and the optical bands has shown (see Chapter
II) that these processes can be described quite ade-
quately in terms of the number of photons and popula-
tions of the states of the quantum system. The physi-
cal simplicity and clarity of the model of multiphoton
interaction are very convenient for the description of
the nonlinear character of the interaction between
radiation and matter. However, an investigation of
multiphoton processes connected with the scattering
of radiation by quantum systems (such as the genera-
tion of harmonics, parametric amplification, para-
metric generation, and Raman scattering) has shown
that these processes are strongly influenced by the
phase relations between the harmonics of the exciting
and scattered radiation. The phenomena observed in
this case cannot be described in terms of the number
of photons and state populations only (see Chapter III,
Section 1). These phenomena can be divided into two
principal types: interference phenomena, which take
place in the elementary multiphoton act of scattering

by each isolated center of the scattering system, and
interference phenomena, connected with the specific
nature of scattering by the entire ensemble of scatter-
ing centers. Phenomena of the first type were observed
in investigations of resonance fluorescence'-55"62- and
were manifest in a sharp change of the intensity of the
scattered light in the so-called "level crossing" ef-
fect and modulation of the fluorescence light intensity
(see Chapter III, Sec. 2). Phenomena of the second
type were observed both in the radio band and in the
optical band (Chapter III, Sec. 3).

In the radio band these effects were observed in
three-level gas masers of the microwave band^3"66^1

and have led to distortion of the spectral-line shape
of the generated radiation; they were also observed in
generation of harmonics^67"76^. The efficiency with
which harmonics were generated under certain condi-
tions turned out to be proportional to the square of the
number of molecules of the active medium, and this
was manifest in a sharp increase in the efficiency of
generation over that obtained from the elementary acts
of generation on each molecule of the medium. The
most important application of multiple-photon proces-
ses in the radio band lies in obtaining harmonics in a
band for which there are no other sources of coherent
signals (frequency multiplication). It is probable that
in the near future these effects will be the basis of
new types of tunable amplifiers, mixers, limiters, and
modulators for the millimeter and submillimeter bands.

In the optical band, interference phenomena of the
second type were observed in second harmonic gener-
ation (SHG) with a ruby laser. SHG was first realized
successfully in quartz ^77^; with the ruby laser having
an average power of 10 kW, the second harmonic
power was 1 mW. Further intense development of r e -
search on the mechanism of generation of optical har-
monics in crystals and media in which such genera-
tion is effectively realizable C78-79] ( s e e chapter III,
Sec. 3) has pointed out the importance of the phase
relations between the fundamental and generated har-
monics as they propagate in a crystal having optical
dispersion. It was observed that the efficiency of gen-
eration of the harmonics depends not only on the inten-
sity of the exciting radiation, but also on its direction
of propagation in the crystal. It turned out that in
some crystals there exist such directions, for which
the SHG efficiency increases in proportion to the
square of the crystal length, whereas for other direc-
tions it has an oscillating character. In these crys-
tals it was possible to increase the SHG efficiency of
a ruby laser to 20%^"^, which makes it possible to
attain in the nearest future megawatts of second har-
monic in ruby and neodymium lasers . At the present
time nonlinear processes in crystals are among the prin-
cipal methods of effective conversion of the energy of
laser emission in the short-wave part of the optical

spectrum [100-103] . The development of Q-switched
lasers has made it possible to generate in crystals
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not only the second but also the third harmonic'-104 105J.
The maximum energy conversion efficiency in the
third harmonic in calcite is 0.01%.

The mixing of optical frequencies in crystals un-
cover additional possibilities for optical frequency
conversion in lasers . Optical mixing of the emission
of two ruby lasers with somewhat different frequen-
cies was first observed in^77^. Generation of the
summary frequency of ruby and neodymium lasers
was observed in^106^. int107'109^ there were proposed
different schemes for the use of multiphoton proces-
ses in crystals for the construction of variable-fre-
quency generators of coherent radiation in the optical
band. Although theoretical estimates show that it is
possible in principle to realize such systems at the
contemporary laser intensities, such systems have not
yet been realized at present.

Generation of difference optical frequency was first
observed by mixing a beam from a ruby laser with an
incoherent beam of a mercury lamp (A. =- 3115 A). The
efficiency with which the difference frequency was
generated, as expected, was negligible; with the power
in the 3115 A mercury line amounting to about
2 x 10~4 W, the power radiated at the difference fre-
quency was 10"10 W. The possible use of multiphoton
phenomena in crystals for the creation of sources of
coherent radiation in the far infrared and in the micro-
wave bands is discussed inLHO-nsj _

A study of the nonlinear processes of frequency
conversion in crystals is of considerable interest for
the investigation of the properties of the crystals them-
selves: dispersion, symmetry properties, quantitative
determination of the coefficients of nonlinear optical
polarizability, of the position and intensities of the ab-
sorption bands. An original effect of inducing a dc
voltage by laser light, corresponding to the limiting
case of generation of a zero difference frequency, was
observed in^114^. This effect is of interest because its
magnitude can be quantitatively predicted from known
optical properties of the crystal; its observation
makes it possible to increase the accuracy of measure-
ment of the coefficients of nonlinear polarizability of
the crystals.

The high radiation densities attainable through the
use of lasers have made it possible to check experi-
mentally the laws of nonlinear reflection of light on a
boundary of a dielectric C115"117^ . Investigation of the
laws of nonlinear reflection and refraction is impor-
tant for the understanding of the operation of optical
systems at very high radiation densities.

Successful realization of second-harmonic genera-
tion using gas^96'118'119-' and semiconductor^-120'121^
lasers of continuous action uncovers new possibilities
for a quantitative investigation of multiphoton phenom-
ena in crystals. When pulsed solid-state lasers are
used, such investigations are made difficult by the
presence of a random multiple-mode structure in their
radiation. The possibilities of investigating the statis-

tics of laser radiation by observing multiphoton phe-
nomena in crystals are discussed in^43^.

Considerable success in the investigation of the
two-photon process of Raman scattering (RS) was
attained by using a ruby laser as a source of light for
the excitation of Raman scattering. The high intensity,
the narrow width of the spectral line and the directivity
of the laser radiation make lasers, along with the mer-
cury lamp, one of the principal sources of radiation
for the excitation of Raman spectra. The results ob-
tained to date show that lasers have certain advan-
tages over mercury lamps as sources for the excita-
tion of Raman spectra when used to excite the spectra
of small crystalline samples or gases, and also in
some other special applications ^22-125] _ ^ n important
result of the use of a ruby laser for the investigation
of Raman spectra is the determination of the absolute
values of the cross section for Raman scattering of
some lines of liquid benzene, nitrobenzene, and tolu-

Investigations of Raman scattering with the aid of
lasers have led to a discovery of the effect of stimula-
ted Raman scattering [127~135] (see Chapter IV, Sec. 3).
The high intensity of scattering radiation in stimulated
Raman scattering uncovers new possibilities for the
investigation of Raman spectra (for example, the in-
vestigation of spectra of long-wave crystal oscilla-
tions^138^). The efficiencies for the conversion of
power in stimulated Raman scattering already attained
are of the order of 10—30% and bring this phenomenon
to the forefront as one of the basic methods for the
conversion of the laser-emission spectrum. The in-
vestigations of stimulated Raman scattering have
shown that under thermodynamic equilibrium it is
possible to convert efficiently the radiation power
from a laser not only in the long-wave region of the
spectrum (Stokes Raman scattering) but also in the
short-wave region (anti-Stokes Raman scattering).
The latter possibility is essentially connected with the
presence of interference phenomena in Raman scatter-
ing (see Chapter III, Sec. 3), when Raman scattering
can no longer be regarded as an incoherent two-photon
process in which the phases of the excited molecular
oscillations have a random distribution^136"145^.

II. MULTIPHOTON PROCESSES REQUIRING NO AC-
COUNT OF INTERFERENCE PHENOMENA

1. Multiphoton Transitions Between Zeeman Sublevels
of the Sodium Atom [26]

1. Method of observing multiphoton transitions.
The total angular momentum of the sodium atom, F,
in the ground state, which consists of the spin of the
nucleus (I = 3/2) and the spin of the electron shell
(J = 1/2), assumes two values, F = 1 and F = 2, form-
ing a Zeeman level structure in a weak magnetic field
(Fig. 5a). In very weak magnetic fields, the level
splitting depends linearly on the field intensity and all
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FIG. 5. a) Zeeman splitting of levels of the ground state of the
sodium atom in a weak magnetic field. The resonant values of the
magnetic field are those expected for the frequency 108.5 Mcs.
b) Variation of the spectrum of the signal S with the intensity of
the rf field. The lower curve corresponds to larger rf field ampli-
tudes.

levels with F = 1 and F = 2 are equidistant. However,
starting with fields on the order of 1 G, the deviation
from equidistant spacing becomes larger than the r e -
laxation width of the levels.

Multiple-photon transitions were observed only be-
tween sublevels with the same value of F. The reason
for this is that, as follows from a theoretical analysis,
the probability of transitions with AF * 0 is very small
compared with the probability of the transitions with
AF = 0. In fact, for the AF = 0 transition, the com-
posite matrix element K5?) contains a term of the
order of (Vab) /Ao>]F , where Aojj is of the order of
the deviation of the level spacing from equidistant. On
the other hand, if AF * 0, then K | P Q is of the order of
(Vab)P/AwP > where Aw2 is of the order of magnitude
of the hyperfine splitting. Inasmuch as Aw, « Aw2>
the value of K*|?J, for transitions with AF ^ 0 is negli-
gibly small compared with KW for transitions with
AF = 0. This corresponds to the fact that the times
that the atom stays in the intermediate state of the
p-photon transition AF = 0 are much longer than the
time for the transition AF * 0. For this reason,
multiphoton resonances AF =* 0 could never be ob-
served. We note that this peculiarity of transitions
with AF = 0 and AF ^ 0 is characteristic of multipho-

FIG. 6. Orientation of constant magnetic field HD relative to the
direction K of the orienting light beam and the direction of detec-
tion of the scattered light, in experiments with optical pumping of
sodium.

ton processes only; for a single-photon transition, the
matrix elements K ^ n do not depend on the frequency
and have an order of magnitude Vab f ° r both AF = 0
and AF * 0 transitions.

Under conditions of thermodynamic equilibrium, the
relative difference in the populations of the sublevels
having the same value of F is so small, that at the
atomic concentrations employed (on the order of
1010—1011 cm"3), the absorption of photons of a radio-
frequency (rf) field, connected with the transitions be-
tween sublevels, cannot be observed in practice. To
produce an appreciable population difference, use was
made of the known method of optical orientation, based
on the difference in probabilities of excitation and de-
excitation of atoms from different sublevels ^29^. It
was thus possible to produce a relative difference in
populations of Zeeman sublevels, on the order of 10%.
For direct observation of absorption of radio-frequency
photons at the indicated atomic concentrations, this is
still not enough, but their absorption can be observed
indirectly, by determining the change in the optical
properties of the medium for a radiation that orients
the atoms. The point is that the absorption of photons
from a radio-frequency field, which leads to a change
in the sublevel populations, is accompanied by a change
in the absorption and in the intensity of scattering of
the orienting radiation. Owing to the large sensitivity
of the optical-band receivers, this method makes it
possible to observe exceedingly small changes in the
absorption of the radio-frequency photons (in the
limit, one transition in the radio-frequency band gives
rise to a change in the light flux by one photon).

The orientation of the fields in the foregoing ex-
periments with optical pumping is shown in Fig. 6. A
spherical cell was filled with saturated sodium vapor
(pressure 10~6 mm) and a buffer gas (argon) to reduce
the effect of the disorientation of the Na atoms upon
collision with the walls of the vessel (introduction of
the buffer gas increased the time constant of the r e -
laxation processes to 0.1 sec). The cell was exposed
to resonant circularly-polarized light from a sodium
lamp, propagating in the direction of the superim-
posed constant magnetic field Ho. The linearly polar-
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ized (I?,-) and the circularly polarized (I,j) components
of the resonance fluorescence were observed at a right
angle to this direction. A measure of the number of
transitions between the Zeeman sublevels was the
quantity

Ia ' (31)

where 1̂  and ICT are the intensities of the n and a com-
ponents in the absence of an rf field, and 1̂  and 1̂ .
were the corresponding intensities in the presence of
the field; the latter was produced by special coils in
which the cell was placed.

To observe the Zeeman transitions one could either
fix the field intensity Ho and vary the frequency w of
the rf fields, or else fix u> and vary Ho. In practice
the latter method is more convenient, and was used to
observe multiphoton transitions even in the early ex-
periments, carried out at a constant frequency 108.5
Mcs.

According to the Breit-Rabi formula, four resonan-
ces corresponding to fields 132, 150, 171 and 192
Gauss were expected for the Zeeman splitting (two out
of the six resonances that are possible within the
limits of the sublevels F = 1 coincide with two reson-
ances within the limits of F = 2, if we neglect the very
small difference, due to the nuclear spin, between the
Zeeman splittings of these sublevels). These resonan-
ces were actually observed in weak radio-frequency
fields. With increasing amplitude of the radio-fre-
quency field, narrow additional resonance lines ap-
peared (see Fig. 5b). It turned out that the frequencies
of these additional resonances are the arithmetic means
of the frequencies of two neighboring resonances ob-
served in weak rf fields. Inasmuch as each rf photon
causes transitions with a change Amp = ± 1 (the rf
field in these experiments was oriented perpendicular
to the constant field) these additional resonators satisfy
the selection rules for two-photon transitions. In addi-
tion, resonances were observed corresponding to tran-
sitions in which three and more photons participated.
Later on, detailed theoretical and experimental inves-
tigations were made, concerning the observation of
multiphoton resonances and the variation of their in-
tensity, line width, and position of the resonant fre-
quency with the amplitude of the rf field. (The influ-
ence of the intensity of the radio-frequency field on the
width and position of the resonance lifte is manifest
only at large amplitudes, and could not be obtained
from the elementary perturbation theory developed in
Chapter I, Sec. 2).

In the optical method of detection of multiphoton
transitions, a check on formula (29) for the probability
of the p-photon transition calls for establishment of a
connection between the quantities S [expression (31)]
and W(t). Such a connection is relatively simple, pro-
vided only the effects of the optical and radio frequen-
cies are not correlated and can be regarded as inde-
pendent. This condition is satisfied when the sodium

atoms are oriented with light having approximately
identical intensity of the Dt and D2 lines. In this case
all the sublevels of the ground state decay at the same
rate like exp ( —Tjt). Here r 4 is the relaxation width of
the sublevels of the ground state, with r t = 1/T + 1/T,
where r is the average time between two collisions of
the atom with the walls of the cell (the main relaxation
mechanism), and T the average time between two acts
of absorption of optical photons by each atom.

The considerable difficulty of comparing the ex-
perimental results with the theoretical ones is connec-
ted with the fact that S depends essentially on the de-
gree of discsrientation of the atoms in the excited state.
On the other hand, the disorientation mechanism is not
sufficiently well known, and the change of the distribu-
tion of the atoms over the sublevels of the ground state,
caused by the disorientation, does not lend itself to a
direct experimental or theoretical determination.

It will be convenient in what follows to consider
separately two cases of polarization of the radio fre-
quency field: a field rotating in a plane perpendicular
to Ho, and a linearly oscillating field of arbitrary ori-
entation .

2. Multiphoton processes in a rotating field. A
theoretical analysis of multiphoton processes in a ro -
tating field perpendicular to a uniform constant field
H0^

26^ leads to the following expression for the mag-
nitude of the signal S, corresponding to the p-photon
transition

c(p)
(<£>nm — p<B)2+ H + 4 (1 + Amn/2) I KM ] (32)

Here K^—composite matrix element of the p-photon
transition m — n, ojnm—frequency of the transition
m — n (we assume henceforth that h = 1), which gen-
erally speaking depends on the intensity of the rf field;
o> —frequency of rf field, and Amn—dimensionless
parameter that depends on the degree of disorienta-
tion in the excited state and is generally speaking
different for different transitions m — n.

The form of the composite matrix element KjP^
depends, in accordance with (30), on the form of the
interaction operator V. For transitions between
Zeeman sublevels of the ground state, having identical
parity, V is the operator of magnetic dipole interac-
tion. In the case of a magnetic field rotating with fre-
quency <x>,

Hi (t) = Ht (i cos cot+ j sin cot);

the operator is V = ~^Hj, where fx—operator of dipole
magnetic moment of the atom, and the matrix element
Vab * 0 o n ly if m F , a ~ m F ,b = ± 1-* K the transition in
which m increases by unity corresponds to absorption
of one photon, then the transition in which m decreases
by unity corresponds to emission of the same photon.

*We shall henceforth omit the subscript F of



14 A. M. B O N C H - B R U E V I C H and V. A. KHODOVOI

a> - n Mcs

WB 1.9.37 19.58 19.79 80.00
Ho, G

FIG- 7. Example of resonance spectrum observed in a
rotating rf field.
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A rotating magnetic field is equivalent to the presence
of photons with only one polarization (for example a*).
In such a field, transitions in which p-photons partici-
pate can occur only between the levels m and m ± p,
that is, the order of the multiple-photon transition is
uniquely determined by the change in the quantity m.

Although it is convenient to single out in the theor-
etical analysis the case of a rotating field, a linear
oscillating field is always used in experiments. Such a
field can be represented by a coherent superposition
of right- and left-hand rotating fields with amplitudes
Hj/2. Therefore, to investigate resonances, say, in a
right-hand field it is necessary to produce conditions
under which the influence of the left-hand field could
be neglected. This influence decreases with increasing
frequency w and with decreasing field amplitude Ei.
In this connection weak linearly-oscillating fields of
relatively high frequency (4.95, 8.07, and 14 Mcs) were
used to observe multiphoton transitions in a rotating
field.

Figure 7 shows two typical spectra obtained for
different amplitudes H t. Resonances on the curve
£>mn (Ho) were observed at frequencies satisfying the
condition w n m — pw =0. In weak fields, corresponding
to the frequencies indicated above, the deviation from
equidistant arrangement of the levels was ~ 10 kcs.
This ensured sufficiently distinct separation of the in-
dividual resonances. At the same time, all the reson-
ant frequencies lie close to the frequency of the single-
photon transitions ~w0 between two neighboring sub-
levels.

The dependence of the intensity and width of the
resonance lines on Hj is determined by the composite
matrix elements KJPJj in (32). The amplitudes of the
resonances are obtained from (32) with wnm = pw:

(34)

If Hj is sufficiently small, such that
41 K$n 12(1 +Am n /2) « rf, then the amplitude of the
resonance of order p is proportional, in accordance
with (30), to | KJPJJ2 ~ (Hi)*. Conversely, in suffi-

ciently strong fields H,, when 4 | K ^ | 2 ( l + A m n /2 )
» F2, the amplitude of the resonance does not depend
on the amplitude of the rf field (saturation effect). In
the general case

Si I TT \t>rt
(35)

where C4 and C2 are constants. Thus, theory predicts
that the dependence of ( H j J ^ / S ^ on ( H ^ should be
linear in all cases, [ ( H ^ / S J ^ = a + b (H^]. As
can be seen from Fig. 8, the experimental points for
single-photon, two-photon, and three-photon transi-
tions actually fall exactly on the straight lines.

The width of the resonance line of the p-photon tran-
sition is determined from (32):

Aco(p)•n = - VT\ + 4 ;(l + Amn/2). (36)

Experimental investigations of the dependence of the
width of the resonance lines on the amplitude Ei of the
rf field have shown that it is described satisfactorily
not by formula (36), but by the expression

10 eo so
Relative units

FIG. 8. Check of the equation Smn
<a> =

one-, two-, and tbree-photon transitions.

«(//,)'
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FIG. 9. Dependence of the line width of two- and three-photon
transitions on the rf field amplitude.

>/2) ) • (37)

where 2F2—resonance line width due to inhomogeneity
of the magnetic field Ho. Figure 9 shows the experi-
mental dependences of the line widths of two- and
three-photon transitions on H t. The linear dependence
A u * ' = f(HP), except for very small Hj, denotes that

the broadening by the rf field greatly exceeds the r e -
laxation width 2Fj. The intercept of the line on the
AwJP^ axis yields the direct inhomogeneous broadening
2r2 , while the difference between the limiting width of
the line at Hj —• 0 and this value yields the relaxation
width 2TV An estimate of these quantities yields
2F2 = 1.35 kcs and 2TX = 400 cps. To check the fact
that r 2 is really due to the inhomogeneity of the field
Ho, the limiting line widths of the one-, two-, and
three-photon transitions were plotted against OJ0 = yH0.
Inasmuch as Tx does not depend on the value of Ho,
these dependences should be linear, as was indeed
observed experimentally. Extrapolation to OJ0 = 0
makes it possible to determine the quantity Tj, while
the slope of the straight lines makes it possible to es -
timate the inhomogeneity of the field. Within the
limits of the measurement accuracy, T x coincided
with the quantity obtained from the relation

mn = )' w h i l e A Ho/Ho w a s o f t n e order of
1/4000, in agreement with the result obtained from
measurements by the method of proton nuclear reso-
nance (AH0/H0 = 10"4).

It is of interest to compare the broadening of differ-
ent lines by the radio-frequency field

17, (38)

The experimental value of the ratios Aw m n for two

Table

Frequency,
Mcs

4.95

14

14

8.07

8.07

14

14

14

I. Ratio of the broadenings of different lines by

Broadening ratios considered

4 ^ 2 ,

Acol, 0(F=2)

Aft)|, 1
Aa)*,0(F=l)

Awl, -1(F=2)
At02, 0

AcoJ, „
A(O1, -1(F=1)

Ac°l, -1(F=2)
Aft>2, 0

A(of_ _j (F=l)

Ao>;, _2

Theory

^2,1 r, o
AT,)0(F=2)

21 ' 0 8

^iV-l (F=2) 1 .25

^2.0 n /

K<U-l(F=2) 1.25

A a" 0 __ T 4
Al, -1 (F=l)

f <2>_A 2 , J> 1

the field.

Experiment

0.74

0.91

1.4

1

2.1

1.1

2.1

1
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FIG. 10. Example of resonance spectrum for arbitrary orientation
of the rf field in a plane perpendicular to the constant field Ho.

lines are determined from the slopes of the linear
sections of the corresponding plots in the region
Aa;m n » 2 (F2 +Ti). Theoretical calculations of these
ratios call for knowledge of Amn> a n d were made
under the assumption that A m n does not depend on the
levels of the transition m — n. Table I lists the ratios
of the values of Acomn for some lines. The discrepancy
between the theoretical and experimental values
reaches 20%, apparently owing to the inaccuracy of the
assumption A m n = const.

3. Multiphoton transitions in a field of arbitrary
orientation. A field of arbitrary orientation can be ex-
pressed in the form

Hj (t) = iffxcosG>t+jHy sin (at +k/7jcos (<D*+<D), (39)

by suitably choosing the x and y axes. In the case when
this field is perpendicular to the constant field Ho

(Hz =0), it can be represented by a superposition of
two fields rotating in opposite directions and having
amplitudes H+ = (Hx +Hy)/2 and H_ = (Hx - Hy)/2:

H! (t) = H+ (i cos at + j sin wi) + H_ (i cos a>t — j sin a>t). (40)

Therefore such a field is equivalent to the simultane-
ous presence of photons of both polarizations, CT+ and
a~. If the absorption of the photon cr+ induces a transi-
tion m — m + 1, and the emission induces a transition
m —• m — 1, then the absorption of the photon a~ in-
duces the transition m —- m — 1, and emission induces
the transition m — m + 1. Accordingly, the interac-
tion operator V = — (/*• Hj) has two types of matrix
elements: (ju • H t)

+ ~ (Hx + %) and (^ • H,)~
~ (Hx — Hy), so that transitions become possi-
ble, in which the change in Am is not equal to the
number of the photons participating in the elementary
act. Thus, for example, the transition Am = 1 can r e -
sult from absorption of two <r+ photons and one a'.
This leads to the appearance of resonances of a new
type, the frequencies of which coincide approximately
with the odd harmonics of the one-photon resonances
u)fl. The latter is connected with the fact that a change
in the magnetic quantum number m by one can be effec-

ted only by using an odd number of photons. Now the
composite matrix element KJPn *", which includes,
for example, the absorption of p photons a+ and q pho-
tons a~, will be proportional to (Hx + Hy)p (Hx - Hy)^.

A field with arbitrary polarization differs from the
field just considered in the presence of a component
parallel to the constant field Ho. This leads to the ap-
pearance of a new type of matrix element of the z-
component of the interaction operator /-izHz

[(^zHz)7r and ( / J Z H Z )* , which differ from zero only
between states with identical value of m (with the ex-
ception of the case m = 0). The matrix element
(lj.zllz)n corresponds to absorption, while (;iizHz)*
corresponds to emission of one photon with polariza-
tion 7r. In this connection, the presence of a longi-
tudinal component of the rf field (w-photons) leads to
the appearance of still another type of multiphoton
resonance, namely resonances of even harmonics.
Thus, for example, the resonance u « wo/2 can corre-
spond to the transition m —- m + 1 with participation
of the photons a* and 7r. The composite matrix element
corresponding to the absorption of p-photons a* and
q-photons 7r will be proportional to (Hx + Hy)PHg. A
distinguishing feature of transitions in which IT -photons
participate is that the intermediate states of the atom
include also those between which the transition under
consideration takes place.

Theory predicts a much lower probability for tran-
sitions with Am ^ p as compared with Am = p. In the
case when Am = p all the resonant frequencies u> ~ w0

and the energy differences in the denominators of the
composite matrix elements are of the order of the
deviation of the level spacing from equidistant, while
for the transitions Am ^ p they are of the order of the
energy of the single-photon transitions, that is, much
larger. Therefore, to observe the resonances corre-
sponding to Am ^ p it is necessary to go over to lower
frequencies with larger rf field intensities.

Experimental studies were made of cases when the
resonances with the even or odd harmonics of w0 in
the transitions between different sublevels practically
completely overlap or are still resolved.

Figure 10 shows an example of a spectrum observed
in the region w ~ wo/2 under conditions when the indi-
vidual resonances are sufficiently resolved. The two
resonances with Am = 1 correspond to two-photon
transitions, while the two resonances with Am = 2 are
due to four-photon transitions. An analysis of the
spectra shows that the theoretically predicted depen-
dences of the signal amplitudes and line widths on the
amplitude of the rf fields are well satisfied. Figure l l a
shows the results of a check on the law ( H ^ V S ^
= aHj + b for the three-photon transition 2 — 1 and of
the investigation of the dependence of the width of the
two-photon lines 2 — 1 and 1 — 0 (F = 2) on E\ (Fig.
l ib) . The value obtained from these relations for the
limiting width 2F2 + Tx = 1.65 kcs is close to the value
obtained in experiments with a rotating field. The
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FIG. 12. Dependence of the shift of the resonant frequency of
two- and three-photon transitions on the amplitude of the rf field.

FIG. 11. Check of the equation Smn
 (a) = (H1)

2p/(a(H1)
2p + b)

for three-photon transition 2 -» 1. b) Dependence of the width of the
two-photon lines 2 -> 1 and 1 -> 0 (F = 2) on the rf field amplitude.

widths of the four-photon lines were not investigated,
since it was noted that for transitions with p > 3 the
inaccuracy in their determination is very large as a
result of the dependence of the resonant frequency on
the power of the radio-frequency field. The latter is
connected with the fact that the energy-level shift in-
duced by the rf fields is not the same for different
levels.

Quantum theory of multiphoton transition ^14^ con-
siders the shift of the energy levels as a result of
virtual emission and absorption of photons:

VmhVh (41)

(This relation is the usual expression for the change
in the energy of the state m in second-order perturba-
tion theory, and can be regarded as the diagonal ele-
ment K^nrn [see (30)].) In such virtual absorptions and
emissions of photons, the atom has during the time
interval when it is in the intermediate states an energy
which is different from that of the initial unperturbed
state, and this is manifest in an effective change in the
energy of the initial state m. The shift of the level
positions is usually much smaller than the widths of
these levels in single-photon transitions. However, it
can become quite appreciable for conditions of higher
order. In the case considered here, that of four-proton
transitions, the line broadening due to the rf field is of
the order of jj.41l\/w3, and the shift of the resonant
frequency is of the order ^H^a) (h = 1). When
JHHJ « w, the shift of the resonant frequency turns out
to be much larger than its width. Therefore a small

change in the power of the rf field during the measure-
ment process leads to a shift of the line by an amount
exceeding its width.

The line shifts 6u> were investigated for two-photon
and three-photon transitions. Figure 12 shows the
dependence of the position of these lines on Hj. In ac-
cord with the theory, they represent a set of parallel
straight lines. A theoretical analysis gives for the
ratio of the slopes of the two- and three-photon tran-
sitions a value of 1.78. The experimental values are
1.7 and 1.83 at field frequencies 2.4625 and 3.865 Mcs,
and are in satisfactory agreement with the theoretical
value.

As already noted, a certain difficulty in comparing
the experimental and theoretical results is connected
with the insufficiently accurate knowledge of the param-
eter Amn- Above, in comparing the widths of the
different lines, this parameter was assumed to be the
same for transitions between arbitrary levels m and n.
A crude theoretical estimate (without account of the
nuclear spin) of A m n for experimental conditions
yields a value 1.2. On the other hand, to estimate the
parameter Amn w e c a n u s e the fact that the broadening
of the line by the rf field is determined by the quantity
Kmn and A m n , and its displacement only by K W .
Comparison for three-photon lines is given in Table II.
The order of magnitude of the obtained values of A m n

Table II

24625 Mcs,
3.885 »
3885 »
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F I G . 1 3 . D e p e n d e n c e o f t h e i n t e n s i t i e s o f r e s o n a n c e s o f o n e - ,

t w o - , a n d t h r e e - p h o t o n t r a n s i t i o n s o n t h e d e g r e e o f c o m p e n s a t i o n

o f t h e p e r p e n d i c u l a r c o m p o n e n t o f t h e c o n s t a n t f i e l d H J ( t h e m i n i -

m u m o f t h e t w o - p h o t o n t r a n s i t i o n i n t e n s i t y c o r r e s p o n d s t o t h e o p -

t i m a l c o m p e n s a t i o n o f t h i s c o m p o n e n t ) .

c o r r e s p o n d s t o t h e t h e o r e t i c a l o n e , b u t t h e i r s c a t t e r -

i n g i s s u f f i c i e n t l y l a r g e . T h i s l e a d s t o a r e l a t i v e l y

l a r g e ( 2 0 % ) i n a c c u r a c y i n c a l c u l a t i n g t h e l i n e w i d t h s

f r o m t h e o b s e r v e d s h i f t s .

A t t h e f r e q u e n c y 1 . 2 0 6 M c s u s e d i n t h e p r e s e n t e x -

p e r i m e n t s , t h e d i f f e r e n t l i n e s w i t h n e a r l y e q u a l f r e -

q u e n c y a r e p r a c t i c a l l y s u p e r i m p o s e d o n o n e a n o t h e r ,

a n d o n l y r e s o n a n c e s o f f a r f r e q u e n c i e s , O J = u 0 , o ) 0 / 2 ,

w o / 3 , e t c . , c a n b e r e s o l v e d . T h e g e n e r a l d e p e n d e n c e s

o f t h e i n t e n s i t i e s o f t h e r e s o n a n c e s , l i n e w i d t h s , a n d

t h e i r s h i f t s a r e t h e s a m e a s i n t h e c a s e o f t h e r e -

s o l v e d r e s o n a n c e . T h e o r y p r e d i c t s t h a t r e s o n a n c e s

o f e v e n h a r m o n i c s ( f o r e x a m p l e , t w o - p h o t o n r e s o n a n c e )

exist only if (nzHz)v *• 0, that i s , if the project ion of
Hj on the constant field Ho does not vanish. A check on
this predict ion was made in the following fashion: the
rf field was or iented approximately perpendicular to
the constant field, after which a weak constant field
HQ in the direct ion of the radio-frequency field was
introduced (for example, along the Ox axis in Fig. 6).
The change in the component Hj leads to a rotation of
the total field, and at a cer ta in value of H'o the longi-
tudinal component of the radio-frequency field becomes
equal to ze ro . Then the resonance of the two-photon
transi t ion should disappear , whereas the resonances
of the single-photon and three-photon t rans i t ions
should remain . The resu l t s obtained a r e shown in
Fig. 13. The observed minimum of S ^ for the two-
photon resonance is not equal to zero because of the
inhomogeneity of the radio-frequency and constant
field over the en t i re volume of the cel l .

The dependence of the quantity S ^ n on the p r e sence
of a longitudinal component of the radio-frequency field
can be used to de termine the direct ion of the constant
magnetic field. If the rf field has sufficient homo-
geneity, then the signal of the two-photon transi t ion is
equal to zero when the constant field is perpendicular
to the rf field, and appears when slight deviation from
perpendicular i ty takes p lace . The accuracy with which
the direct ion of the constant magnetic field is de t e r -
mined will depend on the minimum longitudinal com-
ponent H z of the rf field which can sti l l be observed at
the available s ignal - to-noise ra t io .

2. Two-Photon Absorption in the Optical Band

1. Two-photon absorption in CaF^Eu1"1" c r y s t a l s .
The f i rs t t ime that two-photon absorption was ob -
se rved in the optical band was in CaF 2 c rys t a l s ac t iva-
ted with divalent europium Eu++, replacing Ca++ ions^3 0^.
Such c rys t a l s have an intense absorption band between
30,000 and 25,000 cm"1, corresponding to electronic
4s—5d t rans i t ions of the Eu r t ions. When the c rys t a l s
a r e excited with light in the same wavelength range, a
bright blue f luorescence is observed with a bandwidth
~ 300 A near 4200 A. This f luorescence is in terpre ted
as a r e su l t of nonradiat ive t ransi t ion of Eu r t into an
intermedia te lower s ta te with subsequent emiss ion
during a t rans i t ion to the ground s ta te . Since the
lowest lying energy levels in the CaF2:Eu++ c rys ta l
correspond to an energy of 22,000 cm"1, the c rys t a l s
a r e t r ansparen t to the radiation from a ruby l a s e r .

In the descr ibed exper iments , the radiation from
the ruby l a s e r was focused on a thin (0.1 mm) slab of
the CaF2:Eu++ c rys ta l , located ahead of the entrance
sli t of a spec t rograph. In front of the c rys ta l were
placed two red f i l ters with t r ansmiss ion < 10"4 for
\ < 6100 A, so as to exclude the possibi l i ty of blue or
ul t raviolet radiation from the pump lamp str iking the
c rys t a l . The light passing through the c rys ta l con-
tained both the frequency of the incident l a s e r e m i s -
sion and light with A. = 4250 A, which was in terpre ted
as a resu l t of two-photon absorpt ion. When inacjtivated
c rys t a l s of CaF2 were il luminated with a l a se r , no
radiat ion with A = 4250 A was observed. It was found
that the f luorescence intensity was proport ional to the
square of the l a s e r - e m i s s i o n intensity, thus proving
the two-photon absorpt ion.

A r igorous calculation of the probabil i ty of two-
photon excitation is at p re sen t impossible , for this
necess i t a tes knowledge of the s t ruc tu re of the energy
bands of Eu** in the CaF 2 c rys ta l la t t ice, and of the
mat r ix e lements connecting the initial and final s t a tes
with the in termedia te s t a t e s . A simplified analysis
was given in^31^, where it was assumed that the two-
photon t ransi t ion p roceeds via one in termedia te s ta te ,
connected with the initial and final t rans i t ions with
osc i l la tor s t rength f, with the frequency corresponding
to the position of this in termediate s tate being much
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FIG. 14. Energy level scheme of the cesium atom.

higher than the frequency of the laser emission. The
result was the following formula for the cross section
of two-photon excitation:

O2 = OiF, <Ji = - ^ r , (42)

where r = 2.8 x 10"13 cm is the classical radius of the
electron, n—refractive index of the crystal, Ay—width
of real excited state near double the laser frequency
2y r, and F—incident photon flux per cm2 and per
second. For \ r = 7 x 1O~5 cm, n = 1.4, Ay = 1.5 x
1014 sec"1, and f = 1 this formula yields al = 1.3 x
1O~48 cm4 sec. The number of excitation acts per unit
time in 1 cubic centimeter (at a quantum yield equal to
unity), the number of emitted fluorescence photons is

Nn=o2NF, (43)

where N—concentration of the impurity ions. In this
experiment, the laser radiation (energy on the order of
0.1 J in a flash lasting 5 x 10"4 sec) was focused on an
area of approximately 10"3 cm2, corresponding to
F = 8 x 1O23 photons/cm2 sec. Since the irradiated
volume of the crystal was 10"4 cm3, Eq. (43) yields
5 x 1010 fluorescence photons emitted per flash. This
is in good agreement with the experimentally observed
value.

2. Two-photon absorption in cesium vapor. Optical
two-photon absorption in an atomic system was first
observed upon excitation of cesium vapor with light
from a ruby laser'-32^. For two-photon absorption in a
system with discrete energy levels, the energy of the
transition to the excited level should be double the
energy of the exciting photon, and the initial and final
states should have the same parity. In cesium, transi-
tions to the 9D5/2 and 9D3/2 levels correspond to ener-
gies 28,836.06 and 28,828.90 cm"1, which is just close
to double the energy of the ruby-laser photon
(14,400 cm"1), and their parity coincides with the
parity of the ground state (Fig. 14). Inasmuch as the
Doppler line width for these transitions, 0.04 cm"1, is
much smaller than the difference between double the
laser photon energy and the transition energy, ~30 cm"1,
temperature tuning of the laser frequency was used to

select the exact resonant frequency. Two-photon ab-
sorption was detected by observing fluorescence at a
wavelength 5847 A, corresponding to the spontaneous
transitions 9D3/2 -— 6P3/2.

For such a simple atomic system as cesium, the
probability of two-photon transition and the magnitude
of the fluorescence signal can be calculated theoreti-
cally with a sufficient degree of accuracy. The main
contribution to the two-photon absorption is made by
the intermediate states 6P3/2 and 6P1/2, and the matrix
elements corresponding to transitions to these states
were calculated by the method proposed in^33^ .* It was
expected that approximately 5 x 1012 atoms in a state
9D3/2 would be excited with a cesium vapor pressure
0.1 mm Hg and at a laser flash energy of 1 J. If we
neglect the collisions of the cesium atoms, this would
be accompanied by emission of 5 x 1011 photons with
A. = 5847 A.

The experimental setup was most elementary. The
radiation from the ruby laser was focused on a cell
with cesium vapor, in which the pressure could be
varied over a wide range. The fluorescence light, fil-
tered out with a CuSO4 solution and with a narrow-band
interference filter, was detected by a photomultiplier
at right angle to the direction of the laser beam. The
laser radiation passing through the cell split into two
beams, one of which was guided to a second photo-
multiplier, and the other to the slit of a high-resolu-
tion spectrograph. Thus, both the fluorescence inten-
sity and the wavelength and intensity of the laser radia-
tion were registered simultaneously. It was established
beforehand that in the absence of cesium vapor in the
cell no fluorescence could be observed in the entire
possible range of wavelengths of the laser. At a ces-
ium vapor pressure 0.1 mm Hg, fluorescence was ob-
served only if the central wavelength^in the laser
emission was equal to 6935.5 ± 0.05 A. The dependence
of the fluorescence on the wavelength of the laser
emission in the presence of cesium vapor proves the
presence of two-photon absorption.

The photoreceiver detected approximately 4 x 104

photons per pulse, which with account of the geometry
and absorption by the filters corresponded to the emis-
sion of 5 x 109 photons, that is, two orders of magni-
tude lower than expected. The resultant disparity is
connected, in the author's opinion, with the shortening
of the lifetime of the Cs atoms in the 9D3/2 state, owing
to nonradiative transitions to other levels upon colli-
sions of the cesium atoms. Similar effects of extinc-
tion of the fluorescence of cesium vapor were ob-
served earlier experimentally, and an estimate of
their efficiency leads to a decrease in the fluores-
cence intensity by a factor of approximately 100, thus
explaining the resultant disparity.

*At approximately the same time as this investigation, an
article was published in which the oscillator strengths were
calculated for cesium with account of the spin-orbit interaction^*].
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FIG. 15. Ratio of the exciting radiation power Po to the trans-

mitted radiation P2, vs. Po, for CS2 and CC14.

3. Two-photon absorption in liquids that are active
to Raman scattering. Two-photon absorption in liquids
used to obtain stimulated Raman scattering was inves-
tigated in'-35-' (see Chapter III). Under ordinary condi-
tions these liquids are transparent in the visible part
of the spectrum, but two-photon absorption at high
radiation density can lead to an appreciable loss of
light and can hinder generation at the combination
lines. To investigate this effect, a direct measure-
ment was made of the absorption of the radiation from
a ruby laser. A Q-switched laser was used, and to in-
crease the radiation density the beam was focused on
a cuvette with the liquid. The greatest peak power (Po)
in a pulse 4 x 10"8 sec in duration was 106 W at a spec-
tral line width of 2 cm"1. Figure 15 shows the depen-
dence of the ratio of Po to the peak power Pt passing
through the liquid, on Po for carbon disulfide (CS2) and
carbon tetrachloride (CC14) at room temperature. The
errors are of the order of ±30% in the measurement
of Po and 20% for P0/Pt- The absorption of CC14 and a
few other investigated liquids does not show any de-
pendence on the flux F of the incident photons, thus
showing the absence of two-photon processes. To the
contrary, the absorption cross section a of carbon
disulfide depends linearly on the value of F and is
described by the relation a = <Jo + a^F, where
CT] = (5 ± 4) x 10~51 cm4 sec. As can be seen from
Fig. 15, when Po exceeds 0.5 MW the two-photon ab-
sorption of CS2 exceeds the single-photon absorption.

The presence of relatively large two-photon absorp-
tion in CS2 is related to the existence of an absorption
band with At> ~ 1014 cps (due to the excited state 1B2)
in the vicinity of double the ruby-laser photon energy
2h(^r. A theoretical estimate of the cross section of
two-photon absorption by means of formula (42) with
vY - 4.32 x 1014 cps and f = 1 yields a value
ffj = 1.5 x 1O"48 cm4 sec. The experimentally obtained
value of ai corresponds to an effective value f ~ 0.1.
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I t w a s o b s e r v e d s u b s e q u e n t l y t h a t t h e m a x i m u m o f

t h e i n t e n s i t y o f b l u e f l u o r e s c e n c e o f a n t h r a c e n e i s d e -
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FIG. 17. Diagram of experimental set-up for the investigation of
two-photon absorption spectrum in KI crystals. 1 — Xenon arc lamp,
2 — quartz window, 3 — sample, 4 — helium gas, 5 — vacuum, 6 —
monochromator, 7 - photomultiplier for the ultraviolet region of the
spectrum, 8 - double beam oscilloscope, 9 - ruby laser, 10 -
photocell.

time up to 4 x 10 l sec,[38] In this connection, the
hypothesis was advanced that there exists an inter-
mediate (exciton) mechanism of fluorescence excita-
tion, including recombination of two excitons with
energy 1.8 eV and formation of an exciton with energy
sufficient for the excitation of the luminescence of the
anthracene. Experiments using a Q-switched ruby
laser delivering radiation pulses of 3 MW power and
of 3 x 1(T8 sec duration have made it possible to ob-
serve two types of anthracene fluorescence—"unde-
layed," due to two-photon absorption, and "delayed,"
which is in good agreement with the notion of the ex-
citon excitation mechanism-39-'. The use of a laser with
additional frequency transformation with the aid of
Raman scattering has made it possible to trace the
dependence of the anthracene fluorescence intensity
on the wavelength of the exciting light. It was found
that, accurate to 50%, the efficiency of two-photon ex-
citation remains constant on going from A. = 6,943 A to
A. = 7,670 A, whereas the efficiency of excitation in
which the exciton mechanism participates decreases
by an approximate factor of 5. This is evidence that
two-photon absorption in anthracene has a nonresonant
character, and absorption with formation of excitons
is a resonant process.

5. Investigation of the spectrum of two-photon ab-
sorption in KI crystals. In this expe^rimentt40^ two-
photon absorption in KI crystals was observed for the
first time, using a ruby laser and a source of ultra-
violet radiation with continuous spectrum. This has
made it possible to investigate the spectrum of two-
photon absorption near the edge of the main absorption
band of the crystal and to obtain additional information
on the nature of the excited states. Because of the low
value of the two-photon absorption compared with
single-photon absorption in the region of the absorp-
tion band, it became possible to change from layers
with thickness on the order of several microns to

0 o
kO 4.5 5.0

Photon energy (two-photon absorption), eV.

FIG. 18. Spectra of one- and two-photon absorption of KI crys-
tals. Abscissas correspond to a ruby-laser photon energy 1.79 ev.

spectrum of one-photon absorption; [̂ ) — two-photon
absorption spectrum.

large-size crystals, which is an important advantage
of the employed procedure over investigations of
single-photon absorption.

A diagram of the experimental set-up is shown in
Fig. 17 (several light filters have been left out from
the figure). The pulsed energy of the laser was ap-
proximately 15 J; the sample measured 2 x 3 x 25 mm.
A measure of the two-photon absorption was the de-
crease in a xenon-lamp radiation transmitted through
the sample under the action of the laser pulse (the
greatest change in the intensity was approximately
0.2%). Oscillograms of the laser pulse and of the sig-
nal due to the change in the absorption were similar
in shape, thus indicating that the two-photon absorp-
tion is proportional to the intensity of the laser emis-
sion.

Figure 18 shows the spectrum of single-photon ab-
sorption of a thin layer of KI r" I ] at -180cC, and the
two-photon absorption spectrum obtained in the same
investigation with the crystal at liquid-helium tempera-
ture (the temperature shift is 0.05 eV).

The single-photon absorption bands are usually
identified with excitons, for which three models were
proposed^42^. In the first model the exciton is defined
as an excited state of the halide ion (3P—4S transition),
in the second as an excited state with transfer of one
of the 3P electrons of the halide ion to the state 3S of
the six metal ions surrounding the halide ion, and in
the third the excitation is ascribed to many cells of
the crystal lattice. The most interesting feature of the
two-photon absorption spectrum is that it does not
contain any bands corresponding to the total energy
of the laser photon and the xenon-lamp photon, which
is equal to 5.8 eV. This means that the 5.8 eV absorp-
tion band does not have states with parity coinciding
with the parity of the ground state. This condition is
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not satisfied by the charge-transfer model. The rela-
tively high level of fluctuation noise does not permit
more definite conclusions to be drawn from the ex-
periments in question.

III. MULTIPLE PHOTON PROCESSES REQUIRING
AN ACCOUNT OF INTERFERENCE PHENOMENA

1. General Remarks

In many multiple-photon processes, there occur
interference phenomena and the system cannot be
described exclusively in terms of the populations of
the individual states and the photon numbers. The in-
terference phenomena are observed in the case when
the path of transition of the system from the initial to
the final state is not unique, and have a simple physical
meaning: reliable knowledge of the initial and final
states of the system is not sufficient to indicate the
path along which the system has gone over from one
state to the other. An example of this was given above
(see Chapter I, Sec. 2) in the discussion of two-photon
absorption, where the ambiguity of the transition was
connected with the fact that it is impossible in princi-
ple to indicate the sequence in which the photons are
absorbed. Another example, which will be considered
below, can be the process of generation of harmonics.
Its efficiency depends essentially on the phase rela-
tions between the waves scattered by different centers.

The main features of the interference phenomena of
interest to us can be demonstrated using as an exam-
ple the resonance fluorescence of an ensemble of non-
interacting atoms, the levels of which can, generally
speaking, be degenerate. Two possible types of inter-
ference phenomena are possible in this case. These
are the interference phenomena which occur in the
elementary act of scattering by each of the isolated
atoms, and the interference phenomena connected with
the specific nature of the scattering by the entire ag-
gregate of atoms. Effects connected with the inter-
ference phenomena of the former type will be observed
even when the scattering system consists of only one
atom; on the other hand, effects of the second type will
be missing in such a case. The main features of the
interference phenomena of the first type can be ex-
plained by considering the scattering of a single photon
by an atom having a k-fold degenerate excited level n
(simultaneous degeneracy of the lower level, too, does
not lead in principle to new results). In this case the
final state of the system (atom at the ground level,
photon ojp absorbed and photon wa emitted) can be
attained in k different ways m — n^ —• m (we assume
that the probabilities of all the paths, defined by the
corresponding matrix elements, are equal or com-
parable). This causes the probability of the elemen-
tary act of the resonance fluorescence to be given now
not by formula (24), but by the relation '17^
formula (52)]

?• ' (44)

It is seen from this expression that it is not the proba-
bilities of transitions along different paths that are
additive, but their amplitudes, and this leads to the
occurrence of "probability interference." This inter-
ference disappears only if the degeneracy is lifted and
the distances between the sublevels n^ become apprec-
iably higher than the natural width y ^ . Then, as can
be readily seen from (44), there is no final state that
can be reached with equal probability via many paths.
In Sec. 2 of this chapter we describe the experimen-
tally observed effects resulting from the presence of
probability interference in the elementary act of
scattering of a photon by an individual atom. In these
experiments, the transition to scattering by an aggre-
gate of N noninteracting atoms is made by simply
adding the probabilities of scattering by each of the
N atoms (that is, a simple increase of the scattering
effect by a factor N).

Interference phenomena of the second type, connec-
ted with the scattering of a photon by an ensemble of
identical atoms, which for simplicity are assumed to
have nondegenerate levels, are due to the possibility
in principle of the photon being scattered by any of the
N atoms. If we cannot indicate the precise atom from
which the photon is scattered, this means that there
are N possible paths for the system to go from the
initial to the final states. Therefore the ensemble of
N identical atoms with nondegenerate levels m and n
can be regarded as a system with N-fold degenerate
intermediate state. In each of these there is absorbed
a photon ajp and one of the atoms is excited, while the
remaining N - 1 atoms remain in the ground state.
Unlike the case considered above, that of one atom
with degenerate excited state, in a system of N atoms
it is necessary to take into account the difference in
the positions of the scattering atoms. This can be done
by taking into consideration the coordinate dependence

of the matrix elements V^3' and v ' a ' , which we have
mn nni

neglected above. It follows from quantum theory thatthe matrix element V j ^ for the absorption of a photon
ojp with momentum kp by an atom situated at the point
with coordinate R, contains a factor of the form
exp( — ikp • R), and the corresponding matrix element
yw) for t n e emission of a photon &„ with momentumnm r a

k a contains a factor exp (ikCT • R). Therefore the com-
posite matrix element for the scattering by a single
atom, corresponding to the absorption of a photon with
momentum kp and emission of a photon with momen-
tum kff, can be written in the form

$ = Apa exp [ - i (kp-k a) R], (44')

with ApCT including all the factors which do not depend
on the coordinate R. An examination of the result of
the scattering of all N atoms is in general a very com-
plicated problem. However, as shown in^17^, in the
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two particular cases which will be considered below, pression
and which correspond to conditions under which the
scattering of the photon by each of the atoms of the
ensemble is independent, the composite matrix ele-
ments for the scattering by an aggregate of N identical
atoms Kj | } is the sum of the composite matrix ele-
ments for the scattering by the individual atoms:

*-<«_ A V «.-i(ko-k

n)
Ri <45)

' = const- y e-*№-".>n«. (47)

where Rj—coordinate of the i-th atom. Inasmuch as
the probabil i ty of scat ter ing is proport ional to the
s q u a r e of the modulus of this m a t r i x e lement, the ex-
p r e s s i o n for the sca t ter ing intensity contains i n t e r -
ference t e r m s . Indeed, | K ! T ' | 2 will contain t e r m s of the
form

in which the product (kp — k a ) (R^' — Rk") is the path
difference (that is, the phase difference) of the waves
s c a t t e r e d by the atom with coordinate R^" and the
atom with coordinate R^', e x p r e s s e d in units of X.

The r e s u l t of the scat ter ing by any p a i r of a toms of
the ensemble depends essent ia l ly on the value of this
product . In p a r t i c u l a r , if it i s a mult iple of 2v, then
the intensity of scat ter ing by two atoms exceeds by a
factor of 4 the intensity of scat ter ing by a single atom.
We shall d e m o n s t r a t e the r e s u l t of taking into account
all N atoms of the ensemble by means of two p a r t i c u l a r
c a s e s , which a r e of i n t e r e s t in what follows.

Let us a s s u m e that all N atoms a r e concentrated in
a volume with l inear dimensions that a r e s m a l l e r than
the wavelength X (this c a s e can be readi ly r e a l i z e d in
the rad io band). Then ( k p - k C T ) ( R k ' - Rk") < 1> a n d all
the exponentials in (45) a r e replaced by unit ies, so
that the total probabil i ty of scat ter ing is proport ional
to N 2. If N » 1, this inter ference effect leads to a
l a r g e i n c r e a s e in the probabil i ty of the e lementary
scat ter ing act, compared with incoherent sca t ter ing
proport ional to the number of a t o m s N. It is im-
m a t e r i a l h e r e whether the frequency of the s c a t t e r e d
radiat ion l i e s within the natura l l ine width y m n c o r r e -
sponding to the t rans i t ion m —- n, or outside it.

Let us a s s u m e now that the l inear dimensions of
the region occupied by the ensemble of atoms a r e
considerably l a r g e r than the wavelength, and the f re-
quency of the exciting radiat ion l ies outside y m n
(nonresonant scat ter ing) . It is shown in^17-> that in this
c a s e the total intensity of the sca t ter ing is a l so d e t e r -
mined by formula (45), and t h e r e is no phase difference
between the incident and s c a t t e r e d r a d i a t i o n s . We
shall henceforth be interes ted in one special case of
nonresonant scat ter ing—generat ion of a second h a r -
monic in the optical band. The e lementary act of this
p r o c e s s consis ts in the absorption of two photons with
momentum kj and emiss ion of a single photon with
momentum k2. General izat ion of (45) to include this "pc =

c a s e yields for the composite m a t r i x e lement an ex-

We shall u s e this express ion to consider an ensemble
consisting of N a t o m s spaced dis tances a a p a r t on the
x axis, the length of the chain being I = Na » X. As-
suming that radiat ion with wavelength X p ropagates
along the x axis, we find that the intensity of radiat ion
of doubled frequency, propagating in the s a m e d i r e c -
tion, is

N
(2kl~k.2)j2
~ ' (48)

=const-

In the case when a « I but Z(2k, — k2)/2 > ir, we can
replace sin2a (2kj - k2)/2 by a2 (2k, - k2)

2/4 and

/ 2 = const-- (49)

When Z(2kj -k 2 )/2 « 1 the efficiency of generation of
the second harmonic in the x direction should be pro-
portional to the square of the length of the chain I, or
to the square of the scattering atoms N. It will be
shown in Sec. 3 of the present chapter that this effect
is of great importance for the generation of optical
harmonics.

2. Processes Connected with Interference Phenomena
in Each of the Atoms of the Ensemble

1. Effect of "level crossing." In 1959, in experi-
ments on the observation of resonant fluorescence of
helium atoms (transition 23Sj — 23P) in a magnetic
field oriented perpendicular to the direction of propa-
gation of the exciting light, it was observed that the
intensity of the scattered light increases sharply for
definite values of the magnetic field intensity^55>56^.
These resonant values of the magnetic field corre-
sponded to energies at which the different sublevels of
the fine structure of the excited state 23P cross, as a
result of which the effect was called the "level cross-
ing" effect. Figure 19 shows the energy scheme of the
3 P and 3S, states of the helium atoms in a magnetic
field, with the circles denoting the points of the cross-
ing of the levels, leading to an abrupt change in the
scattering intensity.

The "level crossing" effect can be described in
simplest fashion in terms of the "probability inter-
ference" of the elementary act of scattering of the
photon by each of the scattering atoms of the ensem-
ble. For simplicity we shall assume that the scatter-
ing atom has in the excited state two sublevels n^ and
n2 (En2 > Enj) with half widths yn, = yn2 = y. and the
ground state m is not degenerate. Then, according to
(44), the resonance scattering probability is

y(a) y(p) y(

(50)
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0,0

FIG. 19. Energy level scheme of 3P and 3S1 states of the helium
atom in a magnetic field. The circles denote level crossings, which
lead to a sharp decrease in the scattered light intensity.

Assuming that within the limits of the excitation line
width y the spectral density of the scattered radiation
is constant (this condition was satisfied in the experi-
ment in question), we obtain as a result of integration
of (50) with respect to up and co^ the total intensity of
scattering of light in the form

/ = const-
(P) I T/(o> 2 I y(P) i2 I pt') 12

iy(A +
• + j ; (51)

where
A - T/(P> y(P)* ylo) yWrx ' miii tn.n2 iiwi 712m-

If the levels do not cross, namely (wn — wn ) » y,
then an appreciable contribution to the intensity of the
scattered light is made only by the first two terms,
which describe the result of independent scattering of
the light via the intermediate states nt and n2. Each of
the sublevels nf and n2 of the excited state scatters
effectively only the harmonics which lie in a frequency
band of width y near ojrij and GJn2 respectively. The
result of such an independent scattering is determined
by the squares of the moduli of the matrix elements
V m n and V m n , and does not depend on the ratio of
the phases of the scattered light. On the other hand,
when the difference u>n - con becomes comparable
with the width of the sublevels, an appreciable role
can be played by the interference terms, which des-
cribe the effect of scattering of each harmonic of the
light simultaneously by both sublevels nj and n2. It is
the appearance of this interference scattering which
leads to a sharp change in the intensity of the scat-
tered light. As expected, for this we must have

p 0 and 0, that is, the excitation of both

sublevel nt and n2 from the common ground level must
be allowed by the selection rules. The interference of
different harmonics makes no contribution to the in-
terference scattering, inasmuch as the interference
contribution from the different harmonics depends on
the phase relations between the harmonics (the phase
factors of the corresponding harmonics enter into the
matrix elements VJP) and vOj^ ), and is equal to zero

when the phases of the different harmonics are ran-
domly distributed.

The effect of "level crossing" was used immed-
iately after its discovery as a method for measuring
the lifetimes and the structure of the excited atomic
states C5T-59D _ T n e width of the region of the magnetic
field at which a resonant change in the intensity of the
scattered light is observed determines directly the
lifetimes of the investigated states. The most impor-
tant feature of such a method of determining the life-
times of excited atomic states lies in the fact that this
determination can be made under conditions when the
inhomogeneous linewidth of excitation (for example,
the Doppler width) can exceed by several orders of
magnitude the natural line width for the excitation of a
single atom. The absolute value of the magnetic field
intensity corresponding to the level crossing can be
used to determine the fine or hyperfine splitting con-
stants.

We note that Hanle's experiments on the investiga-
tion of the polarization of resonant fluorescence in a
magnetic field can be regarded as a particular case of
the effect of "level crossing" in a zero magnetic field.

2. Effect of "parametric resonance." A new
phenomenon which can be classified as multiple-photon,
connected with the interference processes in each iso-
lated atom of the ensemble, was observed in^60'61^ .
This phenomenon, called "parametric resonance,"
consists in the modulation of the intensity of the
resonant fluorescence of atoms which have in the
excited state a system of closely lying sublevels, if
the frequency of the transition between the latter (the
parameter of the system) coincides with or is a multi-
ple of the frequency of an external magnetic field of
definite orientation.

A block diagram of the set-up-60-' used to observe
this phenomenon is shown in Fig. 20b. Linearly polar-
ized light from a cadmium lamp excites resonant
fluorescence in cadmium vapor (transition 53Pj — 5'SQ,
X = 3261 A), kept at a temperature 200°C in a vessel
shaped like a Wood's horn. The excited light propa-
gates along a constant magnetic field Ho, produced by
a system of Helmholtz rings, so that the level with
m = 0 of the state 53P! (Fig. 20a) is not excited. The
resonant fluorescence is registered by an FEU-46A
photoelectronic multiplier at some angle (in particular,
right angle) to the direction of Ho. Since the line width
of the radiation of the cadmium lamp is larger than the
line width of the absorption of cadmium vapor, each of
the sublevels with m = 1 and m = — 1 can be excited
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FIG. 20. a) Resonance level scheme of cadmium,
b) Block diagram of experimental set-up for the ob-
servation of the "parametric resonance" effect. 1 —

Output Cadmium lamp; 2 — linear polarizer; 3 — vessel with
vapor; 4 — photomultiplier; 5 - GSS-6 standard sig-
nal generator; 6 — power amplifier; 7 — ZG-12 audio
generator; 8 — synchronous detector; 9 — amplifier;
.10 - detector.

with practically equal intensity. However, no effects
of modulation fluorescence (interference of transition
probabilities) was observed, inasmuch as the excita-
tion of each of the sublevels is connected with different
harmonics (w21 » y ) . The situation is different if an
alternating magnetic field of frequency S2, polarized
along the constant magnetic field Ho, is applied to the
system with the aid of a solenoid placed over the horn.
Under these conditions the intensity of the scattered
light is modulated with frequency Si and its multiple
frequencies, and sharply pronounced resonance
phenomena are observed if the frequency of the tran-
sition between the sublevels w21 approaches U or one
of its multiples.

Leaving aside a theoretical analysis of the parame-
tric resonance phenomenon, given in^60'62^, we note
that it can be interpreted as a multiphoton process in
which the scattering of each photon of plane-polarized
radiation with energy corresponding to the transition
from the sublevel from m = l o r m = — 1 can occur,
in the presence of an alternating magnetic field with
frequency Q. = u;21/k, (k—integer), in two ways in each
atom. To explain this, let us consider one of the har-
monics of the exciting radiation, which is in resonance
with the transition to one of the sublevels (for example,
m =— 1). By virtue of the linear polarization, this har-
monic could excite also a transition to the second sub-
level (with m = 1), but its energy is too small for this
purpose (we assume thataj21 » y ) - Consequently, the
photons will be scattered only by one sublevel. On the
other hand, in the presence of a radio-frequency field
the additional energy necessary for the excitation to
the second sublevel can be acquired by the atom by
absorbing simultaneously one photon of the harmonic
in question and one photon from the radio-frequency
field Q = u>21. As a result it turns out that both states
of the atom are excited by the same optical harmonic,
that is, the scattering of the optical photon can occur
along two paths, as a result of which interference of
the probabilities takes place. The phase difference of

the waves scattered along these paths is determined
here by the radio-frequency field. Since this field is
coherent, this phase difference turns out to be the same
for all atoms of the ensemble, making it possible to ob-
serve modulation of the scattered radiation.

In perfect analogy, a photon with frequency corre-
sponding to the transition to the sublevel with m = + 1
can be scattered both directly via this sublevel and
via the sublevel with m = — 1, with simultaneous stimu-
lated emission of a radio-frequency photon, if
OJ21 = £2. Scattering via two sublevels can occur also
with absorption or stimulated emission of several
radio-frequency photons, that is, at £2 = u>21/k. Inas-
much as the radio-frequency field enters into the
scattering probability amplitude only via one of the
excited states, it is obvious that the dependence of the
depth of modulation of the scattered light on the am-
plitude H) should be linear when £2 = OJ21, quadratic
when £2 = a>21/2, etc., as was indeed confirmed experi-
mentally.

The region of frequencies £2 (or w 21 if £2 = const)
within which a transition via two sublevels is observed
is determined by the value of y, and observation of
resonances in the scattering of light can be used to
determine the lifetime of the excited state. The life-
time of the excited state of Cd obtained in this manner,
T = 2.4 x 10"6 sec, is in good agreement with the pre-
vious well-known value of this quantity for cadmium.

It was assumed above that the splitting is suffi-
ciently large and cu21 » y. On the other hand, if
u)21 « y (zero splitting), then the scattering of photons
with frequency a; ~ w10 « OJ20 is possible simultaneously
via the two sublevels, without participation of the
radio-frequency field (the "level crossing" effect).
It is remarkable that superposition of a radio-fre-
quency field leads in this case also to modulation of
the intensity of the scattered light, the depth of which
decreases with increasing £2. This phenomenon can
also be interpreted within the framework of the notions
of scattering-probability interference, for which two
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FIG. 21. Experimental dependence of the third-harmonic signal
power at the output of the resonator on the magnetron excitation
power for different pressures of the ammonia gas.

possibilities exist. The first corresponds to the exci-
tation of the atom either directly by the optical photon
or by the same photon with simultaneous absorption of
one radio-frequency photon; the second corresponds to
excitation of the atom either directly by the optical
photon or by the same photon with simultaneous stimu-
lated emission of one radio-frequency photon. Either
possibility of probability interference corresponds to
simultaneous emission of two harmonics, the frequen-
cies of which differ by fi. The theory of the phenom-
enon predicts that the depth of modulation of the scat-
tered light will depend on the angle of observation $
relative to the direction of the field Ho like I ~ cos2*,
a dependence which was confirmed experimentally.

3. Multiphoton Processes Connected with Interference
Phenomena in an Ensemble of Non-interacting
Systems

1. Generation of harmonics in the centimeter band.
The possibility of generation of harmonics in the
centimeter band via a multiple-photon process was
first demonstrated by an example wherein an electric
dipole transition was excited in ammonia molecules,
corresponding to the frequency w0 = 23,870 Mcs^67"69^.
Ammonia gas in thermodynamic equilibrium filled a
flow-through resonator having two resonant frequen-
cies that differed by a factor of 3. Generation was ob-
served at a frequency close t o « 0 when the resonator
was excited by a pulsed magnetron operating at a fre-
quency u> that was lower by one-third. Owing to the
level shift of the investigated transition in the am-
monia, the generated frequency was shifted under the
influence of the exciting field by an amount on the
order of 0.1 OJ0, and therefore the resonator was tuned
to the frequencies 25,560 and 8,520 Mcs.

The experimental dependences of the power of the
third harmonic on the excitation power for different
ammonia pressures are shown in Fig. 21. At the maxi-

mum excitation power W ,̂ ~ 1 kW, the output power
was of the order of 10—30 milliwatts (theoretical cal-
culations have shown that it can be raised to several
watts'-67^). Near the initial portions of the curves
plotted at high pressures, Ww ~ W ,̂, which agrees

with the theoretical predictions. Deviation from this
law with increase in excitation power is connected with
the fact that as the populations of both levels become
equalized, the magnitude of the absorbed power de-
creases, and with it the generated power. It can be
shown that in the limit, when the populations of the
lower and upper levels become equal, there will be no
frequency conversion at all. The deviation from cubic
dependence at low pressures is due to the nonuniform-
ity of the exciting field in the resonator, which leads
to different frequency shifts at different points and to
a change of the fraction of the resonator volume in
which the effective frequency conversion takes place,
with changing radiation power. At large pressures,
this effect does not come into play, inasmuch as the
absorption line width becomes so large that the work-
ing volume becomes practically independent of the
power of the exciting field.

The high efficiency of the conversion of the field
energy with frequency w into the third harmonic (on
the order of 10~3—10~5), calls for a special discussion.
The probability of spontaneous emission of a photon in
the centimeter band in an electric dipole transition is
of the order of 10"7 sec"^ 7 0 ' 7 ^ , and the probability of
nonradiative transitions due to molecule collisions at
a pressure on the order of 100 mm Hg is of the order
of 109 sec"1. It might appear therefore that even when
the exciting radiation is completely absorbed not more
than 10~le of its energy can be transformed into the
third harmonic. Unlike the ammonia maser, in which
the frequency w0 is excited directly, to generate the
third harmonic it is necessary that the lower level
have a higher population than the upper level. There-
fore amplification at a frequency OJ0 at the expense of
stimulated emission cannot take place. The main
cause of the high efficiency of conversion lies in the
increase in the probability of radiative transition from
the excited state into the normal one, owing to the in-
terference phenomena in the ensemble of the mole-
cules. As shown in Sec. 1 of this chapter, using reso-
nant fluorescence as an example, the total probability
of scattering is proportional to N2 if all N molecules
are concentrated in a volume smaller than the cube of
the wavelength. This phenomenon differs from reso-
nant fluorescence only in that during the course of ex-
citation there is absorbed not one but three photons.
Formally, this is equivalent only to replacing kn in
(45) by 3kp, which does not change the deduction that
the probability of the elementary act of scattering by
an ensemble of molecules is increased and that its
reciprocal T is reduced by a factor N. By N must be
meant here the difference in number of molecules in
the lower and upper states AN, since this difference
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FIG. 22. Possible variants of resonant frequency doubling in a
two-level scheme with dipole magnetic transitions.

determines the process of third-harmonic generation.
In addition, additional reduction in r is connected with
an increase in the density of the states of the radiation
field in the resonator, compared with the density of
these states in free space. An analysis shows'-70^ that
this leads to a reduction of T by a factor QA.3/87r2 V,
where V and Q are the volume and quality factors of
the loaded cavity, and \ is the wavelength of the scat-
tered radiation. Thus,

Tef = (52)

This expression coincides with the result of a rigorous
theoretical analysis [see, for example,'-72-' formula (7)].
For the experiment described, AN » 1016, Q » io3,
A 3 « V, and consequently ret K

 10~17T, thus explaining
the high efficiency of generation of a third harmonic
in the ammonia.

A detailed analysis of the possibilities of excitation
of the second harmonic in the centimeter band in two-
and three-level systems with magnetic dipole transi-
tions is contained in^72^. For frequency doubling in a
two-level system it is necessary that the particles
have constant dipole moment and that there be an ex-
cess of particles in the lower energy state. The theory
of the phenomenon predicts two possibilities for
resonant frequency doubling: first, when the exciting
field has a frequency to equal to the transition fre-
quency to0, and second when to = co0/2 (Fig. 22). These
cases differ appreciably in the dependence of the
second-harmonic power P20J on the angle $ between
the constant field H, which sets the transition fre-
quency co0, and the orientation of the field Hw (all three
vectors H, H^, and H2W lie in one plane), which ex-
cites the generation of the third harmonic. If to = to0,
then P20J ~ [sin $ (1 + cos2 *)]2 , and if co = to0/2 we
have P2oi ~[sin $ cos2*]2 . The maximum conversion
efficiencies at $ = *optim will be of the same order.

Frequency doubling was investigated experimen-
tally for the system of sublevels of the ground state of
the free radical diphenyl picryl hydrazyl (DPPH).
Polycrystalline samples of DPPH were placed in a
rectangular cavity with two resonant frequencies 9500
and 1900 Mcs, placed in a constant magnetic field H,
which set the transition frequency to0 (co0 = yH, where
y—gyromagnetic ratio of DPPH). In accordance with

20 W 60 90 0 20 40 SO SO 90
a; b) f

FIG. 23. Dependence of (P2(y) 2 (in arbitrary units) on the angle
* between H and Hw (Hu-L H, U2b] -L H<u) for H = a/y (Fig. 22a)
and H = 2<y/y (Fig. 22b). Continuous curves — theoretically pre-
dicted relations, circles - experimental results.

the theoretical predictions, two resonant frequency-
doubling modes were observed: when H = co/y (case a
on Fig. 22), and for H = 2 co/y (case b on Fig. 22). An
investigation of the angular dependence P2co(*) (the
magnitude of the angle * was varied by rotating the
magnet that set the field H in the plane of the fields
H ,̂ and H2aj) has shown (Fig. 23) that the experimental
dependences are in good agreement with the theoreti-
cal ones, and the optimal efficiencies for conversion
also turned out to be of the same order, in accord
with the theory.

The different angular dependence P2aj(*) for
co = co0 and co = co0/2 can be attributed to the difference
in the resonant sequence of absorption and emission
of photons in these two cases. Thus if co = co0/2 the
resonant contributions to the composite matrix ele-
ment determining the probability of excitation of the
second harmonic give the following two sequences of
elementary acts: a) a photon with frequency co is ab-
sorbed—the molecule goes over from the state 1 into
2, a second photon is absorbed with frequency to—the
molecule remains in state 2, a photon with frequency
COQ is emitted—the molecule returns to state 1; b) a
photon with frequency w is absorbed—the molecule
goes over into state 2, a photon with frequency co0 is
emitted—the molecule returns to state 1. According
to (30), the composite matrix element of such a three-
photon process is proportional to

(fiHQ,)12(nH2(0)21[(|uiHKl)11 - sin<P cos2

where ^i—operator of magnetic dipole moment. A
similar analysis for the case co ~ co0, when the reso-
nant contribution is made by processes that start with
absorption of a photon with frequency co and transition
of the molecule into state 2, while the remaining
sequences of emission (absorption) and transitions of
the molecule can be arbitrary, lead to a relation
(p2co>1/2 ~ s i n * (1 + cos2*).
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FIG. 24. a) Simplest scheme for second harmonic generation.
1 — Ruby laser; 2 — filter for ruby-laser wavelength, 3 — quartz
crystal slab; 4 — filter for second-harmonic wavelength; 5 — photo-
electric receiver, b) Dependence of the second-harmonic intensity
on the angle between the direction of the laser beam and the nor-
mal to the surface of the quartz slab.

Theoretical^2-^] and experimental^2 '75 '7^ investi-
gations of three-level systems for the generation of
harmonics and for parametric frequency conversion
have shown that such systems, in the presence of
double resonance (two of the frequencies are equal to
two transition frequencies in the three-level system)
are more effective than two-level ones. Exact calcu-
lation^72^ gives an increase in the conversion efficiency
by a factor (TW)2, where T—relaxation time constant,
which is inversely proportional to the level width. A
feature of such systems is that saturation is attained
at relatively lower excitation powers, compared with
two-level systems, so that a limit is imposed on the
maximum power of output radiation in such a system.
To prevent saturation, it is necessary to choose sys-
tems with minimal relaxation time constants T. At the
present time, in view of the inadequate investigation
of the possibilities of three-level systems, it is diffi-
cult to arrive at any conclusions relative to the possi-
bility of practical use of these systems'-72-'.

2. Generation of second harmonic in the optical
band. Second harmonic generation (SHG) in the optical
band was first observed by passing through a quartz
crystal a focused beam from a ruby laser, with aver-
age power on the order of 10 kW (Fig. 24a) ̂ 77^.
Radiation with wavelength A = 3500 A and power on the
order of 10"3 W was observed in the transmitted light.
These experiments were subsequently repeated with
many other crystals (potassium dihydrophosphate
(PDP), ammonium dihydrophosphate (ADP), barium
titanate, cadmium sulfide, etc.^78"81-'), and the mechan-
ism of harmonic generation was thoroughly investiga-
ted theoretically ^82^92^ . Almost all the crystals used
for SHG are transparent at both the fundamental and
second-harmonic frequency. SHG in such crystals
corresponds to a nonresonant three-photon process,

in which two photons of the incident radiation are ab-
sorbed and one photon with double energy is emitted;
the scattering system (crystal) remains in its ground
state. According to Sec. 2 of Chapter I, such a three-
photon process can occur, in the dipole electric ap-
proximation, only in crystals without a symmetry
center.

A feature of SHG in crystals is that simultaneous
fulfillment of the energy and momentum conservation
laws of the photons

(ojj and OJ2 are the frequencies of the incident and gen-
erated photons, and kj and k2 their wave vectors) is
impossible in the general case, owing to the presence
of dispersion. Therefore, effective frequency conver-
sion in the second harmonic is possible only in a limi-
ted number of crystals (PDP or ADP), in which the
photon energy and momentum conservation laws are
satisfied for certain directions of propagation of the
exciting radiation. It will be shown below that these
directions are characterized by definite phase rela-
tions between the waves of the fundamental and doubled
frequencies. In addition, we shall consider the effect
of the crystal intrinsic absorption on the SHG.

a) Second harmonic generation and crystal sym-
metry. The role of the crystal symmetry in SHG is
simplest to illustrate in the semiclassical theory of
this phenomenon. In this theory, radiation of the
second harmonic is connected with the nonlinearity of
the polarization P (dipole moment per unit time), in-
duced by the incident light wave. The dependence of
the polarization P on the electric field of the incident
light wave can be written in the form *

P = fE -f- dE2 -f- bE3 + . . . (54)

Here x—usual linear optical polarizability, and d and
b—coefficients characterizing the nonlinearity of the
optical polarizability. The SHG process is described
by the second term of (54), which contains a term
proportional to cos 2a>t in the case of a sinusoidal
field E = Ej sin wt. A discussion of the absolute values
of the coefficients d for real crystals will be given
later; we note here only that this coefficient is so
small that only laser light sources can provide a field
intensity E4 necessary to obtain a detectable second-
harmonic intensity.

In isotropic media (such as glass) and in crystals
having a symmetry center (such as calcite), for which
SHG is forbidden in the electric dipole approximation,
the coefficient d is so small that even when lasers are
used no SHG is observed. Nonetheless, SHG can be
obtained in such a crystal by applying to it a constant
electric field. The possibility of this is clear from an

*This expression reflects only the schematic dependence of
P on E, which in fact has a tensor nature (see below).
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FIG. 25. Schematic representation of the dependence of the
polarization P on the amplitude of the electric field E of the light
wave: a) For crystals with an inversion center (calcite); b) for
crystals without an inversion center (quartz).

examination of Fig. 25, which shows schematically the
dependence of P on E for crystals with (a) and without
(b) symmetry centers. The asymmetrical (relative to
the origin) plot of P vs. E, which is essential for SHG,
can be obtained by shifting the origin through applica-
tion of a constant external field (dashed lines on
Fig. 25a). This effect is observed in calcite when a
constant electric field with intensity up to 250 kV/cm
is applied to a crystal perpendicular to the direction
of propagation of the light of a ruby laser ^93^ .

The absence of a symmetry center in a crystal,
suitable for an effective SHG process, is a necessary
condition for the crystal to have piezoelectric proper-
ties. This explains why piezoelectrics are primarily
used for SHG. In the general case, the dependence of
the quadratic optical polarizability has a tensor char-
acter:

'" = 2 diJhEjEh , (55)

and the crystal properties that are essential for SHG
are determined generally speaking, by the 18 indepen-
dent elements of the tensor d^k- Inasmuch as the
order of writing down Ej and E^ has no physical mean-
ing (in photon language it corresponds to the order
with which the photons from the incident radiation are
absorbed), the coefficients dijk: can be written in the
abbreviated form used for piezoelectric crystals: the
symbols j and k are replaced by a single symbol m,
which runs through values from 1 to 6 (djn = d^,
di22 = di2' di33 = di3> di23 = di4> di3i = di5> dii2 = die)-
The establishment of the form of th£ tensor P? is
facilitated by the fact, shown inL77>78J that in piezo-
electric crystals it should coincide with the form of
the piezoelectric tensor. In particular, for ADP and
PDP crystals
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A s to t h e v a l u e s of t h e c o e f f i c i e n t s of t h e s e c o n d - o r d e r

p o l a r i z a t i o n t e n s o r , t h e y do no t c o i n c i d e wi th t h e v a l -

u e s of t h e c o e f f i c i e n t s of t he p i e z o e l e c t r i c t e n s o r , i n -

a s m u c h a s SHG in c r y s t a l s h a s a n e l e c t r o n m e c h a n i s m ,

w h i l e t h e p i e z o e f f e c t i s i o n i c ^ 7 8 ^ . It w a s s h o w n , f i r s t

f r o m t h e r m o d y n a m i c c o n s i d e r a t i o n ^ 9 4 ^ and t h e n f r o m

the g e n e r a l p r o p e r t i e s of s y m m e t r y of t h e s e c o n d -

o r d e r p o l a r i z a t i o n t e n s o r for a m e d i u m in w h i c h the

d i s p e r s i o n and a b s o r p t i o n in t h e r e g i o n of t he c o n v e r -

t e d f r e q u e n c y a n d i t s s e c o n d h a r m o n i c a r e z e r o ^ 7 8 ^ ,

t h a t t h e t e n s o r e l e m e n t s s h o u l d b e s u b j e c t to a d d i t i o n a l

l i m i t a t i o n s t h a t a r e t a n t a m o u n t to r e q u i r i n g t h a t
d i j k = d j i k - T h i s c o n d i t i o n r e d u c e s t h e n u m b e r of i n -

d e p e n d e n t e l e m e n t s d i jk . In p a r t i c u l a r , i t l e a d s to
d i4 = d36 m p o t a s s i u m a n d a m m o n i u m d i h y d r o p h o s -

p h a t e c r y s t a l s , a n d d14 = d25 = d3 6 in q u a r t z . H o w e v e r ,

s i n c e d3 6 = 0 by v i r t u e of t h e s y m m e t r y of q u a r t z , w e

g e t a l s o d14 = d25 = 0 .

A t h e o r e t i c a l d i s c u s s i o n of t he q u e s t i o n of t h e c o r -

r e c t n e s s of t h e a d d i t i o n a l c o n d i t i o n of s y m m e t r y f o r

r e a l c r y s t a l s ^7 8 '8 2 ) 8 4>9 4^ h a s s h o w n t h a t t he a n s w e r

c a n be p r o v i d e d on ly by q u a n t i t a t i v e m e a s u r e m e n t s of

t h e s e c o n d - o r d e r p o l a r i z a t i o n t e n s o r e l e m e n t s d.

F i g u r e 26 s h o w s t h e s c h e m e of an e x p e r i m e n t a i m e d

a t c h e c k i n g t h e a d d i t i o n a l s y m m e t r y in q u a r t z ^9 5^. A

s l a b 2 m m th i ck w a s c u t f r o m a q u a r t z c r y s t a l in s u c h

a w a y t h a t t h e Y a x i s l i e s in i t s p l a n e , and t h e X ( t w o -

fold s y m m e t r y a x i s ) a n d Z ( o p t i c a l a x i s of t h r e e - f o l d

s y m m e t r y ) a x e s m a k e an a n g l e of 45° wi th i t s p l a n e .

An u n f o c u s e d p o l a r i z e d l a s e r b e a m i s i n c i d e n t n o r -

m a l l y on t h e s l a b . U n d e r t h e s e c o n d i t i o n s , (57) y i e l d s

A n a l y z i n g t h e t r a n s m i t t e d l i gh t w i th t h e a i d of a p o l a r -

i z a t i o n e l e m e n t , we c a n s e p a r a t e a n d c o m p a r e t h e

c o n t r i b u t i o n s m a d e to t h e s e c o n d h a r m o n i c by d n a n d

d14 . Such a c o m p a r i s o n h a s s h o w n t h a t d14 « d t l w h e n

e i t h e r a r u b y o r a n e o d y m i u m l a s e r i s u s e d . C o n s e -

q u e n t l y , a d d i t i o n a l s y m m e t r y i s s a t i s f i e d in t h e q u a r t z

a n d the s e c o n d - o r d e r p o l a r i z a t i o n t e n s o r r e d u c e s t o a

s i n g l e e l e m e n t d u .

(56)

FIG. 26. Diagram of experimental setup for the investigation of
the influence of quartz symmetry on SHG. 1 — Ruby laser; 2 —
quartz plate; 3 - Glan-Thomson prism.
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Table III. Relative values of the elements of the second-order
polarizability tensor d and the coherence length Ẑ  for

some crystals (d36 for PDP is taken equal to unity).

Crystal

KH2PO4

KD2PO4

NH4H,PO4

KH2PO4

KD2PO4

NH4H2PO4

CdS

BaTiO3

Laser

Ruby

»

Neodymium

»

»

»

d

d36 = 1.00
df4 = 0.95±0.06
tf 6 = 0.75± 0.02
tf14 = 0.76±0.04
d36=0.93±0.06
d,4 = 0.89 + 0.04
ds6 = 1.00~
tf,4 = 1.01 +0.05d36=0.92±0.04
dI4=0.91 ±0.03
tf36 = 0.99±0.06
d14 = 0.98±0.05
d,5 = 35±2
d31 = 32±2
d33 = 63±4
d15 = 35±3
d31 = 37±3

(exper.)
M

18.5
7.3

20.6
7.7

17.7
6.7

22.0
14.621.2
15.8
21.0
13.2
1.8
1.7
1.8
3.1
5.8
4.1

(calc.)

18.8
7.2
—
—

18.2
6.4

22.0
15.0
—

20.6
13.0
1.9
1.6
1.7
—
—
—

Subsequently the relative values of the non-zero
components of the polarizability second-order tensor
were obtained for the crystals of potassium dihydrophos-
phate (PDP) (KH2PO4), ammonium dihydrophosphate
(ADP) (N4H2PO4), CdS, and BaTiO3

[81] . The results of
these experiments are listed in Table III, from which
it is seen that the equalities dictated by the require-
ment of additional symmetry, namely d14 = d25 = d36

for ADP and PDP crystals and also deuterated crys-
tals, and d15 = d31 for the other two crystals, are satis-
fied within the accuracy of the measurements.

The values of the components d33 are different in
the crystals CdS and BaTiO3, with the value in CdS
exceeding the value of d36 for PDP by a factor 63. This
means that the SHG efficiency in CdS crystals should
be approximately 4000 times larger than in PDP.
However, as will be shown below, interference phe-
nomena in PDP and ADP crystals lead to an opposite
ratio.

The difficulty in determining the absolute values of
the elements of the polarizability tensor when using
solid-state lasers is connected with the multi-mode
nature of their radiation, which has not yet been ade-
quately studied. A value d36 = (3 ± 1) x 10~9 cgs units
was obtained in^96^ for PDP, using a continuous-
operation He-Ne laser. Using this value one can ob-
tain the absolute values of the remaining elements d

listed in Table III.
b) Interference phenomena in SHG. An obstacle to

the increase in the efficiency of SHG by simply in-
creasing the light-path length in a transparent crystal
is the dispersion of the radiation. To explain the role
of the latter, let us examine a plane wave of funda-
mental radiation, propagating through a crystal slab
of thickness I and of infinite length and width
(Fig. 27a)^78^. Let us find an expression for the
intensity of radiation of the second harmonic on the
real surface of the plate, produced by the component
of quadratic polarization. Disregarding the tensor
connection between P and E, which is inessential for
this analysis, we make use of relation (54). If the elec-
tric field of the primary light wave is
E = Ej cos (ojjt — kj • r) , then the component of quad-
ratic polarization is

I — Fa — 2ktr). (59)

Consequently, the spatial distribution of the polariza-
tion at each instant of time is given by cos (2kj • r),
whereas the spatial distribution of the second har-
monic of radiation inside the crystal is given by
cos (k2 • r). When 2kj * k2, the phase difference be-
tween the second harmonic of the radiation and the
harmonic of the quadratic polarization varies contin-

sin cot

sin Scot
'WVV-*-

sin cot

•i
W
0.6
0.6
OS

0 x, -or

FIG. 27. a) Schematic representation of the gener-
ation of a second harmonic in a plane crystal slab with
infinite transverse dimensions, b) Dependence of the
intensity of the second harmonic in PDP on the angle
dO between the synchronism direction and the He-Ne
laser beam for -y = 1.23 cm.

dS
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FIG. 28. a) Refractive-index surfaces of PDP crys-
tal. The indices 1 and 2 pertain to the fundamental and
second harmonic of the ruby laser, respectively. The
indices o and e pertain to the ordinary and extraordi-
nary rays respectively, b) Dependence of the intensity
of the second harmonic in PDP on the direction. The
maximum intensity is observed at 9 = 6C - 52° ± 2°,
<P = 45°. The divergence angle of the laser beam is
± 1/4°. AOB — arc on the refractive-index surface of
the ordinary laser ray, COD — for the extraordinary
second-harmonic ray.

uously. Consequently, the phase difference between
the radiation harmonics produced by the quadratic
polarization in different regions of the crystal also
varies continuously.

On the rear surface of the crystal slab, that is, at
x = I, the radiation produced by the quadratic polariza-
tion of a layer dx will be

dEz ~ dx cos (t — tt) — k2 (x —

Consequently, the total field of the wave with frequency
2w j = a>2 is

0

a n d t h e i n t e n s i t y o f t h e s e c o n d h a r m o n i c o f r a d i a t i o n

i s

j s i n ^ Z ( 2 & i — k ^ j i s i n ^ ( f t | — n ^ l i a j c

(nt — n2
(61)

In the absence of dispersion (nj = n2), the intensity of
the second harmonic increases in proportion to the
square of the thickness I of the slab. On the other
hand, if n t * n2 then I2 = I2(Z) has an oscillating char-
acter; the oscillation period is

X fa—n:)

2

(62)

where A.—wavelength of radiation of the fundamental
frequency in free space, customarily called the co-
herence length^86^. The maximum intensity of the
second-harmonic radiation is obtained when
I = (2q + 1)1^/2, where q is an integer. The coher-
ence lengths in typical crystals used for SHG are of
the order of lfr3—10"4 cm (see Table II).

Expression (61) coincides with relation (49) for the
intensity of the elementary act of scattering by N iden-
tical centers located at equal distances from one an-
other on a length I; the latter relation was obtained
from quantum considerations. As already mentioned,
the interference phenomena are based on the interfer-
ence of the probabilities of the elementary act of

scattering by an ensemble of scattering centers, as a
result of which the intensity obtained for the scattering
by N centers is not equal to the sum of the intensities
of scattering by each of the N centers.

The maxima and minima of intensity of the second
harmonic as functions of the length of the crystal were
first observed experimentally for SHG in quartz'-97-'.
The change of the length I in a scheme analogous to
that shown in Fig. 24a was realized by rotation of the
crystal slab about an axis perpendicular to the direc-
tion of light propagation. The dependence observed in
this case of the intensity of the second harmonic on
the angle of incidence of the beam is shown in Fig. 24b.
The angular distances between the maxima agree with
the quantities given by expression (61). In some uni-
axial crystals, the condition ni = n2 (the synchronism
condition) can be satisfied for waves with fundamental
and second-harmonic frequencies of different polariza-
tions, which makes it possible to increase greatly the
SHG efficiency. Figure 28a shows schematically the
dependence of the refractive indices n° and n e of the
ordinary and extraordinary rays in a PDP crystal on
the direction for the fundamental frequency of a ruby
laser (n° and nf) and for the second-harmonic fre-
quency (n° and nf). The phase velocity of the ordinary
ray is the same for all directions, while that of the
extraordinary ray depends on the direction of its
propagation and coincides with the phase velocity of
the ordinary ray of the same frequency only for propa-
gation along the optical axis (the z axis on Fig. 28a).
At the same time, there are propagation directions,
making an angle 6C with the optical axis, for which the
refractive index of the ordinary ray with fundamental
frequency n° is equal to the refractive index of the
extraordinary ray with double the frequency nf. This
"synchronism" angle in the PDP crystal is equal to
approximately 50° for ruby-laser radiation. An in-
crease in the intensity of the second harmonic for
radiation propagating in the direction of the synchron-
ism angle, amounting to several orders of magnitude,
was first demonstrated in^97'98^. The dependence of
the SHG efficiency on the angle B is quite strong, and
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FIG. 29. Experimental set-up for the measurement of
absolute values of the Raman scattering cross section.
1—Ruby laser; 2 —polarizer, 3 —con ensing lens; 4 —
cuvette with investigated liquid; 5 - exciting-radiation
detector; 6 — gathering lens; 7 — filter blocking the laser
radiation; 8 — spectrograph; 9 — spectrograph entrance
slit; 10 - spectrograph exit slit; 11 - scattered radiation
detector.

ExEy

when the angle between the ray and the synchronism
direction increases by a fraction of a degree, the in-
tensity of the second harmonic is reduced to one-half
(Fig. 28b). The SHG efficiency exhibits also a weak
dependence on the azimuthal angle <p (angle between
the direction of radiation propagation and the xOz
plane). This dependence is connected with the sym-
metry properties of the quadratic-polarization tensor
in such a way that the tensor component which deter-
mines the SHG turns out to be proportional to

sin cp cos <p.

A quantitative check on the angular dependences of
the SHG efficiency was made in^96^, using an He-Ne
laser (A = 1.1526^). The experimental points (Fig.
27b) are in good agreement with the theoretical curve.
The absolute value of the nonlinear polarizability of
the PDP for one-mode gas laser operation was found
to be d36 = (3 ± 1) x 10~9 cgs units. Owing to the low
power of the gas laser (1.5 x 10~3 W), the conversion
efficiency was low (the second-harmonic power was of
the order of 8 x 10~14 W). It is interesting to note from
the theoretical point of view that in the direction of
exact synchronism the entire energy of the fundamen-
tal harmonic can be converted into the second har-
monic t79'83^.

c) Effect of crystal intrinsic absorption on SHG
efficiency. A classical analysis using a nonlinear har-
monic oscillator as a model of electron motion in the
crystal predicts an abrupt increase in the intensity of
the second harmonic as its frequency approaches the
edge of the intrinsic absorption band of the crys-
{-aj[78,82]_ Qn the other hand, a quantum-mechanical
analysis with account of the crystal absorption band
structure shows that there should be no sharp in-
crease in the second-harmonic power in this case^84^.
The case when the frequency of the second harmonic
falls in the crystal absorption band was not consid-
ered theoretically; it was assumed that the large ab-
sorption will not make it possible to obtain in this
case a noticeable radiation at the doubled frequency.

For an experimental investigation of the influence
of the intrinsic absorption of the crystal on the SHG
efficiency, the temperature shift of the edge of the in-
trinsic absorption of the CdS crystal was used^81^. At
room temperature, this edge lies near 2.48 eV and

exceeds by 0.14 eV the energy of the double-frequency
quantum radiated by a neodymium laser, Kw2. When
the temperature is increased to approximately 235°C,
the edge of the absorption edge is displaced until it
coincides with hw2- Measurements of the second-
harmonic intensity as a function of the temperature
in the range 25—300°C have shown that the SHG effi-
ciency remains practically constant and no increase
was observed for it near 235°C.

An investigation of SHG under conditions when the
second harmonic falls in the band of the intrinsic ab-
sorption of the crystal was made using a ruby laser in
CdS and BaTiO3, and also in GaAs with a neodymium
laser ^81^. It was shown that absorption does not hinder
the SHG, and that in the case of CdS and BaTiO3 its
efficiency is comparable with the efficiency of conver-
sion of the ruby laser beam propagating perpendicular
to the {110} plane in a PDP crystal. The values of the
coefficients of the tensor d obtained in the paper are
listed in Table III.

The possibility of relatively effective generation of
a harmonic in a crystal, even if its frequency falls in
the intrinsic absorption band, can be understood quali-
tatively by recognizing that the coherence length in
these crystals is of the order of 10"4 cm. Therefore
only the last layer of the crystal participates effec-
tively in the generation of the second harmonic, and in
this layer the absorption of the second harmonic r e -
mains small.

3. Some phenomena in Raman scattering (RS) of
laser radiation, a) Experimental determination of
Raman scattering cross sections. Owing to their nar-
row emission spectrum and the high emission inten-
sity and directivity, lasers are of great interest for
the excitation of Raman spectra. A special analysis
has shown that lasers have undisputed advantages over
such traditional radiation sources as a mercury lamp
for the excitation of the spectra of crystalline samples
of small size and of gases, and also in many other
cases ^122~125^. The use of a ruby laser has made it
possible to determine for the first time the absolute
values of the RS cross section of several lines of ben-
zene, nitrobenzene, and toluene^126-'. A diagram of the
installation used for this purpose is shown in Fig. 29.
The radiation of the ruby laser could be polarized
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Table IV. Measured values of the
Raman scattering cross section

Raman scattering
line, cm"1

Nitrobenzene 1345
Benzene 991.6
Benzene 1179
Toluene 1102 . .
Toluene 1212 . .

Total width
of Ramanscattering
line at 0.5
maximum

value, cm"1

11 +0.4
3.1

15,7
2.7
3.2

Polariza-
tion

ratio
0 || /oj.

0.22
0.06
0.7
0.06
0.12

cm"2

2.3
3.9
0.13
1.1
0.24

either parallel or perpendicular to the plane contain-
ing the exciting and scattered rays (scattering plane)
by changing the position of the polarizer. The recei-
vers were calibrated photomultipliers. Table IV lists
the measured maximum values of the RS cross sec-
tions per unit wavelength interval of the RS line, per
unit volume of the scattering material, and per unit
solid angle in which the scattering takes place. The
RS cross section depends on the position of the plane
of polarization of the incident radiation relative to the
observation direction. In the third column of Table IV
is given the ratio of the cross sections of RS in the
case of plane polarization parallel and perpendicular
to the observation direction (<j ^ and cr_j_, respectively).

b) Stimulated Raman scattering. The use of lasers
has made it possible to observe some new Raman
scattering phenomena of considerable fundamental
interest. These include stimulated RS, first observed
in the investigation of a Q-switched ruby laser, the
modulator used being a Kerr cell with nitrobenzene,
placed in a cavity127^. It was found that under these
conditions there is observed, besides the stimulated
emission with wavelength 6940 A, also additional in-

o
tense radiation with A. = 7670 A. The latter phenomenon
was observed with the aid of a cuvette with nitroben-
zene inside the interferometer of a Q-switched laser
with a PDP crystal. It was established that the addi-
tional emission displays several characteristic proper-
ties of stimulated emission: a sharp threshold of oc-
currence both when the ruby laser power is varied and
when the length of the cuvette with the liquid is varied,
a sharp directivity (divergence angle on the order of
1 mrad), and a decrease in radiation line width with
increasing laser beam power. In subsequent investiga-
tions the additional emission was obtained in many

organic and inorganic liquids^128 130-', and also in
crystals C133,1343 ancj gases C135^ that are active to RS.
It was found that the shifts of the additional-emission
line frequencies corresponded to the tabulated shifts
of the most intense RS lines of the investigated sub-
stance.

All these factors, and also the absence of resonant
absorption of the ruby-laser emission in the investi-
gated substances (for most of the substances the ab-
sorption coefficient was of the order of 10~3 cm"1),
indicates that the additional emission is stimulated
Raman scattering.

An examination of the mechanism of stimulated RS
on the basis of quantum and semiclassical theory of
multiphoton processes is given inL136 ^5j_ m qu a n tum
theory, Raman scattering is regarded as a two-photon
scattering process, consisting in the absorption of a
single photon of the exciting radiation RC^Q, and emis-
sion of a photon fia;^. The energy difference
R(OJ0 — <xi_j) = KOJJ is compensated by the transition of
the scattering medium to an excited state. The proba-
bility of such a process per unit time, equal to the
rate of emission of the scattered photons dNLj/dt, is
determined by formula (29) and is of the form

dt
m
IT

(63)

Here AN—difference in the populations of the initial
(m) and final (n) states of the scattering system,
p n = 2/TTRAOJJ-—density of the final states (Au>r—RS
linewidth), and K^' — composite matrix element of
second order, defined by (30). If in the initial state,
at a definite laser mode, there are No photons with
frequency O)0, and in a certain scattered-radiation
mode there are N_j photons with frequency OJ_J, then

lKmn'2 ~ N» ( 1 + N- l ) - W h e n N~i = ° ( a b s e n c e o f photons
in the scattered-radiation mode in question),
dN_j/dt ~ No and formula (63) describes the process
of ordinary ("spontaneous") RS. If N_t * 0, then the
probability that the photons will enter into a mode with
frequency OJ_J consists of the probability of spontaneous
emission and the probability of stimulated emission.
The latter is equal to the number of photons in the
mode in question, multiplied by the probability of
spontaneous emission. Like stimulated fluorescence
in lasers, stimulated emission in RS can lead to an in-
tensification of the scattered radiation, and then also
to generation if this intensification exceeds the losses
in the resonator tuned to the frequency w_j.

FIG. 30. Experimental set-up for the observation of Raman
scattering of laser radiation. 1 — 3 — Rotating prism, ruby rod
with illuminator, and semitransparent reflecting mirror of Q-
switched laser; 4 — cell with substance active to Raman scat-
tering; 5 — diffuse scatterers; 6 — spectrograph.
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The essential difference between stimulated RS and
stimulated emission in lasers lies in the fact that in
RS there is no need for inverting the populations of the
states of the scattering system. Moreover, for stimu-
lated RS at a frequency o)_j it is necessary to have
AN = N m - Nn > 0, and the amplification coefficient
(a_j ~ dN_t/dt) is proportional to AN = N m - Nn. The
condition N m > Nn is satisfied under thermodynamic
equilibrium and is not violated in practice during the
RS process. The latter is connected with the fact that
even in the more intense giant pulsed lasers the photon
flux does not exceed 3 x 1018 per cm2, so that, for ex-
ample in liquids, less than one out of 104 molecules
goes over from the initial state.

Stimulated emission of RS is obtained under dy-
namic equilibrium in systems with very small RS
cross sections compared with the cross section for
resonance fluorescence, inasmuch as the RS is a non-
resonant process. It is impossible at present to cal-
culate the RS cross sections theoretically, in^136'137^
there was developed a phenomenological theory of
stimulated RS, based on the RS cross section deter-
mined experimentally (see Table IV). The threshold
intensity of the incident radiation necessary to attain
the generation mode can be estimated by starting from
the relation a_j • 21 > Q ^ , where Q.J—amplification
coefficient at frequency co_1 and a L—loss coefficient
in the w_4 mode for a complete cyclic passage of the
photon through the resonator. This relation means that
amplification at two passages of the cuvette with the
investigated substance of length I should exceed the
total losses a-^. The maximum coefficient Q.J is con-
nected with the maximum RS cross section a j_ in the
following fashion'-137^:

(64)

where Io—intensity of the incident radiation, in photons
per square centimeter and per second, \ _i— wavelength
of RS emission in centimeters, c—velocity of light,
and n_,—refractive index of the investigated substance
at wavelength \_t.

An estimate of the required intensity for nitroben-
zene (aj = 2.3 cm"2), at a loss coefficient a L = 0.5 and
a length 1=5 cm, yields Io > 10 MW/cm2, which
agrees with the experimental data^128'137^. A theor-
etical estimate of the line narrowing that results (for
a 1% conversion of energy into the CR line) yields^137^
a reduction in line width to a value of 0.14 of its initial
value, 11 cm"1, that is, to ~ 1.5 cm"1, which also
agrees with the experimental data. The maximum
conversion efficiency, about 30%, was obtained at the
present time in nitrobenzene.

The totality of the results obtained to date on this
phenomenon leaves no doubt that the mechanism of
stimulated RS exists, although some details of this
process are not yet clear. In particular, it is not clear
why it is impossible to obtain a generation mode in

many liquids possessing very intense lines of ordinary
RS.

c) Stimulation of coherent molecular oscillations
in RS of laser radiation. A thorough investigation of
stimulated RS has led to a discovery of several phe-
nomena, which could not be interpreted within the
framework of either ordinary "spontaneous" or
stimulated RS. These include the following:

1. Even in the first experiments on stimulated RS
there were observed lines that were shifted relative
to the ruby-laser emission frequency not only by
amounts equal to the frequency of the molecular os-
cillations o)r, but also to the multiple frequencies 2oj r ,
3oj r , etc (overtones). Measurements of the positions
of the lines in the RS spectra of liquid oxygen, nitro-
gen, and other substances, with instruments having
high resolution, has shown that their appearance can-
not be attributed to the anharmonicity of the molecular
oscillations. Furthermore, lines of multiple frequen-
cies arise at the same threshold value of the primary-
beam power as the line with the fundamental frequency
cur. On the other hand, when the power of the exciting
beam increases above the threshold, the intensities of
the multiple lines increase rapidly and reach values
that are close to the intensity of the fundamental line
of the scattered radiation. On the other hand, in ordi-
nary RS spectra, the selection rule, which forbids the
appearance of overtones in first approximation, is
sufficiently well satisfied, and the overtone intensity
is at least two orders of magnitude lower than the in-
tensity of the fundamental line.

2. In investigations of RS of high-density radiation
in substances placed outside the laser resonator, in-
tense coherent emission was observed at frequencies
which were not only smaller but also larger than the
frequency <JO0 of the laser (anti-Stokes emission).
Different anti-Stokes frequencies correspond to differ-
ent propagation angles relative to the direction of the
primary beam, so that in sections perpendicular to the
latter there were observed rings of coherent radiation,
the color of which changed from yellow to blue. Fur-
ther thorough study of anti-Stokes emission in liq-
uids^131^, crystals^133'134^ and gases^135^ has shown
that it occurs at the same densities of the primary
beam as the Stokes emission, but is not observed if
the substance that is active in the RS is placed in a
laser resonator having plane mirrors . The line shift
turned out to be an exact multiple of the frequency of
the fundamental oscillation cor, the line intensity was
close to the intensity of the corresponding Stokes lines,
and the narrowing was approximately one order of
magnitude larger than the narrowing of the latter. The
anti-Stokes radiation was observed even in substances
which had none in the ordinary RS spectrum. The
latter circumstance indicates that it cannot be connec-
ted with the scattering of laser emission by molecules
that are in thermodynamic equilibrium in excited
vibrational states: v = 1, 2, . . . .
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3. Intense phenomena were observed in RS laser
radiation in two liquids—benzene and carbon disulfide—
mixed in a ratio 1:1 and placed separately in two
cuvettes one after the other along the path of the
beam^131^. In the first case, many lines were observed
in addition to the lines shifted by the frequencies wr

of the fundamental oscillations of both liquids and their
harmonics (the benzene line was the more intense).
They were shifted by frequencies equal to the sum
and difference of the vibrational frequencies corre-
sponding to the scattering in each liquid separately.
In the second case, no additional lines were observed,
although they could be expected as a result of scatter-
ing in the second cuvette of harmonics produced in the
first. Regardless of the sequence of the liquids, the
more intense scattering spectrum lines were produced
in carbon disulfide.

Although at present there is no unified theory des-
cribing all the new phenomena in Raman scattering,
many of them can be understood on the basis of ideas
concerning the excitation of coherent molecular os-
cillations by an intense laser beam^140^. Usually RS is
regarded as an incoherent process, in which the pha-
ses of the oscillations of the different molecules have
a random distribution. It was indicated in-140^, how-
ever, that stimulated RS which produces radiation at
the fundamental Stokes frequency U j - a>r, can lead to
establishment of definite phase relationships between
the oscillations of different molecules. Such coherent
oscillations of an ensemble of molecules can modulate
the initial radiation (with frequency w 0) and the radia-
tion of the stimulated RS (with frequency a>0 — w r) ,
causing the appearance of Stokes and anti-Stokes lines
of many orders.

A quantitative theory of these processes is based
on examination of the behavior of the molecule, repre-
sented as a harmonic oscillator with resonant fre-
quency cor, situated in an electric field E containing
several harmonic components with definite phase r e -
lations. The behavior of the molecule is described by
an equation of the type

F, (65)

E = Eo cos ((o0t — kor) + E' cos (a»'t — k'r + <D')>

where r—radius vector of the molecule position, then
the driving force F has a component oscillating at the
difference frequency u 0 — w'. If this frequency is in
resonance with the natural frequency of the molecule
<jor, then the molecule oscillations build up. A solution
of (65) yields at resonance

1 da (E0E')
2 dx R (o)0—CD')

7rsin[(<o0 — <a')t — (k0 — k')r — <

Such a forced oscillation of the molecule leads to the
occurrence of a component of the dipole moment

da „

whose rate of change of energy with the harmonic of
the field E' at the frequency u>' is

in which x—vibrational coordinate and F—driving
force. The latter represents, in the semiclassical
treatment, the force of interaction between the field
and the dipole moment induced in the molecule,
ji | = a E (a—polarizability, assumed for simplicity to
be isotropic), and which is equal to the negative of the
derivative of the dipole polarization energy in the
electric field with respect to the vibrational coordin-
ates. In the case of isotropic polarizability this energy
is U = - Q E 2 / 2 , and therefore

F=~{daldx)Ei.

If the electric field contains two harmonic com-
ponents:

p = - <66>

and determines the radiation power emitted or ab-
sorbed by the molecule at the frequency a/ . For the
Stokes radiation component w' = w0 - cor, we have
P' > 0 and the field E' becomes stronger, whereas for
the anti-Stokes component co' = OJ0 + w r the field E'
weakens.

Amplification of the anti-Stokes component can be
obtained if the radiation field is represented by three
harmonics in the form

E = Eo cos (a>ot — kor) + E_4 cos [(coo — cor) t — k_tr -f O_,]

(67)

An analysis similar to that given above shows that

(E0E_.) cos [(2ko-k,-k_1)r

(68)

(69)

- (EoE,) (E0E_,) cos [(2k0- k4 - k_,

If E_( > Ej, then both the Stokes and the anti-Stokes
components can become amplified. Continuous ampli-
fication of the anti-Stokes component over the entire
volume occupied by the ensemble of molecules will
occur only if the synchronism condition is satisfied

2k o -k_ 1 -k 1 = O (70)

and cos (# t +<*>_]) < 0. Thus, the absence of a random
distribution of the phases of the fields Ej and E_j is
necessary in order for amplification of the anti-Stokes
component to be possible.

Maximum amplification of the anti-Stokes component
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Ej takes place if * t + <j>_j = ir, that is, in the case when
the fields Et and E_j force the molecule to oscillate in
antiphase: x ~ (E_j — Ej).

In fact, the first to arise is the Stokes component
E_j , that is, the condition E_ > Ei is satisfied. In the
first approximation, emission of the Stokes component
is diffuse and its intensity is proportional to (Eo • E_j)2.

The additional angle dependence is connected with
the geometry of the cuvette, which determines the
difference in the path length of the ray along which
amplification can take place. Inasmuch as both the
power generated in the Stokes component and the loss
are proportional to E?j, there is a generation threshold
of E_j in any direction, in agreement with experiment.

The anti-Stokes radiation can be amplified only in
directions determined by the synchronism condition
(70), which is satisfied for some fixed angles to the
laser beam direction ^140^. The fact that the anti-
Stokes radiation cannot build up when the cuvette is
situated inside an interferometer with plane mirrors
is connected with the fact that the dispersion prevents
satisfaction of the synchronism conditions when the
waves Eo and E_j propagate in the parallel directions
of the multiple Stokes and anti-Stokes components of
E. A quantitative check on the spatial distribution in
calcite-'34^ and some experiments on the observation
of spatial distribution of these components in toluene
and benzene ^144^ give grounds for assuming that the
RS mechanism in question actually does occur.*

Relation (69) explains the absence of an additional
threshold for the fundamental anti-Stokes component
(and, as can be shown, for the Stokes and anti-Stokes
components of higher-orders^140-'). Indeed, the ampli-
fication of the power of the anti-Stokes component is
proportional to Ej, whereas the loss is proportional to
Ej. Therefore, as Ej —- 0 the amplification decreases
more slowly than the loss, and starts to exceed the
loss at a certain value of Ej.

Using (69), we can show that if at the beginning
the field E_j = E.j(O) and Et = 0, then the growth of the
waves over a path I, neglecting their absorption in the
medium, will be of the form

E1(l)=E-i(Q)a-1l/2. j (71)

Ej becomes commensurate with E_t when a^l/2 » 1.
This explains the theoretically considered and experi-
mentally observed generation of Stokes and anti-Stokes
components of almost equal intensity.

Finally, the theory considered enables us to explain
the mechanism of amplification of RS lines of benzene
and the appearance of additional lines when benzene is
mixed with carbon disulfide. If the polarizabilities of

the two molecules are a1 and a2, then the energy of
their interaction is approximately equal to the inter-
action energy (2a ja2/d3)E2 of two dipoles with induced
moments (d is the distance between the molecules).
This interaction produces an additional force that in-
duces oscillation of the molecules [for example, for
molecule 2 this force is 2Q]/d3 (da2/dx)E2]. This ad-
ditional force is superimposed on the force F, both
having a similar dependence on the electric field E,
and when 4a j > d3 the additional force predominates.
The greater the polarizability a^, the greater the ad-
ditional force. This is precisely the reason for the
increased intensity of the RS line of benzene to which
strongly polarizable CS2 molecules are added. It is
obvious that since the additional force is proportional
to aj(da2 /dx), lines can be produced which are com-
binations of the vibrational lines of the molecules of
both types, as is indeed observed in experiment.

*An anomaly in the spatial distribution of SR was observed in
nitrobenzene [132' 145]. Its causes are not sufficiently clear at
present.
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