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INTRODUCTION

I N the most general case, the transition of a nucleus
from an excited state to a lower one can proceed via
simultaneous emission of several photons, conversion
electrons, and electron-positron pairs .* However,
the most probable process accompanying a nuclear
transition is usually the emission of a single photon.
The emission of one electron or of one pair has a
lower probability, but becomes particularly impor-
tant if the single-photon transition is forbidden. All
the remaining processes are much less probable
compared with the first three, and play a considera-
ble role only in those cases when the first three
processes are simultaneously forbidden.

We can classify nuclear transition by the magni-
tude of the total angular momentum L carried away
by the emitted photons, electrons, and pairs. Thus,
for example, if L = 2, then the transition is called
quadrupole; if L = 1, the transition is dipole.t On
the other hand, if the total angular momentum of the
particles emitted in a nuclear transition is zero, this
is a monopole transition.

Since the angular momentum of one photon cannot
be equal to zero, single photon emission is absolutely
forbidden in monopole transitions, t

From the angular momentum conservation law we
have | Jj - Jf | s L < Jj + Jf, where Jj and Jf are
the total angular momenta of the nucleus in the initial
and final states. It follows therefore that monopole
transitions are possible only if the total angular mo-
mentum of the nucleus remains unchanged, that is,
when ( a ) Jj = Jf = 0 and (b) Jj = Jf * 0. In the
former case the monopole transition is the only one
possible (zero-zero nuclear transition), and in the

*The latter is possible if the energy of the nuclear transition is
Δ > 2m0c

2, where m oc 2 i s the electron rest energy.

t According to the conventional classification of transitions in

the theory of multipole radiation.L1"']

tin the customarily employed first two orders of perturbation

theory (see the end of Sec. 1 concerning the higher approximations).

s e c o n d c a s e t h e m o n o p o l e t r a n s i t i o n c o m p e t e s w i t h

t h e o t h e r n o n - m o n o p o l e t r a n s i t i o n s ( J - J n u c l e a r

t r a n s i t i o n ) .

M o n o p o l e t r a n s i t i o n s c a n b e b r o k e n u p i n t o t w o

c l a s s e s , d e p e n d i n g on w h e t h e r t h e p a r i t y of t h e s t a t e

of t h e n u c l e u s c h a n g e s d u r i n g t h e t r a n s i t i o n o r n o t .

M o n o p o l e t r a n s i t i o n w i t h o u t c h a n g e i n p a r i t y a r e

c a l l e d e l e c t r i c o r E 0 t r a n s i t i o n s , w h i l e m o n o p o l e

t r a n s i t i o n s w i t h c h a n g e i n p a r i t y a r e c a l l e d m a g n e t i c

o r MO t r a n s i t i o n s ( in a c c o r d a n c e w i t h t h e s t a n d a r d

c l a s s i f i c a t i o n ' - 1 " 7 - ' ) . T h e m a i n c a u s e of E 0 t r a n s i -

t i o n s i s t h e C o u l o m b i n t e r a c t i o n b e t w e e n t h e n u c l e o n s

of t h e n u c l e u s a n d t h e e l e c t r o n s of t h e a t o m i c s h e l l

o r t h e D i r a c b a c k g r o u n d . * T h e r e m a i n i n g i n t e r a c -

t i o n s , b o t h e l e c t r o m a g n e t i c a n d n o n - e l e c t r o m a g n e t i c ,

a r e u s u a l l y n e g l i g i b l y s m a l l i n E 0 t r a n s i t i o n s . T o

t h e c o n t r a r y , MO t r a n s i t i o n s a r e c a u s e d a l s o b y n o n -

C o u l o m b e l e c t r o m a g n e t i c a n d n o n - e l e c t r o m a g n e t i c

i n t e r a c t i o n s , a n d f o r s u i t a b l e v a l u e s of t h e t r a n s i t i o n

e n e r g y a n d of t h e c h a r g e of t h e n u c l e u s , t h e l a t t e r

c a n p r e d o m i n a t e o v e r t h e f o r m e r .

In E 0 t r a n s i t i o n s , t h e m o s t p r o b a b l e p r o c e s s e s

a r e t h e e m i s s i o n of o n e i n t e r n a l - c o n v e r s i o n e l e c t r o n

o r e l e c t r o n - p o s i t r o n p a i r . T h e s e p r o c e s s e s a r e c o m -

p l e t e l y f o r b i d d e n i n MO t r a n s i t i o n s ( i n t h e c u s t o m a r -

i l y e m p l o y e d f i r s t t w o o r d e r s of p e r t u r b a t i o n t h e o r y ) .

In t h e l a t t e r c a s e , s i m u l t a n e o u s e m i s s i o n of t w o p a r -

t i c l e s i s t h e m o s t p r o b a b l e ( for e x a m p l e , t h e e m i s -

s i o n of t w o p h o t o n s o r of o n e p h o t o n a n d o n e e l e c t r o n

a n d s i m i l a r p r o c e s s e s ) .

A c h a r a c t e r i s t i c f e a t u r e of E 0 t r a n s i t i o n s i s t h a t

t h e C o u l o m b i n t e r a c t i o n b e t w e e n t h e p r o t o n s of t h e

n u c l e o n a n d t h e e l e c t r o n s of t h e s h e l l o r t h e D i r a c

b a c k g r o u n d , w h i c h c a u s e s t h e s e t r a n s i t i o n s , t a k e s

p l a c e i n s i d e t h e n u c l e u s ( s i n c e t h e m o n o p o l e m o m e n t

i s c o n s t a n t o u t s i d e t h e n u c l e a r v o l u m e ) . t T h e r e f o r e

•Therefore E° transitions are also called Coulomb transitions.

t i t must be noted that the principal role i s played here by the

Coulomb interaction between the protons and those electrons which

are in states with total angular momentum j = 1/2, for they stay

inside the nucleus longer than the others.
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the probabil i ty of e l e c t r i c monopole t r a n s i t i o n s d e -

pends to a cons iderab le degree on the d is t r ibut ion of

the c h a r g e s in the nucleus and on the s ta te of the

nucleus . It follows there fore that the investigation of

EO t r a n s i t i o n s of nuclei is quite useful for the study

of the subtle deta i l s of n u c l e a r s t r u c t u r e o r the su i ta-

bil i ty of s o m e p a r t i c u l a r n u c l e a r model .

Monopole t r a n s i t i o n s can be observed both in

natura l ly radioact ive e l e m e n t s and in nuclei which

a r e products of var ious nuc lear r e a c t i o n s . It is a lso

poss ib le to excite monopole t r a n s i t i o n s by inelast ic

col l i s ions between the e l e c t r o n s and the nucle i .

F o r a long t ime (from 1930 through 1948) t h e r e

w e r e only two known e l e c t r i c monopole t r a n s i t i o n s ,

the 0 + — 0 + t r a n s i t i o n s of R a C ' ( P o 2 1 4 ) and O 1 6 . This

was followed by d iscovery of the 0 + —0 + t rans i t ion of

G e 7 2 (1948), and s t a r t i n g with 1952—of C 1 2 and many

other nucle i . F o r a theore t ica l explanation of 0+—0 +

t r a n s i t i o n s var ious nuc lear models a r e used with

l e s s e r o r g r e a t e r s u c c e s s ( s ing le-par t ic le , shel l ,

unified, e t c . ) . Since 1955, EO t r a n s i t i o n s of the

2 + — 2 + type, o c c u r r i n g in even-even nuclei such as

P t 1 9 6 , U 2 3 2 , P u 2 3 8 , e t c . a r e a l so under invest igation.

In connection with the descr ip t ion of the levels of

s o m e of these nuclei on the b a s i s of the non-axial

n u c l e a r model of A. S. Davydov and G. F . Filippov,

invest igations of EO t r a n s i t i o n s of the 2 + — 2* type

a s s u m e p a r t i c u l a r s ignif icance.

At p r e s e n t t h e r e a r e a l r e a d y m o r e than 20 known

observed e l e c t r i c monopole t r a n s i t i o n s . The data on

the exper imenta l observat ion of magnetic monopole

t r a n s i t i o n s a r e s t i l l doubtful (see page 729).

Sections 1 and 2 of this review a r e devoted to the

genera l theory and e l e c t r o n excitat ion of monopole

t r a n s i t i o n s . In the o ther two sec t ions a r e given ex-

amples of monopole t r a n s i t i o n s of individual nuclei

and theoret ica l e s t i m a t e s of the n u c l e a r m a t r i x e l e -

ment of the monopole on the b a s i s of var ious n u c l e a r

m o d e l s . Brief deductions a r e given in the conclusion.

1. GENERAL THEORY OF MONOPOLE NUCLEAR

TRANSITIONS

We cons ider f i rs t e l e c t r i c monopole t r a n s i t i o n s .

The cause of the EO t r a n s i t i o n s is the Coulomb in-

t e r a c t i o n of the nucleus with the e l e c t r o n shell of the

atom (at tempts to at t r ibute one of the c a u s e s to non-

e lec t romagnet ic in terac t ions will be d i scussed l a t e r ) .

As a l ready mentioned in the introduction, deexci ta-

tion of the excited nucleon via an EO t r a n s i t i o n cannot

be accompanied by e m i s s i o n of a single у quantum.

On the o ther hand, two-photon e m i s s i o n and o t h e r

m u l t i p l e - p a r t i c l e e m i s s i o n in EO t r a n s i t i o n s a r e

much l e s s probable than the e m i s s i o n of convers ion

e l e c t r o n s o r the c r e a t i o n of e l e c t r o n - p o s i t r o n p a i r s .

An important problem of the theory is the ca lcu la-

tion of the probabil i ty of e l e c t r o n convers ion in EO

t r a n s i t i o n s . The calculat ions a r e by per turbat ion

theory, according to which the genera l formula for

the probabil i ty of the convers ion t rans i t ion has the

f o r m [ 1 - °

Q/, (1.1)

where the summat ion is over all poss ib le init ial and

final s t a t e s of the e lec t ron spin and pf is the " s t a t e

d e n s i t y " of the convers ion e l e c t r o n , that is , the n u m -

b e r of s t a t e s of the continuous s p e c t r u m p e r unit

energy interva l* , while H-f is given in the re la t iv i s t ic

s y s t e m of uni ts , a s suming an e lec t romagnet ic i n t e r -

action between the nucleus and the e lec t ron shel l of

the atom, by the

H'v=-a*l dt' J

(1.2)

H e r e V n u c is the region occupied by the nucleus (we

shall henceforth not indicate explicit ly integrat ion

over this region), ψι~relativistic wave function of the

e l e c t r o n in the initial s ta te t , ipf—wave function of

the e lec t ron in the final s ta te belonging to the contin-

uous energy s p e c t r u m , ρ ( r ' ) and j ( r ' ) — d e n s i t y of

the c h a r g e s and c u r r e n t s produced by the nucleons of

the nucleus; a—Dirac velocity o p e r a t o r , a—fine-

s t r u c t u r e constant, and k—energy of the t r a n s i t i o n .

Relation (1.2) can be r e p r e s e n t e d in the form

\dt, (1.3)

w h e r e A ( r ) and φ ( r ) a r e the potentials of the

n u c l e a r c h a r g e s and c u r r e n t s . In view of the fact that

the EO t rans i t ion i s due to the s p h e r i c a l l y - s y m m e t r i -

cal p a r t of the density of t h e s e c h a r g e s and c u r r e n t s ,

we can put '-5'9-1

q>(r) = q>(r), Α(ΐ·) = Δλ(τ·), (1.4)

w h e r e <p(r) and X ( r ) a r e s c a l a r functions.

El iminat ing with the aid of the gauge t r a n s f o r m a -

tion the vector potential f rom (1.3), and making the

subst i tut ion ρ ( r ' ) —• pjf ( r ' ) = еФ* Ф;, w h e r e Φι and
ι

φ a r e the wave functions of the initial and final s t a t e s

of the nucleus, and taking into account the interact ion

between the e lec t ron and all the protons of the nu-

c leus , we readi ly r e d u c e the m a t r i x e lement Hjf to

the form

p=l

• ( 1 . 5 )

*In the calculation of the probability of pair conversion it is
necessary to insert into pi also a factor that depends on the posi-
tron momentum and energy.!5]

tin a state belonging to the discrete energy spectrum, if we
calculate the probability of electron conversion, or in a state be-
longing to the continuous spectrum of the negative energy levels,
if the probability of pair conversions is calculated.
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Inasmuch as integration in (1.5) is over the volume

of the nucleus, the quantity HJf and consequently the

probability of the EO transition depends on the

values of the electron wave functions inside the

nucleus. It follows therefore that the EO transitions

are due principally to the interaction between the

nucleons and the electrons whose probability of stay

inside the nucleus is maximal. These are the elec-

trons '-10-' with angular momentum j = V2.

The formula (1.5) can be also written in the form

* ' · (1.6)

(1.7)

S i n c e p ( r ' ) i s s p h e r i c a l l y s y m m e t r i c a l , (1 .6) w i l l

d i f f e r f r o m z e r o o n l y f o r t h e s y m m e t r i c a l p a r t of t h e

potential Φ. Because of th i s , it i s f i r s t n e c e s s a r y to

average the r ight half of (1.7) over the angles and r e -

place the Laplace o p e r a t o r by its rad ia l p a r t before

proceeding to the solution.

By as suming that the e lec t ron wave function ψ

v a r i e s v e r y l i t t le inside the nucleus, we c a n r e g a r d

it as constant in the zeroth approximat ion. Then Eq.

(1.7) is wr i t ten in the form

where Φ satisfies the equation

Д ф = _

Δ Φ = — (1.7')

where

(1.8)

and only the s y m m e t r i c a l solution of (1.7') gives a

n o n - z e r o contribution to (1.6). This solution will

c o n s i s t of the genera l s y m m e t r i c a l solution of the

equation Δ Φ = 0, and the p a r t i c u l a r solution of the

equation —
d r 2 = - e p 0 , that i s ,

(1.9)

The potential Φ cannot equal Cj because of the

orthogonali ty of the nuc lear wave functions. We c a n -

not put Φ = C 2 / r for Φ must be finite at the c e n t e r

of the nucleus . It follows t h e r e f o r e that

Substituting (1.10) in (1.6) we get

w h e r e

(1.10)

(1.11)

(1.12)

is the " z e r o t h m o m e n t " of the nucleus'-5-'. We s e e

from (1.12) that Q o i s c o m p a r a b l e in o r d e r of magni-

tude with the quadrupole moment of the nuc leus .

The m a t r i x e lement H[ f can be calculated with

g r e a t e r a c c u r a c y by taking into account the var ia t ion

of the e l e c t r o n wave function φ inside the nucleus .

To this end we expand the radia l p a r t of the function

ψ in a Taylor s e r i e s about the point r = 0 and con-

fine o u r s e l v e s to the f i r s t two t e r m s of the expansion

'-11-'. If we a s s u m e that the n u c l e a r c h a r g e density

obeys the condition r 2 q ( r ) —* 0 as r —» 0, then the

expansions of the rad ia l p a r t s of the " l a r g e " and

" s m a l l " components of the Dirac wave functions ψ,

for the c a s e when the convers ion e l e c t r o n is in

s t a t e s with j = V2, will have the r e s p e c t i v e f o r m s

(S.w /P l / 2) = С(1 -far 2 + . . . ) , ( 1 1 3 )

(Ai/a. gpi/t) = С(0 + br +...). (1.14)

Using (1.13) and (1.14) and ca lculat ions s i m i l a r to

those of Church and Weneser '-11-' we obtain

(1.15)

w h e r e

(the s u m m a t i o n is over all the protons of the nucleus),

R is the r a d i u s of the nucleus, and

The d i m e n s i o n l e s s p a r a m e t e r ρ i s cal led the r e -

duced nuc lear m a t r i x e lement of the e l e c t r i c mono-

pole '-11-', while the quantity

M = QR2 (1.18)

is the n u c l e a r m a t r i x e lement of the e l e c t r i c m o n o -

pole .*

Let us focus our attention on the e s t i m a t e of σ. In

p a r t i c u l a r '-11-'

(1.19)

where ε i s the total energy of the bound e l e c t r o n , V

the e l e c t r o s t a t i c potential at the c e n t e r of the nucleus

(of the o r d e r of α Ζ / R ) , and к i s the n u c l e a r t r a n s i -

tion energy ( i n units of m 0 c 2 ) . F o r | V | » ε the

c o r r e c t i o n σ depends very l i t t le on the type of e l e c -

t r o n shell o r the nuc lear t r a n s i t i o n energy . In this

c a s e σ is approximate ly equal to

15 15
« 1 . (1.20)

F i g u r e 1 shows a plot of σ against Ζ for a definite

n u c l e a r t r a n s i t i o n energy Δ = 511 keV under var ious

a s s u m p t i o n s concerning the d is t r ibut ion of the c h a r g e

in the nucleus [11] Curve 1 c o r r e s p o n d s to uniform

dis t r ibut ion of the c h a r g e over the sur face of the nu-

c leus , curve 2 is obtained for uniform volume d i s t r i -

bution of the nuc lear c h a r g e , and curve 3 c o r r e s p o n d s

to a n u c l e a r c h a r g e with density q ( r ) ~ l / r . In all

c a s e s , as can be seen from the plot, σ l i e s in the

*We shall henceforth leave out the word "electr ic '
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with Church and W e n e s e r , b e g i v e n by the f o r m u l a

Ω* = % Γ ( ϊ ϊ i ) P {lz V) (2aZR)2y+Z P(Z,P), (1-24)
where

FIG. 1.

1-2approximate range 10~z < a < 1 0 ! for 50 < Ζ ^ 90.
Consequently, the second term in the sum under the
integral sign in (1.16) is usually neglected, and if it
is further recognized that the remaining terms of the
sum are also small, the matrix elements Μ and ρ
are determined exclusively by the properties of the
nuclear wave functions; they assume the respective
forms

(1.21)

(1.22)

We have determined the matrix elements Μ and
ρ for E0 transitions evoked by the interaction be-
tween the nuclear nucleons and the j = V2 electron.
For the case of interaction between the nucleus and
an electron with any j , we obtain the values of Μ and
ρ from (1.21) and (1.22) by making the substitutions
rF> ~~ ( r p ) 2 j + 1 a n d < r p / R ) 2 ~* ( r p / R ) 2 J + 1 respec-
tively [12]. In the calculation of the probability of the
E0 transition with the aid of the electron Coulomb
functions of a point nucleus we obtain for Μ ^Я

where

After substituting (1.15) in (1.1) we can write the
conversion probability in EO transition in the form

where the factor Ω β does not depend on the spin
states of the nucleus and is completely determined
by the electron wave functions. A relatively simple
analytic formula for Ω β , called the reduced proba-
bility of the conversion EO transition, is obtained in
the socalled "point nucleus" approximation'-1-'. Then
a = b = 0. The constants Cj and Cf are determined
from the electron Coulomb functions for a point
nucleus, if we put r = R. If aZR and pR « 1 (p is
the momentum of the electron), then the reduced
probability Ω Θ for the К shell will, in accordance

is the Fermi function for the β decay, у = [ 1
- ( α Ζ ) 2 ] 1 7 2 and ε = (ρ 2 + I ) 1 7 2 . The result (1.24) is
quite close to the results of other calculations of
Ωχ1"13"14'7"1· Ь1 particular, according to Thomas [ l 4 : l

Ωρ£ is obtained from (1.24) by multiplication by a
factor [ 1 + (1 - y)/VT( 1 + γ ) ] 2 , which does not
differ much from unity.* The result of the approxi-
mate calculation of Ωχ made by Blatt and Weisskopf
^ exceeds (1.24), taken in the nonrelativistic ap-
proximation '-11-', by a factor of 4.t

The calculation of the relative reduced probabili-
ties Ω for different shells or subshells, according to
Church and Weneser, yields

К _ 2pK(eK+y) F (Z, pK) (x+l) x2"+z

L ~ PL(«L+y) F {Z, pL)(z+2)(2y + \) '
(1.26)

h = 5 4 ( l + O ( a Z ) 2 + . . . ) ( 1 - 2 7 )

where

In the absence of screening ε̂  = к + у and ε-^ = к
+ x/2, where k is the nuclear transition energy (in
units of moc2).

Figure 2 shows graphically the dependence of Ωχ
on Ζ and k, established on the basis of (1.24) and
(1.25), corrected for (a) the finite nuclear size, (b)
the screening effect, and (c) account of the terms of
order aZR and pR in the Dirac wave function'- 1 .

The calculation of ίίχ with finite nuclear size
effects taken into account leads to an increase in the
result of (1.24) by a small amount, which increases
with Z. In view of the fact that usually ε « | V |, the
effect of the finite nuclear size is practically the
same on the bound and on the free electrons, and de-
pends very little on the nuclear transition energy.
The reduced probability Ωχ changes relatively little
with the three nuclear charge distributions which
were considered above (see Fig. 1) (by 10% for q( r )
~ 6 ( r - R), by 30% for q ( r ) ~ r°, and by 50% for
q( r ) ~ r " 1 ) . The curves of Fig. 2 have been obtained
assuming a uniform charge distribution over the
volume of a nucleus with radius 1.20 x 10~3 A"3 cm.

The screening reduces somewhat the result (1.24)
and is stronger for L electrons than for К electrons.
The effect of screening on the electron functions of

•Thomas obtained his result assuming some definite distribu-
tion of nuclear charge. This distribution, however, is not specified
in ["].

t Owing to the neglect of one monopole term in the expansion
of l/|r - гр| in multipoles.
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к

FIG. 2.

the continuous spectrum is appreciable only near the
conversion threshold, so that with increasing nuclear
transition energy it decreases rather rapidly (the
correction to Ω due to this effect is not included in
the curves of Fig. 2). The effect of screening de-
creases with increasing Z.

An account of all three corrections in accordance
with Church and Weneser ^ leads to an increase of
Ω , for both К and L shells, compared with (1.24),
by 25 and 15% respectively for Ζ = 85 and by smaller
values for low Z.

The dependence of Ω on the energy of the nuclear
transition is due to the behavior of the continuum
electron wave function near the nucleus. Figure 2
shows that fi increases relatively weakly with k, but
depends strongly on Z. The considerable growth of
Ω with Ζ is explained as follows. The EO transi-
tions, as already mentioned, are due to Coulomb
interaction between the nuclear protons and the
atomic electrons which penetrate inside the nucleus.
EO conversion will consequently be most probable in
atomic shells (or subshells) located as close as pos-
sible to the center of the nucleus. It follows there-
fore that Ω should increase approximately like
( R / a z ) 3 or Z4 (here a z = ao/Z and a0 is the radius
of the first Bohr orbit). Since the shells (or sub-
shells) that are closest to the center of the nucleus

do not have an orbital angular momentum different
from zero, the EO conversion takes place predom-
inantly on the S!/2 subshells (K, Li, Mi). However,
the К shell is the closest among them, Lj is some-
what farther, and Mi still farther. Therefore Ω will
be maximal on the К shell, less on the Li subshell,
and still less on the Mi subshell. In the nonrelativ-
istic case the relative probability of the EO conver-
sion on these subshells is given by the simple rela-

tion [15]

:±:±.

Figure 3 shows the dependence of the relative EO
conversion K/L on Ζ and k, established under the
assumption that the reduced nuclear matrix elements
of the monopole ρ is the same for the К and for the
L shells. In the calculation of the curves of Fig. 3,
no account was taken of the effect of screening on the
electron wave functions of the continuous spectrum,
which noticeably affects the accuracy of K/L only
near the threshold of conversion on the К shell '-11-'
(the latter is noted in Figs. 2 and 3 by dashed lines).
As can be seen from Fig. 3, K/L decreases notice-
ably with increasing Ζ and increases with k, as is
the case also in multipole transitions (see Ll~O, at
that K/L for the Ml transitions increases with
increasing transition energy just as weakly as K/L
for the EO transitions, while K/L increases for E2
transitions much faster with к '-11-').

The results of the Church and Weneser calcula-
tions for Li/Ln are shown in Fig. 4 for EO transi-
tions. For comparison, the same figure shows the
k-dependence of the ratio Li/Ln for Ml transitions
(dashed curves) for Ζ = 25, 55, and 85. Comparison
shows that EO transitions can be distinguished from
Ml transitions by the values of Li/Ln- In addition,
from the behavior of the curves of the EO transitions
it can be concluded that EO conversion on the Ln
subshell becomes appreciable only for heavy elements
and large transition energies.
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Table I

Nucleus

Ca|J
Gejf
Zr4»8
PHioepn2t4ГО84

Δ» mc8

6 . 7
1.4

3 . 5
2 . 2 7

2 . 8 5

О„. s e c -

-4-10'
0

-1.4.10 е

—
-8.7-10»

QK. sec"1

5.05-108

2.56-108
1.16-10W
3.54-10Ю
8.45-1012

4l

342
198
102

71
19.6

0.99
0.96
0.87
0.88
0.68

K/Lj

7.8
7.4
7-6
6.9
5.3

*Lj,

0.965
0.83
0.88
0.87
0.77

*L

0.97
0.945
0.88
0.87
0.75

E o convers ion on the Ь щ subshel l is very s m a l l

for all values of Ζ and k, and i s w e a k e r than the E o

convers ion on the Lj subshel l by a factor 10 8—10 9 ί 1 ϋ .

There fore d i r e c t E0 convers ion on the Ь щ subshel l

has very low probabi l i ty . It is indicated QO that t h e r e

i s another way of L m - e l e c t r o n convers ion, in which

the L J I I e lec t ron f i r s t goes o v e r into a v i r tual Sj/2

s t a t e ( o r p t / 2 s t a t e ) with s imul taneous e m i s s i o n of

an E l - q u a n t u m ( o r M l and E2 quanta), after which

it " c o n v e r t s " in the E0 nuc lear t r a n s i t i o n . The

probabi l i ty of such a p r o c e s s , ca lculated by

Grechukhin '-16-' with the aid of the Coulomb functions

of the e lec t ron in the field of the nucleus, without a c -

count of s c r e e n i n g , t u r n s out to exceed, in the c a s e

of the e m i s s i o n of an E l - q u a n t u m , the probabil i ty of

d i r e c t E0 convers ion on the L m subshel l by m o r e

than 104—105 t i m e s . On the o ther hand, the c a s e of

e m i s s i o n of M l and E2 quanta by the Ь щ e l e c t r o n

with subsequent E0 convers ion has much lower p r o b -

ability.

E0 convers ion on the Mj;; д and o t h e r she l l s ,

located above the Μ s h e l l s , has so far not been

sufficiently well invest igated. In L 1 1·^ the r a t i o L I / M J

is e s t i m a t e d to be approximate ly equal to 3 ( for the

c a s e s of p r a c t i c a l s ignif icance).

The theore t ica l r e s u l t s on e l e c t r o n E0 convers ion,

obtained by Church and Weneser and given by us in

F i g s . 2—4, have been qualitatively confirmed by

Grechukhin ' s calculat ion '-12-', c a r r i e d out with the aid

of re la t iv i s t ic wave functions of the e l e c t r o n (situated

in a field of a nucleus with uniform volume charge)

without account of s c r e e n i n g . * Grechukhin gives an

analytic expres s ion for Ω χ (which we do not p r e s e n t

h e r e b e c a u s e of i ts unwieldiness) and n u m e r i c a l

values of Ωκ. K/Li and L j / L n for s e v e r a l E0 nu-

c l e a r t r a n s i t i o n s (Table I). In the table a r e indicated

also the r a t i o s ( к ) of the values of Ωχ- Ω^,π» and

Ω ^ , ca lculated with the aid of the Coulomb functions

of the point nucleus, to the values of the s a m e quanti-

t ies ca lculated with account of the finite n u c l e a r s i z e .

The effect of the finite n u c l e a r s ize on the value

of Ωχ was a l so invest igated by R e i n e r 1-17-1£]( w n o

showed that the r e s u l t s of different ca lculat ions of the

probabil i ty of e lec t ronic EO convers ion can be

r e p r e s e n t e d in the form

= B(Z)F(Z,e,R)\M\\ (1.28)

where the factors F ( Ζ, ε, R) a r e the s a m e for all

the r e s u l t s .

The difference in the calculat ion methods is m a n i -

fest only in the value of Β ( Ζ ). Thus, for W K ( EO )

calculated in the " p o i n t " nucleus approximation we

have in a c c o r d a n c e with (1.24) and (1.25)

5(Ζ) = · | ( 1 + γ)2, (1.29)

while a calculat ion of W K ( EO) under the assumpt ion

of a uniform volume c h a r g e dis t r ibut ion yie lds

2γ Ί 4

w h e r e x t ( R ) and χ 2 ( R) a r e the values of the radia l

functions which a r e the solutions of the Dirac equa-

tion in the region r < R and on the sur face of the

nucleus, respect ive ly . x t ( R ) and Xji^·) a r e n o r m a l -

ized to obtain l im χ 2 ( r ) = 1 as r —• 0.

F i g u r e 5 shows plots of Β ( Ζ ) for different c a l -

culat ions of W K ( E0) ^fl. Curves 1—4 have been ob-

ta ined: (1) a s suming uniform dis t r ibut ion of the

n u c l e a r charge ^ , (2) a s suming a " p o i n t " nucleus '-11-'

[from F o r m u l a s (1.24) and (1.25)], (3) after T h o m a s C l 4 ] ,

and (4) with the aid of the Coulomb functions of the

point nucleus '-13 .

The r e s u l t s of Church and Weneser w e r e than r e -

fined somewhat by L i s t e n g a r t e n and Band '-19-'. They

have shown that if we take account of the effective

s c r e e n i n g on the e l e c t r o n wave functions of the con-

tinuous s p e c t r u m in calculat ing the reduced E0 con-

v e r s i o n probabil i ty, then the r e s u l t s of Church and

B(z)
t.O

3.56

3.0

2.0

1.0
*A quantitative comparison of Grechukhin results with those

of Church and Weneser is made difficult by the fact that the latter
have been obtained with account of the screening and are presented
only in graphic form.
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Weneser m u s t be reduced by 8% ( Ζ = 9 8 ) , 6% ( Ζ = 73) ,

and 2% ( Ζ = 49) at t rans i t ion energ ie s that differ

l i t t le (by 50—100 keV) from the threshold value of the

energy for convers ion. L i s t e n g a r t e n and Band used in

t h e i r ca lculat ions a l so the model of a nucleus in the

f o r m of a uniformly charged s p h e r e of r a d i u s

R = 1.20 x 10~1 3 Ai/3 c m , and, in addition, the s t a t i s -

t ical T h o m a s - F e r m i - D i r a c atomic model (see'-1 9-').

F i g u r e s 6 and 7 show t h e i r r e s u l t s for Si ( Z, k ) in

the c a s e of E0 convers ion on the Li subshel l , and

the ra t io Κ / ΐ ψ

A monopole e l e c t r i c n u c l e a r t r a n s i t i o n can be a c -

companied at t rans i t ion energ ie s Δ > m 0 c 2 by p r o d u c -

tion of e l e c t r o n - p o s i t r o n p a i r s . The probabil i ty of a

p a i r convers ion c a n a l so be r e p r e s e n t e d in the form

(1.23)

(1.31)

0.02 0.05 0.Ю 0.20 0.50 100

FIG. 6.
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FIG. 7.

w h e r e the factor ί ί π depends pr incipal ly on the form

of the wave functions belonging to the continuous

s p e c t r u m of both the posit ive and negative e l e c t r o n

levels , and p is the reduced n u c l e a r m a t r i x e l e m e n t

of the monopole. The differential probabil i ty for the

production of e l e c t r o n - p o s i t r o n p a i r s , ca lculated in

the Born approximation after Oppenheimer [20]

Sakharov ^ , and Dalitz '-22-' in the re la t iv i s t ic unit

s y s t e m i s of the form

dWn = Ρ (θ) de+ dQ = | Μ | 2 £=£±- (β+ ε_ - 1 + p+ p- cos Θ) de+ dQ,

(1.32)

w h e r e θ is the angle between the d i r e c t i o n s of m o -

tion of the e l e c t r o n and pos i t ron, p + , p_, t+, and ε_

t h e i r m o m e n t a and e n e r g i e s , and the t r a n s i t i o n energy

is Δ = ε+ + ε_. Integrat ion of (1.32) with r e s p e c t to

άΏ o r dC+ e s t a b l i s h e s the form of the pos i t ron s p e c -

t r u m o r the angular d i s t r ibut ion of the e l e c t r o n s and

p o s i t r o n s .

The total probabil i ty Wff was f i r s t obtained in the

Born approximat ion for v e r y l a r g e t r a n s i t i o n e n e r -

gies ( Δ » m 0 c 2 ) by Oppenheimer and Schwinger ^

A m o r e a c c u r a t e e x p r e s s i o n for W^, ca lculated in

the Born approximation, is given by Dalitz

re la t iv i s t ic s y s t e m of units)

[22] (in the

Г
\
(1 —

10s -E(s)

(1.34)

w h e r e s = (k — 2 )/(k + 2 ) , к is the t r a n s i t i o n energy

in m 0 c 2 uni t s , and K ( s ) and E ( s ) a r e the f i r s t and

second complete el l ipt ic i n t e g r a l s .

If we take into account the in teract ion between the

pa i r components , then (1.32) m u s t be mult ipled by a

c o r r e c t i o n factor, ca lculated in the Born a p p r o x i m a -

tion by Sakharov &ϋ,

2πη
T =

1-е-21"1 (1.35)

H e r e η = e2/v, where e is the e l e c t r o n charge and ν

i s the re la t ive velocity, both in the re la t iv i s t ic s y s -

t e m of u n i t s . The ca lculat ion i s b a s e d on the a s s u m p -

tion that the interact ion between the e l e c t r o n and the

pos i t ron influences appreciably the value of dWj

only at s m a l l r e l a t i v e ve loci t ies , so that this i n t e r a c -

tion can be t r e a t e d in the c e n t e r of gravity s y s t e m of

the e l e c t r o n and pos i t ron as a s imple Coulomb i n t e r -

action - e 2 / r .

Dalitz '-22-' invest igated the influence of vacuum

polar izat ion, radiat ive c o r r e c t i o n s , and interna l

b r e m s s t r a h l u n g , and a l so the influence of the Coulomb

field of the nucleus on the probabi l i ty of the EO pa i r
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conversion. We shall not write out the rather cum-
bersome formulas he obtained for dW ·̂, and only
present for illustration the changes which occur in
the differential angular distribution of the electrons
and positrons, that is, in the function

(θ, ε_) = ε+ε_ — p- cos θ. (1.36)

Calculations with account of vacuum polar izat ion

and radiat ive c o r r e c t i o n s yield*

/(θ, = ε+ε- - p- cos θ + (1.37)t

where u is connected with the relative velocity ν by

v=tb2u. (1.38)

T h e i n f l u e n c e of t h e C o u l o m b f i e l d a l s o c h a n g e s t

t h e f u n c t i o n ( 1 . 3 6 ) :

/(θ, ε_) = ε+ε_ — _ — a2Z2)cos9. (1.39)

Investigations have shown ^ that the e l e c t r o n -

p o s i t r o n interact ion, which is accounted for by the

factor (1.35), plays a r o l e only at t r a n s i t i o n e n e r g i e s

Δ that are low, close to the threshold, while the
radiative corrections, on the contrary, play a role at
large transition energies. However for medium Δ,
for example for Δ ( О1 6) = 6.05 MeV, the radiative
corrections can reduce W^ only by 0.7% . Numerical
calculations for O16 lead to the conclusion that the
corrections produce the greatest effect at small
angles θ = 0 (by 2.3% for the solid angle ft = 10°,
due to the interaction of the pair particles) and for
θ = 180° (by 5%, due to the internal bremsstrahlung).
The Coulomb field, as can be seen from Dalitz'
formula (1.39), has little influence on the angular
distribution in the case of small Z, with the excep-
tion of angles close to θ = 180°, for which the number
of slow electrons and positrons is largest. Even for
θ = 180°, the total number of pairs for O16 de-
creases, according to Dalitz, by less than 1% as a
result of this effect [ 2 2 ] .

The internal bremsstrahlung accompanying the E0
conversion was investigated also by I. S. Shapiro and
Yu. V. Orlov й в ' 2 й . They calculated in the Born ap-
proximation on the differential and integral relative
probabilities of this radiation, emitted both by the
conversion electron'·26-' and by the pair c o m p o n e n t s ^
in 0*—0* transitions. Figure 8 shows by way of an
example the energy spectrum of internal brems-
strahlung photons obtained by Orlov "̂  , accompany-
ing the pair E0 conversion of the following nuclei:
1) O16 with transition energy 6.06 MeV, and 2) C1 2

with transition energy 7.66 MeV. The abscissas are
the photon energies ω (in m 0 c 2 units ), and the

•The expression for ί(θ,(+, е-) obtained with account of internal

bremsstrahlung, is too cumbersome. ["]

t sh = sinh, th = tanh.

ί Formula (1.39) has been obtained for electrons with j = 1/2.

For j = 3/2 it is necessary to replace a 2 Z 2 by а'л'*.

ordinates are the values of ωΝ t ( ω) and ωΝ2 (ω),
which are the differential relative probabilities of
internal bremsstrahlung for O16 and C1 2, respec-
tively, multiplied by ω. The integral relative proba-
bility of this process is N t = 3.3 x 10"3 for O l e and
N2 = 3.96 χ 10"3 for C1 2. These values agree also in
order of magnitude with the integral relative proba-
bility of internal bremsstrahlung accompanying elec-
tron E0 conversion t 2 6 ' 2 0 .

More accurate calculations for both the differen-
tial and integral probabilities of pair conversion in
the E0 transition, carried out with account of the
Coulomb field of the nucleus, are contained in t 1 2 " 1 4 · 2 8 ^

In [13] Yukawa and Sakata have determined the form of
the positron spectrum for Ζ = 84 and a transition
energy 1416 keV. Thomas obtained '-14-' the following
formula for W7T, assuming a certain distribution of
the nuclear charge (which, however, is not specifically
described)

fc-l

χ p+p- F{Z, p+) F(Z, p.) de+, (1.40)

where ε_, ρ_ and ε + , ρ+ are the total energies and
momenta of the electron and positron, respectively,
к is the transition energy in mjC2 units, and the
functions F + and F_ are given by (1.25). The inte-
gration in (1.40) has been carried out by numerical
means. Grechukhin -' gives a rather cumbersome
analytic expression for the differential probability
dWjp obtained with the aid of the wave functions ip^
and f̂ of an electron with arbitrary j , situated in
the field of a uniformly charged spherical nucleus.
The calculations have been carried out without ac-
count of screening. Owing to the use of the condition
k'R « 1 in the calculations (k' is the electron wave
vector), the region of applicability of the foregoing
expression is limited to electron energies ε± < 15
MeV. The numerical values of the total probability
Wjr are given by Grechukhin only for three nuclei and
for three values of the transition energy '-12-' (see
Table I).

Zyryanova and Krutov ^28-' expressed the total
probability of pair E0 conversion in 0*—0* transi-

1

г « 6 s w a n

FIG. 8.
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t ions in t e r m s of the a r e a of the pos i t ron s p e c t r u m S,

by m e a n s of a very s imple re la t ion

WK (EO) = ρ2Ω« (£0) =
4

A* ^ s e c " 1 (1.41)

In the der ivat ion of this re la t ion, the following e s t i -

m a t e was used, after Drel l and Rose^2 5-\ for the

n u c l e a r m a t r i x e lement of the monopole

(1.42)

By c o m p a r i n g (1.42) with the exper imenta l va lues of

Μ for O 1 6 , R a C , and G e 7 2 it i s e s t a b l i s h e d t 2 U , that

ρ can range for t h e s e nuclei between % and V4.*

The value of S is ca lculated from

(1.43)

w h e r e f and g a r e the rad ia l p a r t s of the wave func-

tions of the fa and ipf e l e c t r o n with j = V2 in the

notation of Rose ^ , and к is the t r a n s i t i o n energy

in m o c 2 un i t s . To obtain a m o r e a c c u r a t e value of S

it is n e c e s s a r y to subst i tute in the integrand values

of the functions f and g averaged o v e r the e n t i r e

volume of the nucleus (and not t h e i r values at the

point r = R, as is done in (1.43)), but the e s t i m a t e s

made by Zyryanova and Krutov for Ζ s 84 and

к s 5 show that the m o r e a c c u r a t e values of S differ

f rom the l e s s a c c u r a t e ones , ca lculated by F o r m u l a

(1.43), by not m o r e than 20%. The function F ( C + , Z )

d e t e r m i n e s the form of the pos i t ron s p e c t r u m . Fig-

u r e s 9-11 show the r a t i o F / F
max

as a function of

the kinetic energy of the pos i t ron T + for different

values of Ζ and Δ. In the calculat ion of the c u r v e s ,

use was m a d e of the tables for re la t iv i s t ic wave

functions of the e l e c t r o n in the field of an extended
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nucleus , ca lculated for β decay by Dzhelepov and

Zyryanova M .

As can be seen from the f igures, the form of the

pos i t ron s p e c t r u m depends s t rongly both on Ζ and

on the energy of the n u c l e a r t r a n s i t i o n . We can t h e r e -

fore conclude that the frequently used in the invest i-

gation of internal convers ion of mult ipole radiat ion

extrapolat ion of the t h e o r e t i c a l data on the form of

the pos i t ron s p e c t r u m , obtained for one value of Ζ

and one t r a n s i t i o n energy, to o ther values of the

t r a n s i t i o n energy can lead to c o n s i d e r a b l e e r r o r s in

c a s e of EO convers ion.

R a t h e r l a r g e e r r o r s ( p a r t i c u l a r l y for l a r g e Ζ ) a r e

obtained a l so when the total probabil i ty of p a i r EO

convers ion WTT( EO ) is ca lculated in the Born a p -

proximat ion. This is indicated by the r a t h e r s t rong

dependence of the integra l S (which is proport ional

to W T ( E 0 ) ) on Z, as es tabl i shed by Zyryanova and

Krutov ^28-' for t h r e e values of the t r a n s i t i o n energy

(Table II). These a u t h o r s have shown that the c r i t e r -

ion for the applicabil ity of the Born approximation,

Ι αΖ/β± | 2 « 1, (β± a r e the average e l e c t r o n and

pos i t ron veloci t ies in the re la t iv i s t ic s y s t e m of

units) , which holds t r u e for the calculat ion of the

total probabil i ty of p a i r convers ion in the c a s e of

mult ipole t r a n s i t i o n s , is not suited for EO conver-

sion. In Fig. 12 a r e c o m p a r e d the c u r v e s of the

r a t i o W7 r/W7 r(2=0) against Ζ in z e r o - z e r o n u c l e a r

t r a n s i t i o n s without change of par i ty , and in E2

t r a n s i t i o n s , for two values of the t r a n s i t i o n energy,

к = 2.8 and к = 5.2, satisfying the foregoing c r i t e r i o n



724 L . A . B O R I S O G L E B S K I I

Table II. Area S of pos i t ron s p e c t r a ,

in re la t iv i s t ic units

Δ, keV

1422

2022

2622

0

0.104

2.41

13.6

25

0.132

2.98

16.5

Ζ

49

0.239

5.29

28.3

84

0.946

21.8

103

r S

0-0

i /

• 5.2-

2.3

1

I

•r>-

30 Ί0 60 B0
6

FIG. 12.

(at not too l a r g e Z). It i s s e e n from the figure that

W7r/Wn-(z=0) for 0 ± — o ± t r a n s i t i o n s i n c r e a s e s with

Ζ rapidly beginning with Ζ > 30, whereas for the
E2 transition this ratio differs little from unity even
at large values of Z.

In spite of the different behavior of the ratio
\νπ/\νπ(ζ=0) for 0*—0* and multipole transitions as
a function of Z, the shapes of the corresponding
positron spectra, obtained by most accurate calcula-
tions, are practically the same (at least for not too
large values of ε+). This is seen from a comparison
of the curves on Fig. 13. They show the shape of the
positron spectra (the dependence of F on ε+) in the
case of Ζ = 84 and к = 3 for the pair conversion
0*—0*, El , and E2 transitions (curves 0—0, D, and

•у

-β

~~о-<г

IB 1.2 1.6 и f,,/J70f'c

Q, respectively). The D and Q curves are based on
the exact calculations of Jaeger and Hulm '-*-', while
the 0—0 curve has been obtained by the method de-
scribed above ^ 8-. Owing to the fact that for large
values of ε+ the D and Q curves have been obtained
by extrapolation (the last calculated point is for ε +

= 1.75), the question of whether the ends of the D
and Q curves coincide with the end of the 0—0 curve
remains open.

The dependence of the results of the calculation on
whether the nucleus is pointlike or extended was also
investigated "- . It was found that the point nucleus
approximation leads to an overestimate of Wj ( E0)
(and not to an underestimate, as is the case in the
calculations of We ( E0)), compared with the more
accurate values obtained with allowance for finite
nuclear size, with the maximum deviation reaching
20% for large Z. The shape of the positron spectra
remains the same for both methods ^ .

The total E0-transition probability, neglecting
two-particle and many-particle emission, can be
written in the form

±, (1.44)

where τ is the lifetime of the excited nucleus rela-
tive to the E0 transition, and by We is meant here
the probability of total electron conversion, that is,
the conversion on all the shells of the atom. If we
neglect the interaction between the protons of the
nucleus and the atomic-shell or Dirac-background
electrons which have an angular momentum j * х/г,
as is customarily done, then Formula (1.44) can be
rewritten

(1.45)

where

FIG. 13.

Subsequently, by establishing τ from the experi-
mental data and taking suitable theoretical values of
пе ( E0 ) and Ω π ( Ε0) from the formulas and plots
presented above (pages 718-720), we can determine
from (1.45) the values of p and Μ = pR2.

It is easiest to measure τ in the case when the
E0 transition is the only one possible, that is, in
0*—0 nuclear transitions. It is much more difficult
to do so for nuclear transitions of the type J* —* J*,
which we now proceed to consider.

If we assume that the form of the wave functions
of the electron depends little in the field of an ex-
tended nucleus on whether the total angular momen-
tum of the nucleus is equal to zero or not, then the
entire theory developed above applies equally for
0* — 0 and J — J nuclear transitions (it is
understood that J * * 0). All the foregoing formulas
remain then in force without change, and the J *
—- J * case differs from 0* —* 0* only in the differ-
ent values of the nuclear matrix element p.
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As indicated above, the EO transitions of the type
J * — J * can compete with the different multipole
transitions. In particular, a deexcitation of an excited
nucleus, of the type 2+—2+, can proceed via any of
the most probable transitions EO, Ml, and E2, the
two latter being accompanied either by internal con-
version or by emission of у quanta. There are ex-
amples of even-even nuclei ^

a n d Hg 1 9 8),
' '

p ( g ) ,
where all these transitions can be observed'-32'11-'.
The lowest levels of such nuclei fit a simple scheme
shown in Fig. 14.

•I"

•г*

•о*

F I G . 14.

O f g r e a t i m p o r t a n c e i s a c o m p a r i s o n o f t h e

t h e o r e t i c a l d a t a o n t h e E O , M l , a n d E 2 t r a n s i t i o n s ,

s i n c e i t a l l o w s u s t o p r e d i c t t h e c a s e s w h e n o b s e r v a -

t i o n o f E O t r a n s i t i o n s i n e x p e r i m e n t i s m o s t p r o m i s -

i n g . F i g u r e 1 5 s h o w s t h e p r o b a b i l i t i e s W K ( E O ) ,

W K (M1), ψ γ ( Μ 1 ) , W K ( E 2 ) , and \ ν γ ( Ε 2 ) as func-
tions of Ζ for a transition energy of 511 keV (the
EO, Ml, Ml (dashed) and the E2 and E2 (dashed)
curves, respectively)'-11-'. The symbols К and у in-
dicate internal conversion on the К shell and emis-
sion of the γ quantum of suitable multipolarity. The
EO curve has been obtained on the basis of the known
dependence of the reduced EO transition probability
Ω ο η Ζ and к (see Fig. 2) under the assumption that
the nuclear matrix element is ρ = 1 (The "Weisskopf
approximation"'-33^). This order of magnitude of ρ
corresponds to one-proton transitions with total
overlap of the initial and final nuclear wave functions.

The remaining curves are calculated using the data

W 50 60 70 SO 30
4

FIG. 15.

of Rose ^ , also in the "Weisskopf approximation."
The behavior of the curves (Fig. 15) shows that for
large Ζ the "Weisskopf probability" of the EO
transition is much larger than the ' 'Weisskopf proba-
bi l i t ies" W K ( E 2 ) and W<y(E2), and becomes al-
most comparable with the "Weisskopf probabilities"
W K ( M 1 ) and W-y(Ml) (particularly for the already
mentioned nuclei, the 2—2 transitions of which are
characterized by a considerable attenuation of the
Ml-component of the radiation L-34-' ). If we take ac-
count of the fact that with increasing transition
energy the probabilities W-y(Ml) and Wy(E2) in-
crease in proportion to k3 and k5, respectively'- ,
while the probability W^( EO), as seen from Fig. 2,
increases much more slowly with k, we can conclude
that the prospects of observing experimentally an EO
transition of the 2+—2* type are most favorable for
large Ζ and small k.

The formula from which the probability of an EO
transition of the type 2+—2+ is determined from the
experimental data is derived in the following fashion
'-11-'. If we denote the total coefficient of internal con-
version on the К shell in a 2+—2+ nuclear transition
by 8^ and the coefficients of К conversion for the

К кE2 and Ml transitions by a 2

 a n d 01 respectively,
then on the basis of the additivity of the probabilities
of the EO, Ml, and E2 transitions [ W K = W K ( E 0 )
+ Wĵ ( Ml) + Wĵ ( E2)] there is established between
the ratios

Wv (Mi)v - S 2 (1.46).2
, (£2)

a connection

e| = ( p K - a f ) - 6 2 ( P f - p K ) . (1.47)

According to Ι-11-1, ε2^ is a measure of the contribu-
tion of EO conversion to the mixed nuclear transi-
tion 2+—2+. The numerical value of this quantity is
usually obtained from the theoretical values of air
and βψ, following Rose'-181'2-', or, more accurately,
following Sliv '-135-' * and the experimental values of
βΚ a n ( j 52. xhe total conversion coefficient /3^ is
measured in experiment indirectly t (the results of
such measurements can be found for some nuclei, for
example, т й 5 ' з й ) . On the other hand, δ2 can be ob-
tained from the experimental data on the angular cor-
relation between the cascade-emitted у quanta in
mixed 2+—2+ and subsequent 21"—0+ nuclear transi-
tions .

According to the theory ЕЭТ>зО( ^ e c o r r e l a t i o n func-
tion has in this case the form

*The most accurate calculations of a2

K and /8̂ , with account of
the so-called intra-nuclear matrix elements, can be made by the
method developed in I204"20"1.

tThe presence of an EO transition is detected from the excess
of conversion electrons.
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Ml + £2) = Po
A\ + 2δΑ2

(1.48)

where Pj(cos (•&)) are Legendre polynomials and
the parameters A®, A2, A m , and A e are tabulated
in '-38-'. The coefficients of P 2 and P 4 are obtained
from experiment; knowing these coefficients, we can
calculate ^ δ2 and then ε̂  from (1.47). The proba-
bility Wk( EO) is obtained from the first relation in
(1.46). The probability of emission of an E2 quan-
tum in the nuclear transition 2+—2+, which is needed
for this purpose, is assumed to be 1.5—2 times
larger than the experimentally determined probability
W^( E2) in the subsequent 2+— 0+ transition of the
nucleus. Such an estimate is presented on the basis
of the collective model of the nucleus in Й4,зэ] * W i t h

the aid of the method described above, estimates are
made in'-32'11-' of ρ for several even-even nuclei (see
Sec. 3). The latest analysis, however, has shown'-43-'
that this method is inaccurate. The shortcoming of
the method lies primarily in the fact that the small
uncertainty in the most exact theoretical values of
the coefficients αψ and βψ (an insignificant inac-
curacy in the new intranuclear matrix elements) and
in the experimental values of β^- (which are on the
borderline of the experimental feasibility) leads to
considerable differences in the estimates of p. This
uncertainty has a much smaller effect on the coeffi-
cients of P{ ( cos ψ ) in the angular correlation func-
tions .

It is established in '-43-' that if account is taken of
the latter circumstance with respect to the angular
correlation of the cascade emission of the K-conver-
sion electron in the 2+—2+ transition and the γ
quantum in the subsequent 2+—0+ transition, then
experiments on the determination of this correlation
(and on the determination of the γ-γ correlation) will
be perfectly sufficient for a more accurate estimate
of p. The angular correlation function of the type
e K — У for the mixed transition EO + Ml + E2 has
the form [ 4 Й

W(cKy; E0 + M1+E2) = Ϋ; Ε2 + Μ1)

(1.49)

where

W(eKy; MI + E2) = J

.__ wK№) 2 _ ^ K ( g Q )
' - WK(E2) ' 9

(1.50)

(1.51)

•Theoretical as well as experimental investigations of E2 tran-
sitions of the type 2+—0+ in even-even nuclei are also treated in
[40-42]_

p has here the same sign as 6. The sign of δ, on the
other hand, is determined from the γ-γ angular
correlation. The parameters Af'm and A2 are the
same as in (1.48). The values of the parameters bf,
b 2 , b m , and bf are given in ^38>4Й for both a point and
an extended nucleus. The parameter b0 is defined as
depending only on the interference between the con-
version EO and E2 electrons, and is calculated
theoretically. The effect of the new conversion in-
tranuclear matrix elements for the E2 and Ml tran-
sitions on the angular correlation ек-У is neglected
(at least for the type of nuclei under consideration).
Figure 16 shows the parameter b 0 plotted against
the energy of the nuclear transition, k, obtained in ^
for the particular case Ζ = 78 and the cascade 2*'

— 2* — 0+ [where we know Щ( Е2) for the 2+ /

— 2 + transition]. (This plot can be readily general-
ized to cover any other nuclear spin sequence, pro-
vided only that Ζ remains unchanged.) By measuring
experimentally the coefficients of the polynomials P 2

and P 4 , we can determine ρ and q, and then use the
formulas

and WK(EO) (1.51')

to estimate p. Since measurement of the coefficient
of P4 entails certain difficulties '-43-', we can confine
ourselves to measurement of only one coefficient,
that of P 2 , using the formula p 2 = βψδ2/α^ to deter-
mine p (the signs of δ and p coincide), and deter-
mining δ2 from the γ-γ angular correlation. The
conversion coefficients βψ and αψ are taken from
the theory (Rose [ l 8 1 > 2 ] or Sliv C l 3 5 ] ).

As noted above, the EO transition is absolutely
forbidden only with respect to the emission of a
single photon. As to the simultaneous emission of
two or more photons, for example, or the emission
of one photon and one conversion electron, such
processes (as well as other processes of second and
higher order) can occur in EO transitions, although
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their probability is much lower than the probability
of pure internal electron and pair conversion. A
characteristic feature of all the foregoing processes
of simultaneous emission of many particles (both
photons and electrons) is that these particles should
have a continuous energy spectrum.

Let us concentrate our attention first on photon
emission. Since the probability of simultaneous
emission of more than two quanta is a quantity of
higher order of smallness compared with the proba-
bility of a two-quantum emission, we shall confine
the discussion to the latter. The differential proba-
bility of emitting two electric multipolarity γ quanta
in a nuclear 0—0 transition without a change in
parity is calculated by perturbation theory and is
expressed in a relativistic system of units by the
formula Ш~№'^

where QLMi—electric multiple moments, and ci>j and
and u>2 are the frequencies of the у quanta. Summa-
tion is over all possible (virtual) states of the nu-
cleus with total angular momentum J ' = L* and with
parity opposite to the parity of the 0 states. Formula
(1.52) is suitable also for simultaneous emission of
two magnetic quanta, if we replace QLMi i n (l·/52) ЬУ
the magnetic multipole moments MLMi (see L3.5.7J ^
and sum over the virtual states J ' = L with the same
parity as the 0 states.

The first to calculate the total probability of
monopole emission of two dipole electric quanta were
Oppenheimer and Schwinger in 1939 й £ ] for 0+—0 +

transition of the O16 nucleus; account was taken there
of only one virtual state with J ' = 1 and negative
parity, the energy of which was Δ' w 20 MeV. On the
other hand, the energy of the 0+—0+ transition was
Δ = 6.06 MeV. The calculations yielded the formula t

The total probability WWlu)2 of two-photon emis-
sion in EO transition was calculated by Grechukhin'-12-'
for the case when the nucleus has so-called "dipole
levels" of high density! . Then there are grounds for

*If the two-quantum EO transition is of the J± -> J± type, then

the summation should be carried out over the virtual s tates with

J' = \J—L\, | / — i | + l, . . . , / + £ — 1, J+L.

TThis formula would be the same if the transition were 0~—0~,
and the virtual state were to have J ' = 1 and positive parity.

tBy "dipole" is meant here a nuclear level to which the nu-
cleus can go from the ground level by absorbing a dipole quantum.
The sharp increase in the density of such levels in the vicinity of
energies Δ' = 40 A"0·2 MeV can apparently be attributed to the
fact that some nuclei have a giant resonance in the absorption of
photons with frequencies close to ωΚΒ = Д'/ЬД' 2 ' 4 7 ]

assuming that the calculation of \ν ω ω 2 can be r e -
stricted to summation over those virtual states which
belong to these levels. Recognizing that the energy
of the dipole level Δ' is much larger than the energy
of the E0 transition Δ, and using in rough approxi-
mation the connection between the following matrix
elements:

р>г>'

w h i c h h a s b e e n e s t a b l i s h e d o n t h e b a s i s of"- ,

G r e c h u k h i n c a l c u l a t e d ^12-' t h e f o l l o w i n g s i m p l e f o r -

m u l a f o r t h e p r o b a b i l i t y o f s i m u l t a n e o u s e m i s s i o n o f

t w o e l e c t r i c d i p o l e q u a n t a , i n t h e r e l a t i v i s t i c s y s t e m

o f u n i t s ,

where S' satisfies the inequality

l I a

( α ~ Δ' '
(1 .56)

If w e p u t S ' = 1, t h e n F o r m u l a ( 1 . 5 5 ) c o i n c i d e s , a p a r t

f r o m a c o n s t a n t f a c t o r , w i t h ( 1 . 5 3 ) .

T h e d e p e n d e n c e of t h e d i f f e r e n t i a l p r o b a b i l i t y o n

the photon energy (that is, the form of the γ spectrum)
in the case of simultaneous emission of one photon and
one conversion electron, was investigated theoreti-
cally by means of a formula'-46-1 analogous to (1.52),
in 1948, by Goldberger '-49-1 in connection with the pro-
posed presence of 0—0 transitions in the Ir 1 9 2 nu-
cleus'-50 . The curves for this dependence, both for
the 0+ — 1" — 0+ transition ( 1 " virtual state, Fig.
17, curves la) and for the 0+—- 1 + —*0+ transition
( 1 + virtual state, Fig. 18, curves Ib) were obtained
only with account of one virtual state with J ' = 1, the
energy of which is 20 times larger (Fig. 17—18,
curves I with В = 20) or smaller (Fig. 17—18, curves
I with В = 0 )* then the transition energy Δ = 58
keV. t It is seen from Figs. 17 and 18 that the en-
ergy distribution of the γ quanta (the abscissas
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t T h i s energy is not sufficient for conversion on the К shell.

Therefore an L electron is emitted together with the photon.
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represent the y-quantum energy in units of Δ) has
such a sharply pronounced maximum that in the ex-
perimental observation of such a spectrum it can be
taken as a single у line. Table ΠΙ lists the results
of the calculations of the average lifetime of the
excited nucleus with respect to 0—0 transitions of
different types.*

Table

Transition

Ια 0 ·-»1--0*

16 0* -»1* -» 0*
,)

I la 0" -»1* -» 0*
0 - - 1 - - 0 *

0 * - 0 *

Ш

в

=к 0
^20
^ 0
=5-20
% 0
^,20
—

T, sec

5.4-10-2
1.18-10-2
2.40-102
7.45-105
3.22-10-3
8.70-10-3
4.26-10-8

Both the processes considered above, as well as
other processes of second and higher order, are the
only ones possible for electromagnetic interaction
between a nucleus and the electron shell of the atom,
if we deal with 0—0 transitions with change of parity,
that is, with M0 transitions. These 0*—(F transi-
tions were also investigated in the cited paper by
Goldberger '-49]. Assuming that the deexcitation of the
excited nucleus ( I r 1 9 2 ) is accompanied in the 0*—0
transition also by emission of one photon and one
conversion electron, the author has calculated, for
the same initial data as in the 0*—0* transition, the
form of the у spectra (see Fig. 17—18, curves Ila and
lib), and the average lifetime of the nucleus in the
excited 0* state. The forms of the curves for the
E0 and M0 transitions turned out to be similar, and
for the case when only an intermediate state which is
very close to the ground state ( В ~ 0) is considered
in the calculations, they coincide (see Figs. 17—18).
The average lifetime τ of the nucleus in the excited
state, relative to simultaneous emission of one pho-
ton and one conversion electron, is even smaller in
the M0 transition than in the E0 transition, but it is
approximately 105 times larger compared with pure
electron E0 conversion. On the other hand, com-
pared with the lifetime of isomeric states, τ is
109—1012 times smaller.

Second-order processes different from the one
considered but also occurring in M0 transitions
were investigated even earl ier by Sachs *- \ whose
work was closely related with the question that arose
at the end of the thirties, whether the 0*—0T transi-
tions can be regarded as isomer transitions. He con-
siders in that paper two-photon M0 transitions with
simultaneous emission of two conversion electrons.

*The process of simultaneous emission of one photon and one
conversion electron in an E0 transition can be accompanied by
internal bremsstrahlung, but the probability of the latter is 107

times smaller than that of the formerL"J.

The simultaneous emission of two electron-posi-
tron pairs in M0 transitions is considered to be im-
possible for the following reasons. One of the states
of the nuclei between which the 0*—0 transition
occurs, should have a sufficiently large lifetime, in
view of the fact that this transition is strongly for-
bidden. As is well-known, the lifetime of a nucleus
is the longer, the smaller the difference between the
excited and normal energy levels. Inasmuch as a
very large energy, corresponding to a very large
difference in the indicated energy levels, is neces-
sary for the production of two pairs, the lifetime of
the corresponding excited states should be very short,
and this contradicts the strong forbiddenness of the
0*—0* transition.

The formula for the differential probability of two-
quantum emission in M0 transitions is obtained from
(1.52) by simply replacing one of the electric mo-
ments by a magnetic moment, so that in this case one
of the emitted quanta should belong to the electric
radiation and the other to the magnetic one. An esti-
mate of the total probability Ww ω is made in I-46-] by
taking into account one of the virtual states with
J ' = 1, the energy of which Δ' = 1 MeV is much
higher than the energy of the transition Δ (by a fac-
tor of 100 and more). The dependence of W ^ ^ for
0*—0 transition on ε and Δ turns out to be the
same as for the 0*—0* transition. Table IV lists
estimates of the average lifetime of the excited 0*
state TUiiU2 relative to two-photon emission, as a
function of the transition energy Δ.

Table IV

Δ, eV

10*
5-10*

2.5-10*
10*

5-103

Tti>l, <02' S e C

4-102
5-10*
6-106

4-10»
5-10"

xKln Кг·
 s e c

2·10β
5-10'
101»

—

•U.1, L 2 . s e c

2 - 1 0 '
2-108
9-10»

4-10Ю
7-10"

t(AJ=5) sec

3-108
3-108

3-10"

—

The process of internal two-electron conversion
on the К and L shells is treated analogously. For
example, the starting formula for the probability of
simultaneous emission of two К conversion electrons
is of the form [ 4 ΰ

wK , = 2n
Η is Ηи ' de, ( 1 . 5 7 )

w h e r e H i S a n d H s f a r e m a t r i x e l e m e n t s o f t h e i n t e r -

a c t i o n o p e r a t o r o f t h e s h e l l e l e c t r o n w i t h t h e e l e c t r i c

a n d m a g n e t i c m o m e n t s o f t h e n u c l e u s , E | a n d E s a r e

t h e e n e r g i e s o f t h e n u c l e u s i n t h e i n i t i a l a n d i n t e r -

m e d i a t e s t a t e s , Cj£ i s t h e i o n i z a t i o n e n e r g y o f t h e К

electron, ε and ε' are the kinetic energies of the
conversion electrons, and ρ ( ε ) and ρ ( ε') are the
densities of the electron states. In order to apply
Formula (1.57) to the conversion of L electrons, it



M O N O P O L E T R A N S I T I O N S O F A T O M I C N U C L E I 729

is n e c e s s a r y to rep lace ε κ by C^, w h e r e ε̂  is the

L e l e c t r o n ionization energy. E s t i m a t e s for WK1K2

and W L J L 2 a r e given under the s a m e initial a s s u m p -

tions as for W<jjiaj2. As a r e s u l t of the ca lcula t ions,

the following re la t ionship was es tabl i shed for

(1.58)

with an analogous re la t ion for WLIL,2- The depend-

ence on Δ of the l i fet imes of the nucleus, τ χ ^ a n d
rLiL2> re la t ive to the t r a n s i t i o n 0*—0 T , for the c a s e

of two-electron К and L convers ion, is a l so given

in Table I V [ 4 6 ] (with εκ = Ю 4 eV and εκ = 103 e V ) .

F o r c o m p a r i s o n , the l i fe t imes of an excited nucleus

r e l a t i v e to a t rans i t ion in which the total angular m o -

mentum of the nucleus changes by 5, taken from^ 5 1 ,

a r e a lso shown. It is seen from Table IV that only for

s m a l l e n e r g i e s of the 0*—0 t r a n s i t i o n does i ts

probabi l i ty d r o p sufficiently to become c o m p a r a b l e

with the probabil i ty of a t rans i t ion with ΛΙ = 5. In

this c a s e the t r a n s i t i o n s 0*—0 can be dist inguished

from the t r a n s i t i o n s with l a r g e AJ only by the shape

of the у s p e c t r a o r of the convers ion s p e c t r a . It was

indeed by these features that it was then es tab l i shed

[52-53] ^ а £ ^ е j s o m e r t r a n s i t i o n s a r e c h a r a c t e r i z e d

by a cons iderab le change in the total angular m o m e n -

tum J of the nucleus (and a r e not 0—0 t r a n s i t i o n s

with change in par i ty ) .

The theory of monopole t r a n s i t i o n s developed

above is based on the assumpt ion that they a r e

caused by e lec t romagnet ic in teract ion between the

nucleons of the nuclei and the e l e c t r o n s of the atomic

shell o r of the Dirac background. The question of

n o n - e l e c t r o m a g n e t i c in teract ion between t h e s e p a r t i -

c l e s , which could a l so lead to the o c c u r r e n c e of

monopole t r a n s i t i o n s , was cons idered only as applied

to 0—0 t r a n s i t i o n s of O 1 6 . A theory of n o n - e l e c t r o -

magnetic interact ion is developed in bo,29,54-56] i n

analogy with the /3-decay theory . It i s a s s u m e d that

the nucleons of O 1 6 i n t e r a c t d i r e c t l y with the e l e c -

t r o n - p o s i t r o n field. The probabil i ty of the 0+—0 +

t rans i t ion is calculated from F o r m u l a (1.1). The

per turbat ion o p e r a t o r H' is taken '-29-' in the form

c u s t o m a r y for β decay

(1.59)

where g i s the constant of the e lect ron-nucleon in-

t e r a c t i o n , Φ and φ a r e the wave functions of the

nucleon and e l e c t r o n in the occupat ion-number r e p r e -

sentat ion, and О is an o p e r a t o r which d e t e r m i n e s the

type of the i n t e r a c t i o n . Analysis has shown >54-' that

if the t r a n s i t i o n under cons idera t ion is once forbidden

with pseudo-vector coupling, then the s p e c t r u m shape

of the pos i t rons and the angular d is t r ibut ion of the

e l e c t r o n - p o s i t r o n p a i r s will a g r e e with the e x p e r i -

mental r e s u l t s . However, in view of the once-for-

bidden n a t u r e of the t r a n s i t i o n , the p a r i t i e s of the

initial and final 0-s ta tes of the O l e nucleus should be

different, but in fact they a r e the s a m e L 1 < i l 7 J

'-56^ indicates that if the o p e r a t o r О is chosen such as

to make the e x p r e s s i o n s Ф+ОФ and ψ + 0 ψ four-vec-

t o r s , then by taking H' in the form of a product of

the t i m e components of t h e s e v e c t o r s it i s poss ib le

to obtain an angular d i s t r ibut ion of e l e c t r o n - p o s i t r o n

p a i r s agree ing with the exper imenta l data, with the

p a r i t i e s of both z e r o - s t a t e s now the s a m e .

In spite of these qualitative s u c c e s s e s of the

theory of d i r e c t non-e lec t romagnet ic in teract ion in

explaining the 0—0 t rans i t ion of the O 1 6 nucleus, it

n e v e r t h e l e s s is not confirmed by exper iment quanti-

tat ively. Calculating the probabi l i ty of the 0—0

t r a n s i t i o n of O 1 6 by means of formula (1.1) with a c -

count of (1.59), and c o m p a r i n g it with the exper imenta l

data, we can d e t e r m i n e the constant g, which was

found to be С 2 Э '5 8 ; 1

(1.60)

w h e r e m 0 is the e lec t ron m a s s . The value of this

constant obtained, on the o t h e r hand, f rom e x p e r i -

m e n t s on e l e c t r o n - n e u t r o n s c a t t e r i n g

parably s m a l l e r :

'-59-' is incom-

If we now take account of the fact that the nonelec-

t r o m a g n e t i c e l e c t r o n - p r o t o n and e l e c t r o n - n e u t r o n

i n t e r a c t i o n s should be the s a m e in magnitude, then

the inconsis tency of the explanation of the t r a n s i t i o n

u n d e r cons idera t ion by at t r ibut ing i t to d i r e c t non-

e lec t romagnet ic e lect ron-nucleon interact ion b e c o m e s

obvious. At bes t one can m e r e l y s ta te that the p r o b a -

bil i ty of the 0 + —0 + t rans i t ion of O 1 6 , ca lculated

under the assumpt ion of a d i r e c t non-e lec t romagnet ic

in terac t ion, is only a very s m a l l c o r r e c t i o n (on the

o r d e r of 10~3) to the probabi l i ty of this t rans i t ion due

to the e lec t romagnet ic e lect ron-nucleon i n t e r a c t i o n .

Attempts w e r e m a d e ^ to r e l a t e the 0+—0 +

t r a n s i t i o n s in O 1 6 with non-e lec t romagnet ic e l e c t r o n -

nucleon i n t e r a c t i o n r e l i z e d via a m e s o n field. Ac-

cording to this theory, the p r o c e s s of e l e c t r o n -

p o s i t r o n pa i r production in the 0 + —0 + t rans i t ion can be

d e s c r i b e d a s follows. At f i r s t the nucleus goes from

the excited s ta te to the n o r m a l s t a t e , emit t ing a

vir tual m e s o n . Then the e lec t ron, which is in a s ta te

with negative energy, absorbs this meson and goes

over into a s ta te with posit ive energy. It is shown

in ^ that u n d e r a suitable choice of the type of

meson and the form of the o p e r a t o r for the energy of

i n t e r a c t i o n between the m e s o n field and the light

p a r t i c l e s we can reconci le the theory with exper iment ,

both with r e s p e c t to the shape of the pos i t ron s p e c -

t r u m , and with r e s p e c t to the angular d i s t r ibut ion of

the p a i r s , but, c o n t r a r y to the exper imenta l data, the

p a r i t i e s of the init ial and final z e r o - s t a t e s of O 1 6

m u s t then be different.
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Thus, we have verified with the 0+—0+ transition

of the O16 nucleus as an example that the non-elec-

tromagnetic electron-nucleon interactions can be

neglected in E0 transitions. It is easy to note, how-

ever, that in MO transitions, the role of these inter-

actions can become appreciable. The point is that the

electromagnetic interactions in MO transitions lead

only to the occurrence of multi-particle emission

processes, the probabilities of which may turn out to

be much smaller (by approximately 102 times, for

sui table values of Ζ and k ) than the probabi l i t ies

for the e m i s s i o n of one convers ion e l e c t r o n o r p a i r ,

induced by non-e lec t romagnet ic e lect ron-nucleon

i n t e r a c t i o n s .

In this connection, a t tempts w e r e m a d e in ^® to

detect e l e c t r o n pos i t ron p a i r s with total energy 10.98

MeV, emit ted in the MO t r a n s i t i o n 0~ — 0 + of O i e .

A de terminat ion of the probabil i ty of such a t r a n s i -

tion would m a k e it poss ible to check whether this MO

t r a n s i t i o n is due to non-e lec t romagnet ic i n t e r a c t i o n s .

The e x p e r i m e n t h a s shown that the n u m b e r of p a i r s

with energy c lose to 11 MeV is so s m a l l that t h e r e

a r e not sufficient grounds for at t r ibut ing t h e s e p a i r s

to the 0" — 0 + t r a n s i t i o n . They a r e m o r e l ikely to

belong to the c o s m i c radiat ion background. Nonethe-

l e s s , the following e s t i m a t e s a r e given in '-60-': (1) the

r a t i o s of the number of 10.98-MeV p a i r s to the n u m -

b e r of p a i r s and to the n u m b e r of у quanta with

energy 3.86 MeV ( 0 + —1~ t r a n s i t i o n ) turn out to be

respect ive ly < 2 x 10" 2 and < 2 x 10" 5 , and (2) the

l i fet imes a r e τ π ( 0" — 0 + ) > 2 x 1 0 ' 8 s e c .

In addition to the mult iple e m i s s i o n p r o c e s s e s in

E0 t r a n s i t i o n s , which we have cons idered above,

s tudies w e r e m a d e r e c e n t l y of o ther h i g h e r - a p p r o x i -

mat ion effects, p a r t i c u l a r l y the so-ca l led " e l e c t r o n

and e l e c t r o n - n u c l e a r b r i d g e s " ^09-213] B y w a y o i a n

example of an " e l e c t r o n b r i d g e " we can mention the

following p r o c e s s . As a r e s u l t of interact ion with the

nucleus, the a t o m i c - s h e l l e l e c t r o n a b s o r b s the

vir tual photon emit ted by the nucleus and goes over

into a s t a t e in the continuum, after which it r e t u r n s

to the initial s ta te , emit t ing a γ quantum. The ca lcu-

lat ion of the probabi l i ty of the " e l e c t r o n b r i d g e "

p r o c e s s h a s shown β 1 2~ 2 1 3^ that the t h e o r e t i c a l value

of We ( E0) is not only made m o r e exact, but in the

c a s e of an unfilled atomic shel l and in a p r e f e r r e d

di rect ion the E0 nuc lear t r a n s i t i o n s can be a c c o m -

panied by s ingle-photon e m i s s i o n , which to be s u r e

has very low intensity and cannot be m e a s u r e d by

m o d e r n exper imenta l techniques (Wy ( E0 )/We ( E0 )

= ±10~ 5 for an e l e c t r o n in an unfilled К s h e l l ) .

It has a l so been es tab l i shed В 1 2 " 2 1 Я that for MO

t r a n s i t i o n s the forbiddenness of the s i n g l e - e l e c t r o n

convers ion (or single-photon) deexcitat ion of the nu-

c leus (or deexcitat ion of the nucleus by e m i s s i o n of

one convers ion pa i r ) is lifted by the " e l e c t r o n -

n u c l e a r b r i d g e " p r o c e s s . In the s i m p l e s t c a s e this

p r o c e s s c o n s i s t s of a double exchange of v i r tua l

photons between the nucleus and the shell e l e c t r o n ,

with the t r a n s i t i o n of the l a t t e r f i r s t to i n t e r m e d i a t e

and then f rom i n t e r m e d i a t e into final s t a t e s . An

e s t i m a t e of the probabil i ty of s ingle-convers ion d e -

excitat ion of the nucleus in an MO t rans i t ion through

an " e l e c t r o n - n u c l e a r b r i d g e " is made in ^ 1 3 ^ on the

b a s i s of a s i n g l e - p a r t i c l e n u c l e a r model and yields

W K ( M O ) « 2 χ 104 s e c " 1 , that i s , a value which is

a l r e a d y exper imenta l ly observab le . It m u s t be noted

that the contribution from the higher subshel l s ( Ьц,

Ь щ , М д , . . . ) to the s ing le-e lec t ron MO convers ion

is much l a r g e r than in the c a s e of E0 convers ion.

2. EXCITATION OF ELECTRIC MONOPOLE

TRANSITIONS BY ELECTRONS

The investigation of both e las t ic and inelast ic

s c a t t e r i n g of different p a r t i c l e s by an atomic nucleus

i s one of the m o s t i m p o r t a n t methods of studying

n u c l e a r p r o p e r t i e s . If the p a r t i c l e s a r e charged and

have energy much lower than the Coulomb b a r r i e r of

the nucleus (prec i se ly such p a r t i c l e s will be deal t

with in this sect ion), then the s c a t t e r i n g of the p a r t i -

c le s will follow the well-known laws of e l e c t r o m a g -

netic phenomena. The r e s u l t s of the invest igations of

p a r t i c l e s c a t t e r i n g can be then i n t e r p r e t e d m o r e

r i g o r o u s l y and m o r e a c c u r a t e l y than in the c a s e when

the interact ions between the p a r t i c l e s and the nucleus

a r e of non-e lect romagnet ic c h a r a c t e r .

As a r e s u l t of the inelast ic col l is ion between a

p a r t i c l e and a nucleus the l a t t e r goes over from the

ground s ta te into an excited s t a t e . Theoret ica l and

exper imenta l invest igations have shown that the be-

havior of the inelast ica l ly s c a t t e r e d p a r t i c l e s can

yield information on the energy and probabil i ty of this

t r a n s i t i o n and a l so on i t s mult ipolar i ty and type.

E l e c t r o n s exhibit c h a r a c t e r i s t i c fea tures in in-

e las t ic col l i s ions with nucle i . E l e c t r o n s have that

advantage over heavy charged p a r t i c l e s moving with

s u b b a r r i e r ve loci t ies , that they p e n e t r a t e freely in-

side the nucleus and can p a s s through i t*, so that a

study of inelast ic e lec t ron s c a t t e r i n g can give m o r e

a c c u r a t e information on the deta i l s of the s t r u c t u r e

and the wave functions of the nucleus (par t icu lar ly in

monopole t rans i t ions) than does the investigation of

inelast ica l ly s c a t t e r e d heavy p a r t i c l e s .

The theory of monopole excitat ion of nuclei by

e l e c t r o n s is based on the genera l theory of inelast ic

e l e c t r o n s c a t t e r i n g . This r a i s e s the following q u e s -

t ion: find the effective c r o s s sect ion for inelast ic

s c a t t e r i n g of e l e c t r o n s if we know 1) the initial and

final s t a t e s of the nucleus plus e l e c t r o n s y s t e m , d e -

s c r i b e d by wave functions * i , *f and ipi, ipf, r e s p e c -

*We assume here, of course, that the conditions under which
non-electromagnetic interactions between the electron and the
nucleons in the nucleus can be neglected are satisfied.
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tively; 2) the energy Δ transferred by the electron
to the nucleus, and 3) the interaction between the
electron and the nucleons of the nucleus, described
by the formula

F= ξ (ρφ— -^j (2.1)

where ψ and A are the field potentials, and ρ and j
are the charge and current densities produced by all
the system particles (that is., by the nucleons and the
electron). Exact quantum mechanical calculations
have shown И1""64-], that the excitation cross sections
do not change if the interaction V is replaced by the
simpler expression'

у..
|r-rp

(2.2)

where к = Δ/fic, ν and r are the velocity and radius
vector of the electron, and ρ and η are indices per-
taining to the proton and nucleon, respectively. The
presence of the factors exp[ik | r - r n |] in (22)
takes account of retardation effects.

Let us consider the case when к | r — r n | is
small, that is, the delay effect can be neglected.
Then we should have

| г - г „ | « Х , (2.3)

where λ is the wavelength corresponding to the
transition energy Δ. The order of magnitude of λ
differs for the known monopole transitions of differ-
ent nuclei, but is in no case less than 1 0 " n cm. If we
now recognize that the electron must penetrate in-
side the nucleus in order to excite the monopole
transition (see Sec. 1), condition (2.3) is satisfied.

We now expand the interaction V in a multipole
ser ies . However, in view of the fact that in the expan-
sion of the second term of V2 there is no monopole
term L64-66,9ĵ  w e c o n f i n e ourselves to an expansion of
the Coulomb part Vt of the interaction (2.2) [with ac-
count of condition (2.3)]. This expansion can be car-
ried out in two ways'-65-':

γ, V е '
" * - Zl | r _ r p |

Ρ

= - 4 π β 2 Σ

for rp < r e and

( 2 · 4 )

2 Σ
P.L.M

( 2 · 5 )

for r p > r e

The f i r s t s e r i e s will not yield monopole t r a n s i t i o n s ,

*In the relativistic case we must take in place of ν the Dirac
velocity operator с a.

s i n c e t h e t e r m w i t h L = 0 d o e s n o t d e p e n d on r p a n d

i t s m a t r i x e l e m e n t w i l l v a n i s h b e c a u s e of t h e o r t h o -

g o n a l i t y of t h e n u c l e a r w a v e f u n c t i o n s . A n o n z e r o

m o n o p o l e m a t r i x e l e m e n t i s c o n t a i n e d o n l y i n t h e e x -

p a n s i o n ( 2 . 5 ) . S i n c e t h e l a t t e r a p p l i e s o n l y t o e l e c -

t r o n s , i t i s t h e y w h i c h c a n e x c i t e t h e m o n o p o l e t r a n s i -

t i o n s d i r e c t l y .

T h e p r o b l e m of t h e e l e c t r o n e x c i t a t i o n of m o n o p o l e

t r a n s i t i o n s i s s i m p l e s t t o d e a l w i t h i n t h e B o r n a p -

p r o x i m a t i o n . In t h i s c a s e b o t h t h e i n i t i a l a n d f ina l

states of the electron, ψ̂  and ψ£, are plane waves;
this is possible under the following conditions:

1. The kinetic energy of the electron is much
larger than the transition energy

T>A.

2. The inequality

Ze* « 1 ,

(2.6)

(2.7)

holds, where ν is the electron velocity. Inequality
(2.7) signifies essentially that the de Broglie wave-
length of the electron exceeds greatly the classical
minimum distance from the electron to the center of
the nucleus *-es-. For extremely relativistic electron
velocities, (2.7) turns into the inequality*

z

be
•< 1, i . e .

137
« 1 . (2.8)

The theory of inelastic scattering of charged parti-
cles by a nucleus yields in the Born approximation
the following formula for the differential effective
cross section C e 3~6 S ]

<2·9>

where Ц and kf are the wave vectors of the electron
in the initial and final states. After integrating in
(2.9) over the electron wave functions we obtain for
the differential cross section of monopole excitation
[63,64]

k, kf *a
-L 2 cos θ

-du. (2 .10)

*It is indicated in [67>δΒ] that for a sufficiently large magnitude
or range of the scattering potential, condition (2.8) must be re-
placed by the more rigorous condition

T ^ - - f « l , (2.8')

where a0 i s the Bohr radius and r0' is the smallest of the follow-
ing quantities: the de Broglie wavelength of the electron, the radius
of the nucleus, and the ratio a o /Z. This condition is so stringent
that even C' 2 is at the borderline of its applicability. On the other
hand, experiments on the inelastic scattering of fast electrons by
C 1 2 give for the effective cross section σ values that are compar-
able with the results of the Born-approximation calculation.16SJ
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Here

(2.10')

is the so-called form factor for the EO transition,

Jo(Krp) is the Bessel spherical function JL(Krp)

with L = 0. In the extreme relativistic case, taking

into account (2.6) and the equation*

^2Kkinn-T (2.11)

we obtain for the differential cross section of mono-

pole excitation t

* " (2.12)

The f i r s t factor in (2.12) (in front of the c u r l y

b r a c k e t s ) is the differential c r o s s sect ion for e l a s t i c

s c a t t e r i n g of e l e c t r o n s by a point c h a r g e in the r e l a -

t iv is t ic Born approximat ion.

We a s s u m e now that Krp « 1 ( or , which i s the

s a m e , KR « 1 ) . Then the form factor in (2.12) can

be e x p r e s s e d in t e r m s of the n u c l e a r m a t r i x e lement

of the monopole M, us ing the expansion

(2.15)
/» i " ' w — * 2.6 '

Confining o u r s e l v e s to the f i r s t two t e r m s of the

s e r i e s (2.15) and recognizing that the f i r s t y ie lds

z e r o after substi tution in the form factor (in view of

the orthogonality of the n u c l e a r wave functions), we

obtain for the s q u a r e of the form factor t

(2.16)

If we recognize that when f = i and KR « 1, the

square of the form factor (2.10') is almost equal to

unity and (2.12) yields in this case the differential

cross section for elastic scattering of electrons, da,

then the ra t io of dago to άσ will be given approx i-

mate ly by (2.16), that i s , we have

da ez
(2.17)

The s m a l l e r K, the m o r e a c c u r a t e (2.17). This

formula is used to d e t e r m i n e the nuc lear m a t r i x

e lement of the monopole from the exper imenta l data

on e las t ic and inelast ic e l e c t r o n s c a t t e r i n g (see

below).

A theore t ica l analys is of the c r o s s sec t ions ca lcu-

lated in the Born approximation for both e las t ic and

inelast ic e lec t ron s c a t t e r i n g [formulas (2.12)—(2.14)],

as a function of the values of K, has shown'-65-' that

when KR « 1 the e las t ic s c a t t e r i n g p r e d o m i n a t e s .

With i n c r e a s i n g KR, the excitat ion c r o s s sect ion of

t r a n s i t i o n s with low mult ipolar i ty L (in p a r t i c u l a r ,

monopole t rans i t ions) i n c r e a s e s f i rs t , and when KR

» 1 the t r a n s i t i o n s with high mult ipolar i ty begin to

be m o s t intensely excited.

The c a s e of excitation of monopole t r a n s i t i o n s by

e l e c t r o n s having threshold energ ie s (that i s , kinetic

e n e r g i e s c lose to the energ ies of the monopole t r a n s i -

t ions) , was f i r s t cons idered theoret ica l ly by K. T e r -

Martirosyan'- 9-'. He obtained the following formula

for the differential effective c r o s s sect ion of e lec t ron

excitat ion of e l e c t r i c monopole t r a n s i t i o n s (in the

re la t iv i s t ic s y s t e m of units)

doB0 = - g NviNVj jt {ε;ε, + 1 - (αΖ)«

+ \PiPt — (αΖ)2] cos θ} So dQ, (2.18)

where a—fine structure constant, Npj and Npf are
coefficients of the type

яа-Zt

—
) ! •

( 2 . 1 9 )

*It i s e a s y to s e e that (2.11) and a l l the formulas derived on i t s

b a s i s will not be appl icable for small scatter ing ang les ,

t i n the E L transition, the square of the form factor i s [ 6 5 ]

к
2L

| FEL (K) |i S | FEL {J, - Jit % U2L + IWV

(2.13)

where B(CL, K) i s a quantity obtained from the reduced probability

of radiative transition

- 2
MiM.

M,

(2.14)

by the subst itut ion The effective cross
s e c t i o n for the EL transition i s a l s o expressed by (2.12) , except

that the form factor i s given by (2 .13) .

t i t i s e a s y to s e e from (2.13)—(2.14) that the same K-dependence

will hold for the e lec tr ic quadrupole form factor when KR « 1. If

we est imate the form factors for the monopole and quadrupole exci ta-

t ions on the b a s i s of the s ingle-part ic le model of the nucleus, w e

find that the c r o s s s e c t i o n s of t h e s e exc i ta t ions wil l be almost

equal in magnitude for ident ical experimental c o n d i t i o n s . I " ]

γ = Vl - ( aZ ) 2, pi, pf, £{, and Cf a r e the initial and

final momenta and energ ies of the e l e c t r o n . On the

o t h e r hand, So i s given by
_ _ (Л\ 9

( 2 . 2 0 )

w h e r e λ 0 = i i/m o c i s the Compton wavelength, i n t r o -

duced to faci l i tate the t rans i t ion to the ord inary uni ts ,

and Qjf i s connected with the n u c l e a r m a t r i x e l e m e n t

of the monopole by the equation

(2.21)

C J° · - M · , J f , M f a r e t n e C l e b s c h - G o r d a n c o e f f i c i e n t s ,

and * i and Щ a r e the nuc lear wave functions. In

0-0 t r a n s i t i o n s and for negligibly s m a l l aZ, the

quantity Qjf is the usual nuc lear m a t r i x e lement of

the monopole for s ing le-par t ic le excitat ion of the

nuc leus .

F o r m u l a (2.8) has been obtained with the aid of the
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wave functions of an e l e c t r o n in a n u c l e a r Coulomb

field, without account of the finite n u c l e a r s ize and

the s c r e e n i n g effect. It i s a s s u m e d that the excitat ion

energy Δ is not very l a r g e , Δ « 100 A ^ 3 MeV ( A—

atomic weight of the nucleus being e x c i t e d ) , so that

PjR « 1, w h e r e pj is the initial m o m e n t u m of the

e l e c t r o n in the re la t iv i s t ic unit s y s t e m and R is the

n u c l e a r r a d i u s . The l a t t e r condition is equivalent to

including in the calculat ions only those s c a t t e r e d -

e l e c t r o n s t a t e s which a r e c h a r a c t e r i z e d by the quan-

tum n u m b e r s j = V2.

The e lec t ron wave functions used in the c a l c u l a -

t ions a r e taken in the form of four-component r e l a -

t iv is t ic functions φρι, us and ippf, vf w h e r e v\ and v^

a r e the quantum n u m b e r s de termining the spin s t a t e s

of the e lec t ron before and after s c a t t e r i n g , while pj

and pf a r e the initial and final m o m e n t a of the e l e c -

t r o n at infinity. As r — °° ψρ^ ^ is r e p r e s e n t e d

asymptot ica l ly in the form of the sum of a plane and

an outgoing s p h e r i c a l wave, while фщ^г ^ s the sum

of a plane and an incoming s p h e r i c a l wave.

F r o m (2.18) we obtain by integrat ing with r e s p e c t

to θ

^-=^f^NpiNPff[ei6f+l~(aZn (2.22)

At the threshold value of the incoming-e lect ron

energy (that i s , for pf —* 0 or Cj — 1 —* к ) , the quan-

tity σο/So has a n o n - z e r o l imi t equal to

2jc2 (°Z)2 (2αΖ)2νι ίξμ-Χ
J ei=ft

(2.23)

(because l im pfNnf = π( 2αΖ)2Ύ~ι). Start ing f rom
Pf— 0

this l imi t , σΕο/^ο i n c r e a s e s monotonical ly with pf.

F i g u r e 19 shows c u r v e s of σκο/So against 8f - 1,

ca lculated '-β for the p a r t i c u l a r c a s e Δ = 1 MeV

~ 2 m 0 c 2 , for a nucleus with Ζ = 50 and Ζ = 80. An

approximate n u m e r i c a l e s t i m a t e ^ y ie lds for So a

value 1O~28—10~26 c m 2 . F o r c o m p a r i s o n we p r e s e n t

the r e s u l t s obtained in the Born approximat ion in

a c c o r d a n c e with the formula ™

lim
αΖ-»Ο

α Ζ -

+ PiPf cos Θ) dQ, (2.24)

i t ( 2 . 2 5 )

Pi

The calculat ion of σΕο with account of the finite

n u c l e a r s ize was made by Grechukhin'- 1 2^, but l ike-

Λ-7 MeV

FIG. 19.

wise for a s c a t t e r e d e l e c t r o n with j = V2 and with

not too high an energy (Z[ « 15 MeV for heavy

n u c l e i ) . The calculat ion yielded a r a t h e r c u m b e r -

s o m e formula for σΕο ( s e e )·

The dependence of the differential effective c r o s s

sect ion of the monopole excitat ion by e l e c t r o n s on

the angle between the m o m e n t a p[ and pf can be

r e p r e s e n t e d by the function '-12-' (after integrat ing over

the e n e r g i e s ε̂  and Cf)

(2.26)

Table V '-12-' gives the n u m e r i c a l values of σο and

b 0 for the excitat ion of e l e c t r i c monopole t r a n s i t i o n s

of Ca 4 0 , G e 7 2 , Z r 9 0 , P d 1 0 6 and R a C ' ( P o - 2 1 4 ) for inc i-

d e n t - e l e c t r o n energy values 10 m 0 c 2 and 20 m 0 c 2

(when €i = 20 m 0 c 2 the phase shift due to the finite
s ize of the nuclei mus t be taken into account; this was
not done in ™ ).

The influence of the finite nuc lea r s i z e on the
r e s u l t s of the calculat ions of σΕο is i l lus t ra ted in

Table VI'- 1 2 ,which l i s t s the ra t io of calculated

f o r t h e f o r e g o i n g m o n o p o l e t r a n s i t i o n s w i t h t h e a i d o f

t h e C o u l o m b f u n c t i o n s o f t h e p o i n t n u c l e u s t o t h e

v a l u e s c a l c u l a t e d w i t h f i n i t e n u c l e a r s i z e t a k e n i n t o

a c c o u n t . T a b l e V I s h o w s t h a t t h e f i n i t e s i z e o f t h e

n u c l e i l e a d s t o a c o n s i d e r a b l e c h a n g e ( a r e d u c t i o n t o

a l m o s t o n e - h a l f ) o f t h e e f f e c t i v e c r o s s s e c t i o n o f

m o n o p o l e e x c i t a t i o n b y e l e c t r o n s o n l y i n t h e c a s e o f

l a r g e Z .

E x p e r i m e n t s a i m e d a t o b s e r v i n g t h e e x c i t a t i o n o f

e i t h e r m o n o p o l e o r m u l t i p o l e n u c l e a r t r a n s i t i o n s b y

fast e l e c t r o n s , so as to confirm the values of σ c a l -

culated in the Born approximat ion, w e r e c a r r i e d out

Table V

N u c l e u s

щ

Energy10 ma&Co
0.0541.080.98

Ь

0 . 9 3
0 . 9 7
0 . 9 7

E n e r g y
20 m o c 2

σο

0.34
3.2
3.7

ь

1
1
1

Nucleus

Pdjg·

Poll4

Energy
10 mocu

σο

2.52

67

ь

0.99

0,98

Energy
20 moca

σο

7.4

190

ъ

1

1
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Table VI

Nucleus

κ

Ca!8

0.98

aell

0.97

zrS8

1.0 1.16

Pofi4

1.87

principally at Stanford t 6 9 7 Й . То obtain fast electrons
(with energy 190 MeV and more), a linear accelerator
was used. The electrons were scattered by thin
targets and then magnetically analyzed and detected
with Cerenkov counters so as to obtain the angular
distributions of different groups (a detailed descrip-
tion of the experiments is found in Hofstadter's re-
view [ 7 3 ]

Monopole excitation has been established for the
time being only in the scattering of electrons by C1 2

nuclei. Inelastic and elastic scattering on these
nuclei were observed simultaneously. Figure 20
shows the energy distribution of the scattered elec-
trons for a definite scattering angle С69>7Й. The initial
electron energy is 187 MeV and the scattering angle
80°. We see that the curve is characterized by max-
ima of the elastic (first peak on the right) and in-
elastic scattering (the remaining peaks are shifted
relative to the first by amounts equal to the excitation
energies of the corresponding nuclear levels), the
second of the inelastic peaks (counting from the right),
for an approximate energy of 177 MeV, corresponds
to electric monopole excitation of C1 2 with transition
energy 7.6 MeV.* The width of the maxima deviates
from Gaussian on the low-energy side, owing to the
presence of the so-called " t a i l " due to the radiation
processes in the target. The strongest such " t a i l "
is possessed by the elastic-scattering maximum.

ш

350

300

S 250
и

I ISO

too

50
A

к

l \
J \ *

I1

\

176 I7S 130 W2 IB* Ш
Energy, MeV

FIG. 20.

•Experimental results on the observation of a 7.'6-MeV 0+—0+E0 transition froir. excited C'2 produced in various nuclear reac-tions, are found, for example, in [74-"J (for more details see Sec. 3,page 310-311).

This "tail" decreases approximately in inverse
proportion to the difference between the given energy
and the energy corresponding to the maximum of
elastic scattering.

Investigations of the inelastic scattering of an
electron with initial energies of 150 and 80 MeV have
shown Β9,7θ th a t a(- higher initial electron energies,
the inelastic peaks are better separated, while the
elastic peak grows relatively more slowly with in-
crease in these energies (this essentially confirms
the theory; see page 732). In addition, it turns out
that at higher initial electron energies, the " t a i l s "
indicated above will be smaller so that it will be much
easier to separate the inelastic peaks against a lower
background. It must be noted, however, that at very
high initial electron energies (for example, for KR
» 1), the nuclear transitions with large L (and not
with L = 0) will most probably be excited.

In comparisons of the experimental values of the
effective excitation cross section with the theoretical
values account must be taken of the radiative correc-
tions and the bremsstrahlung effect. According to
Schwinger'-78'79-' the radiative corrections reduce the
observed excitation intensity by approximately 8% at
small angles and almost 20% at large scattering
angles.* The bremsstrahlung effect is somewhat
more appreciable: it causes the excitation intensity
to decrease by 20% at small angles and by almost
40% at large scattering angles'-78'79-'. Figure 21 shows
ui,73j c u r v e S ) plotted with account of these correc-
tions, for the effective cross sections as functions of
the scattering angle for both elastic (curve 1) and
inelastic scattering (curves 2, 3, and 4 for the excita-
tion of the levels 4.43, 7.66 ( 0+ level) and 9.61 MeV,
respectively). It is seen from the figure that curves
2, 3 and 4 for inelastic scattering are much less
steep than the curve for the elastic scattering (the
height of the elastic peak varies by approximately
2 x 106 times in the angle interval from 35 to 138°).
In the case of sufficiently large scattering angles,
therefore, the cross section for the excitation of any
of the levels becomes larger than the cross-section
for elastic scattering. In addition, inasmuch as curves
2 and 4 are almost parallel, we can conclude that the
4.43 and 9.61 MeV levels correspond to excited
nuclear states with identical total angular momenta
and parities (states 2 + ) .

*It must be noted that the radiative corrections vary slowly with
the angle and therefore influence principally the absolute effective
excitation cross section.
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In t h e i n t e r p r e t a t i o n of t h e e x p e r i m e n t a l r e s u l t s i t

i s f r e q u e n t l y c o n v e n i e n t t o d e a l n o t w i t h t h e d i f f e r e n -

t i a l e f f e c t i v e e x c i t a t i o n c r o s s s e c t i o n b u t w i t h t h e

" m e a s u r e d " s q u a r e of t h e f o r m f a c t o r | F ( K ) | 2 ,

d e f i n e d a s t h e r a t i o of t h e m e a s u r e d d i f f e r e n t i a l ef-

f e c t i v e e x c i t a t i o n c r o s s s e c t i o n t o t h e c a l c u l a t e d

d i f f e r e n t i a l e f f e c t i v e c r o s s s e c t i o n f o r e l a s t i c s c a t -

t e r i n g b y a p o i n t n u c l e u s . In p a r t i c u l a r , i n t h e c a s e

of monopole excitat ion of C 1 2 ( Δ = 7.66 MeV), this

' • m e a s u r e d " form factor was used successful ly by

Schiff L S 0 ' to d e t e r m i n e the nuc lear m a t r i x e l e m e n t

Μ ( С 1 2 ) of the monopole in a c c o r d a n c e with F o r m u l a

(2.17) (by extrapolat ing the exper imenta l values of

( d a g o / d a ) to the l imit ing values obtained for

К — 0 ) . He obtained M ( C 1 2 ) = 3.8 x 1O~26 c m 2 . * It is

poss ib le to obtain Μ a lso from the absolute value of

the c r o s s sect ion of monopole excitat ion a s a function

of the s c a t t e r i n g angle, but this method of d e t e r m i n -

ing the n u c l e a r m a t r i x e lement of the monopole is

c o n s i d e r e d to be l e s s r e l i a b l e . ^

The exper imenta l data on the excitat ion of nuc lear

t r a n s i t i o n s by e l e c t r o n s with threshold e n e r g i e s a r e

so far skimpy. The dependence of the c r o s s sect ion

σ for the excitation of Cd 1 1 4 on the kinetic energy

- 1 of the incoming e l e c t r o n s was invest igated in

It was found that this c r o s s sect ion is pract ica l ly

z e r o until the kinetic energy of the e l e c t r o n s r e a c h e s

the excitat ion energy, after which it i n c r e a s e s

abruptly, and then σ d e c r e a s e s monotonical ly to the

next excitat ion threshold, then i n c r e a s e s suddenly,

and the p r o c e s s r e p e a t s . Owing to the lack of enough

e x p e r i m e n t a l data, it i s difficult to c o m p a r e them

*A somewhat different Schiff value for M, approximately 5 χ 10~26

cm2, is given in ["] .

w i t h t h e t h e o r y of m o n o p o l e e x c i t a t i o n s of n u c l e i b y

e l e c t r o n s w i t h t h r e s h o l d e n e r g i e s ^ .

3. E X A M P L E S OF M O N O P O L E TRANSITIONS O F

N U C L E I

We c o n s i d e r n o w t h e o b s e r v e d m o n o p o l e t r a n s i -

t i o n s of i n d i v i d u a l n u c l e i . All t u r n e d o u t t o b e EO

t r a n s i t i o n s ( o n e a t t e m p t of o b s e r v i n g t h e MO t r a n s i -

t i o n w a s d i s c u s s e d a t t h e e n d of S e c . 1 ) . M o s t of t h e

r e l i a b l y e s t a b l i s h e d EO t r a n s i t i o n s a r e of t h e 0 + — 0 +

t y p e . T r a n s i t i o n s of t h i s t y p e w e r e i d e n t i f i e d p r i n -

c i p a l l y b y o b s e r v i n g t h e c o n c o m i t a n t e m i s s i o n of t h e

i n t e r n a l c o n v e r s i o n e l e c t r o n s a n d e l e c t r o n - p o s i t r o n

p a i r s , with complete absence of γ quanta of energy

equal to the t r a n s i t i o n energy . The monopole n a t u r e

of the invest igated t r a n s i t i o n is fur ther confirmed by

the a g r e e m e n t between the e x p e r i m e n t a l va lues of

K/L, L i / L n , WK/WTT and other quantit ies with the

t h e o r e t i c a l values ( see Sec. 1).

The p r e s e n c e of EO t rans i t ion a d m i x t u r e s in

n u c l e a r t r a n s i t i o n s of the "3* — J + " type can be

detected by observing s o m e e x c e s s of convers ion

e l e c t r o n s or e l e c t r o n - p o s i t r o n p a i r s over the n u m b e r

that should be emit ted in the convers ion p r o c e s s e s

that compete with the cor responding у radiat ion in

the absence of the EO t r a n s i t i o n . F o r a quantitat ive

d e t e r m i n a t i o n of the EO admixture , the angular c o r -

re la t ions of var ious c a s c a d e p r o c e s s e s a r e invest i-

gated and the r e s u l t s c o m p a r e d with theory (see Sec.

1)·
O 1 6 . One of the m o s t thoroughly invest igated

monopole t r a n s i t i o n s ^ 0 " 2 3 ' 2 8 ' 5 4 " 5 8 ' 8 2 - 8 6 1 1 is the 0 + - 0 +

t r a n s i t i o n of the O 1 6 nuc leus . This t r a n s i t i o n i s p r o -

duced by proton bombardment of F 1 9 via the react ion

9 F 1 9 + iH 1 -н> 10Ne2°* - ^ 2He« + 8 O 1 6 . (3.1)

The O 1 6 nucleus can o c c u r in e i t h e r the ground s ta te

o r in four excited s ta tes with e n e r g i e s that differ

re la t ive ly l i t t le f rom one another (Fig. 22) M. T h r e e

of t h e s e s t a t e s (which we denote by ^ O 1 6 ) a r e c h a r a c -

t e r i z e d by the fact that the t r a n s i t i o n between them

and the ground s ta te a r e accompanied by e m i s s i o n of

photons. On the o ther hand, the t r a n s i t i o n from the

fourth and lowest excited s t a t e , π Ο 1 6 , to the ground

sta te gives r i s e to e l e c t r o n - p o s i t r o n p a i r s . The

l a t t e r cannot be a t t r ibuted to internal convers ion of

the photons, for in this c a s e the n u m b e r of p a i r s

should be much s m a l l e r ( 1%) than the number of

photons, w h e r e a s actual ly these n u m b e r s a r e c o m -

p a r a b l e Ш. in addition, photons with energy equal to

the difference of the levels π Ο 1 6 and O 1 6 ( 6 . 0 5 Ι -

Ο.010 MeV)1-102-1 a r e m i s s i n g from the radia t ive s p e c -

t r u m of O 1 6 , w h e r e a s photons with energ ie s 7.09,

6.99, and 6.14 MeV, values equal to the differences of

the ">Ό16 and O l f i levels , a r e p r e s e n t t h e r e . If it is

a l so taken into account that the spin of O 1 6 in the

ground s ta te vanishes , then it follows on the b a s i s of
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Ne"
γ κ αϊ: α

FIG. 22.

the genera l theory of monopole t r a n s i t i o n s (Sec. 1)

that the π Ο 1 6 — О16 transition is 0—0.
It has been demonstrated experimentally ™ that

the O16 levels responsible for the emission of pho-
tons on the one hand, and of electron-positron pairs
on the other, appear at different resonant proton
energies. This means that there are several groups
of levels of the compound nucleus Ne2 0, and a decay
from one group is accompanied by a transition to the
levels "^O16*, while decay from the other group
causes transitions to the level π Ο 1 6 (See Fig. 22). If
we assume that the data on the level groups of Ne2 0

are perfectly reliable (this pertains particularly to the
απ group), then it can be shown ^ that the transition
π Ο 1 6 —· О16 occurs without a change in parity. Indeed,
the transition from the απ group can be both to the
" θ 1 6 level and to the normal level. We denote the
parity of the απ state by dav. Then the parities of
the states π Ο 1 6 and O16 will respectively be άπ
= c W ( - l ) L 7 r and d0 = άπα( - l ) L o , where hn and
Lo are the angular momenta carried away by the a
particle in the transitions ^Ι
a 7 r N e 2 0 Э O16

α π Νβ 2 0 ^Ι π Ο 1 6 and

(see Fig. 22). Since the angular mo-
menta in the states π Ο 1 6 and O16 are equal to zero,
Ь,г and Lo are equal to each other. Consequently
also d0 = άτ, that is, the parities of the nuclear wave
functions describing the states π Ο 1 6 and O16 are
identical, and since A and Ζ of O16 are both even,
they are also positive.

According to general theory of monopole transi-
tions (Sec. 1), the transition π Ο 1 6 * — О16 should be
accompanied not only by pair but also by electron in-
ternal conversion. However, as shown by calcula-
tions ^ , the probability of the latter is smaller than
the probability of the former by a factor 28,000. So
far, no E0 conversion electrons from O1 6 have been
observed.

As already noted (see page 721), the energy dis-
tribution of the positrons can be obtained by starting
with Formula (1.32), which expresses the differential
probability for the production of an electron-positron

pair in 0—0 transitions.* It is then possible to com-
pare the result with the experimental data. The r e -
sults of this comparison turned out to be fully satis-
factory С 1 > 8 Й .

The angular distribution of the electron positron
pairs obtained on the basis of (1.32) is also in fair
agreement with experiment L84>85]_

This distribution was investigated in '-84-' by the
coincidence method with two different setups ("c lose"
and " far " ) of counter-telescopes relative to the
source of the electron-positron pairs (that is, rela-
tive to the location of the proton-bombarded CaF2
target). After integration of (1.32) with respect to
the energy and account of the counter efficiency, the
theoretical formula for the angular distribution as-
sumes the form

Ρ (в),„еог= A[l + (0.9937 - δ') cos θ], (3.2)

where δ' depends on the dimensions of the useful
area and the location of the counters (for infinitesi-
mally small counters δ' = 0). For the two specific
mentioned counter installations we obtain from (3.2)'-84-'

1) P(e)theor^^[l + (0.955±0.003)cos9], (3.3)

2) Ρ (9) t h e o r «s4 [l + (0.974±0.002)cos6]. (3.4)

On the other hand, the experimental dependence of the
function P( Θ) on θ was found to be for these two
cases

.948±0.012)соэв],

2)
(3.5)
(3.6)

Comparing (3.3), (3.4) with (3.5), (3.6) we s e e that
the theoretical and experimental coefficients of cos θ
differ from each other in the mean by 0.002 ± 0.008,
that is, by an insignificant amount. Some contradic-
tion between the theoretical and experimental angular
distributions of the pairs, observed in C57»86^ must be
attributed to insufficient experimental accuracy ^ M ^t .

Present day experiment is incapable of detecting
the different corrections to the angular distribution
of the pairs (radiative) and also the corrections that
take into account the internal bremsstrahlung and the
Coulomb interaction between the pair components, as
well as other corrections (see page 722) although
it is predicted'-84-' that the presence of such correc-
tions can be established in the future.

*We recall that this formula has been derived assuming a Cou-
lomb interaction between the protons of the nucleus and the elec-
trons of the Dirac background.

t According to Groshev and Shapirot'1 difficulties still remain in
explaining why the transition from the level Tie20 (see Fig. 22) is
possible to the level " Ό " * (with emission of an α particle), and is
impossible to the level O " , although the levels " O 1 6 * and 0 " dif-
fer only in energy. It is supposed!/] that a way out of the difficulty
can be found by introducing additional selection rules with respect
to some imprecise quantum number.
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The experimental value of the total pair-conversion
probability \Υπ for the 0+— 0+ of the O16 nucleus is
equal to ~ 1.4 χ 1010 sec * according to the latest

From a comparison with the reduced prob-
ability Ωττ, calculated from Formula (1.34), a value
3.8 χ 10"2 6 cm 2 has been obtained for the nuclear ma-
trix element of the monopole ^ ; this is presently r e -
garded as the most accurate value. The correspond-
ing reduced monopole nuclear matrix element is
p(O 1 6 ) » % (for R = 1.2 χ 10~13 A 1 / 3 )* . Theoretical
estimates of the nuclear monopole matrix element of
O16 based on different nuclear models are discussed
in Sec. 4.

R a C (Po 2 1 4 ) . As long ago as in 1930 it was sug-
gested [88.15] that the conversion line corresponding to
the transition energy 1416 keV, observed in the RaC
(Po 2 1 4 ) spectrum, belongs to the 0+—0+ transitiont,
since no corresponding line was found in the γ spec-
trum. Many years, however, have passed before the
assumed E0 transition in R a C was fully confirmed
by various quantitative data.

A comparison of the relative conversion coeffi-
cients K/L, Lj/Ln, and L n i / L n (which pertain to
the transition from the 1416 keV level to the ground
level) with their theoretical values for different mul-
tipoles has shown [88-90] t j i a t t h e c o n S i d e r e ( j transition
cannot belong to any of the electric or magnetic mul-
tipole transitions, meaning that it is a 0—0 transition.
On the other hand, comparison of say the experimen-
tal values of K/L with the theoretical ones for E0
transitions (Church and Weneser E11^) is satisfactory.

However, the de-excitation of the excited nucleus
in the E0 transition can proceed also via production
of electron-positron pairs. The theoretical ratio of
the probability of E0 conversion on the К shell to a
probability of pair conversion, is equal for R a C to
170 (after Thomas [ 1 4^) or 420 (after Sakharov™).
Experiment yields for Wg/Wff values in the range
4 4 0 < W K / W T T < 6 2 5 №,91,92], T h e s e v a l u e s a r e s e e n

t o b e c l o s e r t o t h e s e c o n d of t h e g i v e n t h e o r e t i c a l r e -

s u l t s . It i s n e v e r t h e l e s s a s s u m e d t h a t t h e e x p e r i m e n -

t a l v a l u e s of W^- a r e i n s u f f i c i e n t l y a c c u r a t e ( s i n c e

t h e i r d e t e r m i n a t i o n e n t a b i l s n o n - u n i q u e o p e r a t i o n s ' ^ 9 3 ^ ) .

At t h e p r e s e n t t i m e t h e f o l l o w i n g s e q u e n c e h a s b e e n

e s t a b l i s h e d f o r t h e l o w - l y i n g e x c i t e d l e v e l s of R a C

(Fig. 23И93.94]). The excited 0+ state (1416 keV) is
in this case the sixth and not the first excited state,
as was the case with the O1 6 nucleus.

Various types of de-excitation of the nucleus from
the 1416-keV level were investigated, such as emission
of long-range a particles (group a3), conversion
transition to the ground level, single-photon or con-
version transitions to the 609-keV level. The remain-
ing possible processes accompanying this de-excita-

*A value p(O16) = 1/2 is given in ["-"].
tThe states are positive because RaC' is even-even.

keV

an'

П0 γ

г' tos

Х50 γ

0,22

ι-З

100
///7Ζ

RaC

FIG. 23. The transition a3 - a 0: e~3.5).

t i o n of t h e n u c l e u s h a v e low p r o b a b i l i t y a n d w e r e n o t

o b s e r v e d ^ 9 3 3 .

T h e m o s t i m p o r t a n t p r o b l e m i s t o d e t e r m i n e t h e

a b s o l u t e p r o b a b i l i t y of t h e E 0 t r a n s i t i o n o r ( w h i c h i s

the same) the partial lifetime т е of the 1416 keV level
relative to the conversion transition to the ground
state. Unfortunately, the value of т е_ has not yet been
accurately determined. One of the methods for est i-
mating it is based on the relation

' аз
(3.7)

where \ e - and λ α 3 are the probabilities of the con-
sidered conversion transition and emission of long-
range a particles, and N e - and N a 3 are the numbers
of internal-conversion electrons and a particles of
group a 3 per decay, which are known from experi-
ment; λ α 3 is obtained from the experimental value of
the probability for the emission of a particles from
the ground state of R a C (group a 0 ) . By extrapolat-
ing the known formula from α-decay theory to the case
of the excited levels E93»953 w e obtain

- 4 α — Z ( 2 u o - s l n 2u 0 )
(3.8)

where ν — velocity with which the a particle and the
nucleus move apart, u 0 = cos" 1 (ER/2Ze 2), Ε is the
total energy released in ergs, and a is the fine-
structure constant. Dzhelepov and Shestopalova^93^
obtained in this manner a value т е = 3.0 χ 10"1 0 sec
for the partial lifetime of the 1416 keV state (for R
= 1.2 χ 10" 1 3A 1 / 3 cm), which differs noticeably from
the earl ier estimates of B e t h e ^ (Tg_ = 8 χ 10"1 1 sec)
and Drell and R o s e № (Tg- = 2.5 χ 10~u sec) .

The accuracy of the result ( т е - ) depends on the ex-
tent to which Formula (3.8), derived for a spherical
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nucleus, is applicable to the somewhat deformed R a C
nucleus (AR/R = 0.2 ^ 9 7 ^) . In a rougher approxima-
tion it is possible to calculate r e - by comparing the
sought probability with the probability of γ-quantum
emission in the transition from the 1416 keV to the
609-keV level, using the Weisskopf approximation
(with corrections by the Sunyar method E97^) to ob-
tain the theoretical value of λγ. In this case т е -
was found to equal 3.5 χ 10~12 sec^ 9 3^.

In view of the lack of sufficiently accurate data on
the absolute probability of the E0 transition of R a C ,
comparison of the experimental and theoretical data
cannot yield (see Sec. 1) exact values of the reduced
nuclear monopole matrix element p. An estimate of
ρ for R a C was first made in 1930 by Fowler, who
used the single-particle model of the nucleus to calcu-
late the E0-transition probability.* He obtained for ρ
a value close to У2о· ϊ η later work^2 5 '9 8^, comparison
of the reduced Ε 0-transition probability calculated
with account of the finite nuclear size with the experi-
mental partial lifetime of the 0+ state of R a C ,
namely т е _ = 2.5 x 10"1 1 sec, yielded for ρ values in
the range % < ρ < У4 and a value of V5 E

98i. If we use
in this comparison т е - = 3.0 χ 1Ο~10 sec, ρ is de-
creased by a factor of approximately 3.5.

Ge 7 2 ' 7 0 . The 0 + - 0 + transition of Ge7 2 with energy
0.69 MeV is the third observed monopole nuclear t ran-
sition. As was established i n c " " 1 0 1 ^ , the excited Ge7 2

nucleus with energy 0.69 MeV is produced by bombard-
ment of Ga72 with slow neutrons and subsequent β de-
cay. The transition of Ge7 2 from the first excited
(0.69-MeV) state to the ground state is accompanied
by emission of an intense conversion line with energy
close to 0.69 MeV, without a corresponding γ quan-
tum. The lifetime of this excited state т е - was found
to be 3 χ 10~T sec^ 1 0 2^. The presence of strongly con-
verted high-energy radiation together with the short
lifetime of the excited state indicate that the 0.69-MeV
transition of Ge7 2 cannot be classified as isomeric ^103-l
but must be a monopole transition of the 0+—0+ type
[101,104]_

Comparing the experimental value of r e - ( 0 + * ) of
Ge7 2 with theory E11^ (allowing for Wv = 0) we obtain
[ 1 0 2 : i p(Ge 7 2 ) = 0.11. An earlier e s t i m a t e ^ of

p(Ge 7 2 ) was twice as large.
A type 0—0 EO transition was also observed in

Ge7 0, which is the β -decay product of Ga7 0; the 0+*
state is in this case a second-excited state with en-
ergy 1.215 MeV, so that the nucleus can become de-
excited both by electron E0-conversion (no pair E0
conversion was observed) and by cascade emission of
two γ quanta with energies (0.173 ± 0.002) and (1.042
± 0.005) MeV. The partial lifetime of the 0+* state of
Ge7 0 relative to the emission of the Ε0-conversion К

electrons was found to be т е - = (24 ± 1.2) χ 10 7 sec

•This model consisted of an α particle moving in a nuclear field

with a potential in the form of a spherically-symmetrical box with

walls of 1) infinite and 2) finite height.

Comparison of т е - with theory yields p(Ge 7 0 )
= 0.09, that is, a value differing little from p(Ge 7 2 ) .

C12. The opinion was expressed in 1954 ^1053 that
the small number of electron-positron pairs with max-
imum energy 7.66 MeV, observed in the Be8(ay)Ct2

reaction, offers evidence of the presence of an electric
monopole transition of the 0+—0+ type in C12, inas-
much as no corresponding γ emission (that is, emis-
sion with energy 7.66 MeV)* was observed. On the
other hand, observation of γ quanta with energies 3.16
and 4.43 MeV'-76-' indicates a cascade. The cascade
type, 0+—• 2+ —- 0+, was then established on the basis
of an investigation of the angular correlation of these
quanta in ^77-^. The existence of excited levels 0+ and
2+ of C1 2 was also confirmed by experiment on in-
elastic scattering of electrons'-6 9"7 3-', which were al-
ready mentioned in Sec. 2. From the data of these
experiments a value of 3.8 χ 1O~26 cm2 was obtained E80^
for the C1 2 nuclear monopole matrix element (its theo-
retical estimates are given in Sec. 4).

Pursuant to this, particular attention was paid to the
study of the excited 0+ state of C12, in connection with
the question of the sources of stellar energy and the
theory of the origin of elements. It was predicted for
the first time in C107^ that the carbon nucleus produced
in the assumed cascade of nuclear reactions He* + He4

— Be8 and Be 8 (ay)C 1 2 , which occurs in the later
stages of stellar evolutionf —red giants—should be in
an excited state with energy 7.6—7.7 MeV. It is p r e -
cisely the presence of this resonance level in C1 2

which causes the probability of the Be8(cry)C1 2 r eac-
tion to become comparable with the probability of a
reaction of the inverse type at sufficiently high tem-
peratures.

The probability of two successive nuclear reactions
2He4 — Be8 and Be 8 (ay) •—• C 1 2 1 is given by the for-
mula t»093

w= J.»
Q

~~kf
sec -1 (3.9)

where т а is the α-particle mass, Τ the absolute
temperature, ρ the density, χα the concentration of
helium (by weight), and Q an energy equal to the dif-
ference between the energy of the excited 0+ state and
the binding energy of C12 (in mass units Q = m(C 1 2 )
— 3m α ) . The quantity Γγ is the partial width of the
7.66 MeV level of C1 2 for transition of this nucleus to
the ground level, and Γ α is the partial width of the

*The 7.66 MeV level of C12 was observed as long ago as in
1952 M .

tWhen almost the entire hydrogen in the core of the star is con-
verted into helium and gravitational contraction causes the tempera-
ture of this core to reach 10eoK and the density to reach 105

g/cm3.[toe]
tMuch attention is paid presently to the theory of these reac-

tions, since reactions similar to Be8(ay)C'2 can explain the forma-
tion of the nuclei O16 Ne20 and others (for example, C'2(ay)O16).[lu]
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7.66 MeV level for a decay. Inasmuch as Γ α » Γγ
Cu°3, we have Γ γ Γ α / ( Γ γ + Γ α ) » Γ γ and W is pro-
portional to Γγ. On the other hand, the partial width
Γγ consists of the partial width of the 0+ * level for
monopole transition and the partial width for the above-
indicated γ cascade, that is, Γ γ = Γ(Ε0) + Γ(Ε2) . We
see therefore that for an exact determination of the
probability of carbon production in a stellar medium
it is necessary to have as accurate a value of the prob-
ability of the C12 electric transition as possible (along
with Γ(Ε2)).

Using the experimental value given above for the
C 1 2 nuclear monopole matrix element, Salpeter'-110-'
obtained Г(Е0) и Г е ± = 4 χ ΙΟ"5 eV, where Г е ± is
the partial width of the 0+ level for emission of mon-
opole electron-positron pairs (the remaining proc-
esses accompanying the EO transition are neglected).
The upper limit for Г е ± was established in ^ l u ^ by
using the experimentally measured ratio of the number
of monopole pairs to the number of у quanta with 4.43
MeV energy and known relative populations of the 7.66
and 4.43 MeV levels t 1 1 2 3. The result obtained was
Г е ± < 7 χ 10"6 eV which does not contradict Salpeter's
estimate. On the other hand, the ratio Г е ± / Г а is ap-
proximately 7 χ 10"6 according to C"3J and 6.6 χ 10~6

according to ^ l u ^ , and much smaller than the value
Γ 3.23γ/ Γ α и < 3 · 3 ± 0.9) χ 10~4 [ 1 1 4 where Г

3.23γ i s

the partial width of the 7.66 MeV level for the emis-
sion of a 3.23-MeV γ quantum.

Because the energy Q in (3.9) depends greatly on
the exact value of the excitation energy of the 0+ state,
more and more accurate measurements were made of
the 7.66-MeV level. By way of an example we present
some values of this level: (7.66 ± 0.02) M e V i n ^ (1955),
(7.658 ± 0.027) M e V [ m : l (1956), (7.653 ± 0.008) MeV
t1 0 9^ (1957), and (7.654 ± 0.009) MeV [ 1 1 ( 4 and finally
7.656 MeV [ U 8 : l .

Zr 9 0 . The presence of a 0+—0+ for Zr 8 0 was p r e -
dicted theoretically by Ford^ 1 1 9^. According to a shell
model, the protons in nuclei beyond Ζ = 38 are first
placed in the p t / 2 levels (the first at Ζ = 39 and sec-
ond at Ζ = 40), and then in the g9/2 levels. Inasmuch
as the 0-order scheme gives a sufficiently large dif-
ference between the particle levels g9/2 and p ^ , the
proton shell of Zr 9 0 can be regarded as almost filled.
The discovery of the isomer transition 5" — 0+ with
energy 2.3 MeV1-120-1 confirms the quasi-filling of the
proton shell of Zr 9 0 and simultaneously points to the
existence of a configuration P!/2g9/2 ( " 5 " " state of
Z r 9 0 ) . In the 0-order scheme, the levels determined
by the nucleon configurations p ^ , Pi/2 g9/2, and g^/2

are at equal distances from one another (Fig. 24, left
half of the level diagram). If on the other hand we take
account of the residual interaction between the nucle-
ons, then these levels split and drop in such a way that
the downward shift of the levels of the (gg/2)

2 and
(P1/2)2 configurations is much larger than that of the

FIG. 24.

levels of the (Pi/2g9/2) configurations, and conse-
quently the 0+ * level is located below the 5" level
[119,121]* ( F i g 24). Thus, the first excited state of
Zr 9 0 , as can be seen from Fig. 24, is a 0+ state.

The transition from this state to the normal state
was observed then experimentally E123^. In the β r a -
diation of Y90(39Y

90 — 4 0 Z r 9 0 ) there were observed
conversion electrons belonging to Zr 9 0 with energy
1.75 MeV (1.734 ± 0.005 MeV according to £1243). in-
asmuch as no photons were found with such energy, we
must assume that we are dealing here with internal
conversion of a monopole transition of the 0+ — 0 +

type. This deduction is confirmed also by the obser-
vation of the positron spectrum of Zr 9 0 with maximum
positron energy 0.8 MeV.

Electron and pair conversion of the 0+—0+ t ransi-
tions of Zr 9 0 were subsequently investigated in detail,
with the ratios of the number of conversion electrons
and the number of pairs to the number of β electrons t
emitted by Y90 per second determined with greater
accuracy, and with measurement of the lifetime of the
excited 0+ state of Zr 9 0 and other quantities charac-
terizing to a greater or lesser degree the considered
0 + - 0 + transitions [124-132,102] _

In '-124-' the experimental and theoretical data con-
cerning the values of K/(Li + Mj) and \νθ,Λνπ for the
E0 transition of Zr 9 0 are compared and ρ is deter-
mined from Formula (1.45), using the experimental
value of the lifetime τ of the excited 0+ state of Zr 9 0 .
The best agreement between theory and experiment
was found for W e /W^. The theoretical value of
We/W,r is 2.4 (as given by Zyryanova and Krutov'-28-'
and Church and Weneser^11^) or 2.8 (as given by
Thomas E14^ and Church and Weneser^1 1^), while the
experimental value £124^ is 3.0. The result of the com-

*More accurate calculations of all these levels can be found
in [«·].

ΐ θ η the basis of these ratios we obtain the values of K/(Lj

+ Mi), WK/W^, and We/Wff.
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parison is somewhat worse for K/(Lj + Mj), the ex-
perimental value of which is 5^124^ or 4[13Ш, while
theoretically K/(Li + Mj) = 7.1 (see Cn»1323).

The measured lifetimes т(0 + *) vary. For exam-
ple in tm^ the value given is τ = (8.5 ± 3) χ 10~9 sec,
whereas ^132^ gives (90 + 6) χ 10~9 sec*, that is, one
order of magnitude larger. In this connection, two
values are obtained for the reduced nuclear monopole
matrix element, ρ = 0.18 in the first case^1 2 43 and
ρ = 0.56 in the second £ 1 3 4

Pt 1 9 6 . The first two excited and the ground level of
Pt 1 9 6 form the sequence 2+ / — 2+ — 0+ with transition
energies 334.0 (2 + / — 2 + ) and 356.5 keV ( 2 + ^ 0 + ) .
The nuclear transition 2 + ' — 2+ is a mixture of the
E0, Ml, and E2 transitions. From the theory of such
transitions, developed in pages 725-727, it follows that

in order to determine the E0 admixture in the 2"1 2+

transition of Pt 1 9 6 it is possible to use the following
four independent experiments: experiments on the e s -
tablishment of the angular correlations у—у and
εχ—у t in the cascade 2+ / —• 2+ —- 0+, on the meas-
urement of the absolute probability Wy(E2) of the E2
transition in the second link of the cascade (2+ — 0+ ) t ,
and the determination of the total coefficient of internal
conversion in the first link of the cascade (2 + / — 2 + ) .
Gerholm and Petterson'-133^ used the results of the first
three experiments to calculate q 2 (Pt 1 9 6 ) = W K ( E 0 ) /
W K ( E 2 ) and the nuclear matrix element of the mono-
pole p ( P t 1 9 6 ) , namely the results of investigations'-133-'
of the ej£— γ angular correlation and experimental val-
ues of the probability W y (E2) and of δ2 = W y ( M l ) /
W y (E2) [ 3 6 > 1 3 4 : i . Since the coefficients of Pi (cos Θ)
in the function (1.49), which describes the e^—γ an-
gular correlation were investigated in ^ ш ^ with al-
lowance for the possible time dependence of the per-
turbation due to the magnetic interaction between the
electron shell excited by the preceding К capture or
the К conversion and the nuclear magnetic moment,
the value obtained for q lies in the range 0.24 < q
< (0.56 ± 0.01) (the lower limit for q has been ob-
tained with account of the indicated perturbation, and
the upper one without i t ) .

The uncertainty in ρ is somewhat larger. It is due
not only to the uncertainty in the number q, but also
in the uncertainty of the quantity Wy ( E2 ) [see (1.51')].
On the other hand, the uncertainty of Wy( E2) is ex-
plained by the fact that this quantity is not determined

*Approximately the same values of τ were obtained also in
Гюа,1зо|

t i t s h o u l d b e n o t e d t h a t i n v e s t i g a t i o n s o f t h e a n g u l a r c o r r e l a -

t i o n i n t h e c a s e o f P t 1 9 6 a r e p r e f e r r e d i n t h e s e n s e t h a t t h e c o r -

r e l a t i o n f u n c t i o n i s p r a c t i c a l l y i n d e p e n d e n t o f t h e t h e o r e t i c a l un-

c e r t a i n t y i n t h e K - c o n v e r s i o n c o e f f i c i e n t for M l - r a d i a t i o n . [ 4 3 > I 3 4 J

t M e a s u r e m e n t o f W ' y ( E 2 ) i s e s s e n t i a l , s i n c e t h e a b s o l u t e

p r o b a b i l i t y o f e m i s s i o n o f a n E 2 q u a n t u m , W ' y ( E 2 ) , i n t h e f i r s t

l i n k o f t h e c a s c a d e ( 2 + ' -» 2 + ) h a s n o t y e t b e e n d e t e r m i n e d e x p e r i -

m e n t a l l y .

b y e x p e r i m e n t , b u t i s u s u a l l y o b t a i n e d f r o m t h e k n o w n

e x p e r i m e n t a l v a l u e o f W y ( E 2 ) b y u s i n g t h e r a t i o o f t h e

r e d u c e d p r o b a b i l i t i e s B ( E 2 ; 2 + ' — 2 + ) / B ( E 2 ; 2 + — 0 + )

= b , e s t a b l i s h e d o n t h e b a s i s o f v a r i o u s m o d e l - d e p e n d -

e n t c o n s i d e r a t i o n s , a n d w h i c h t h e r e f o r e a s s u m e s v a r i -

o u s v a l u e s . * T h u s , f o r e x a m p l e , a c c o r d i n g t o t h e " f r e e

oscillation" model РМЗв] w e n a v e b _ 2 . Then ρ lies
in the range t 1 3 3^ 0.017 < p < (0.039 ± 0.007). On the
other hand, if b is calculated with the aid of the Davy-
dov and Filippov theory of non-axial nuclei E139^, its
value is 10/7 and we obtain 0.013 < ρ < 0.04. [ U°J

Gerholm and Petterson^ 1 3 3^ give one more estimate,
with a wider range 0.009 < ρ < 0.05, obtained under
the assumption that V2 < B(E2; 2+ / — 2)/B(E2; 2+ — 0)
< 2 . t

It must be noted that the first estimate of p ( P t 1 9 6 )
was made by Church and Weneser^1 1 '3 2^, who used the
experimental data on the у—у angular correlation,
W y (E2), and the total conversion coefficient βκ (this
method of determining ρ is described in pages 725-
726). They obtained ρ < l/3i, which does not contradict
the estimates indicated above for the nuclear monopole
matrix element.

Rare earths ( C e u o , Sm1 5 2, and Gd 1 5 2 ) . It was estab-
lished in [142-1«] that in β decay of La1 4 0, and also in
electron capture or β decay of Pr 1 4 0 , the Ce 1 4 0 nu-
cleus can occur in an excited 0+ state with energy
1902 keV. Two conversion К and L lines, correspond-
ing to an averaged transition energy 1902 keV, were ob-
served in the Ce 1 4 0 spectrum. No corresponding γ line
was found (4 χ 10~4 quantum per decay). Measurement
of the relative conversion yielded K/L = 6.33. An e s -
timate of the lower boundary for the conversion coeffi-
cient yields /3^ > 0.38. One cannot attribute such a
high value of /3^ to a high-multipolarity transition
(L > 10), for in this case the 1902-keV state would be
an isomer state with a lifetime > 1O10 years, whereas
in fact the lifetime is approximately equal to 38 hours.
Consequently, it can be concluded that the transition
under consideration is a 0+—0+ transition.

Investigations have shownC142>143] that the 1902 keV
level of Ce 1 4 0, which is the second excited level, is
much more frequently excited in the decay of Pr 1 4 0

than in the decay of La1 4 0. The number of excitations
of this level amounts in the second case to 0.013% of
the number of excitations in the first case.

E0 transitions were also observed in Sm1 5 2 and

*The quantity B(E2; 2+'-> 2+)/B(E2; 2+ -. 0+) = b was also
determined recently experimentally, principally from data on the
γ—γ angular correlation and measurements of the relative conver-
sion coefficients K/L.[1 3 6] The most promising with respect to the
determination of b are experiments on the Coulomb excitation of
the 2 + ' l eve l . [ ' " ]

tThe value b = B(E2; 2+ 1 -> 2+)/B(E2; 2 + ^ 0 ) = 1/2 is taken
from [ I 4 0 ], in which it was established for P t " 4 . It is assumed in ["']
that the values of b for P t 1 ' 4 and P t " 6 should be the same. After cor-
recting the mistake noted by Listengarten and Bandf1 '] we obtain
finally 0.013 < ρ < 0.070.
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FIG. 25. (Transition on the left 1" - 2+: 831.6 keV).

G d 1 5 2 , w h i c h a r e t h e d e c a y p r o d u c t s o f E u 1 5 2 . F i g u r e

2 5 s h o w s a d i a g r a m o f t h e l o w - l y i n g c o l l e c t i v e p u r e l y

r o t a t i o n a l ( t w o l o w e r ) a n d / J - v i b r a t i o n a l ( t w o u p p e r )

l e v e l s o f S m 1 5 2 a n d G d 1 5 2 , w i t h i n d i c a t i o n o f t h e EO

t r a n s i t i o n s C 1 4 4 3 . * T h e l e v e l s s h o w n d a s h e d i n t h e f i g -

u r e a r i s e i n t h e d e c a y o f t h e i s o m e r E u 1 5 2 w i t h h a l f

l i f e 1 2 . 2 y e a r s . T h e d i a g r a m s h o w s a l s o t h e p e r c e n -

t a g e r a t i o s o f t h e n u m b e r s o f t h e o b s e r v e d t r a n s i t i o n s

t o t h e n u m b e r o f E u 1 5 2 d e c a y e v e n t s .

S m 1 5 2 . T w o t y p e s o f EO t r a n s i t i o n s h a v e b e e n e s -

t a b l i s h e d : 0 + — 0 + w i t h e n e r g y 6 8 5 k e V c l 4 5 ] a n d 2 + — 2 +

w i t h e n e r g y 6 8 9 k e V [ 1 4 6 ] ( s e e F i g . 2 5 ) . U s i n g t h e

t h e o r e t i c a l v a l u e s C 1 4 7 3 o f B ( E 2 ; 2 + ' — 2 + ) / B ( E 2 ;

2 + — 0 + ) & 1 0 / 7 a n d o f t h e c o n v e r s i o n c o e f f i c i e n t

off ( 2 + / — 0 + ) f o r S m 1 5 2 , a n d a l s o t h e e x p e r i m e n t a l

d a t a o n t h e e l e c t r o n c o n v e r s i o n o f t h e 6 8 9 a n d 8 1 1 k e V

t r a n s i t i o n s t 1 4 8 3 , a n e s t i m a t e w a s m a d e i n E 1 4 6 ^ o f t h e

r a t i o o f t h e i n t e n s i t y o f t h e EO c o n v e r s i o n a n d r a d i a -

t i o n o f E 2 q u a n t a i n t h e 2 + / — 2 + t r a n s i t i o n . T h i s

r a t i o w a s f o u n d t o e q u a l a p p r o x i m a t e l y 0 . 0 7 .

Subsequently the investigations of the γ-ray and
internal conversion electron spectra produced in the
(ηγ) reaction on Ga1 5 5 and Ga1 5 7 have shown^2143 that
some of the transitions of Ga1 5 6 and Ga' 5 8 can be clas-
sified as monopole (as 0+—0+ and 0+—2+ transitions
with energies 1010 and 1041 keV respectively in the
case of Ga15G and as 2+—2* transitions with energies
1436, 1373, 1405, and 1454 keV in the case of Ga 1 5 8 )·

U 2 3 4 ' 2 3 2 . The radioactive isotope U2 3 4 is usually ob-
tained as a result of a decay of Pu 2 3 8, β decay of the
isomer Pa 2 3 4 , or electron capture by Np 2 3 4. Investi-
gations of both the γ and conversion spectrum of U2 3 4

have established Ci«-i52D t w o E 0 transitions of the
U2 3 4 nucleus, one of 0+—0+ type with energy 812 keVt,
and the second 2+—2+ with energy 810 keV.

Several groups of conversion electrons (K, L, Mj,

*The transition 2+-2+ is indicated on the basis of [I461.
tA somewhat different value for the energy of this transition,

805 keV, is also given in the literature.[I53]

and Щ electrons) accompanying the foregoing E0
transitions, were observed in C152J. The ratio of the
intensities of the K-electron lines for the 810 and 812
keV transitions was found to be 1: (4 ± 1), from which
it follows that the probability of the second of these
transitions is much larger than that of the first. The
identification of the 810 and 812 keV E0 transitions
was confirmed by comparing the experimental value

[ 1 5 2 ] of К : L i : M! and of К : (Lj + Mi) with the theo-
retical ones t 1 1 · 1 9 ] . Figure 26 shows the scheme of
several low-lying levels* of U2 3 4, which is the decay
product of Np2 3 4, with indication of the E0 transitions
and their relative intensities '-152-'.

Electric monopole transitions of the 0+—0+ type
with energy 816.4 keV and the 2+—2+ with energy
817.5 keV have been observed t l 5 5 ] also for the U2 3 2

nucleus, produced as a result of j3~ decay of Pa 2 3 2 .
In addition to the foregoing examples of E0 transi-

tions, it must be noted that E0 transitions were ob-
served also for Ca 4 0 · 4 2 (see PM,2ie,iS2])i p d « 6 { s e e

[124]}> Cd114 ( s e e [154])f Th230,232 ( g e e [155-156])f

woe
Hp»

ίίί •

7S5

(ЕЮ
№

Ш.2-

Ί3.5-
i L 0-

E2 99,7

788

FIG. 26.

*The state 1 , corresponding to the 787 keV level, has not yet

been sufficiently accurately established in [1 S 21.
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^36,238,240 ( g e e [156-157]^ ^238 ( g e e [153,158]) a n d

Bi2 1 2 (see E 1 5 9 ]). The EO transition of Bi2 1 2 is the
only type 0"—0" transition observed to date (Δ = 176
keV, with 0" and 0~ the fourth and second excited
states C158H). The existence of electric monopole t ran-
sitions of the type J—J was also predicted and an e s -
timate of the parameter ρ was made by the method
described in pages 288-289 on the basis of the experi-

1 9 8 C"] 1 8 2 Mmental data for Hg198 (see
1 ^ ^

Pt 1 8 2 (see and
Au197 (see ^ 8 7 ^) . A summary of the most important
experimental data on EO transitions is given in Table
VII.

Of particular interest is the transition of Au197

since, unlike all the other nuclei given above, it can
have an angular momentum with half integer J only.
The scheme of the Au197 levels produced as a result

of β decay of Pt 1 8 or electron capture of Hg197 is
given in Fig. 27 E87^. The values of the number J cor-
responding to the levels shown in the scheme have been
accurately determined, with the exception of the 268-
keV level.

There are grounds for assuming £873 that the 191-
keV transition of Au197, which corresponds to an ap-
preciable experimental internal conversion coefficient
ββ = 2.5C l 6 o : i, should be regarded as an (EO + Ml)
transition of the %—% type (to this end it is suffi-
cient to prove that J = % for the 268-keV level).

The 268 keV level cannot be assigned J = 3/2, since
/3e would then be < 1. £"] Values of J larger than %
are excluded, for they would contradict the character
of the β decay ^8 7J. Consequently the 191-keV transi-
tion is actually Уг—У2.

Since electric quadrupole radiation is forbidden in
the У2 — У2 transition, formula (1.47) for the EO ad-
mixture simplifies greatly. We have

Wv (Mi)
We (EO)
Wy(Mi) +K- (3.10)

Substituting in (3.10) the experimental value /?e = 2.5
1, the theoretical value /3f = 1.0, and the value of

Wy(Ml) calculated by the Moszkowski f o r m u l a ^ , we
get W e (E0) =* 4 χ 1011 sec" 1 , and then in the usual
manner ρ « 0.5 ^8?^ . After correcting the e r ror noted
by Listengarten and Band, we have ρ = 0.70.

4. THEORETICAL ESTIMATES OF THE NUCLEAR
MONOPOLE MATRIX ELEMENT

In Sec. 1 we developed a general theory for E0
transitions, according to which the most important
characteristics are the quantities Μ and p—the nu-
clear and reduced nuclear monopole matrix elements.
It was also shown (Sees. 1—3) how to obtain the ex-
perimental values of Μ and ρ by comparing the re-
sults of the theory with the experimental data. A very
important problem is the comparison of these exper-
imental values with the theoretical estimates of Μ
and ρ made on the basis of different nuclear models,
for it is possible to establish in this way the degree

Table VII. The subscript in the designation for the spins of the ex-
cited nuclei denotes the serial number of the excited state, e*—
conversion with production of electron-positron pairs, e~—elec-
tron conversion (the remaining notation is explained in the text)

Nucleus

1. C12

2. 016

3. Ca4°
4. Ca*2
5. Ge»o
6. Ge™
7. Zr"o
8. Си"*
9. Pdioe

10. Pti»»

11. Аи" '

12. RaCXPO2")

Transition

05-+0+

0f->0+

0+->-0+

Οί->-0+
0+->-0+
0ί -*• 0+

0* -*- 0+
0 i - * 0 +
ot~>-o+
2ί-+2ί

( I X - G X
0+-+0+

Δ. Mev

7 . 6 5 6

6 . 0 5 1

3 . 3 4 8

1.836

1.215

0 . 6 9

1.734

1.308

1.137

0 . 3 3 4

0 . 1 9 1

1.416

C o n v e r -
s i o n

±
e

±
e

±
e , e "

±
,e , e~

e~

e~

±
e~, e

e~

e~

e~

e~

e~, e

t ( E 0 ) ,
s e c

^ 1 . 5 - 1 0 - n

7 . 2 - 1 0 ' H

3 . 4 · 1 0 " »

2 4 - 1 0 " '

3 - 1 0 " '

90-Ю-»
5-10-10
>10-8

2.5-10-12

2.5-10-11

Pexp

1
2

0.42

0.15

0.41
0.09
0.11

0.056
0.63

O.O13-H0.07O

0.70

0.17
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to which any p a r t i c u l a r model is applicable to any

specific nucleus whose monopole t r a n s i t i o n is ob-

s e r v e d .

The t h e o r e t i c a l e s t i m a t e s of ρ a r e based on dif-

ferent model r e p r e s e n t a t i o n s of the nucleus . It i s

s i m p l e s t to e s t i m a t e ρ by s t a r t i n g with the s ing le-

p a r t i c l e m o d e l . Since in this c a s e the s t a t e s of the

nucleus a r e dist inguished by the s t a t e s of the

" e x t e r n a l " nucleon moving in the field of a fixed

n u c l e a r r e s i d u e ( " c o r e " ) , the value of ρ can be

readi ly e x p r e s s e d in the form

the n u m e r i c a l values of Μ obtained by e x p e r i m e n t . *

According t o [ 8 4 ' 8 0 > 6 5 : i the l a t t e r a r e pract ica l ly the

s a m e for O 1 6 and C 1 2 and a r e equal to ( 3 . 8 - 5 ) x 10" 2 6

,2c m '
In [80] t h e r e a r e a l so e s t i m a t e s of Μ for C 1 2 and

(4.1)

w h e r e щ and uf a r e the wave functions of the init ial

and final s t a t e s of the nucleon. In the f i r s t t e r m the

Ζ/A2 in the sum preceding the integra l takes into

account the c o r e recoi l "-Ό, w h e r e a s the second t e r m

δρ has a value 0 o r 1, depending on whether the ex-

t e r n a l nucleon is a neutron o r a proton. The n u m e r i -

cal value of the integra l p ' can be obtained only by

making s o m e specific a s sumpt ion with r e s p e c t to the

f o r m of the averaged potential of the nucleons and the

solution of the c o r r e s p o n d i n g Schrodinger equation.

In very rough approximation, putting uf = щ = const

for r £ R and Uf = u; = 0 for r > R, we obtain p '
Γ7Ί

= 0 . 6 . In a l l o t h e r c a s e s w e s h o u l d e x p e c t p ' < 0 . 6 .

As can be seen from (4.1), for s ing le-proton t r a n s i -

tions in medium and heavy nuclei ρ & ρ', meaning

that ρ < 0.6. Even in the l ightest nuclei for which

0 + — 0 + t r a n s i t i o n s can st i l l be observed, this e s t i m a t e

О r e p r e s e n t e d in the form of s p h e r i c a l d r o p s of a

sl ightly c o m p r e s s i b l e liquid (the " l iquid d r o p " model

of the nucleus), the c h a r g e and m a s s of the nucle i

being uniformly d i s t r ibuted . It i s a s s u m e d that the

excited 0 + s t a t e of each of the nucle i c o r r e s p o n d s to

excitat ion of r a d i c a l l y - s y m m e t r i c a l pulsat ing o s c i l -

lat ions of the s p h e r i c a l d r o p such that the var ia t ion

of the density of the liquid at a d i s tance r f rom the

c e n t e r of the s p h e r e is proport ional to j o ( 7rr/R),

w h e r e j 0 i s the s p h e r i c a l Besse l function and R i s

the r a d i u s of the nucleus . If only such osc i l la t ions of

the d r o p nucleus a r e a s s u m e d in the calculat ion of

M, we obtain a s a r e s u l t

Μ
6Z Rh , / (4.3)

v a r i e s l i t t le (for example ρ s 0.625 for С ).

E s t i m a t e s of Μ w e r e m a d e for C 1 2 and O 1 6 on the

b a s i s of the α - p a r t i c l e model . According to this

model, the nuclei C 1 2 and O 1 6 c o n s i s t of t h r e e and

four α p a r t i c l e s , re spect ive ly . In the equi l ibr ium

posit ion, the a p a r t i c l e s a r e located at the v e r t i c e s

of an equi la tera l t r iang le ( C 1 2 ) o r t e t r a h e d r o n ( О 1 6 ) . ^ё ( Δ ) = η^Ζ

The excited 0 + s ta te of each of these nuclei is c h a r -

a c t e r i z e d by r a d i a l osc i l la t ions with equal phase ,

executed by the a p a r t i c l e s about the equi l ibr ium

posit ion ( " p u l s a t i n g " ) model .

Schiff '-80- gives a genera l formula with which to

calculate the n u c l e a r m a t r i x e l e m e n t Μ in this c a s e :

Μ = ZRah j /

The n u m e r i c a l va lues of M, ca lculated by F o r m u l a

(4.3) for C 1 2 and O 1 6 , exceed the c o r r e s p o n d i n g ex-

p e r i m e n t a l va lues even m o r e than in the c a s e of the

α - p a r t i c l e model .

We p r e s e n t one m o r e e s t i m a t e of p, based on the

liquid drop model of the nucleus, in which account is

taken, in addition to the radia l osc i l la t ions connected

with the c o m p r e s s i b i l i t y of the nucleus , a l so of the

polar izat ion osci l la t ions of the proton and neutron

components of the n u c l e a r liquid, the frequency of

the l a t t e r being much s m a l l e r than the frequency of

the f o r m e r . If the nucleus goes from the ground

sta te into the excited s ta te as a r e s u l t of polar izat ion

osc i l la t ions , then in the region of the t r a n s i t i o n en-

ergy Δ w h e r e the s p e c t r u m of the nucleus b e c o m e s

continuous the n u c l e a r m a t r i x e lement of the E0-pole

c a n be e s t i m a t e d with the aid of the following r e l a -

t i o n [ 1 2 ] :

_ 4 - i m F { x )

ΓΛ

w h e r e

ArnnA '
(4.2)

[(6 — x2) (x cos x — sin x) +2x* sin x]
x2 (x cos χ — sin x)

mnV0A; Γ Δ
ι EQ —

w h e r e m n i s the m a s s of the nucleon, Δ the exci ta-

tion energy, and R a the dis tance from the c e n t e r of

the α p a r t i c l e (in the equi l ibr ium position) to the

c e n t e r of the nuc leus . Assuming that the nuc lear

rad ius R is l a r g e r than the r a d i u s R a by 1.0 χ 10" 1 3

c m C 8 0 ] ) p o r m u i a (4.2) y ie lds Μ = 11 χ 10" 2 6 and 17

x 1O"2 6 c m 2 for C 1

( 4 . 4 )

( 4 . 5 )

\ ( 4 . 6 )

( 4 . 7 )

H e r e g( Δ)—densi ty of the n u c l e a r leve l s that can

b e excited in the E0 t r a n s i t i o n Γ and E r e s — w i d t h

and " r e s o n a n t " e n e r g y of the known dipole " r e s o -

n a n c e , " which a p p e a r s in ( γ ρ ) and ( γ η ) r e a c t i o n s ,

1 2
a n d O 1 6 , r e s p e c t i v e l y . T h e s e

r e s u l t s t u r n e d o u t t o b e m u c h o v e r v a l u e d (by t h r e e

a n d a l m o s t f ive t i m e s , r e s p e c t i v e l y ) c o m p a r e d w i t h

*The value of M, likewise calculated in ["] using the α par-
ticle model, was almost four tiroes larger than the experimental
value.
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and N is the number of neutrons. The derivation of
(4.4) is based on a comparison of the polarizabilities
of the drop, determined by the classical and by the
quantum methods, in response to a small perturba-
tion V = Xr 2 e i a ) t acting on this drop С 1 Й .

E s t i m a t e s of Μ and ρ based on the shel l model

of the nucleus w e r e m a d e in й 0 ' 1 6 2 " 1 6 7 ^ . Let us ex-

a m i n e in detail the t h e o r e t i c a l invest igations of M,*

using a s an example the 0 + — 0 + t r a n s i t i o n of C 1 2 ,

s ince among all the nuclei with observed EO t r a n s i -

t ions this nucleus c o m e s c l o s e s t to those light nuclei

that a r e m o s t successful ly explained by the shell

m o d e l s .

We a s s u m e f irst , in a c c o r d a n c e with Schiff '-80-

that j—j coupling ex i s t s between the nucleons of C 1 2 .

The ground s ta te 0 + of C 1 2 i s c h a r a c t e r i z e d by the

p r e s e n c e of four neutrons and four protons in the

Рз/2 she l l . We can expect the lowest excited s t a t e of

the nucleus to o c c u r when a s m a l l n u m b e r of nu-

cleons go from the P3/2 shell to the pl/2, d5/2, o r s t/ 2

s h e l l s . It is easy to see that the t r a n s i t i o n of at l e a s t

two nucleons is n e c e s s a r y for the formation of an

excited 0 + s t a t e .

If we now a s s u m e that all the nucleons in the

nucleus a r e independent (do not in terac t with one

another and move in the averaged c e n t r a l l y - s y m m e t r i -

cal potential field), then the 0 + —0 + t r a n s i t i o n will be

forbidden due to the vanishing of the n u c l e a r m a t r i x

e lement of the monopole. On the o ther hand, the

vanishing of the quantity

M = S ψ * ( 2 r l ) ψ * d r ^ 5 ψ ; ( 2 Ύ ( * + * ' ) Γ ? ψ < d r

P i

( t j — i s o t o p i c s p i n o p e r a t o r ) i s d u e t o t h e f a c t t h a t t h e

o p e r a t o r £ ) ( r p ) 2 o f t h e e l e c t r i c m o n o p o l e E O i s a

Ρ

s u m of o p e r a t o r s each of which a c t s only on the wave

function of one of the nucleons, and the configurations

of the p u r e s t a t e s of the s y s t e m of independent p a r t i -

c l e s should differ f rom one another in the 0+—0 +

t r a n s i t i o n by not l e s s than two nucleons . The 0+— 0 +

t r a n s i t i o n b e c o m e s poss ib le a l r e a d y when account is

taken of the res idua l in teract ion between the nucleons

a s a per turbat ion, s ince this in teract ion c a u s e s the

p e r t u r b e d s t a t e s to have components that differ in

t h e i r configurations by only one nucleon, so that the

m a t r i x e lement of the monopole will no longer be

equal to z e r o .

Assuming that the excited 0 + s t a t e with r e s u l t a n t

vanishing isotopic spin of the C 1 2 nucleus is real ized

as a r e s u l t of a two-nucleon t r a n s i t i o n f rom the p 3 / 2

shel l to the pj/ 2 shel l , and that the nuc lear potential

i s in the form of a r e c t a n g u l a r well of infinite depth,

while the res idual in teract ion between the two nu-

*From an estimate of the value of Μ we can estimate the di-

mensionless parameter ρ by using the relation ρ = M/R2, where

R i s the nuclear radius.

cleons i s given by the formula Vif = сб ( r j - r j )

w h e r e С i s a constant, Schiff obtained M the follow-

ing e x p r e s s i o n for Μ by per turbat ion theory :

M= -1.58.10 2 2 СД, (4.8)

w h e r e R i s in c m and С in MeV-cm 3 . It was a s -

s u m e d in the ca lcula t ions, on the b a s i s of [168] that the
excited 0 + s t a t e of C 1 2 with energy 7.66-MeV is

m a d e up of two s u b s t a t e s of the type ( T, J ) = ( 1 , 0 ) ,

two nucleons pj/2, and two " h o l e s " p 3 / 2 . If we sub-

st i tute the poss ib le n u m e r i c a l values of С and R in

(4.8), we obtain for Μ a r e s u l t which is s m a l l e r than

the exper imenta l ( M e X p t = 3.8 χ 10~2e c m 2 ) by a

factor of 6 C 8 0 ] .

F o r a nucleon coupling o ther than j - j , the theory

of the excited 0 + s t a t e of C 1 2 and the calculat ion of

Μ a r e given in '-162-'. There a r e five different LS

s t a t e s of a nucleus with ( T, J ) Ξ ( 0, 0 ) belonging to

the one and the s a m e configuration l p 8 . If the ground

and excited 0+ s t a t e s a r e l i n e a r combinations of the

indicated LS s t a t e s , then Μ vanishes in all poss ible

c a s e s of i n t e r m e d i a t e coupling, even when the r e -

sultant i sospin of at l e a s t one of the 0 + s t a t e s is

equal to 0 "-162- .̂ In o r d e r to obtain a nonvanishing

n u c l e a r monopole m a t r i x e lement it is n e c e s s a r y to

take into account the a d m i x t u r e of o t h e r configura-

t ions in the l p 8 configuration, p a r t i c u l a r l y the con-

figuration I p 7 2 p . Inasmuch a s the admixture of the

Ip 7 2p configuration (we neglect the a d m i x t u r e of the

r e m a i n i n g configurations) leads to very c u m b e r s o m e

m a t h e m a t i c a l manipulat ions when account is taken of

the res idua l in teract ion of the nucleons a s a p e r t u r b a -

tion and when an i n t e r m e d i a t e coupling is a s s u m e d

(in p a r t i c u l a r , to diagonalization of a 19-row m a t r i x ) ,

the calculat ion of the admixture and subsequent e s t i -

mate of Μ have been made for the l imit ing c a s e of

LS coupling (with account of the sp in-orbi t i n t e r a c -

tion as an additional p e r t u r b a t i o n ) . Such a s impli f ica-

tion, in the opinion of Sherman and Ravenhall " i s

justified, s ince t h e i r analys is of the exper imenta l

data ®9-' gives grounds for a s s u m i n g that the LS

coupling is apparent ly c lose to r e a l i t y .

As a r e s u l t of the calculat ion, the following formula

was obtained for the nuc lear m a t r i x e lement of the

monopole

M= - 0 . 0 3 2 7 1
'(.&' J

• 10" (4 .9)

w h e r e Vjj i s a p a r a m e t e r d e t e r m i n i n g t h e d e p t h of

t h e p o t e n t i a l of i n t e r a c t i o n b e t w e e n t w o n u c l e o n s , i n

t h e f o r m ί ϋ

V12=-V'0e « 3 4 l ° · 0 1 -

h)\. (4 .10)

w h e r e a' i s t h e c o n s t a n t i n t h e s p i n o r b i t i n t e r a c t i o n

α' Ха^Ц, σ\ and tj a r e the spin and isospin of the
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i- th nucleon, respect ive ly , l i—orbi ta l m o m e n t u m of

this nucleon, and K' is the Slater integral'-4-'.

In the der ivat ion of (4.9) the wave functions e m -

ployed c o r r e s p o n d e d to a parabol ic n u c l e a r potentia l .

The choice of t h e s e functions and of the p a r a m e t e r a,

which d e t e r m i n e s the width of the potential wel l* ,

was a l so based on the analys i s of the e x p e r i m e n t a l

d a t a[162,69]_

After subst i tut ing in (4.9) the m o s t probable va lues

of α ' / К ' = 5 [ 1 7 2 ' 1 7 3 ] and Vj = - 1 3 MeV (the l a t t e r i s

obtained by diagonalizing the in teract ion (4.10) for

t h r e e s t a t e s of the configurations l p 8 and 1ρ72ρ'-1 6 2-'),

the n u m e r i c a l value of Μ was found to be one- th i rd

the e x p e r i m e n t a l va lue.

According to m o d e r n theory of the atomic nucleus,

the s t r u c t u r e s of C 1 2 and O 1 6 a r e s i m i l a r in many

r e s p e c t s (this i s indicated, in p a r t i c u l a r , by the fact

that the exper imenta l va lues of Μ a r e a l m o s t the

s a m e for both) and the e n t i r e ca lculat ion method d e -

s c r i b e d above c a n be applied a l so for the nucleus O 1 6 .

The ca lculat ions of Μ and ρ for O 1 6 on the b a s i s

of the shel l model w e r e m a d e in Ьез-167] ы [Ш] u i s

s t a t e d that if the e x p e r i m e n t a l va lues for Μ a r e iden-

t ical for C 1 2 and O 1 6 , then the configurations of the

excited 0 + of t h e s e nuclei should differ a s l i t t le as

poss ib le from each o t h e r . Such configurat ions, in

p a r t i c u l a r , a r e I s 3 2 s l p 8 for C 1 2 and I s 3 2 s l p 1 2 for

O 1 6 . We s e e that they a r e produced by s ingle-nucleon

excitat ion of the interna l shel l , which i s the s a m e for

both nucle i . Assuming that the excited 0 + s t a t e of

O 1 6 belongs to the I s 3 2 s l p 1 2 configuration, Redmond

" 6 3 ^ calculated with the aid of the wave functions of

the h a r m o n i c o s c i l l a t o r the n u c l e a r monopole m a t r i x

e l e m e n t M. It is seen from his ca lculat ions that the

value of Μ calculated by the shel l model exceeds

somewhat the r e s u l t obtained by calculat ion in the

s ing le-par t ic le approximation (this fact is noted a l so

in ^ ) . In addition, it was found that if we choose

the width of the o s c i l l a t o r potential well a such that

the m e a n s q u a r e deviation of the individual nucleon

from the c e n t e r of the nucleus, ca lculated with the

aid of the wave functions of the h a r m o n i c o s c i l l a t o r ,

i s equal to the m e a n s q u a r e deviation of the nucleon

from the c e n t e r of the s p h e r i c a l nucleus that is uni-

formly filled with nucleons, then the theore t ica l

value of Μ coincides with the e x p e r i m e n t a l one. On

the o ther hand, if the width of the o s c i l l a t o r potential

well is taken f rom the exper imenta l data ^ , as is

done in L162-, the t h e o r e t i c a l value of Μ will again be

much s m a l l e r than the e x p e r i m e n t a l one. Elliot'-1 6 4^

indicates a l so that upon sui table choice of the con-

s tant a in the wave function of the h a r m o n i c osc i l la-

tor , it i s poss ible to attain complete a g r e e m e n t be-

tween the t h e o r e t i c a l and e x p e r i m e n t a l va lues of Μ

by a s s u m i n g that the excited 0 + s t a t e of O 1 6 i s

*See, for example, [17il (except that a is denoted there by r0).

r e a l i z e d by uniform shift of the configurations

I s 3 2 s l p 1 2 and 1 з 4 1 р и 2 р (both by 50%).

The invest igat ions made in D 6 6 ~ m 3 of the depend-

ence of the t h e o r e t i c a l va lues of the n u c l e a r monopole

m a t r i x e l e m e n t and the energy of the excited 0 +

s t a t e of O 1 6 on the p a r t i c u l a r m i x t u r e of configura-

t ions making up th i s s t a t e , and a l so on the choice of

the p a r t i c u l a r constant a in the h a r m o n i c - o s c i l l a t o r

wave function, shows that i t i s imposs ib le to attain

s imultaneous a g r e e m e n t of the t h e o r e t i c a l r e s u l t s

with the exper imenta l data of ,M and of the excitat ion

energy .

The shel l model was used a l so for a t h e o r e t i c a l

ca lculat ion of the l i fet ime of the f i r s t-exc i ted 0 +

s t a t e s ( meaning a l so the m a t r i x e lement Μ ) of Z r

and G e 7 2 . Since the 0 + s t a t e of Z r 9 0 i s due to a two

proton excitat ion of the p 2 / 2 —* g|/ 2 type (see page

739), we can employ in the calculat ion of τ ( 0 + * ) the

a l r e a d y mentioned method of Schiff '-80-' ( see page

744). The calculat ion yielded [ l f l τ( 0 + * ) = 5.1

χ 10~9 C~2 s e c , w h e r e С is the constant in the nu-

cleon-nucleon i n t e r a c t i o n of the type g ^ Co(rj — r j ) .

Comparing the t h e o r e t i c a l value with the exper imenta l

one T e x p t ~ (90 ± 6) x 10~9 s e c , we get С = 0.23.

Assuming that the 0 + s t a t e of G e 7 2 i s a lso due to a

two-proton excitat ion (the p l ^ —* f|/2 t r a n s i t i o n o r i t s

i n v e r s e ) , we can ca lcula te analogously Ttheor< 0 + * ) G e ,

which was found to equal Й 7 ~ 1 Й 7.6 x 1O~9C"2 s e c .

Compar ing i t with the e x p e r i m e n t a l data, we obtain

С = 0.16. On the o t h e r hand, if we d e t e r m i n e С from

the s inglet nucleon-nucleon in teract ion with a r e c -

tangular potential well 35 MeV deep and with effective

r a d i u s 2 x 10~ 1 3 c m , then we get С = 1.2. We can

t h e r e f o r e conclude that if the theory p r e s e n t e d above

for the 0 + s t a t e s of Z r 9 0 and G e 7 2 and the approx i-

mat ions employed a r e meaningful, then 80—86% of

the nucleon-nucleon i n t e r a c t i o n e n t e r the c e n t r a l

n u c l e a r potential and only 20—14%) of this in teract ion

belongs to the p e r t u r b a t i o n . This conclusion c o n t r a -

dicts the theore t ica l proof given in '-18-' tha t the nu-

c l e a r monopole m a t r i x e l e m e n t Μ i s d e t e r m i n e d in

two-nucleon t r a n s i t i o n s by the total nucleon-nucleon

i n t e r a c t i o n .

Attempts have been m a d e to r e c o n c i l e the theory

with e x p e r i m e n t by a way somewhat different than

that d e s c r i b e d above. Since the e s t i m a t e s of Μ ob-

tained on the b a s i s of the shel l model a r e usual ly too

low, and the values of Μ calculated with the aid of

the col lect ive models ( α - p a r t i c l e and l iquid-drop)

a r e too l a r g e c o m p a r e d with the e x p e r i m e n t a l r e -

su l t s , the thought a r i s e s that the m o s t p r o m i s i n g

n u c l e a r model for obtaining a c c u r a t e e s t i m a t e s of Μ

should be m o r e " c o l l e c t i v e " than the shel l model and

l e s s " c o l l e c t i v e " than the α - p a r t i c l e and l iquid-drop

m o d e l s . This idea is adhered to by the authors of'-17S^,

who s t a r t with the α p a r t i c l e model of the O 1 6 nu-
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cleus * and then show that the wave functions de-
scribing the α-particle states can be used to obtain
approximate shell-model functions. With the aid
of the latter, calculated on the basis of pulsating
particle oscillations for a mixture of configurations
of the type l s ' ^ s and lp - 1 2p with allowance for
small admixtures of configurations of the type
lp~2ld2, lp~2ld2s, and lp" 2 2s 2 , a value almost three
times larger than the experimental one was obtained
for Μ( О1 6) ( Mtheor = 11 x Ю~26 c m 2 ) .

The collective motion of the nucleons was taken
into account in the calculation of M( O1 6) by an en-
tirely different method in L177,178J_ p o r e x a m p i e j

Griffin '-177-1 describes the collective motion of the
nucleus by the so-called "generating" coordinates
method, which he developed together with Wheeler'-179-'.
According to this method, the wave function of the
nucleus is represented in the form of the integral

Ψ(χ)=Ψ(Χι, . . . . * , , ) = $ 0>(z lf . . . . xA; a)/(a) da, (4.11)

where xi = (xj, yj, ζ\, a Z j , tZj) are the spatial co-
ordinates, the spin coordinates, and the isospin co-
ordinates of the i-th nucleon, and α is a "generat-
ing" coordinate, corresponding to the collective
degree of freedom of the nucleus (deformation co-
ordinate). The form of the function f (a) is estab-
lished by a variational method С18Й1\ The function Ф,
on the other hand, is given in the form of a determi-
nant

lt a)...uA(xu a)

α)=μ!)~

a)...uA (xA, a)

(4.12)

where the dependence of the single-nucleon wave
functions ui on a is determined by the character of
nuclear deformation.

Thus, for the case of volume oscillations, the
"generating" coordinate a is contained in the func-
tion щ in the following manner:

u( (XJ\ a) = u, (xp~a, yp~a, ζρ-α, aZj, tz.\ 0) , (4 .13)

w h i l e f o r q u a d r u p o l e o s c i l l a t i o n s

щ (xj; a) = щ (x}e2, yte\ zp~a, a2J, tZj; 0). (4.14)

*The a particle model was used first for a description of 0"
in [»·].

tBy minimizing the integral / Ψ * Η 4 Μ Γ , where

Pm+ ЬР»-\~пР")

i s a general expression for the interaction between two nucleons
with account of nuclear forces of different types.[17O1

The spatial part of the function щ is chosen in
the form of the wave function of the three-dimensional
harmonic oscillator, and the constant a in the ex-
ponential factor exp ( -r 2 /2a 2 ) is determined by the
method indicated above (see page 000) for different
values of r o ( r o = 1.5, 1.2, and 1.28; R = r 0 x 10~13

A1 '3 c m ) . By using the "generating" coordinates
under the assumption that the first excited 0+ state
of O16 is due to volume oscillations [щ is given by
(4.13)], one calculates the energy of the first excited
0+ state and the nuclear monopole matrix element
M( O 1 6 ) . The results of the calculation made for dif-
ferent values of the constants W, m, b, P o, and r 0

turn out to be highly exaggerated (by 2—5 times) as
compared with the experimental data [ Mtheor ( O1 6)
= (17-22) x 10"2 6 cm 2, while M e x p ( O1G) = 3.8 x 10"26

c m 2 ] , it having turned out that the frequencies of the
collective oscillations are comparable with the fre-
quencies of the single-particle excitations. It is
concluded therefore that even the low excited states
of the nucleus are apparently mixtures of the collec-
tive and single-particle excitations.

Ferrel and Visscher '-178-' have proposed, like
Griffin С ш З that the first lowest excited states of O16

are due to volume oscillations in accordance with
(4.13). The wave functions for these states are
written by them on the basis of '-180-' in the form (4.11).

-ha
Φ (χ, α) = Φ (e~ax, 0) e 2 ,

(4.15)

where A is the mass number and Φ (x, 0) is defined
by means of a determinant of the type (4.12). Ex-
panding subsequently Φ (x, a) in powers of a and
retaining the first-power term, the authors prove
that the wave function describing the first excited
collective state of the nucleus is approximately equal
to the wave function obtained on the basis of the
shell model for a mixture of the two configurations
l s - 1 2 s and lp - 1 2p. The contribution made to the en-
ergy of the first excited 0+ state from the single-
particle energies of the nucleons 2s and 2p, and also
the form of the function Vij necessary to calculate
the resonant contribution to the excitation energy, is
established by using different experimental data and
assumptions (in particular, it is assumed that the
radii of the nuclei O16, O15, and N15 are equal). As
a result of estimates and calculations, the values
obtained for the energy of the first excited 0+ state
and of the nuclear monopole matrix element Μ are
l-'/2 and 2 times respectively larger than the experi-

mental data. In addition, it is indicated [181] that if
the amplitudes of the volume oscillations of the s
and ρ shells are assumed different, and also account
is taken in the wave function of admixture of states
arising in two-nucleon excitations from the lp to the
2s and Id shell, it is possible to obtain complete
agreement between the theoretical and experimental
results. Griffin'-177-1, however, regards the results of
Ferre l and Visscher as doubtful, owing to the insuf-
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ficient justi f ication for us ing the v a r i o u s exper imenta l

data in the e s t i m a t e s of the 0 + -exci tat ion energy .

According to Griffin, in a r i g o r o u s ca lculat ion

b a s e d only on the choice of s o m e p a r t i c u l a r function

Vij, F e r r e l and V i s s c h e r should obtain r e s u l t s c l o s e

to his own (see page 746), s ince t h e i r wave functions

a r e approximat ions of h is wave functions.

The nuc lear wave functions obtained by F e r r e l and

Visscher by the method d e s c r i b e d above w e r e s u b s e -

quently used by them '-1 8 L in a theore t ica l calculat ion

of the form factors F ( К ) for the e l e c t r o n monopole

excitat ions ( see Sec. 2) of C 1 2 and O 1 6 . A d e t e r m i -

nant of the form (4.12) made up of the s ing le-par t ic le

functions of the harmonic osc i l l a tor , was chosen for

the function Ф ( х , О). The ca lculat ions yielded

adiabatic approximation method in the calculat ion of

!
Via)

for C 1 2 and

• 72α ^ 1 1 0 α )

(4.16)

(4.17)

for Ο 1 6 , w h e r e a i s a cons tant d e t e r m i n i n g the width

of the o s c i l l a t o r potential wel l . * A c o m p a r i s o n of the

t h e o r e t i c a l form factor F 0 + ( K ) for C 1 2 with a s o -

cal led " m e a s u r e d " value (see page 735) shows" 8 2 - 1

that the f o r m e r is l a r g e r than the l a t t e r by 25%. It is

concluded there fore that the 0 + s ta te of C 1 2 i s

r e a l i z e d in p a r t by col lect ive and in p a r t by s ing le-

nucleon exc i ta t ions . A somewhat different opinion is

e x p r e s s e d in '-182-' with r e s p e c t to O 1 6 . Inasmuch as

the c losed ρ shel l of the O 1 6 nucleus does not have

low-lying excited nucleon configurat ions, t h e r e a r e

grounds for a s s u m i n g that the 0+ s t a t e of O 1 6 will

a l r e a d y be a pure ly col lect ive s t a t e .

Touchard accounts differently for the col lect ive

motion of the nucleons in the calculat ions of Μ and

of the energy of the f i r s t excited 0 + s ta te of O 1 6 . He

a s s u m e s that the c e n t r a l l y - s y m m e t r i c a l potential

of the shel l model v a r i e s slowly in t i m e . As shown

by Inglis '-183J, such an assumpt ion is equivalent to

introducing an additional dynamic v a r i a b l e , which

d e t e r m i n e s the col lect ive degree of f reedom of the

nucleons, in this c a s e the volume osci l la t ions of O 1

By way of a c e n t r a l potential, the potential of the

i sot ropic harmonic osc i l l a tor was chosen

V (,-, σ ' ) = — V0 + -l Ь~о'г{Г)гг,

1̂6

'-182-'

w h e r e σ ' = j3'2r2, Ι/β' i s the width of the potential

well, r 0 the effective r a d i u s of the n u c l e a r f o r c e s ,

and m n the nucleon m a s s . By v i r tue of the slow

var ia t ion of σ ' with t i m e , it i s poss ib le to use the

*The recoil of the nucleus and the difference between the labora-
tory and the c.m.s. coordinates were neglected in the calculations.
These simplifications lead to an error of several per cent at the
electron energies usually employed in the experiments. Since the
percentage of the error is proportional to the recoil velocity, the
error increases with increasing energy.

the wave function [183] The calculat ion yie lds for the

wave function, in f i r s t o r d e r with r e s p e c t to σ ' , the

e x p r e s s i o n

Ψ = ι (4.19)

w h e r e the functions u ( a ' ) d e s c r i b e s the s ta t ionary

s t a t e s of the nucleon s y s t e m at the given ins tant of

t i m e . The energy is ca lculated f rom the formula

\ Ψ*ΗΨ dr = Ε (σ') + 4 - 5 (σ') σ'2,

where H is the Hamiltonian and

ΤΪΟ7

кфО
/ιωη0 (σ')

( 4 . 2 0 )

( 4 . 2 1 )

I n u s i n g F o r m u l a s ( 4 . 1 8 ) — ( 4 . 2 0 ) , t h e v a l u e s o f

Δ ( Ο 1 6 ) and M ( O 1 6 ) a r e ca lculated. In the ca lcu la-

tion of Ε ( σ ' ) , the expres s ion used for Уц i s the

s a m e as in'-178-' ( see pages 745-746). The calculat ion

yields for M ( O 1 6 ) a value which is 2—3 t i m e s l a r g e r

than the exper imenta l one. The n u c l e a r m a t r i x

e lement of the monopole is proport ional to V~A. If we

take Δ equal to the exper imenta l value 6.05 MeV,

then the t h e o r e t i c a l value of Μ will be only sl ightly

l a r g e r than the exper imenta l one (V3)· In conclusion

it m u s t be s ta ted that the m o s t doubtful a s p e c t of this

method is that in spi te of the u s e of the adiabatic a p -

proximat ion, the energy of the col lect ive motion of

the nucleons is c o m p a r a b l e with the energy of the

individual nucleon, obtained on the b a s i s of the inde-

pendent-par t ic le model a s s u m i n g a n u c l e a r o s c i l l a t o r

field.

T h e o r e t i c a l e s t i m a t e s of the n u c l e a r m a t r i x e le-

m e n t of the monopole for medium and heavy even-

even* nuclei is usual ly b a s e d on the unified model .

T h e r e a r e grounds for a s suming that the low-lying

levels of a l m o s t all these nuclei have a pure ly c o l l e c -

tive c h a r a c t e r 0 4 ' 6 3 ' 1 8 4 1 1 . It has been es tabl i shed by

e x p e r i m e n t that the angular m o m e n t a of the nuclei in

the ground and in the f i rs t two excited s t a t e s usual ly

form one of t h r e e s e q u e n c e s : 1) 0 + —2 + —0 + , 2) 0+—2 +

—2 + , and 3) 0+— 2 + — 4 + (with poss ib le E0 t r a n s i t i o n s

in the f i r s t and second c a s e s ) . Depending on the r a t i o

E 2 / E t of the e n e r g i e s of the second and f i r s t excited

leve l s , obtained from the e x p e r i m e n t a l data, all the

nucle i mentioned above can be approximate ly broken

up into two groups . The f i r s t group includes those

with E 2 /Ej > 3. They a r e s i tuated in the i n t e r v a l s

150 < A < 190 and A >214. The second group includes

nuclei with E 2 / E t =£ 2.5. T h e i r low-lying levels a r e

pract ica l ly equidistant from one a n o t h e r . These

nuclei a r e s i tuated in the interval 60 < A < 150 and

190 < A < 2 1 4 . [ 1 8 5 ]

*The theory of the remaining nuclei has not yet been suffi-
ciently well developed.
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Table Vm

Nucleus

с»

016

! Са«

Se'6

Se?8

Zr»o

RU1OO

| So8**

I

P()106

Cd"o

Cd««

']'e122,126

Te124

Cd1 5 4

Erie»
Osi88

pt134

Ptise

Hgl98
i

(0* _•(>*).
10-26 cn^

3.8

3.8

Qexp

(0 -*0 )

1

2

0.42

0.15

0.056

0.63

Oexp

(2 - 2 )

0.013—0.070

1
< 14

Mtheor(0*'—0*).
10-28 cm2

11", 134 — Л / е х р

 c,

1 „ d
3 «exp
10», 14,7f, 17g,

19h, 0,6'

Mexp

k~l, 10m,

17—22", (2—3)
Mexp °

Otheor

(o+'-m

0.26m

0.465p

0.390P

0.16m

0.352P

0.227P

0.306P
0.370P

0.262P

0.290P

0 . 2 0 1 Ρ

0 . 1 5 3 P

O t h e o r

O . O 4 6 5 P

0 . 0 3 3 2 P

0 . 0 2 7 5 Ρ

0 . 0 1 6 P

0 . 0 2 1 7 P

0 . 0 2 8 6 Ρ

0 . 0 1 6 8 P

0 . 0 1 9 P

0 . 0 9 5 r

0 . 0 1 0 8 P

0 . 0 0 7 3 P

0 . 0 4 6 '

0 . 0 0 6 '

0 . 0 1 4 '

0 . 0 4 0 '

0 . 0 3 0 '

0 . 0 4 5 '

a,e , g α-particle model [«о· 1»'»"]; Ь, h—liquid drop model [*"]; c, d, i, 1—shell model
with s ta te 0 + *, corresponding in the case of C " to the configuration c lp'22p2L*0]; d mix-
ture of configurations lp ' and lp'2p [162J (in the case of 0 1 6, the configurations ' 1ρ·22ρ2

[*°], k l s-^sl 1 ™]) and I mixture of 50% configuration l s - 1 2 s and 50% configuration
1р" 12р[ 1 6 4]; Щ, η—collect ive model with "generating coordinates" after Ferrel and
VisscherL1™] and after Gri f f in[ m J; o—model of "forced rotat ion" of Inglis [ l · 2 ]; p —
model of quadrupole collective excitat ions L l " j ; r—-Davydov and Filippov model of non-
axial nuclei (with account of non-adiabaticity L 1"]).

I t i s a s s u m e d t h a t t h e n u c l e i o f t h e f i r s t g r o u p h a v e

a x i a l s y m m e t r y a n d t h a t w i t h i n t h e l i m i t s of a p p l i c a -

b i l i t y o f t h e a d i a b a t i c a p p r o x i m a t i o n t h e c h a r a c t e r o f

t h e i r l o w e s t c o l l e c t i v e e x c i t a t i o n s i s p u r e l y r o t a t i o n a l .

L o c a t e d a b o v e t h e r o t a t i o n a l b a n d o f s u c h n u c l e i i s

the /3-vibrational band (with К = 0, where К is the
projection of the angular momentum on the symmetry
axis of the nucleus), the γ-vibrational band (with
К = 2) and other level bands; E0 transitions of axial
nuclei are possible only between the /3-vibrational
levels and the rotational levels of the ground band
(owing to the selection rules | ΔΚ | s L) .*

The second group of nuclei is presumed to
possess no axial symmetry and their lowest levels
are assumed to be excited because of surface quadru-
pole oscillations (model of quadrupole collective ex-
citations '-185-') or rotations with conservation of the
form of the nuclear surface (the "model of nonaxial
nuclei" of A. S. Davydov and G. F. Filippov t l 3 9 ] ) .

An estimate of the reduced nuclear monopole

matrix element ρ under the assumption of hydrody-
namic phonon excitations of the quadrupole type (the
first of these models) was made by Grechukhin [-1 2 > 1 8 Й.
A calculation carried out in the harmonic approxima-
tion yielded

for two-phonon transitions and

(4.22)

(4.23)

*Of course, if the adiabaticity conditions are satisfied.

for single-phonon transitions (2 + ' and 2* are
neighboring states). Here β2 = 5Κω/2Ο, where ω is
the frequency of the quadrupole oscillations and С
the stiffness parameter.

The estimate (4.23) is only the lower limit, for if
anharmonicity is taken into account, two-phonon
transitions of the type 2+ / —* 2+ are also possible.

Numerical values of (4.22) and (4.23) for known
values of ~β2 are listed in Table VIII.

Estimates of p( 2+'—2 + ) for different nuclei
were made on the basis of the Davydov and Filippov
method by Rostovskii'-140-'. According to this model,
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the f i rs t excited s ta te 2 + p e r t a i n s to the ground-

s t a t e band of rotat ional s t a t e s and 2 + / i s the so-ca l led

" a n o m a l o u s " rotat ional s ta te of the nucleus, o c c u r -

r ing only when the " n o n - a x i a l i t y " p a r a m e t e r у dif-

fe r s f rom 0 '-186-1. If both s t a t e s a r e a s s u m e d to be

pure ly rotat ional , then the EO t r a n s i t i o n between the

s t a t e s 2 + ' — 2 + will be complete ly forbidden b e c a u s e

the o p e r a t o r EO= ^ r p is sca lar ' - 1 8 . On the o ther
Ρ

hand, if the coupling between the rotat ion and the β

vibrat ions i s taken into account in the ca lculat ion of

the n u c l e a r wave functions descr ib ing the s t a t e s 2 + '

and 2 + , the probabil i ty of EO t r a n s i t i o n between the

2 + / and 2 + will a l r e a d y differ f rom z e r o . *

Rostovski i [ 1 4 Й ca lculated the value of ρ ( 2 + ' —* 2 + )

for P t 1 9 6 , H g 1 9 8 , Cd 1 1 4 and other nuclei (see Table

VIII) u n d e r the assumpt ion that the r o t a t i o n and β

vibrat ion o c c u r with adiabatic s lowness , but account

i s taken of the dependence of the equi l ibr ium value of

у on the p a r a m e t e r β (which d e t e r m i n e s the devia-

tion of the n u c l e a r shape f rom s p h e r i c a l ) . t The

wave functions used in the calculat ion a r e r e p r e -

sented as a superpos i t ion of ro ta t ional-v ibra t ional

functions, the form of which has been es tabl i shed on

the b a s i s of D39,i86,i90-i92]_ T h e c o e f f i e i e n t s d e t e r m i n -

ing the superpos i t ion a r e d e t e r m i n e d by per turbat ion

theory in the f i r s t approximat ion. The data on the

leve l s 2 + / and 2 + of different nuclei , which a r e

needed for the calculat ion, and a r e taken from

[153,193-196] _ T h e r e g u i t s o f the c a l c u l a t i o n s ' a r e in

good a g r e e m e n t with the e x p e r i m e n t a l va lues of ρ

(wherever the l a t t e r a r e avai lable; s e e Table VIII).

On the b a s i s of the genera l theory of col lect ive

exci ta t ions due to ro ta t ion and β and 7 v ibrat ions of

the n u c l e a r sur face, a theory developed by Davydov

[197,198]̂  e s t i m a t e s w e r e made in'-199^ for the values of

ρ of even-even nucle i , both s p h e r i c a l and n o n s p h e r i -

c a l .

1. Spherical nucle i , a) For the EO t r a n s i t i o n b e -

tween the f i r s t excited β v ibrat ional and g r o u n d - s t a t e

leve l s with 0 spins the value obtained is'-199-'

The energy of the 0 + —0 + t r a n s i t i o n is Εβ = Шш,

w h e r e ω = VC/B. It is easy to note that the r e s u l t s

of (4.24) and (4.22) coincide.

b) In the c a s e of an EO t r a n s i t i o n between the

f i r s t excited γ-v ibrat ional s ta te (with energy Εγ

= 3Τϊω) and the ground 0 + s t a t e , ca lculat ion yields

a s m a l l e r value of ρ, namely

8 / 4 2 π 2

Poo· (4.26)

c) F o r the t r a n s i t i o n between the f i rs t Ογ and

leve l s

(4.27)

d) The value of ρ (22—21) for the t r a n s i t i o n b e -

tween the second and f i r s t excited 2 + l eve l s with

e n e r g i e s 2Κω and h"a> respect ive ly coincides with

(4.23).

2. Nonspher ica l nuclei with m i n i m u m of potential

energy c o r r e s p o n d i n g to a value γ 0 = 0. The ca lcu la-

tion of the values of ρ ( Οβ — 0 + ), ρ ( 0-y — 0 + ), and

ρ ( ОЙ —* Ογ) i s made in this c a s e '-199-' a s s i

s m a l l non-adiabat ic i ty p a r a m e t e r μ = ΐ / β 0

[200] ) and a s m a l l value of

V C-v/B and ω

{U < У г) ( introduced in

Г = μ -J ω/2ω·γ, w h e r e ωγ

a r e the f requencies of the у and /3 v ibrat ions, r e -

spectively (with Г < 15) .

The following r e s u l t s w e r e obtained:

1) Q ( 0 | - > 0 · ) - -

for a t r a n s i t i o n energy Εβ = R ^ ;

~ 4 _ 4 5 / 5

28π2

2)

for a t r a n s i t i o n energy Εγ =

135/5
3) 0+) = -

з
l/o „2

4) Q ( 2 2 - 2 1 ) =

28 / 2 π 2

30 / T O

(4.28)

(4.29)

(4.30)

(4.31)

H e r e /3Q0—mean s q u a r e of the ampli tude of the z e r o -

point osc i l la t ions of the n u c l e a r sur face, equal to

h/VBC; B—inert ial p a r a m e t e r , and C—one of the two

stiffness p a r a m e t e r s contained in the e x p r e s s i o n for

the potential energy of the nucleus

F ( p , v ) = ^ C ( P - P o ) 2 + 4-CvK(Y~Yo) 2, (4.25)

which i s u s e d in the indicated theory of Davydov t .

*This dependence was established in [™β.ιβ9].
t Since to each level with any J there corresponds in the theory

of nonaxial nucleus an "anomalous" level with the same J, the EO
transitions between all levels of this type are possible in principle.

XC, Cy, β 0 , and y0 are parameters of the theory. For spherical
nuclei βα = 0 and (4.25) has the form usually employed in the model
of quadrupole collective excitations in the harmonic approxima -
t i o n J " 5 !

It is seen from (4.28) and (4.29) that the 0} — 0 +

t r a n s i t i o n i s much l e s s probable than the 0 ί —* 0 +

t r a n s i t i o n .

3. Nonspher ica l nucle i with γ 0 - 10". A calculat ion

of the reduced n u c l e a r monopole m a t r i x e lement ρ

h a s a l so been m a d e *-199^ in the approximat ion w h e r e

the p a r a m e t e r s μ and Γ a r e s m a l l . The value of

ρ ( 0η —» 0+ ) was found to coincide with (4.28). The

r e m a i n i n g formulas for ρ a r e in the f o r m

3
28 л 2

— 4 5 / Ϊ 0

3

56π2

» sin3 γ0, ( 4 . 3 2 )

ο. (4.33)

F r o m all the foregoing and from re la t ions (4.24)
and (4.26)—(4.33) it follows that to find the n u m e r i c a l
values of ρ i t i s sufficient to d e t e r m i n e e x p e r i -
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mentally the parameters В and С in the case of
spherical nuclei and the parameters В, С, Су, Уо>
μ in the case of nonspherical nuclei. Comparison of
the theoretical value of ρ with the experimental ones
can then be used to establish the γ and β vibrations
that give rise to the nuclear states with zero spins.

It is easy to note that the ratio of ρ ( 0γ —* 0 +) to
0^ ОД) or to ρ ( ОД — 0*) is equal to 1/3 v V F

for spherical nuclei, and is inversely proportional to
μ for nonspherical nuclei. These ratios can also be
used to establish the character of the levels of nuclei
with zero spin.

Mention should also be made of the theoretical
estimates given in ^"^ for the ratio of M( 0+ — 0+)
to the reduced probability B( E2; 0+ — 2+) in the
level sequence 0+ — 2+ — 0+ (denoted by E0/E2)

ρ ( 0^

for the nuclei Sm1 5 2 (Fig. 25) and Pu 2 3 8 (see
The calculation is based on the notion of a nucleus in
the form of a uniformly charged spheroid, which
executes quadrupole oscillations about an equilibrium
deformation without change in volume. As a result of
the calculations, identical values of E0/E2 = 0.23
have been obtained for both nuclei. The experimental
value of E0/E2 for Pu 2 3 8 is equal to 0.14, that is, it
differs little from the theoretical value. For Sm1 6 2,
the experimental value is E0/E2 = 0.016. The devia-
tion from the theory is large and difficult to explain
C20J

The theory of E0 transitions of nuclei with odd A
is so far in the development stage. It is established
in'-187- that for nuclei of the "neutron plus even c o r e "
type the probability of E0 transition will differ from
zero if the model of quadrupole collective excitations
is used for the description of the core. The order of
magnitude of ρ will in this case be comparable with
the values of ρ given by relations (4.21) and (4.22).
It is also shown there that the probability of E0
transitions of these nuclei is equal to zero if the core
is described by the Davydov and Filippov model and
if it is assumed that the form of the nuclear surface
remains unchanged upon interaction between the core
and the external nucleon.

A summary of experimental and theoretical values
of Μ and ρ for different nuclei is given in Table VIII.

CONCLUSION

On the basis of the foregoing exposition we can
make the following brief conclusions and remarks.
The general theory of monopole transitions of nuclei

*In t201] E0/E2 is also calculated by starting with a model in
which a coherent superposition of individual excitations of the most
readily polarized protonsi202] situated near the Fermi surface is
used to describe the quadrupole oscillations of the nuclei under
consideration.

As a result of the calculation made with the aid of the wave
functions of the individual nucleons situated in the anisotropic har-
monic oscillator potential field, we obtain, assuming the volume of
the nucleus to remain constant, EO/E2 = 0.50 for Pu2" and EO/E2
= 0.61 for Sm152.

is sufficiently fully developed (to be sure, this ap-
plies more to E0 transitions than to M0 transitions;
Sec. 1). On the other hand, the experimental investi-
gations of monopole transitions, although abundant,
are insufficient (Sec. 3). So far the investigations
cover principally electric monopole transitions of the
0+—0+ and 2+—2+ type, which occur in even-even
nuclei. There is only one example of observed E0
transitions of the type 0~—0~ (Bi 2 1 2 ) and V2

+—V2

 +

(Au 1 9 7 ). It is also reported in ^οΰ that an E0 transi-
tion 4+—4+ has been observed in Np 2 3 8 . Experimental
data on the observation of magnetic monopole transi-
tions ( 0"—0+ in O1 6, page 729) are so far skimpy
and doubtful.

Of great importance is the question of the excita-
tion of monopole transitions. Although in most cases
monopole transitions were observed in daughter
nuclei following β decay, nevertheless the fraction
of these transitions per single /3-decay event is very
small. Therefore the observation of monopole transi-
tions is made most difficult by the background pro-
duced by other possible transitions.

To excite monopole transitions (principally in
light nuclei) it is also possible to employ nuclear r e -
actions which result in product nuclei that are in
excited states. The deexcitation of these nuclei oc-
curs most frequently via monopole transitions. The
main possible reactions are of the type (p, p 'v),
(P. У)> (P> oi'y), (η, γ ) , and (η, η 'γ) , the latter re-
action having, in accordance with '-132-', many advan-
tages. Among these advantages are, for example, the
well defined reaction threshold, which makes it pos-
sible to establish with sufficient accuracy the excita-
tion energy of the product nucleus, as well as the
appreciable effective reaction cross section, which
is independent of Z.

The most promising method of exciting E0 transi-
tions is the method of Coulomb excitation of nuclei.
Direct monopole excitation of the nuclei is possible
only by inelastic scattering of the electrons by nuclei
(so far only one case of such interaction was inves-
tigated—excitation of the 7.66 MeV level of C1 2; Sec.
2). However, indirect excitation of monopole transi-
tions via inelastic collisions of heavy charged parti-
cles with nuclei is also possible. The incoming parti-
cle first gives r ise to multipole transition of the
nucleus from the ground state to an excited one which
lies sufficiently high. It is quite possible that during
the subsequent deexcitation of the nucleus via the
intermediate levels there occur also monopole transi-
tions .

An important role is played in the study of E0
transitions by the knowledge of the. theoretical values
of the nuclear matrix elements Μ and p. It is from
the coincidence of these theoretical values with the
experimental ones that the structure and character
of the nuclear levels between which the E0 transition
occurs can be judged. Unfortunately, in spirit of the
rather large number of papers devoted to theoretical
estimates of Μ and p, based on different nuclear
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models, this agreement occurs only in individual
cases (see Table VIII). In this connection, further
development and improvement of the different nu-
clear models (principally the unified model) are
urgently needed.
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