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1. INTRODUCTION

MANY-PHONON processes are customarily defined
in solid state theory as quantum transitions in which
the energy of the lattice is changed during one act by
an amount which exceeds by many times (as many as
several dozen) the energy of the vibrational quantum.

In optical many-phonon processes the absorption
(emission) of a light quantum is accompanied by pho-
non production, which leads to the appearance of broad
light-absorption bands (luminescence). Many-phonon
processes of the optical type arise also in interactions
between nuclear radiations (neutrons or gamma quanta)
and crystals.

In nonradiative (thermal ) many-phonon transitions,
the electron excitation energy is transferred directly
to the lattice (or vice versa). A study of the kinetics
of luminescence and photoconductivity shows that non-
radiative transitions frequently have high probability
and are capable of competing with optical transitions.
Nonradiative transitions include also recombination
of electrons with local centers and holes, inelastic
scattering of electrons by local centers, etc.

By defining a phonon as an elementary excitation
corresponding to small oscillations of the nuclei near
the sites of the crystal lattice, we assume by the same
token that these small oscillations and the electron
motion can be regarded as weakly-interacting sub-
systems. In some problems of solid-state physics
(for example, in the theory of electric conductivity of
atomic semiconductors), the above-mentioned weak
interaction is regarded as a small perturbation that
causes transitions between the electron states. In this
case, however, many-phonon transitions can arise only
in the higher-order approximations of perturbation
theory and accordingly have very low probabilities, in
contradiction to the experimental facts presented above.

An alternate approach to the problem is the adia-
batic approximation. Let us consider a crystal whose
lattice contains defects (impurity atoms or ions, vacant
sites, dislocations) and let us assume that the electrons
localized near the defects are more weakly bound than
the crystal electrons proper. The latter can be re-
garded as a ‘‘fast’’ subsystem of the adiabatic approx-
imation, and the role of the ‘‘slow’’ subsystem is as-
sumed by the weakly bound electrons and atomic nu-
cleill],

Confining ourselves to transitions in which the state
of strongly bound electrons does not change, we arrive
at the Hamiltonian
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H=H(r)+H,(R)+V(r, R), (1.1)

where Hg(r) and Hh(R) depend only on the dynamic
variables of the weakly bound electrons (r) and nuclei
(R) respectively; V includes all terms of the interac-
tion between the weakly bound electrons and the nuclei,
and also the energy of the fast subsystem (crystal’s
own electrons) for a fixed configuration (r,R) of the
slow subsystem.

We assume further that the position vector of any
nucleus is

R=R0+u1 (1-2)

where Ry is a fixed vector corresponding to a definite
lattice site and u is a small displacement. Expanding
Hp(R) in the displacements u and introducing suitable
normal coordinates ...qy...[%?], we obtain in the har-

monic approximation
ho, 2 7
2 (q"‘ aq% )

where the summation extends over all modes of the
crystal vibrations and the local vibrations (3] due to
disturbances to the ideal structure of the lattice.

As a rule, only the linear terms are retained in the
corresponding expansion of the interaction energy V,
and then

Hn(R)=Hn (Ro) + 2 (1.3)

Vir, R)=Vo(r)+ X 4 (1) g (1.4)
where V(r) = V(r, Ry) includes the periodic potential
energy of interaction between the electrons and the
““frozen’’ ideal lattice, and the potential energy of the
electrons in the nonperiodic field produced by the lat-
tice defects.*

Choosing Hp(Ry) as the zero energy level, we ob-
tain

(1.5)

H=To()+ 3 A ) gt 3 o (6= ),
2 *
where

Hy(r)=H, (1) +V,(r). (1.6)

The electron-phonon interaction term in (1.5) cannot
be responsible for the many-phonon transitions in the
first approximation of perturbation theory. We there-
fore apply again the adiabatic approximation to the

*The nonperiodic past Vg includes also the interaction between
the electrons and the lattice deformations which they produce
(polaron effect).




MODERN METHODS IN THE THEORY OF MANY-PHONON PROCESSES

Hamiltonian (1.5), taking this time the weakly bound
electrons as the fast subsystem (41, It is assumed that
the minimum excitation energy of the latter is large
compared with the Debye phonon energy. The approx-
imate eigenfunction of the Hamiltonian (1.5) is sought
in the form

Y, y=v(r, ¢ D9, (1.7)

where the electron y-function satisfies the Schridinger
equation

[He(r)+ 2 4, (1.8)

@l @ =E(@¢(r, g).

If we neglect in the zeroth approximation the so-called
non-adiabaticity operator

d op oD @ 92
¥ == Yo gl Gty Sl 09
n
then
[E@+ 25 (a— ) ]e=no, @10

where H — approximate eigenvalue of the total Hamil -
tonian (1.5).

The electron equation (1.8) is solved by perturba-
tion theory, with a perturbation operator

(1.11)

W= ; Ay (7) (9%~ Gxs),

where qyg are the normal coordinates q, for which
the adiabatic potential of (1.10) has a minimum. The
index s pertains to the zeroth-approximation electron
state, which is determined from the equation

[He (r)+ 2 A (r) gl wh=EN. (1.12)
M
The level EY% is assumed nondegenerate, and con-
sequently
IPS (r7Q) q + L. Lu ‘Vs 1‘»75 (1'13)
s'#8
_ o | Ws.sl?
E9)=Es+Wat 2 s e (L14)
srrs o 8
where
Wes= z Aysrs (Gx— gus),
s = | P A() Yidr. (1.15)

In formulas (1.13)—(1.15) the index s’ numbers the
eigenvalues and the eigenfunctions of (1.12) for a fixed
potential energy 2, A,(r)qys. These solutions are

K

customarily called ‘‘non-self-consistent,’’ to distin-
guish them from the ‘‘self-consistent’’ state z/)%.
we assume

AMS’S

Gxs = ——E“T’

(1.16)

then the adiabatic potential of (1.10) assumes after the
substitution (1.14) the form
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U.s ((])=J;';_ 2_ f“x (qx—(]ns)z
+ V B(S) ( C]xs) (qlvqls)~ (1'17)
X, A
where
A s’sA*s's
Bl =2 e (1.18)
8’58 s
. ho
Jo=E+ 3 =" ¢k (1.19)
%

The most significant results in the theory of many-
phonon transitions were obtained neglecting the second-
order correction to the energy in (1.14), and accord-
ingly, the nondiagonal terms of the quadratic form
(1.17). In this approximation, the adiabatic wave func-
tions (1.7) assume the form

lIJ‘s,n (r7(/) = ¢s (’,(1) U q)nN ((In (1.20)

—q us)v
where @p, is the wave function of the one-dimensional
harmonic oscillator.

The eigenvalues of (1.10) are accordingly

Hon=dot Dhan(nat 3 ). (1.21)
"

The wave functions (1.20) form a complete ortho-
normal system. It must be emphasized, however, that
the orthogonality of the wave functions (1.20), which
belong to different electron states, is due to the elec-
tronic components. The corresponding phonon func-
tions are not orthogonal, owing to the dependence of
the displacements q,g on the electron states. This
makes many-phonon transitions possible even in the
first approximation of perturbation theory, as first
noted by Frenkell5],

Proceeding to a discussion of the role of the non-
diagonal terms of the adiabatic potential (1.17), we
write the phonon Hamiltonian (1.10) in the form

1 8 k) $ 82
Ho=J,+ 5 O [ @20a)) — 128, WJ (1.22)
ERS %
where
]/~ — s, (1.23)
B .
Q8 = 028, - mem;‘ (1.24)

The potential energy in (1.22) is a positive definite
quadratic form in the variables x,((s ), and consequently
there exists a unitary transformation

) = 2 S (1.25)

which reduces the matrix 9'(3)2 to the diagonal form
wf( S)zélm. After making the substitution

(1.26)

R
w,
0(53) ]// “’,; Yy <%8)
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the Hamiltonian (1.22) is reduced to the Hamiltonian of
a system of independent oscillators

Ho=J.+ Zhﬁf QY — az»],

- (1.26')
aqy

which differs from the initial phonon Hamiltonian (1.3)
in a redefinition of the normal coordinates

2- S(*)*

and a renormalization of the phonon frequencies (w,
— wfcs) ), which turn out to be different in different
electron states. This effect (henceforth called the
‘“frequency effect’’) can, along with the displacement
of the normal coordinates, serve as a cause of the
many -phonon transitions.*

The general mathematical theory of diagonalization
of quadratic forms of the type (1.17) was developed by
Bogolyubov ('] (see also [8]). In the present review
we consider only the simplest case, when the matrix
S can be obtained in final form by perturbation-theory
methods (2], The problem reduces to a solution of the
system of equations

0)(5)
2 (qr— qrs)s
W,

oy = (1.27)

2 SR = SH el (1.28)
n
under the additional unitarity condition
2SS =8, (1.29)
w

We assume that: a) the unperturbed spectrum of the
phonon frequencies of the crystal is not degenerate;
b) there exists a small parameter ¢ such that Aggrg
~ €% and BS\) ~ €%, In this case the use of standard
perturbation theory yields (accurate to terms ~ €3)

(s)

0 = @, + _21;7". (1.30)
s B®V 00
S5 = uk+%{%ﬂ% : (1.31)

An account of the frequency effect gives rise in the
theory of many-quantum transitions to certain mathe-
matical difficulties, connected with the fact that the
matrices 2% and Qf{g)z, which pertain to different
electron states, cannot be diagonalized by a single uni-
tary transformation. In other words, there is no sys-
tem of normal lattice coordinates common to two dif-
ferent electron states. Methods of taking the frequency
effect into account will be considered in Secs. 5—7. In
Secs. 3 and 4 we consider the main results of the the-
ory, obtained neglecting the frequency effect.

In the literature on many-phonon transitions there
are encountered variants of the adiabatic approxima-
tion which differ somewhat from that given above. Some

*Nonradiative transitions in the local center of the semiconductor
are considered in [*]. Many-phonon behavior is obtained as a result
of the frequency effect, if the displacement effect is neglected.
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authors take the perturbation of (1.8) to be not the ex-
pression given by (1.11), but the entire interaction
term (63, Generally speaking, the criterion of applica-
bility of the adiabatic approximation to the electron of
the local center can be satisfied also in the case of
weak electron-phonon interaction*. By virtue of the
linearity of the operator (1.11), both variants of the
solution of (1.8) lead to expressions of the same type,
which differ only in the choice of the zeroth-approxi-
mation electron P-functions. However, as will be ex-
plained later on, the parameters that characterize the
‘‘many -phonon nature’’ of the process, depend quadrat-
ically on the electron-phonon coupling constant, and
are thus small in the case of a weak interaction.

A systematic expansion in a small parameter (A),
first proposed in molecular theory by Born and Oppen-
heimer %], is sometimes used in adiabatic perturbation
theory. The small parameter A is introduced in such
a way that the nuclear kinetic energy operator is pro-
portional to A%, while the displacements q, —q,g of
the normal oscillators are proportional to A (a de-
tailed development of the method is found in (2 and
a generalization to include the case of the polaron is
given in [']). It must be borne in mind that the formal
parameter A does not coincide with the parameter ¢
introduced for the derivation of (1.30) and (1.31).t
Therefore, in particular, in the ‘‘¢ method’’ the fre-
quency effect arises in the next higher perturbation
theory approximation compared with the displacement
effect, whereas in the ‘‘A method’’ both effects are of
equal weight.

We note, finally, that the appearance of many-phonon
transitions in the interaction between neutrons or y-
photons and the crystal lattice is generally speaking
not connected with the use of the adiabatic approxima-
tion. In both indicated cases, the perturbation operator
contains a factor exp (ik-uy), where uy is the vector
of the displacement of the nucleus from the N-th lattice
site and k the wave vector of the neutron (y-quantum ).
If k is large the phonon matrix elements correspond-
ing to many-phonon transitions can no longer be re-
garded as small. A consistent theory of this type of
many -phonon transitions was developed by Lamb f10]
even before the war. The theory of the Mdssbauer
effect is presently developing along the same lines
(see, for example, [11J), The mathematical methods
of the theory of optical and nonradiative transitions in
local centers of crystals, to which the present article
is devoted, are identical with the methods of the theory
of many-phonon interactions between nuclear radiation
and crystals.

*This remark does not pertain to the polaron. The adiabatic
theory of polarons presupposes a strong interaction{*].

tIt is easy to note that & ~ hw/ JAE |, whete o — maximum
phonon frequency and AE — energy gap between the level E} and
the nearest level Ef,
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2. PROBABILITIES OF MANY-PHONON TRANSITIONS

We consider optical and nonradiative transitions be-

tween moving discrete electron levels of a local center.

These levels and all the quantities pertaining to them
are designated by the indices g (ground state) and u
(excited state). The phonon occupation numbers are
denoted by ...ny... or (n) and ...n}...(n’) for the
initial and final states, respectively.

The formulas presented below are not connected
with any specific models of the local centers or with
the applicability of the effective-mass method. It is
merely assumed that E& - E% > hw and the criterion
for the adiabatic approximation is consequently satis-
fied.

The probabilities for the absorption and emission
of light in the transitions g == u are calculated by the
method of quasiclassical radiation theory, which in-
terprets the field of a light wave as being an external
spatially homogeneous electric field &, which varies
in time with cyclic frequency €.[2] The perturbation
operator is chosen in the form — (M(r), &), where
M(r) is the effective dipole moment of the absorbing
center, which takes into account the additional inter-
action of the localized electrons with the crystal, re-
sulting from the inertialess polarization of the strongly
bound electrons by the light-wave field (41,

The probability (per second) of absorption of a light
guantum is

4B (@) | | M| gm 2

Wgn—sun = 3hZen () ? (2.1)
where the transition frequency is
_Hy,—H,,
Q— -, (2.2)

S () is the spectral density of the flux incident on the
radiation center [in (2.1) averaging is carried out over
this radiation); n($2) is the refractive index and c the
velocity of light in vacuum.
The absorption coefficient is
4n2N
 3hen (

T (Q) _ NghQuwg n—su,n’

Q
N ®) gg) [{u,n' | M|gny*, (2.3)

where Ng is the concentration of the absorbing centers.
For comparison with experiment, the value of (2.3)
must be averaged over the phonon occupation numbers
in the initial state and summed over all the final states
of these numbers compatible with the energy conser-
vation law (2.2). It is thus necessary to calculate

T(Q) = 4v(n) Y T (),
(n')

(2.4)

where Av(n) denotes the aforementioned averaging. It
is carried out under the assumption that the initial dis-
tribution of the phonon occupation number is in statis-
tical equilibrium. The symbol ~ in (2.4) indicates that
the summation must be carried out under the additional
condition (2.2).

The calculation of the matrix element contained in
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(2.3) is a difficult task, since the electron wave func-
tions of the local center, as well as the effective dipole
moment M, are usually not well known. It turns out,
however, that under certain simplifying assumptions,
the most important information concerning the form
of the absorption bands can be extracted from the
‘‘phonon’’ part of the matrix element. In particular,
if a) we neglect the frequency effect and b) we confine
ourselves to the electron wave functions of the zeroth
approximation in (13) (the so-called Condon approxi-
mation ), then

(un' | M| gr)=M 1] (ni [ ne), (2.5)

where
Mug= § UM (1) i, (2.6)
(nann%)= g (Dﬂ;((qxﬂq‘z!u)q)nx((bc_‘q’cg)dqw 2.7)

-0

The absorption band is usually a bell-shaped curve.
The factor £/n() in (2.3) remains practically con-
stant within the half-width of this curve, and it can be

taken outside the Av(n)}, ... sign at the value cor-
nl
responding to the maxiniun)l of the band. Then the prob-
lem reduces to the calculation of
I (Q)=| My, ? Av (n)(nzl‘)g\(n’u‘n%)\z. (2.8)

Expression (2.8) was first evaluated by Pekar (131
and almost simultaneously and independently by Huang
Kun and Rhys for the particular case of an ‘“Einstein
crystal,’’ that is, neglecting the dispersion of the pho-
non frequencies. In 113,141 the transition probabilities
are evaluated by a direct combinatorial method, in
which a number of phonons (specified by the energy
conservation law ) is generated. A detailed exposition
of the direct summation method can be found in Pekar’s
book 1], The main results will be derived in Sec. 3 as
a particular case of more general formulas which take
into account the dispersion of the normal oscillations
of the crystal.

By generalizing Einstein’s known concepts to in-
clude the case of the electromagnetic field in the crys-
tal, we can easily obtain for the probability (per sec-
ond) of the spontaneous optical transition u, n— g,n’
a formula (4]

4n (Q) Q3
Wy, nag, n = éhc)t*

(2.9)

[(g,n' | Mu,n)p,
where
W=H, ,—Hg . (2.10)

Expression (2.9) must again be averaged over the ini-
tial distribution (n) and summed over the final values
(n’) of the occupation numbers:

W, = Av (n) (Z})wu, g, nte (2.11)
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It must be borne in mind, however, that if the local
center has gone over into the excited state after the
absorption of the photon, then the equilibrium of the
phonon system is disturbed by the heat release (phonon
generation). Therefore, in applying (2.11) to the band
theory of impurity photoluminescence, we must assume
that the lifetime of the excited center relative to spon-
taneous emission of light is large compared with the
phonon relaxation time. If this condition is not satis-
fied, then the impurity photoluminescence act rep-
resents resonance scattering of the photon, and the
excited electron-vibrational state of the system is
virtual[1%J,

In most papers on the theory of many-phonon non-
radiative transitions it is assumed, following an idea
first advanced by Adirovich[¢], that the perturbation
is the non-adiabaticity operator (1.9).

The electron matrix element of this operator, cal-
culated with the aid of the zeroth-approximation wave
function (1.13) for the final state and the first-approx-
imation wave function for the initial state, is of the

form
Opledr |0
S "Pg l‘) gy

(2.12) can be regarded as a perturbation operator act-
ing in the phonon subsystem. Further simplification
of (2.12) can be obtained by assuming orthogonality of
the zeroth -approximation electron wave functions zpu
and ng, and by taking the energy difference Eg - Egr
for some average value AEgu, outside the sign of
summation with respect to g’. Substituting in ex-
plicit form Axg’g from (1.15) and using the com-
pleteness condition

Aug’g

iy (2.12)

xug:“?—l’“”n( Z

* 8'+g

29 () (1) =8 (1" —T), (2.13)
we get ¢
Fug= DEP (2.14)
g’
h
L= — g A (2.15).
If we put

AEg = Ey— E}, (2.16)

then the operators of the direct and inverse transi-
tions are related by

Lig= — Lyu- (2.17)

The probability of nonradiative transition is calcu-
lated from the formula
) D | Lguln )28 (Hg, n— Hu, w).
()
The probability of nonradiative transition was calcu- .
lated in the absence of dispersion of the phonon fre-
quencies in accordance with (2.18) in [14] by the direct
summation method. A detailed description of this
method (as applied to nonradiative transitions) is
contained in 1171, The corresponding results will be
given in Sec. 3.

Pug= S Av (2.18)
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Many -phonon nonradiative transitions are not nec-
essarily connected with the non-adiabaticity of the
electron motion. In ionic crystals the localized elec-
tron usually interacts strongly with the optical vibra-
tions of the lattice. In this case weak interaction with
the acoustic vibrations can cause nonradiative transi-
tions in which one acoustic phonon and many optical
phonons participate [8], Methods of calculating the
probabilities of such transitions do not differ essen-
tially from the corresponding methods of phototran-
sition theory.

3. METHOD OF GENERATING POLYNOMIALS

The first theory of impurity absorption and lumi-
nescence bands with account of the dispersion of the
crystal phonon frequencies was constructed in the
basic paper of Pekar and Krivoglaz (183, who calcu~
lated the value of I‘ug (2.8) by a method similar to the
Darwin-Fowler method of calculating thermodynamic
quantities in statistical physics[20],

Introducing the frequency of the ‘‘pure electronic’’
transition
Jy—Jg

. (3.1)

Qo=

and neglecting the frequency effect, we write the en-
ergy conservation condition (2.2) in the form

Zmu(n

Imposing on the lattice waves the condition that they
be cyclic in the volume L3, we can choose the unit for
the frequency w such that all the frequencies w, are
expressed by integers. In this case we retain for the
frequencies wy the previous notation and put

;c—‘nu)=Q"—ng- (3.2)

3.3)
We consider, further, the product of the polynomials

Q—-ng=p(:).

P @) =[] P @ =L [ i 1) PH] (et £ )

) (M2 m) 2220% A+ oo [ — 1 my) Pron

+ (A — 2| ng) 2200 . .). (3.4)

It is easy to note that if the product is expanded, the
coefficient of zP is found to equal

RIS

(n’) %

(3.5)

where * denotes that the summation must be carried
out under the additional condition (3.2). Expression
(3.5) is directly contained in (2.8). Therefore, em-
ploying the Cauchy theorem, we obtain immediately

1 P (z)dz
27 P+l
where the integration contour encircles the point z = 0.

The remainder of the problem consists of calculat-
ing P(z), which assumes the role of a generating func-

Tug (Q) = | Myg |* Av (n) o (3.6)
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tion for the transition probability, We note immedi-
ately that the idea of calculating the generating function
(in place of directly calculating the transition proba-
bility ) turned out to be quite fruitful and was used sub-
sequently by many authors.

If we disregard local oscillations, then we can cal-
culate the function (3.4) by using the fact that

Ay = Qnu_QMg"’#NN_l/z: 3.7
where N is the number of factors in (3.4), equal to the
number of vibrational degrees of freedom of the crys-
tal. Since we intend to take the limit as N — « in the
final result, it is sufficient to retain in P,(z) terms
up to order N~! inclusive. In this approximation, the
““Condon’’ integrals (2.7) can be readily calculated by

expansion in powers of A, and we obtain

(nx’nu>=1“—ﬂ

nu+2)+

(nn+1lnx>: —A, '/ﬁn—;i“{“,

(a1 my=A )/ 2 . !

where (n,+r|n,) tends to zero more rapidly than
N1 for |r| > 1. In other words, the transitions for
which one of the phonon occupation numbers changes
by more than unity make no contribution to the gener-
ating function. Substitution of (3.8) in (3.4) yields

(3.8)

P (z) = exp {—~ Az(nu—i— 5 )

o S AL [ 1) z“’u+nuz—‘°u]}. (3.9)

By virtue of (3.7), the generating function (3.9) can be
represented by a product of statistically independent
factors, which depend linearly on nyg. Therefore the
averaging operation reduces to replacing n by their
averaged equilibrium values

"= 5 (3.10)
eﬁ—-i

After substituting (3.9) in (3.6) and making a change
of variable z = eV we get

Iug(Q) IMugl @dww (w) (3'11)
where
1 < » 1 ch w(nu—{—
artor= —po- £ S ety 3 3 5 2D,
* *  (5.12)*
BT - (3.13)

The integration contour in (3.11) is shown in Fig. 1.
In the complex z plane it corresponds to a unit circle
with center at the origin and a cut along the negative
part of the real axis.

*ch = cosh; sh = sinh, cth = coth.
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FIG. 1. Contour of integration in (3.11). “p
i
-l L———l—-———

If Agx = 0, exact integration in (3.11) is possible
only when the dispersion of the phonon frequencies
can be neglected, by putting (in the conventional unit)
wg = @ = w. The change of variable w = it yields for
non-integer p

% <§ dw exp [¢p (w)]
exp (——-cth B

/1§

(3.14)

Xexp[—ipH— cos (t—%)] ,

B
ZSh?

where

Grg)®- (3.15)

a=2 A =Z (G —
x kA

In the derivation of (3.14) we took account of the
fact that the contributions of the horizontal lines of
Fig. 1 to the integral (3.11) cancel out exactly if p is
an integer. For the same reason, it is possible to
make in the integral (3.14) the substitution t —ig/2
— t, without changing the integration limits., Taking
account of the well-known definition of the modified
Bessel function

I, (z) = (— )P Jp (iz) _-S dtoxp (—ipt +zcost), (3.16)
we get
= _CetnbB B e
Lig (@) =| Mg exp( zcthz—[—pz)lp(hh%). (3.17)

Formula (3.17) (first derived in [13] by direct sum-
mation, as already pointed out) determines the de-
pendence of the coefficient of impurity absorption of
light (2.4) on the frequency. For integer p, (3.17)
corresponds to a set of equidistant absorption lines
(Fig. 2) separated from one another by the limiting
phonon frequency w. These absorption lines have a
“natural’’ width vy (see Sec. 4), but usually vy is
small compared with w. At the same time, experi-
ment shows that as a rule the impurity absorption
bands are not resolved into individual (phonon) lines.
The reason why the lines of Fig. 2 broaden and merge
into a continuous band is the dispersion of the phonon
frequencies, which is not considered in the derivation
of (3.17). It is assumed that when account is taken of
the dispersion, the form of the absorption band must
be described by (3.17) with a continuously varying pa-
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|

lines Im w = +7. The direction of this segment coin-
cides with the direction of the ‘‘steepest descent.’”’ In
fact in the vicinity of the extremal point

FIG. 2. Spectrum of impurity absorption of light without account of
the dispersion of the phonon frequency and of the “‘natural’’ line width.

rameter p. A detailed analysis of the absorption bands

has been made under this assumption in [1], We con-
fine ourselves only to a brief summary of the results.

According to (3.17), the absorption band is repre-
sented by a bell-shaped but not completely symmet-
rical curve with a maximum at p = a/2, that is,

Qiax’ = Qug+ 5 ©. (3.18)
At high temperatures, when the inequalities
p<1, a»2shd (3.19)

are satisfied, the absorption curve has a Gaussian
form

= - Q—Q 2
T(Q) =T exp [ —ﬂ%—zfa—"—] (3.20)
with half-width
—_—
82=20}/ 2In 25 ~VT. (3.21)
At low temperatures, when
p>1, a«2shd, (3.22)

the form of the band is determined by the relation

7(Q) = const r‘;’}’jfi) ) (3.23)
The half-width of (3.23) is
Q=201 aln2. (3.24)

Detailed experimental investigations of the form of the
F absorption band in colored alkali-halide crystals at
low temperatures shows that the asymmetrical curve
(3.23) is in good agreement with experiment (211,

If we take account of the dispersion of the normal
frequencies from the very outset, then the integration
in (3.11) can be carried out only approximately. The
saddle-point method was found to be quite useful here
[19], The extremal points of the function @p(w) (3.12)
satisfy the equation

é B«
sh ( wo, +5°
0% @y { L=, (3.25)
" Sh-%‘

which, by virtue of the monotonicity of the left half,
has one real root w,;. Neglecting the contribution of
the complex roots of (3.25) (see below) we replace
the integration contour of Fig. 1 by a vertical line
passing through the point w, between the horizontal

(w—wg)?

(3.26)

Pp (@) = @p (wo) + Pp (o) +

where

ch ( Wy - —) 50

3.27)
hﬁu

Pp (wo) = Ao} ———0— =2

If the criterion of the saddle-point method is satisfied,
then

—o 2
exp [Q)p (wo)l S l”;ﬂl
m e

ug (@) = | Mg dv

-~

=| My \/q, o7 o) B3P [@p (o)) (3.28)

Going over to a discussion of the frequency dependence
of (3.28), we note that the function wy(p) is specified

by (3.25). Therefore
d F
‘PZI()WO) ‘Pp wo) ey ) & gﬂ_ —w, (3.29)

and consequently (pp(wo) has as a functionof p a
maximum at wy = 0, that is, when

1
p=pm=72 Aimw
%

Expansion in the vieinity of this maximum is of the
form

(3.30)

(p— Pm)? _
29, (0)

Pp (0) (P— pm)®
g, OF

Qp (Wo) = — (3.31)
If we can confine ourselves in (3.31) to the quadratic
term only, then the absorption curve will have a
Gaussian form

T(@=tmexp [ - P'(';)) (3.32)
with half-width
8Q =2 V21n2g, (0) @, (3.33)
where
95 (0)=+ 3 Aok cthBr . (3.34)

"

We note that if we neglect dispersion at this stage of
the calculation, then (3.30) goes over into (3.18) while
(3.21) and (3.24) are obtained from (3.32) and (3.34) at
high and low temperatures, respectively.

Formula (3.28) is valid if

@p (we) > 1 (3.35)

and consequently, the integrand decreases rapidly to
zero on both sides of the saddle point wy. In order to
clarify the physical meaning of the inequality (3.35),

it is simplest to replace the normal frequencies w,
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in (3.25) and (3.27) by some average value w, choosing
the latter as the unit of frequency. Then, as can be
readily verified, the inequality (3.35) is satisfied for
all temperatures if p > 1. p is the average number
of phonons generated in the phototransition, and there-
fore the formulas presented above pertain to the case
of a large heat release. Inasmuch as py, (3.30) is the
most probable value of p, the criterion for large heat
release is the inequality

3 D Aoy > 1. (3.36)

»

It is easy to verify that if inequality (3.35) is satisfied
then, within the limits of the half-width of the absorp-
tion band, the cubic term in (3.31) becomes small and
consequently the Gaussian curve (3.33) is a good ap-
proximation. The cubic term in (3.31), which charac-
terizes the asymmetry of the absorption band*, re-
mains small at high temperatures even outside the in-
dicated limits, so that (3.32) describes well in this
case practically the entire absorption band. It will be
shown below (Sec. 6) that (3.32) corresponds to the
quasi-classical description of the lattice vibrations.
At low temperatures, the asymmetry of the absorption
band becomes noticeable: T decreases more rapidly
on the red side than on the violet side. A detailed in~
vestigation [1?J shows that when the integral of (3.11)
is calculated by the saddle-point method the contribu-
tion of the complex roots of (3.25) adds to (3.28) a
rapidly oscillating factor, along with the term

exp [ ¢p(wp)l. In the limiting case when there is no
dispersion, this factor becomes equal to unity for
integer p and zero for non-integer p. As a result,
the continuous band is converted into the system of
equidistant lines shown in Fig. 2. With increasing
dispersion, these lines broaden and the indicated fac-
tor tends to unity. Thus, (3.28) and all the following
formulas are valid for not too small a dispersion of
the phonon frequencies.

In [19] there is also considered the case of ‘‘small
heat release,’” when the inverse of (3.35) is satisfied.
The results obtained in this limiting case are given in
the review (#2] and will not be discussed here.

The luminescence intensity (the energy radiated by
the excited centers in a unit volume per second) is

R(Q) = NuhQu,, = 2N @) €1

Lgu (Q), 3.37)

where Ny -— concentration of the excited luminescence
centers, and, as can be readily seen, Igu differs from
Iyg (3.11) only in the sign of p in the characteristic
function (pp(w):

Iug (ng -+ PE)) = Igu (ng — PE')—)

From the last relation and from (2.3), (2.4), and (3.37)
it follows immediately that

*The so-called third moment of the spectrum, see Sec. 5.
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_we ¥ R

E N, ‘94,»(9)]9:9”_,;,' (3.38)

[ ?(Q)Q n(Q) ]

Relation (3.38), first derived in (4], expresses the law
of mirror symmetry of the impurity absorption and lu-
minescence bands with respect to the line of ¢‘pure
electronic’ transition Q,g. From (3.38) and (3.30) it
follows that the Stokes shift of the maxima of the ab-~
sorption and luminescence bands is

Q:ng+130)

AQ = Qe _ gt - N AZae,. (3.39)
n
A theoretical calculation of (3.39) is possible only in
the rare case when the electron wave functions of the
local center are known along with the law of dispersion
of the phonon frequencies (for example, in the con-
tinual F-center theory I:1]). Nonetheless, it is some-
times possible to compare the theory of impurity ab-
sorption and luminescence with the experiment, by
regarding the quantity AQ as a parameter of the the-
ory. This pertains, first of all, to the case when there
is no dispersion (or when it is negligibly small), and
AQ = aw. The parameter a, determined from the
Stokes shift, can then be substituted in (3.21) or (3.24),
and the calculated half-width of the band can be com-
pared with the experimental value. Further, in the
case of high temperatures, when By < 1, the quantity
(3.34), which determines the half-width of the band
(3.33), is found to be equal to

% (0) =T A0, (3.40)

A review of the experimental facts pertaining to the
law of mirror symmetry of (3.38) can be found in [22],
We point out in addition that the position of the maxima
of the infrared luminescence bands of the alkali-halide
crystal F-centers was predicted on the basis of (3.39)
in (1, This prediction of the theory was subsequently
confirmed with high accuracy by experiment (23]

Summarizing the foregoing, we can state that the
method of generating polynomials [1*] turned out to be
quite fruitful in the theory of optical many-phonon tran-
sitions and made it possible to establish many funda~
mental physical laws. At the same time, the applicabil-
ity of the method is limited by a) account of only the
crystal oscillations (expansion in powers of N~! in the
calculation of the generating function) and b) the use of
multiplicative phonon functions (1.20), that is, the neg-
lect of the frequency effect.

The first of the foregoing limitations is insignifi-
cant: by exact calculation of the Condon integrals
{nj Ing) it can be shown[?] that (3.11) holds true also
for local oscillations (of course, neglecting the fre-
quency effect).* As to the second limitation, it must
be borne in mind that although the frequency effect
usually leads to small corrections to the formulas of
the absorption and emission theory, nevertheless these

*These results will be obtained in Sec. 5 by a different method.
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corrections correspond to observable physical effects,
viz: the temperature shift of the maxima of the optical
bands and violation of the mirror symmetry law (3.38).
These effects were not considered within the frame-
work of the method of generating polynomials.

Krivoglaz (%] used the method of generating poly-
nomials to calculate the probability of nonradiative
transitions with non-adiabaticity operator (2.14) as
the perturbation. Assuming that the band of vibra-
tional levels adjacent to the ‘‘electron’ level Jg of
the final state forms a quasicontinuous spectrum, we
can, as usual, replace the é-function in (2.18) by the
level density [in this case ( 1@)~1] and carry out the
summation with account of the energy conservation
law:

2 Oy (R~ M) = Qug = Powd. (3.41)
kA

The probability of the nonradiative transition u — g
(per second) can now be written in the form

2 . / \’
= N aqu
p"g—hzaAv(")%’){glx"F [nse | md) 2
~ (il gz | me ) oo | ma ) |
I S L 7 }11 AL
W

(| 1) <md | mg)
%® AR (3.42)

where

0D, (g3 — g5

(nu. ny) = S (D qug)—*"—aqx—dqn. (3.43)

The integral (3.43) is again calculated by expansion in
powers of A,. A contribution that does not vanish as
N — » is made to the transition probability by the
matrix elements

a
gy,

n,,>= —Au<nu+é—)+..., ]

n
o=y =Ly i (3.44)

s 9
\"n+1la‘q—x

nu>=]/%+...

In place of the generating function (3.4) we now must
introduce

Q(z)=[§lx,,|2§:§2

S [i
\nu 13‘1%

+ By (2) By, (2)
+ 3 s pir | TP,
%, AR [ (3 45)

where, alongside the polynomials P,(z) from (3.4),
we introduce new polynomials

Q,c(z)—[\n,( az nx/l +‘<nu+1}aq n,,/\ 2% - ]
+!\‘\nu+2‘a—4; mop [t I 6.46)
R, (z)=\ n nx/\"<nn,nx>+

/ a
+ et |5

N
nu/(nu+1|nu)z“’n+ )
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In total analogy with (3.6), we get
1 Q(z)dz
Pe= i 00 P

With the aid of (3.8) and (3.44) we calculate the gener-
ating function directly, and obtain

(3.47)

Pug= Th% qﬂ F(w) 7@ gy, (3.48)

where the integration contour is shown in Fig. 1,
(p_po(w) coincides with (3.12) when p = —p,, and,
finally,

ch ( W, -I—ﬁ—z’f);—chﬁz—“ 2

F)=| 3 e —— K |
By
g D1 Ll ———-~—h<w:ﬂ+ %) (3.49)

As in the case of the optical transitions, the exact in-
tegration in (3.48) can be carried out by neglecting the
dispersion of the normal frequencies (p, must then

be regarded as an integer). We obtain
=T
DPug= (ES— E%p
t142cn2 B

X exp [—%Cth%—l’og]{ o —lbug|21po(
2

ZShg)

) <cug—\bug| cth Z)[ o 1(2@5\)

+ IPo-H ( - p)]
2sh -
2
loug (2
+ - ﬁ Ipo— ¢ ﬁ +Ipo+2 —aE y (3-50)
8 sh2 2sh 5 2sh 5
where we have introduced new parameters
bug= Z Asug(guu— Qxg)s \
< (3.51)

Cug = ; | Aug |*- J}

Formula (3.50) (apart from the factor 27) was first
derived in (41, A detailed analysis of this formula
and its application to nonradiative transitions in the
discrete F-center spectrum are given in [171 and [253,
We confine ourselves here only to a brief discussion.
We note, first, that the probability of the inverse tran-
sition (g — u) is obtained by reversing the sign of p,
in (3.48). As applied to (3.50) (bearing in mind that the
Bessel functions are even in the integer index) this

yields
7 Qg
) -

Pug tends to a finite limit as T — 0 and (3.52) gives

Pgu = Pug €XP ( - (3.52)
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the temperature dependence of the probability of ther-
mal excitation of the local center. At high tempera-
tures [in the sense of inequality (3.19)] (3.52) reduces
to

I)gu=KeXP(—-— (3.53)
where the ‘‘frequency multiplier’’ K depends weakly
on the temperature, and the activation energy is

o (/B L2

Thus, the popular formula (3.53) must be used with
great caution, since the frequency multiplier and the
activation energy are far from constant over a wide
temperature interval. In particular, K > pyg 1=g-

When dispersion is taken into account for the case
when condition (3.36) is satisfied, the integral in (3.48)
can be estimated by the saddle-point method. Then

_1___,
n2o Y 2ng7 , (wg)
where wj is the root of (3.25) with @ = 0 (that is,
P = —py). Further, if py—pm is not too large, we can
use (3.31) {putting p = py) and confine ourselves to the
quadratic term. It is easy to verify that this approxi-
mation is valid in the case of high temperatures, when
(3.40) holds. In this case the probability of nonradia-
tive transition is again expressed by the exponential
formula (3.53), where K is equal to the pre-exponential
factor in (3.55). For the transition u-— g the activa-
tion energy is

W hngcl/ng 1‘/A_—9)2
ug‘— a2 Qug :

With the aid of (3.52) we obtain the activation energy
for the inverse transition (g— u)

hpug( ng l/ AQ)

Formula (3.54) is a particular case of this relation.
Thus, even in the general case the Stokes shift AQ is
an essential parameter of the theory of nonradiative
transitions.

We note in conclusion that (3.55) remains in force
when local oscillations are taken into account, but the
pre-exponential factor F(w) differs from (3.49) by an
additional term, which converges to zero like N1 ag
N — o for crystal frequencies (see Secs. 5 and 6).

(3.54)

Pug = F(w,) exp [@-p, (wp)l,  (3.55)

(3.56)

AWy, = (3.57)

4. ACCOUNT OF THE NATURAL LEVEL WIDTH

The excited electron-vibrational states of the crys-
tal with local center have a nonzero width because of
the spontaneous optical and nonradiative transitions to
the ground state of the system. Formulas (2.3) and
(2.9), obtained from the semiclassical radiation theory,
do not take this circumstance into account. The cor-
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responding generalization of the theory can be obtained
by considering the spontaneous optieal transition u,n
— g,n’ by the methods of quantum electrodynamics.
If the radiation field is included in the zeroth-approx-
imation Hamiltonian, then the solution of the time-
dependent Schrodinger equation can be sought in the
form (261

= tun (1) Tam exp ( — 25 )

4305 o 0 tenp [ D]

(n’) Q

4.1)

where x,, are the electron-vibrational wave functions
(1.20) multiplied by the amplitudes of the quantized
electromagnetic field. The initial state of the system
corresponds to the vacuum of this field, and a photon
hQ is present in the final state. If we neglect non-
radiative transitions, then the functions y can be re-
garded as exact zeroth-approximation functions, and
then the coefficients ¢ satisfy the system of equations

ih 20— ST con (un | W gn'y exp [l(HM- Hgp — Q) h]
(n’) (@)
“4.2)
, . ¢
=cyp {gn’ |W{un)exp [—L(Hun—Hgnv——hQ)?] .

4.3)

dey,-
. gn
ih ar

Neglecting the frequency effect, the matrix element of
the electron-photon interaction operator is of the form

(un | W] gn'y=W, [ (ne|ny), (4.4)
“
where, for the case of the radiation field in the crystal,

the electron matrix element is

. 2mhQ
Wug:: —lMug l/m .

Myg is the projection of the matrix element of the ef-
fective dipole moment M on the photon polarization
direction.

If the local center is excited at the initial instant
of time (t =0), then (4.2) in (4.3) must be integrated
under initial conditions

(4.5)

cun (0) =1, cgn (0)=0. 4.6)

Putting (see [%6] —the Wigner-Weisskopf method )

Cun (t) =exp ( _"{2_z> > (4.7)
we obtain after integrating (4.3)
(gn' | W un)
Can’ (2) =
f (Hun—H g — 1) — 2
X{exp [——— H,m—Hgn'—TLQ —1} 4.8)

Substitution of (4.8) and (4.7) in (4.2) yields
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t it
1 —exp [%—-p 3 Hyn—H gy — 1) ]

—"21.—2 Z|(gn’lWlun)12

i
(Hun—H gs — Q) — %

In first approximation in the small parameter vy, we

put v = 0 in the right half of (4.9) and use the rela-
tion [26]
{—¢lot
lim-—— =2 i3 (w), 4.10)

t—co

where #/w —principal value of w1, The imaginary
part of vy yields a small shift of the electron-vibra-
tional level, which is of no great interest to us. We
therefore take y to mean henceforth the second term
of (4.10). Substituting (4.10) in (4.9) and replacing 2

Q
by integration over the frequencies and the radiation
direction, viz:

Do =g | - 1 (R) Q2 dQsin 00,
a
we get
=120l 5 o @I wimal @D
where -
Q=0 — /_,m,c (ny —ny). 4.12)

The value of y depends thus on the initial phonon oc-
cupation numbers ...ng... . To simplify further cal-
culations, this quantity is best replaced by the mean
statistical value

b\ Myg 2

S — Av v(n) D) D Q)Hl(n,,ln,t)l2 {4.13)

(n)

where the summation over n’ must be carried out
without any limitations. We imagine that the summa-
tion is carried out in two stages: first under the sup-~
plementary condition

y=Ao(m)v=—gr5—

; Wy (R — Pi) = P2, (4.14)
that is, with specified average heat release p, and
then over all possible values of p. Then we obtain
during the first stage of the calculation {see (2.9) and
(2.11)] the probability Wyg of the spontaneous optical
transition with a given heat release, and thus y is the
total probability (per second) of all the spontaneous op-
tical transitions from the given initial electron state.
The approximate expression for y can be obtained by
putting in (4.11) a slowly varying function ©3n(Q),
equal to its value at the maximum of the absorption
band. Taking into consideration the fact that

E)H{(n&inu) P=1, (4.15)
{n’) %
we obtain

— 4| Myg |2 Q3n (@m)

yo 21 Mug B9 On) (4.16)

2 (4.9)

E. PERLIN

Formula (4.16) can be used for the calculation of the
optical lifetime of the local centers.

The form of the radiation spectrum is determined
by the quantity

4v(n) ) | egn () I

(n%)

= Av(m)

(n)[Q ng—i-zmu(n "'x)] "2

| Weu P[] 1 Lm0 2

(4.17)

To calculate this quantity we can, following Davydov
271 employ the method of [91*, which starts from
the identity

F(me(n,‘—-n,‘)> g F(Q)(‘S(Q—-Zm,‘(n,,—n,‘)>dg
% EQF(Q)dQP\e Sdtexp [ ——zgt+lt2m,,(n,¢—-n,,)]
- (4.18)

If we take the function IWgu |2 outside the summation
sign in (4.17), then the calculation reduces to the eval-
uation of the function

f

Jau(@) =+ Redo() 3 {ae[ [T (nima ]
n) 0 T %
e —ipt
% < de 4.19)
oo (@— Qg0+

If, as in Sec. 3, we confine ourselves only to the crystal
vibrations then, by virtue of (3.8), a nonvanishing con-
tribution to ), is made only by the terms in which

(n')
ny =1n,, n,+1 and the summation in (4.19) is carried
out directly. The integral over the variable p is easy
to calculate by the residue theory, and we obtain

oo ;t .
~—=+0o_ (i)
Jug (@ =2=Re {dre B R (4.20)
Y [0)]
The radiation intensity is
I
R(Q) =yN a0 58 { sin®dd 40 () 3} |cen () 2
0 n")
(@) N, | My P g (@) .21)

3c3 2n

Comparison of this formula with (3.37) shows that
(4.20) differs from the characteristic function Igu( Q)
(Sec. 3) only by a constant factor. In the limiting case
where the displacement is negligibly small (A, ~— 0)
we have

*A complete exposition of the method as applied to the absorp-
tion of neutrons is given in the book[?].
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1

S (4.22)
(@221
ugl Ty

Jgu (Q) =

and (4.21) goes over into the well-known formula for
atomic emission [26],

Exact integration in (4.20) can be carried out for
negligibly small dispersion, when

©xp [§-p (i2)] = exp [lpf-—-—cth ﬁ+

e (1-4)]

( N

wsh B

& 4sh i 8 n-m
—expszt— cthg]E 2 Talml (t+2)( .

n=0 m=0

Substituting this result in (4.20) we get, after integrat-
ing and interchanging indices,
a kh+4-2m
(4 sh — )

exp (———cth p ) exp (kﬁ> 2L
m! (m

k——oo <p+k)2+— m=0

Jou (Q) =

The second sum coincides with the well-known
power expansion of the modified Bessel function, so
that finally

ex I
Q)__fel{p(—f:th%) % P( } k(

;z
(Pt ks

ﬁ)
h
252 . (4.23)

h=—co

Formula (4.23) makes somewhat more precise the pic-

ture of the electron-vibrational spectrum given in Fig. 2.

Each phonon line is now converted into a Lorentz curve
which has a ‘‘natural’’ half-width v.*

With account of dispersion, the approximate inte-
gration in (4.20) has been carried out in [2"1 by ex-
panding the characteristic function ¢ -p in powers of
t. In the notation of Sec. 3, this expansion is of the
form

2 ”

G ()= O) +it (p—Pu)— 5 ¢ (O)+ ...  (4.24)

Substitution in (4.20) yields
Qg L ¥

= 2n { [ <_"12_>]
Tu@ =35V g e 1o 209" 0)

[ (i(Q—Qm)—g—)“ )

X|1—-0| ————= \ 4.25
©V29"(0) (

where

*The difference between ¥ and the corresponding expression in
vacuum can be seen from (4.6). It must be borne in mind, in addition,
that an account of nonradiative transition u — g leads, as can be
readily shown, t0 ¥ = yrad + ¥nonrad- The first term coincides with
(4.6) and the second is equal to the nonradiative transition probabil-
ity (per second).
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D) =—2 § -t ds.

e ) (4.26)

I 9P<®Ve”(0) and |Q —9m|<&V20"(0), then
(4.25) goes over into the Gaussian function

i
V 7 @ P [-
After substitution in (4.21), we obtain for the intensity
in the radiation spectrum

Jou (@)= (4.27)

(Q - Qm)2 ]
20q” (0) J

_(Q—0m)

4 2
WNyn (@) 94 Myg 2 = 200

3c3w ¥ 2ng” (0)
This result corresponds exactly to formula (3.32) for
the absorption coefficient, and can be readily obtained
from (3.37) and (3.28). The criterion of strong heat re-
lease (3.36) assumes in this case the role of the crite-
rion for replacing (p_p( it) by the expansion (4.24).

Details of the foregoing method for calculating the
emission bands (and absorption bands) of light can be
found in [293, where the corrections connected with the
next terms of the expansion (4.24) and with the ‘‘non-
Condon’’ terms in the electron wave function (1.13) are
taken into account. In (%] there is also obtained a
small temperature correction to the expression (4.16)
for y. The account of the frequency effect is taken in
(28] by introducing electron indices (u or g) for the
frequencies wy, which are contained in Hyp and Hgy/,
respectively. An analysis of this type cannot be re-
garded as consistent, for when the frequency effect is
taken into account the matrix element (4.4) can no
longer be represented by a product of independent pho-
non factors.

The remark made in Sec. 3 concerning the limita-
tions connected with the method of generating polyno-
mials applies also to the Lamb method considered
above 101,

Nonradiative transitions connected with the non-
adiabaticity operator have been considered in [3%] by
the method of (2"}, The form of the electron wave
function is not detailed in [3°J, and, in particular, for-
mula (1.13) is not used. The contribution to the prob-
ability of the transition of both terms of the non-
adiabaticity operator (1.9) is taken into account, and
this leads to the appearance of additional terms in the
function F(w) of (3.55).

R(Q) = (4.28)

5. FEYNMAN OPERATOR CALCULUS IN THE
THEORY OF MANY-PHONON PROCESSES.
THE METHOD OF MOMENTS

The operator calculus developed in the well-known
paper by Feynman (311 turns out to be quite fruitful not
only in quantum electrodynamics, but also in the theory
of many-phonon transitions. Let us consider by way of
illustration formula (4.13) for the total probability (per
second ) of the spontaneous optical transition u — g of
an excited local center to the ground state. Recogniz-
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ing that in the general case Myg is an operator that
acts on the variables of the phonon field, we rewrite
(4.13) in the form

V=g 40 (n) (}_}) { @ (@) d@|(n'| Mugim) 2

x‘5<9~’31”-'h—}“’1’). 6.1)

In (5.1) we took the relation (4.12) into account with the
aid of the §-function. The matrix element of the tran-
sition is written in general form, without assuming the
possibility of representing the phonon wave functions
in the form of a product of wave functions of the inde-
pendent harmonic oscillators.

Going over in (5.1) to the integral representation of
the 6-function, we obtain

v = ?T[ca g 1 (Q) T 1 (Q) dQ, (5.2)
where
T (Q) = | 97, (1) dt, (5.3)

i (Hgp —Hyn) t , ‘
Ly () = Ao (n) 3 exp [ =" (0 | Ma m) . (5.4)
(1)
After simple matrix transformations, the last expres-
sion assumes the form
iHgt iHyt

To(8) = A0 (n) (0| Mzue & Mpe™ & |ny,  (5.5)

where Hg, Hy — phonon Hamiltonians, for which Hgn’,
Hyp, and In’), |n) are respectively the exact eigen-
values and eigenfunctions. Formula (5.5) (first ob-
tained by M. Lax[3%]) is quite general in character,
including only the adiabatic-approximation wave func-
tion (1.7) [without details of the solution of the elec-
tron equation (1.8) and the phonon Hamiltonian (1.10)].

Let us consider first the simplest case, when we
can assume that Mgy is a c-number and neglect the
frequency effect.

We introduce the operator

M = Hy—H, = —1Qug -+ 2 ) Mot D) 0y (9 — G
* * (5.6)

and make use of the Feynman formula for the “‘disen-
tangling’’ of the exponential operator factor (311

exp [%(Hu—l— AH)tJ =exp (%){TCXP [% S AH (s) ds]}
(5.7)

where

—iHys

AH (s)=¢ &

iHys

AHe ®

(5.8)

and T is the operator of chronological ordering in the
index s. By definition

E. PERLIN

B A for s >s,

T1A(s) B(s')l = AB for s> s'.

After substituting (5.7) in (5.5) we get
i

Tgu (8) =My, Av (n) ( n)Texp [%SAH(s)ds:Hn)

0
| Mg [Pexp [it(—ng—{—%meA';)]
%

i

X T (Texp [ioud § gu(as |- (5.9)

In the matrix element (n,|...|n,) we have made the
substitution q —qy — q. We introduced the abbreviated
notation

Av () ( iy ] Y= (L) (5.10)

In [32] formula (5.9) is further transformed under the
assumption that the localized electron interacts only
with the crystal vibrations, so that in this case

T exp [im,‘A“ i g (s) ds J =14 iw,A, i g (s)ds
0

=1

t

— a3y § ds g 9 (5) 9
0 U

(s"yds" 4 O (NV30e). (5.11)

We introduce the phonon creation and annihilation op-
erators Q and Q, with the aid of the relations

G= o (@ O3, (5.12)
with

Quoi - Q;»Qx == Oxa. (5.13)

In this representation |n,) is the eigenfunction of the
Hamiltonian

Hue="0% (050, + Q.0%) (5.14)
and
—~1H s iHy 8
Qui(s)=e " Que * . (5.15)

Differentiating (5.15) with respect to s, we readily ob-
tain with the aid of (5.14) and (5.15)

Qu (5) = Que™™, Q% (s) = Qe ™",

The averaging of (5.11) is with the aid of the obvious
relations
=(Q")=0, =(0*Q*)=0,
(Qz (Q_) +<QQ_2 (@O ] (5.17)
(Q"Qy=n, (QQ")=n+1.
After the averaging, the integration in (5.11) [with ac-
count of (5.16)] is elementary and we obtain

(5.16)

Tgu ()= | Mg |2exp{——i9ugt——% ZAicth%"'
*®

b B AU 1) €% e ], (5.18)
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s0 that

T | Mg, |2

T (Q) = ! g dtexp [p—p (it)], (5.19)

2ne

where ¢ is again determined from (3.12). Tgu differs
from the Igy in (3.11) in the choice of the integration
contour. This difference is connected with the fact that
the meanings of the compared quantities are not quite
identical. We shall return to this question later.
Formula (5.18) can be obtained [*¥] without the use

of (5.11). To this end, we examine the factor contained
in (5.9)
i
T ()= <Texp{ Vz de (QLE) +0u(N}).  (5.20)

We substitute in (5.20) Q*(s) from (5.16) and use
again Feynman’s formula (5.17) for ‘‘disentangling’’
the factor exp[?\K(t)Q,‘Z], where

— g_imﬂt )

A () =

= 5.21
V (5.21)

Now

T (t) = (e Q"exp{lm”A” Qu(s)exp(w)us)ds}), (5.22)

where

0 (5) = e M1, PnlO%, (5.23)

Differentiating (5.23) with respect to s, we can readily
obtain a formula which is widely used in operator cal-
culus

~

Q;c = e_}"“Q;QKCA”Q; = Qn -+ }\'w (5.24-)
Analogously
6% —AuQKQ+ M@ Q"’ }\,: (5.24a)

Substitution of (5.21) and (5.24) in (5.22) yields

Tut) = exp [ 0,85 5 (70 — 1) (PG,
(5.25)
We use furthermore the properties of the second-
quantization operators
1 . 1 n
[ny, )= e OR™0), (nkf= Viw QT (5.26)
and relations that follow from (5.24)
QM = P Q- ha)™,
e~MR (@) = (Q5 — Mgy, (5.27)

Recognizing also that
MR 0) = [0y, (0]eM= (0],

we can rewrite the diagonal matrix element from (5.25)
in the form
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ny= 201 +M)" (@ — x*>"10>~n'2(‘“1 e

(5.28)

The statistical averaging of this expression is easily
carried out with the aid of the Boltzmann weight factor
for the harmonic oscillator

1
= 2sh ﬁTu e—Bx(n;H'T)’ By = 7:"Tx . (5.29)

Thus

2 :
Ju (8) =exp [— ——lt:o"A” + %"— (ex — 1)]

©m ) [ A, L2 — ito,AS
X (1—e"P Z e "Pn! 2 ((r!)z)(n[—rl)! ZGXPL_%?_)‘

n=0

A% oyt 2 ]
N O —1)—j}»%(t)[n,¢J. (5.30)
It is easy to verify that substitution of (5.30) in (5.9)
again results in (5.18), which is consequently valid not
only for crystal but also for local oscillations.

Returning to the comparison of (5.19) with (3.11),
we break up the region of integration with respect to

t into sections of length 2r. Then

o

T () =|L21§"6d|2 % dt exp [@—p (it)] 2 exp (2rnipn). (5.31)

n=—oo
On the other hand [32]

oS3

>\ exp (2mipn) =

n——oo

(5.32)

Z S (p—F),
h=—o0c
so that p in (5.31) must be taken to be an integer. But
in this case the integral in (5.31) can be readily trans-
formed to the form (3.11): when p is integer, the con-
tributions of the horizontal lines of the contour of Fig. 1
cancel each other exactly. Thus,

> 8(p—k). (5.33)

h=—c

Tgu (Q) = 0 g (Q)

Substituting (5.33) in (5.2) and changing over to inte-
gration with respect to dp = dQ/w, we obtain for the
integral probability of the radiation

@

—_ 4
Y=gz X

p=—"Do

n (Qp) Q3 L (), (5.34)
where the summation is over integer values of p; 2p
is connected with p by the relation

po = Qp — Qup = Qp— poo. (5.35)

Each term in the sum of (5.34) corresponds to the tran-
sition probability with given average heat release p.
The frequency interval dQ corresponds to dQ/w terms
of the sum (5.34), so that we again arrive at formula
(3.37) for the spectral intensity distribution. The tran-
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sition from summation in (5.34) to integration
(%..;5-1[..

@-1igy appears instead of Tgu. Thus, both expressions
are equivalent under the integral sign.

As already indicated, Eq. (5.5) makes it possible to
take the theory of many-phonon processes outside the
framework of the limitations (Condon approximation,
neglect of the frequency effect ), under which all the
results considered in Secs. 3—4 have been obtained.
We note, however, that the characteristic function
(3.11) (derived under the foregoing limitations) is
quite complicated and, as already seen, an analytic
expression admitting of comparison with experiment
can be obtained for the shape of the band only in a few
limiting cases. The account of the frequency effect
etc. leads to even further complication of the charac-
teristic function, and information concerning the form
of the bands, necessary for comparison between theory
and experiment, is obtained with the aid of the method
of moments.

We define the k-th moment of a spectrum by the
relation

.dQ) brings us back to (5.2), but now

Np= §°Qh7gu (Q) dQ (5.36)
and introduce the quantities
Q:Niojo QT (Q) dQ = ﬁ_; (5.37)
Q—Q)2 = Nio So (Q— Q)T g (@ do="2 %}2 , (5.38)
@0 =t § @897 @a0- 22 3”2N*+z( )

(5.39)

We assume that the spectral distribution is charac-
terized by a Gaussian curve

—4In2(Q—Qp)? ]

Gap (5.40)

T gy () = const-exp [

with maximum at the point Qp, and with half-width 6Q.
Then, as can be readily verified,

(89)?

8lnz’ (Q—03=0.

Q=0Q,, Q—Q¢= (5.41)

On the other hand, if the spectral curve is close to
Gaussian, then the average frequency characterizes
approximately the position of the maximum, the dis-
persion (5.38) characterizes the half-width, and, finally,
(5.39) characterizes the asymmetry of the curve. For
a quantitative comparison of theory with experiment it
is necessary in this case to calculate the correspond-
ing moment (5.36) by numerically integrating the ex-
perimental curve.

Taking the inverse Fourier transform of (5.3), we
easily obtain
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s T dk
M= [ Gl ® ] _, (5.42)
Thus, the generating function (the Fourier transform)
for the transition probability (5.5) can be used for a
direct calculation of the moments of the spectrum. In
particular*

No={(MuMg),
Ny=1" V(M3 Mg Hy — M HoMp),
Ny =12 (M3, HM g, — 2M 3, H M o H ot MEMput3).

(5.43)

The formulas in (5.43) enable us to estimate the cor-
rections that must be introduced into the theory of ab-
sorption and luminescence spectra to account for the
frequency effect. In the Condon approximation (Mgu
is a c-number)

| M

gulz [ gul
T_‘(AH)v N2=

Ni=—

No=|Maul, {AH?). (5.44)

We assume further that the Hamiltonians H;; and
Hg have been reduced by two different transforma-
tions of the type of (1.27) to the form (1.26), so that

AH 2 2
A = 3 @08 — w0,

(5.45)

It follows from (1.27) that

QP = zsggg*m]/ 2‘, SE'SH ]/ @ 0. (5.46)
A

This general relation 51mp11f1es if we use the results
of diagonalization by the perturbation method from
Sec. 1 [formulas (1.30) and (1.31)]:

“()
4 +]/ O

With the same accuracy we obtain from (5.45) and
(5.44)

@ ~A (B(é') B(u)‘ (M)
* A2 (R —

. (6.47)

(I)u)

= o [0 o] B
~ 2 % 2 ® i n
Q= Qu— 2 e ; o0 cth—*, (5.48)
AA(D(g) 1 [o)(“)‘ m(g)zlz B
Q—0Qy=~ > 2 (u) T — cth? .
* (5.49)

Formulas (5.48) and (5.49) have been derived for the

u — g transition (emission). The corresponding for-
mulas for the absorption can be readily written, by
interchanging the indices u and g and reversing the
signs in front of the sums in (5.48). We then observe
that the physical consequence of the frequency effect
is violation of the law of mirror symmetry of the ab-
sorption and luminescence bands, viz: the maxima of
these bands are asymmetrically located relative to
f2ug, and the half widths are not equal. We emphasize,
however, that within the framework of our approxima-

*Another derivation of (5.43) is given in [*],
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tion, the corrections to the mirror-symmetry law are
small (~ €?).

Another consequence of the frequency effect is the
temperature shift of the maxima of the bands [third
term of (5.48)]. Such a shift is actually observed for
F-centers: the maximum of the F-absorption band
shifts upon heating to the red side. If w{8) > wf(u)

{a natural assumption), then (5.48) gives the correct
sign of the temperature shift. There exist, however,
other possible causes of this effect: the dependence of
the crystal parameters on the temperature !l and cor-
rections to the Condon approximation (see below).

Formulas (5.48) and (5.49) become exact if the non-
diagonal elements By) vanish. This case is realized
in the one-oscillator model (also called the model of
configuration curves )*[35]  in which account is taken
of the interaction between the localized electron and
a single normal oscillation. Although this model is
most frequently only illustrative, it is highly popular
because a small number of parameters is left in (5.48)
and (5.49). By choosing these parameters it is pos-
sible, in particular, to reconcile the theory with the
noticeable deviations from the mirror-symmetry law,
which are observed in alkali-halide crystal phosphors
371, The greatest interest from this point of view is
attached to work in which the parameters of the oscil-
lator model (ng, wy, wg, A) are calculated quantum-
mechanically (see, for example, the article by Kris-
tofel’ (383 devoted to a quantum mechanical calculation
of the luminescence center in KC1-T1).

Let us consider further the corrections to the spec-
trum moments, arising because of the dependence of
the matrix element Myg on the normal coordinates of
the lattice. With the aid of (1.13), carrying out trans-
formations analogous to those used in the derivation
of (2.15), we easily obtain

Mug(q)=M3g[1+§vuAu (@x— G + - - -1, ]

(5.50)

ha,,
Ve gpt J
Substituting (5.50) in (5.43) and neglecting the frequency
effect, we obtain after simple but somewhat tedious
calculations,
Q2=Qn— 3 vaouh} oth Px, (5.51)
H
(Q—Q) =~

Z AZw? cth -+ D V. (5.52)

x
In these formulas the terms proportional to y? have
been left out. Comparison of (5.51) with (5.48) shows
that both corrections (frequency and ‘‘non-Condon’’)
to the frequency of the maximum of the band have the
same temperature dependence, the same sign, and
finally the same order in the parameter €. Formula
(5.52) contains a new result: the appearance of a

*A detailed description of the configuration curve method can be
found in the book by D. Curiel*].
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temperature-independent correction to the half width
of the spectral band.

Expressions (5.51)—(5.52) (neglecting the dispersion
of the phonon frequency ) were obtained by Meyer (387 jn
the form

Q=9Q, —Bmcth—g—,
(5.53)
(Q Q)2 = —cthg+Cm2.

The parameters B and C were determined from a
comparison with the experimental data on the absorp-
tion F bands. This yielded C ~ 10, corresponding to
v ~ 0.1. It is difficult to understand this result, since
it follows from (5.50) that y ~ 0.01 for F-centers.
The mathematical techniques connected with the
Feynman operator calculus were used many times in
work on many-phonon nonradiative transitions[33:40,42],
In view of the fact that the summation method,
which is not connected with the expansion in N1 leads
to additional terms in the formula for the probability
of ‘“non-adiabatic’’ nonradiative transition, we should

examine the derivation of this formula. We write
(2.18) in the form
Pug =37 S Kgu (1) dt, (5.54)
—ngt _ m_“t_
Kgu (l)=<xéue—n—_$gue " )R (5.55)

where it is convenient to express figu in terms of the
creation and annihilation operators
1
Lou=rs D L (Qu— Q%) (5.56)
H

The generating function (5.55) assumes upon substitu-
tion of (5.56) the form

Ko (t) =5 ¢ s’

—1Hgt —iH ¢
\<[ (L 20— Qe * Q= QPe " Y[ Ju®
[TE2
tHgt —iHuKt
+ D) LR (O —Qu)e B e Mt )
Hy A FE R
1Hg}~t ‘Hukt
xe v @—ope " J1 . (5.57)

where J, is given by (5.30).
We consider, for example, one of the factors in
(5.57):

Hgt - iHt
Kou(t)=(Que " Que ™ ). (5.58)
From (5.16) we get the commutation relations
—iH o —iH gt
+e_ o — etmx e M +,
o . * (5.59)
"Huut . 1Huut
QKe h e“l)xte " Qu»
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which enable us to combine the exponential factors in
(5.58) and use the previously obtained result [see the
derivation of (5.25)]
ngut _iHlmi
e e n
iH,, t . —iH, ¢ o
by D Qoup=dy 0 Qu "1 exp [% (e{mut . 1)]

=€ h

A second application of (5.59) allows us to place the
factors exp (+iHykt/h) on the outer sides of the prod-
uct in (5.58) and consequently leave them out. Thus

2 . *
Koy (1) = exp [im,,t + % (! —1) ] (QueSg M50y

It remains to ‘‘disentangle’’ this expression (that is,
to place the creation operators ahead of the annihila~
tion operators) with the aid of the commutation rela-
tions (5.24) and (5.13). Now

Koy (1) =exp [lmut+ (e ! )][(e "Q”QuQ e )
(1= | A ) (P4

+ Ao (P Qse M) — b (M e~ H )], (5.60)
All the averages contained here can be readily calcu-
lated by suitable differentiation of (5.30) with respect

to the parameters A, and Af. We ultimately get
Ko (t) = [(’—lx'{’ 1) - l Ay (t) [2 (En'*‘ 1)2] Ju (t)

We can calculate by the same method all the remaining
elements of (5.57). These calculations yield

(5.61)

Koy () = 071F, (it) exp {@-p, (it)], (5.62)
where
ﬁu i ﬁ% 2
chZf—ch( wo, 4%
™ 2sh 7"

with F(w) coinciding with (3.49). I we neglect local
oscillations, the additional term of (5.63) tends to zero
like N, Therefore the summation in this term can
be carried out only over the local oscillations. After
substitution of (5.62) in (5.54) we get, obviously, a sin-
gularity of the type (5.33), connected with the fact that
the initial formula (2.18) contains a d-function. Ex-
pression (5.54) must be integrated over a continuous
parameter of the final state. If we choose this param-
eter to be p, and again introduce the density @1, we
obtain a formula of the type of (3.48).

In analogy with the optical transitions, the approx-
imation in which we use (5.56) as the perturbation op-
erator for the nonradiative transition is customarily
called the ‘‘Condon approximation.’”’ However, where-
as, as we have seen, in the theory of optical transitions
the ““non-Condon’’ corrections are small, in the theory
of nonradiative transitions they are apparently appre-
ciable.
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The nonradiative transition occurs near the line of
intersection of the surfaces Uy(q) and Ug(q) of the
configuration space (...qy...), where q—qg is gen-
erally speaking not small and the linear approximation
(1.13) for the electron wave function becomes inaccu-
rate. Kovarskii(42] obtained, by approximate summa-
tion of the entire perturbation-theory series in (1.8),
the analytical dependence of the electron wave function
on the normal coordinates. The calculation of the gen-
erating function (5.55) in this approximation leads to
the appearance of an additional factor in (5.62). Cases
when this factor increases the transition probability
by one or two orders of magnitude are indicated in {42],

The technique for ‘‘disentangling’’ the operator ex-
ponentials, considered in the present section, is used
also in the calculation of thermodynamic functions of
crystals with allowance for the electron-phonon inter-
action. In this connection, mention should be made of
the work of Pekar and Krivoglaz [4] on polaron theory
and of Dykman[*4] on exciton theory. A detailed ex-
position of these investigations is outside the scope
of our paper.

6. DENSITY MATRIX

We introduce a density operator (matrix) for a
system with Hamiltonian Hy:

Qu(h) =M, b=t (6.1)
Then the generating function (5.5) of the many-phonon

transition can be written in the form

IAIENG SYIE))

SP fou (M)

If we neglect the corrections connected with the
changes in the phonon frequencies and the deviation
from the Condon approximation, then (6.2) breaks up
into a product of traces pertaining to the normal os-
cillators, and assumes the form

| . Y (2
—ig t | Mgu |2 l;[ P [qu ( Sptl[ggng(;]( : )}(é 3)

(6.2)

T (t)=e

where
Qux (M) =exp[— AH .

O’Rourke (%}, in a theory of optical transitions, and
Kubol(®), in a theory of thermal ionization of a local
center, called attention to the fact that the calculation
by means of (6.3) is best carried out in the coordinate
representation, where the density matrix of the har-
monic oscillator reduces to the known expression for
the Slater sum

(6.4)

b 1
e 71p=3 Mo, o, @
n==0
=g [ @t -gran ]},

6.5)*
*th = tanh (65
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where &,; —wave functions of the harmonic oscilla-
tor. Here
-— < 1
Sple(q, ¢|B)1= S (g 91f)dg=—p-, (6.6)
s 2shL.
P
so that (6.3) assumes the form
T (t) = ®ugt | M |2 T[ 2h P2 — Gugr Gy~ Qg | — it
qu(t)=e""ue' [ Mg | H ) 0 (qn—Gxgr Gn— Gug | — i00yt)
kA —00
X 0 (g — Prus q_x_ Qo | Br+ i0,1) dgy dau- (6.7)

After substitution of (6.5), the integration in (6.7) is
readily effected by transforming the quadratic form

it

F(q,9) ——(q+q)2th~—(q g)% cth -

+(g+g— 282t IR 4 (g Gy otn O0HE (6.8)
using the linear substitution
iot+p | iot
. k 5 ch 5 = _
sh 5
to the diagonal form
_ shg . sh—g— 62
Q. Q) =—Gr it == 0l B
h 5= ch— sh—-sh—
. B
ch{ iwt4—+
1 2A2 |:cth b _(—2)] . (6.8a)
2

After integrating over the variables Q and Q, we again
obtain the generating function (5.19).

In the coordinate representation, the generating
function (5.57) of the nonradiative transition assumes
the form

Kgu (1)

—i ﬁn % 00y, ’
= ngt[§|$u|225h S& ag Qq“ dgwdg. J] 70(t)

nER

+ 2 x;xxésh%sh%*sg Q"’“dequdqu

U, AFER -0
SOOS Qg Qu}" dl]x dg. I 7% ] (6.9)
— o %, A

where for brevity Pgx and py, denote respectively the
integrand factors of (6.7), and

2 sh%” Swg QenCun 49, dg,,

—0

Jp(t)= (6.10)
is the already calculated factor under the product sign
in (6.3) and (6.7). This quantity coincides, apart for a
factor exp (iwytAk/2) with expression (5.20) calcu-
lated in the preceding section by the ‘‘disentangling’’
method.
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Integration with the aid of (6.8a) again brings us to
(5.62).

As was already indicated, summation in accordance
with (6.5) was first applied to nonradiative transitions
in (8] where, however, only local oscillations were
considered (three degrees of freedom of the impurity
atom ), and the shift of the normal coordinates was not
taken into account at all, For crystal oscillations, the
foregoing method was first used in (461, which contains
an error consisting in the omission of the second term
of the square bracket of (6.9). This error was noted
and corrected in (471,

The density matrix method was used also by the
author (8], who developed a theory for thermal ioni-
zation of an F-center with production of a polaron.*

In (5] and 6] an attempt was made to account for
the frequency effect by introducing electron indices
(u and g) for the frequencies wy in the Hamiltonians
Hyx and Hgy. That this approach is inconsistent has
already been noted at the end of Sec. 4. In the basic
paper by Kubo and Toyozawa (4] it is shown that the
density matrix method admits of a generalization that
takes consistent account of the frequency effect. To
this end it is necessary to write the phonon Hamil -
tonian of the adiabatic approximation (1.22) in tensor
form

92
Hy=Jo+ 3 (x9ix— 15 ), (6.11)
where x is an N-dimensional vector with components
(1.23), =1, and Qfl a second-rank tensor whose ele-
ments are defined by (1.24). Let x = Sy, where S is a
unitary operator that transforms (6.11) to the diagonal

form
v.= ut+ 3 <‘5 6y2> s

where wf =S 1Q%S is a diagonal matrix. The density
matrix for the system of oscillators (6.12) can be writ-
ten with the aid of (6.5). If we take into account the
change in the normalization conditions of the wave
functions $p(q) connected with the transition to the
dimensional variables x,, then

Q (¥ Y| B) = H(znshﬁ )lze"p{““[ ¥+ 9:0°

X Wy thi"—}—(y,‘—yx)2 mncth%] } .

The central idea of the calculation that follows is
that expression (6.13) can be readily recast in a form
that is invariant with respect to the unitary transfor-
mation S. This enables us to obtain directly for the
density matrix the expression

(6.12)

(6.13)

e (x, x|Bu) = [det (2195 sh B,)] "z exp { —% [(X-l-;)

x @, th B (x4 %) +(x_§)gucth%@<x_;)]}, (6.14)

*Unlike [*] and [*¢], where it is assumed that a band electron is
produced following thermal decay of the F-center.
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where By stands for the tensor £y /kT, and the ana-
lytic functions of the matrices are defined in usual
fashion in terms of power series.

Formula (6.7) is accordingly generalized into

T () = | Mgy |%e—9ust deot (2 sh %) SS dx d§g (x — Xy, ;—xu, Bu

+ Q1) 0 (x — Xy, X—Xg| — iQgt), (6.15)
where dx stands for multidimensional integration. The
latter can be readily carried out with the aid of the
formula

S exp [ —% aikxixh] dx= [det (%) ]—1/2 .

The problem thus reduces to the elimination of linear
terms from the quadratic form obtained by substituting
(6.14) in (6.15):

(6.16)

F(x, %) =5 [ (x+x—24) @ th P B (1 5 o)

— (Q —_ — : -
— (%) @ th 5 (x+7) + (x—%) @, oth Bt B (T

_ iQ,t _
—(x—x)Qgcthl—zi(x—-x)] ) (6.17)
where
A=x,—xg. (6.18)
We introduce the notation
: iQ,t
0,=0,thf T g _ g E,
“ 2 ¢ £ (6.19)

i iQgt
O, =0, cth et @~ g eth=F .

Elimination of the linear terms from (6.17) is accom-~
plished by making the substitution

Xx+x=2Q+2(0,+06,)9,A, x—x=2Q,

the Jacobian of which is equal to det(2). After inte-
gration as in (6.16), the expresgsion (6.15) for the gen~
erating function is transformed into

Igu(t)':lMgu(zeXp[_’f(t)]’ (6-20)
where
f@)y= ingt + A8, (Gu -+ eg)-legA
+1isp in[ (2 sh %)’9;1 sh (But10u) 489 o 1)

X (@, + D) Q7 sh (—iQqt) ] .

The last term of (6.21) is the result of applying the re-
lation

det A == exp [Sp In A]. (6.22)

Formulas (6.20) and (6.21) constitute an exact expres-
sion for the generating function (of course, within the
framework of the Condon approximation and the har-
monic model), but a direct analysis of the form of the
absorption curves and emission curves is very diffi-
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cult in this case, owing to the complicated nature of

f(t) in (6.21). However, if we assume that these

curves have a nearly Gaussian form, then theory and
experiment can be compared by calculating the aver-

age frequency (5.37) and the average dispersion (5.38) of the
spectral distribution. Combining (5.37) and (5.38) with
(5.42) we can readily verify that these quantities co-
incide (apart from a factor ) with the corresponding
derivatives of f(t) when t = 0. After simple but

rather cumbersome transformations, we get

Q= —if (0) = Qug— 5 AQIAQ + - Sp | @i cth B 02— o],
(6.23)

@-Qp=1(0) = + A% cth P aza

+ 5 Sp {[Q;‘cthﬁz—”(ﬂﬁ——ﬂ,’;)]z} ) (6.24)

We emphasize once more that the accuracy of these
formulas is limited only by the choice of the initial
phonon Hamiltonian (6.11) and by the Condon approx-
imation. The frequency effect is taken into account
here in the most rigorous and general form. On the
other hand, the calculation of the tensor expressions
contained in (6.23) and (6.24) is hardly possible without
a concrete model of the center and without suitable
approximations. In the particular case when the cri-
teria for the diagonalization of the adiabatic potential
by the perturbation theory method are satisfied, (5.48)
and (5.49) follow directly from (6.23) and (6.24).

A generalization of the density matrix method in
the ‘‘non-Condon’’ case, when

Mgy (z) = Mz + Mgux, (6.25)
is obtained [4] by means of the substitution
o O
x =i\ ekx 28 (k) dk, (6.26)
J

which makes it possible to carry through to conclusion
the formal integration and to obtain an expression for
the generating function, differing from (6.20) by an ad-
ditional factor.

In (4] are also considered nonradiative transitions
in which the role of the perturbation is played by the
non-adiabaticity operator, written in tensor form

Lug= —iA L. (6.27)
We do not present the rather cumbersome resultant
formula for the generating function, since it apparently
does not lend itself readily to investigation. In partic~
ular, in the analysis of the nonradiative transitions in
(4%] the frequency effect was not taken into account
and consequently the generating function of the non-
radiative transition was reduced to expression (5.9).
The density matrix method gives very lucid results
in the ‘‘semiclassical’’ approximation, that is, in the
case when the phonon wave function of the initial state
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[n) is quasiclassical. In this case* it is possible to
replace the phonon Hamiltonians Hy and Hg under the
trace sign in (5.5) by the corresponding Hamiltonians
of the classical system and to neglect their non-com-~
mutativity. The generating function (6.2) assumes the

form
Sp {Qu (A) exp [t—tg%_ﬂ—l }

— 2
Tau (1) = | M| ST

(6.28)

Neglecting the frequency effect and going over in (6.28)
to the coordinate representation, we get

10 =10 e [ Bt Bt
k3

S 0 (Gxs Gue| Br) €XP ({0429:A,) Ay

—co

x [[2sn (6.29)

After substitution of the diagonal matrix element from
(6.5), the integration in (6.29) is elementary and we get

T ()= | My, Pexp [ — 2 3 a2A% oth Bx— Qnaxt | - (6.30)

It is easy to verify that substitution of (6.30) in (5.3)
results in exactly a Gaussian curve for the emission
(and accordingly absorption) band [see, for example,
(4.27) and (4.28)].

Applying the method of %), we can generalize (6.29)
to include the case when the phonon frequencies change
by electronic transition. At high temperatures, when
tanh (8y/2) = By /2, we obtain with the aid of (6.11)
and formula (6.14) for the density matrix

Tgu(t)=] Mg |* [ det (%’:) 1" exp (— 19ue1) { ax

- [_,;_(Hu) xQix -+ (x+4) @ (x+4) | - (6.31)

From this formula we can obtain the classical mo-
ments of the spectrum by the same method as used

to derive (6.23)—(6.24). A somewhat different anal-
ysis of the generating function (6.31) is given by Ratner
and Zil’berman(®]. The matrices @} and Qf of two
positive definite quadratic forms can be diagonalized
by one linear (but not unitary) transformation, as a
result of which the integral in (6.31) breaks up into a
product of elementary integrals. Integration with re-
spect to t in (5.3) is then carried out by expanding the
logarithm of the generating function in powers of t/A

< kT/56Q. The latter quantity is as a rule small even
at high temperatures. Expansion up to terms propor-
tional to t® gives respectively the first three moments
of the emission (absorption) band. In 51 the same
method of calculating the moments is applied to a quan-
tum generating function of the type (6.15). The case is
considered when the electron of a local center inter-
acts only with a small number of neighboring atoms

*We confine ourselves to the Condon approximation.
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(ions) of the lattice. The elastic constants of this in-
teraction (the frequency parameters of the adiabatic
potentials) are determined by comparing the theoretical
expressions and the experimental values of Q and

(2 ~Q)? for the absorption and luminescence bands.*
With the aid of these parameters it is then possible to
calculate and compare with experiment the activation
energy of the nonradiative transition. Good agreement
was obtained in this way between theory and experiment
in the case of KC1~Tl. Nonradiative transitions are
also considered in [51J,

7. GREEN’S FUNCTION IN THE THEORY OF MANY-
PHONON TRANSITIONS

Confining ourselves to the ‘‘Condon’’ case in the
theory of optical transitions, we write the generating
function (4.14) in the form

t
T (t) = Mgy I*(T exp [{- % AH (s)ds | ),
0

(7.1)

where T is the operator of chronological ordering in
the parameter s.

Expressions similar to (7.1) are encountered in
quantum field theory. The difference lies in the fact
that the vacuum averaging in (7.1) is replaced by aver-
aging over a canonical ensemble, and the § matrix is
replaced by the evolution operator. In this respect,
our problem is perfectly analogous to problems of
quantum statistics and the field methods employed in
it (see, for example, [3%581) can be extended to the
theory of many-phonon transitions.

Tyablikov and Moskalenko[%] have shown that under
rather general assumptions with respect to the oper-
ator AH the calculation of the generating functions
reduces to a solution of a system of equations for the
temperature-time Green’s functions.

We choose a representation in which the phonon
Hamiltonian Hy is diagonal

Huz-]u—FEh(D;f) (Q:Qu‘f‘%) . (7.2)
H
In the same representation (with account of the fre-
quency effect) we have

AH
T= *‘ng"l‘V:

n

(7.3)

1
+ 3 (400101 + 3 BaQu0s+ 5 B1nQi01 ).
%o A

(7.4)
Assuming that the unitary transformation which re-
duces the Hamiltonian Hy (6.11) to the diagonal form
(7.2) is known, we can assume that the coefficients of
the operator (7.4) are also known.

*If the symmetry of the system makes it possible to reduce the
number of parameters of the theory to four.
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We introduce a formal parameter « and the gquan-

tities

U (t)=T exp [ia§ V(s) ds] (7.5)
0

and

Jo () = (U (). (7.6)
Differentiating (7.6) with respect to the parameter «,
we can show [%2] that

InZoy (8) —In| Mg P+ iQug t = — F (£) +Qugt

1
d
zﬁja‘;t)ﬂ ds (T1V (s) Ua ()])- @.7)
After substituting V from (7.4), we get
1 t
() = iQugt —i S du S ds {Z V@i (8) 4 Vi ()]
0 0 %
+ 2 [4aDua s, )+ 5 BuaDua (s, 9)
%, A
+ BiaDsa. (5,9 | } (1.8)
where we have introduced the Green’s functions
9 (9) = 70 (7 10w (5) U (D), (7.9
D (5, 8) = 25T [Q5(9) Qu () Ua (O (7.10)

The function ¢, differs from ¢4 in the substitution
Qi — Q. while the functions D, and D differ in that
QcQ) is replaced by Q,Q) and Q;Qj, respectively.
The functions ¢ and D depend on t and o as param-
eters. The dependence of the creation and annihilation
operators on the time-dependent parameter s(s’) is
given by (5.16).

We note that when t = 0

(s, 8 ={(T[Q% (5) Qr (s
= 8,09 ) 1.8 (5 — ') + (M + 1) 8 (s — 5)],

Dy =0 =

(7.11)

where 6 is the unit step function
8(s) zl 1 s>0,

0 s<0.

Expression (7.11) is the Green’s function of the free
phonon field.

Equations for the functions ¢ and D can be de-
rived in the following manner. After expanding Ug(t)
in a power series we get

© t
1 i) ¢
=Ja(t)§0 L:! S.O..Sdst..-

Vs

dsn (T [Qu () V (s1)

P (5)

(7.12)
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According to the so-called generalized Wick’s theo-~
rem (%], the average of the T-product in (7.12) is equal
to the sum of n terms of the form

(T1Q () V (5 V (s2) ... V (s0)l),

which differ from each other in the permutation of the
indices sy, ..., sp. Inthe statistical variant of Wick’s
theorem [%3] the symbol — for chronological pairing
denotes

(7.13)

Qu(s) A(s") = (T [Qu(s) A ()]s (7.14)

if A is an operator that depends linearly on the crea-
tion and annihilation operators. Pairing with a non-
linear operator [for example V(s;) in (7.13)] denotes,
by definition, the sum of pairings with all linear oper-
ators contained in V(s;). Using the right to rename
the integration variables s;,...,sy in (7.12), we can
readily show that the sum of the expressions (7.13)

can be replaced by multiplication of (7.12) by n, and
thus

o ¢ —
P (8) =75 VT V6 Ualoh, (7.19)

where according to the foregoing definition

' * ’ D% + ’
Qu () V (5") = D% (s, &) (Vi+ 2 [4aQs (5") + B QF ()11
A

(7.16)

In the derivation of (7.16) we used (7.11) and the obvi-
ous relations

| ase—

(7.17)

In (7.16)
A = ’12" (B;l + B;:M)

After substituting (7.16) in (7.15) we get

(7.18)

P (s mﬂ ds'Di (s, 8) { Vi + 2 (At () 4 Blat (¢ n
(7.19)

A similar equation for ¢, can be written read11y by
replacing ¢4 by ¢, in (7.19), as well as Vi and BKA
by Vi, Bea. I we put Ayg) = By = By, = 0, then (7.19)
can be solved in elementary fashion. It is easy to note
that in this case (that is, neglecting the frequency ef-
fect), we return to the Pekar-Krivoglaz generating
function, which has already been mentioned several
times.

Proceeding to a derivation of the equations for the
doubletime Green’s functions, we use again the gener-
alized Wick’s theorem

Dusa (5, 8) = 75 (T 1Q% () Cu (") Ua (O
+(T10%(5) 0a (5) Ua (1)) (7.20)

The first of the pairings contained here gives the free
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Green’s function, while for the second we obtain, in
complete analogy with the derivation of (7.15)

e

Qi (s) Ua (t) = ia \ ds"(T[Q% () V (s Ua (9)]).  (7.21)

i §

%]

After substituting V from (7.4) and calculating pair-
ings of the type (7.16), we get

t
Dus (5, 5') = Do (5, ) + 10 { ds" Dl (5, 5") {Vuoun (5)
[}

+ 3 [AuD1i (57 8) -+ BuwDaya (s, s')]} ) (7.21a)
i
Analogously
i
Dy (s, 8') = ia K ds" Dy, (s, ") {Vf;qm (s
0
+ D 4D (55 8") + BluDua (" )1} - (7.21b)

w

The equation for Dj is obtained from (7.21b) by re-
placing Dy, ¢, V;, and ﬁ,’:# by Dj, @3, Vi, and By,
respectively.

As is well known, equations for Green’s functions
usually form an infinite chain, which contains functions
with increasing number of arguments (%], Equations
(7.21) have the important advantage that they form [in
conjunction with (7.19)] a closed system. This system
can be solved by iteration. We recall (see Sec. 6)
that the average frequency, the average dispersion,
etc. of the emission (absorption) spectrum are deter-
mined by the corresponding derivatives of f(t) with
t = 0. To calculate the foregoing quantities (normal-
ized moments) we can assume therefore the variable
t to be a small parameter of the iteration. This method
was used in [*] to obtain the formulas

Q=0+ Y Au (EHL%), (7.22)

(Q@—Q) = 3| Vul? @t 1)+ D) 1] A3 2 (0 + 1y + 2002
*® %y A

+£Eu}~ 12(1—‘(——}'2,‘—1—;;“%—271,“7;@)], (7.23)
which are equivalent to (6.23)—(6.24) obtained in [4%],
In [%] there was considered a variant of the method
of [54], where it was possible, by redefinition of the
complex normal coordinates, to reduce both functions
@1 and ¢, to a single function ¢ and the three func-
tions Dy, Dy, and D; to a single function D. The num-
ber of parameters of the formula (7.23) was accordingly
reduced (the parameter EK?\. disappeared). A paper
delivered by the authors of (%] at the Fifth Confer-
ence on Semiconductor Theory (Baku, 1962) contains
approximate estimates of the correction terms in (7.22)
and (7.23), due to the frequency effect, for the KBr cen-
ter. As expected, the corrections turned out to be
small. In particular, the difference in the half-widths
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of the absorption and luminescence F bands at T
= 77°K was found to be ~ 0.002 eV, amounting to ~ 1%
of the half-width and being one order of magnitude
smaller than the observed effect (23], At room tem-
perature, the frequency correction to the half-width
is approximately 3%.

Along with the Condon approximation, a more gen-
eral case is considered in [%], where

My = D1 (M, Qx+ M303). (7.24)
"

It turns out that in this case the transition probability

[in particular, the probability of nonradiative transi-

tion with perturbation operator (5.56)] is expressed

in terms of the Green’s functions (7.9) and (7.11).

8. CONCLUSION

During the last 13—14 years the theory of many-
phonon transitions and local centers has made great
strides. Starting from the adiabatic model of the local
center, the theory has made it possible to establish
even during the first stage of this development the
fundamental physical properties of the impurity ab-
sorption and luminescence bands, properties connected
with the electron-phonon interaction, such as the shift
of the maxima of the bands relative to the frequency of
the ‘‘pure electronic’’ transition, the presence of broad
spectral bands and the dependence of the half-widths of
these bands on the heat-release constant and the tem-
perature, and the law of mirror symmetry of the ab-
sorption and emission bands. At the present stage,
more general methods have been developed, which
account for the subtle corrections connected with the
frequency effect, the inaccuracy of the Condon approx-
imation, etc. Under these conditions, the problem
coming to the foreground is that of comparing theory
with experiment, which can be done only by a joint
effort of theoreticians and experimenters. Without
pretending to set up a program for these joint inves-
tigations, we wish to mention some problems which
in our opinion are of interest.

1) Theoretical and experimental study of the phonon
spectrum of impurity crystals, including local oscilla-
tions. The error in the estimate of the parameters of
the many-phonon transitions, due to the neglect of dis-
persion, can hardly be smaller than the errors con-
nected with the aforementioned subtle effects. In the
determination of the law of dispersion of the normal
frequencies, a decisive role should apparently be played
by experimental methods (in particular, neutron scat-
tering, the Mdssbauer effect, etc.), for the theoretical
calculations of the natural oscillations offer serious
mathematical difficulties even for ideal (impurity-free)
crystals (571,

2) Further study of cases in which the law of mirror
symmetry is violated. The authors of an overwhelm-
ing majority of theoretical and experimental papers on
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impurity luminescence spectra unanimously attribute
these violations to the frequency effect. However, it
can be seen with the F centers as an example that the
contribution of the crystal oscillations to the frequency
effect is small and apparently lies within the limits of
experimental error.* Judging from (381, local oscilla-
tions make a large contribution to the frequency effect,
but it is far from obvious that even in the case of local
states of ‘‘small radius’’ it is possible to neglect the
interaction between the electron and the crystal vibra-
tions in the calculation of the parameters. It is nec~
essary to develop local-center models that can take
into account all the essential interactions with the
phonons.

At the same time it is necessary to investigate other
possible causes of deviations from the mirror sym-
metry law, viz: the transfer of excitation also to
closely located electron levels, the incomplete relax-
ation of the phonon distribution, etc.

3) Clarification of the role of the anharmonicities
of the oscillating subsystem. We refer here not only
to the determination of some new small corrections
to the moments of the spectrum, but to the utterly un-
investigated problem of the relaxation time in the
phonon subsystem.

4) Particular attention should be paid to the theory
of nonradiative transitions, the state of which deter-
mines the reliability of the theoretical calculations of
the luminescence and photoeffect quantum yields, the
capture and recombination cross sections, and other
important parameters. A very important role is played
by nonradiative transitions in laser theory. It is nec-
essary to study, along with the non-adiabaticity of the
electron motion, also other interactions which give rise
to thermal transitions. It is possible that a new ap-
proach will be found to the problem of nonradiative
transition on the basis of modern theory of fluctuations
(thermodynamics of irreversible processes).
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