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INVESTIGATIONS over the last few years have estab-
lished that six rare-earth metals of the yttrium sub-
group—Gd, Tb, Dy, Ho, Er, and Tm—have ferromag-
netic properties. The rare-earth ferromagnets (r.e.f.)
have very characteristic magnetic properties, differ-
ent from those of ferromagnets of the iron group. The
most remarkable property of r.e.f., which is at present
arousing great interest, is the fact that five of them
(Tb, Dy, Er, Ho, and Tm ) exhibit antiferromagnetism
in a certain range of temperatures. Investigations
have shown that this antiferromagnetism is of a spe-
cial type: spiral or helicoidal.*

The majority of the rare-earth metals of the cerium
subgroup (Ce, Nd, Sm, Eu) exhibit antiferromagnetism
at very low temperatures.

A wealth of experimental data on the magnetic prop-
erties of rare-earth metals has been accumulated in
recent years, and attention has also been focused on
the theory of helicoidal antiferromagnetism. The pres-
ent review is an attempt to present systematically this
material.

1. MAGNETIC PROPERTIES OF RARE-EARTH
FERROMAGNETS

The magnetic properties of dysprosium have been
investigated in the greatest detail. [1-4] Figure 1,
which is taken from [3], illustrates the temperature
dependence of the specific magnetization of a single
crystal (of hexagonal symmetry) of dysprosium in
the basal plane along the a-axis. The curves were
recorded between helium temperatures and 300°K in
various magnetic fields. Figure 1 shows that the mag-
netization rapidly decreased on reaching a certain tem-

*The problem of the existence of helicoidal antiferromagnetism
in the sixth r. e, f.—gadolinium—has not yet been finally solved.

179

perature; when the magnetic field is increased, this
magnetization drop occurs at higher temperatures. In
a field approaching zero, the magnetization drop oc-
curred at 9; = 85°K. It follows from Fig. 1 that in the
region of 8, = 179°K there is an increase of magneti-
zation, followed by a decrease at higher temperatures.

The interpretation of the results of these measure-
ments suggested at once that the ferromagnetic-anti-
ferromagnetic transition occurs at 9y and the antifer-
romagnetic-paramagnetic transition at 0,, i.e., that
dysprosium, in contrast to normal ferromagnets, ex-
hibits two magnetic phase transitions.

Similar results were obtained for holmium [4,5,20]
(Fig. 2), erbium 4873 (Fig. 3), terbium[*J and thulium
[5,107 (Fig. 4). In these metals, as in dysprosium, two
transitions were observed: from the ferromagnetic to
the antiferromagnetic state at 6y, and from the anti-
ferromagnetic to the paramagnetic state at 6,.

The antiferromagnetism of r.e.f. can be ‘‘destroyed’’
by a magnetic field. At any given temperature, there
is a critical field Hgp at which this occurs. Figure 5
shows the isotherms of the magnetization of a dyspro-
sium single crystal, and Fig. 6 presents the same data
for holmium (in the basal plane along the a-axis). It
is evident that, in the temperature region 6; < T < 6,,
in weak fields the magnetization increases linearly
with the field, but at a certain critical field Hgyr the
magnetization increases more sharply: the magnetic
field produces a transition from the antiferromagnetic
to the ferromagnetic state. The value of the critical
field Hiyy increases approximately linearly with tem-
perature, reaching a maximum close to 6, (Fig. 7).

Experiments have shown that the critical fields of
dysprosium, holmium, erbium, and thulium attain con-
siderable values:

H cr max =& 10 000—18 000 Oe.
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FIG. 1. Temperature dependence of the specific magnetization
of a dysprosium single crystal in the basal plane (along the a-
axis) in various fields.
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FIG. 2: Temperature dependence of the specific magnetization
of a holmium single crystal in the basal plane along the a-axis in
various fields.

In the case of terbium, the temperatures 6; and 6,
lie very close to each other, and it is difficult to dis-
tinguish them in experiments. The values of ¢; and
6, of terbium were determined by measuring the gal-
vanomagnetic effect (magnetoresistance ), which is
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FIG. 3. Temperature dependence of the specific magnetization
of an erbium single crystal along the hexagonal c-axis and the
basal plane a-axis in various fields.
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FIG. 5. Isotherms of the magnetization of a dysprosium single
crystal in the basal plane along the a-axis.

very sensitive to magnetic structure; at the transition
points, clear maxima are obtained on the curves
1/R(AR/R)(T).2] The value of the critical field of
terbium is two orders of magnitude lower (Hep max

~ 200 Oe) than those of dysprosium, holmium, erbium,
and thulium.

FIG. 4. Temperature dependence of the specific magnetization
of polycrystalline thulium in various fields.
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FIG. 6. Isotherms of the magnetization of a holmium single
crystal in the basal plane along the a-axis.
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FIG. 7. Temperature dependence of the critical field H, of
.dysprosium.

Until very recently, gadolinium was regarded as a
‘“‘normal’’ ferromagnet like iron, nickel and cobalt.
(11,12] Recent measurements[3:14] hayve shown that in
weak fields magnetization anomalies appear in the re-
gion 210—250°K; the magnetization decreases sharply
on heating in this temperature range (Fig. 8). The
magnetization isotherms (Fig. 9) above 210°K show
critical-like fields (measurements were carried out
on toroidal samples of polycrystalline gadolinium )
whose values, as in the case of dysprosium, rise with
increase of temperature. However, the value of Hgy
of gadolinium is very low (Hepy max = 10—15 Oe).
This probably explains why these anomalies were not
discovered earlier in gadolinium: the previous work
was carried out in strong fields using short samples.

In connection with this complex behavior of gado-
linium, a suggestion has been put forward (13,141 that
antiferromagnetism exists in this metal in the tem-
perature range from 210—250 to 290°K, and is de-
troyed by a weak magnetic field. This suggestion was
confirmed by the weaker intrinsic magnetization in
gadolinium (Sec. 4) compared with the ‘‘normal’’ fer-
romagnets, and by the theoretical calculations of
Kaplan and Lyons[%]. On the other hand, measure-
ments on single crystals (153 did not show any change
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FIG. 8. Temperature dependence of the specific magnetization
of polycrystalline gadolinium in various fields.
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FIG. 9. Isotherms of the magnetization of polycrystalline
gadolinium.

in the magnetic properties in the 210—290°K region.
To give a final answer to the question of the existence
and nature of antiferromagnetic ordering in gadolin-
ium, further detailed studies of its magnetic structure
are required.

Table I lists the values of 6y, 6y, and Hgp max for
r.e.f.
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Table I. Temperatures 6; and 6, and maximum critical
R.e. f. 8, °K 62, °K 02 — 8;.°K Her max Refer-
ence
Dy 85 179 94 11 000 3
Ho 20 133 113 18 000 a
Er 20 85 65 18 000 4
Tu 22 60 38 >15000 s
Th 219 230 11 200 17

There is great interest in the anisotropy of the mag-
netic properties of r.e.f., because the magnetic aniso-
tropy energy affects considerably the magnetic struc-
ture of these substances. At low (nitrogen and helium)
temperatures, the uniaxial magnetocrystalline aniso-
tropy energy of all the r.e.f. considered is very high.
This is clear even from the fact that at helium tem-
~ peratures the magnetic saturation of polycrystalline
samples of dysprosium, holmium, terbium, and thulium
is not reached even in fields of 80 kOe.[16-20] The in-
vestigations of single crystals show that in some r.e.f.
the easy magnetization axis lies in the basal plane (for
example, in dysprosium[3:4]) while in others (for ex-
ample, in erbium [’ and holmium£4J) it is directed at
an angle to the hexagonal axis. In gadolinium crystals,
the direction of the easy magnetization axis varies with
temperature;?%2] the angle between the easy magneti-
zation axis and the hexagonal axis increases from 32 to
90° on increasing the temperature from 0 to 170°K
(angle ¢ in Fig. 10a). In the temperature range from
250°K to the Curie point (290°K), the easy magnetiza-~
tion axis coincides with the c¢-axis. This behavior is
due to the complex temperature dependence of the uni-
axial magnetic anisotropy constants K; and K, of gado-
linium (Fig. 10b).

Investigations of dysprosium, erbium and holmium
single crystals showed that a strong uniaxial anisotropy
occurred also above the temperature 6, —in the para-
magnetic region. This brought out the fact that the
paramagnetic susceptibility and the paramagnetic Curie
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FIG- 10. a) Temperature dependence of the direction of easy
magnetization of gadolinium (the angle @ is reckoned from the
hexagonal c-axis of the crystal); b) temperature dependence of the
uniaxial anisotropy constants of gadolinium.

points vary with direction in the crystal. [3,4,21] Thus,
for dysprosium the paramagnetic Curie point along the
hexagonal axis is fp(| = 121°K, and in the basal plane
it is fpl = 169°K (Aep = 48°K); for erbium, these
quantities are, respectively, 61.7 and 32.5°K (A6,

= 29.9°K); and for holmium, they are 73 and 88°K

( Abp = 15°K).

From Landau’s thermodynamic theory (251 jt follows
that in an antiferromagnet the ratio A6y /6p is equal
to the ratio of the magnetic anisotropy and exchange
interaction energies. For dysprosium, this ratio is
Aep/ep“ = 0.27; for erbium, A6p/0p = 0.35; and for
holmium, A6} /op = 0.11. Thus, in these rare-earth
metals, the uniaxial anisotropy energy is comparable
with the exchange interaction energy. The strong uni-
axial magnetocrystalline anisotropy of r.e.f. is due to
the fact that they have close-packed hexagonal lattices.

We have considered so far the uniaxial anisotropy
energy (the anisotropy of the second and fourth
orders). It has been shown, however, that the energy
of the magnetic anisotropy in the basal plane (the
anisotropy of the sixth order) plays an important role
in r.e.f. In dysprosium [3'4], the latter energy is large
at T < #; (in the ferromagnetic state) and is retained
in the antiferromagnetic region at T < 110°K. Above
110°K, the basal-plane anisotropy is practically equal
to zero.

It is of interest to study the hysteresis properties
of r.e.f., particularly in the region between 6; and 6,.
Figures 11 and 12 show the temperature dependences
of the coercive force H; of dysprosium £26] and gado~
linium [13] (see also [21:28]) n dysprosium, the co-
ercive force near 6, is relatively small, but on in-
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FIG. 11. Temperature dependence of the coercive force H,
and the remanent magnetization ¢, of dysprosium (for magnetization
in fields of 3250 and 12 700 Qe).
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FIG. 12. Temperature dependence of the coercive force of
gadolinium. 1) Unannealed gadolinium (99.5% purity); 2) unan-
nealed gadolinium (99.8% purity); 3) annealed gadolinium (99.8%
purity).

creasing the temperature above 6, the coercive force
increases strongly —reaching a maximum at 90—95°K—
and then rapidly decreases. We may assume that the
reason for this increase of Hg is the existence of an
unusual magnetically heterogeneous state in the re-
gion above 6: the ferromagnetic and antiferromag-
netic phases coexist because the transition is broad.
The coercive force maximum was also found at 6; in
terbium. (28]

A sharp rise of the coercive force in gadolinium in
the range 210—250°K is possibly due to the same rea-
son.

2. NEUTRON-DIFFRACTION STUDIES OF THE MAG-
NETIC STRUCTURE OF RARE-EARTH FERRO-
MAGNETS

A detailed neutron-diffraction study was recently
carried out on single crystals of dysprosium, holmium,

FIG. 13. Magnetic structures of r. e. f. a) Fer-
romagnetic structure of dysprosium—_collinear or-
dering; b) antiferromagnetic structure of dyspro-
sium, holmium, and terbium_antiferromagnetic
helicoid; ¢) ferromagnetic structure of holmium
and erbium—_ferromagnetic helicoid; d) antiferro-
magnetic structure of erbium_cycloidal ordering,
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erbium, terbium, and thulium. It was found that the
magnetic moments are not collinear in these metals:
they have either spiral (helicoidal) or more complex
—umbrella-shaped (cycloidal ) —magnetic structures.

Dysprosium has the simplest magnetic struc-
ture.[29:30] In the ferromagnetic region, below the 6,
point, the magnetic moments of dysprosium lie in the
basal planes and are parallel to one another (Fig. 13a)
In the antiferromagnetic state, in the temperature re-
gion between the points 6; and 6,5, the resultant mag-
netic moment of each basal plane is rotated by a cer-
tain angle «, with respect to the direction of the mo-
ment in the next basal plane (Fig. 13b). It is evident
from Fig. 13b that the magnetic moments in the hex-
agonal lattice of dysprosium lie on a spiral, the result
of which is the characteristic ‘‘helicoidal’’ structure.
Neutron-diffraction studies of dysprosium established
that the angle o, increases almost linearly from 26.5
to 43.2° with increase of temperature from 6, to 6,.
In the temperature region below 140°K, the helicoidal
structure is slightly distorted, apparently because of
the effect of the magnetic anisotropy in the basal plane.

The magnetic structure of terbium is similar to the
magnetic structure of dysprosium. [31]

The magnetic structure of holmium is more com-
plex. [30,52] Below the point 8; in the ferromagnetic
state, the magnetic moment component along the hex-
agonal axis of holmium is (at 4.2°K) 2up per atom.
At the same temperature, the magnetic moment com-
ponent in the basal plane is 9.5 up per atom; the mag-
netic field components in the basal plane are helicoid-
ally ordered with the angle a; = 36° and do not have a
resultant magnetic moment (Fig. 13¢). Thus, the fer-
romagnetic moment of holmium below 6, is due only
to the component parallel to the hexagonal axis. In
the antiferromagnetic state, above 20°K but below
35°K, holmium has a strongly distorted helicoidal
structure with a; = 36°; above the latter temperature,
the purely helicoidal ordering is observed and the
helicoid angle «, increases linearly to 50° at the
temperature 6,.

In the ferromagnetic state, erbium 130,38] pas a
structure similar to that of holmium below 8y: the
magnetic moment component along the c-axis is (at
4.2°K) 7.2 up per atom, while the component in the
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basal plane, equal to 4.1 up per atom, is ordered
helicoidally with @y = 43.3°. In the antiferromagnetic
region, the magnitude and direction of the magnetic
moment component along the c-axis vary periodically
from layer to layer in accordance with a sine law
(Fig. 13d). The period of this variation is 4cj (¢g is
the lattice constant along the c-axis) at T = 20°K, and
then it decreases linearly to 3.5c, when the tempera-
ture is increased to 52°K, remaining constant above
this temperature. In the temperature range from 64

= 20°K to 52°K, the neutron-diffraction patterns show
additional reflection maxima, obviously because the
magnetic moment components in the basal plane are
helicoidally ordered in this temperature region. Above
the latter temperature, the components in the basal
plane are disordered.

Thus, according to the neutron-diffraction data,
erbium should exhibit an additional transition at 52°K
from the ordered helicoidal to the disordered struc-
ture in the basal plane, as confirmed by measurements
of the specific heat and electrical resistance of this
metal.

Neutron-diffraction studies of polycrystalline
thulium showed [3°J that the magnetic structure of
this metal in the antiferromagnetic region is similar
to that of erbium. Recently, thulium single crystals
were investigated by neutron diffraction. (3¢] Between
39° and 56°K, thulium has a structure similar to the
high-temperature structure of erbium with a modula~
tion period of 3.5¢,. At 4.2°K, the resultant magnetic
moment, equal to 1up per atom, is directed along the
c-axis. In this temperature region, the spins alter-
nate: in four neighboring planes the magnetic moments
are directed one way, and in the three next planes they
are directed in the opposite way.

The magnetic structure of gadolinium has not yet
been studied since this metal absorbs neutrons
strongly.

To conclude this section, we note that helicoidal
magnetic structures are observed not only in rare-
earth metals, but are found also in the alloy
MnAu,, (95,37 jn manganese dioxide MnO,, 371 in some
compositions of the alloys Mn,_xCrxSb, 3] in holmium
iron garnet, (3] in manganese chromite, 4% and in the
compound Mnl,.[#] There is some doubt about the in-
terpretation of the magnetic structure of chromium .[42]
Kapla.n[“:I came to the conclusion that chromium has a
helicoidal magnetic structure.

We must point out that the problem of describing the
magnetic symmetry in helicoidal magnetic substances,
having a magnetic structure period which, in general,
is not a multiple of the crystal lattice period, is quite
complicated since the magnetic symmetry group is not
then directly related to the crystal symmetry group.
Recently, magnetic symmetry theory was extended to
the helicoidal structures of rare-earth metals by
Naigh. [4]
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3. THEORY OF THE HELICOIDAL MAGNETIC
STRUCTURE

The first attempt to explain the magnetic properties
of dysprosium was made by Néel, %1 according to
whom the hexagonal lattice of dysprosium splits into
two sublattices. In each of these sublattices, there is
a strong positive exchange interaction which orients
the magnetic moments in the sublattices to make them
parallel, i.e., it produces the ferromagnetic state.
However, the exchange interaction between sublattices
is relatively weak and negative. This interaction pro-
duces, in the temperature region 8,—8,, the antiparal-
lel orientation of the resultant magnetic moments of
the sublattices, i.e., it produces the antiferromagnetic
state. Cooling increases the effective field of the uni-
axial magnetic anisotropy, which destroys the antifer-
romagnetic structure at the temperature 6;, making
the magnetic moments of the sublattices parallel. The
discovery of the helicoidal magnetic structures in r.e.f.
showed that Néel’s theory is unsatisfactory and posed
the following problems: 1) to explain the existence of
the helicoidal magnetic structure; 2) to explain the
transition from the helicoidal antiferromagnetic state
to the ferromagnetic state; and 3) to describe the be-
havior of the helicoidal structure under the action of
a magnetic field, elastic stresses and temperature.

At present, there is no complete theory which would
explain the appearance of the helicoidal magnetic struc-
ture. In all the work dealing with this problem, the ap-
pearance of the helicoidal spin configuration is ex-
plained by the ‘‘competition’’ of the positive interac-
tion between the nearest atomic neighbors, and of the
negative interaction between the next nearest neigh-~
bors, an allowance being made for the interaction be-
tween even more distant neighbors. The possibility
of the formation, in principle, of the helicoidal mag-
netic structure in rare-earth metals follows from the
indirect nature of the exchange interaction in
them.[%1* The indirect exchange interaction via
conduction electrons is a long-range effect and depends
in a complex way on the separation between atoms.
This may make the exchange interaction between the
nearest atoms comparable in magnitude and opposite
in sign to the exchange interaction between atoms at
greater distances from one another.

We give below a brief resume of the theoretical re-
sults arising out of the investigation of helicoidal mag-
netic structures.

Yoshimori 373 was the first to discuss the possibil -
ity of the formation of the helicoidal distribution of
magnetic moments in an MnO, crystal. He showed

*A review of the present state of the theory of the electron
structure and the exchange interaction in rare-earth metals is
given in the paper of S. V. Vonsovskii and Yu. A. Izyumov [UFN
77, 377 and 78, 3 (1962) Soviet Phys. Uspekhi 5, 547 and 723
(1963)].
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that such a structure may be formed by the exchange
interaction between the first, second, and third near-
est neighbors, and he calculated the initial magnetic
susceptibility of the helicoidal structure. Yoshimori
showed also that in MnO, a more complex (cycloidal)
spin configuration may exist, with the magnetic mo-
ment components in the basal plane being ordered
helicoidally and the components along the c-axis
being modulated; he indicated the possibility that the
uniaxial magnetic anisotropy energy may affect this
structure. Starting from similar assumptions,
Cooper [47] came to the conclusion that in the body-
centered cubic lattice of chromium the helicoidal
structure has the lowest energy for a certain rela-
tionship between the exchange integrals of neighbor-
ing atoms.

Villain[4®] investigated, in the molecular-field ap~
proximation the various magnetic-moment configura-
tions which may appear in a magnetic material below
the point of transition to the magnetically ordered
state. He further showed that when the interaction
between the second and third neighbors is strong
the helicoidal structure is the most stable from the
energy point of view.

Kaplan et al. (503 found, starting from the spin-wave
theory, that, for a certain relationship of the exchange
interactions between sublattices and in sublattices
themselves, the spiral magnetic structure is the prin-
cipal state in cubic and tetragonally distorted struc-
tures of spinel type.

Yoshida and Miwa[51], having discussed on the same
basis the interaction in the hexagonal lattice of rare-
earth metals, came to the conclusion that the antiferro-
magnetic helicoidal structure is possible in this lattice
when one allows for the interaction between the next-
nearest neighbors and for the strong uniaxial magneto-
crystalline anisotropy. In their later work [52], these
same authors allowed for the anisotropy energy in the
basal plane and showed that, in this case, the forma-
tion of more complex spiral structures—ferromagnetic
and cycloidal—is possible. Similar calculations were
carried out by Kaplan et al.,[4%:%] Elljott, [543
Herpin, [**] and Nagamiya et al. (%]

In all the cited papers, the formation of the heli-
coidal magnetic structure was explained, as previously
mentioned, by the competition of the positive and nega-
tive exchange interactions. The exception to this rule
was the work of Sato, "] who suggested that the heli-
coidal structure of the alloy MnAu, was due to the
magnetodipole interaction. He was of the opinion that
the interaction between the next-nearest neighbors was
determined not by the exchange forces but by the mag-
netodipole forces since the latter decrease with dis-
tance much more slowly than do the exchange forces.

As already mentioned, the second theoretical prob-
lem is the explanation of the transition from ferro-
magnetism to helicoidal antiferromagnetism. The
first attempt to provide an explanation was made by
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Néel, as reported above. Although Néel’s theory and
its refinement by Liu et al.[58] starts from the two-
sublattice model, Néel’s idea that the transition from
the ferromagnetic to antiferromagnetic state occurs
under the influence of the magnetic anisotropy energy
has been developed in later work.

The assumption of the influence of the magnetic
anisotropy energy on the stability of the helicoidal
magnetic structure of dysprosium and the allowance
for this influence in explaining the transition from
ferromagnetism to antiferromagnetism at the point
0; were made by Enz. (%93 In his calculations, which
were of a thermodynamic nature, Enz allowed (apart
from the energy of the exchange interaction between
the nearest and next-nearest layers ) for the energy
of the uniaxial magnetic anisotropy and of the mag-
netic anisotropy in the basal plane. However, he as-
sumed that the point of transition from the helicoidal
antiferromagnetic state to the ferromagnetic state is
influenced chiefly by the nature of the temperature
dependence of the integrals of the exchange between
layers.

Yosida and Miwa, in their aforementioned
work, [51,52] explained the transition in rare-earth
metals from one magnetic structure to the other by
the fact that the anisotropy constants of the second,
fourth, and sixth orders vary in different ways with
temperature. Thus, for example, the helicoidal mag-
netic structure of dysprosium appears due to the
strong uniaxial anisotropy (the anisotropy of the sec-
ond and fourth orders ), which holds the magnetic mo-
ments in the basal plane. On cooling, the anisotropy
energy in the basal plane (the anisotropy of the sixth
order) increases. Consequently, at the temperature
64, the helicoidal magnetic structure is destroyed and
the energetically more stable ferromagnetic structure
is established. It should be noted, however, that the
temperature dependence of the helicoidal structure
pitch, calculated by Yosida and Miwa, does not agree
with the experimental data. Similar calculations were
carried out by other workers. £53-56]

The transition from the ferromagnetic to antiferro-
magnetic state is explained in a different way in
Kittel’s thermodynamic theory. (%% He showed that
the transition from the parallel to the antiparallel spin
configuration in the compound Mn, xCrySb can be ex-
plained by assuming that the exchange integral changes
sign at a certain critical value of the lattice parameter
in consequence of a strong dependence of this exchange
integral on the interatomic spacing. Kittel put forward
his hypothesis for the transition from ferromagnetism
to antiferromagnetism in the two-sublattice magnetic
structure, but it deserves special discussion in the
case of transition from the helicoidal antiferromag-
netic to the ferromagnetic state (see p. 189 below).

Thus, the causes of the formation and destruction
of the helicoidal magnetic structure and of the com-
plex magnetic behavior of r.e.f. are still not clear.
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Because of this, it is of great interest to compare the
experimental data with the existing theory of helicoidal
antiferromagnetism (according to Enz).

Enz %] used in his theory the same assumptions
which were made earlier by Herpin, Meriel, and
Villain[®1J to interpret the magnetic properties of
the alloy MnAu,, which has a helicoidal magnetic
structure. The basis of Enz’s calculations is as fol-
lows. A hexagonal crystal, possessing uniaxial aniso-
tropy due to which the magnetic moments lie in the
basal plane, is considered. It is assumed that a
strong positive exchange interaction, producing fer-
romagnetic ordering of the moments in the basal plane,
acts between atoms lying in the same basal plane. An
allowance is made both for the exchange interaction be-
tween atoms in the neighboring basal planes (exchange
integral I,) and between atoms lying in alternate lay-
ers (exchange integral I,). It is then assumed that
the exchange interaction between atoms in the neigh-
boring planes is positive and that between atoms in
the alternate planes is negative (I; > 0, I; < 0). The
‘‘competition’” of the positive and negative exchange
interactions rotates the magnetic moments in neigh-
boring planes by an angle @, and thus a helicoidal
antiferromagnetic structure is formed.

The energy of the exchange interaction between
layers can, in this case, be written as follows:*

Eoxe = —p2(Icosa-+- I, cos 2a), (1)

where pug is the spontaneous magnetic moment per
atom, « is the angle between the magnetic moments
in the first and second layers, and 2« is the angle be-
tween moments in the first and third layers. If we
neglect other forms of energy (in particular, the mag-
netic anisotropy energy and the magnetoelastic energy
in the basal plane), then the equilibrium value of the
angle ¢ is found from the condition

0E e
Bexm—o @

Differentiating Eq. (1), we find
Isinay -+ 27, sin 2, =0, 3)
and hence the helicoidal angle is given by

I (4)

COS 0y == 4T,
2

Elementary calculations show that the helicoidal struc-
ture is stable under the condition

7y
ITz_I<4' 5)

*This expression follows from that generally accepted in the
theory of ferromagretism:

Eexc= — 2 211;8:8 cos ¥i;,

where S; and Sj are the spin moments of the neighboring atoms and
Yij is the angle between them.
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If I, is less than I, /4, then the interaction between
second-nearest neighbors is insufficient to form the
helicoidal magnetic structure, and

ao=0. (6)

In this case, we have the normal ferromagnetic order-
ing.

Herpin and Meriel[%6] considered the behavior of
the magnetic helicoidal structure in an external mag-
netic field directed at right-angles to the hexagonal
axis of the crystal. On the application of this field,
the angle between the direction of the magnetic mo-
ments in neighboring planes changes and depends on
the orientation of these moments with respect to the
field. The helicoidal structure energy in a magnetic
field can be written in the form

E=_ u;‘z [I,c08(8; — 0;-y) - Iy cos (8; — 0;_,)] — psHZ c030;.
(7)

Here, 0j is the angle between the field and magnetic
moment directions in the i-th layer. The second term
in Eq. (7) is the energy of the magnetic material in a
magnetic field. If H = 0, then the angle between the
directions of the magnetic moment of the i-th layer
and of the field is

0; =8+ ta. (8)

Herpin and Meriel %2 showed that in weak fields
the helicoidal structure becomes somewhat deformed:
the magnetic moments deviate from the perfect heli-
coidal distribution, becoming rotated by a certain
angle toward the field (Fig. 14b). In this case, the
magnetization m of a helicoidal antiferromagnet de-
pends linearly on H:

m=x4, 9)
where the susceptibility x is
r= i ! (10)
821 sin4 EZQ {142 cos ag (14 cos ap)]

and the helicoid energy is given by the expression

XH?2
5 -

EH<HC, = —pi (Z; cos @+ I, cos 2a)— (11)

On increasing the magnetic field intensity, the heli-
coidal structure becomes energetically unstable and
is destroyed by H = Hgy; then the magnetization sud-
denly increases. The value of Hgp is[%]

Hep = —7.76p,Iysin 32, (12)
When H > Hgr, a pseudo-ferromagnetic structure is
established: due to the action of the negative exchange
interaction between alternate layers, the magnetic
moments are not aligned strictly along the field but
diverge slightly from the field direction (Fig. 14c).
The magnetization in this range of fields is

Ws(Ho—H)

(13)
H,
-5 [2--(1-1-2 cos ag)?]

my=ls—
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FIG. 14. Effect of a magnetic field on the helicoidal structure,

Here, H; is the limiting field at which the deviations
of the magnetic moments from the field direction are
finally suppressed and the ferromagnetic ordering is
established (Fig. 14d). This field is

Hy= — 16Hs12 sint Yo Her

2777 0.485 ¢ (14)

The energy of a helicoidal antiferromagnet in Hgy < H
< H; is given by the expression

. oH, H \?
Engae = —w (o T —woll — gty (1=
(15)

Using the above formulas, we can calculate the
magnetization curves of dysprosium and holmium
from the experimental values of the critical field and
saturation magnetization, taken from [3’43, and values
of the angle «, taken from [%%:32]  The calculated and
experimental dependences o(H) are given in Fig. 15
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FIG. 15. Experimental
(1) and theoretical (2) iso-
therms of the magnetiza-
tion of a dysprosium single
crystal in the basal plane
(T = 130°K).
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FIG. 16. Experimental (1) and theoretical (2) isotherms of the
magnetization of a holmium single crystal in the basal plane
(T = 35°K).
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for dysprosium (at T = 130°K) and in Fig. 16 for
holmium (at T = 35°K). It is evident that in both
cases quite good agreement between the theoretical
and experimental curves is obtained, but there is a
discrepancy in the region H > Hgy.

It is known that above 110°K the magnetic aniso-
tropy and basal-plane magnetostriction of dysprosium
are small. Obviously, the magnetic anisotropy energy
and the magnetoelastic energy do not influence greatly
the helicoidal structure of holmium above 35°K either.
For temperatures above 110°K in the case of dyspro-
sium, and 35°K in the case of holmium, we can—using
formulas (4) and (12), neutron-diffraction data, (2s,32]
and data from magnetic measurements (3,41 __calculate
the exchange interaction integrals I; and I, as a func-
tion of temperature. These integrals are given for
dysprosium in Fig. 17, and for holmium in Fig. 18.
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FIG. 17. Temperature dependence of the exchange integrals I,
and I, for dysprosium.
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FIG. 18. Temperature dependence of the exchange integrals I,
and 1, for holmium.

For dysprosium, the maximum value of the energy of
the exchange interaction between nearest layers (cal-
culated per atom)

E =pilicosa=23-10"" erg,
and between alternate layers,
E,=pil;cos20=04-10"" erg.

These values are comparable in their order of magni-
tude with the exchange interaction energy within a
layer, E, which can be estimated from the value of
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the temperature 6,. For dysprosium, E =k, = 2.5
x 107" erg. The quantities E;, E;, and E of holmium
have approximately the same orders of magnitude.

As already mentioned, there is at present no agreed
point of view on the nature of the interaction between
the magnetic moments of layers which gives rise to
the helicoidal magnetic structure. This interaction
may, in general, be due not only the exchange inter-
action but also the magnetic dipole interaction. [57]
However, the magnitude of the magnetic dipole inter-
action between layers is found to be two orders of
magnitude smaller than that just calculated. The en-
ergy of the interaction of two magnetic dipoles is

E ui
dip & F - (16)
Thus, the dipole-dipole interaction may be estimated
by substituting into the above formula the values of
the atomic magnetic moment and the distance between
layers. In dysprosium the interactions between neigh-
boring layers and between alternate layers are given
by, respectively, 4.5 x 1071 and 0.56 x 10™% erg, i.e.,
values two orders of magnitude smaller than E; and
E,. This allows us to conclude that the energy of the
interaction between layers is really electrostatic in
nature. The relatively large energy of the exchange
interaction between alternate layers indicates the long-
range nature of the exchange forces in dysprosium.
This result is in agreement with the theoretical [4]
and experimental [#2] work on the long-range nature
of the exchange interaction via conduction electrons.
Also of great interest is the fact that in the case
of dysprosium and holmium the exchange interaction
integrals depend quite strongly on temperature (Figs.
17 and 18). In the majority of the current theories, it
is assumed that the value of the exchange integral
varies little with temperature. Therefore, one might
be satisfied with the statement that such a dependence
as in the case of dysprosium and holmium indicates
that the Enz-Herpin-Meriel theory, from which these
parameters were calculated, is unsatisfactory. It is
necessary, however, to point out that irrespective of
the various theoretical assumptions the temperature
dependence of the effective interaction between atomic
planes in rare-earth metals follows directly from the
experimental fact that the helicoid angle varies with
temperature. In the majority of theoretical
papers, [31-%€1 this is ascribed to the influence on the
helicoidal structure of the anisotropy energy in the
basal plane. However, de Gennes [467 showed that the
influence of the anisotropy energy cannot explain the
observed temperature dependence of the helicoid pitch.
First, these dependences are observed near the tran-
sition 6,, i.e., where the anisotropy in the basal plane
is weak. Secondly, the presence of the basal-plane
anisotropy should distort the helicoidal structure,
which was not observed in dysprosium above 110°K,
and in holmium above 35°K, although above these tem-~
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peratures the variation of the helicoid angle with tem-
perature is considerable. De Gemnes[4] suggested
the following qualitative explanation of the observed
temperature dependence of the helicoid angle «,. The
indirect exchange interaction via conduction electrons
depends on the mean free path of electrons and there-
fore it may vary with temperature since this path is
strongly temperature dependent.

The theories of Kittel,[®°] and Been and Rodbell, [63]
explaining the temperature dependence of the exchange
interaction integral by its strong dependence on the
crystal lattice parameter, are worth considering—
especially in the case of rare-earth metals. We shall
discuss this point in some detail.

Banister, Legvold, and Spedding[®J established that
the parameter c, of the hexagonal lattice of dysprosium
(i.e., the distance between the basal planes) increases
anomalously on cooling below 0,, while the parameter
a, (the distance between atoms within a basal plane)
decreases weakly on cooling without exhibiting any
singularities below 6; (Fig. 19). In other words, the
thermal expansion anomaly due to the magnetic order-
ing is considerably greater along the c-axis than in the
basal plane. It is natural to assume that the integral of
the exchange interaction between layers in dysprosium
depends on the distance between the basal planes.
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FIG. 19. Temperature 585
dependence of the crystal
lattice parameters c, and
a, of dysprosium. 360+
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Figure 20 shows the dependence of I; and I, of dyspro-
sium on the lattice parameter cy. It is seen that, in the
first approximation, the absolute values of I; and I,
decrease when the lattice parameter is increased.
Thus, within the framework of the Enz-Herpin-Meriel
theory, the anomalous temperature dependence of the
exchange integrals I; and I, of dysprosium can, ac-
cording to Kittel and Been, be explained by the strong
dependence of these integrals on the distance between
the basal planes in hexagonal crystals of rare-earth
metals. However, this conclusion is only hypothetical
and requires experimental checking and theoretical
justification.

We shall consider now the problem of the influence
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of the magnetic anisotropy forces on the transition
temperature 6#;. In the majority of papers, the transi-
tion from the helicoidal state to the ferromagnetic
state is related to the increase of the anisotropy and
magnetoelastic energies in the basal plane. The mag-
netic forces tend to orient the magnetic moments par-
allel to one another, favoring the destruction of the
helicoidal structure.

The influence of the anisotropy and magnetoelastic
energies in the basal plane on the transition tempera-
ture follows also from the approximate theory of Enz.
Figures 21 and 22 show the temperature dependences
of the ratio of the exchange integrals 1,/|1,| for dy-
sprosium and holmium, which represent the stability
of the helicoidal magnetic structure [cf. Eq. (5)]. It
is evident that on cooling this ratio increases, ap-
proaching the stability limit I, /|I,| = 4. However,
extrapolation shows that when only the exchange inter-
actions are allowed for, the helicoidal magnetic struc-
ture should be stable to 50° in dysprosium, and to 0°K
in holmium. In fact, the transition temperatures 6
are 85° for dysprosium and 20°K for holmium. The
difference is explained by the influence of the mag-
netic anisotropy energy and magnetoelastic energies
in the basal plane.
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FIG. 21. Temperature dependence of the helicoidal structure
stability for dysprosium.
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We shall estimate the influence of the magnetic
anisotropy and magnetoelastic energies in the basal
plane on the helicoidal structure of dysprosium, for
which these quantities are known. As previously
stated, the magnetic anisotropy in the basal plane of
dysprosium increases strongly at T < 110°K. Thus,
at 100°K, the saturation in the hard magnetization di-
rection in the basal plane is reached in a field Hg
= 7500 Oe. This field is related to the anisotropy con-
stant in the basal plane by the relationship (591

36K

Ho= ",

Hence, we find the value K ~ 5 x 10° erg/cm®. Enz[%]
used purely thermodynamic considerations to show, on
the basis of the theory of phase transitions of the first
kind, that in the presence of the anisotropy and mag-
netoelastic energies in the basal plane the critical
field which destroys the helicoidal structure is

K | AE>
HcrzHocr_<M_S“{"Ts)- (167)
Here, HQ,. is the critical field which, in the absence
of the anisotropy and magnetoelastic energies in the
basal plane, represents the effective exchange inter-
action between layers;

(e 2E
—\m, T

is the effective field of the magnetic anisotropy and
magnetoelastic energies in the basal plane; A is the
magnetostriction constant; E is the elastic modulus;
and Mg is the saturation magnetization. Substituting
into Eq. (16’) the values of K and Mg, we find that
the effective magnetic anisotropy field in dysprosium
at 100°K is approximately 200 Oe. The critical field
at this temperature is Hgyp = 1800 Oe. Thus, already
at this temperature the anisotropy has a considerable
influence on the value of the critical field, tending to
destroy the helicoidal distribution of the magnetic mo-
ments in dysprosium. On cooling, the influence of the
effective anisotropy field increases even more because
the anisotropy constant becomes larger (saturation in
the hard direction is reached in fields Hg > 8000 Oe).
Moreover, it is necessary to allow for the influence
of the magnetoelastic energy in the basal plane. Belov
et al. [32 ghowed that the magnetostriction of dyspro-
sium in the basal plane near the transition point 6, is
unusually large (cf. Sec. 6). It has a value of the order
of 1073 in fields of 15,000 Oe, which are still far from
saturation. An estimate gives about 300 Oe for the
value of the effective field of the magnetoelastic energy
in the basal plane at 85°K, i.e., the magnetoelastic en-
ergy in the basal plane is comparable with the magnetic
anisotropy energy and should also affect considerably
the transition temperature ¢; of dysprosium.

Thus we may conclude that in dysprosium (and ob-
viously in other r.e.f.) the magnetic forces exert a
considerable influence on the temperature of transition
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from ferromagnetism to helicoidal antiferromagnetism.

From this comparison of theory with experimental
data, it is evident that at present we cannot draw final
conclusions about the causes of the formation in r.e.f.
of the helicoidal antiferromagnetic structure. In par-
ticular, the question of the temperature dependence of
the integrals of the exchange interaction between layers
and of the nature of this dependence still remains open.
To solve this problem, it is necessary to develop a rig-
orous quantum-mechanical theory of the magnetic or-
dering in r.e.f.

4. NATURE OF MAGNETIC PHASE TRANSITIONS IN
RARE-EARTH FERROMAGNETS

If the helicoidal magnetic structure were affected
only by the exchange interaction forces between layers,
the transition from the antiferromagnetic helicoidal
state to the ferromagnetic state would be a phase tran-
sition of the second kind. The helicoidal magnetic or-
dering parameter (we can take the angle a; between
the directions of the magnetic moments in neighboring
planes as this parameter ) should decrease smoothly on
cooling, and at T = 6, the angle «, should become
zero.

The transition at the point 8; is different in the
presence of an effective field of the anisotropy and of
the magnetoelastic energies in the basal plane. Below
the point 64, in the ferromagnetic region, aq = 0; on
transition to the helicoidal magnetic structure, at the
point 04, the angle «, changes discontinuously. Thus,
the presence of an effective field of the anisotropy en-
ergy and of the magnetoelastic energy in the basal
plane makes the transition from the ferromagnetic to
helicoidal antiferromagnetic state a magnetic phase
transition of the first kind.

Measurements of the specific heat of r.e.f, [67-70]
confirm this point of view. Figure 23 shows the tem-
perature dependences of the specific heat for several
r.e.f. It is seen that at the transition points 4, of
dysprosium, erbium and holmium, symmetrical peaks
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FIG. 23. Temperature dependence of the specific heat of rare-
earth metals.
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of the specific heat, characteristic of phase transitions
of the first kind, are observed. Thermal hysteresis of
the specific-heat peaks at the point ; was also re-
ported. (851 It must be pointed out that for the majority
of r.e.f. the specific-heat peak at 9, is small com-
pared with the peak at the point 6, (cf. Fig. 23), while
for other rare-earth metals (gadolinium, thulium ) it
is altogether insignificant. This is because at the point
8, there is a transition from one type of magnetic or-
dering to another, while at 6, the magnetic order is
destroyed. The energy of the former transition is rel-
atively small and comparable with the magnetic aniso-
tropy energy in the basal plane, whereas at the point
6, the exchange interaction energy in the basal plane
must be overcome. Erbium also exhibits [6"] an addi-
tional specific-heat peak at 53.5°K (barely discernable
in Fig. 23), related to the ordering of the magnetic
moment components in the basal plane (cf. Sec. 2).

The following observations must be made about the
transition from the helicoidal antiferromagnetic state
to the paramagnetic state at the point 0y.

1. In the case of dysprosium, holmium, erbium, and
thulium this transition exhibits the characteristic fea-
tures of the Néel point. Above all, this is indicated by
the fact that the maxima of the temperature depend-
ences of the susceptibility (or the magnetization) of
these metals are shifted, as in typical antiferromag-
nets, toward low temperatures as the magnetic field
is increased because the field ‘‘aids’’ the destruction
of the antiferromagnetic ordering. Figure 24 shows
such a shift of the point 8, under the action of a field
on a single crystal of dysprosium.3J Similar dis-
placements of the 6§, transition are observed for
holmium, erbium, and thulium. It should be noted,
however, that the transition at 6, is a ‘‘mixed’’ tran-
sition since at this point the ferromagnetic structure
in the basal plane is destroyed simultaneously with
the antiferromagnetic helicoidal structure. However,
because the ‘‘helicoidal”’ energy of these metals is
large, the nature of the transition is determined by
the antiferromagnetic interaction between layers.

2. In terbium, the point 8, resembles the Curie
point of normal ferromagnets since the ‘‘helicoidal’’

70 175 80
T°K

FIG. 24. Displacement of the transition temperature 6, of a
dysprosium single crystal under the action of a magnetic field.
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energy of this metal is much smaller than that of dy-
sprosium. Therefore, here the ferromagnetic inter-
action in the basal planes plays the dominant role. If
it is assumed that gadolinium also has the antiferro-
magnetic structure, then the remarks made about ter-
bium apply also to gadolinium. The presence of the
negative exchange interaction manifests itself in the
value of the intrinsic susceptibility of gadolinium and
terbium near 6,, being lower than that for normal fer-
romagnets. The magnitude of the intrinsic domain
magnetization can be estimated from the intrinsic
magnetization curve at the point of the transition to
the paramagnetic state (6;). Magnetic measure-
ments {15281 (Fig. 25) showed that at the point 6, the
magnetization of gadolinium and terbium varies with
the field in accordance with the same law as the mag-
netization of normal ferromagnets (nickel and iron)
at the Curie point:

1
o;=aH3 (17)
7
2
af -
FIG. 25. Dependence
a0 of the intrinsic magneti-

zation on H%, measured
in the region of the tran-
sition temperature 4,.
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Belov[™ showed that for a normal ferromagnet the
value of the coefficient a is proportional to o/ gt/ 3
where o, is the specific saturation magnetization at
0°K. Since the values of oy of gadolinium and terbium
are considerably higher than those of iron and nickel,
the intrinsic susceptibility of these two rare-earth
metals should be considerably greater than that of iron
and nickel (the quantity 913 varies little from one fer-
romagnet to another).

However, the experimental values of the intrinsic
susceptibility of gadolinium and terbium are small
(the coefficient a is small), comparable with the
value for iron. This is explained by the effect of the
negative exchange interaction between layers, which
prevents the magnetic moment from increasing on
application of the field. This is also indicated by the
smaller (compared with iron and nickel) magneto-
caloric effect in gadolinjum. (131

5. ANTIFERROMAGNETISM OF METALS OF THE
CERIUM SUBGROUP

The magnetic properties of the rare-earth metals
of the cerium subgroup have been studied much less
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than the metals of the yttrium subgroup because at
present it is difficult to prepare sufficiently pure
samples of the cerium subgroup metals; the presence
of impurities distorts the results of magnetic meas-
urements. Therefore, the data reported below should
be regarded as preliminary.

Lanthanum. Measurements of the susceptibility [2]
showed that lanthanum is a normal paramagnet.

Cerium. The face-centered cubic lattice of cerium
undergoes a transition at low temperatures (or high
pressures ) into another cubic lattice but compressed
so that its volume is reduced by 8%. Later investiga-
tions showed that, in addition to the ‘‘compressed’’
face-centered structure, at low temperatures there
is also a phase with the close-packed hexagonal struc-
ture. "] Neutron-diffraction experiments showed[74]
that the transition to the ‘‘compressed’’ lattice is an
electronic transition in which the magnetic 4f-electron
goes over to the 5d-level in the conduction band; at the
same time, cerium changes its valence from +3 to +4.
Thus, in the high-temperature phase, as well as in the
hexagonal structure, there is one magnetic electron in
the 4f-state, while in the ‘‘compressed’’ cubic struc-
ture the 4f-shell is magnetically neutral. This com-
plex behavior of the electron structure of cerium gov-
erns its complex magnetic behavior. [2,8,75] Figure 26
shows the temperature dependence of the reciprocal of
the magnetic susceptibility of cerium. It is evident
that the susceptibility depends on the number of cool-
ing-heating cycles between room temperature and
4.2°K, increasing as the number of such cycles is in-
creased. This effect is due to the fact that repeated
cooling-heating cycles reduce the amount of the ‘‘com-
pressed’’ face-centered phase (which does not have a
magnetic moment) and increases the amount of the
magnetic hexagonal phase. A maximum of the suscep-
tibility, indicating a transition to the antiferromagnetic
state, is found at 12.5°K. Similar results were ob-
tained in measurements of the specific heat of Ce.[?7:78]
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FIG. 26. Temperature dependence of the reciprocal of the sus-
ceptibility of cerium, 1) First cooling cycle from room temperature;
2) second cycle; 3) tenth cycle; 4) hundred-and-first and hundred-
and-second cycles.
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A specific-heat peak was observed in the region of
12°K (Fig. 27): the magnitude of this peak rose when
the number of heating-cooling cycles was increased.
Neutron-diffraction investigations "] showed that at
4.2°K the hexagonal cerium has antiferromagnetic or-
dering with the magnetic moment directed along the
c-axis, but it was not possible to determine the anti-
ferromagnetic structure. The most probable value of
the magnetic moment per cerium atom is, according
to the neutron-diffraction data, 0.6 ug. This is con-
siderably less than the magnetic moment of cerium
ions in the ®Fg/,-state, which is 2.17 ug per atom. The
difference is obviously due to the effect of the crystal
field on the electron structure of cerium.
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Investigations of the electrical resistance of cerium
were reported in ['873; a discontinuity, due to anti-
ferromagnetic ordering, was found in the resistance
curve at 12°K. The absence of such a discontinuity
for other samples of cerium was due to the lower
amount of the hexagonal phase.

Praseodymium. According to the results of mag-
netic measurements, praseodymium is a paramag-
net. ["2:80] Investigations of the specific heat{'"] showed
that a broad specific-heat maximum occurred in the
region 60—100°K. In the same temperature region, the
electric resistance is anomalous.[#1 Lock["] ex-
plained this behavior by a change of the electron struc-
ture of the metal at these temperatures.

Neodymium. At 7.5°K, the magnetic susceptibility
of neodymium passes through a maximum [8:2,82] ang
therefore it has been concluded that neodymium is anti-
ferromagnetic below this temperature. However, the
behavior of the specific heat of neodymium (78] jndi-
cates the presence of another transition at 19°K; the
temperature dependence of the specific heat exhibits
a sharp maximum not only at 7.5°K but also at 19°K
(cf. Fig. 27). The occurrence of two transitions in
neodymium is indicated also by the behavior of the
electrical resistance of this metal when the tempera-
ture is varied.[%1] The nature of the transition at 19°K
is still not clear.

Henry (17,203 investigated the magnetization of neo-
dymium at low temperatures in fields up to 70,000 Oe.
He found that the magnetization per atom at 1.3°K
amounted to 1.65 ug. The difference between this
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value and the theoretical value of 3.27 ug for the
419 s state is explained by the influence of the crystal
field on the electron structure of neodymium.
Samarium. Investigations of the magnetic suscep-
tibility of polycrystalline samples of samarium [72,80]
showed that below 15°K this metal undergoes a tran-
sition to the antiferromagnetic state: the susceptibil-
ity passes through a maximum at this temperature.
A specific-heat maximum [83:8¢] and an electrical re-
sistance anomaly [#1] occur at the same temperature
(Fig. 28). The same workers £81,84] showed also that,
in addition to the specific-heat and electrical resist-
ance anomalies at 15°K, there are also anomalies of
these properties at 106°K although the magnetic sus-
ceptibility varies monotonically at the latter temper-
ature. Because of this, Nesbitt et al.[122] guggested
that the magnetic properties of samarium (and of
other rare-earth metals of the cerium subgroup)
are very sensitive to very small amounts of impuri-
ties and that investigations of purer samples are
needed to establish the nature of the anomalies ob-
served at 106°K.
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Europium. The magnetic susceptibility of europium
increases strongly below 100°K and depends on the
field.[35] From this, it has been concluded that euro-
pium becomes ferromagnetic below this temperature.
However, later studies carried out by Bozorth and
Van Vleck[%J have shown that below 90°K europium
becomes antiferromagnetic. The susceptibility passes
through a maximum at the latter temperature (Fig. 29).
Although the susceptibility decreases with increase of
the field intensity, the magnetization hysteresis is ab-
sent at all temperatures down to 1.3°K, which, in the
opinion of Bozorth and Van Vleck, {861 jndicates the
absence of ferromagnetic ordering in europium. An
electrical resistance maximum, characteristic of a
transition to the antiferromagnetic state, is also found
at the Néel temperature at 90°K. (873 Measurements of
various physical properties indicate that the europium
ion in the metal is divalent between the melting point
and 5°K. Bozorth and Van Vleck[86] point out, how-
ever, that the observed high value of the magnetic
susceptibility of europium and its increase below 50°K,
cannot be explained by assuming that europium is in
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FIG. 29. Temperature dependence of the molar
magnetization of europium,

the divalent state, but that it is necessary to assume
that at low temperatures the europium ion is in the
trivalent state. The reason for this contradiction is
not yet clear. Henry [20] measured the magnetization
of europium in fields up to 100,000 Oe and found that
at 4.2°K the magnetization is a complex function of
the field. From this, Henry concluded that there are
two different exchange interactions in europium. This
conclusion was confirmed by recent neutron-diffraction
studies, [88] which indicated a helicoidal magnetic
structure or an amplitude modulation of the magnetic
moment with a period of 3.6 a,.

6. MAGNETOELASTIC PROPERTIES OF RARE~
EARTH FERROMAGNETS

We have already reported that one of the causes of
the complex magnetic behavior of r.e.f.’s may be the
strong dependence of the exchange interaction between
basal layers on the interatomic distance. In this con-
nection, a study of the various magnetoelastic effects
in r.e.f.’s is of great interest, because it should give
useful information on the nature of the helicoidal mag-
netic ordering.

1. Magnetostriction in the Ferromagnetic Region.
The magnetostriction of dysprosium has been studied
most extensively.[13:33,90] Figure 30 shows the iso-
therms of Ay and Aj for Dy both at T < 6, and at
T >0, (64 = 85°K). It is evident that the magnetostric-
tion is unusually strong: Ay is of the order of 1073 in
fields of 15,000 Oe, which are still far from saturation.
Although this magnetostriction was measured in poly-
crystalline samples, we can state with assurance that
it is due to the processes of the rotation of the mag-
netic moments of the layers in the basal plane against
the opposition of the magnetic anisotropy forces. This
follows from the following considerations: first, the
anisotropy along the hexagonal axis is so strong that
in fields of 10—20 kOe the magnetic moments remain
in the basal plane. Second, the strong magnetostric-
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FIG. 30. Isotherms of the longitudinal \|| and transverse )|
magnetostriction of dysprosium near the temperature 6.

tion of Fig. 30 is observed both in the ferromagnetic
state (below 64), as well as above this temperature,

in fields stronger than H;, (in such fields, the heli-
coidal structure is absent and the metal behaves like

a ferromagnet). In this range of fields, the magnetic
moments in the basal plane are rotated by the field
which overcomes the magnetic anisotropy forces. Fig-
ure 30 shows that A and A] have different signs. This
means that the magnetostriction in the basal plane is
anisotropic. When the temperature is increased, the
striction due to the magnetic anisotropy forces in the
basal plane decreases monotonically together with that
magnetic anisotropy. Since the magnetic anisotropy in
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polycrystalline r.e.f. is enormous, it is difficult to
reach magnetic saturation and, therefore, we did not
obtain maximum values of the magnetostriction. Re-
cent measurements of the magnetostriction in single
crystals of Dy and Ho (o1] gave values of A reaching
5000 x 107,

A study of the magnetostriction of terbium [92,83]
showed that in the ferromagnetic region, at T < 44
= 219°K, its striction is also anisotropic and very high
(M =750 x 1078 at 85°K and H = 15 kOe); this stric-
tion is also due to the processes of the rotation of the
magnetic moments against the opposition of the mag-
netic anisotropy forces.

The magnetostriction of erbium in the ferromag-
netic region could be measured only in fields up to 5
kOe at T = 4.2°K (04 lies below 20°K). The magneto-
striction was also of the order of 1073 *

The magnetostriction of polycrystalline Gd was
measured in the work reported in [13:%]. The magneto-
striction of this metal behaves in a complex way and
has not yet been interpreted. It changes its sign at
220°K in fields of 1000—2000 Oe. Recent measure-
ments of the magnetostriction, carried out on a single
crystal of Gd, (9] are still insufficient for the under-
standing of the singularities in the magnetostriction
of polycrystalline Gd.

As already reported (p. 189), the anisotropic mag-
netostriction gives rise to a considerable effective
magnetoelastic energy field and affects markedly the
position of the point 6;. The effective field of the mag-
netoelastic energy should have a particularly strong
influence on the point 8, of terbium, because in this
r.e.f. the critical field Hq, is an order of magnitude
smaller than in dysprosium, holmium, and erbium.

2, ‘“Helicoidal’’ Magnetostriction. The second in-
teresting feature of the magnetostrictive properties of
r.e.f. is the presence of a striction effect due to the
destruction of the helicoidal magnetic structure.

When the helicoidal magnetic structure is destroyed
in fields H > Hep, the angle between the magnetic mo-
ments lying in different hexagonal layers varies from
several tens of degrees to zero. This should be ac-
companied by a considerable change of the exchange
interaction energy and, consequently, by a change of
the spontaneous magnetostriction due to the interac-
tion between layers. This effect was observed in
Dy. (s5] Figure 31 shows the isotherms of A and A}
in the temperature range 0,—6¢;. It is seen that these
isotherms are complex.

In fields lower than H,,., the longitudinal striction
A|| is positive, while the transverse quantity A| is
negative. When the field rises to the critical value,
the helicoidal structure is destroyed and the energy
of the exchange interaction between layers changes

*Measurements were carried out in our laboratory by L. A.
Malevskaya and V. I. Sokolov.
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FIG. 31. Isotherms of the magnetostriction of dysprosium be-
tween @, and 6,: a) longitudinal; b) transverse.

sharply, with A; acquiring a negative component and
Al a positive one; consequently, the signs of A; and
Al are reversed. In stronger fields, A and Aj as-
sume their initial signs. The appearance in the mag-
netostriction isotherms of components of the opposite
sign (A > 0 and Aj < 0) indicates the presence of the
“‘helicoidal magnetostriction,”’ i.e., the magnetostric-
tion effect due to the change in the exchange interac-
tion between layers on the application of H = Hgp.

The ‘‘helicoidal striction’’ could not be found in Tb
in the range 6,—8;. This may be explained by the fact
that the small value of the critical field of Th (Hegyp
=~ 100 Oe) should correspond to a small change of the
energy on destruction of the helicoidal structure and
therefore the striction effect should be small. In the
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case of Ho, Er, and Tm, whose critical fields are high

(over 18,000 Oe), strong magnetic fields are necessary

to detect the ‘‘helicoidal magnetostriction.”’

We shall calculate the ‘‘helicoidal magnetostriction’’
due to a change of the exchange interaction on transition

from the helicoidal antiferromagnetism to ferromagne-
tism as a function of the magnetic field applied in the
basal plane of a hexagonal crystal. We shall neglect
the magnetic anisotropy energy (and, therefore, the
anisotropic magnetostriction) in the basal plane be-
cause in Dy this energy is small at T > 110°K.

We assume that the integrals of the exchange inter-
action between the neighboring layers, I;, and between
the alternate layers, I,, in hexagonal lattices of r.e.f.
depend in the following way on the elastic deformation:

Ilzlio‘*‘eiuzzv ’ (18)

I, = Iy -+ etz
where u,, is the relative deformation along the z-
axis, directed along the hexagonal c-axis; e; and e,
are the magnetoelastic (exchange) coupling constants;
and Iyy, I,y are constants. Using the expression for the
elastic energy of a hexagonal crystal taken from [971
we obtain for the exchange interaction integrals

Ii=ILg+ e [SsaToe+ S1a (Trx+ Ty, } (18"

Iy=I+ 5 [S33T 22+ S5 (Tax+ Tyy)]r

where Tjj are the components of the elastic stress
tensor; and Sij are the elastic compliance constants.
Using the expression for the thermodynamic potential
& that includes the elastic energy of a helicoidal mag-
netic substance in H = 0 [cf. Egs. (11) and (15)], and
allowing for the dependence of the exchange interaction
integrals on stress, as given by Eq. (18), we can find
the helicoidal magnetostriction from the relationship
ujj = — (8&/9Tjj )Tijzo.

The calculations lead to the following expressions
for uyy in various magnetic fields:
1) for 0 < H < Hgp

Uzy = NplSs3 (eg cos ag + €5 c0s 2a,) —{—%L xoDSssH?; (19)
2) for Hep < H < Hy = 2.06 Hop
Uz = Npd ey +65)S a3
+ NuSs (L — K)H? — 2LHH + (K + L) H?}; (20)
3) for H = H,
Uy = NpiSas(er+ €). (21)

Here, N is the number of atoms in 1 c¢m3; oy is
the angle between the magnetic moments of the layers
when the external stresses are zero; ug is the mag-
netization of a layer calculated per atom; S;3 is an
elastic compliance constant; and y, is the magnetic
susceptibility of a helicoidal magnetic substance in a
field H < Hgr. The coefficients D, K, and L are
given by the formulas
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__ 2cos?ay (144 cos ag) ey €3 N\ __ e b

T Tfcosay—2costay \ 11 Ino Tao ’ l

K= 1 [_fz__ 2cosay (_e_i_____ez_ B b
[2--(1+42cosag)2] Hy L 1y 1—cosag \ {19 199 ’

—  _fhcosag(l-f2cosag) /ey ep |

TR+ 2c0sa)2 Ho \ Lo T /T J

(22)

The magnetostriction in the basal plane, uxx and
uyy, is found from (19)—(21) by replacing S;; with
another elastic compliance constant S;3. It should be
noted that the ‘‘helicoidal magnetostriction’’ between
layers is anisotropic and, in general, may have differ-
ent signs in the basal plane (uxx and uyy) and along
the hexagonal axis (uzgz), because both uxx and uyy
are proportional to the constant S;3 and uzy is pro-
portional to the constant S33, which is not equal to
S;3 and may have a different sign. This explains the
fact that Ay and A) of the ‘‘helicoidal magnetostric-
tion’’ of polycrystalline dysprosium have opposite signs
(cf. Fig. 31). It follows from Egs. (2)—(4) that the
“‘helicoidal magnetostriction’’ in the region 0 < H
< Hgr is proportional to the square of the field, while
in the region Hgy < H < Hy it varies parabolically,
reaching saturation at H = Hy = 2.06 Hpp (Fig. 32,
a—c). The magnitude and sign of the magnetostriction
is in each region governed by the quantities Iy, I,

4, 1y, Sy3, S33, and ;. For some ranges of the values
of these parameters, the striction depends in a com-
plex way on the field, changing sign in the critical field
Heyp (cf. Fig. 32). Such a dependence of the ‘‘heli-
coidal magnetostriction’’ on the field explains qualita-
tively the complex nature of the isotherms A(H) of
dysprosium (cf. Fig. 31).

3. Intrinsic Magnetostriction. The third feature of
the magnetostriction properties of r.e.f. is the aniso-
tropy of the intrinsic magnetostriction.

As is known, the intrinsic magnetostriction is iso-
tropic (A = A ) in cubic ferromagnets because it cor-
responds to an isotropic exchange interaction. This

2o
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FIG. 32. Dependence of the a) :
helicoidal magnetostriction on the :
magnetic field. The curves repre- H '
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intrinsic magnetostriction isotropy appears clearly
near the Curie point. Measurements [%3:%5] ghowed
that the intrinsic magnetostriction A of Dy and Tb
near 6§, is much larger than A| although the two quan-
tities are of the same positive sign: in the case of Tb,
A near 6, is two orders of magnitude greater than A

(Fig. 33). Thus, the intrinsic magnetostriction of r.e.f.

is ‘‘anisotropic.’”” This was confirmed recently by the
measurements of Bozorth and Wakiyama, [ carried
out on a single crystal of Gd. It was found that near
6, the magnetostriction along the c-axis is approxi-
mately 20 times higher than that along the a-direction
in the basal plane. Such anisotropy of the intrinsic

magnetostriction of r.e.f. is due to the different nature -

of the dependence of the interaction on the interatomic
spacings along the axes ¢ and a.

FIG. 33. Temperature dependence of the longitgdinal (black
dots) and transverse (open circles) magnetostriction of terbium.

This is supported by measurements of the thermal
expansion of r.e.f. X-ray diffraction studies showed
that large (negative) ferromagnetic anomalies of the
lattice parameter occur also below 6, along the c-
axis, while they are small along the a-axis.[®] Dis-
continuities in the lattice parameters of dysprosium
were observed on passing through the point 6y; (98]
this is related to the influence of the anisotropic mag-
netostriction.

4. Magnetic Anomalies of the Elastic Moduli. The
difference in the nature of the exchange interactions
along the c-axis and in the basal plane is supported
also by the measurements of the temperature depend-
ence of the elastic moduli of r.e.f. carried out on poly-
crystalline samples. [13,92,93]

Figure 34 shows the curves of the temperature de~
pendence of the elastic moduli of dysprosium and gad-
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FIG. 34. Temperature dependence of Young’s modulus (E) and
bulk modulus (G) for dysprosium (a) and gadolinium (b).

olinium. It is seen that the shear modulus G of dy-
sprosium in the region of 6, exhibits the same anom-
aly as Young’s modulus E. As is known, no shear
modulus anomalies occur in cubic ferromagnets of the
iron group at the Curie point, because shear deforma-
tion does not change the volume and, therefore, the
energy of the exchange interaction is unaffected in
view of the isotropy of the exchange interaction in the
crystal lattice. In r.e.f., owing to the anisotropy of
the exchange interaction, the change in shape of a
crystal in the case of shear deformation should alter
the exchange interaction in the lattice, which in its
turn should give rise to a shear modulus anomaly in
the region of 6,.

Figure 34 shows also that the elastic moduli of Dy
decrease sharply on approaching 6;. A similar tem-
perature dependence of the elastic moduli is exhibited
by Er and Ho. The reduction of the elastic moduli on
approaching the temperature 6; can be explained as
follows. Above the point 8, the elastic stresses de-
form the helicoid, doing work to overcome the mag-
netic anisotropy forces in the basal plane as well as
the exchange interaction forces between planes. Be-
low 64 (in the ferromagnetic state), the magnetic mo-
ments in neighboring basal planes remain parallel
under the action of elastic stresses and work is done
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only in overcoming the magnetic anisotropy forces in
the basal plane. Therefore, the Young’s modulus
anomalies in the ferromagnetic region are greater
than in the helicoidal state, although the values of the
magnetostriction and anisotropy constants are approx-
imately the same 10—15 deg below and above the

point 64.

5. Displacement of the Ferromagnetic-Antiferro-
magnetic Transition Point under Uniform Pressure.
The strong sensitivity of the exchange interaction
(between layers) to changes of the interatomic spac-
ings along the c-axis in r.e.f. lattices is indicated also
by experiments on the influence of pressure on the
transition point 6; of Dy. [100]

Figure 35 shows the curves o(T) for Dy recorded
in a magnetic field of 3100 Oe under a pressure of
1800 atm and without pressure. Under the action of
a uniform pressure, the steep part of the o(T) curve
is displaced parallel to itself, by approximately 7 deg,
toward lower temperatures. This means that the point
0y is displaced toward lower temperatures by the same
amount. The maximum of the H(T) curve, which is
observed in polycrystalline Dy near 6;, is also dis-
placed in the same direction by the same amount.
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FIG. 35. Displacement of the transition point 6, of dysprosium
under pressure, 1) Temperatute dependence of the magnetization
at 1 atm; 2) temperature dependence of the magnetization at 1800
atm; 3) coercive force at 1 atm; 4) coercive force at 1800 atm,

We mentioned earlier that it follows from thermo-
dynamic considerations that the magnetic anisotropy
and magnetoelastic energies in the basal plane, which
increase on cooling and the approach to 64, reduce the
critical field Heoy [cf. Eq. (16)].

On the other hand, 6; is related to Hgp; experi-
ments show that in dysprosium
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H_=h(T—8y), (23)

where h is a numerical coefficient. Differentiating
this expression with respect to pressure, we find

98y 1 aHg (24)
P A op
From Eqgs. (16) and (24), we obtain
80y 1 oHY 1 8 K A2E
P T K b +7;F(Ts+7u‘;>- (25)

From the above formula, it is evident that the shift of
64 under the action of pressure may, in general, be the
result of a change of the exchange interaction between
layers [the first term in Eq. (25)], and of a change of
the total magnetic anisotropy and magnetoelastic en-
ergy [the second term in Eq. (25)].

Experiments showed[1%%] that in the ferromagnetic
region at 60°K a uniform pressure reduced the mag-
netization of Dy in the technical magnetization region.
1t follows that we can expect only an increase of the
effective field of the anisotropy and magnetoelastic en-
ergies under the action of pressure.

This increase should, according to Eq. (25), displace
9y toward higher temperatures, whereas in fact the ob-
served displacement is toward lower temperatures, in
agreement with the minus sign of the first term in Eq.
(25). This can be explained by the stronger rise of the
effective field of the exchange interaction between lay-
ers, on the application of pressure, due to the strong
dependence of this interaction on the distance between
layers.

The method just described was used also to carry
out tests on the influence of a uniform pressure on the
point 6; = 210°K of polycrystalline gadolinium. At this
point, a sharp drop of the weak-field magnetization and
a minimum of the coercive force are observed. Figure
36 gives the curves of the temperature dependence of
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FIG. 36. Displacement of the point 8, of gadolinium under
pressure, 1) Temperature dependence of the coercive force at
1 atm; 2) temperature dependence of the coercive force at 1800
atm,
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H¢ at pressures of 1 and 1800 atm. It is seen that the
minimum of He¢ is displaced toward lower tempera-
tures by about 10 deg. This displacement is obviously
also due to a change in the exchange interaction be-
tween the basal planes of the hexagonal lattice of gad-
olinium under the influence of uniform pressure. A
more detailed interpretation of the results of these
tests will be possible after one has obtained data on
the nature of the magnetic structure of this metal.

In interpreting the experiments on the influence of
the interatomic spacings on the magnetic structure of
r.e.f. we should, in general, allow for the change in
the exchange integral due to the deformation of the
Fermi surface. However, a theoretical analysis car-
ried out for Gd[!%!] ghows that the influence of this
factor is very small and can be neglected.

Theoretical work[47:48,48] hag shown that the ex-
change interaction in r.e.f. is of an indirect nature
(exchange via conduction electrons or via electrons
of the closed 5s?- and 5p®-shells). In view of the
long-range nature of this interaction, it would seem
that it should give a smoother dependence of the ex-
change interaction on the interatomic spacings than
is the case for the direct exchange, which occurs, for
example, in Ni and Fe. This does not agree with the
results of the measurements of the magnetoelastic
effects in r.e.f., which indicate a strong dependence
of the indirect exchange on the interatomic spacings
(along the c-axis). Another incomprehensible fact

is that the indirect exchange in the basal plane is prac-

tically insensitive to changes in the interatomic spac-
ings; a theoretical explanation of these problems would
help in understanding further the magnetic nature of
r.e.f.

7. ELECTRICAL AND GALVANOMAGNETIC PROP-
ERTIES OF RARE-EARTH FERROMAGNETS

Electrons of the 4f-shells in rare-earth atoms are
screened by the 5s- and 5p-shell electrons and, ap-
parently (in contrast to the 3d-electrons of metals of
the iron group), do not go over into the collective state

and do not take part in conduction. However, due to
the exchange coupling between the ‘“magnetic’’ 4f-
electrons and the conduction electrons, r.e.f. exhibit
strong anomalies in the temperature dependence of
the electrical resistance,

Figures 37 and 38 show the temperature depend-
ences of the resistivity of single crystals of dyspro-
sium (1% and erbium.["] The temperature depend-
ences of the resistance of other r.e.f. are of a similar
nature. [11,22,102,104~108] Tpe following point is worth
noting. Compared with normal metals and even tran-
sition metals of the iron group, r.e.f. have very high
electrical resistivity (at room temperature, the re-
sistivity p is of the order of 100 x 107¢ Q-cm). Be-
low the transition temperature 6,, the temperature
coefficient of the resistance increases very rapidly.
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FIG. 37. Temperature dependence of the electrical resistivity
of a dysprosium single crystal. 1) Single crystal, in the basal
plane; 2) polycrystalline sample; 3) single crystal, in a direction
making 42° with the hexagonal axis; 4) single crystal, in a
direction making 18° with the hexagonal axis.

In the region of the paramagnetic-antiferromagnetic
transition itself, several r.e.f., including Gd (which
is another proof of the existence of antiferromagnetic
ordering in this metal ), exhibit a change of the nature
of their conduction: metallic conduction is replaced
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FIG. 38. Temperature dependence of the electrical resis-
tance of an erbium single crystal.
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by semiconducting behavior. At the point of transition
from the antiferromagnetic to the ferromagnetic state,
64, there is also a resistance anomaly (cf. Figs. 37
and 38) but this is much smaller than the anomaly at
the point 6,, and is not observed in all r.e.f. It is
worth noting also that the resistance anomalies are
strongly anisotropic: anomalies at the points 6 and

6, are much larger along the c-axis of the crystal than
in the basal plane.

It is known that the resistivity of normal metals
consists of the residual resistivity, preg, due to the
scattering of electrons on impurities and crystal struc-
ture defects, and of the resistivity, Pphons due to the
scattering of electrons on the lattice vibrations (pho-
nons). In the ferromagnetic and antiferromagnetic
metals, there is one more electron scattering mecha-
nism: the scattering on magnetic inhomogeneities
(magnons ), which is responsible for the magnetic
anomaly of the resistivity Pmag: For brevity, we
shall call pmag the magnetic resistivity. Thus the
resistivity of ferro- and antiferromagnets consists of
the following components:

0=10rest Qphon “+ Cmag - (26)

Following Kasya £197] and de Gennes [1083, the mag-
netic component of the resistance of r.e.f, can be de-
scribed by allowing for the exchange interaction be-
tween the localized 4f-electrons and the conduction
electrons. It is assumed that this interaction depends
on the relative orientation of the spin of the s-conduc-
tion electrons and the resultant spin of the 4f-shell.
At 0°K, all the 4f-spins are ordered and the f—s ex-
change interaction has the same periodicity as the
crystal field: consequently, the magnetic resistance
is equal to zero. When the temperature is increased,
the magnetic order is disturbed and, therefore, the
f—s interaction ceases to be strictly periodic. This
gives rise to the additional ‘“magnetic’’ resistance
which increases on approach to the magnetic transi-
tion point 6;. Above this point, at temperatures such
that the ordering of the 4f-shell spins is completely
destroyed and the periodicity of the f—s interaction
disappears, the magnetic resistance becomes greatest
and independent of temperature. Kasya {1073 showed
that the additional magnetic resistance of r.e.f. de-
pends on the spin S of the 4f-shell and on the average
value of the resultant spin ¢ of the ion (which is pro-
portional to the magnetization) at a given temperature:

Qmag=c(S—6) (S+&+1)7

where the constant ¢ is proportional to the f—s ex-
change-interaction integral. Above the point 9,, the
average spin is ¢ = 0 and

27)

(Qmag)T>62 =S (S + 1) (28)

Subtracting Eq. (28) from Eq. (27), we find that the
anomalous reduction of the electrical resistance of
r.e.f. below the point 8, is equal to

199

AQmag= G ((;+ 1). (29)

Since, at T = 0°K, the spins are completely ordered,
o=95 and

(AQmag )T=0k = (Qmag\T>92 =cS (S +1). (30)

The latter formula was checked for r.e.f. in [192] 1
follows from Fig. 39 that there is quite good agreement
with the experimental data: the magnetic resistance of
various r.e.f. at 0°K is proportional to S(S+1).
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FIG. 39. Dependence of the magnetic resistivity of rare-earth
ferromagnets at T > @, on the 4f-shell spin § and on the total an-
gular momentum J.

In the calculations quoted above, an allowance was
not made for the influence of the orbital angular mo-
mentum of the 4f-shell. Later, [109] ¢ was shown that.
if the orbital angular momentum is allowed for the
magnetic resistance is equal to (when T > 6,)

(OmadT>0, =¢ J—jA 82,

(31)

where J is the total angular momentum of the 4f-shell.
This result, however, does not differ greatly from the
preceding one because the factor (J +1) /J does not vary
greatly from one r.e.f. to another. Therefore, the ex-
perimental results are described by Eq. (30) as satis-
factorily as by Eq. (31). Recently, a study was made of
the resistance of several rare-earth alloys. [151] 1t was
found that the magnetic resistance of these alloys also
obeys Eq. (31).

The theory given above does not explain the phenom-
enon of the transition from metallic to semiconducting
behavior, observed in the region of 6, in several r.e.f.
An explanation of this phenomenon was given in the
work of Turov and Irkhin. [11%111] They showed that on
the transition of a metal from the paramagnetic to the
antiferromagnetic state the energy spectrum of the
conduction electrons alters and an energy gap appears.
Since the magnetization near the point 6, depends
strongly on temperature, it is precisely in this region
of temperatures that the largest deviations from the
metallic conduction should be observed, and, in par-
ticular, that the transition to semiconducting behavior
is possible. For helicoidal antiferromagnets, this
problem was discussed in the work of Miwa 2] and
Macintosh. [113] They showed that in the case of a heli-
coidal magnetic structure there is an additional resist-
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ance (compared with the fully disordered state). This
additional ‘‘helicoidal’’ magnetic resistance appears
because the helicoidal period is not, in general, a mul-
tiple of the crystal lattice period. For this reason, the
periodicity of the Coulomb interaction field between the
4f-electrons and the conduction electrons differs from
the periodicity of the crystal lattice. This causes ad-
ditional ¢‘helicoidal’’ scattering of electrons, which is
absent in the ferromagnetic and paramagnetic states.
On transition from the helicoidal to the ferromagnetic
structure at the point 6, the ‘‘helicoidal’’ scattering
of the conduction electrons disappears and this leads
to a reduction of the electrical resistance, a fact that
has been observed experimentally for several r.e.f.
However, a reduction of the electrical resistance at
the point 0; is observed only in metals for which the
energy change on transition from the helicoidal to the
ferromagnetic state is relatively large. In the case of
other substances (for example, terbium ), whose energy
changes slightly on transition at the point 6;, the re-
sistance anomalies at this point are not noticeable. It
is interesting to note that the destruction of the heli-
coidal magnetic structure by the field destroys the re-
sistance jump at 6;.[103]

The anisotropy of the electrical resistance anoma-
lies of single crystals of dysprosium, erbium, and
holmium (Figs. 37 and 38) is explained by the layered
magnetic structure of these metals, as a consequence
of which the conditions for the scattering of electrons
are different along the hexagonal axis and in the basal
plane,

Recently, the thermoelectric power of several r.e.f.
was measured. [14] It was found that this power has
anomalies in the region of the temperatures 9, and 6,
(Fig. 40), which also indicates that the conditions for
the scattering of electrons change at the magnetic
transitions in these substances.

As pointed out earlier, an increase of the long-range
magnetic order reduces the resistivity Pmag- A sys-
tematic study of the influence of the magnetic order on
the resistance of dysprosium, holmium and erbium,
under the action of a magnetic field, was reported in
[22]; the corresponding work on gadolinium was pre-
sented in (1151
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FIG. 40. Temperature dependence of the thermoelectric power
of dysprosium.
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The field should affect particularly strongly the
magnetic resistance near the points 4, and 8y, i.e.,
where the degree of magnetic ordering increases
sharply on application of the field.

Figure 41 gives the temperature dependence of the
longitudinal galvanomagnetic effect (magnetoresist-
ance) in dysprosium. It is seen that near the transi-
tions 6, and 9; the negative magnetoresistance
reaches its maximum. The magnetoresistance of ter-
bium and holmium is similar. Experiments showed
that the magnetoresistance near 6, is isotropic, and
that (AR/R)jj and (AR/R)| have the same signs and
similar values. Near 6,, the even magnetoresistance
is proportional to the square of the intrinsic magneti-
zation. It is interesting to note that the coefficient of
proportionality, relating the change of the resistivity
to the square of the intrinsic magnetization at 6,, is
the same for dysprosium, holmium and terbium, which
have the same helicoidal magnetic structure (Fig. 42).

We have already seen that the transition of dyspro-
sium from the helicoidal to the ferromagnetic state at
0; is accompanied by a sharp decrease of the resist-
ance. At the same point 0,, there is also a maximum
of the negative longitudinal and transverse magneto-
resistances (Fig. 41), due to the destruction of the
helicoidal magnetic structure by the field and the tran-
sition of the sample to the ferromagnetic state. The
reduction of the electrical resistance during this field-
induced transition confirms the suggestion that the
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scattering of electrons on the magnetic inhomogeneities
in the ferromagnetic state is weaker than in the heli-
coidal state. Figure 43 shows the isotherms of the
transverse magnetoresistance of dysprosium. It is
seen that the absolute value of AR/R increases
strongly after reaching the critical field.

The temperatures of the magnetic transitions 6y and
6, were close to one another in the case of terbium.
Therefore, this metal exhibited one magnetoresistance
maximum in the temperature range 6; to 6,, but the
curve (1/R) (AR/AH) (T) showed two maxima corre-
sponding to the points 6; and 8, (Fig. 44).

Figure 45 shows the results of measurements of the
longitudinal magnetoresistance of gadolinium.* It is
seen that in this metal, as in Tb, there are two max-
ima: one of them occurs at the Curie point (290°K),
and the other at 240—250°K. The nature of the second
maximum is not yet clear.

It is of interest to study the Hall effect in r.e.f. As
is known, the normal ferromagnetic metals —iron,
nickel, and cobalt—have anomalously high values of
the Hall emf, two to three orders of magnitude greater
than the effects observed in nonferromagnetic metals.
It follows from theoretical work[118:118] that the anom-
alous Hall effect of ferromagnets is due to the spin-
orbit interaction, which should be different in metals
of the iron group and in r.e.f.

In metals of the iron group, the 3d- and 4s-bands
overlap, while in rare-earth metals there is no over-
lap of the 4f- and 6s-bands, i.e., the electron struc-
ture of the latter metals differs strongly from the elec-
tron structure of the iron-group metals. From this
point of view, a systematic study of the Hall effect in
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FIG. 43. Isotherms of the fransverse magnetoresistance of
dysprosium.

*These measurements were carried out by Yu. V. Ergin in our
laboratory.
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FIG. 44. Temperature dependence of the magnetoresistance of
terbium. 1) Longitudinal effect, H = 15 000 Oe; 2) longitudinal
effect, H = 7800 Oe; 3) longitudinal effect, H = 1300 Oe; 4) trans-
verse effect, H = 15 000 Oe. Lower part of the figure shows the
temperature dependence of the slopes of the magnetoresistance
isotherms (1/R)AR/AH in H = 14 000 Oe.
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FIG. 45. Temperature dependence of the longitudinal mag-
netoresistance of gadolinium,

r.e.f. is very important. Particularly interesting are
the measurements in the temperature range covering
the ferromagnetic-antiferromagnetic and antiferro-
magnetic-paramagnetic transitions.

The information on the Hall effect in r.e.f. and in
other rare-earth metals is very scarce. Several work-
ers [116:111] have measured the Hall effect in gadolinium,
dysprosium, and erbium, particularly in the paramag-
netic region. Above the transition point 6,, the Hall
emf was negative and proportional to the magnetic field.
On approaching the point 6,, the Hall emf of dyspro-
sium and erbium increased, which was explained by
the appearance of the spontaneous Hall effect due to
the magnetization.
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The numbers of carriers per atom at room temper-
ature (Table II) were determined from the classical
Hall coefficient Ry for all the investigated r.e.f. The
same table also lists the numbers of carriers for other
rare-earth metals at room temperature.

The Hall effect of Gd in the ferromagnetic region
was investigated by Vol’kenshtein and Fedorov. (120]
They established that the spontaneous Hall coefficient
Rgs had a temperature dependence of the same nature
as nickel (Fig. 46) except that the gadolinium coeffi-
cient was twenty times as large. The maximum on
the Rg(T) curve lay below the Curie point (at about
250°K).

Vol’kenshtein and Fedorov also showed that the
spontaneous Hall coefficient was proportional to the
magnetic resistance of gadolinium ppyag. The detec-
tion of the Hall emf maximum in gadolinium was dis-
cussed also in (1217,

Table I
Metals Y La Ce | Pr Nd Gd Dy Er
Number of
charge car-
rersper | 97129/ 1.6] 3 |2.11] 2.1 | 1.5 | 24
atom - 1

Ry 0" V.cm/A.G

g

FIG. 46. Temperature dependence of the classical (R,) and
spontaneous (Rg) Hall coefficients of gadolinium,

Vol’kenshtein and Fedorov also investigated the Hall
effect in dysprosium and erbium.[%] They found that
the Hall emf of dysprosium was negative near the point
6, and positive in the region of the transition 6;. At
the transition points themselves, the Hall emf reached
extremal values. A maximum of the Hall emf was
found in erbium at the point 6.

Thus, investigations of the electrical and galvano-
magnetic properties of r.e.f. lead to the conclusion that
there is a strong coupling between the ‘‘magnetic?’’
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electrons and conduction electrons. However, in con-
trast to the d-metals, such an interaction does not lead
to any marked participation of the conduction electron
spins in the establishment of the magnetic moment.
This follows from the fact that for the majority of r.e.f.
the magnetic moment per atom diifers only by several
percent from the theoretically calculated magnetic mo-
ment of the corresponding ion.

8. MAGNETIC PROPERTIES OF RARE-EARTH
ALLOYS

Studies of the magnetic properties of the alloys of
rare-earth metals themselves and of rare-earth met-
als with other metals, both ferromagnetic and nonfer-
romagnetic, are of major interest.* This is because a
change of the atomic neighbors in a rare-earth metal
crystal alters the interaction in the crystal, giving an-
other opportunity of studying this interaction in rare-~
earth ferromagnets and antiferromagnets.

1. Intermetallic compounds of rare-earth metals.
The magnetic properties of intermetallic compounds
of rare-earth metals and the iron-group metals have
been studied in recent years. It was established [124-127]
that the temperature dependence of the magnetization
was anomalous (Fig. 47) in compounds of the RCog type
(R = Gd, Tbh, Dy, Ho, Er, and Tm). In some cases, a
magnetic compensation point was observed similar to
that found in ferrites. On this basis, it has been sug-
gested that in RCog alloys the Co ions and the rare-
earth ions form two magnetic sublattices, the resultant
moments of which are oriented antiparallel to each
other. Assuming that the atomic magnetic moments of
cobalt and the rare-earth element have the same values
in the alloy as in the pure metals, we can estimate the
effective magnetic moment per molecule of the inter-
metallic compound RCos:

MRgo, = 5M¢o — Mr.

(32)

Here, MRCo; is the resultant magnetic moment of the

H=20000e
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FIG. 47. Temperature dependence of the magnetization (B—H)
of the intermetallic compound Co, Gd.

*A review of the physical properties of rare-earth metal alloys
is given in the book by E. M. Savitskii, V. R. Terekhova, I. V.
Burov, ]. A. Markov, and O. O. Naumkin ‘‘Rare-Earth Metal
Alloys’’, Moscow, U.S.S.R. Academy of Sciences Press, 1962.
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alloy RCos;; MCp and MR are the magnetic moments
of the ‘‘cobalt”’ and ‘‘rare-earth’’ sublattices, respec-
tively. If R = Ce, Pr, Nd, Sm, or Y, then the temper-
ature dependence of the magnetization has the normal
““Weiss”’ form. Figure 48 shows the dependence of the
experimental values of the magnetic moments of RCoy
alloys on the magnetic moment of the rare-earth metal.
The experimental points satisfactorily fit a straight
line, with the exception of those for the intermetallic
compounds of neodymium and praseodymium, which
depart markedly from the straight line. The reason
for this departure is not clear, but we may assume
that here {as in the case of mixed yttrium-neodymium
and yttrium-praseodymium iron garnets [“93) the ori-
entation of the orbital magnetic moment of the rare-
earth atom exerts a strong influence. This assumption
is arrived at as follows. A negative exchange interac-
tion, producing an antiparallel orientation of the spin
magnetic moments (Fig. 49), acts between the neody-
mium (or praseodymium ) atoms and the cobalt atoms.
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FIG. 48. Dependence of the magnetic moment of Co,R com-
pounds on the magnetic moment of the rare-earth ion.

Se :
FIG. 49. Directions of the spin and orbital
momenta in the compounds NdCo, and PtCo,.

Sy Ler
Since, for metals of the cerium subgroup J = L -8
(according to Hund’s rule), therefore the orbital mag-
netic moment is directed opposite to the spin moment,
but the orbital moment of Nd and Pr has the same di-
rection as the spin moment of Co. This is the reason
for the higher magnetic moments of the compounds
NdCo; and PrCo; in Fig. 48. However, it is not clear
why the points for the compounds of cerium and sa-
marium (for which the rule J = L -8 is also valid)
lie very close to the straight line in Fig. 48.

The recent suggestion of the double sublattice struc-
ture of RCo; compounds was proved by direct neutron--
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diffraction studies. [1%8] It was established that the al-
loy HoCojy is ferromagnetic and the magnetic moments
of cobalt and holmium are directed opposite to each
other.

The intermetallic compounds of gadolinium and iron
were investigated in [122126,129-131] 1y the compounds
GdFe;, GdFe; and GdFe,, there is an antiferromagnetic
interaction between the ions of iron and gadolinium,
i.e., these compounds also have the sublattice struc-
ture. This is confirmed by the observation of a mag-
netic compensation point in GdFe;,. (131] However, the
magnetic properties of GdFe; cannot be described
starting from the assumption of double magnetic sub-
lattice structure. In [122,130] it was shown that GdFe;
has three sublattices: two iron, differing by the type of
atomic site, and one gadolinium. The value of the mag-
netic moment per unit cell of GdFe; agrees with the
assumption that in one of the iron sublattices the mag-
netic moments are oriented parallel to the magnetic
moment of the gadolinium sublattice, and in the other
iron sublattice they are antiparallel to gadolinium.

We note that several intermetallic compounds of
rare-earth metals with metals of the iron group have
very large values of the coercive force,[128] The high-
est coercive force (8000 Oe) was observed in GdCos,
which was related by the authors of [12°] to the high
anisotropy energy of this alloy. The magnetic proper-
ties of the intermetallic compounds of nickel with rare-
earth metals were investigated in [122], It was estab-
lished that compounds of the RNi; type have low Curie
points (less than 40°K) and behave as normal ferro-
magnets. A suggestion was made in [!22] that the mag-
netic moments of nickel ions in these compounds are
disordered. However, the magnetic moments of inter-
metallic compounds of the RNi; type are somewhat
lower than the theoretical values calculated on the as-
sumption that only the rare-earth ions are magnetic-
ally ordered.

Cherry and Wallace['32] investigated the tempera-
ture dependences of the magnetization of intermetallic
compounds of the RMny type, where R = Sm, Gd, Tb,
Dy, Ho, Er, or Y, in the temperature range 80—500°K;
the Curie temperature decreased with increase of the
atomic number of the element R: from 465°K, for a
gadolinium compound, to 415°K, for an erbium com-
pound. In all these compounds, the magnetization rose
rapidly on cooling. In the compounds DyMng and
TbMn;, this increase was observed only in sufficiently
strong magnetic fields (7000 Oe). In weaker fields
(2500 Oe), a maximum was found in the temperature
dependence of the magnetization (at 200°K). The tem-
perature dependence of the magnetization of the com-
pound SmMn; was similar in shape in weak and strong
fields, but even for this alloy an anomaly was found in
the temperature dependence of the magnetization at low
temperatures. All this indicates that intermetallic
compounds of the RMn; type exhibit complex magnetic
behavior. It is possible that these compounds also have
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magnetic sublattice structure (i.e., they are ferromag-
nets ).

Williams et al.[133] reported data on the magnetic
properties of intermetallic compounds of the rare-
earth metals and aluminum, of the RAIl, type. The
dependence of the magnetic moments of RAl, alloys
on the atomic number of the rare-earth element is
similar to the well-known curve of the magnetic mo-
ments of free trivalent ions of rare-earth elements
(Fig. 50). The values of the magnetic moments in
GdAl, differ, however, from those calculated theoret-
ically. Williams et al.[1%%] agsumed that the cause of
this is the polarization of the conduction electrons by
the 4f-electrons. The exchange interaction between
the 4f-electrons and the conduction electrons forces
the latter to contribute to the magnetic moment.
Jaccarino et al.t3] came to the same conclusion as
a result of measurements of nuclear magnetic reso-
nance in RAl, compounds.
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FIG. 50. Magnetic moments of compounds of the RAL type.

It follows from the work of Williams et al.[133] that
RAl, compounds (where R = Ce, Pr, Nd, or Sm) ex-
hibit ferromagnetism with quite high Curie points.
Thus, the Curie point of SmAl, is 122°K, and that of
NdAl, is 68°K. It is known that pure metals of the
cerium subgroup are antiferromagnetic (with very low
Néel points ) or are paramagnetic. However, in the
presence of paramagnetic aluminum ions, ferromag-
netism is ‘‘induced’’ in RAl, compounds. This fact
is of great interest. In this connection, we note that
Matthias et al.[135] established that some alloys of
scandium and indium (Sc;.xIng, x = 0.238—0.242)
are ferromagnetic below 6°K, although pure scandium
and indium have paramagnetic properties.

Bozorth et al.[136] jnyvestigated the magnetic prop-
erties of intermetallic compounds of rare-earth met-
als and metals of the platinum and palladium group:
RIr,, RRuy, and ROs,. The majority of these com-
pounds have ferromagnetic properties. The highest
Curie points are those of gadolinium compounds
(~ 80°K); the Curie points are lowered when the
atomic number of the rare-earth metal is either de-

creased or increased. The magnetic moment per rare-

earth atom in an alloy is found to be smaller than the
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moment calculated for trivalent ions and observed in
pure rare-earth metals. This is explained by the par-
tial freezing of the orbital magnetic moments by the
crystal field of the alloy lattice.

Several workers have investigated the magnetic
properties of more complex substances. Williams et
al. [13] studies the mixed compounds Gdy, 314 Pry gseAly
and Gdg ,Pry gAl,. It was found that they have magnetic
compensation points at very low temperatures. Wil-
liams et al. [133] explained this by the influence of the
orbital momentum of praseodymium. The spins of gado-
linium and praseodymium are parallel to each other
but since, for praseodymium, J = L -8, the resultant
magnetic moment of the praseodymium atom is di-
rected opposite to the magnetic moment of the gado-
linium atom, which leads to the appearance of ferro-
magnetism in these compounds.

In recent years, mixed solid solutions of the follow-
ing systems have been studied intensively: (137-139]

CeRuy — GdRu,, CeRu, — PrRus,, YOs;—GdOs,.  (33)

It has been established that some alloys of these sys-
tems exhibit simultaneously ferromagnetism and
superconductivity at very low temperatures. Such
substances have attracted much attention. In the case
of the first system, (CeGd)Ru,, the curves of the
transition points of the alloys from the superconduct-
ing to normal state (Tg) and of the ferromagnetic
Curie points (6) intersect at ~6 mol.% GdRu,

(Fig. 51). Thus, there is a region of compositions
where the Curie point 6 is higher than Tg. If one of
such solid solutions (for example, Cey 45Gdy, gsRuy)

is cooled below Tg, we can observe in it the super-
conducting and ferromagnetic states simultaneously. ,
Such alloys were also found in the mixed solid solu-
tions (YGd)Os, and in the (CePr)Ru, system. Owing
to the existence of diamagnetic screening in supercon-
ductors, the magnetization and hysteresis curves of
superconducting ferromagnets will be distorted. This
may be explained as follows. In the superconducting
state, the magnetic flux is forced out of the super-
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FIG. 51. Dependence of the Curie temperature § and the super-
conducting transition temperature Ts on the composition of the
CeRu,—GdRu, system.
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conductor, i.e., the induction is zero,

B=H+4nl=0. (34)
Hence, we find that the magnetization is
=1L, (35)

i.e., the characteristic diamagnetism of superconduc-
tors appears. Thus, in a sample exhibiting ferromag-
netism and superconductivity simultaneously, when the
field is increased a negative component of the magnet-
ization appears in addition to the ferromagnetic mag-
netization. This phenomenon was observed (140,417 3
measurements of the magnetic hysteresis loops at T
= 1.3°K in alloys of the (CeGd)Ru, system (Fig. 52).

[
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were regarded as incompatible because of the Meiss-~
ner effect: the destruction of the superconducting state
either by an external magnetic field or by an internal
effective field in a ferromagnet.

Several theoretical papers [142,143] have dealt with
the microscopic mechanisms preventing the simulta-
neous existence of the ferromagnetic and supercon-
ducting states of matter. Therefore, to explain the
properties of the alloys referred to above, it was sug-
gested (1447 that the sample consists of alternate super-
conducting and ferromagnetic layers so that the two
states do not coexist in the same layer. Recent theo-
retical work[45-147] hag shown, that, in certain cases,
the coexistence of the superconductivity and ferromag-
netism or antiferromagnetism is possible in the same
region of a crystal.

2. Solid Solutions of Rare-Earth Metals in One An-
other and in Yttrium. Yttrium has the same crystal
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FIG. 52. Hysteresis loops at 1.38°K for the solutions: a) 8%
GdRu, in CeRu,; b) 4% GdRu, in CeRu,.

The distortion of the hysteresis loops consists of a
downward bending of the branch of the loop in weak
fields due to the superposition of the negative magnet-
ization component. The magnetization is reduced only
in magnetic fields below the critical field Hgp. On
reaching Her, the superconductivity is destroyed and
the hysteresis loop assumes its normal shape.
The interest in these alloys is due to the fact that

for a long time superconductivity and ferromagnetism

structure as gadolinium and a similar atomic volume.
Therefore, these metals can form continuous solid
solutions of substitution in a wide range of concentra-
tions. Thoburn, Legvold, and Spedding (148] investigated
the temperature dependence of the magnetization of
yttrium-gadolinium alloys. In alloys containing less
than 60% gadolinium, anomalies were detected in the
temperature dependence of the magnetization, on the
basis of which it was assumed that they exhibit two
magnetic transitions: from the ferromagnetic to anti-
ferromagnetic state (point ¢;) and from the antiferro-
magnetic to paramagnetic state (point 8,). In the tem-
perature range from 6; to 0,, the antiferromagnetism
was relatively easily ‘‘destroyed’’ by a magnetic field.
Therefore, the temperature dependence of the magnet-
ization of these alloys varies strongly with the field
used to measure these dependences (Fig. 53). The
temperatures of the transitions #; and 6, decrease
on increase of the yttrium content. The same workers
measured the effective atomic magnetic moments of
the alloys. It was found that the presence of paramag-
netic yttrium in an alloy increases somewhat the mag-
netic moment of the gadolinium atom compared with
its moment in the pure metal. This fact is of great
interest and apparently indicates that rare-earth metal
atoms may polarize the shells of the nonmagnetic
yttrium atoms.

According to Thoburn, Legvold, and Spedding, [108]
all the alloys containing more than 60% gadolinium
are ‘‘normal’’ ferromagnets, i.e., they do not exhibit
magnetic anomalies near the temperature 0y.

However, later measurements* showed that these
alloys also have anomalies in the temperature depend -
ence of the magnetic properties in weak fields in the
temperature range next to the Curie point 05.

At present, there is no direct confirmation of the
existence of antiferromagnetism in Gd—Y alloys. The

*These measurements were carried out by A. V. Ped’ko and
L. I. Solntseva in our laboratory.
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FIG. 53. Temperature dependence of the magnetization of the
50% Gd—50% Y alloy (in various fields).

position here is the same as for Gd.

Nelson and Legvold[1%] studied single crystals of
dilute solid solutions of gadolinium (1.0%), dysprosium
(0.3 and 1%) and holmium (0.6 and 1.0%) in yttrium.
In yttrium crystals with Gd and Dy (1% Dy) admix-
tures, the antiferromagnetic transition was found at
3.4° and 1.34°K, respectively. The remaining solu-
tions were paramagnetic in the 1.2—4.2°K region,
although the solution with Ho exhibited hysteresis of
the magnetization curve. The antiferromagnetic or-
dering in dilute solutions of gadolinium and dysprosium
in yttrium is apparently related to the indirect exchange
between the solute atoms via the conduction electrons.

Thoburn, Legvold, and Spedding[m’] reported data
on the magnetic properties of gadolinium-lanthanum
alloys. The alloy with 90% gadolinium was ferromag-
netic, and the alloys with less gadolinium were anti-
ferromagnetic. The temperatures of the transitions to
the magnetically ordered state decreased on increase
of the lanthanum content.

Our review shows that the magnetic behavior of
rare-earth ferromagnets is more complicated than
that of ferromagnets of the iron group. The mechan-
ical application of the theories developed in the past
to explain the behavior of the iron-group ferromagnets
to r.e.f. is of limited use and in some cases it gives
incorrect results. A theory of the exchange and mag-
netic interactions in r.e.f. should be based on the fun-
damental feature of the electron structure of rare-
earth atoms, i.e., on the fact that their ‘‘magnetic”’
4f-electrons lie deep in the electron shells. The mech-
anism of the exchange interaction between the 4f-elec-
trons of neighboring atoms must necessarily be indi-
rect. In recent years, several attempts have been
made to develop a theory of indirect exchange in r.e.f.
via the conduction electrons, as well as via the 552
and 5p6 electrons. These theories, however, are not
yet perfect and they need further development.

Such development should naturally be accompanied
by intensive and deeper experimental studies of the
magnetic properties and electron structure of rare-
earth metals, their alloys and compounds.
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