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THE statistical method of calculation was proposed
by Einstein(!] as early as 1917. During the 40’s and
50’s it was used successfully to calculate the optical
properties of matter within the framework of linear
optics. The starting equations of this method have a
definite limit of applicability and in general do not fol-
low from the more general equations of quantum elec-
trodynamics 121, Nevertheless the method allows one
to obtain the correct expressions for the rates of ab-
sorption and emission, for the laws governing the ex-
citation and decay of luminescence, for the quantum
yield of luminescence, and for a number of other op-
tical properties [3-5], However one cannot use the
statistical method to solve problems related to the
shape and displacement of energy levels, non-reso-
nance interactions, etc.

It was shown(®] in a paper at the Thirteenth Con-
ference on Spectroscopy that the statistical method of
calculation can be successfully applied to the calcula-
tion of various nonlinear effects which arise when
matter is irradiated by light of very great intensity
or in systems with metastable energy levels. In such
cases Boﬁger’s law no longer holds, and the absorp-
tion coefficient depends on the radiation density and
may become negative. Nonlinearity manifests itself
also in the occurrence of stimulated dichroism, in
the depolarization of luminescence, and in many other
optical phenomena.

The fruitfulness of the statistical method has re-
cently been reemphasized by the possibility of calcu-
lating the optical properties of nonlinear systems of
a special type—optical masers. Using the statistical
method and resonator theory, the basic properties of
lasers have been successfully explained, and, in a
series of important cases, quite good agreement with
experiment has been obtained. ,

In using the probability method the energy levels
and the transition probabilities between them play the
role of initial conditionsf. The basic problem is the
determination of the individual level populations as a
function of the illumination intensity and the subsequent
calculation of the number of optical transitions. In
lasers it is necessary to consider transitions caused
both by the pump radiation and by the action of the
laser light itself.

*Repott to the XV Conference on Spectroscopy (Minsk, July
1963).

tThey can be obtained only by comparison of the results of
the calculation with experiment.

1. ENERGY LEVEL POPULATIONS (7]

Congider a set of n particles, each of which has N
energy levels. The particles interact with external ra-
diation, with black body radiation, and with the sur-
rounding medium. The probability for transitions be-
tween levels i and j is designated pjj. Using the Ein-
stein coefficients Ajj and Bjj, which give the proba-
bilities for spontaneous and stimulated optical transi-
tions, the pjj can be written in the form

pij= A+ Byjuli4-dij 4 Bijuy; = ply 4 Bijui,
pyi=Bjuii+ dy+ By = phi+ By ] @
Here pgj and pgi are the transition probabilities in
thermodynamic equilibrium: the Bjjujj are the proba-
bilities for transitions stimulated by external radia-
tion, assuming that there is no angular anisotropy in
the excitation of the particles; the dj; and dj; are the
probabilities for radiationless transitions, and u(i)j is
the density of black body radiation at the frequency Vij-
The quantities (1) have the dimension sec™! and vary
from system to system within wide limits, usually from
less than 1 to 10! sec™.

Under stationary illumination and for laser action
without pulsations (spiking), the energy level popula-
tions do not vary with time. The number of particles
leaving the i-th level in a given time interval equals
the number of particles making transitions to the level
in the same time. Hence the populations of the levels
ny satisfy the following system of kinetic balance equa-
tions:

N N
ny 21 Piy— Z: n;pji=0. (2)
i= i=

Since the total number of particles per unit volume
is constant, we have

2n1=n. (3)

Hence only N—1 of the N equations of the system (2)
are linearly independent.

Putting nN from (3) in (2) and dropping the N-th
equation we have

N—1
21 ainy=npni. (4)
=

The following notation has been introduced

N
ai;=Pnt— Pjnn  Qu=Pni+ Z: Dij. 6Y)
=
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As is well known, the solution of the system (4) has the
form

nj=n—,-, (6)

where

D= azy gy cee Qg Ny )

aAN-1,1 AN-1,2 - -+ AN-1,N-1

is the determinant of the system (4). The determinants
Dj for all j from 1 to N -1 are obtained from D by
replacing the j-th column with the column formed
from the coefficients pyj. The elements of the deter-
minant Dy are equal to ajj —pNij, where i is the num-

N
ber of the row. According to (3) 2 Dj =D.
=1

With the help of (5)—(7) it is easy to exhibit the ex-
plicit form of the particle distribution function for
quantum mechanical systems with an arbitrary number
of energy levels. In the simplest case of only two lev-
els, D =ay =Pzt +Pyz» D1 =Dats Dy =244 —P12 = Pra-
For N =3 we find from (5)—(7)

a4y = P31+ Pra -+ Pus,
Qg4 = P32 — Dya,

49 = P3y— P2,
Q22 = P32 1 D2yt Pas

and hence
ng = % (P13P21 + P13Pes - P1zPas)s (8)
ne= % (Pa2Pi2 + Pa2P13+ P3Piz), (9)
ny = % (PatPas+ PaaP2s+ Psabai), (10)
where
D = pay (P32 + P12+ Pa1) + P12 (Psz + Pas+ Pay)
~F P13 (P23 + P32) -+ PasPay.
Similarly, for N =4 we have
n,= % {P12 [P2s (Pat + Paz) + Pas (Pas+- Pl
F P1s [ Psi (Pay + P2a) -+ Pas (P32 + Pas)]
4 P1a [(P2s + P21) (P31 + Ps2 + Pas) + Pea (Psu + Psid1h (11)
ng= % {P12[Paa P23+ Pas) + Puzpesl
+ P1a [ pua (Pas + P23 -+ P2a) + P2aPucl
+ P Psa (P21 + Pos+ Pau) + PuzPasl
+ Pas [P1a (P21 Paa+ Pas) -+ PizPes] -+ PoiPuspia), (12)

Re = % {P12 [Paz (P31 + P32+ P3e) 4 PusPse] + Pra[Puz (Paz + Ps)
+ pusPaz] + Pra Pz (Pss + Ps2 + Paa) -+ DuaPsal

+ Pur [P1aPse + P2 (Pt + Paz+ Pau) ]+ PasPusPre}, (13)
ny =4 {Pat [Pu2 (Por =+ Pae+ P) + PaaPsl

+ Pay [Psa (Par -+ Pos + Pa) + PiePasl

+ Pur (P24 + P21) (P31 -+ Psa+ P3s) + Pea(Pa1 + psi)l), (14)

where D isthe sum of all terms inside the curly brackets.

A system with N energy levels can have no more
than N —1 transition probabilities Pij- If none of the
pjj are equal to zero, the determinant D contains

NN-1 terms, each of which is a product of N— 1 prob-
abilities pjj. Hence for large N the distribution func-
tion has in general a very complicated form. There-
fore in treating systems with N greater than four it

is necessary from the start to set equal to zero all
those transition probabilities which do not play a sig-
nificant role in the processes being studied.

It should be pointed out that the distribution of par-
ticles among the energy levels follows certain rules
which hold for all systems; these rules can be inves-
tigated without writing out the determinants explicitly.
In particular, if the external radiation of frequency
vij induces transitions between just one pair of levels
i==j, then all Dj and D depend linearly on ujj and
hence D may be written in the form KN

D =D (ui;=0)-+Ai;Bjiuiy =D (uij=0) (1 + ag;uy;).  (15)

Here D (ujj = 0) and Ajj do not depend on ujj, and

@jj is a nonlinear parameter which occurs in all for-

mulas of nonlinear optics. One may also show (7] that

the populations of the interesting pair of levels may be

expressed for the formulae

n; (uij=0)--Lu;;
Lajui ’

(16)

n; =

nj (uj=0)-Lju;;

14-ajjuj an

nj=

where Zigj = ngi (gi and gj are statistical weights ).
The quantities /j and /j do not depend on ujj. The
quantities nj (uj; = 0) and nj (ujj = 0) determine the
populations of the levels in the absence of external exei
excitation at the frequency Vij-

It follows (16) and (17) that, for sufficiently large
intensities of exciting light of frequency vij and for
8j = 8is the populations of the i-th and j-th levels will
become equal and as ojjujj — < approach a common
limit equal to 7j/@jj. If nj =nj for ujj =0, they are
equal for arbitrary ujj-

2. POWER ABSORBED AND THE ABSORPTION
COEFFICIENT

Considering stimulated emission as negative ab-
sorption 3~%J and using (16) and (17) we arrive at the
following expression for the power absorbed from the
external radiation:

abs ;
Wﬁ :(n]-B,i—n,-Bij) u,-jhv,-j

nj(uij=0)—n; (ui;=0) gj/gi

- 14-aju;) Byihvip, (18)
where we have used the equality
g:Bi;=¢g;Bji- (19)

As can be seen from (18), the power absorbed can
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be either positive or negative. The sign of waibS de-
pends on the populations of the levels which obtained
prior to excitation at frequency vjj. If ginj (ujj = 0)
>gjn; (ujj = 0), the power absorbed is positive. If the
reverse inequality holds the absorption is negative for
arbitary intensities of the incident radiation at fre-
quency vjj. It follows that excitation of the system

at frequency »jj can never change the sign of the ab-
sorption at this same frequency.

It also follows from (18) that the dependences of the
power absorbed on the intensity of the external radia-
tion for media with either negative or positive absorp-
tion are given by the same formula.

Recalling that the integrated absorption coefficient
is

abs

Wi
kij=—m‘
we find from (18)
K
ki = I4auy 20)

Here
g,
kgi= [nj (u,-j=0)—ni (u,,:O)?i-] B,-ihvij/v

is the absorption coefficient as ujj — 0 (or for the ab-
sence of a dependence for kj; on uj;).

According to (20) the absorption coefficient can be
either positive or negative; its sign however is com-
pletely determined by the sign of k;-)i and does not de-
pend on the magnitude of ujj. In general kjj — 0 when
the energy density becomes infinite, since the quantity
ujj occurs only in the denominator of expression (20).
Equation (20), which has found wide application in the
theory of laser oscillators and amplifiers, is valid for
particles with an arbitrary number of levels, if two
conditions are fulfilled: first, that there be no aniso-
tropy in the angular distribution of excited molecules,
and second, that the incident radiation at frequency
vij excite transitions only between levels i and j. In
systems which do not satisfy the first condition, the
dependence of kjj on ujj is more complicated. How-
ever in this case equation (20) gives a good approxi-
mation (8],

3. THE NONLINEARITY PARAMETERS

It is clear from the above formulae for the level
populations and absorption coefficients that the non-
linearity parameters are the most important param-
eters characterizing the interaction of the particles
with the incident radiation. All of the nonlinear ef-
fects which have been considered (%89, and which in-
volve excitation at a single frequency vij, are simple
functions of the product ajjujj. Hence the study of
nonlinear effects reduces essentially to a study of the
parameters ajj. We will now consider the nonlinear-
ity parameters of the simplest quantum-mechanical
systems.
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For particles with two energy levels a,; is given

by

oy = — Bis (1+£1/82) .

21+ Bia+us) (14-81/82)+day+-dip

According to (21) the product Ui /(1 +g/gy) does
not exceed the ratio of the probability for stimulated
transitions Byjuy; to the probability A,y. In visible
light and even more so in the ultraviolet, the proba-
bilities for stimulated transitions are small compared
to the probability for spontaneous transitions for all
practically achievable densities of pump radiation
(excluding laser light). Hence it is difficult to observe
nonlinear effects in such a system.

When one goes to the infrared or further to the radio
region of the spectrum, the ratio Blzugi/An increases
rapidly. In the far infrared the ratio is larger than
unity even at room temperature. However since the
incident radiation density is considerably larger than
the thermal emission background, Bjud; /Ay > 1 and
the laws of linear optics no longer hold. It is charac-
teristic that the value of the nonlinearity parameter
for a two-level system is not related simply to the
absolute value of the transition probabilities or to the
lifetime of the excited state 7. If

Ay > day+ dip+ 2Bysug,,

(21)

then a,, is a simple function of the energy level sepa-
ration and is completely independent of T;

@ =
2L 4nthv3 ’

(21a)

The thermal emission background and the radiation-
less transitions simply lead to a reduction in the non-
linearity parameter, oy < a;.

A system of particles with three levels is charac-
terized by three nonlinearity parameters:

_.Biz [pay (U 4-£4/29)+ Pas (14-£1/89)+ Pao+t pial
P21 (P2t P80+ prz (Pa2+ pas+ p§i) -F P2spd
_ B lppn (tei/e)+ra (1421/82) + Pig - pas) (23)
Po1 (Pt P13 P30+ pis (Peat- Paz) - paspa 7
32:22_3_’212(1—f—é’zjé{:x_)j-_l’w(1'3':&’2,/6’3)4-&1-!-7’;1_[ (24)
Po1 (P2t Pt pa+ Pra (Phat-ra)-Fpiapls

(22)

These formulas are valid for simultaneous excitation
of the particles by isotropic radiation at three fre-
quencies.

We will apply Egs. (22)—(24) to a numerical calcu-
lation of the nonlinearity parameters of a system of
particles whose second level is metastable. Let the
excitation occur in turn at frequencies vy, Vo, and
v3y, and let the transition probabilities be p; = 3 x 105,
p3 =3 x 10%, pgz =10®% sec™!, and p(l);, =p} = pg_-, =0.
Neglecting for simplicity the radiationless transitions
and using the Einstein relation A/B = 87hy®/c?, for
vg; = 20,000 cm™, v,y = 14,000 cm~!, and vy, = 6,000
cm ! we find the following values for the ajj (in
cm?¥/sec? erg): g = 7.8 X 101, oy = 6.5 x 1012, a4,
= 4.5 x 106, ‘
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If the second level were absent or were not meta-
stable, the value of aj; would be three orders of mag-
nitude smaller. However, if the system has a meta-
stable level the nonlinear effects in the transition
3 — 1 occur at excitation energy densities approxi-
mately pd; /p3; times smaller than in a system of par-
ticles with two energy levels. The deviations from
linearity at the transition 2 — 1 become significant
at higher incident radiation densities. The large value
at agy is explained by the fact that the frequency vs,
is in the infrared. ‘

The temperature dependence of the nonlinearity
parameters of arbitrary systems is quite complicated.
However, beginning at a certain temperature, the val-
ues of wjj will decrease with increase in temperature
and in the limit (T — =) go to zero[?]. The high tem-
perature prevents the system from deviating from
thermodynamic equilibrium and reduces all nonlinear
effects.

In introducing the nonlinearity parameters it was
assumed that radiation of a given frequency causes
stimulated transitions between a single pair of levels
only. Hence the determinants Dj and D were linear
functions of the density of incident radiation on ujj.

It is possible, however, to have systems in which a
single spectral line induces transitions between two,
three, or more levels. In such cases the distribution
functions, the absorption coefficients, and the other
optical properties will depend not only on Ujj but on
u%j, ujj, etc. as well. Only the optical properties of
one quantum mechanical system —the harmonic os-
cillator —are independent of the density of the exciting
light (10,111,

A treatment of the above systems in this more gen-
eral case is quite complicated. Hence it is advisable
to make the calculation separately for each particular
system, making use of simplifying factors.

4. THE LASER THRESHOLD

If matter with a negative absorption coefficient is
placed in a resonator, e.g., between two plane parallel
reflecting plates, oscillation will occur under certain
conditions. The statistical method of calculation makes
it possible to calculate rather simply such energetic
properties as the threshold value of the pump radiation
density, the rate of absorption of pump power, and the
laser power.

Let the particles be excited by isotropic pump ra-
diation at the frequency vy, and let laser action oc-
cur at one of the frequencies Vij» For a stationary
oscillation to exist it is necessary to fulfill the con-
dition 121

— ki (Vias) = k1SS (25)

where kji( Vlag) is the negative absorption coefficient,
and klg)ss is a coefficient describing the radiation
losses in the cavity. Since the laser frequency usually

is close to the peak of the line (a luminescence band)
the absorption coefficient kjj(v]a5) may be calculated
from the Kravetz integral by the formula

k sy
i (ras) = e
Here Aufjbs is the absorption line width at the laser

transition.
The loss coefficient for a plane parallel cavity is
related to the reflection coefficients of the coatings
rij and rj, and to the thickness of the cavity, by the
expressioncm]
R LY

ririj

(26)

where Pii is a parameter giving the energy loss due to
scattering and absorption by impurities. The first
term in (26) is due to the output of energy at the ends
of the cavity.

Using the fact that
hv;j

b *
uA\'iaij

kji (v)=(n;Bji—n;By)

the condition for stationary laser action (25) may be
put in the form

n,——i’}—n,-:éﬁn, (27)
i
where
1 abs 1 ,
& — I‘jioss(vlas) UAV?;; s/]‘]ioss(\las)
= = tes’, (28)
nlijhv;j %ji (V1as)

is a dimensionless quantity equal to the ratio of the
loss coefficient to the absorption coefficient for n;
= n(Kji(Vl) = kji(lll, nj = n))

Equation (27), which expresses conservation of en-
ergy inside the cavity, leads to a number of general
conclusions. It follows first that in the absence of ex-
ternal excitation, when

nd ¥4 = —nj[1—exp(—hvi;hT)] <0,

gi

laser action is impossible even in the ideal cavity
(6§ — 0). In order to have laser action one must re-
move the system from the state of thermodynamic
equilibrium. Two qualitatively different cases must
be distinguished. In the first case the bevel j is the
ground state, and in the second case it is an excited
state.

If j is the ground state and if prior to excitation
it contained 10% to 10%® particles, then in order to
have laser action at frequency vj; it is necessary to
transfer a huge number of particles, comparable in
order of magnitude to n, to the i-th level. At present
it is feasible to do this for those media in which the
i-th level is metastable and in which a build-up of ex-
cited particles occurs. A simple model of such media
is a system of particles with three energy levels, the
second of which is metastable.
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If the j-th level is an excited state it will contain
as small a number of particles as one wishes at low
enough temperatures. Hence the preparation of in-
verted populations in the levels i and j, necessary
for laser action, is possible without significant de-
pletion of the number of particles in the ground state.
In accord with the above distinction, one speaks of
three-level and four-level lasers.

According to (27) the larger gj /g; the easier it is
to excite laser action. It further follows from (27) and
(28) that in order to excite laser action it is necessary
that the absorption line at »i; be sufficiently narrow
(Avfjbs small) and sufficiently intense (Bjj large).
Decreasing the loss coefficient and in particular de-
creasing the transmission of the coatings, and in~
creasing the concentration of particles facilitate
laser action.

If we put for the density of laser emission ujj = 0,
we can use (27) to determine the threshold value of
the pump radiation u%r. Using (6) and putting the
determinants in the form

Dy (ui;=0)=D}+ AiBritgs, Dj(u:5=0)=D}-+A;Brittn,
D (uyy=0) == DO+ ApiBpitps,

we find from (27)

the 1 DI—Dig;lgi+-8;D0

Upl =-—5— . 29
ke Bri Aigylgi—Aj—851m (29)

It can be shown that Ag7 = Aj and hence (29) has a
finite positive value only if

8 <4k (30)
Systems which do not satisfy condition (30) will not os-
cillate even for infinitely large pump power.

Multiplying numerator and denominator in (29) by
n/D® and making use of (6) we find the following simple
expression for the threshold:

a3 (1 —e‘“hvij/hT)—i—bjin

thr 1
Up =—p— 31
B OTThBa el jsi—w— i (1)
N
where oj, oj are positive parameters, and oyj = 2,04
i=1

is the nonlinearity parameter for the transition k — 1.
The number of particles in the j-th level in the absence
of external excitation is denoted ng.

In three levef laser n! is nearly or exactly equal to
n, and hence the threshoid pump power is not zero
even in the ideal resonator with 6j; — 0. In four-level
lasers the j-th level is an excited state and nd —o0 if
the temperature of the medium is sufficiently low.
Hence for 6j; — 0 the threshold u%r — 0. In prin-
ciple laser action in four-level systems is possible
for very small pump powers.

As special cases of (31) one can derive the expres-
sions for three and four level lasers which have been
given in [14717] and which will be considered below.
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5. LASER POWER

In discussing stimulated transitions caused by ex-
ternal radiation one must keep in mind the fact that
the probability Bu is an approximation to the integral
fB(v)u(u)dv. If a substance with narrow energy lev-
els is irradiated by light with broad spectral width,
u(v) may be brought out from the integral sign and
one may use the usual expression for the transition
probability:

S B()u(v)dv=u(v) SB(V)d(V):Bu(v).

The width of the laser line AV}_?’S is usually smaller
than the width of the absorption line Au%bs, given by
the function Bjj(v). Hence

§ By () (v) dv =By (vae) § iy () av
= Bji (Vias)  (Vias) A'Vilﬁs

Ecau gacrora reHepanud CoBHagaeT ¢ MAKCHMYMOM JIMHHH
oorixomeHnst, TO

. _ _Bii
BJz (Vlas) = Av?jbs.

Using this last remark and (20) and (25), we have

0 1
Wis (¥ A las k3 (Vlas_)‘f‘rl‘jgss(vlras)
1 (Viag) AVii~ = —

Qji (Vlas) kji (V1as)

(32)

Expression (32) determines the laser radiation den-
sity inside the resonator and is a generalization of an
analogous formula for the three level laser['2] to the
case of a system with an arbitrary number of energy
levels.

The laser power, or more precisely the amount of
radiant energy emitted per unit volume of the active
medium per second is equal to

las ___,loss las
Wii™ = 0kji™ (V) AViag = 8;nB jihv it (Vias) Avif - [AVEPS

v | k?i (V1as) ‘_k;‘bs (Vias)
@ji (Vias) )

(33)

Using the explicit expression for kgi( Vlas) and
making use of (28), we find after a simple transfor-
mation:

ni(uj=0) gj/gi—nj(uiy=0)-—3;n
aji/Bjj

Wi = (34)

h’\’ij.

* Here nj (ujj = 0) and nj (ujj = 0) are as before the

level populations for a given pump energy density at
transition k —1 and in the absence of laser emission,
ujj = 0.

Equation (34) allows one to calculate the laser power
if one knows the properties of the resonator and the
quantities characterizing the interaction of the active
laser medium with the pump radiation in the absence
of the resonator.
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6. THREE-LEVEL LASERS[!4,18-22]

We now consider in more detail the simplest laser
system, having three levels (Fig. 1) with optical pump-
ing of the transition 1-— 3. Real materials have addi-
tional levels whose influence, as a rule, is to increase
the threshold and decrease the laser power. To eluci-
date the detailed properties of a three level laser we
will examine the dependence of the level populations,
the luminescence absorption, and the laser power on
the pump radiation density both with and without re-
flecting coatings present. As before, laser action is
assumed to be stationary and to occur at the transition
2— 1. The second level is metastable (p3, > p3; + pi3).

2 —
N T,
2 — J — P
a
g g -
a v a 4 R v
las las] las las
7 7 1 5
a b c

FIG. 1. Energy level diagrams for three level (a & b) and four-
level (c) lasers.

If the particles are outside the resonator, they in-
teract only with the pump radiation. Inside the reso-
nator the process of laser action subjects the par-
ticles to the strong effects of the laser radiation. In
general the level populations are determined by Egs.
(8) —(10), in which one puts uyy = 0 for the case of no
resonator present; when the system is lasing one uses
the value of uy; calculated from (32).

The dependence of the level populations on pump
power is shown graphically in Fig. 2a. The solid lines
refer to the medium when outside the resonator; the
dashed lines to the medium when inside the resonator.
The values of uy; are given in units of the threshold,
x = ugy /ufPT. On this scale, ny is merged with the x
axis.

When uy, is very small the value of n; is essen-
tailly constant and n, increases linearly with ugy. This
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is the region of linear optics. As the build-up of par-
ticles in the metastable level begins, ny begins to de-
crease and the growth of n, slows down. The solid
curve ny(uzs), referring to particles outside the reso-
nator tends to an upper limit close to n. For ug — «
the populations of the first and third levels approach
zero (more precisely, npd; /pl;).

Now let reflecting coatings be added. The graph of
nj(uz;) will then be given by the solid curves only up
to the laser threshold. For uy > u§}™ laser action
occurs, and inside the resonator a high radiation den-
sity build up at vy; = v)54; this radiation induces tran-
sitions 2 == 1. As soon as laser action begins, and for
further increases in pump power, the level populations
satisfy the relation

ny fi;—;— ny = 8;,n == const.
Since nz = 0, and n; + n, = n, it follows that the level
populations are essentially independent of ug; in the
lasing regime. The increasing supply of particles to
the metastable level with increasing uz; is offset by
more intense transitions 2 — 1 due to the increase in
probability of stimulated transitions Bjju,;.

All this remains true as long as n, is negligibly
small. In principle Bjjuz; may become comparable
with Ag;. At this point nonlinear behavior begins to
appear in the transition 3 — 1. In the limit the num-
ber of particles in all levels becomes equal and all
further changes in the populations cease. This non-
linearity is ordinarily not attained experimentally and
hence our further investigations will relate only to the
region adjoining the laser threshold, 0 =x =< pgl /pgl.

According to (29) and (8)—(10) the threshold value
of pump power of a three level laser equals

1 (P81 (231 P3s)1-Plapti] (11-612)

T Bis pSagriga— (P F Pl 81/ 85— b1z (PRt Pas) (T~ g1/e2)+ Pl
(35)
In deriving (35) it was assumed that for frequencies in
the visible region and for temperatures T between 0
and 300°K the probabilities pJ, = pd; = 0.
Using the condition that the second level be meta-

thr
Uy

4 7
" /
W // //
/’W,,abs' ///
a5 7 £ lum 1
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7, / // s
/-/ / 4 // las
FIG. 2. Dependence of level populations (a), power 75 10" / /,’ » W
absorbed, power in luminescence, and laser power (b) ’ /' a4 /" T G T
on pump radiation density. The dashed lines referto  J\ /1 ___ RGN / 4 ol 7
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stable (p3; + pd; < pd;) and putting T = 0 (p)y = 0), Eq.
(35) can be greatly simplified:

14845
g1/82— 12

Ph
= 1By

uthr ’ (36)
where 7= p3,/(p3, + pd;) is the ratio of the number of
excited particles going from the labile to the meta-
stable level to the total number of transitions out of
the third level.

As the temperature is increased, 2 — 3 transitions
begin to occur.
According to (35) the value of p,3 begins to influence
the threshold at temperatures for which pJ; becomes
comparable with pdpY, /pd;, that is

e_nvag/h'rNLgl_ .
rh
For vy = 6,000 cm™, pd; =3 x 10? sec™, and p}; = 3
x 10% sec”™! the threshold increases by a factor of two
as T increases from 0 to 2,000 K.

The experimentally observed temperature depend-
ence of the threshold is related to the growth of Av&PS
with increasing 23] and, as will be shown below, to
the presence of a splitting of the metastable level. The
quantity Avabs occurs in the expression for threshold

via (521 ~ AVZlb

mum, Bisug?r = pg1g2 /gy. Laser action occurs when

the probability for stimulated transitions 1 — 3 be-
comes equal to the probability for the outflow of par-
ticles from the metastable level multiplied by g,/g;

~ 1. The magnitude of threshold is related only to the
internal losses in the active medium (luminescence
and non-radiative transitions 2—1 and 3 —1). In
high quality resonators, for which &6y, << (1 + g{/g,),
the dependence of threshold on 65 and hence on the
line width Avg;

If 6;9 =0, the threshold is a mini-

1bs and on temperature disappears. Such
dependence is observed only in resonators with low
Qs where 0, is comparable with g;/g,.

It also follows from (36) that the laser threshold is
small for those media for which By; is large, i.e., for
which the integrated absorption coefficient for pump
radiation is large, for which g;/g, > 1, and for which
moreover the value 1 = pdy/(pd, + pd;) is close to one.

The dependence of threshold on p21 or, equivalently,
on T, = 1/p); requires special attention since p3; en-
ters the expression for ug?r not only in the numerator
but also via 04y in the denommator Putting the values
Oy = ku S/k(v) and pdy = A,y +dy in (36) we obtain

1 (A21+dzi)(1-1'—k1ag S /%13 (Vi)

uthr — b
Bysn g1/82—kiy’S /%15 (Vigs)
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We assume further that the absorption band (line),
whose maximum corresponds to the laser frequency,
has no structure and hence that

B nByshvyy
- abs -’
vAvE;

%12
abs
AvE?

iz (Vigs ) =

Expressing B,y in terms of Ay, we find from (37)

The probability pds = pS, exp (~hvs, /kT).
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pthr 1 (A 4-doy) (Agi Fag/en) (38)
Bysn g1/ g2 (Ay—a) ’
where
kabs
a=8av? Avy 12—, (39)

and where v and Av,, are expressed in em™l,
Figure 3 shows a graph of the dependence of

uiTBign on Ay for v = 20,000 cm™!, n = 10 cm™?,

kI9SS = 0.01 cm™, d =0, and v = ¢/1.76. It is clear
from the figure that the left-hand portion of the graph
is very steep, whereas to the right of the minimum the
curve varies much more gradually and becomes a
straight line. For A,; = a, the threshold goes to in-
finity and laser action is impossible. The value of

utbT is a minimum when
Amm_a__*-{_ l/( _—> +a? g‘+ad (40)
or, if d=0,
Ag;iﬂ:a<1+l/1+%>. (40a)
The threshold is equal to
Usimin = Tian-?ih—(l -+ ‘/@;‘ ’ (41)

For the previous values of the parameters and for g,
= gy, and for Av3’S =1 cm™! we find from (39)—(41)
AN & 0.4 sec™, (ByubhT) i ~ 1 sec™.

The expression for.laser power (34) applicable to

a three level laser takes the form
Wit = nhva, {phy £ — (ot + pt) L

— 80y [ o+ (Pl (1 )]}

% B (g~ gt [ (ot ) (1442

)]

For ordinary pump powers the probability for stimu-
lated transitions Bjsu3; is several orders of magnitude
smaller than p§1 and may be neglected in comparison
with the latter.

Furthermore, making use of the condition for meta-
stability we have

& & 4
T 6’133 ( 2)

() B &1
+ P2+ Bisuay ( 3
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g1/82— 012

Wzlfsz nnk’vm 1+21/80

B3 (ugy— ufhr), (42a)
The laser power is proportional to the Einstein coeffi-
cient B,;, determining the area of the absorption band
at the pump frequency, and increases linearly with ug,.
The maximum laser power occurs for n=1, i.e., in
the absence of luminescence and radiationless transi-
tions 3 — 1. The smaller 6 (i.e., the smaller the
value of both ki®®S and the absorption line width Av2PS
and the larger n and the Einstein coefficient By,) the
larger the laser power.

It is clear from (42a) that the threshold alone is in-
sufficient to characterize the tendency of a material to
intense laser action. Along with the threshold one must
know the tangent of the straight line W%gs(uu), which
is given by

las

- 21 81/82— 0
tan ¢ = P— =" Bihva = it g/e (43)
The parameters u%?r and tan ¢ determine the lasing

behavior of a medium for a given pump power. One
may find systems having a small threshold accompa-
nied by a small value of tan ¢.

Lowering g;/g, increases the laser threshold and
simultaneously decreases tan ¢. The smaller g;/g,
the greater the requirements on the resonator in which
laser action will be possible for a given material. In
the general case the pump power absorption is given
by
Wla?’bs

81
= (B3 — nyByy) ushvy == ( ny—ny —3> Bysugihvs,

nB1gu3ihvat

=D [—paxp21+pslpzs+ps2p2l
jo R ‘g—i>]

If we put uy; = 0, then (44) will give the radiation ab-
sorbed by the medium in the absence of laser action.
Inserting the value of uy; from (32) in (44) we obtain
an expression for the absorption power in the lasing
regime as a function of the pump power and all other
parameters describing the system of particles and
the resonator. Taking account of the metastability
of the second level and putting T = 0 this expression
takes the form

Wﬁsbs = m Bsusihvy <—— 521>

+B12u21<p31 _+p32 51 (44)

(45)

Dividing (42a) by (45) we obtain the laser efficiency
(energy yield)
thr
oMt ) Vet b
ugy >_ n"at (1 70.)’

where x is the pump power in units of the threshold.
The value of y),g increases with increasing pump
power. In the limiting case n— 1, x > 1, all of the
pump energy (with the exception of Stokes’ losses at
transition 3 — 2) goes into the laser output.

Vies =1 2 (46)

Graphs of the dependence of the absorption power,
the laser output and the luminescence (W}um = nAjjhvjj)
on the density of pump radiation are shown in Fig. 2b.
The solid curves refer to the case of no resonator.
These curves exhibit a tendency to saturation which
manifests itself in the breakdown of the linear absorp-
tion and in a nonlinear dependence of W%um on ug;.
The introduction of coatings leads to a build-up of ra-
diation at frequency v inside the cavity and to the pre-
ponderance of stimulated transitions 2 — 1 over spon-
taneous transitions; this strong radiation at v causes
a sharp change in all optical properties of the medium
(cf. the dashed lines ).

The appearance of significant probabilities of the
stimulated transitions 2 =1 is equivalent to the re-
moval of the metastability of the second level. An in-
tense exchange of particles takes place between the
first and second levels and may proceed much more
rapidly than any other process in the system. Since
at this point the numbers of particles ny and n, cease
to depend on the pump power (cf. Fig. 2a), the system
reverts to having a linear dependence of all its optical
properties on pump power. The power absorbed in-
creases linearly with ug. The luminescence power
W%‘ilm is also proportional to uz;, which is due to the
linear dependence of ng on pump power.* The quantity
W%fm remains constant with increasing uj; since n,
~ const.

An analysis of the curves in Fig. 2b shows how the
distribution of energy among the various transitions
changes with the introduction of reflecting coatings
and the consequent occurrence of laser action.

We assume that the particles outside the resonator
are subject to the effects of a powerful pump ugy > ublr.
In this case the values of all of the properties under
study are given by a point on the corresponding solid
curves. We then assume that reflecting coatings are
introduced and that after a certain interval a station-
ary state is attained. The transition from the first
case to the second is accompanied by a decrease in
the luminescence power in the transition 2 — 1. How-
ever the onset of laser action is connected not with a
decrease in the luminescence and other losses but
rather with a sharp step-like increase in the amount
of energy absorbed. Part of this additional absorbed
energy is inevitably lost to the growth of luminescence
and thermal losses in transitions 3 —1 and 3 — 2,
and the remaining part goes into the laser radiation.

The laser action which occurs with the introduction
of reflecting coating is related not to an increase in
the number of active molecules n, —ny, as is often
stated in popular articles, but rather to a decrease in
n, and an increase in n,. It is precisely this increase

*The value of n, is several orders of magnitude smaller than
n, and n, and hence the linear increase of n, with increasing u,,
has practically no effect on the magnitude of n, and n,.
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in n; which leads to the increase in the power absorbed
and to the occurrence of laser action. An increase in
the pump power under lasing conditions does not in-
crease the number of active particles, which remains
constant, but rather leads only to an increase in the
power absorbed.

7. THE EFFECT OF A SPLITTING OF THE META -
STABLE LEVEL[!]

It is well known that in a real system such as a ruby
the metastable level is split and a more rigorous solu-
tion of the problem must take account of the presence
of two metastable levels (Fig. 1b). In the stationary
state the populations of the levels of such a system
are determined by Egs. (11)—(14). If we put in the ex-
pressions for nj us; = uy = ug; = 0, they will give the
energy level populations as functions of the pump radi-
ation density u,y in the absence of laser action. Since
the second and third levels are metastable, that is
since

pgl+p21 & Pa> Dy 47)

it is essentially only the populations of these levels
which increase with increasing uy. For sufficiently
large pump powers the sum n, + n3 is nearly equal
to the total number of particles n.

It follows from (12) and (13) that n, >ny if the fol-
lowing inequality is satisfied:

95 (Dha + D) + PiaPyy > Pis (Pha+ Pls) + PisPars (48)

If the reverse inequality holds, we have ny < ny for ar-
bitrary values of the pump power. In cavities of equal
Q at the Ry and R, lines (frequencies vyy and v3; re-
spectively ), the laser will operate on the R line in
the first case and on the R, line in the second.

In ruby lasers as a rule one observes stimulated
emission at the R; line. We will treat this case first.
Restricting the temperature interval to be from 0 to
300°K for the present system we can put

Ps= P ©xXP (— hvao/kT), (49)
Byugy £ Ay (50)

This means that thermal excitation is absent in all
transitions except 2 — 3. The inequality (50) will be
violated only for pump powers 10°—10° times larger
than ufhr,

The threshold value of the pump power uﬁlr (V1as
= vy;) leading to laser action at frequency v, can be
found easily from (29) and (11)—(14) with the help of
(49) and (50). It has the form

O __ .0 __ .0 __ 0 __ .0 __
P14 P13 = P13 == Ppy = P = 0,
Uge = Uyg =0,

1 Do(14-6
UPT (Vs =Ver) = 55— (4500

51
16 Dog1/8a— Ay —b12y, (61)

where

DO = (pg; + ey + Ply) (PsaPor + PP -+ PPay)»
As = Poy (P8 + Py) + PPoyy A1 = PiiPs, - PoyPos + PoyPlys
Aa = (P + Pl) (Pys + Pl) + PisPay +- PaxPay

“+ 2 (py s + Pyt PaPas)
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Making use of the metastability of the second level
and putting p3, > pj; + pd; it is not difficult to obtain

1 p3i(14-812)
uthr (4 =) =
i’ (Vias="21) N'Bi g1/gs—812°

L Phtr) =80 Lpy gy,

uthr (Wiae=va) = —5- ,
&7 (Vias=va) By g1/ga—202

kT <<h'V32, (5 2)

(52a)

where n’ = (pdy + pi3)/ (Pl + pY; + pl3). Expression
(52) formally coincides with (36), which was obtained
without taking account of the splitting of the metastable
level. There is numerical agreement in the magni-
tudes of the thresholds if n = ' and if in (36) we set
g, equal to the statistical weight of the lower sublevel
of the metastable state g, = g5. If in real systems the
metastable level can either be split or not, g, gives
the degeneracy of the unsplit level where gj gives that
of its lower component. In this case for kT « hvg, the
splitting of the metastable level causes a decrease in
the laser threshold. Laser action becomes possible in
resonators with lower Q, i.e., for g;/g, < 643 < g81/83-

The presence of the second component of the meta-
stable level causes an increase in laser threshold only
for temperatures kT = hvz,, where the deactivation of
excited particles is determined not only by the proba-
bility p); but also by p}. Equations (12) and (12a) are
valid only for pgz > p31 + pgi. In the opposite case the
exchange of particles between the second and third
levels is hindered and an increase in temperature does
not change the laser threshold. Calculations also
showl "] that a splitting of the metastable level causes
a decrease in laser power only when exp ( —hygy/kT)
is comparable with unity.

The presence of laser radiation inside the cavity
causes a drastic chante in the dependence of the level
populations on the pump radiation density. In (11)—(14)
we must take account of the transition probability Biyuy
due to the laser radiation (p,; = p3; + Byouy; and py,
= Bypuyy). An analysis of the distribution function ap-
propriate during laser action at frequency vy, shows
that an increase in the pump power causes a gradual
growth of n; and a decrease in n, and n;. The changes
in nj are most significant when the probabilities p3s
and p3, are small, If however p$, and pJ; consider-
ably exceed p23 and pl,, then according to (11)—(14),
the values of nj remain essentially constant for wide
variations of uy.

Increasing the pump power when laser action is oc-
curring at frequency v,; may cause a population in-
version sufficient to satisfy the condition for laser
action ng —n; = §;3n for the transition 3 — 1 without
perturbing the conditions for oscillation at frequency
Vyy.

Putting first for simplicity 65 = 0 and g, = g, we
obtain from this equation with the aid of (12) and (14),
with ugs = ugy = 0 and uyy = 0, the second laser thresh-
old, i.e., the value of the pump radiation density at
which the frequency vs is generated simultaneously
with the frequency wvyy:
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thr
ug (v

— 1 (ph—+ Pt pls) 1pSe+ 3 — ps 10613 (2P%i-1- 2P+ P35))
14 Pia+ P2y — S — P — 813 (31 3p3 -+ pds+pis)

(53)
According to (51) and (53) the values of the first and
second laser thresholds are of the same order of mag-
nitude in systems in which p}, + p}; ~ pd;, pds = p),

= ply if 643 is sufficiently small. Conversely if
pY,/ph > 1, the second threshold is increased with
respect to the first by the same factor. In the latter
case it is simple to take account of the dependence of
the second threshold on &;,;

% thr 1

Uy ( ):EZ

« (P2 Pls) [(14-28431819) — (1 — 8431~ 019) exp (— hvgy/kT))
[Pda(1—813—0812)/ P§s — (1 +-3813—019) -+ (1—013-F 30 12) exp (— hvze/AT)|

(54)

In deriving (54) use was made of the metastability
of the second and third levels and of the inequality
P32 — D% > pht + ph-

It follows from (54) that the second threshold de-
creases with increasing temperature and with decreas -
ing 6,3. For low temperatures the denominator of (53)
becomes negative if p), > pJ3. This means that once
laser action has begun at frequency vy it is impos-
sible to excite laser action at the transition 3 — 1 in
systems in which the probability for the redistribution
of particles between the components of the metastable
level pd; is larger than pl.

We assume now that laser action occurs only at the
frequency v3;. In this case the value of the threshold
is

1 DO (1—8y5)
wibr (y =)= —
i1 (Vias 2 By, Asgi/ga—A1—0y3Ay,

Aa - pga (ng + pgs) + pgﬂpgl'

(55)

The expressions for D°, A; and Ay, were introduced
previously.

Depending on the actual values of the transition
probabilities 6y, and 845, ubT ( Vias = V31) can be
either larger or smaller than the threshold for laser
action at frequency vy; determined by (51). Inthe
special case that §;5 = 043, laser action occurs at the
transition 2 — 1 if the inequality (48) holds, and at
the transitions 3 — 1 if the opposite inequality holds.

In systems for which (48) is valid laser action can
be produced at frequency v3; only by increasing 6;,
and decreasing .6;3, which means in particular increas-
ing the transmission of the coatings at frequency vy,
and at the same time increasing the reflectivity at fre-
quency vz;. Laser action at the R, line in ruby was
obtained in this way [24,25]

Thus in lasers with a splitting of the metastable
level we can have laser action at either of the fre-
quencies vy or vz If the probability for redistribu-
tion of particles between the components of the meta-
stable level is small compared with the probabilities

for populating the metastable state, it is possible to
have simultaneous laser action at both frequencies
vy and p3; at pump powers comparable with the ini-
tial threshold,

8. FOUR-LEVEL LASERS[%]

The simplest level scheme for a laser of this type
is shown in Fig. 1c. The pump raises particles to the
fourth level, from which they make transitions to the
third, metastable, level. Population inversion occurs
initially at the transition 3 — 2, and for larger uy at
transition 3 — 1. For the scheme shown we can put

(56)
(67)

Ugy = Ugy == Uy =0,
Buuy < Ay.

pl= Pia=Poy=Po= Pau=0,
Ply = Piy exp (— kv /kT),

This means that all thermal transitions upwards ex-
cept for 1 — 2 are negligibly small. The inequality
(57) is valid for all practically obtainable values of
Wyq.

The equations for the level populations (11)—(14)
may be simplified with the help of (56) and (57):

n, = % {Battsy [P5, (P + P3) + Baetiae P}, -+ Basttaspayl),s (58)
ng= Dl {Bualia1plyPyy + Basitas (P2, (Ply 1 Py + Ph)
+ Buateas (P + Pis + P, (59)
g = % {(99, 4 Ply + Pl - Buathan) [P3, (P5, + P5y) + Baaliaapl,
+ Buuttas [(Phy -+ Pis) (P + Baatize) + PPy} (60)
ng= Di {(py, + Poy + Pis + Brattas) [2%, (P51 P32)
+ Basttzapy, + Baslsapsl}), (61)

where D is the sum of all terms in the curly brackets
in equations (58)—(61).

If we put ug, = 0 in (58)—(61), these equations give
the dependence of nj on the pump radiation density
uyy in the absence of a resonator and hence in the ab-
sence of laser action. They also describe the level
populations of particles placed in a resonator for val-
ues of u, between 0 and utlT, which characterize
the beginning of laser action.

In the absence of excitation, only the first and sec-
ond levels are populated:

0
nl=n-_fa__ nl=n

Pfg 0 o0
Ph+pi2’ 2

PPz’ My =my =" (62)

-

When one turns on the excitation and gradually in-
creases uy, the population of the first level begins to
decrease and the populations of all excited levels be-
gin to increase. The value of ny, as in the three-level
scheme, is many orders of magnitude smaller than n,
since the majority of the excited particles end up in
the third level. The curve of nz(u,) intersects the
graph ny(uy ) if for small T one has

Pl2

Doy > Py + (D5 + Pay) P (63)
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In this case one may easily satisfy the condition ng —n,
= nd,3 and obtain laser action. If condition (63) is not
satisfied, n, > n; and laser action at frequency v, is
impossible.

Using (29) and (58)—(60) we obtain the following ex~
pression for the laser threshold:

wthr — 1 (P%+ Pa) [{14-833) exp (—hvae/kT) -89
“ MBis g2/83— Ba3— pfa (1-+8)/P% —cy (1--823) —c2bp3 ’

(64)

where
m= pga/(pgl + P+ pdoa)’ 1= (pgl +pgz) (p;)'z + pgz)/pglpgs'
ca=2 (pgl + pgz)/pgs'
The coefficients ¢; and c, are <« 1, and may be
omitted in (64) if the following conditions hold
(65)
(66)

Pls > Pl P > pgl + pgm
Pis > P§1+P§z or pis> py-

In the contrary case the threshold may be large. Vio-
lation of condition (66) causes a significant increase in
uﬁ‘r only for large 68,3, i.e., for large external losses
or for a small value of ky3(¥)55). The first of condi-
tions (66) can be called the condition of metastability.
1t follows from the above that the metastability of the
third level is by no means necessary in the four level
scheme.

At low temperatures, where exp (—hvg, /kT) — 0
and 0,3 — 0, the laser threshold is zero. This of
course is the fundamental advantage of a four-level
laser.

The level scheme shown in Fig. 1¢ (with the third
level being metastable ) may function as an ordinary
three level laser at the transition 3 — 1. The only
special feature of such a system is that the laser
threshold at frequency vz; will be a sensitive func-
tion of temperature because of the thermal interaction
of the neighboring levels 1 and 2. Neglecting small

terms of order (p3; + pdy)/ply we find
1 g g 1 — hvo /AT
WAT (Vg vay) = (P%+ %) [ +2:72’j;51§‘:xp( Vay/ )](67)

M1 Byg
In the same approximation the ratio of the thresholds
(64) and (67) is equal to

Ul (Vias =vgm) _ €1/gs—B1s (A-025) eXp (— hvag/KT) 4855

W (rae ey Egs—bss (T dag) T exp(—Ivg/hT) by = (08)

If one has a laser with g; = g and &§y; = 63, the
magnitude of (68) varies from &,3/(1 + 853) to 1 as
the temperature is increased from 0 to kT > hyy,.

In this case laser action occurs first at frequency vs,.
If however gy > gy or 8,3 > 043, then at low tempera-
tures

u’-ﬂ“ ('Vlas: V23) < u}{" (Vlas = V;“),

Moreover, the inequality reverses as T increases.
Hence in the process of operating the laser at fre-
quency Vs, heating of the active medium may inter-
rupt laser action at frequency vz, and stimulated
emission may occur at frequency v3;. The interrup-
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tion of laser action may also be due to the fact that
in the course of laser operation at frequency v;, the
number of particles in the second level may become
larger than at the first.

The exact formula for the laser power may be ob-
tained easily from (34), (58)—(61), but is not very con-
venient. After the usual transformations it may be
simplified:

Wias — {4 — p8a/P3y) — o3 (1 P/ P3| By (i — ™) vy 69)
i 11418, /P81 42 exp (— hvoy /KT) /M +2Byuu/pgy *

where we have put g, = g3 for simplicity. If Byyuy,

< pg1, as is usually the case, the laser power

W%‘;“S of the four-level laser depends linearly on the
pump power (just as the three-level laser does).
Saturation is reached only for large Byuy ~ pd;.

In the limiting case of an ideal four-level laser one
may put pj; < pdy, By < pdi, my — 1. One then has
the maximum possible power
nhvg (1—08s3)

las b
Wigs= 142 exp (— hvy /AT)

X {B“u“ (P51 p) [523+(11-t%2233) exp (——th,/kT)]} '

(70)

According to (70), when kT < hvgy, 693 — 0, the

efficiency of the laser is very high Wi28 — nB,u,hvs,.

Except for Stokes’ losses at transitions 4 — 3 and
2 — 1, all absorbed energy reappears as stimulated
emission.

9. CONCLUSION

The optical properties of three and four-level
lasers obtained above apply to the case of unit volume
of the working substance, stationary pump power, and
laser action without spiking. Experimentally however
one observes laser action in finite volumes with non-
uniform distribution of pump radiation, and a part of
the active medium by be occupied by trapped modes
which are not coupled out of the resonator. The phe-
nomenon of laser action is greatly complicated by the
pulsations which are observed in all solid and liquid
lasers. If one adds to this the fact that the transition
probabilities and frequently the pump power also are
unknown, the difficulty of making quantitative compari-
sons of the results of calculations with experiment be-
comes understandable.

Despite this there is already good qualitative agree-
ment between experimental results and the conclusions
obtained within the framework of the statistical method
of calculation. Experiment confirms the linear depend-
ence of the absorption and laser power on the pump ra-
diation density [%6:27], the increase of threshold and the
cessation of laser action with increase in temperature
(28] and a number of other results obtained by this
method.

It is clear that the statistical method has great use-
fulness in the construction of a complete theory of op-
tical masers.
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