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J.HE statistical method of calculation was proposed
by E i n s t e i n ^ as early as 1917. During the 40's and
50's it was used successfully to calculate the optical
properties of matter within the framework of linear
optics. The starting equations of this method have a
definite limit of applicability and in general do not fol-
low from the more general equations of quantum elec-
trodynamics ^ . Nevertheless the method allows one
to obtain the correct expressions for the rates of ab-
sorption and emission, for the laws governing the ex-
citation and decay of luminescence, for the quantum
yield of luminescence, and for a number of other op-
tical properties E3"53. However one cannot use the
statistical method to solve problems related to the
shape and displacement of energy levels, non-reso-
nance interactions, etc.

It was shown Μ in a paper at the Thirteenth Con-
ference on Spectroscopy that the statistical method of
calculation can be successfully applied to the calcula-
tion of various nonlinear effects which arise when
matter is irradiated by light of very great intensity
or in systems with metastable energy levels. In such
cases BoUger's law no longer holds, and the absorp-
tion coefficient depends on the radiation density and
may become negative. Nonlinearity manifests itself
also in the occurrence of stimulated dichroism, in
the depolarization of luminescence, and in many other
optical phenomena.

The fruitfulness of the statistical method has r e -
cently been reemphasized by the possibility of calcu-
lating the optical properties of nonlinear systems of
a special type—optical masers. Using the statistical
method and resonator theory, the basic properties of
lasers have been successfully explained, and, in a
series of important cases, quite good agreement with
experiment has been obtained.

In using the probability method the energy levels
and the transition probabilities between them play the
role of initial conditions t. The basic problem is the
determination of the individual level populations as a
function of the illumination intensity and the subsequent
calculation of the number of optical transitions. In
lasers it is necessary to consider transitions caused
both by the pump radiation and by the action of the
laser light itself.

* Report to the XV Conference on Spectroscopy (Minsk, July
1963).

tThey can be obtained only by comparison of the results of
the calculation with experiment.

1. ENERGY LEVEL POPULATIONS Μ

Consider a set of η particles, each of which has Ν
energy levels. The particles interact with external r a -
diation, with black body radiation, and with the sur-
rounding medium. The probability for transitions be-
tween levels i and j is designated pjj. Using the Ein-
stein coefficients Ajj and Bij, which give the proba-
bilities for spontaneous and stimulated optical transi-
tions , the pjj can be written in the form

Pa = Λ „· + Buu°ij

Pa = Bjo
= plj + BijU,},

= p"ji + BjiUij. (1)

Here p | j and pjj a r e the t rans i t ion probabi l i t ies in
thermodynamic equi l ibr ium: the BjjUij a r e the p r o b a -
bi l i t ies for t r a n s i t i o n s s t imulated by external r a d i a -
tion, assuming that t h e r e is no angular anisotropy in
the excitation of the p a r t i c l e s ; the d ^ and dj^ a r e the
probabi l i t ies for radia t ionless t r a n s i t i o n s , and u°j i s
the density of black body radiation at the frequency ΐ^;.
The quantities (1) have the dimension sec" 1 and vary
from system to system within wide limits, usually from
less than 1 to 1010 sec" 1 .

Under stationary illumination and for laser action
without pulsations (spiking), the energy level popula-
tions do not vary with time. The number of particles
leaving the i-th level in a given time interval equals
the number of particles making transitions to the level
in the same time. Hence the populations of the levels
n^ satisfy the following system of kinetic balance equa-
tions :

IV IV
Σ Pu - Σ njPjt = 0. (2)

Since the total number of p a r t i c l e s p e r unit volume
is constant, we have

Xnj = n. (3)

Hence only Ν - 1 of the Ν equations of the system (2)
are linearly independent.

P u t t i n g Π Ν f r o m ( 3 ) i n ( 2 ) a n d d r o p p i n g t h e N - t h

e q u a t i o n w e h a v e

f i - l

Σ Ι Λ \

i j T l j = = T i P N i · \ ^ /

3 = 1

T h e f o l l o w i n g n o t a t i o n h a s b e e n i n t r o d u c e d
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As is well known, the solution of the system (4) has the
form

where

«21

ns = n

a-12

"22

L,l %-l

Dj
D '

, 2 · •

. a j

. a2

, i V - l

, ΛΓ-1

f-1 IV

(6)

(7)

is the determinant of the system (4). The determinants
Dj for all j from 1 to Ν - 1 a r e obtained from D by

replacing the j - t h column with the column formed

from the coefficients p ^ j . The e lements of the d e t e r -

minant D n a r e equal to ajj -pNi> where i i s the n u m -

N
b e r of the row. According to (3) J ^ Dj = D.

j=i

With the help of (5)—(7) it i s easy to exhibit the ex-

plicit form of the p a r t i c l e distr ibution function for

quantum mechanical s y s t e m s with an a r b i t r a r y number

of energy levels . In the s imples t c a s e of only two lev-

e l s , D = a n = P21 + Pi2, E>i = P21, D2 = a u - p 1 2 = p 1 2 .

F o r Ν = 3 we find from (5)-(7)

«12 = ^31 — P21,
0-22 = P32 + P21+ P23«21 — /*32 — P l 2 i

a n d h e n c e

η3=-β (Pl3P2l 4" Pl3Pi3

n*=-jj (P32P12 4- P32P13 + P31P12),

n i = ~jj {P31P214 P31P23 + P32P21),

w h e r e

D = P21 {P32 4" Pl2 4" P3l) 4" Pl2 (/>32 4" P23 4 />3l)

+ Pl3 {P23 + P32) 4- Pt3P31-

Similar ly, for Ν = 4 we have

«i = ^ {jfl2 [j»24 (/'SI 4 P32) 4" />34 (/>24 4" P23)]

+ Pl3 lP3i [P2l + P23) 4" />24 (j»32 + P34)l

4- Pli K/>24 + P2l) {P3i 4" P32 + P3i) 4- P23 {P3i + P3l) ] }.

(8)

(9)

(10)

(11)

4- P13 lPi3 (Pu + P23 4- P24) ·

4-Ρΐ4(Ρ43(/>2ΐ4 Ρϊ3 + Ρ2ί)

4- Pii [Pis {P21 + P23 + P2i) + P12P23] + P21P12P13}, ( 1 2 )

nt = -ρ {Pl2 [Pk2 {P31 + P32 + P34) 4" P43P32] 4- Pl3 lPi2 {P32 + P3l)

4" Pi3P32] + Pii [Pi2 {P3l 4 P32 + P3i) + Pi3P32]

+ Pil lPl3P32 + Pl2 {P3i 4 /'32 4 P 3 4 ) ] 4 - P 3 l P 4 3 P l 2 j , ( 1 3 )

«1 = " ^ {P21 [P42 (/>31 4- P32 4" P3i) + Pi3P32]

+ P31 lPi3 (P2l 4 P23 + P2i) + Pi2P23]

+ Pil l(Pli 4 i>2l) (P3l + P32 + P3i) + P23 {P31 + P3i)]}, ( 1 4 )

w h e r e D i s t h e s u m of a l l t e r m s i n s i d e t h e c u r l y b r a c k e t s .

A s y s t e m with Ν energy levels can have no m o r e

than N - l t rans i t ion probabi l i t ies pj j . If none of the

Pjj a r e equal to z e r o , the determinant D contains

N ^ " 1 t e r m s , each of which i s a product of Ν - 1 p r o b -

abil i t ies pj j . Hence for la rge Ν the distr ibution func-

tion has in genera l a very complicated form. T h e r e -

fore in t rea t ing s y s t e m s with Ν g r e a t e r than four it

is n e c e s s a r y from the s t a r t to se t equal to z e r o al l

those t rans i t ion probabi l i t ies which do not play a s ig-

nificant ro le in the p r o c e s s e s being studied.

It should be pointed out that the dis tr ibut ion of p a r -

t ic les among the energy levels follows c e r t a i n r u l e s

which hold for all s y s t e m s ; these r u l e s can be i n v e s -

tigated without wri t ing out the d e t e r m i n a n t s explicitly.

In p a r t i c u l a r , if the external radiat ion of frequency

^ij induces t r a n s i t i o n s between just one pa i r of levels

i ^ j , then all Dj and D depend l inear ly on UJ; and

hence D may be wr i t ten in the f o r m ^

D = D {Uij^+AijBjiUij =- D {uu = 0) (1 + au Uij). (15)

Here D (UJJ = 0) and Ajj do not depend on UJJ, and

ajj i s a nonlinear p a r a m e t e r which o c c u r s in al l for-

mulas of nonlinear opt ics . One may also s h o w ^ that

the populations of the in teres t ing pa i r of levels may be

e x p r e s s e d for the formulae

'-, (16)

(17)

where Zjgj = Zjgj (gj and gj a r e s ta t i s t ica l weights) .

The quantit ies Ιχ and Zj do not depend on UJJ. The

quantit ies n^ ( UJJ = 0) and nj ( UJJ = 0) d e t e r m i n e the

populations of the levels in the absence of external exei

excitation at the frequency v^;.

It follows (16) and (17) that, for sufficiently la rge

intensi t ies of exciting light of frequency v^ and for

gj = gj, the populations of the i-th and j - t h levels will

become equal and as ajjUjj —• °° approach a common

limit equal to Zj/aj j . If nj = nj for Ujj = 0, they a r e

equal for a r b i t r a r y Ujj.

2. POWER ABSORBED AND THE ABSORPTION

COEFFICIENT

Considering st imulated emiss ion as negative a b -

sorpt ion^ 3 " 5 ^ and using (16) and (17) we a r r i v e at the

following express ion for the power absorbed from the

external radiat ion:

absfr ={njBji-niBiJ) Uijhvij

where we have used the equality

B k v (18)

(19)

As can be seen from (18), the power absorbed can
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be either positive or negative. The sign of W ^ s de-
pends on the populations of the levels which obtained
prior to excitation at frequency v^. If ginj ( UJJ = 0)
> g;nj (Ujj = 0), the power absorbed is positive. If the
reverse inequality holds the absorption is negative for
arbitary intensities of the incident radiation at fre-
quency ^jj. It follows that excitation of the system
at frequency î n can never change the sign of the ab-
sorption at this same frequency.

It also follows from (18) that the dependences of the
power absorbed on the intensity of the external radia-
tion for media with either negative or positive absorp-
tion are given by the same formula.

Recalling that the integrated absorption coefficient

B. I . S T E P A N O V a n d V. P . G R I B K O V S K I I

is
w abs

VUjj

we find from (18)

(20)

Here

k% = [nj (u,j = 0) - n , (ui} = 0) -^- ] BnhVijlv

is the absorption coefficient as UJJ — 0 (or for the ab-
sence of a dependence for kjj on Ujj).

According to (20) the absorption coefficient can be
either positive or negative; its sign however is com-
pletely determined by the sign of kjj and does not de-
pend on the magnitude of UJJ. In general kji — 0 when
the energy density becomes infinite, since the quantity
Ujj occurs only in the denominator of expression (20).
Equation (20), which has found wide application in the
theory of laser oscillators and amplifiers, is valid for
particles with an arbitrary number of levels, if two
conditions are fulfilled: first, that there be no aniso-
tropy in the angular distribution of excited molecules,
and second, that the incident radiation at frequency
^ij excite transitions only between levels i and j . In
systems which do not satisfy the first condition, the
dependence of kji on Uji is more complicated. How-
ever in this case equation (20) gives a good approxi-
mation E83.

3. THE NONLINEARITY PARAMETERS

It is clear from the above formulae for the level
populations and absorption coefficients that the non-
linearity parameters are the most important param-
eters characterizing the interaction of the particles
with the incident radiation. All of the nonlinear ef-
fects which have been considered^5'8'9-', and which in-
volve excitation at a single frequency yjj, are simple
functions of the product «ijUij. Hence the study of
nonlinear effects reduces essentially to a study of the
parameters a^. We will now consider the nonlinear -
ity parameters of the simplest quantum -mechanical
systems.

For particles with two energy levels a 2 1 * s given

by

(21)

According to (21) the product ajjUij/(l + g!/g2) does
not exceed the ratio of the probability for stimulated
transitions B12u21 to the probability A21. In visible
light and even more so in the ultraviolet, the proba-
bilities for stimulated transitions are small compared
to the probability for spontaneous transitions for all
practically achievable densities of pump radiation
(excluding laser light). Hence it is difficult to observe
nonlinear effects in such a system.

When one goes to the infrared or further to the radio
region of the spectrum, the ratio B12u21/A21 increases
rapidly. In the far infrared the ratio is larger than
unity even at room temperature. However since the
incident radiation density is considerably larger than
the thermal emission background, B12u21/A21 » 1 and
the laws of linear optics no longer hold. It is charac-
teristic that the value of the nonlinearity parameter
for a two-level system is not related simply to the
absolute value of the transition probabilities or to the
lifetime of the excited state r. If

Λ21 » du + dl2 + 2 5 1 2 < ,

then a 2 1 i s a s imple function of the energy level s e p a -
rat ion and is completely independent of τ;

21 ~ (21a)

The t h e r m a l emiss ion background and the rad ia t ion-
l e s s t rans i t ions simply lead to a reduction in the non-
l inear i ty p a r a m e t e r , a 2 1 < a 2 1 .

A sys tem of p a r t i c l e s with t h r e e levels is c h a r a c -
ter ized by t h r e e nonlinearity p a r a m e t e r s :

(22)

α _-B l2 [g32
2 1 I'll {Ρ

a — iL^JPi 2 C+g2/g3) +
3 2 ΡιΛρ%2+Ρ\3Λ-Ρ3\)

(23)

T,,l_l_n,,n.n ' \6'*l

These formulas a r e valid for s imultaneous excitation
of the p a r t i c l e s by i sotropic radiat ion at t h r e e f r e -
quencies .

We will apply Eqs. (22)—(24) to a numer ica l ca lcu-
lation of the nonlinearity p a r a m e t e r s of a s y s t e m of
p a r t i c l e s whose second level is metas tab le . Let the
excitation occur in turn at frequencies v3l, v21, and
μ32, and let the t rans i t ion probabi l i t ies be pjjj = 3 χ 105,
P20! = 3 χ 102, p3°2 = 108 s e c " 1 , and p?3 = pj 2 = p2

0

3 = 0.

Neglecting for s implicity the radia t ionless t rans i t ions
and using the Einstein re lat ion A/B = 8irhu3/c3, for
v31 = 20,000 cm

1

" 1 " 1
= 14,000 c m " 1 , and v32 = 6,000

c m " 1 we find the following values for the (inij

c m 3 / s e c 2 e r g ) : a 3 1 = 7.8 x 1 0 u , a21 = 6.5 χ 101 2, a 3 2

= 4.5 x 10 1 6.
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If the second level were absent or were not m e t a -

stable, the value of a 3 1 would be t h r e e o r d e r s of m a g -

nitude s m a l l e r . However, if the sys tem has a m e t a -

stable level the nonlinear effects in the t rans i t ion

3 —* 1 occur at excitation energy densi t ies approxi-

mately P21/P31 t i m e s s m a l l e r than in a sys tem of p a r -

t ic les with two energy levels . The deviations from

lineari ty at the t rans i t ion 2 — 1 become significant

at higher incident radiat ion dens i t ies . The large value

at «32 is explained by the fact that the frequency v32

is in the infrared.

The t e m p e r a t u r e dependence of the nonlinearity

p a r a m e t e r s of a r b i t r a r y s y s t e m s is quite complicated.

However, beginning at a c e r t a i n t e m p e r a t u r e , the va l-

ues of «jj will d e c r e a s e with i n c r e a s e in t e m p e r a t u r e

and in the l imit ( T — °°) go to z e r o ^ . The high t e m -

p e r a t u r e prevents the sys tem from deviating from

thermodynamic equil ibrium and reduces all nonlinear

effects.

In introducing the nonlinearity p a r a m e t e r s it was

a s s u m e d that radiat ion of a given frequency causes

st imulated t rans i t ions between a single pai r of levels

only. Hence the d e t e r m i n a n t s D; and D w e r e l inear

functions of the density of incident radiat ion on Ujj.

It is poss ible, however, to have s y s t e m s in which a

single s p e c t r a l line induces t rans i t ions between two,

t h r e e , or m o r e levels . In such c a s e s the distr ibution

functions, the absorption coefficients, and the other

optical p r o p e r t i e s will depend not only on u ^ but on

u?j, UJJ, e tc . as well. Only the optical p r o p e r t i e s of

one quantum mechanical s y s t e m — t h e harmonic o s -

c i l l a t o r — a r e independent of the density of the exciting

light t l o . " l ·

A t r e a t m e n t of the above s y s t e m s in this m o r e gen-

e r a l case is quite complicated. Hence it is advisable

to make the calculation separate ly for each p a r t i c u l a r

sys tem, making use of simplifying factors .

4. THE LASER THRESHOLD

If m a t t e r with a negative absorption coefficient is

placed in a r e s o n a t o r , e.g., between two plane para l le l

reflecting p la tes , osci l lat ion will occur under c e r t a i n

conditions. The s ta t i s t ica l method of calculation makes

it possible to calculate r a t h e r simply such energet ic

p r o p e r t i e s as the threshold value of the pump radiat ion

density, the r a t e of absorption of pump power, and the

l a s e r power.

Let the p a r t i c l e s be excited by isotropic pump r a -

diation at the frequency v^y and let l a s e r action o c -

cur at one of the frequencies Vy,, F o r a s tat ionary

osci l lat ion to exist it i s n e c e s s a r y to fulfill the con-

dition ^

i- fv Ί
— n-ji ( v l a s ) - •

. l o s s

( 2 5 )

w h e r e k j j ( y j a g ) i s t h e n e g a t i v e a b s o r p t i o n c o e f f i c i e n t ,

a n d k ; ° s s i s a c o e f f i c i e n t d e s c r i b i n g t h e r a d i a t i o n

l o s s e s in t h e c a v i t y . S i n c e t h e l a s e r f r e q u e n c y u s u a l l y

i s c l o s e t o t h e p e a k o f t h e l i n e ( a l u m i n e s c e n c e b a n d )

t h e a b s o r p t i o n c o e f f i c i e n t k ^ f i ^ g ) m a y b e c a l c u l a t e d

f r o m t h e K r a v e t z i n t e g r a l b y t h e f o r m u l a

..abs
i s t h e a b s o r p t i o n l i n e w i d t h a t t h e l a s e rH e r e

t r a n s i t i o n .

T h e l o s s c o e f f i c i e n t for a p l a n e p a r a l l e l c a v i t y i s

r e l a t e d t o t h e r e f l e c t i o n c o e f f i c i e n t s of t h e c o a t i n g s

r i j a n d r i j , a n d t o t h e t h i c k n e s s of t h e c a v i t y , by t h e

e x p r e s s i o n ^ 1 3 ^

( 2 6 )
,loss_ 1 . ^ 1

w h e r e p-.^ i s a p a r a m e t e r g i v i n g t h e e n e r g y l o s s d u e t o

s c a t t e r i n g a n d a b s o r p t i o n by i m p u r i t i e s . T h e f i r s t

t e r m i n (26) i s d u e t o t h e o u t p u t of e n e r g y a t t h e e n d s

of t h e c a v i t y .

U s i n g t h e fac t t h a t

t h e c o n d i t i o n f o r s t a t i o n a r y l a s e r a c t i o n ( 2 5 ) m a y b e

p u t i n t h e f o r m

w h e r e

4° S S (Vl a

. a b s . l o s s /

( v l a

( 2 7 )

( 2 8 )

i s a d i m e n s i o n l e s s q u a n t i t y e q u a l t o t h e r a t i o o f t h e

l o s s c o e f f i c i e n t t o t h e a b s o r p t i o n c o e f f i c i e n t f o r n ;

= η (Kji(vi) - k j i ( y ; , nj = n ) ) .

E q u a t i o n (27), w h i c h e x p r e s s e s c o n s e r v a t i o n of e n -

e r g y i n s i d e t h e c a v i t y , l e a d s t o a n u m b e r of g e n e r a l

c o n c l u s i o n s . It f o l l o w s f i r s t t h a t i n t h e a b s e n c e of e x -

t e r n a l e x c i t a t i o n , w h e n

n'JL-η)^ - « 5 [ l - e x p ( - •hvtJkT)]<0,

l a s e r a c t i o n i s i m p o s s i b l e e v e n i n t h e i d e a l c a v i t y

( o j j —• 0 ) . In o r d e r t o h a v e l a s e r a c t i o n o n e m u s t r e -

m o v e t h e s y s t e m f r o m t h e s t a t e of t h e r m o d y n a m i c

e q u i l i b r i u m . T w o q u a l i t a t i v e l y d i f f e r e n t c a s e s m u s t

b e d i s t i n g u i s h e d . In t h e f i r s t c a s e t h e l e v e l j i s t h e

g r o u n d s t a t e , a n d i n t h e s e c o n d c a s e i t i s a n e x c i t e d

s t a t e .

If j i s t h e g r o u n d s t a t e and if p r i o r t o e x c i t a t i o n

it c o n t a i n e d 1 0 1 7 t o 1 0 1 8 p a r t i c l e s , t h e n in o r d e r t o

h a v e l a s e r a c t i o n a t f r e q u e n c y v^·. i t i s n e c e s s a r y t o

t r a n s f e r a h u g e n u m b e r of p a r t i c l e s , c o m p a r a b l e i n

o r d e r of m a g n i t u d e t o n, t o t h e i - t h l e v e l . At p r e s e n t

i t i s f e a s i b l e t o d o t h i s f o r t h o s e m e d i a i n w h i c h t h e

i - t h l e v e l i s m e t a s t a b l e and i n w h i c h a b u i l d - u p of e x -

c i t e d p a r t i c l e s o c c u r s . A s i m p l e m o d e l of s u c h m e d i a

i s a s y s t e m of p a r t i c l e s w i t h t h r e e e n e r g y l e v e l s , t h e

s e c o n d of w h i c h i s m e t a s t a b l e .
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If the j -th level is an excited s ta te it will contain

as smal l a number of p a r t i c l e s as one wishes at low

enough t e m p e r a t u r e s . Hence the prepara t ion of in-

ver ted populations in the levels i and j , n e c e s s a r y

for l a s e r action, is poss ible without significant d e -

pletion of the number of p a r t i c l e s in the ground s ta te .

In accord with the above distinction, one speaks of

t h r e e - l e v e l and four-level l a s e r s .

According to (27) the l a r g e r g; /gj the e a s i e r it i s

to excite l a s e r action. It further follows from (27) and

(28) that in o r d e r to excite l a s e r action it is n e c e s s a r y

that the absorpt ion line at v^t be sufficiently narrow

(Av|j s s m a l l ) and sufficiently intense (Bji l a r g e ) .

Decreas ing the loss coefficient and in p a r t i c u l a r d e -

c r e a s i n g the t r a n s m i s s i o n of the coatings, and in-

c r e a s i n g the concentrat ion of p a r t i c l e s facil itate

l a s e r action.

If we put for the density of l a s e r emiss ion Uji = 0,

we can use (27) to determine the threshold value of

the pump radiat ion u j ^ r . Using (6) and putting the

determinants in the form

Dt (UiJ = 0) = Z>? + AiBklukl, Dj (ui} = 0) = D] + AjBhiuht,

we find from (27)

thr _
Bhl

It can be shown that A y 5:

finite posit ive value only if

( 2 9 )

a n d h e n c e ( 2 9 ) h a s a

( 3 0 )

Systems which do not satisfy condition (30) will not o s -

ci l late even for infinitely la rge pump power.

Multiplying n u m e r a t o r and denominator in (29) by

n/D° and making use of (6) we find the following s imple

express ion for the threshold:

t h r

(31)

Ν
where a;j, « J a r e posit ive p a r a m e t e r s , and a y = Σ ai

i s the nonlinearity p a r a m e t e r for the t rans i t ion k —·• I.
The number of p a r t i c l e s in the j - t h level in the absence
of external excitation is denoted η?.

In t h r e e levef l a s e r nj is near ly o r exactly equal to
n, and hence the threshold pump power is not z e r o
even in the ideal r e s o n a t o r with oji —*• 0. In four-level
l a s e r s the j -th level i s an excited s ta te and n° — 0 if
the t e m p e r a t u r e of the medium is sufficiently low.
Hence for oji — 0 the threshold u № r —* 0. In p r i n -
ciple l a s e r action in four-level s y s t e m s is poss ible
for very s m a l l pump powers .

As specia l c a s e s of (31) one can der ive the e x p r e s -
sions for t h r e e and four level l a s e r s which have been
given in C14-1TH g ^ w h i C n will be considered below.

5. LASER POWER

In d iscuss ing st imulated t rans i t ions caused by ex-

t e r n a l radiat ion one must keep in mind the fact that

the probability Bu is an approximation to the integral

JB( ν) u( ν) dv. If a substance with narrow energy lev-

els is irradiated by light with broad spectral width,

u.(u) may be brought out from the integral sign and

one may use the usual expression for the transition

probability:

fi(v)ii (v) dv = u (v) Β (ν) d (ν) = Bu (ν).

^ J
13.S

The width of the l a s e r line AJ^J is usually s m a l l e r

than the width of the absorption line Auf$s, given by

the function Βμ(ν). Hence

) dv = Bji (v l a s) ^ ui} (v) dvΒ a

ECJIH qacroTa reiiepaipiH coBnaflaeT c MaKCHMyMOM JIHHHH
ΠΟΓΛΟΠΙΘΗΗΗ, TO

Using this last r e m a r k and (20) and (25), we have

J A vjf = - 4( vlas)+* 3°S S(viaB) ( 3 2 )

E x p r e s s i o n ( 3 2 ) d e t e r m i n e s t h e l a s e r r a d i a t i o n d e n -

s i t y i n s i d e t h e r e s o n a t o r a n d i s a g e n e r a l i z a t i o n o f a n

a n a l o g o u s f o r m u l a f o r t h e t h r e e l e v e l l a s e r E 1 2 3 t o t h e

c a s e o f a s y s t e m w i t h a n a r b i t r a r y n u m b e r o f e n e r g y

l e v e l s .

T h e l a s e r p o w e r , o r m o r e p r e c i s e l y t h e a m o u n t o f

r a d i a n t e n e r g y e m i t t e d p e r u n i t v o l u m e o f t h e a c t i v e

m e d i u m p e r s e c o n d i s e q u a l t o

w\r=v^ssu(vla ,} ( v l a

i ( v l a s )
( 3 3 )

U s i n g t h e e x p l i c i t e x p r e s s i o n f o r k j i ( y i a s ) a n d

m a k i n g u s e o f ( 2 8 ) , w e f i n d a f t e r a s i m p l e t r a n s f o r -

m a t i o n :

( 3 4 )

H e r e n i ( u i j = 0 ) a n d n j ( a y = 0 ) a r e a s b e f o r e t h e

l e v e l p o p u l a t i o n s f o r a g i v e n p u m p e n e r g y d e n s i t y a t

t r a n s i t i o n k — I a n d i n t h e a b s e n c e o f l a s e r e m i s s i o n ,

U i j = 0 .

E q u a t i o n ( 3 4 ) a l l o w s o n e t o c a l c u l a t e t h e l a s e r p o w e r

i f o n e k n o w s t h e p r o p e r t i e s o f t h e r e s o n a t o r a n d t h e

q u a n t i t i e s c h a r a c t e r i z i n g t h e i n t e r a c t i o n o f t h e a c t i v e

l a s e r m e d i u m w i t h t h e p u m p r a d i a t i o n i n t h e a b s e n c e

o f t h e r e s o n a t o r .
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6. THREE-LEVEL LASERS [ U ) 1 8 ~ 2 2 : i

We now consider in more detail the simplest laser

system, having three levels (Fig. 1) with optical pump-

ing of the transition 1 — 3. Real materials have addi-

tional levels whose influence, as a rule, is to increase

the threshold and decrease the laser power. To eluci-

date the detailed properties of a three level laser we

will examine the dependence of the level populations,

the luminescence absorption, and the laser power on

the pump radiation density both with and without r e -

flecting coatings present. As before, laser action is

assumed to be stationary and to occur at the transition

2 — 1. The second level is metastable (p3 2 » p 2 1 + pj>3).

ο.
Η
3

Πι

• \ \

ν
las

JL,

ν
la

FIG. 1. Energy level diagrams for three level (a & b) and four-
level (c) lasers.

If the particles are outside the resonator, they in-

teract only with the pump radiation. Inside the reso-

nator the process of laser action subjects the par-

ticles to the strong effects of the laser radiation. In

general the level populations are determined by Eqs.

(8) —(10), in which one puts u2 1 = 0 for the case of no

resonator present; when the system is lasing one uses

the value of u2 1 calculated from (32).

The dependence of the level populations on pump

power is shown graphically in Fig. 2a. The solid lines

refer to the medium when outside the resonator; the

dashed lines to the medium when inside the resonator.

The values of u3 1 are given in units of the threshold,

χ = u 3 1 / u | i i r . On this sca le , n 3 is merged with the χ

axis .

When u 3 1 i s very s m a l l the value of nj is e s s e n -

tailly constant and n 2 i n c r e a s e s l inearly with u 3 1 . This

i s the region of l inear opt ics . As the build-up of p a r -

t ic les in the metas tab le level begins, nj begins to d e -

c r e a s e and the growth of n 2 s lows down. The solid

curve n 2 ( u 3 1 ) , r e f e r r i n g to p a r t i c l e s outside the r e s o -

nator tends to an upper l imit close to n. For u 3 1 — °°

the populations of the f irst and thi rd levels approach

zero ( m o r e prec i se ly , n p 2 1 / p 3 2 ) .

Now let reflecting coatings be added. The graph of

nj(u3 1) will then be given by the solid curves only up

to the l a s e r threshold . F o r u 3 1 > u 3 j l a s e r action

o c c u r s , and inside the r e s o n a t o r a high radiat ion d e n -

sity build up at vix = ν\Ά8; this radiat ion induces t r a n -

sit ions 2 ^ 1 , As soon as l a s e r action begins, and for

further i n c r e a s e s in pump power, the level populations

satisfy the re la t ion

ni ~— «i — — const.

Since n 3 as 0, and n t + n 2 « n, it follows that the level

populations a r e essent ia l ly independent of u 3 1 in the

lasing r e g i m e . The increas ing supply of p a r t i c l e s to

the metas tab le level with increas ing u 3 1 i s offset by

m o r e intense t rans i t ions 2 — 1 due to the i n c r e a s e in

probability of s t imulated t r a n s i t i o n s B 1 2 u 2 1 .

All this r e m a i n s t r u e as long as n 2 i s negligibly

smal l . In pr inciple B 1 3 u 3 1 may become comparable

with A 3 1. At this point nonlinear behavior begins to

appear in the t rans i t ion 3 — 1. In the l imit the n u m -

b e r of p a r t i c l e s in all levels becomes equal and all

further changes in the populations c e a s e . This non-

l ineari ty is ordinar i ly not attained experimental ly and

hence our further investigations will r e l a t e only to the

region adjoining the l a s e r threshold, 0 < χ < P31/P21·

According to (29) and (8)—(10) the threshold value

of pump power of a t h r e e level l a s e r equals

. t h r =
(1+612)

(35)

In deriving (35) it was a s s u m e d that for frequencies in

the vis ible region and for t e m p e r a t u r e s Τ between 0

and 300°K the probabi l i t ies p j 2 = p}3 = 0.

Using the condition that the second level be m e t a -

FIG. 2. Dependence of level populations (a), power
absorbed, power in luminescence, and laser power (b)
on pump radiation density. The dashed lines refer to
the lasing regime, the solid lines to the absence of
laser action.
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stable ( p ^ + p£, « p!j2) and putting Τ = 0 (ρ§3 = 0) , Eq.

(35) can be great ly simplified:

(36)

where η = p32/(P32 + Ρ31) is the ra t io of the number of

excited p a r t i c l e s going from the labile to the m e t a -

stable level to the total number of t rans i t ions out of

the th i rd level.

As the t e m p e r a t u r e is increased, 2 — 3 t rans i t ions

begin to occur . The probability p§3 = p$2 exp ( - h i

According to (35) the value of p 2 3 begins to influence

the threshold at t e m p e r a t u r e s for which pj!3 becomes

comparable with P21P32/P31. that is

Ph.

,-1For vn = 6,000 c m " 1 , p 2 1 = 3 χ 102 s e c " 1 , and pjd = 3

χ 105 s e c " 1 the threshold i n c r e a s e s by a factor of two

as Τ i n c r e a s e s from 0 to 2,000 K.

The experimental ly observed t e m p e r a t u r e depend-

ence of the threshold is re la ted to the growth of

with increas ing T^ 2 3 ^ and, as will be shown below, to

the p r e s e n c e of a splitting of the metas tab le level. The

quantity Ayfi s o c c u r s in the express ion for threshold

fi

via ό 2 1 ~ Δ ^ 8 · If ό 1 2 = 0, the threshold is a m i n i -

mum, B 1 3 u $ h r = pj>ig2/gi. L a s e r action o c c u r s when

the probability for s t imulated t rans i t ions 1 — 3 b e -

comes equal to the probability for the outflow of p a r -

t ic le s from the metas table level multiplied by g2 /gi

~ 1. The magnitude of threshold is re la ted only to the

internal l o s s e s in the active medium ( luminescence

and non-radiat ive t rans i t ions 2 — 1 and 3—«-I). In

high quality r e s o n a t o r s , for which ό 1 2 « (1 + g ! / g 2 ) ,

the dependence of threshold on δ12 and hence on the

line width Avfi s and on t e m p e r a t u r e d i s a p p e a r s . Such

dependence is observed only in r e s o n a t o r s with low

Q's where δ12 i s comparable with gi/g 2-

It a lso follows from (36) that the l a s e r threshold is

smal l for those media for which B 1 3 is large, i .e., for

which the integrated absorption coefficient for pump

radiat ion is large, for which g i/g 2 > 1, and for which

m o r e o v e r the value η = p 3 2 / ( P 3 2 + p ^ ) is c lose to one.

The dependence of threshold on p 2 j or , equivalently,

on τ2 = Ι/Ρ21 r e q u i r e s special attention s ince p 2 1 e n -

t e r s the express ion for utji not only in the n u m e r a t o r

but a lso via δι 2 in the denominator. Putting the values

$ β

η ( ν ) and p ^ = A 2 1 + d 2 1 in (36) we obtain

,thr _ .
/«12 (Vlas!))

δ12 =

We a s s u m e further that the absorption band ( l i n e ) ,
whose maximum corresponds to the l a s e r frequency,
has no s t r u c t u r e and hence that

*12(vlas) = Ανξ^'

E x p r e s s i n g B 1 2 i n t e r m s o f A 2 1 w e f i n d f r o m ( 3 7 )

FIG. 3. Dependence of
threshold on A2 l.

1,5

1.25

7.0

0,75
a №5 ΰ.5 075

,thr

w h e r e

gi/gz (

α = 8πν2 Δν2, ^ — ,

( 3 8 )

( 3 9 )

and where ν and Ac 2 1 a r e expres sed in c m " 1 .

Figure 3 shows a graph of the dependence of
1

g p

u!jhrB13?7 on A 2 1 for ν = 20,000 c m " 1 , n = 101 9 c m " 3 ,

k j o s s = 0.01 c m " 1 , d = 0, and ν = c/1.76. It is c l e a r

from the figure that the left-hand portion of the graph

is very s teep, whereas to the right of the minimum the

curve v a r i e s much m o r e gradually and becomes a

stra ight l ine. For A 2 1 = a, the threshold goes to in-

finity and l a s e r action is imposs ib le . The value of

u 3 i is a minimum when

or, if d = 0,

The threshold is equal to

thr

(40)

(40a)

(41)

F o r the previous values of the p a r a m e t e r s and for g t

= g2, and for Auf^ = 1 c m " 1 we find from (39)-(41)

A m i n » 0.4 s e c " 1 , ( B ^ u l ^ J m i n ~ 1 s e c " 1 .

The express ion for. l a s e r power (34) applicable to

a t h r e e level l a s e r takes the form

WJfs = nh v21 \pl IL - (p'n + P«J £L

X Ba {un - <

(42)

For ordinary pump powers the probability for s t i m u -

lated t rans i t ions B 1 3 u 3 1 i s s e v e r a l o r d e r s of magnitude

s m a l l e r than p 3 1 and may be neglected in compar i son

with the l a t te r .

F u r t h e r m o r e , making use of the condition for m e t a -

stabil ity we have
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Wlas_
" ί ΐ ~

gilgi — δι: (42a)

The laser power is proportional to the Einstein coeffi-
cient B13, determining the area of the absorption band
at the pump frequency, and increases linearly with u3 1.
The maximum l a s e r power o c c u r s for η = 1, i .e., in

the absence of luminescence and radia t ionless t r a n s i -

tions 3 — 1. The s m a l l e r δ ( i .e . , the s m a l l e r the

value of both k | o s s and the absorption line width Δ

and the l a r g e r η and the Einstein coefficient B 1 2 ) the

l a r g e r the l a s e r power.

It is c l e a r from (42a) that the threshold alone is i n -

sufficient to c h a r a c t e r i z e the tendency of a m a t e r i a l to

intense l a s e r action. Along with the threshold one must

know the tangent of the s t ra ight line w } a s ( u 3 1 ) , which

is given by

tancp = (43)

The p a r a m e t e r s ujjj and tan φ d e t e r m i n e the lasing

behavior of a medium for a given pump power. One

may find s y s t e m s having a s m a l l threshold accompa-

nied by a smal l value of tan φ .

Lowering gj /g 2 i n c r e a s e s the l a s e r threshold and

simultaneously d e c r e a s e s tan φ . The s m a l l e r gi/g2

the g r e a t e r the r e q u i r e m e n t s on the r e s o n a t o r in which

l a s e r action will be possible for a given m a t e r i a l . In

the genera l case the pump power absorption is given

by

3 - n3B3l) = ( η 4 - n3
Bl3unhvu

(44)

If we put u 2 i = 0, then (44) will give the radiat ion a b -

sorbed by the medium in the absence of l a s e r action.

Insert ing the value of u 2 1 from (32) in (44) we obtain

an express ion for the absorpt ion power in the lasing

r e g i m e a s a function of the pump power and all o ther

p a r a m e t e r s descr ib ing the sys tem of p a r t i c l e s and

the r e s o n a t o r . Taking account of the metastabi l i ty

of the second level and putting Τ = 0 this express ion

takes the form

Bnu3lh\u i2 J
(45)

Dividing (42a) by (45) we obtain the l a s e r efficiency

(energy yield)

Ύ las = 1 _ % η ^ Λ 1 ) ,
«si y v3i V * J

(46)

where χ i s the pump power in units of the threshold.

The value of y j a s i n c r e a s e s with increas ing pump

power. In the l imiting c a s e η — 1, χ » 1, all of the

pump energy (with the exception of Stokes' l o s s e s at

t rans i t ion 3 —- 2) goes into the l a s e r output.

Graphs of the dependence of the absorption power,

the l a s e r output and the luminescence (WJ^ m = nAj jh^j)

on the density of pump radiat ion a r e shown in Fig. 2b.

The solid curves re fer to the case of no r e s o n a t o r .

These curves exhibit a tendency to sa turat ion which

manifests itself in the breakdown of the l inear a b s o r p -

tion and in a nonlinear dependence of w | ^ m on u 3 1 .

The introduction of coatings leads to a build-up of r a -

diation at frequency ν inside the cavity and to the p r e -

ponderance of s t imulated t rans i t ions 2 — 1 over spon-

taneous t r a n s i t i o n s ; this s t rong radiat ion at ν causes

a s h a r p change in al l optical p r o p e r t i e s of the medium

(cf. the dashed l ines ).

The appearance of significant probabi l i t ies of the

st imulated t rans i t ions 2 = ^ 1 is equivalent to the r e -

moval of the metastabi l i ty of the second level. An in-

tense exchange of p a r t i c l e s takes place between the

f i rs t and second levels and may proceed much m o r e

rapidly than any other p r o c e s s in the sys tem. Since

at this point the numbers of p a r t i c l e s n t and n 2 cease

to depend on the pump power (cf. Fig. 2 a ) , the sys tem

r e v e r t s to having a l inear dependence of al l i t s optical

p r o p e r t i e s on pump power. The power absorbed i n -

c r e a s e s l inear ly with u 3 1 . The luminescence power

Wii1111 i s also proport ional to u 3 j , which is due to the

l inear dependence of n 3 on pump power .* The quantity

w | u m r e m a i n s constant with increas ing u 3 1 s ince n 2

sa const.

An analys is of the curves in Fig. 2b shows how the

distr ibution of energy among the var ious t rans i t ions

changes with the introduction of reflecting coatings

and the consequent o c c u r r e n c e of l a s e r action.

We a s s u m e that the p a r t i c l e s outside the r e s o n a t o r

a r e subject to the effects of a powerful pump u 3 1 » u ^ r

In this c a s e the values of al l of the p r o p e r t i e s under

study a r e given by a point on the corresponding solid

curves . We then a s s u m e that reflecting coatings a r e

introduced and that after a c e r t a i n interval a s ta t ion-

ary s ta te is attained. The t rans i t ion from the f irst

c a s e to the second is accompanied by a d e c r e a s e in

the luminescence power in the t rans i t ion 2 — 1. How-

ever the onset of l a s e r action is connected not with a

d e c r e a s e in the luminescence and other l o s s e s but

r a t h e r with a s h a r p step-l ike i n c r e a s e in the amount

of energy absorbed. P a r t of this additional absorbed

energy is inevitably lost to the growth of luminescence

and t h e r m a l los ses in t rans i t ions 3 — 1 and 3 — 2,

and the remaining p a r t goes into the l a s e r radiat ion.

The l a s e r action which occurs with the introduction

of reflecting coating is re la ted not to an i n c r e a s e in

the number of active molecules n 2 — n l t a s is often

stated in popular a r t i c l e s , but r a t h e r to a d e c r e a s e in

n 2 and an i n c r e a s e in nx. It is p r e c i s e l y this i n c r e a s e

*The value of n3 is several orders of magnitude smaller than
nt and n2 and hence the linear increase of n4 with increasing u31

has practically no effect on the magnitude of nt and n2.
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in n t which leads to the i n c r e a s e in the power absorbed

and to the o c c u r r e n c e of l a s e r action. An i n c r e a s e in

the pump power under las ing conditions does not i n -

c r e a s e the number of active p a r t i c l e s , which r e m a i n s

constant, but r a t h e r leads only to an i n c r e a s e in the

power absorbed.

7. THE EFFECT OF A SPLITTING OF THE META-
STABLE LEVEL C«3

It is well known that in a r e a l sys tem such as a ruby

the metas tab le level is split and a m o r e r igorous solu-

tion of the problem must take account of the p r e s e n c e

of two metas tab le levels (Fig. lb) . In the s tat ionary

s ta te the populations of the levels of such a sys tem

a r e determined by Eqs . (11) —(14). If we put in the ex-

p r e s s i o n s for ni u 3 1 = u 2 1 = u 3 2 = 0, they will give the

energy level populations as functions of the pump r a d i -

ation density u 4 j in the absence of l a s e r action. Since

the second and th i rd levels a r e metas tab le , that is

s ince

Pl + Pli<Pl> A . (47)

it is essent ia l ly only the populations of these levels
which i n c r e a s e with increas ing u 4 1 . F o r sufficiently
large pump powers the sum n 2 + n 3 i s nearly equal
to the total number of p a r t i c l e s n.

It follows from (12) and (13) that n 2 > n 3 if the fol-
lowing inequality is satisfied:

Making use of the metastabi l i ty of the second level

and putting p 3 2 » p§i it is not difficult to obtain

, (PI+A)+A A > A ( A + A ) + A A > (48)

If the r e v e r s e inequality holds, we have n 2 < n 3 for a r -
b i t r a r y values of the pump power. In cavit ies of equal
Q at the R^ and R2 l ines (frequencies v2\ and u31 r e -
spect ive ly) , the l a s e r will operate on the R t l ine in
the f irst case and on the R2 l ine in the second.

In ruby l a s e r s as a ru le one observes s t imulated
e m i s s i o n at the Rj l ine. We will t r e a t this c a s e f irst .
R e s t r i c t i n g the t e m p e r a t u r e interval to be from 0 to
300°K for the p r e s e n t s y s t e m we can put

A = P U ™V ( - *v M /*r), (49)

C Atl. (50)
A = A = A = A = A =

"42 = "43 = 0.

This means that t h e r m a l excitation is absent in all
t rans i t ions except 2 — 3. The inequality (50) will be
violated only for pump powers 103—105 t i m e s l a r g e r
than u $ r .

The threshold value of the pump power u 4

h r (i>ias

= e 2 1 ) leading to l a s e r action at frequency y2 1 can be
found easi ly from (29) and (11) —(14) with the help of
(49) and (50). It has the form

I. thr ι

w h e r e

D° = ( P I + P i + A ) (PI J > 1 + A A + A A ;

Δ2 = A (pi+A) + A p i . Δ ι = p i p i + P I
Δ « = ( P i + A ) ( P i + A ) + P l P l + P i P i

+ 2 ( A p i + A A + p i P i ) ·

(51)

+ρΐ

, *Γ«Λν 3 2 , (52)

(52a)

where η ' = (pj 2 + P43)/(p°i + P « + P « ) · Express ion
(52) formally coincides with (36), which was obtained
without taking account of the splitt ing of the metas table
level. T h e r e is numer ica l agreement in the magni-
tudes of the thresholds if η = η' and if in (36) we set
g2 equal to the s ta t i s t ica l weight of the lower sublevel
of the metas table s ta te g2 = g2. If in r e a l s y s t e m s the
metas tab le level can e i ther be split or not, g2 gives
the degeneracy of the unsplit level where g2 gives that
of i ts lower component. In this c a s e for kT « hi^32 the
splitt ing of the metas table level causes a d e c r e a s e in
the l a s e r threshold. L a s e r action becomes possible in
r e s o n a t o r s with lower Q, i .e. , for g i/g 2 < δ12 < g i/g 2 .

The p r e s e n c e of the second component of the m e t a -
stable level causes an i n c r e a s e in l a s e r threshold only
for t e m p e r a t u r e s kT s hi ' 3 2 > where the deactivation of
excited p a r t i c l e s is determined not only by the p r o b a -
bility p 2 1 but a lso by p§j. Equations (12) and (12a) a r e
valid only for p 3 2 » p 2 1 + p 3 1 . In the opposite case the
exchange of p a r t i c l e s between the second and third
levels i s hindered and an i n c r e a s e in t e m p e r a t u r e does
not change the l a s e r threshold. Calculat ions also
show'-17-' that a splitting of the metastable level causes
a d e c r e a s e in l a s e r power only when exp( - h t ^ / k T )
is comparable with unity.

The p r e s e n c e of l a s e r radiat ion inside the cavity
causes a d r a s t i c chante in the dependence of the level
populations on the pump radiat ion density. In (11) —(14)
we must take account of the t rans i t ion probability B 1 2 u 2 1

due to the l a s e r radiat ion ( p 2 1 = p§ t + B 1 2 u 2 1 and p 1 2

= B 1 2 u 2 j ) . An analysis of the distr ibution function a p -
p r o p r i a t e during l a s e r action at frequency ν2χ shows
that an i n c r e a s e in the pump power causes a gradual
growth of n 3 and a d e c r e a s e in n 2 and n t . The changes
in n^ a r e m o s t significant when the probabi l i t ies p 2 3

and p 3 2 a r e smal l . If however p 3 2 and p 2 3 c o n s i d e r -
ably exceed p 4 3 and p j 2 , then according to (11) —(14),
the values of ni r e m a i n essent ia l ly constant for wide
var ia t ions of u 4 1 .

Increas ing the pump power when l a s e r action is o c -
c u r r i n g at frequency vn may cause a population i n -
vers ion sufficient to satisfy the condition for l a s e r
action n 3 — τιί = δ 1 3η for the t rans i t ion 3 —• 1 without
per turbing the conditions for osci l lat ion at frequency

Putting f i r s t for s implicity δ12 = 0 and g2 = g 1 ( we

obtain from this equation with the aid of (12) and (14),

with u3 2 = u 3 1 = 0 and u 2 1 * 0, the second l a s e r t h r e s h -

old, i.e., the value of the pump radiation density at

which the frequency y32 is generated s imultaneously

with the frequency t/2i
:
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• thr
(V)

(53)

A c c o r d i n g t o ( 5 1 ) a n d (53) t h e v a l u e s o f t h e f i r s t a n d

s e c o n d l a s e r t h r e s h o l d s a r e o f t h e s a m e o r d e r o f m a g -

n i t u d e i n s y s t e m s i n w h i c h p § 2 + p | t RS pjj j, p j 3 s p j 2

> p 4 1 if δ13 i s sufficiently smal l . Conversely if

p 3 2 / p 2 i » 1, the second threshold is increased with

r e s p e c t to the f irst by the s a m e factor. In the l a t t e r

case it i s s imple to take account of the dependence of

the second threshold on δ12;

[(1+26 1 3 +8 1 2 )-(1-6ΐ3+<)ΐ2) exp j -

(54)

In deriving (54) use was made of the metastabi l i ty

of the second and th i rd levels and of the inequality

P32-P23 » P ° 1 +P31-
It follows from (54) that the second threshold d e -

c r e a s e s with increas ing t e m p e r a t u r e and with d e c r e a s -

ing δ13. For low t e m p e r a t u r e s the denominator of (53)

becomes negative if p 3 2 > p 4 3 . This means that once

l a s e r action has begun at frequency v2i it * s i m p o s -

sible to excite l a s e r action at the t r a n s i t i o n 3 — 1 in

s y s t e m s in which the probabil i ty for the redis t r ibut ion

of p a r t i c l e s between the components of the metas tab le

level p 2 3 i s l a r g e r than p 4 3 .

We a s s u m e now that l a s e r action occurs only at the

frequency v31. In this case the value of the threshold

is

" (55)1

and Δ 1 4 w e r e introducedThe e x p r e s s i o n s for D°,

p r e v i o u s l y .

Depending on the actual v a l u e s of the t r a n s i t i o n

probabi l i t ies δ12 and δι 3, u 4 i ( v i a s = vsi) can be

e i ther l a r g e r or s m a l l e r than the threshold for l a s e r

action at frequency vZi de termined by (51). In the

specia l c a s e that δ12 = δ13, l a s e r action occurs at the

t r a n s i t i o n 2 — 1 if the inequality (48) holds, and at

the t r a n s i t i o n s 3 —- 1 if the opposite inequality holds.

In s y s t e m s for which (48) is valid l a s e r action can

be produced at frequency v3l only by increas ing δ12

and d e c r e a s i n g .δ13, which means in p a r t i c u l a r i n c r e a s -

ing the t r a n s m i s s i o n of the coatings at frequency vti

and at the s a m e t i m e increas ing the reflectivity at f r e -

quency v31. L a s e r action at the R2 l ine in ruby was

obtained in this way^ 2 4 · 2 5 ^

Thus in l a s e r s with a splitt ing of the metas tab le

level we can have l a s e r action at e i ther of the f r e -

quencies 1̂21 or v3l. If the probabil i ty for r e d i s t r i b u -

tion of p a r t i c l e s between the components of the m e t a -

stable level is s m a l l compared with the probabi l i t ies

for populating the metastable state, it is possible to

have simultaneous laser action at both frequencies

v2\ and p3l at pump powers comparable with the ini-

tial threshold.

8. FOUR-LEVEL LASERS t15^

The simplest level scheme for a laser of this type

is shown in Fig. lc . The pump raises particles to the

fourth level, from which they make transitions to the

third, metastable, level. Population inversion occurs

initially at the transition 3 — 2, and for larger u4 1 at

transition 3 —• 1. For the scheme shown we can put

rf2 = Pa exp ( - BliUll « AH.

(56)

(57)

This means that all thermal transitions upwards ex-

cept for 1 —• 2 are negligibly small. The inequality

(57) is valid for all practically obtainable values of

u4 1.

The equations for the level populations (11) —(14)

may be simplified with the help of (56) and (57):

«4 = £ { Pn (P3°i + /4) + B32u32p°21 + B23u32p3l]}, (58)

+ B23u32 [ρ·α ( ^ + p"a + pi)

Pl + P'am, (59)

«1 = ΖΓ UPl + Pi + P« i (pi + pi,)

(60)

(61)

where D is the sum of all t e r m s in the curly b r a c k e t s

in equations (58) —(61).

If we put u 3 2 = 0 in (58) —(61), these equations give

the dependence of nj on the pump radiat ion density

u 4 1 in the absence of a r e s o n a t o r and hence in the a b -

sence of l a s e r action. They also descr ibe the level

populations of p a r t i c l e s placed in a r e s o n a t o r for va l -

ues of u 4 1 between 0 and ujj , which c h a r a c t e r i z e

the beginning of l a s e r action.

In the absence of excitation, only the f irst and s e c -

ond levels a r e populated:

Ph
ΡΪ1+Ρ12

(62)

When one t u r n s on the excitation and gradually i n -

c r e a s e s u 4 1 , the population of the f irst level begins to

d e c r e a s e and the populations of all excited levels b e -

gin to i n c r e a s e . The value of n 4, as in the t h r e e - l e v e l

s c h e m e , is many o r d e r s of magnitude s m a l l e r than n,

s ince the majori ty of the excited p a r t i c l e s end up in

the th i rd level. The curve of n 3 ( u 4 1 ) i n t e r s e c t s the

graph n 2 ( u 4 1 ) if for s m a l l Τ one has

η ο ο ο \ P » 2 / C Q \
Pi, > A » + ( A « , + A n ) - r ? r · y°a>
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In this case one may easily satisfy the condition n3 - n 2

= ηό23 and obtain laser action. If condition (63) is not
satisfied, n2 > n3 and laser action at frequency v32 is
impossible.

Using (29) and (58)—(60) we obtain the following ex-
pression for the laser threshold:

!i t h r =
•*«1

where

«2*23 '
(64)

P°J .

The coefficients c t and c2 are « 1, and may be
omitted in (64) if the following conditions hold

or

(65)

(66)

In the contrary case the threshold may be large. Vio-
lation of condition (66) causes a significant increase in
u^i" only for large δ23, i.e., for large external losses
or for a small value of κ23 ( ^ ι α 8 ) . The first of condi-
tions (66) can be called the condition of metastability.
It follows from the above that the metastability of the
third level is by no means necessary in the four level
scheme.

At low temperatures, where exp (-h^ 3 2 /kT) — 0
and δ23 — 0, the laser threshold is zero. This of
course is the fundamental advantage of a four-level
laser.

The level scheme shown in Fig. lc (with the third
level being metastable) may function as an ordinary
three level laser at the transition 3 —* 1. The only
special feature of such a system is that the laser
threshold at frequency v3l will be a sensitive func-
tion of temperature because of the thermal interaction
of the neighboring levels 1 and 2. Neglecting small
terms of order (p 3 1 + p 3 2 )/p 4 3 we find

eii ( 6 7 )

In the same approximation the ratio of the thresholds
(64) and (67) is equal to

"4*1 Η Γ (νΐΕ3 = ν 3 ΐ ) "

gl/g3-&13 (68)

If one has a laser with gj = g2 and δ23 = oj3, the
magnitude of (68) varies from δ23/(1 + δ23) to 1 as
the temperature is increased from 0 to kT » hi^21.
In this case laser action occurs first at frequency v32.
If however gj > g2 or δ23 > δ13, tben at low tempera-
tures

(Vlas= V23) (Vlas = V3i),

Moreover, the inequality reverses as Τ increases.
Hence in the process of operating the laser at fre-
quency c3 2, heating of the active medium may inter-
rupt laser action at frequency ί̂ 32 and stimulated
emission may occur at frequency v3l. The interrup-

tion of laser action may also be due to the fact that
in the course of laser operation at frequency i>32 the
number of particles in the second level may become
larger than at the first.

The exact formula for the laser power may be ob-
tained easily from (34), (58)—(61), but is not very con-
venient. After the usual transformations it may be
simplified:

n [1+ρ8 1 /ρ$ ι +2βχ Ρ (-Λν 2 1 /*Γ)]/η 1 +2Β 1 4 ΐ ί 4 1 /ρ» 1 '

w h e r e w e h a v e p u t g 2 = g 3 f o r s i m p l i c i t y . If B 1 4 u 4 1

« p 2 1 , a s i s u s u a l l y t h e c a s e , t h e l a s e r p o w e r

W32 of t h e f o u r - l e v e l l a s e r d e p e n d s l i n e a r l y on t h e

p u m p p o w e r ( j u s t a s t h e t h r e e - l e v e l l a s e r d o e s ) .

S a t u r a t i o n i s r e a c h e d only f o r l a r g e B 1 4 u 4 1 ~ p 2 1 .

In t h e l i m i t i n g c a s e of a n i d e a l f o u r - l e v e l l a s e r o n e

may put p 3 2 « p 2 1 , B14u41 « p 2 1 , ηι —- 1. One then has
the maximum possible power

3 2 l + 2 e x p ( —

Χ {#,4^41 - — (70)

According to (70), when kT « hi>32, δ23 — 0, the

efficiency of the laser is very high W 3

a s —• nB14u41h^'32.
Except for Stokes' losses at transitions 4 —• 3 and
2 — 1, all absorbed energy reappears as stimulated
emission.

9. CONCLUSION

The optical properties of three and four-level
lasers obtained above apply to the case of unit volume
of the working substance, stationary pump power, and
laser action without spiking. Experimentally however
one observes laser action in finite volumes with non-
uniform distribution of pump radiation, and a part of
the active medium by be occupied by trapped modes
which are not coupled out of the resonator. The phe-
nomenon of laser action is greatly complicated by the
pulsations which are observed in all solid and liquid
lasers. If one adds to this the fact that the transition
probabilities and frequently the pump power also are
unknown, the difficulty of making quantitative compari-
sons of the results of calculations with experiment be-
comes understandable.

Despite this there is already good qualitative agree-
ment between experimental results and the conclusions
obtained within the framework of the statistical method
of calculation. Experiment confirms the linear depend-
ence of the absorption and laser power on the pump r a -
diation density C2 6.2 7], the increase of threshold and the
cessation of laser action with increase in temperature
E28^, and a number of other results obtained by this
method.

It is clear that the statistical method has great use-
fulness in the construction of a complete theory of op-
tical masers.
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