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1. INTRODUCTION brief review of the exper imenta l facts, p r i m a r i l y o b -

j tained with cosmic r a y s at energ ies Ε > 1 0 u eV (but

J.N the las t few y e a r s major changes have o c c u r r e d in also with a c c e l e r a t o r s , where r e s u l t s of bas ic i m p o r -

the study of s t r o n g interact ions at very high e n e r g i e s . tance were attained at the beginning of 1963), to the

We refer h e r e to exper iments at (1—3) χ ΙΟ 1 0 eV principal aspects of the theor ies and to thei r i n t e r r e l a -

in specia l a c c e l e r a t o r s and above 1 0 u eV in cosmic tion and to the a g r e e m e n t with the exper imenta l data,

r a y s . At the s a m e t i m e , new approaches have been T h e r e is no doubt that the e a r l i e r reviews f-1"3^ have

devised, and new t h e o r i e s developed, leading to defi- become obsolete. As to the t h e o r i e s , t h e i r develop-

nite predict ions with r e s p e c t to detai ls of the p r o c e s s ; ment has been marked, on the one hand, by the a p p e a r -

these predict ions a r e a l ready amenable to e x p e r i m e n - ance of the method of moving poles (or the method of

ta l veri f ication. The p r e s e n t a r t i c l e i s devoted to a complex orbi ta l momenta, the Regge pole method) ,
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henceforth designated the MMP, the two-year h i s tory

of which is br i l l iant and d r a m a t i c . On the other hand,

the so-cal led one-meson approximation (OMA), which

is physically based on the old a lmost-naive r e p r e s e n -

tat ions of the WeizsScker -Wil l iams method and has

grown from the pole method, has received a much

m o r e complete, r igorous , and developed form.

Of c o u r s e , the very use of the word " t h e o r y " in the

plura l i s not very r e a s s u r i n g . If t h e r e w e r e one good

theory, it would be sufficient. The two mentioned

methods do not s t a r t from some fundamental base,

but contain hypotheses or postu la tes . Each method

covers only p a r t of the p r o c e s s e s : the moving pole

method deals only with e las t ic (at bes t quasie last ic )

p r o c e s s e s and the total c r o s s sect ion connected with

them by the optical t h e o r e m ; the one-meson approxi-

mation deals with inelast ic p e r i p h e r a l coll is ions and

the e las t ic ones connected with them.

The s implici ty and c lar i ty of the MMP and the whole

tendency connected with i t — " R e g g i s t i c s " — h a v e a t -

t r a c t e d many adherent s . The mathemat ica l o r d e r l i n e s s

of the method expiates some of i ts a b s t r a c t n e s s and the

fact that the physical meaning of some of its postulates

i s not perfectly c l e a r .

The enthus iasm has increased even m o r e when

proton-proton (pp) sca t ter ing exper iments in a c c e l -

e r a t o r s , in the 10—20 BeV region, have confirmed one

of the main conclusions of the MMP. The opinion has

been advanced that the MMP, even in the form where

only one e x t r e m e right-hand pole is taken into account

is an al l- inclusive theory and d e s c r i b e s all the p r o c -

e s s e s a t high energ ies .

It soon became c l e a r , however, that this i s not the

c a s e . The pr incipal role has been played h e r e by data

concerning e las t ic π~ρ in teract ion in the s a m e energy

region, published approximately one y e a r after the p p -

s c a t t e r i n g exper iments and in decisive d i sagreement

with the MMP predict ions .

It b e c a m e c l e a r that the region of applicability of

the MMP, at least in i ts present ly known form, was

m o r e l imited than its most ardent adherents believed.

Many have there fore in te rpre ted this failure as a

breakdown of the e n t i r e method.

It s e e m s to us that by now i ts s t rong and weak a s -

pects and i ts connection with other methods have b e -

come clarified to some degree, and the method is a s -

suming a f irm and important position, albeit m o r e

modest than f i r s t prophesied, in the physics of high-

energy p r o c e s s e s .

On the other hand, the one-meson-approximat ion

method, which i s developed in p a r a l l e l with and inde-

pendently of the Regge method, was m o r e t radi t ional ,

perhaps l e s s br i l l iant, and did not c la im an a l l - e m -

bracing r o l e . At the s a m e t i m e , during the c o u r s e of

i ts gradual development, i t explained many e x p e r i m e n -

tal facts. Its a t t ract ive feature is that it is concrete .

It is there fore par t icu lar ly important to clarify the

extent to which the deductions of both t h e o r i e s a g r e e

with the actual facts.

At the p r e s e n t t ime we have reached, in s o m e

sense, a new stage in the investigation of s t rong i n -

t e r a c t i o n s at high energ ies , where the mutual connec-

tion between e las t ic and inelast ic p r o c e s s e s can a l -

ready be studied. In light of th i s , it is n e c e s s a r y to

re-eva luate the position of the hydrodynamic theory,

which for a long t ime was the only s e r i o u s theore t ica l

scheme for p r o c e s s e s at superhigh energ ies . The very

existence o r nonexistence of hydrodynamic p r o c e s s e s

is of g rea t significance to the theory.

P a r t i c u l a r attention m u s t be paid to the information

that can be extracted from the exper imental data o b -

tained on cosmic r a y s . Of c o u r s e , the p icture which

they p r e s e n t is far from complete. As is always the

situation with cosmic r a y s , exper iments a r e difficult,

hard to control , and frequently ambiguous. However,

as is always the case at lower energ ies , under careful

analysis it yields new fundamental information. Even

now, many dist inct c h a r a c t e r i s t i c s of the interact ion

act, which have a decis ive importance in the discuss ion

of theoret ica l p r o b l e m s , have been obtained with i ts aid

in the ΙΟ 1 1 —10 1 3 eV energy region. Many rel iably d e -

t e r m i n e d quantitative c h a r a c t e r i s t i c s p e r t a i n to e n e r -

gies up to 1 0 1 5 - 1 0 1 6 eV.

We shall consider below essential ly nucleon-nucleon

and nucleon-meson interact ions, with the nucleon labo-

r a t o r y energy E L exceeding 1 0 u eV. This value is

chosen for t h r e e r e a s o n s .

F i r s t , it i s probable that this energy will r e m a i n

the upper l imit attainable by a c c e l e r a t o r s for the next

five o r ten y e a r s .

Second, the essential ly new features of the phenom-

ena dealt with (production of independently decaying

par t ic le c l u s t e r s , e t c . ) appear when the number of

produced p a r t i c l e s is large, η » 1. However, e x p e r i -

ment shows that in the mean

\ μ J

where μ is the pion m a s s . * Thus, if η ~ 5 then E L

- μη 4 - 10 1 1 eV.

Third, it is a l ready c l e a r that an important role is

played by the following condition, which is encountered

both in the moving-pole method and in the one-meson

approximation,

I n —
«0

where

Μ

(Μ — n u c l e o n m a s s ) , with the » symbol significant.

When E L ~ 101 1 eV we have l n ( s / s 0 ) «s 4. Thus, the

region E L > 10 1 1 is indeed physically singled out.

•Here and throughout we use ft = c = 1.
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A few words about the character of the treatment
of the theoretical problems. There is apparently no
published exposition of the fundamentals of the moving-
pole method accessible to the non-specialist. We have
attempted to treat them here quite fully, avoiding com-
plicated elements, as a result of which the correspond-
ing chapter (II) is large and contains more material
than necessary for a mere comparison of the theoret-
ical deductions with experiment. The mathematics is
relegated where possible to the appendix.

The same can be said to some degree concerning
the one-meson approximation (Chapter III), which is
extensively used by many workers to analyze a great
variety of experiments, but is employed in different
variants without sufficient differentiation in the termi-
nology and in the assumptions made. It was necessary
to broaden the exposition here, too, in order to clarify
these questions.

In Chapter IV we present a few experimental r e -
sults of research in the region E L > 1011 eV (cosmic
rays), with considerable space allotted to special
methods of analysis of the data used in these questions.
The experimental data obtained in the verification of
the predictions of the MMP at accelerator energies
are given in Chapter II during the course of the ex-
position of the theory, and also in Chapter V, in which
the connection between the two theoretical methods is
considered. It must be stipulated that here, in spite
of widely used and recognized considerations, we de-
velop also our own general point of view, based on
many not yet extensively discussed recent investiga-
tions. The deductions resulting from these investiga-
tions and the mentioned point of view reduce to a state-
ment that the asymptotic properties of elastic scatter-
ing, which follow from the MMP in its traditional form
(inclusion of only the one pole on the extreme right)
reflect the result of one-meson inelastic interactions
of the same particles. Although we cannot assume that
this statement can be proved rigorously, it seems to
us justified to a certain degree both experimentally
and theoretically. It enables us to outline a single
scheme, in which the MMP and the OMA are not in
opposition but complement each other.

II. THE METHOD OF MOVING POLES

1. Introductory Remarks

The fact that quantum field theory, which has been
so successfully applied to electrodynamics, proved to
be ineffective when attempts were made to use it for
strong interactions, has spurred the efforts to con-
struct a theory on different formal principles. At first,
the diagram method became popular. In this method,
the calculation of the amplitude of the transition prob-
ability is based on the assumption of some Feynman
diagram (or a set of such diagrams ), in which, how-
ever, the vertex parts and the propagation functions
are assumed to be "overgrown," and to include all

orders of perturbation theory, They must obey a whole
series of general relations established in field theory
(the Lehmann spectral representations, etc.) and
owing to the lack of a consistent theory they can some-
times take into account information extracted from a '
comparison of calculation results with experiment. An
example of the diagram method is the one-meson ap-
proximation (Chapter III). Thus, the only departure
from ordinary field theory is in practice the discard-
ing of perturbation theory.

Gradually, however, a more extreme trend began
to develop, based on the use of only the most general
theoretical premises, which are regarded as obligatory
for any theory. Indeed, we must face the possibility
that in the new range of phenomena of interest to us
it may be inconvenient to use the customary descrip-
tion with the aid of ψ functions, φ operators, and the
Hamiltonian, which are applied to each stage of the
process. As far back as in 1943, Heisenberg proposed
a program for describing collisions between elemen-
tary particles exclusively in terms of matrix elements
(probability amplitudes) of transitions from the initial
(really observed) state of a system of non-interacting
particles to the final (also really observed) state of
likewise free particles. This concept starts from the
possibility that it is actually impossible in principle to
trace the process of interaction between particles by
using in each stage the detailed representations of
quantum field theory. The aggregate of the transition
amplitudes forms the S matrix, which encompasses
all the possible information on the processes. Of
course, the future theory should contain a certain al-
gorithm (like an equation of motion), which would per-
mit calculation of the S matrix. For the time being
we must attempt to make as full use as possible of
the fact that the S matrix must satisfy some general
requirements. These are: (1) causality, defined as the
absence of connections between observed events if the
events are separated by space-like intervals (when
the signal would have to propagate with a velocity ex-
ceeding that of light); (2) the closely associated rela-
tivistic covariance of all relations, which is closely
associated with the first requirement; (3) unitarity,
that is, the normalization requirement; the total prob-
ability of a transition from each initial state (summed
over all the final states) should remain equal to unity;
(4) the correspondence principle, that is, the require-
ment that on going to a case which can be described
from the point of view of quantum field theory (for
example, to quantum electrodynamics) the S-matrix
theory must go over into the corresponding ordinary
theory (for more details see '-*-').

Of course, the results obtained in this way (if ob-
tainable at all) should remain in force even if it turns
out that the general principles and methods of the or-
dinary theory remain valid also in the problems under
consideration.
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The foregoing postulates , of c o u r s e , a r e not enough

to produce a theory. Since the equation for the S m a -

t r i x i s not known, a l l a t tempts (including the moving-

pole method) a r e based on finding additional conditions

imposed on the S m a t r i x , conditions which would make

it poss ible to specify it for at l eas t a few p a r t i c u l a r

c a s e s . Usually an at tempt i s made to obtain them from

genera l cons iderat ions, by studying the p r o p e r t i e s of

the S m a t r i x in e lect rodynamics or by per turbat ion

theory, e tc . , and then postulating the c o r r e c t n e s s of

some of these p r o p e r t i e s in the new situation. This ,

in p a r t i c u l a r , is how the double d i spers ion re la t ions

for the sca t te r ing amplitude w e r e formulated, the

cross ing symmetry condition imposed, e tc . The

method of moving poles is a l so based on t h e s e p r i n -

ciples .

Both the double d i s p e r s i o n re la t ions and the MMP

consider only the amplitude of mutual sca t te r ing of

two p a r t i c l e s . This amplitude is a function of the e n -

ergy and the s c a t t e r i n g angle o r the momentum t r a n s -

fer. It d e s c r i b e s the t rans i t ion from p a r t i c l e s with 4 -

momenta pi and p 2 to p a r t i c l e s with 4-momenta p 3

and p 4 . Convenient re la t iv i s t ic invar iants reflecting

the energy and the sca t ter ing angle Qs a r e

s=-{pi+pj2 and t= -(Pi-p3f*.

In the c e n t e r - o f - m a s s sys tem, where, if we speak of

col l is ions between identical p a r t i c l e s , the energy of

each p a r t i c l e is equal to E, the momenta before co l-

l is ion a r e ρ and — p, and those after coll is ion a r e

p ' and - p ' , t h e s e var iab les have the form

«=(/>ιο + />2ο)2-(Ρι + ρ2)
2 = 4ί: ! !

) (2.1)

ί = ( / > ι ο - Λ ο ) 2 - ( Ρ ι - ρ 3 ) 2 = - 2 p ' ( l - c o s 0 s ) . (2.2)

We shal l speak in what follows of an amplitude

A ( s , t ) , which is connected with the c r o s s sect ion

da e ^ (6S ) of e la s t ic sca t te r ing through an angle 6S by

the following re la t ion (we introduce the " i n v a r i a n t

a m p l i t u d e " A in place of the nonrelat iv is t ic amplitude

F, dael = | F | 2 d « )

(2.3)

The investigation of the e l a s t i c - s c a t t e r i n g amplitude

is of value, in p a r t i c u l a r , because according to the o p -

t i c a l t h e o r e m , which holds t r u e under the most genera l

assumptions, knowledge of A for the angle 9 S = 0 e n -

s u r e s knowledge of the total c r o s s sect ion a ( s ) :

, 0) =
Ι6π

a(s). (2.4)

2. D e r i v a t i o n of t h e F u n d a m e n t a l A s y m p t o t i c F o r m u l a

T h e d i a g r a m of F i g . 1, w h i c h d e s c r i b e s t h e m u t u a l

s c a t t e r i n g of p a r t i c l e s 1 a n d 2, s h o w s t h e t i m e f lowing

FIG. 1. Notation for the momenta.

downward. The s a m e d iagram, however, can be read

differently by imagining that the t i m e flows from left

to r ight. In such a c a s e we encounter l ines of p a r t i c l e s

with 4-momenta p 3 and p 2 , d i rec ted opposite to the

t ime axis . As is well known, these descr ibe a n t i p a r -

ticles_ with 4-momenta - p 3 and - p 2 . Consequently,

from the point of view of the genera l ru le , when the

d i a g r a m i s r e a d in th i s m a n n e r we a r e dealing with

elas t ic sca t ter ing of a par t ic le with 4-momentum p(

= p t by an ant ipar t ic le p$ = - p 3 , yielding an a n t i p a r -

t ic le p 3 = - p 2 and a p a r t i c l e p 4 = p 4 . F o r this second

p r o c e s s , the p a r a m e t e r s s and t (denoted s ' and t ' )

a r e

= - ( / > i - P 3 ) 2 = i = - 2 p s ( l - c o s 9 s ) , (2.5)

= * = 4£ 2 . (2.6)

T h u s , i n t h e c r o s s e d c h a n n e l of t h e r e a c t i o n , t h e

r o l e of t h e " e n e r g y " p a r a m e t e r i s p l a y e d by s ' , w h i c h

i s e q u a l t o t h e s q u a r e of t h e 4 - m o m e n t u m t r a n s f e r i n

t h e d i r e c t c h a n n e l t , w h i l e t h e r o l e of t h e s q u a r e of

t h e m o m e n t u m t r a n s f e r i s p l a y e d by t h e q u a n t i t y t ' ,

w h i c h i s e q u a l t o t h e s q u a r e of t h e e n e r g y s i n t h e

d i r e c t c h a n n e l . U s u a l l y w e d o n o t i n t r o d u c e t h e n e w

( p r i m e d ) q u a n t i t i e s s ' a n d t ' , r e t a i n i n g t h e f o r e g o i n g

q u a n t i t i e s s a n d t , b u t s a y i n g t h a t t h e f i r s t c h a n n e l i s

t h e " s - c h a n n e l , " s i n c e t h e r o l e of t h e ( s q u a r e of t h e )

e n e r g y i s p l a y e d h e r e b y s , w h i l e t h e s e c o n d c h a n n e l

i s t h e " t - c h a n n e l , " s i n c e t h e s q u a r e of t h e e n e r g y i s

g i v e n h e r e b y t . Al l t h i s i n i n d i c a t e d by t h e s u p p l e -

m e n t a r y a r r o w s i n F i g . 1.

In (2.2) a n d (2.6) w e h a v e t h e c o s i n e of t h e s c a t t e r -

i n g a n g l e i n t h e d i r e c t c h a n n e l ( i n w h i c h s i s t h e

s q u a r e of t h e e n e r g y ) . We c a n i n t r o d u c e t h e c o s i n e

of t h e s c a t t e r i n g a n g l e i n t h e c r o s s i n g c h a n n e l , c o s 6t

= ζ; in the future this quantity will play an important

ro le . In analogy with (2.1) and (2.2) we have

= - 2 p 2 ( l - c o s 6 ( ) , (2.5a)

(2.6a)

*The square of the 4-vector is understood in the sense p2

= p 2 — pj, where ρ is a space vector.

where Ε and ρ a r e the energy and momentum in the

c . m . s . of the p a r t i c l e s that collide in the c r o s s e d chan-

nel. p 2 i s connected by the conservat ion laws with the

m a s s e s of the interact ing p a r t i c l e s and with the energy

•/F. In the c a s e when the m a s s e s a r e identical and

equal to m, we have in the t-channel

P

2 = 4 - ( i - 4 m 2 ) , (2.5b)
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cos 9 t = 2 = 1 •
t — 4m 2

(2.6b)

C o n s e q u e n t l y , t h e a m p l i t u d e A ( s , t ) r e p r e s e n t e d by

t h e d i a g r a m of F i g . 1 c a n b e r e g a r d e d e i t h e r a s t h e

e l a s t i c - s c a t t e r i n g a m p l i t u d e i n t h e s - c h a n n e l w i t h s

a s t h e s q u a r e of t h e t o t a l e n e r g y a n d t a s t h e 4 - m o -

m e n t u m t r a n s f e r , o r a s t h e a m p l i t u d e e l a s t i c - s c a t t e r -

i n g i n t h e t - c h a n n e l f o r a p a r t i c l e a n d a n t i p a r t i c l e w i t h

t a s t h e s q u a r e of t h e t o t a l e n e r g y a n d s t h e s q u a r e of

t h e 4 - m o m e n t u m t r a n s f e r . An i m p o r t a n t c o m p l i c a t i o n

a r i s e s h e r e . If w e know A ( s , t ) f o r a r e a l p r o c e s s i n

t h e s - c h a n n e l , t h e n s > 0 a n d t < 0 [ s e e (2.1) a n d

(2.2)] . B u t i n t h e t - c h a n n e l w e s h o u l d h a v e f o r a r e a l

p r o c e s s t > 0 ( f o r h e r e i t i s t h e s q u a r e of t h e t o t a l

e n e r g y ) a n d s < 0 ( f o r h e r e i t i s t h e s q u a r e of t h e

3 - m o m e n t u m t r a n s f e r t a k e n w i t h t h e n e g a t i v e s i g n ) .

W h e n w e d e a l w i t h s o m e s i n g l e a m p l i t u d e A ( s , t ) f o r

b o t h c h a n n e l s , w e e s s e n t i a l l y unify m e c h a n i c a l l y t w o

d i f f e r e n t f u n c t i o n s , d e f i n e d i n d i f f e r e n t ( n o n - o v e r l a p -

p i n g ) i n t e r v a l s of v a r i a b l e s : o n e for s > 0 a n d t < 0,

a n d t h e o t h e r f o r s < 0 a n d t > 0. In p a r t i c u l a r , of

c o u r s e , k n o w l e d g e of A ( s , t ) f o r t h e r e a l p r o c e s s i n

o n e c h a n n e l d o e s n o t a d d a n y t h i n g , f o r t h e t i m e b e i n g ,

i n t h e s e n s e of k n o w l e d g e of t h e a m p l i t u d e of s c a t t e r -

i n g f o r t h e r e a l p r o c e s s i n t h e o t h e r c h a n n e l . U s i n g

t h e c o o r d i n a t e s s a n d t ( F i g . 2) w e c a n s t a t e t h a t if

m i s t h e m a s s of t h e p a r t i c l e s a n d a n t i p a r t i c l e s , t h e n

t h e r e g i o n s of v a l u e s of t h e v a r i a b l e s s a n d t c o r -

r e s p o n d i n g t o d i f f e r e n t c h a n n e l s a r e d i f f e r e n t i n t h i s

c a s e ( t h e y a r e s h o w n s h a d e d in F i g . 2 ) . A n e w s i t u a -

t i o n a r i s e s o n l y if w e s t a t e t h a t t h i s i s a c t u a l l y a s i n g l e

a n a l y t i c f u n c t i o n . In t h i s c a s e , k n o w i n g i t a s a f u n c t i o n

and t.
FIG. 2. Physical regions of the values of the parameters s
ι t.

*In the more general case the expression for ζ becomes more
complicated. Thus, if as a result of collision between particles of
mass m one of them acquires a mass Ti, then by using the conser-
vation laws we obtain after some computation

— t (s2 — m* — t)-\-2t ( s-4m')
«2 = 3 (2.6c)

If we deal with mutual elastic scattering of two particles of dif-
ferent masses μ and m, we have

of its var iab les in one channel, we can go over ( c o n -

tinue it analyt ical ly) to the other channel. This p o s t u -

late is used in the MMP and in the double d i s p e r s i o n

r e l a t i o n s .

We note that the problem is usually s y m m e t r i z e d

(for convenience in notat ion). Instead of the usual

e las t ic s c a t t e r i n g we cons ider e las t ic sca t te r ing with

convers ion into ant ipar t ic les (Fig. 3). Then the p a -

r a m e t e r s s and t, and a l so a th i rd p a r a m e t e r u which

is analogous to them and which is de termined uniquely

in t e r m s of s and t, a r e equal to

= - (Pi + Ρ2

Pi + P

t = - (Pi + p3)\ u =

= o, pi = PI = PI = P

- ( P l + Pi)\ (2.7)

s + t + u = 4m2. (2.8)

A c c o r d i n g l y , i t i s c o n v e n i e n t t o c h o o s e o b l i q u e c o -

o r d i n a t e s i n t h e ( s , t ) p l a n e . We t h e n h a v e t h e s c h e m e

s h o w n i n F i g . 4 . T h u s , t h e p h y s i c a l ( r e a l ) r e g i o n s of

d i f f e r e n t c h a n n e l s ( t o w h i c h w e a d d t h e u - c h a n n e l —

c o l l i s i o n of p a r t i c l e s 1 a n d 4 ) d o n o t o v e r l a p .

FIG. 3. Symmetrized collision
scheme.

—2s (2.6d)

FIG. 4. Physical regions of the values of the variables s, t,

and u.

In t h i s f o r m u l a t i o n of t h e p r o b l e m i t b e c o m e s u n d e r -

s t a n d a b l e w h y t h e p r o b l e m of t h e a n a l y t i c a l p r o p e r t i e s

of t h e f u n c t i o n A ( s , t ) i s of p r i m e s i g n i f i c a n c e . By

s o l v i n g t h i s p r o b l e m w e c a n r e l a t e t h e p r o b a b i l i t i e s of

e n t i r e l y d i f f e r e n t p r o c e s s e s a n d m a k e d e f i n i t e ( a l b e i t

l i m i t e d i n c o n t e n t ) p r e d i c t i o n s f o r t h e e x p e r i m e n t s .

T h e a n a l y t i c a l p r o p e r t i e s of A ( s , t ) a r e a l r e a d y

d e t e r m i n e d t o s o m e d e g r e e by t h e r e q u i r e m e n t s of

c a u s a l i t y a n d u n i t a r i t y , o n w h i c h i s b a s e d t h e d e r i v a -

t i o n of t h e s o - c a l l e d d i s p e r s i o n r e l a t i o n s . We n o t e
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that the ordinary dispersion relations have yielded the
important deduction that if the cross section of the in-
teraction of particle A with particle Β tends to a con-
stant value with increasing energy, then the cross sec-
tion of the interaction of the antiparticle A with the
same particle Β should tend to the same constant value
(this is called the Pomeranchuk theorem'-5-'). Experi-
ments on pp and πρ interactions apparently confirm
this relation. Further, on the basis of the double dis-
persion relations—and consequently, after addition of
some not-obvious postulates—it was deduced that the
total cross section cannot increase with energy Ε
= V s/4 more rapidly ^

The experimental data certainly satisfy this condition.
Before we discuss the analytic properties of the

function A(s, t) , let us represent it in different form.
In place of considering the function A directly, we

can, taking this function in the t-channel when s
= s(9t) . expand this function in Legendre polynomials
Pj(cos 6>t)

Λ (s, i) = 2 fi(t)Pi(cosQt) (2i + l),

and analyze the expansion coefficients f;(t) (which
have the sense of scattering amplitudes of particles
with a definite orbital angular momentum I ) as func-
tions of t and I.

The central point in this case is the formal proce-
dure, namely the transformation of a sum over dis-
crete values of I (which has a clear-cut physical
meaning) into an integral over a certain contour in
the complex I plane (which has no physical mean-
ing).* This procedure has long been known in the

*Let us explain how this is done. Since the sum over / is
taken over the points I = 0, 1, 2,..., each term of the sum can be
replaced by the integral over a small circle Γ , around the corre-

sponding points in the complex plane / (Fig. 5):

1=0

1=0 Γ ,

(2.8')

1ml

o f c f c f c f c f c f c f c f Rel

F I G . 5. I n i t i a l contour of in tegra t ion in t h e I p l a n e .

Indeed, t h e integrand h a s p o l e s at t h e p o i n t s I = 0, 1, 2 a n d in

a c c o r d a n c e with t h e genera l rule we obta in t h e i n t e g r a l a l o n g t h e

contour Γ \ by replacing sin / by its expansion about this pole l^

t h e o r y of p r o p a g a t i o n of r a d i o w a v e s a r o u n d t h e s p h e r -

i c a l e a r t h ( t h e W a t s o n - S o m m e r f e l d t r a n s f o r m a t i o n ^ ) ,

w h e r e t h e w a v e e q u a t i o n h a s t h e s a m e f o r m a s t h e n o n -

r e l a t i v i s t i c S c h r S d i n g e r e q u a t i o n , a n d t h e s p h e r i c a l l y

s y m m e t r i c a l p o t e n t i a l c o r r e s p o n d s t o a r a d i a l d e -

c r e a s e in t h e d i f f e r e n c e e ( r ) — 1, w h e r e e ( r ) i s t h e

d i e l e c t r i c c o n s t a n t of t h e m e d i u m .

E v e r y t h i n g w h i c h f o l l o w s d e p e n d s e s s e n t i a l l y o n t h e

a n a l y t i c a l p r o p e r t i e s of t h e f u n c t i o n f ( Z , t ) ( w h e r e I i s

a c o n t i n u o u s c o m p l e x v a r i a b l e ), t h a t i s , o n t h e s i n g u -

l a r i t i e s of t h e s e f u n c t i o n s i n t h e Z - p l a n e . T h e c h a r a c -

t e r a n d n u m b e r of t h e s e s i n g u l a r i t i e s d e t e r m i n e t h e

p h y s i c a l c o n t e n t of t h e m e t h o d of c o m p l e x o r b i t a l a n -

g u l a r m o m e n t a .

W e now a r r i v e a t t h e c e n t r a l p o i n t . S i n c e t h e r e i s

n o c o n s i s t e n t r e l a t i v i s t i c t h e o r y of s t r o n g l y i n t e r a c t i n g

f i e l d s , w e a r e f o r c e d t o m a k e u s e of s o m e a d d i t i o n a l

c o n s i d e r a t i o n s . T h e w a y w a s p o i n t e d by R e g g e ' s p a p e r

R e g g e c o n s i d e r e d a p r o b l e m w h i c h a t f i r s t g l a n c e[8]

i s p u r e l y a c a d e m i c . He i n v e s t i g a t e d t h e a n a l y t i c p r o p -

e r t i e s of t h e f u n c t i o n f ( Z , t ) i n t h e n o n r e l a t i v i s t i c t h e -

o r y f o r a p a r t i c l e in a p o t e n t i a l f i e ld ( t h e S c h r o d i n g e r

e q u a t i o n ) , b u t f o r a w i d e c l a s s of p o t e n t i a l s of t h e

Y u k a w a t y p e w i t h a n a r b i t r a r y i n t e r a c t i o n f o r c e . R e g g e

h a s s h o w n t h a t i n t h i s c a s e t h e f u n c t i o n f ( Z , t ) h a s i n

the Z-plane (for Re Ζ > —%) only simple poles which
are located in the first quadrant.

We note that the same holds in the problem of prop-
agation of radio waves in a homogeneous atmosphere
around a homogeneous spherical earth. In the Regge
problem this corresponds to a potential in the form
of a rectangular spherically-symmetrical ledge. Ac-
tually (in a somewhat different form), this property
holds also when the earth is surrounded by an inhomo-
geneous (spherically symmetrical) atmosphere, as
demonstrated by V. A. F o c k ^ under rather general
assumptions with respect to the variation of e(r ).

The rigorous result obtained by Regge in the non-
relativistic theory was further developed by Chew,
Gribov, and others in the relativistic theory, with
which we are dealing here. Two ways are used.

On the one hand, it is possible to stipulate simply
that in the relativistic theory we have exactly the same
singularities—simple poles in the first quadrant—as
found by Regge. This bold postulate is indeed the basis
of the MMP. Mathematically its content can be formu-
lated as a principle of maximum analyticity in the

' " (sin iti % sin nl^i -f it cos iU<" {I — ί<*>) = it ( — I ) 1 ' " (I —I'"),

after which the r e s i d u e of t h e in tegra l y i e l d s t h e required quant i ty .

Now we c a n r e p l a c e t h e sum of t h e c o n t o u r s by a s i n g l e contour

Γ , if we first put (-1) ' = e i 7 r t :

A { t , i ) = J - ^

A certain complication is caused by the need for considering even

and odd I separately (for details see the appendix)['°].
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s e n s e t h a t t h e o n l y s i n g u l a r i t i e s a d m i t t e d a r e t h o s e

w h i c h m u s t b e r e t a i n e d f r o m c o n s i d e r a t i o n s of t h e

c o r r e s p o n d e n c e b e t w e e n t h e r e l a t i v i s t i c a n d n o n r e l a -

t i v i s t i c t h e o r i e s . T h e p h y s i c a l g i s t of t h i s m e t h o d i s

not o b v i o u s . W e s h a l l r e t u r n t o t h i s q u e s t i o n i n C h a p -

t e r V.

O n t h e o t h e r h a n d , a t t e m p t s w e r e m a d e t o p r o v e

t h i s p r o p e r t y on t h e b a s i s of t h e M a n d e l s t a m d o u b l e

d i s p e r s i o n r e l a t i o n s w h i c h , a s a l r e a d y m e n t i o n e d , i n

t h e m s e l v e s c o n t a i n a s t r o n g p o s t u l a t i v e e l e m e n t . T h e s e

a t t e m p t s w e r e n o t ful ly s u c c e s s f u l . It w a s o n l y p o s -

s i b l e t o p r o v e ^ 1 0 ^ t h a t t h e f u n c t i o n f ( Z , t ) s h o u l d h a v e

p o l e s i n t h e f i r s t q u a d r a n t , b u t i t w a s n o t p r o v e d t h a t

t h e r e a r e n o o t h e r s i n g u l a r i t i e s .

T h e d e s i r e d p r o p e r t y c o u l d b e p r o v e d i n c o n s i s t e n t

f a s h i o n o n l y f o r a l i m i t e d c l a s s of d i a g r a m s ' - 1 1 ' 1 2 ^ o r

u n d e r d e f i n i t e a s s u m p t i o n s c o n c e r n i n g t h e r e l a t i v i s t i c

p o t e n t i a l ^ .

T h u s , w e a s s u m e t h i s p r e m i s e . T h e n , i n a c c o r d

w i t h t h e m a i n p r o p e r t y of a n a l y t i c f u n c t i o n s , f(Z, t )

c a n b e r e p r e s e n t e d a s a n e x p a n s i o n i n t e r m s of t h e

p o l e s

f-/i, (2-9)

where Zj(t) is the pole at the given t, r i ( t ) the cor-
responding residue, and fj a function which has no
singularities in the right-hand half-plane of I (more
accurately, for Re Ζ > - 1 ) .

Using this expression, we can transform the contour
in the Ζ-plane in such a way that A(s, t) reduces to an
integral J along a vertical straight line and the sum of
residues at the poles Zj(t) situated, as already men-
tioned, in the first quadrant to the right of the afore-
mentioned line (Fig. 6).*

When t changes, the position of the poles can
change, l{ = Zi(t), and the poles will move along cer-
tain trajectories (hence the name of the method). The
residues will contain Legendre polynomials of com-
plex index P^(t)(cos 0t)> the analytic properties of
which have been thoroughly investigated LU3. In the
final expression it is convenient to go over from cos (?t
again to s [using formula (2.6b)]. We obtain an ana-
lytic expression for A(s, t) in which we can substitute
for s and t the values t > 0 and s < 0, and, in par-
ticular, we can take values which lie in the physical
region of the other channel, where s is the square of
the energy (and is positive) and t is the square of the
momentum transfer with the sign reversed (and nega-
tive). In this expression, A(s,t) is represented by a
sum of residues and an integral along the vertical line
which lies to the left of all the poles which are in-
cluded in the sum.

This expression is particularly simple and conven-
ient when s is large, that is, for high energies, when

*To this end we deform the contour Pinto the contour C, and
add integrals over the contours Co, Ct, C2, ... surrounding the
poles la, lit l2, ... of the function f(/,t).

imi

* 3 * 5 e —Rei

FIG. 6. Transformed integration contour in the / plane.

we can substitute for P^(cos 0^) an asymptotic ex-
pression. Indeed*

A (8, t) = «.*). (2.10)

Here Bi contains the residue of the function f(Z,t)
at the point Zi(t) and some additional factors.

3. Properties of the Elastic Scattering Amplitude at
High Energies

Let us consider extremely large s, s —* °° . It is
obvious that it is possible to retain in the sum over the
poles the higher-order terms with the largest real part
of Zi, which play the principal role as s —- °°. This
raises the question of how many such terms make an
appreciable contribution. In the MMP, as formulated
in C 1 0 . 1 5 - 1 7 ^ o n e makes at this point still another im-
portant assumption, that among the poles Zj(t) there
is one and only one pole Z0(t) which has the largest
real part in the range of values of t of interest, t This

*The expressions

which are contained in the residues must then be taken for arbi-
trarily large positive values of the argument. The asymptotic be-
havior of P ; i is as follows["] :**

•0+y)·*

where

consequently

and

Pi, (ch η) =

cos 6f = ch η =& -κ Λ

**ch = cosh.

tThe limits of this region are not discussed especially in
[ 1 0 > l s]. As a rule, it is assumed that the interval of interest is
-M 2 < t <: 16μ2. The left half of this interval encloses part of the
physical region of the s-channel. The right half, namely the
region t > 4μ2, determines the principal analytical properties of
the function /0(t).
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assumption has no connection with the preceding as-
sumptions. Its physical meaning is not perfectly clear
(some considerations in this respect are advanced in
Chapter V). However, it greatly simplifies the calcu-
lations and yields results which are usually connected
with the MMP.

Making this assumption, we can as s —- °° retain in
the sum (2.10) one higher-order term, since the r e -
maining terms will make an asymptotically decreasing
contribution. For the same reason we can discard the
integral J (s, t ) along the straight line C. * Conse -
quently, as s — « ,

A(s,t)- (2.10a)

with B0(0) regarded as pure real [see (2.14a) below].
Now, using the optical theorem (2.4), we can obtain the
total interaction cross section σ — B(0)s ° . We
see that the result depends on the limiting position of
the most essential—the extreme right—pole at t = 0.
In this theory it cannot be calculated (to this end it
would be necessary to have the equation which Z0(t)
obeys; knowledge of this equation—the "dynamic prin-
ciple"—would be equivalent to some degree to knowl-
edge of the S-matrix algorithm referred to above). We
can, however, proceed in two ways. We can either ac-
cept as experimental the fact that the total cross sec-
tion at superhigh energies tends to a constant. Then
we should have Zo(0) = 1. We can alternately assume
the double dispersion relations and the conclusion
based on them that if σ increases at all it does so not
in accordance with a power law [see above, σ
< ( I n s ) 2 ] , and therefore impose the "principle of
maximum force" (Chew'-18^), that is, to stipulate the
maximum cross section which is still compatible with
the double dispersion relations. We again obtain Z0(0)
= 1.

Thus

lira σ (s) = a0 = (2.11)

We present, in addition, an expression for A(s, t)
in terms of the residue r o ( t ) of the function f(Z,t) in
the extreme right-hand pole

Of great importance for what follows is the question of
the dependence of l0 on t, the question of the character
of the principal pole trajectory. If Zo = 1 and does not
depend on t (the pole is then called "standing") the
amplitude can be represented in the form

A(s,t) = lmA(s,t) = s<f(t) (ReA(s, t) = 0). (2.12)

This multiplicative form corresponds completely to

*We note that in the theory of radio wave propagation in a
homogeneous atmosphere around a homogeneous earth this integral
vanishes because the integrand is odd ['].

the classical diffraction pattern: the angular distribu-
tion of the scattered particles depends on the angles
and the energy only in the combination

i = -2p 2 ( l -cos6 s ) .

However, as shown by Gribov^10^, this is impossible
by virtue of the unitarity condition and the double dis -
persion relations, and the pole cannot be standing (see
the appendix). Therefore Zo should depend on t and,
it turns out that its derivative

should be positive and cannot vanish (otherwise the
residue r 0 and the total cross section also vanish).
The latter property is very important for it leads to
the important and not trivial consequences of the MMP.
For sufficiently small t, confining ourselves to the
first terms of the expansion.

we have

v l " l n < o ,

Further, according to (2.11a)

ytlmA(s, t).

(2.13)

(2.14)

From these formulas, first derived by V. N. Gribov
L10J*f follow the important properties of elastic scat-
tering at extremely large energies.

First, the characteristic values of the momentum
transferred in elastic scattering are, according to
(2.13),

' = - , (2.15)

that is, V 11 |eff and the transverse component of the
momentum transfer decrease with energy, albeit
weakly. It can be stated that the reciprocal quantity,
which has the meaning of the effective interaction
radius, increases like

/I'effl
= reff (2.15a)

Accordingly

| Re A (s, i) 1 — | Im A (s, t) | < | Im A (s, t) |, (2.14a)
In —

that is, the amplitude becomes pure imaginary as
s — °° and in this sense elastic scattering becomes
pure diffraction and is brought about by inelastic
processes. However, if we now substitute A(s, t)

•Outwardly they coincide exactly with the formulas obtained by
Regge in the nonrelativistic theory, and some authors[lS>"] have
simply transferred them to our relativistic problem without any
special discussion.
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« Im A ( s , t ) from (2.13) in (2.3) and calculate the total

e las t ic sca t te r ing c r o s s section, then, as can be readi ly

seen, we obtain (neglecting the dependence of Β on t,

that i s , a s suming B ( t ) « B ( 0 ) = σ 0 )

Gel'
In-!-

Consequently, aei d e c r e a s e s with energy. Thus, in the

l imit e la s t ic s c a t t e r i n g d i s a p p e a r s completely. This

means that the p a r t i c l e s " swe l l u p " so to speak [ s e e

(2.15a)], but at the s a m e t ime they become " g r a y e r "

and m o r e t r a n s p a r e n t , in such a way fur thermore that

the total absorption r e m a i n s unchanged, σ = σ0, and

the diffraction sca t te r ing by such a raref ied cloud

vanishes .

F o r m u l a (2.13) in conjunction with (2.3) is f r e -

quently wr i t ten in the form

daei/dt
{daei/dt)t=i)

. ρΑΙ Δ s\i I f f —
• C j x l — L· y 1 1 1

(2.16)

It is c l e a r that in accordance with the " p r i n c i p l e of

maximum f o r c e " (for a m o r e detailed derivat ion see

the appendix) the r e s u l t s must not depend on the type

of the strongly interact ing p a r t i c l e s , that i s , Z 0(t)

should be the s a m e , for example, for ππ, πΝ, and NN

(N is the symbol for the nucleon). F o r all these p r o c -

e s s e s the s c a t t e r i n g cone should shr ink in the t sca le

with i n c r e a s i n g s . This differs from the ordinary p i c -

t u r e of diffraction sca t te r ing by a black s p h e r e , which,

as a l ready mentioned, would correspond to the m u l t i -

plicative form (2.12). In this sense it is s o m e t i m e s

stated that in the MMP the sca t te r ing does not have

a diffraction c h a r a c t e r . Thus, the t e r m "dif fract ion

s c a t t e r i n g " i s used with different meanings .

These conclusions w e r e experimental ly confirmed

in investigations of proton-proton sca t te r ing energ ies

in the a c c e l e r a t o r range (from 3 to 26 BeV). F i r s t ,

these exper iments show clear ly shrinkage of the dif-

fraction cone with increas ing energy ^ 2 0 > 2 1 ^. This fact

is seen from Fig. 7'-21-' ( s e e also the reviews '- 2 2 j and

^ 2 3 ^ ) . Second, on the bas i s of the exper imenta l data it

became possible to d e t e r m i n e the p a r a m e t e r γ = Z'(0),

which was found to be γ « l / M 2 ^ 2 4 ' 2 5 ^ (according to

the la tes t determinat ions γ ss 1/1.5 Μ2 for 10 < E L

< 2 0 M [ 2 1 ] ) .

Third, the form of the function P 0 ( t ) could be d e -

termined approximately. F o r 111 < 0.5 M2 it can be

approximated by the express ion B 0 ( t ) « exp ( 1 . 6 t )

( s e e W).

On the whole, the amplitude of the pp sca t te r ing

can be r e p r e s e n t e d for 0 < - 1 < M 2/2 in the form

A(t,

4. Extension to Other P r o c e s s e s

(2.17)

2 0

JO

1 5

\ *
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m '
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Diddens et al
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FIG. 7. Experimental data on elastic pp scattering (according
to [2I]). Different energies correspond to different dependences of
the differential cross section on t.

re la t ing it with the problem of the s y s t e m a t i c s of

strongly interact ing p a r t i c l e s . We f irst cal l attention

to the fact that asymptotical ly, a s Ε —- °° , the s c a t t e r -

ing amplitude r e d u c e s to a single t e r m corresponding

to a single pole t ra jec tory Z 0 (t), which produces in the

c r o s s e d channel s c a t t e r i n g with energy V~t/4 , which

in the l imit is equal to z e r o , and with angular m o m e n -

tum I = 1(0) = 1. It can be in te rpre ted (in the s - c h a n -

n e l ) as s c a t t e r i n g with the t r a n s f e r of a " p a r t i c l e "

which has at t = 0 an angular momentum 1=1 ( the

zigzag line on Fig. 8) . Since the s c a t t e r i n g is e las t ic ,

this " p a r t i c l e " does not t r a n s f e r e i ther charge or

baryon number or s t r a n g e n e s s . In other words , it

has the s a m e quantum numbers as vacuum. It is s o m e -

t i m e s called a vacuum reggeon. Accordingly, this pole

and the e n t i r e t ra jectory a r e called the vacuum or

Pomeranchuk pole (to highlight its connection with the

Pomeranchuk t h e o r e m on the asymptotic equality of

the p a r t i c l e and ant ipar t ic le c r o s s s e c t i o n s ) . Such a

p a r t i c l e can be observed as a free p a r t i c l e , with m a s s

VT > 0, as a re sonance in a sys tem of two pions for

even 1. T h e r e a r e exper imental indications'- 2 6^ that it

actually exis t s and manifests itself as a re sonance of

π p a r t i c l e s with t ~ 25 μ2 and 1 = 2, the remaining

quantum numbers coinciding with those of vacuum.

In such a case the other non-vacuum t r a j e c t o r i e s

correspond to exchange of quanta with different quan-

This s u c c e s s of the theory has s t imulated i n t e r e s t
in broadening the field of application of the MMP and

FIG. 8. Interaction via exchange of a
vacuum pole.
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turn numbers and can correspond to really observed
particles. Further, in πΝ scattering we can expect
the next pole, the one closest to the principal pole in
the t-channel, to correspond to a p particle—the r e s -
onance state of two pions (Fig. 9) —which is an unstable
formation with isospin Τ = 1 (here, furthermore, T z

= 0) and with spin and parity 1+, with decay into two
pions with mass VT = 750 MeV « 5.5μ.

6j = Jt — yml «« /j — -

FIG. 9. Interaction via exchange of a p meson.

Chew'-27^ postulated in this connection that any ele-
mentary particle (including a " s tab le" one, say a pion)
has its own pole trajectory Zi(t). At the point where t
is equal to the square of the particle mass, t = m2, Zj
should equal the momentum of the particle, that is, its
spin Jy.

Chew proposed further that in the region 111 £ M2

(M —nucleon mass ) all the trajectories can be ap-
proximated by straight lines of constant slope

where γ is a constant on the order of 1/M2 and is the
same for all trajectories. In this case we can readily
determine bi from the condition Zi(mf) = Jj:

This hypothesis makes it possible to look at the
systematics of strongly interacting particles from a
new point of view. Although the existing experimental
data on masses, spins, and other quantum numbers of
particles do not contradict this hypothesis (Fig. 10),
it has not yet been adequately confirmed.

If we accept this hypothesis, then the amplitude of
elastic scattering via exchange of one quantum or an-
other (vacuum pole, ρ particle, pion, etc.) can be cal-
culated with the aid of diagrams similar to Feynman
diagrams (Figs. 8, 9) but with allowance for the follow-
ing additional rules, which are obvious from (2.11a),
where (s/2m 2 ) '» ( t ' is essentially Pzo (t)(eos 0 t) C«,28]_

1. An additional factor P^(t)(z) is introduced,
where ζ is the cosine of the angle in the crossed chan-
nel and Zj(t) is the trajectory of the pole describing
the given elementary particle.

2. The propagation function D(k2) is replaced by

««((-*») 1-1
~-\ sin

7 2

As k —• - mi this quantity goes over for even Ji into

A, (A:2) = (A2-fro?)"1,

that is, it coincides with the propagator. However,
when k2 + m\ » M2 it can differ noticeably from the
propagator. We shall make use below of the possibility
of employing these rules.

So far we have referred to scattering of particles of
one sort. Naturally, the question arises, what predic-
tions are given by the method with respect to the char-
acter of other elastic processes (πρ scattering, etc.)
and their connection with one another. Here, too, the
MMP has yielded significant results.

On the basis of the two-particle unitarity condition
in the crossed channel (for more details see the ap-

Mass, BeV
W 1.S7 7.73

FIG. 10. Systematics of strongly interacting particles and
resonances, after Chew ["]. Different lines correspond to dif-
ferent Regge pole trajectories with different quantum numbers
(iso-spin T, parity, G-parity). The masses of the individual

1 mass) P a r t i c ^ e s a r e indicated (in parentheses) in MeV. Real particles
and resonances with definite spin correspond to the points of

sons Baryons intersection of the given trajectory with the lines I = const = J i f

for integer or half-integer J;. The particle spins Ji belonging to
a given trajectory should differ by Aj = 2.

Symbols
(jeven G

2 3
Square of mass, BeV2
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pendix) it was establ ished C l 0 > 1 6 > 1 7 ' 2 8 ] that : f irst, all the

s t rong- in terac t ion p r o c e s s e s at high energ ies a r e d e -

t e r m i n e d by the s a m e universa l vacuum pole t ra jectory

Z 0 (t) ; this means that the shrinkage of the diffraction

cone in e las t ic s c a t t e r i n g p r o c e s s e s of a r b i t r a r y

strongly interact ing p a r t i c l e s should be the s a m e ;

second, the total c r o s s sect ions [ that i s , the values

of B 0 (0)] can be different, but a r e re la ted by

σ|ί, (2.18)

w h e r e i and j a r e the indices of the different p a r t i c l e s .

Let us d i scuss now two specific p r o c e s s e s , in which
these deductions can be used: the interact ion between
nucleons and nuclei and s c a t t e r i n g of pions by nucleons.

It is impor tant to proceed to the par t ic le-nucleus
c a s e p r i m a r i l y because the g r e a t e r p a r t of the e x p e r i -
ments at ul trahigh e n e r g i e s — i n cosmic r a y s — p e r t a i n
just to this p r o c e s s .

Let us at tempt to apply to this p r o c e s s re lat ion
(2.18). In this case it a s s u m e s the form

2 /O in r tl
OflflOAA == ®NAi \^· J-Ot*/

where σ^Ν» σΝΑ> a n d σΑΑ a r e the c r o s s sect ions for
the in teract ion between a nucleon and a nucleon, a nu-
cleon and a nucleus of a tomic weight A, and a nucleus
with a nucleus . It is easy to see that the usually e m -
ployed " g e o m e t r i c a l " dependence of σΝΑ ο η A,
namely σΝΑ ~ σ ΝΝΑ 2 ^ 3 and σΑΑ ~ 4σΝΝΑ does not
a g r e e with this condition. Relation (2.18a) is satisfied
if σ ΝΑ ~ A and σΑΑ ~ A2. This somewhat unusual d e -
pendence of the c r o s s sect ions on A can be i l l u s t r a -
tively i n t e r p r e t e d within the f ramework of the MMP.
Indeed, one of the deductions of the MMP, namely the
" s w e l l i n g " and s imultaneous " i n c r e a s e of t r a n s p a r -
e n c y " of p a r t i c l e s with increas ing energy, p r e d i c t s
the poss ib le c h a r a c t e r of the par t ic le-nucleus p r o c e s s .
When the effective impact p a r a m t e r

"1 l /
Γ

ln —
S

( k j ^ — t r a n s v e r s e c o m p o n e n t o f t h e m o m e n t u m t r a n s -

f e r ) g r e a t l y e x c e e d s t h e n u c l e a r r a d i u s , w h i c h i s e q u a l

to μ" 1 A1^3 (A is the number of nucleons in the nucleus),
then the incoming p a r t i c l e s can be visual ized as a
raref ied cloud and all the nucleons of the nucleus
should s c a t t e r it pract ica l ly independently. The c r o s s
sect ion for the nucleon-nucleus interact ion should
therefore be of the o r d e r of Ασ0 ^ . Yet at modera te
energ ies , according to exper iment, so long as E L
SL 101 2 eV, we have apparently

σ A ~ ο0Α*':

However, even when E L ~ 10 1 5 eV we have Vln ( s / s 0 )
ss 3.5, so that in the region of conceivable energ ies
such an asymptotic region may perhaps not be attained
(A1/3 sa 6 for P b ) . According to an estimate'- 3 0-', which
to be s u r e contains a r b i t r a r y simplif ications and does
not c laim to be r igorous ly provable, when E L = 10 1 5 eV

the nucleon-nucleus c r o s s sect ion may differ from the
geometr ica l c r o s s section σ^Α2/3 for carbon and for lead
by approximately 25%. This is p rec i se ly the accuracy
sca le of the exper imenta l data, which thus do not con-
t r a d i c t the foregoing conclusion'- 2 2^.

5. Elas t ic 7T~p Scatter ing and Contradiction Between

Theory and Exper iment

We now consider the question of π~ρ sca t ter ing .
According to the MMP, it should behave like pp s c a t -
ter ing, that i s , the diffraction peak should shr ink with
increas ing energy. However, exper iment L21'31^ does
not confirm this predict ion. Exper iments offer ev i-
dence that the π~ρ sca t te r ing p icture at energ ies from
7 to 17 BeV is much c l o s e r to the c l a s s i c a l diffraction
p i c t u r e : the dis t r ibut ion in t i s the s a m e at al l e n e r -
gies (Fig. 11).

20 -

10
δ
ff

Β

aod
o.oe
0.04
aasv

π- ρ t. 7. OS BeV /c
ο β,δδ
• /Ο.δ9

α9δ
14,97
Κ.92

ϊ \

Ο 07 0J 03 ΟΑ 05 06 0.7 Ο,δ 0.9 1,0
-t(BeV/c)2

FIG. 11. Elastic π' ρ scattering. Different energies correspond
to identical dependences of the differential cross section on t.

T h i s d e p a r t u r e f r o m t h e o r y i s of d e c i s i v e s i g n i f i -
c a n c e t o t h e f a t e of t h e e n t i r e m e t h o d . It w a s t h e r e -
f o r e n a t u r a l t o a t t e m p t i m m e d i a t e l y t o d i s c o v e r w i t h i n
t h e m e t h o d i t s e l f s o m e u n a c c o u n t e d f o r e l e m e n t s w h i c h
w o u l d e x p l a i n t h e d i f f e r e n c e b e t w e e n t h e b e h a v i o r s of
s c a t t e r i n g i n p p i n t e r a c t i o n o n t h e o n e h a n d , a n d i n
7Γ~ρ interact ions on the other . One of the poss ibi l i t ies
is to take into account the t r a j e c t o r i e s of the other
poles that a r e c loses t to the vacuum pole t ra jectory .
These a r e the poles corresponding to the exchange of
ρ and ω mesons^ 3 2 ^ (see Fig. 10). However, s ince it
is cus tomary, in a g r e e m e n t with Chew, to a s s u m e that
the t r a j e c t o r i e s have identical s lopes, this s imple v a r i -
ant cannot be used to i n t e r p r e t the r e s u l t s . Moreover,
a detai led investigation ^ 3 3 ] did not lead to the des i red
r e s u l t even when account was taken of poss ib le changes



12 Ε. L. F E I N B E R G and D. S. C H E R N A V S K I I

in the slopes. The authors of that paper reach the con-
clusion (as did the authors of t21^) that it is impossible
to explain simultaneously pp and π~ρ scattering with-
in the framework of the MMP. Another possibility lies
in discarding the assumption of uniqueness of the ex-
treme right pole. We can assume, for example, that
at t = 0 two pole trajectories Z0(t) and Z t(t) intersect,
and that Ιΰ(0) = ̂ ( 0 ) , but, say,

J,=o ?? \
dip (0

at
This apparently makes it possible to describe both pp
and 7T~p scattering by choosing suitable parameters
(we shall return to this question in Chapter V).

Finally, it is possible, in contradiction to the initial
assumption^ 1 0 ' 1 5" 1 7] to assume that other singularities
of the amplitude f(Z,t) exist in the I plane along with
the poles. Recently particular attention has been paid
the possibility of appearance of branch points in the I
plane. An indication of such a possibility was obtained
from an analysis of the contribution of several Feyn-
man diagrams. However, the branch points cannot
make a contribution to the cross section that vanishes
with increasing energy. In addition, this gives rise
to new arbitrary parameters, and the method becomes
highly complicated and cumbersome, losing a consid-
erable part of its attractiveness.

Great interest is drawn to the question of the
"standing pole" in the Ζ plane (that is, a pole whose
position does not depend on I); this is just the pole
that can ensure the classical diffraction picture for
scattering. However, such poles can be introduced
only by discarding the Mandelstam representation.
The latter, as indicated above, is itself based on sev-
eral hypotheses which are far from unconditional. In
spite of the fact, it has governed the minds of theoreti-
cians for several years. The failures of the MMP sug-
gest a more critical approach to the Mandelstam rep-
resentation.

We see that we can distinguish in the described
method two aspects. On one hand, we are dealing with
representation of the scattering amplitude in the plane
of complex orbital angular momenta (the Regge
method). In conjunction with the principle of analyti-
city and the requirements of unitarity and causality,
this representation can serve as a useful weapon in
the study of interactions at high energies.

On the other hand, a specific variant, (perhaps the
simplest one) of the method of complex orbital angular
momenta was proposed—the method of moving poles,
developed in t l o»1 5"1 73 and containing additional hypoth-
eses concerning the character of the amplitude singu-
larities. It encounters contradictions when its deduc-
tions are compared with experiment. The region of
its applicability is apparently limited and can be clari-
fied upon comparison with experiment and with other
methods of describing interactions at high energies.
At the same time, the physical meaning of the main
assumptions made in the MMP and of the results ob-

tained becomes clearer (see Chapter V). A definite
stage in the development of this method has thus been
completed.

III. THEORY OF PERIPHERAL INTERACTIONS

1. Initial Concepts and Formula for Total Cross
Section

Unlike the MMP, which is confined to a study of
elastic processes, the theory of peripheral collisions
claims also analysis of numerous inelastic processes.

The model representation, according to which the
interaction between the nucleons themselves and be -
tween nucleons and other particles is realized most
frequently via exchange of a single pion, has been for
a long time the basis for attempting to treat collisions
between particles of very high energy. It started, first,
from geometrical considerations: the average impact
parameter d ensuring an experimentally observable
"geometrical" cross section σ ~ π/μ2 must be not
small, d Ζ Ι/μ; second, from notions borrowed from
nuclear interactions at low energies, namely that there
is an appreciable probability of encountering not more
than one virtual pion at such distances from the nu-
cleon. Accordingly, the pattern for nucleon collisions
was constructed by the impact parameter method: the
meson field of the colliding nucleons (which shrinks
relativistically along the motion) was expanded in
plane meson waves, a meson flux, and it was assumed
[34-37] ^ a t s u c n a meson from the cloud of one nu-
cleon interacts with another nucleon as a whole (or
with a meson emitted by this other nucleon) in the
same manner as the free meson would interact. With-
out detailing the calculations, the corresponding model
was developed by several experimenters C38~4°] in the
form of a phenomenological picture of the exchange of
"energy batches."

This rather primitive treatment gave rise to the
concept of "peripheral collisions," which initially was
not very distinctly outlined. Essentially, the principal
attribute of peripherality was seen in the independence
of the decay of two (or more) excited centers produced
via meson exchange, something that in the c.m.s. looks
like the formation of independent oppositely directed
jets. The momentum and energy distributions of the
exchanging mesons (determined by the form of the
meson cloud of the nucleon or, in other words, by the
meson distribution function) determines to some de-
gree the ratio of the two jets'-41-'.

Such an approach could not, of course, be regarded
as convincing. It is easy to see, however, that the
model representations which it contains serve as a
basis of the three more rigorous methods of the the-
ory of peripheral collisions: the Chew and Low method
'-42-', the pole approximation usually called in the lit-
erature one-particle exchange C43~4T H, and the one-
meson approximation E48^.

It can be stated that the entire theory of peripheral
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coll is ions is based on the assumption that the c o n t r i -

bution is made to the amplitude of the ine las t ic p r o c e s s

by the Feynman d iagram of Fig. 12, which contains one

intermedia te meson. The ver tex in which this meson

i n t e r a c t s with the p r i m a r y p a r t i c l e can be as compl i-

cated a s d e s i r e d * (Fig. 12a), but can a l so be very

s imple (Fig. 12b).

- J , b)

FIG. 12. Feynman diagrams of inelastic one-meson interaction.

The m a t r i x e lement M f̂ of such a p r o c e s s can be

wr i t ten in accordance with the general r u l e s .

If as coll is ions between p a r t i c l e s of m a s s e s mj and

m 2 and 4-momenta P o and Qo r e s u l t in p a r t i c l e s with

4-momenta pj, p 2 , . . . , p m in one ver tex and q l f qj, . . . ,

qu in the other vertex, and the t r a n s f e r r e d meson has

a 4-momentum k, then

where P 2 = — m 2 ,

p2,

QQ = - m 2 ;

(3.1)

— v e r t e x p a r t s , which

a r e functions of re la t iv i s t ic invar iants constructed

from t h e i r a r g u m e n t s ; D(k 2 ) — p r o p a g a t i o n function

of the pion, which i s c lose to (k2 + μ 2 ) " 1 for smal l k2.

Strictly speaking, express ion (3.1) should be s y m -

metr ized with r e s p e c t to the var iab les pj and qj. In

other words , s o m e p a r t i c l e s with momenta qj could

general ly speaking be produced in the knot 1 but not

in knot 2, while p a r t i c l e s with momenta pj — i n knot 2.

An account of this c i r c u m s t a n c e would lead to very

*Of course, one-meson exchange can lead also to elastic scat-
tering. But it can be assumed that at high energies, when the
average number of the particles produced as a result of one-meson
exchange is very large, the probability that not a single new
particle is produced is exponentially small. Consequently, as will
be shown below, the main contribution to elastic scattering can
be expected to be made by the two-pion exchange.

great complicat ions, s ince inter ference t e r m s appear

when a s y m m e t r i z e d m a t r i x e lement is squared.

These effects, however, can be neglected, if the

momenta of one group of p a r t i c l e s great ly differ from

the momenta of the other group, for example, if in the

c . m . s . of the e n t i r e p r o c e s s the p a r t i c l e s a r e divided

into two strongly col l imated jets which move in oppo-

site d i rect ions . This actually takes place in e x p e r i -

m e n t s at very high e n e r g i e s * . In any c a s e , the a s -

sumption that t h e r e is no inter ference (owing to the

s t rong coll imation of the p a r t i c l e s ) is always made.

This m a k e s it poss ible to simplify great ly the s u b s e -

quent calculat ions. F r o m (3.1) follows an express ion

for the differential c r o s s sect ion of the p r o c e s s

Ι Γι
(3.2)

w h e r e dpf i s t h e n u m b e r of f ina l s t a t e s ,

T h e q u a n t i t y d a c a n b e a l s o r e p r e s e n t e d i n t h e f o r m

da =

(3.3)

F u r t h e r , t h e q u a d r u p l e i n t e g r a t i o n w i t h r e s p e c t t o k,

w i t h the i n t e g r a l t a k e n o v e r t h e a z i m u t h a l a n g l e , c a n

r e d u c e t o a n i n t e g r a t i o n w i t h r e s p e c t t o k 2 , s i a n d s 2 :

2ft

w h e r e

(3-5)

T h u s , w i t h o u r d e f i n i t i o n (3.4) of t h e s q u a r e of t h e 4 -

v e c t o r , Si , s 2 , a n d s a r e t h e s q u a r e s of t h e e n e r g i e s

of t h e f i r s t a n d s e c o n d p a r t i c l e g r o u p s a n d of t h e e n -

t i r e s y s t e m a s a w h o l e , r e s p e c t i v e l y , i n t h e i r c o r r e -

s p o n d i n g c . m . s . It i s c o n v e n i e n t t o i m a g i n e ( s o l o n g

a s w e a r e d e a l i n g w i t h k i n e m a t i c r e l a t i o n s t h i s i s

known t o b e p e r m i s s i b l e , b u t i t i s p o s s i b l e t h a t t h i s

a l s o r e f l e c t s t h e p h y s i c a l a s p e c t of t h e p h e n o m e n o n ,

s e e b e l o w ) t h a t t h e p a r t i c l e s p i f o r m i n t h e a g g r e g a t e

a s i n g l e " c l u s t e r " of m a t t e r , w h i c h t h e n d e c a y s i n t o

i n d i v i d u a l p a r t i c l e s , a n d t h e p a r t i c l e s qj f o r m a n o t h e r

c l u s t e r . In s u c h a c a s e

s i = 9Jii> s2 = 3Jil> (3.5a)

w h e r e 9J?i a n d 2J?2 a r e t h e m a s s e s of t h e c l u s t e r s . T h e

r e g i o n of i n t e g r a t i o n o v e r t h e v a r i a b l e s s ^ s 2 , a n d k 2

i s d e t e r m i n e d by t h e c o n s e r v a t i o n l a w s . It c a n h a v e a

r a t h e r c o m p l i c a t e d s t r u c t u r e . T h e p r i n c i p a l r o l e i n

w h a t f o l l o w s w i l l b e p l a y e d by t h a t p a r t of t h i s r e g i o n ,

i n w h i c h k 2 i s s m a l l a n d Si a n d s 2 a r e l a r g e , b u t b o t h

*In some papers [49] there are theoretical estimates of the
interference terms.
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are considerably smaller than s, M2 « Sj, and s 2 « s.*
Under these conditions we obtain from the conservation
laws at knots 1 and 2 the following formulas for the
square of the 4-momentum transfer, for the square of
the 3-dimensional momentum, and for the square of its
transverse component:

k1 = k2 - CO2 (*l —"»')(»2— ml)
s

(3.5b)

(3.5c)

(3.5d)

where ω is the energy transfer; θ%β —angle of emis-
sion of one of the clusters.

The minimum value of k2 for fixed Si and s 2 is ex-
pressed on the basis of these formulas relatively sim-
ply: when 0gji — 0 it follows from (3.5b) that

1.2Kn (3.5e)

We also emphasize that k2 > 0 in the entire region
of integration. Consequently, the 4-momentum of the
virtual particle is space-like (for a real pion, to the
contrary, k2 = - μ 2 < 0, where μ is the pion mass) .

Let us examine in greater detail part of the diagram
of Fig. 12, corresponding to knot 1. It is easy to see
that the quantity

dat («„ Pm) - 2π | Γ, j | d*Pib (Po + k - 2 ft)

(3.3a)

can be interpreted as the differential cross section for
the production of m particles with momenta p t , p 2 . . . ,
p m and a total mass V~si in the interaction between a
real particle with momentum P o and a virtual pion
with momentum k, s t = - (P o + k) 2 . If this cross
section is summed over all the possible numbers of
created particles, over their relative momenta, spins,
and other quantum numbers, then the quantity

i(s,, k2, Pi, ••-, pm) = σ , ( s u A;2)

c a n b e i n t e r p r e t e d a s t h e t o t a l c r o s s s e c t i o n f o r t h e

c o l l i s i o n b e t w e e n a v i r t u a l p i o n a n d a p a r t i c l e , t h e

n a t u r e of w h i c h ( n u c l e o n , p i o n , e t c . ) i s c h a r a c t e r i z e d

by the index 1. The quantity | Γ | 2 can be represented
analogously. We note that, owing to the requirements
of relativistic invariance, the total cross section
aj(si, k2) of the virtual pion can depend only on the
square of the 4-momentum k2; consequently, the fact
that k enters in s t and s 2 with opposite signs is of
no significance in this case.

The total cross section σ12 is obtained from (3.3)

*The latter condition signifies that the rest energy of the
clusters is much smaller than the total energy. This always holds
in practice, since the greater part of the total energy goes over
into the kinetic energy of the clusters, SDl,, 5D?2 « \fs~, so that the
resultant particle jets are collimated.

after integration with respect to Sj, s2, and k2 (as-
suming the aforementioned summation over the num-
bers of created particles and their internal variables).
It can now be represented in the form

\\ \
dsts? dsz A*)

x R(sit s2, ma). (3.6)

If St, s2, s » m2, m2, where mj and m2 are the
masses of the colliding particles, then R ss 1. In the
opposite case the integrand contains the additional
factor

R =
 Ι Λ

(3.6a)

2. Classification of Methods

We now can proceed to describe the different ap-
proximations in the theory of peripheral collisions.

1. Of great importance is the particular and sim-
plest process considered by Chew and Low^-42^, cor-
responding to the production of only one additional
particle upon collision between a nucleon and a pion
(Fig. 13), m t = M, m2 = μ. It is assumed here that
the vertex Γι can be written in the form g(^y5^)<p.
Then we can obtain from (3.3) [taking (3.4) into ac-
count ]

where s 2 = - (Qo + k) 2 —square of the energy of the
two colliding (real and virtual) pions in their common
c.m.s., a7r7r(s2, k

2) —total cross section for the colli-
sion of these pions, and qL —momentum of the pr i-
mary meson in the laboratory system. As k2 — -μ 2 ,
σπ7Γ goes over into the cross section for the collision
of two real mesons. This formula enables us to use
the experimental data on the generation of the pion in
the 7rN collision, by extrapolating the quantity

to the region k2 < 0, to determine the cross section

FIG. 13. Diagram of the process considered by Chew and Low.
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2< ~Μ 2 ) . which cannot be m e a s u r e d d i rect ly for

unstable p a r t i c l e s such as pions. This method was

used quite successfully. In spite of some uncertainty

in the extrapolat ion p r o c e s s , it was used to d e t e r m i n e

the re sonance in the ππ interact ion at s 2 « 0.5 BeV

( / s ^ « 750 MeV)^ 5 1 ^, subsequently confirmed by a

study of the angular c o r r e l a t i o n s and called p - r e s o -

nance.

The method of Chew and Low has been the subject

of an extensive l i t e r a t u r e ( see, for example ' - " - ' ) .

F u r t h e r m o r e , p r o c e s s e s in which so smal l a number

of p a r t i c l e s i s gene ra ted a r e of r a t h e r subordinate s ig-

nificance in the region of very high energ ies of i n t e r -

es t to us . We shall there fore not analyze it in detai l .

We note only that in o r d e r for the extrapolat ion p r o -

cedure to be successful, the quantity a 7 r 7 r ( s , k 2 ) as a

function of k2 must be sufficiently smooth. The a g r e e -

ment obtained as a r e s u l t of a compar i son with e x p e r i -

ment shows that at leas t for smal l values of s the

quantity a 7 r 7 r ( s , k 2 ) depends weakly on k2. The differ-

ence between k2 and - μ 2 c h a r a c t e r i z e s the difference

between the p r o p e r t i e s of the v i r tual meson and those

of the r e a l one. Therefore the quantity k2 + μ2, which

is not equal to zero for a v i r tual par t ic le , or simply

the quantity k2, i s s o m e t i m e s called the virtual i ty or

d e g r e e of v ir tual i ty.

Express ion (3.6) enables us in pr inciple to ca lcu-

late a lso the different c h a r a c t e r i s t i c s of the p r o c e s s ,

both integral (for example, the total c r o s s sect ion)

and differential (for example, the momentum d i s t r i -

bution of the secondary p a r t i c l e s ), if we know how

aj( s , k 2 ) depends on k2 (when we a r e talking of the

integral c r o s s sect ion) or on a i ( s , k 2 , p 1 , p 2 , . . . , p m )

(when we deal with dis tr ibut ions ). This way (which

is the opposite of that used in the Chew and Low a p -

proximation, where σ π Ν was determined from σ π 7 Γ ) ,

is used in a different method, called the pole approxi-

m a t i o n ^ 4 3 " 4 7 ^ . This is based on the assumption that

the a j ( s i , k 2 ) do notdepend at all on k2, but coincide

with the c r o s s sect ions for the interact ion of r e a l

p a r t i c l e s , that is ,

Oi(Si, k2) ^at(Si, — μ 2 ) .

I t c a n b e s t a t e d t h a t i t i s a s s u m e d h e r e t h a t t h e

p r i n c i p a l d e p e n d e n c e o n k 2 i n ( 3 . 3 ) i s g i v e n b y t h e

factor (k 2 + μ 2 ) " 2 . This assumption is fundamental

for the pole method. It could be expected beforehand

for it to be valid only in a l imited region of the v a r i -

ables s and k2, p r i m a r i l y so long a s k2 i s s m a l l .

What this region is can be stated m o r e p r e c i s e l y only

after compar i son with exper iment . It was f irst n e c -

e s s a r y to verify, on the bas i s of qualitative c o n s i d e r -

ations, that the pr incipal or at least a major role is

played in inelast ic interact ions with exchange of one

pion (or , if we deal with the var ia t ion of s t r a n g e n e s s

in the knot, exchange of one Κ m e s o n ) . This could

be rea l ized f irst at low energies and corresponding

low mult ipl ici t ies for nucleon-nucleon col l i s ions. At

low energ ies an appreciable contribution is made by

the p r o c e s s in which the interact ion between the pion

and nucleon in the knots of the d iagram (Figs. 12a and

b) is resonant, and i s o b a r s with Τ = % and J = 3/2 a r e

produced (two i s o b a r s a r e produced at 9 BeV ( s e e

I. E. T a m m [ s 2 ] ) and one i sobar at 2 B e V [ 4 7 ] ). On the

bas i s of this p r o c e s s it becomes easy to explain why

the proton conserves i ts charge and energy in a con-

s iderab le fraction of proton-neutron col l is ions (this

fact was observed experimental ly at 9 BeV independ-

ently and somewhat ahead of the theoret ica l ca lcu la-

tions ).

These qualitative veri f icat ions, as well as m o r e d e -

tai led quantitative ones '- 4 7 ' 5 4 " 5 6 - ' give valid grounds for

assuming that the one-pion exchange causes at any r a t e

an appreciable p a r t of all the s t rong interact ions in the

region of a c c e l e r a t o r e n e r g i e s . * The use of th is

method turned out to be quite successful a lso in the

calculation of interact ions between γ quanta and nu-

cleons (generat ion of pions by photoeffect on a v i r tual ,

meson^ 4 5 ^) and in many other c a s e s . At f i r s t many

authors at tempted L 4 4 ' 4 6 ^ to adhere to a region of s m a l l

k2, for example k2 & μ2, but the pole approximation

gave unexpectedly good r e s u l t s in the descr ipt ion of

numerous detai ls (energy, charge, and angular d i s -

t r ibut ions of the products ) observed in exper iments

with nucleon-nucleon coll is ions with E L ~ 9 BeV^-55^

and at 2 BeV^ 5 4 · 5 9 ^, for l a r g e r values of k2 up to k2

~ 15μ 2.

The agreement between the different c h a r a c t e r i s -

t ics of the nucleon-nucleon interact ions , calculated

and m e a s u r e d in exper iment, makes it possible to

s tate that the one-meson interact ions play a pr incipal

ro le in this c a s e . The contribution made to the c r o s s

sect ion by c e n t r a l col l i s ions in NN interact ions is

much s m a l l e r than the contribution of the p e r i p h e r a l

i n t e r a c t i o n s .

With such an approach to π~ρ in teract ions at 7 BeV,

it was shown'-56-' that the p e r i p h e r a l interact ions a r e

significant in this p r o c e s s , too, but on the whole the

a g r e e m e n t between the m e a s u r e d c h a r a c t e r i s t i c s and

those calculated in the one-meson approximation is

much w o r s e . It was noted in '-60-' that the c r o s s s e c -

tions for centra l and p e r i p h e r a l col l i s ions, σ*-" and

σ-Ρ, a r e of the s a m e o r d e r in π~ρ interact ions ,

whereas in NN coll is ions σ*-" plays a minor r o l e . To

e s t i m a t e the contributions of σ ^ and σ " it i s conven-

ient, for example, to use the energy distr ibution of the

r e c o i l nucleons. P e r i p h e r a l in teract ions make a c o n -

tr ibution principal ly in the region of s m a l l e^ ( e ^ is

the kinetic energy of the recoi l nucleons in the labo-

r a t o r y s y s t e m ) . Therefore the theore t ica l curves o b -

tained in accordance with the one-meson a p p r o x i m a -

•General symmetry criteria were formulated to verify the one-
meson interaction scheme in individual experiments by means of
the angular and momentum distribution ["] (or the charge distribu-
tion ["]). They have not been used to a sufficient degree.
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tion must be normal ized to fit the exper imenta l data

for smal l e^ < 0.5 M. The fraction of the observed

c a s e s which do not fit on the one-meson approximation

curves in the region of la rge e^ can then be a scr ibed

to centra l col l is ions. This p r o c e d u r e was used for a

rough e s t i m a t e of the ra t io in pp and π~ρ interact ions

E61^ and yielded

•^5-Ί «.0.2, f - V 1. (3.8)

Such a difference between the nucleon-nucleon and

meson-nucleon interact ions will be of importance to

us in what follows. F o r the t i m e being we emphas ize

that p e r i p h e r a l interact ions play a noticeable ( e s s e n -

tial ) ro le in all p r o c e s s e s and at a c c e l e r a t o r energ ies

they a r e sat is factori ly descr ibed by the s imples t v a r i -

ant of the OMA (actually in the pole approximat ion) .

To the contrary , at higher energ ies the pole approxi-

mation m e e t s with considerable difficulties even in

the e s t i m a t e of the value of the total c r o s s section.

Let us d i scuss this in g r e a t e r detai l .

At high e n e r g i e s , s t , s 2, s » M2, the express ion for

the total c r o s s section, as a lready mentioned, is ob-

tained from (3.6) with R = 1. We can w r i t e

(3.6a)

In the pole approximation the c r o s s sect ions aj a r e

equal to the c r o s s sect ions for the interact ion of r e a l

p a r t i c l e s , and consequently at high energ ies they can

be as sumed constant. It then t u r n s out that the integral

of (3.6), taken over the region bounded by the c o n s e r -

vation laws, gives a c r o s s sect ion which i n c r e a s e s with

energy, s 1 2 ~ s.^62^ This resu l t contradicts the initial

p r e m i s e that σ approaches a constant value as s — °°,

and contradict s in genera l the unitar i ty condition. The

region of values of k2 which make a contribution i s in

this c a s e also very large and i n c r e a s e s with i n c r e a s -

ing energy s. Already at E L = 10 1 1 eV the c r o s s s e c -

tion calculated in this manner'- 6 2-' t u r n s out to be σ

ss 1000 mb, which of c o u r s e is absurd. The c h a r a c t e r -

is t ic values of k2 r e a c h in this c a s e 10 3 μ 2 .

The absurdity of these r e s u l t s indicates that the

pole approximation is not valid in the region of large

k2 which grow without l imit . A way out is to make

the integrand a i ( s j , k 2 ) l imit the region of i n t e g r a -

tion in s i and k2*. This served as the bas i s for the

third method of the theory of p e r i p h e r a l col l is ions,

*One might think that there is another way—forego the use of
the approximate value of the propagator

However, from the Lehmann representation

the so-cal led one-meson approximation'- 4 8-'*. On one

hand, it can be as sumed that a j ( s i , k 2 ) in each of the

two knots d e c r e a s e s with increas ing k2 a l l the m o r e

rapidly, the l a r g e r Sj. In this case a nonvanishing

contribution to the c r o s s section should be made by

a p r o c e s s in which both v e r t i c e s r e p r e s e n t centra l

interact ions and do not b r e a k up into a l a r g e r number

of knots. P r o c e s s e s in which t h e r e a r e m o r e than two

knots can contribute h e r e , but this contribution i s s m a l l

and does not i n c r e a s e with increas ing energy. This

var iant of the OMA will be a r b i t r a r i l y called the two-

center model .

On the other hand, it can be a s s u m e d that for a

given k2 the c r o s s sect ions in the v e r t i c e s a i ( s j , k 2 )

d e c r e a s e rapidly with increas ing si- In the l imiting

case we can a s s u m e that a j ( s j , k 2 ) differs from z e r o

only in a region of very smal l Si that a r e sufficient

for the formation of two p a r t i c l e s only. The p r o c e s s

is then rea l ized for high energ ies because each knot

of the d iagram of Fig. 12a is subdivided into a large

number of knots connected by meson l ines. We thus

a r r i v e at the mult icenter or completely p e r i p h e r a l

( m u l t i p e r i p h e r a l ) model.

3. The Two-center Model

Many authors E43>46] have attempted to confine t h e m -

selves at high energ ies to an account of the contr ibu-

tion made from the region of values of k2 s m a l l e r than

a c e r t a i n l imited value δ2 = const" assuming that, in-

dependently of the value of s\, the pole approximation

can cer ta inly be used for a r b i t r a r y energy when δ2

;S, μ2. This assumption that the contribution of s m a l l

k2 i s independent of s^ i s equivalent to some degree

to the assumption that, at least for s m a l l k2,

Oi(Si, A2) = a 0(s i)9(A: 2), σο(β,) = at(s,, - μ 2 ) . (3.8')

However, no m a t t e r how we ch'oose δ2, this approach

also leads to contradict ions. An important aspect in

this c a s e i s the factorization of the dependence on the

two var iab les contained in σι. Namely, a s suming that

a o ( s j ) is constant as Sj — °° and substituting σ^

= ao<p(k 2), we find that σ 1 2 i s proport ional to the log-

a r i t h m of the energy C46,4 3]. Although this r e s u l t does

not contradict the unitari ty conditions'- 6 · ' , it does offer

evidence that the scheme is logically incomplete . t

where p(«2) > 0, it follows that in this case the total cross section
σ12 would increase even more.

•Thus, the method which we call the one-meson approximation
differs from the so-called one-particle exchange (OPE) approxima-
tion ["*"], which in accordance with our terminology coincides
with the pole approximation.

tin a complete scheme the cross sections should have the same
energy dependence on the right and on the left of (3.6). Such a re-
quirement can be satisfied if we assume that σ0 decreases log-
arithmically with energy, σ0 ~ 1/ln s. This possibility was
discussed extensively in the literature for some time [*'·"] but was
subsequently refuted both because of disagreement with experi-
ment (apparently there was no observed decrease in the cross sec-
tion) and because of the inapplicability of the multiplicative
relation
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In addition, the a l ready mentioned difficulties of dif-

ferent nature a r i s e h e r e . Namely, from a compar i son

of the theore t ica l calculations with exper imental data

in the region E L & 10 BeV it follows that δ2

- ( 5 0 - 6 0 ) μ 2 [ 6 4 ' 6 5 ] . However, if we use the s a m e

quantity even at 10 1 1 eV, the total c r o s s sect ion is

a l ready many t i m e s l a r g e r than the observed one'-6 2-'.

Thus, we cannot confine ourse lves within the f r a m e -

work of the two-center model to the s imples t mul t ip l i -

cative form of a(s, k 2 ) . In the genera l case, if we

wri te

a,(s, k^ = (3.9)

t h e n F j d e p e n d s e s s e n t i a l l y o n s . T h e f u n c t i o n

F j ( s , k 2 ) , w h i c h i s s o m e t i m e s c a l l e d t h e p i o n f o r m

factor'-5 4-', is posit ive. Obviously, F j ( s , —μ 2) = 1

if a j ( s ) is the c r o s s sect ion for the interact ion of

r e a l p a r t i c l e s . The p r o p e r t i e s of the function Fj w e r e

investigated separate ly in W8>63]. it was a scer ta ined

that the c las s of poss ible functions Fj is great ly l i m -

ited by four conditions: natura l r e q u i r e m e n t of p o s i -

t iveness , analytic p r o p e r t i e s in k2 (in the region k2

> 0) , the condition F j ( s , - μ 2 ) = 1, and the condition

of asymptotic constancy of al l c r o s s sect ions . For ex-

ample, the function Fj cannot be a r a t i o of two poly-

nomials in k2, e tc . All these conditions a r e not suf-

ficient for a unique determinat ion of F j . By way of

an example satisfying all r e q u i r e m e n t s we can con-

s ider s o m e express ion, with k2 > 0 and s » M2, which

goes over into the function

Ft (s, A2) «κ μ 2 γ In ZM* e 2M2. (3.9a)

We s e e t h a t t h e k2 r e g i o n c o n t r i b u t i n g t o t h e i n t e -

g r a l (3.6) d e c r e a s e s h e r e w i t h i n c r e a s i n g e n e r g y i n

s u c h a w a y t h a t t h e e f f e c t i v e v a l u e s of k 2 a r e of t h e

o r d e r of

k l i ( ~ * . (3.9b)

Such a l o g a r i t h m i c d e c r e a s e i n t h e e f f e c t i v e k2 i s

q u i t e l i k e l y , i n s p i t e of t h e f a c t t h a t t h e f u n c t i o n F j

i t s e l f i s n o t s i n g l e v a l u e d . I n d e e d , t h i s b e h a v i o r of

F j i s s i m p l y t h e c o n s e q u e n c e of t h e fac t t h a t t h e i n -

t e g r a l (3.6) w i t h F = c o n s t i s l o g a r i t h m i c a l l y d e p e n d -

e n t on t h e e n e r g y . C o n s e q u e n t l y , i n o r d e r f o r t h i s

d e p e n d e n c e t o d i s a p p e a r w h e n a j i s c o n s t a n t , w e m u s t

d e c r e a s e l o g a r i t h m i c a l l y t h e r e g i o n of i n t e g r a t i o n w i t h

r e s p e c t t o k 2 .

F u r t h e r , t h e e f f e c t i v e r e g i o n i s d e t e r m i n e d by t h e

p a r a m e t e r γ. Experience in the application of the

method at a c c e l e r a t o r energ ies , where l n ( s / 2 M 2 )

- 1 and k|ff ~ M 2 ^ indicates that this p a r a m e t e r

has an o r d e r of magnitude γ - 1/M2.

a(s, *2) = σ

The latter follows, as shown in ["] from the general properties of
the scattering amplitude in the so-called Dyson-Jost-LehmannL64]
representation.

We note that an analogous behavior is displayed not

only by the invariant quantity k2, but a lso by the mod-

ulus | k | , and the components k|| and k i of the t h r e e -

dimensional momentum, calculated in the c . m . s . of the

p r o c e s s . In p a r t i c u l a r ,

γ In
2M2

T h i s d e n o t e s t h a t i n t h e o n e - m e s o n i n t e r a c t i o n s t h e

e f f e c t i v e i m p a c t p a r a m e t e r r e f f ~ k j eff i n c r e a s e s

w i t h i n c r e a s i n g e n e r g y l o g a r i t h m i c a l l y

reff -

Any i n e l a s t i c p r o c e s s c a u s e s s o m e e l a s t i c p r o c e s s ,

a s f o l l o w s a t l e a s t f r o m t h e o p t i c a l t h e o r e m . L e t u s

c l a r i f y t h e p r o p e r t i e s t h a t s h o u l d b e p o s s e s s e d by

p a r t i c l e e l a s t i c s c a t t e r i n g d u e t o a n i n e l a s t i c p r o c e s s

of a o n e - m e s o n c h a r a c t e r . U s i n g t h e o p t i c a l t h e o r e m

(2.4) w e c a n r e w r i t e (3.6) i n t h e f o r m

, A2, 0) j , j r . » in ι n \

w h e r e A j 2 ( s , 0 ) i s t h e i m a g i n a r y p a r t o f t h e a m p l i t u d e

o f t h e m u t u a l f o r w a r d s c a t t e r i n g o f t w o r e a l p a r t i c l e s

1 a n d 2 ; A ^ s j , k 2 , 0 ) a n d A 2 ( s 2 , k 2 , 0 ) a r e t h e i m a g -

i n a r y p a r t s o f t h e a m p l i t u d e s o f t h e f o r w a r d s c a t t e r i n g

o f a v i r t u a l p i o n b y r e a l p a r t i c l e s 1 a n d 2 .

T h e d i a g r a m o f e l a s t i c s c a t t e r i n g r e s u l t i n g f r o m a

o n e - m e s o n i n e l a s t i c p r o c e s s ( F i g . 1 2 ) c a n b e o b t a i n e d

b y s q u a r i n g t h e i n e l a s t i c - p r o c e s s d i a g r a m . I t i s s h o w n

i n F i g . 1 4 . C a l c u l a t i n g t h e i m a g i n a r y p a r t o f t h e a m -

p l i t u d e o f t h i s p r o c e s s b y F e y n m a n ' s r u l e s , w e c a n

r e a d i l y a r r i v e a t a n e x p r e s s i o n f o r A ( s , t ) w h i c h g o e s

o v e r i n t o ( 3 . 1 0 ) w h e n t = - ( k j - k 2 ) 2 = 0 .

F r o m t h e f a c t t h a t , i n a c c o r d a n c e w i t h ( 3 . 9 a ) , a l l

t h e c o m p o n e n t s o f t h e v e c t o r s k j a n d k 2 i n t h e c . m . s .

d e c r e a s e w i t h i n c r e a s i n g e n e r g y , i t f o l l o w s t h a t t

s h o u l d a l s o d e c r e a s e a t l e a s t a s r a p i d l y , f o r e x a m p l e

l i k e

t ι
' eff — r— ·

We r e c a l l t h a t t h i s i s p r e c i s e l y t h e b e h a v i o r of e l a s t i c

s c a t t e r i n g i n t h e M M P .

FIG. 14. Elastic scattering due
to one-meson inelastic interaction.
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Let us cons ider within the f ramework of the two-

center model the mutual connection between the total

interact ion c r o s s sect ions of different particles '- 6 5 -' .

It i s caused by the p r o p e r t i e s of the form factors

F j ( s , k 2 ) . It s e e m s quite natura l to a s s u m e that Fj d e -

pends only on the p r o p e r t i e s of the pion which t r a n s -

fers the interact ion, and does not depend on the p r o p -

e r t i e s of the rea l p a r t i c l e with which it i n t e r a c t s . Then

al (s, k2) = ain (s, k*) % σ ί π F(s, A2), (3.11)

where F ( s , k 2 ) does not depend on the type of the r e a l

p a r t i c l e denoted by the index i ( this can be the symbol

for a nucleon, pion, e t c . ) . In the c a s e s of nucleon-

nucleon col l is ions (the c r o s s sect ion is σ^]^) and a

nucleon-pion coll is ion ( c r o s s sect ion σ π ^ ) we obtain

from (3.6), respect ively,

2 τ / Q 1 O Q \

Ο w j y ^ ^ ^JVlt ** Jt Ϊ * ' ^OL)

σΠΛΓ=σπ Λ,σΠ Π/π, (3.12b)

where <Ιπ denotes a universal quantity which depends

only on the p r o p e r t i e s of the pion, par t icu lar ly its

m a s s :

It follows from (3.12b) that

Consequently, (3.12a) yields

σΝΝ " « π = f i l i

(3.13)

(3.13a)

(3.14)

A n a l o g o u s l y , f o r t h e i n t e r a c t i o n o f a n y o t h e r p a r t i c l e s

w e o b t a i n t h e r e l a t i o n s a l r e a d y o b t a i n e d i n t h e M M P

[ s e e ( 2 . 1 8 ) ] .

W e e m p h a s i z e t h a t i n t h i s c a s e a l l t h e s e c o n c l u s i o n s

a r e t h e r e s u l t s o f a n i n v e s t i g a t i o n o f t h e i n e l a s t i c p r o c -

e s s . W e s h a l l s e e l a t e r t h a t s i m i l a r r e s u l t s a r e o b -

t a i n e d a l s o i n t h e m u l t i p e r i p h e r a l m o d e l . A t t h e s a m e

t i m e , t h e y c o i n c i d e w i t h t h e a n a l o g o u s d e d u c t i o n s o f t h e

MMP. Even the p a r a m e t e r s γ turn out to be the s a m e

(in o r d e r of magnitude) . All th is suggests that a deep

connection exis ts between the OMA and the MMP. This

connection was considered in m o r e genera l form in E66^

(we shall d i scuss this question in g r e a t e r detail in

Chapter V). All these r e s u l t s give grounds for a s s u m -

ing that the known asymptotic behavior of the e las t ic -

p r o c e s s c r o s s section, p r e s c r i b e d by the MMP when

account is taken of the e x t r e m e right " v a c u u m " pole,

is due prec i se ly to the fact that the inelast ic p r o c e s s e s

which generate such an e las t ic p r o c e s s a r e of the o n e -

pion type. If we a s s u m e this point of view, then it b e -

comes possible, in o r d e r to verify and refine the MMP,

to make use of the abundant information on ine las t ic

p r o c e s s e s at energ ies E L £ 10 1 1 eV. Then, by verify-

ing the validity of descr ib ing the p r o c e s s e s with the

aid of the OMA, we by the s a m e token verify the c o r -

r e c t n e s s of the MMP in this region.

We r e c a l l that investigation of e las t ic sca t te r ing in

this energy region is pract ica l ly impossible at p r e s e n t .

Therefore t h e r e is no d i r e c t way as yet of verifying

the MMP in this region.

We note also that these conclusions concerning the

connection between the two methods w e r e advanced r e -

cently'- 6 5 ' 6 6^ and a r e not universal ly accepted. None-

t h e l e s s , we shall henceforth use these conclusions in

some c a s e s (in compar i sons with exper imental d a t a ) .

Let us now l ist the main assumptions and the main

at t r ibutes of two-center in teract ions .

1. The d iagram of the inelast ic p r o c e s s must b r e a k

up at least into two p a r t s (and perhaps even m o r e

p a r t s ) , connected by a single pion l ine. The d iagram

of the e las t ic p r o c e s s b r e a k s up in this c a s e into p a r t s

which a r e connected by two pion l ines .

2. The inter ference between the two b e a m s of gen-

era ted p a r t i c l e s can be neglected.

3. The c r o s s sect ions a r e calculated in accordance

with the Feynman r u l e s , and it is n e c e s s a r y to take

into account in the quantit ies a i ( s j , k 2 ) the n o n - m u l t i -

pl icative dependence on s^ and k2, which gives the

n e c e s s a r y d e c r e a s e of SJ with increas ing k2. General

theore t ica l considerat ions show that it is poss ible to

take this dependence into account, for example, by a

factor of the type exp [ - k2 In ( s/2M 2 ) ] (compar i son

with exper iment shows that in such a c a s e γ ~ M~ 2 ) .

It follows there fore that the square of the 4 - m o m e n -

tum t r a n s f e r r e d from one of t h e s e jets to the other

should d e c r e a s e with increas ing energy, apparently in

logar i thmic fashion:

*eB ln(s/2M2) '

The e las t ic sca t te r ing which r e s u l t s from such an in-

elas t ic p r o c e s s should have " R e g g e " p r o p e r t i e s .

In this connection, when comparing the e x p e r i m e n -

tal data with the theoret ica l ones, the quantity k2 a s -

sumes a fundamental significance.

So far we have dealt principal ly with the integra l

c h a r a c t e r i s t i c s of the p r o c e s s : the total c r o s s section,

i ts asymptotic behavior, and the mean square of the

momentum t r a n s f e r . In inelast ic col l is ions, the most

important a r e questions of multiplicity, angular d i s -

tr ibution of the secondary p a r t i c l e s , e tc .

The one-meson approximation encompasses a

r a t h e r broad c i r c l e of p r o c e s s e s , which can differ

great ly from one another in these a t t r ibutes . To d e -

s c r i b e a p r o c e s s in detai l it is n e c e s s a r y to be m o r e

specific.

Experience shows that it is hardly possible to p r o -

pose a single scheme to descr ibe the e n t i r e var iety of

encountered p r o c e s s e s ( see Chapter IV). We t h e r e -

fore cons ider the poss ib le p r o c e s s e s separate ly . They

differ in the specific form of the v e r t i c e s of the d i a -

g r a m s , which r e m a i n the only undetermined e lement.

1. Assume that nei ther of the two ver t ices can be

broken up into further p a r t s connected by a single



S T R O N G I N T E R A C T I O N S A T V E R Y H I G H E N E R G Y 19

meson l ine. In other words , let the interact ion at the

knots (the interact ion between the v i r tual and the r e a l

p a r t i c l e ) have a p e r i p h e r a l c h a r a c t e r . We shal l a r b i -

t r a r i l y cal l it c e n t r a l . * A typical p r o c e s s which i n -

volves the production of many p a r t i c l e s in one col l i-

sion, and which is essential ly caused by the m a n y -

m e s o n in terac t ions , i s the hydrodynamic p r o c e s s . It

is there fore n a t u r a l to a s s u m e that h e r e , too, the

" c e n t r a l " coll is ion at the ver tex follows the h y d r o -

dynamic scheme (of c o u r s e this is not at all obliga-

tory according to the Landau hydrodynamic t h e o r y ) .

This assumption signifies, however, that in the a s y m -

ptotic region the p e r i p h e r a l interact ions do not account

for all the poss ib le p r o c e s s e s , and along with these

t h e r e should be a finite and constant contribution from

other, centra l p r o c e s s e s . Indeed, in (3.6a), as s — °°

the effective Sj and s 2 a l so i n c r e a s e without l imit . In

o r d e r for the c r o s s sect ion of the one-meson p r o c e s s

on the left s ide to be constant as s — °°, it i s n e c e s -

s a r y that t h e c r o s s sect ions under the integra l s ign

also not d e c r e a s e as Sj and s 2 —* °°. However, in our

var iant of the OMA we have under the integra l sign in

the r ight the c r o s s sect ions of c e n t r a l col l is ions (of

the pion and nuc leon) . Consequently, they themselves

should make a contribution which does not vanish

asymptotical ly .

Thus, in this var iant the p e r i p h e r a l and centra l

(hydrodynamic) col l is ions a r e not contradictory but

supplement each other . The model is per iphera l ly

hydrodynamic. In the general c a s e we obtain compl i-

cated formulas . We confine ourse lves to two l imiting

poss ib i l i t ie s :

a) Let the excitation of the nucleons by s y m m e t r i c a l

Si «B s2 = s0 == afl2.

According to (3.5b) and (3.9b)

In the common c . m . s . the Lorentz factor γ of the ex-

cited nucleons is ( E c and M y c a r e the energ ies of

each of the colliding nucleons in the c . m . s . )

£ { I n - I T , ) . (3.14')

At high energ ies this quantity i s large and i n c r e a s e s

with energy. The number of secondary p a r t i c l e s , if

de termined at each knot by the hydrodynamic Landau

theory (or by the s ta t i s t ica l F e r m i t h e o r y ) , is

Thus, the number of secondary p a r t i c l e s i n c r e a s e s in

this p r o c e s s with the energy somewhat m o r e slowly

T h i s type of process can be visualized as follows: owing to
the pion exchange, two (and only two) excited nucleons or ex-
cited clusters are produced, and then emit secondary particles.
This process was considered many times in the literaturet55'"].

than in the case of centra l col l i s ions; the angular d i s -

tr ibution in the common c .m.s . is essent ia l ly a n i s o -

tropic (this is ensured by the large values of γ ) .

Specifically, for E L ~ 10 1 3 eV (yQ ss 70) we obtain

γ ss 10 and η » 10. The distr ibution over the var iable

λ = - l o g tan Θ, where θ i s the angle of emiss ion of

the p a r t i c l e s ( s e e Chap. IV) will have for such a jet

the form of two strongly separa ted groups, with a p -

proximately t h r e e charged p a r t i c l e s (a l together
3/2 x 3 ~ 5 p a r t i c l e s ) in each group. Such a scheme,

consequently, can correspond only to " l e a n " je t s with

η appreciably s m a l l e r than in c e n t r a l col l i s ions. The

angular d is t r ibut ion (for no other r e a s o n than that for

secondary p a r t i c l e s pj^ does not depend on n, s e e

Chap. IV) is very anisotropic because η is smal l .

b) Let the excitation be essent ia l ly a s y m m e t r i c a l .

In the l imit ing case , when one nucleon is not excited

at all and in the other the multiplicity is given by the

Landau hydrodynamics (in this case the second t e r m

in (3.5b) a s s u m e s a r o l e ) , we obtain

i •-2(.
s

s,

The angular d is t r ibut ion can again be c h a r a c t e r i z e d by

one quantity γ of the excited nucleon. The formula

V 4i"

is not sufficiently a c c u r a t e h e r e ; using the c o n s e r v a -

tion laws, we obtain the following m o r e a c c u r a t e for-

mula :

T h e m u l t i p l i c i t y a n d t h e a n g u l a r d i s t r i b u t i o n i n s u c h

i n t e r a c t i o n s d o n o t d i f f e r v e r y s t r o n g l y f r o m t h o s e o b -

t a i n e d f o r n o n c e n t r a l c o l l i s i o n s . F o r e x a m p l e , f o r

E L ~ 10 1 3 eV we obtain η « 14 and γ ~ 1.2. It i s not

excluded that such interact ions descr ibe a s y m m e t r i c a l

je t s with essent ia l ly different inelast ici ty coefficients

( K l a b * K m i r > s e e Chap. IV).

2. Let now the number of knots, which can no longer

be separa ted into s m a l l e r knots connected by a single

meson line, be l a r g e r than two but st i l l smal l , say

t h r e e or four. The d i a g r a m s of such p r o c e s s e s a r e

shown in Figs . 15 and 16. The c r o s s section of such

a p r o c e s s can be obtained from (3.6) if ^ ( s j , k 2 ) or

a 2 ( s 2 , k 2 ) i s expres sed again with the aid of (3.6). A c -

cordingly, for example if we e x p r e s s in this m a n n e r

only one of the v e r t i c e s , we obtain the d iagram of

Fig. 15 and the corresponding formula ^6 2^ (with Sj

— m , s 2 — m , 8ππ » μ')

1 f <Wc, d*k2 . .. ,

(3.16)

In o r d e r for such a m e c h a n i s m to make a nonvanishing
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FIG. 15. One-meson inelastic interaction with formation of one
additional knot.

F I G . 1 6 . O n e - m e s o n i n t e r a c t i o n w i t h f o r m a t i o n o f t w o a d d i t i o n a l

k n o t s .

c o n t r i b u t i o n a t h i g h e n e r g i e s , i t i s n e c e s s a r y t h a t a t

l e a s t o n e o f t h e c r o s s s e c t i o n s c o n t a i n e d i n t h e i n t e -

g r a n d n o t b e s m a l l w h e n t h e c o r r e s p o n d i n g s ^ i n -

c r e a s e s w i t h o u t l i m i t . A s i n t h e p r e c e d i n g c a s e , i t i s

t h e r e f o r e n e c e s s a r y t o s u g g e s t t h a t t h e r e e x i s t s a n o n -

p e r i p h e r a l c e n t r a l p r o c e s s w h i c h g i v e s a n o n v a n i s h i n g

c o n t r i b u t i o n a t h i g h e n e r g i e s . H o w e v e r , u n l i k e t h e

p r e c e d i n g c a s e , s u c h a p r o c e s s c a n n o w b e t h e i n t e r -

a c t i o n b e t w e e n t w o v i r t u a l p i o n s . T h e d e g r e e o f e x c i -

t a t i o n o f t h e n u c l e o n s t h e m s e l v e s c a n r e m a i n l o w i n

t h i s c a s e i f t h e e n e r g y o f t h e e n t i r e p r o c e s s i s h i g h

( f o r e x a m p l e , t h i s m a y b e e x c i t a t i o n t o t h e i s o b a r

s ta tes Τ = %, J = %). In this case , as before (except

that now we a r e considering a strongly excited ππ

c l u s t e r ) , we must t u r n to the hydrodynamic theory.

An in terpre ta t ion of the exper iment in accordance

with the scheme of Fig. 1 5 [ 6 7 ] or Fig. 16 ^ was p r o -

posed by the e x p e r i m e n t e r s (in the outer knots, c o r -

responding to the coll is ion between a v i r tual pion and

a nucleon, it was a s s u m e d by the e x p e r i m e n t e r s e i ther

that no new pions a r e produced at all, or that the i r

number does not exceed one or two) . As shown by

compar i son with exper iment, in such an in terpre ta t ion

the multiplicity is connected with 8π 7 Γ by the r e l a -

tion Ε 6 7" 6 9]

It c o r r e s p o n d s to the multiplicity in a hydrodynamic

p r o c e s s with a Heisenberg equation of s ta te E70^.

A c o n c r e t e e x a m p l e o f s u c h a p r o c e s s f o r a c o l l i -

s i o n o f n u c l e o n s w i t h e n e r g y E L ~ 3 Χ 1 0 1 1 e V i n a c -

c o r d a n c e w i t h t h e e x p e r i m e n t a l d a t a o b t a i n e d i n C 6 ' ]

w a s c o n s i d e r e d t h e o r e t i c a l l y i n L 6 2 ^ .

The calculation of the d iagram of Fig. 15 has led to

the following r e s u l t s . The effective values of the

s q u a r e s of the t r a n s f e r r e d m o m e n t a k2 and kf. a r e of

the o r d e r of (20—25 )μ2. The distr ibution over the

" m a s s e s " of the ππ knot has a sharp maximum near

Eft™ s Y7^ % (3-4)M.

The excitation of the nucleons, that is , the " m a s s e s "

of the i s o b a r s in knots 1 and 2, is of the o r d e r ΣΟΪττπ

~ 1.5M.

To es t imate the number of pions produced in the

ππ knot, the multiplicity law corresponding to the hy-

drodynamic theory with the Heisenberg equation of

s ta te was used. Then

Ό.5Λί •• 6 , " π * = " •Λ.

T h e a n g u l a r d i s t r i b u t i o n o f t h e s e c o n d a r y p a r t i c l e s i n

the r e s t sys tem of the ππ i sobar is in this case i s o -

t r o p i c . The total number of charged p a r t i c l e s in the

p r o c e s s (if we take into account the fact that the decay

of each of the nucleon i sobars r e s u l t s predominantly

in charged p a r t i c l e s ) is found there fore to be n s

~ 7—8. The inelast ici ty coefficients of the nucleons

lie in the interval 0.05 & Κ £ 0.25. The Lorentz fac-

t o r of the ππ i sobar in the c . m . s . of the e n t i r e p r o c e s s

is γ « 1.1 and i s consequently smal l .

All these r e s u l t s a r e in good agreement with p a r t

of the exper imental data obtained in ^ 6 7 ^. Namely, the

diagram under considerat ion can descr ibe s a t i s f a c -

tori ly s y m m e t r i c a l showers with smal l inelast icity

coefficients. Another p a r t of the showers has dif-

ferent c h a r a c t e r i s t i c s . We shall dwell on this in

g r e a t e r detail in Chapter IV.

The p r o c e s s shown in Fig. 16 is important at higher

energ ies , namely E

discussed in Chapter IV.

1 0 1 2 - 1 0 1 3 eV. It will a lso be

4. The Mult iper ipheral Model

Express ion (3.6) can be used to descr ibe a p r o c e s s

with any number of in termedia te " k n o t s . " F o r this it

is sufficient, using an i terat ion p r o c e d u r e , to subst i tute

success ive ly in the r ight half of (3.6) the c r o s s sect ions

a i ( s j , k 2 ) in the one-meson form. The l imiting case of

such a p r o c e s s , the mul t iper iphera l model, has been

discussed in the l i t e r a t u r e . It was f irst considered by

Amati, Fubini, Stanghellini, and Tonin (AFST)E71^ (it

was a lready mentioned in '- 4 6-'). Let us dwell on this

model in g r e a t e r detai l . It is a s sumed h e r e that the

smal le s t poss ible number of p a r t i c l e s — t w o p i o n s — i s

formed in each knot of the d iagram of Fig. 17 and the

p r o c e s s in this knot proceeds via formation of one r e s -

onant p a r t i c l e , for example a r e a l meson, o r in genera l

a " m e s o n i s o b a r , " which then b r e a k s up into two pions,

while the number of the knots i n c r e a s e s with the e n -

ergy. The in ter fe rences between the different knots

a r e neglected. Such neglect is common to any OMA
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FIG. 17. Feynman diagram of the AFST model (multiperipheral
model) of a completely peripheral interaction.

case . In the given model this neglect is equivalent to
assuming that in the r e s t sys tem of any meson i sobar
the other i s o b a r s move re lat ive to it with re la t iv i s t ic
veloci t ies . We emphas ize that the l a t t e r condition i s
thus a l so included in the model (although this was not
stipulated in the original p a p e r s ) , and h e r e it becomes
quite s t r ingent .

The c r o s s section for the interact ion in the knot
a(R)(s j ) plays a fundamental ro le in the model. The
assumption that only weakly excited two-pion i s o b a r s
a r e produced in the knots is equivalent to assuming
that the c r o s s sect ion σ& of interact ion of all the v i r -
tual pions in the knot has a resonant c h a r a c t e r and is
la rge only at low energ ies , Si ~ s 0 = 0.5 M2 ( that is ,
in the region where the pions can be produced via a
ρ meson, η meson, e t c . ) . In o r d e r for the contr ibu-
tion from large SJ not to enter , it i s a s s u m e d that
σ ^ ) does not d e c r e a s e with increas ing Sj m o r e slowly
than sj"2. This assumption i s pr incipal in c h a r a c t e r .
It is p rec i se ly because of this assumption that the
m o r e complicated knots of the d i a g r a m s a r e excluded
from considerat ion. F o r the s a m e r e a s o n , t h e r e is
no place for the hydrodynamic theory in the f r a m e -
work of the model. To some degree the hydrodynamic
theory even contradicts the model, s ince the main a s -
sumption of the model is equivalent to stating that the
many-meson exchanges make no contribution whatever
to inelast ic p r o c e s s e s . This is exactly why the model
can be called "comple te ly p e r i p h e r a l . " We note that
such a model is closely connected with the approximate
method of the investigation of double d i spers ion r e l a -
t ions, cal led the s t r i p approximation^ 6 6 ^.

The model was investigated in_C7i-7*f50]_ ^ w a s

found that the c r o s s sect ion cr-^is) of each individual

p r o c e s s with 9t v e r t i c e s , as a function of s, becomes

different from zero at a threshold value s = s m j n

= 9l2s0, i n c r e a s e s , r e a c h e s a maximum, and then d e -

c r e a s e s in power-law fashion. When s » s m i n we

have

— a0

ϊ) 1 - 1

1)!
(3.17)

where a 0 and β a r e some constants . Thus, each indi-
vidual p r o c e s s (with given 91) makes roughly speaking

a contribution only to a definite region of the values of

s, after which it gives way to the next p r o c e s s .

The value of asR as a function of 91 for a given s

is descr ibed, in accordance with (3.17), by a Poisson

dis tr ibut ion and has a s h a r p maximum at

with half-width

91 = 5R0 (s)

Δ91-

β In -

s
'«ο

(All these e s t i m a t e s , of c o u r s e , a r e valid only if

3i » 1 ) .

The total c r o s s sect ion is equal to the sum of the

c r o s s sect ions

= const ( — (3.18)

(where a = β - 1), and according to the optical t h e o -

r e m the amplitude of sca t te r ing through zero angle is

equal to the sum of the amplitudes

Atat(s, 0) = (3.19)

The quantit ies a and β in this model a r e connected
with the quantity a(R)(s j ) and with s 0 . This connec-
tion has the f o r m t 7 2 ^

(3.20)

It must be noted that the quantity a (and consequently
the quantity s 0 which is bas ic to i t ) is of fundamental
significance for the e n t i r e model and d e t e r m i n e s the
main c h a r a c t e r i s t i c s of the p r o c e s s .

Indeed, when a < 1 the total c r o s s section σ^ο^

~ A/s will d e c r e a s e with energy in a power-law fash-
ion. In this c a s e the model cannot claim to d e s c r i b e
the p r o c e s s and consequently becomes meaningless .
When a > 1 the c r o s s sect ion will i n c r e a s e with e n -
ergy in power-law fashion, in contradict ion to the uni-
t a r i t y condition.

Let us a s c e r t a i n f irst what r e s u l t s a r e obtained
with the AFST model when taken l i teral ly . According
to AFST, it is n e c e s s a r y to confine the integrat ion in
(3.20) to the region near Sj - s 0 ~ 0.5 M2 ss 25 μ2, for
it is p rec i se ly h e r e that the resonances ρ, η, e tc . ,
a r e located. In this c a s e , according to ^7 2^ we get
a « 0.3. This value is appreciably s m a l l e r than unity
and consequently a lready offers evidence that the
model is not " r e a l i s t i c . " *

*The authors state, to be sure, that they can "stretch" their
estimates and make a close to unity. But to this end it is neces-
sary to increase the integral (4.20) by almost one order of magni-
tude (see below). This is difficult to do if the region of integration
with respect to Sj is not increased.
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Let us cons ider other c h a r a c t e r i s t i c s of the act in

this model at high energ ies . The re la t ions given above

a r e valid in the asymptotic region, that i s , when s m i n

= SJIQSQ « s or, s ince

β In - ,

when

The number of knots 3l0 i s equal to

(3.21)

It follows therefore that the multiplicity in this model

i n c r e a s e s slowly ( logar i thmical ly) with the energy

(see also [ 5 o ; i ) .

The angular distr ibution in the AFST model is e s -

sential ly anisotropic . With r e s p e c t to the coordinate

λ = - log tan θ it i s c h a r a c t e r i z e d by a very la rge

width σχ, which i n c r e a s e s with energy like I n s (in

the hydrodynamic model σ^ ~ V In s ).

All these r e s u l t s can be explained by consider ing

a simplified var iant of the model . Let us a s s u m e that

" p i o n i s o b a r s " of definite m a s s 3Κ0 = s 0 a r e produced

at the knots, and also that all the momentum t r a n s f e r s

k\ a r e identical and equal to k^.

Let us cons ider two neighboring knots. In the r e s t

sys tem of one of the i s o b a r s , the o ther s move with

re la t iv i s t ic velocity. Even for the neighboring i s o b a r s

the re lat ive velocity u should correspond to a large

Lorentz factor γ 0 (otherwise we cannot neglect the

inter ference of the p a r t i c l e s a r i s i n g in the neighboring

i s o b a r s , something which i s e s sent ia l for the method) .

This of c o u r s e makes the Lorentz factors of the neigh-

boring i s o b a r s γι and γι+j, in the common c m . s . of

the p r o c e s s all the l a r g e r . F r o m the formula for the

addition of the Lorentz factors [ see Chap. IV below,

formula (4.20)] it follows that

Yi
(3.22)

The quantity γ^ d e c r e a s e s a s i i n c r e a s e s from 1 to

31/2 and then again i n c r e a s e s for 51/2 < i < 9Ί. T h e r e -

fore yi > y i + 1 for i < 91/2. F r o m the express ion for

γ 0 it follows that the ra t io

is constant, that i s , it does not depend on the number i

and on the energy s. It follows there fore that when 1

< i < 31/2 we can wr i te

T h e law of e n e r g y c o n s e r v a t i o n f o r a n -Ji-th o r d e r

p r o c e s s g i v e s

9Ϊ/2 j R ^
2 , (3.23)

yla 2 (3.24)

F r o m this we get for the p r o c e s s which m a k e s the

larges t contribution for a given s *

en ι \ 1 ι s a 1 s

9 l » ( s ) = h 7 i l n ^ ^ ^ i ^ l n ^ · ( 3 . 2 5 )

T h u s t h e m u l t i p l i c i t y a c t u a l l y i n c r e a s e s l o g a r i t h m i c -

a l l y w i t h t h e e n e r g y .

In the angular distr ibution of άη/άη each knot will

make a contribution with r e s p e c t to η in the region

Tjj ss In Yj = i In ayo- When these contributions a r e

added, they lead to a " t a b l e - l i k e " dependence on η.

The maximum value of ?7max> which d e t e r m i n e s the

width of the distr ibution, will be

i\maz = -jlny% = ®olna*,±ln±, (3.26)

and in λ coordinates the half-width is

<^=2-AX = O T i m a x = -2 log - .

For the energy interval ΙΟ 1 1 —10 1 3 eV the numbers

•Jtois) [ in a c c o r d with (3.25)] a r e given in the table

(for s 0 = M2/2 ). The table l i s t s a lso the c o r r e s p o n d -

ing expected values of the half-width σ^. The effective

value of k2 does not depend h e r e on the energy and its

o r d e r of magnitude is k2 £ s 0 . Thus, in the l i t e ra l ly-

taken AFST model we have k|ff ~ 0.5M 2 . A c o m p a r i -

son of these deductions with the exper imenta l data will

EL, eV

s/0.5 il/2

3Zo~

n = 23?O ~

σ λ ~

10 1 1

400

6

12

1.3

10 1 2

4000

8

16

1.8

10 1 4

4-105

13

26

2.8

*If β = 2 we get the condition s/s 0 » 70. When β = 1.3 we
should have s » 40s0.

*On the other hand, for 9?0(s) we have S 0(s) = β ln(s/s 0). Com-
paring these expressions, we can estimate the quantities a =
exp β'1 and y0 = (a + l/a)/2. When β = 1.3 we obtain a = 2.2 and
y0 = 1.33. However, if the cross section is asymptotically constant,
then β = 2. Consequently y0 = 1.15 (this corresponds to a velocity
v0 = 0.5). This fact urges some caution, since the assumption that
there is no interference (which is essential for the model) can be
justified only for large y0; we note that within the framework of the
model y0 does not depend on s 0 and is determined only by the value
of the coefficient β.
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be d iscussed in Chapter IV. We note beforehand, how-

ever,· that for the majority of the exper imental data on

the angular dis tr ibution we get σχ ~ 0.5—1, in s h a r p

d i s a g r e e m e n t with these predict ions .

Let us at tempt to improve this model by bringing it

c l o s e r to real i ty .

We a s c e r t a i n f irst under what conditions we can

el iminate the pr incipal defect—bring a c lose to unity.

To this end it is n e c e s s a r y to extend the integrat ion

over l a r g e r values of Sj, which is equivalent to taking

into account the higher resonances in the ππ i n t e r a c -

tion. Indications of the possible existence of such r e s -

onances (for example, in the react ion ππ —~ pp —» 4π)

can be found in the la tes t p a p e r s ^ 7 5^. In addition, we

can expect in pr inciple for the ππ interact ion that a

resonance will appear at energ ies on the o r d e r of Sj

~ ( 2 M ) 2 . (This resonance a p p e a r s if a nucleon-ant i-

nucleon p a i r is produced in the in termedia te s ta te ^7 6^.)

Then the integra l in (3.20) will cover a wide a r e a . It

is sens ible to a s s u m e cK-R) in this region to be equal

to the geometr ica l c r o s s section, σ ^ ' ~ l/μ2- The

upper l imit of integrat ion is de termined from the con-

dition a = 1, Sj m a x ~ μ2 x 2 χ 16π3 w 20 Μ2. We note

that in the c a s e of a nucleon-nucleon coll is ion these

considerat ions do not p e r t a i n to the e x t r e m e v e r t i c e s ,

in which the πΝ i s o b a r s can be produced. The c h a r -

a c t e r of these i s o b a r s does not influence the exponent

a, so it i s sens ible to leave them the s a m e a s before

in the f ramework of the model.

This var iant of the model no longer has these a t -

t r a c t i v e features r e f e r r e d to above. Namely, we can

no longer a s s u m e that the c h a r a c t e r of the inelast ic

interact ions at high energ ies is determined completely

by the p r o c e s s e s at low energ ies , s ince energ ies s^

~ 20 M2 cannot be r e g a r d e d as low. However, this

var iant is much c l o s e r to real i ty . The number of s e c -

ondary p a r t i c l e s is no longer determined h e r e c o m -

pletely by the number of knots. The question of the

c h a r a c t e r of the decay of the c l u s t e r s — t h e s ta tes p r o -

duced in the knots —into secondary p a r t i c l e s becomes

important . It becomes n e c e s s a r y to apply to this p r o c -

e s s the s ta t i s t ica l and hydrodynamic t h e o r i e s . The

model thus acqui res the pr incipal features of the ' ' f ire

b a l l " model. The quantities s 0 ~ 20 M2 a lso approach

the exper imental ly observed values for the f ire ball

s c h e m e , TOfb = V s ^ ~ ( 3 — 5 ) M .

The asymptotic region in which the s imple re la t ions

of the type

% % 2 In —

a r e valid, moves higher in this case [ s e e the footnote
preceding Eq. (3.21)], up to s » 70 s o r n a x ~ 500 M2,
that i s , to energ ies of the o r d e r of E L » 10 1 2 eV. On
the other hand, in the region E ^ ~ 10 1 1—10 1 2 eV we
can only say that the number of ππ knots i s s m a l l (on
the o r d e r of one or two).

Thus, if we wish to come in the AFST model c loser

to the actual p r o p e r t i e s of the p r o c e s s we find it n e c -

e s s a r y to great ly i n c r e a s e the s ize of each pion i sobar

(to approximately 2K0 ~ 3—5 BeV), and to d e c r e a s e

t h e i r n u m b e r s .

We note that we have thus a r r i v e d at an e s t imate of

the c h a r a c t e r i s t i c s ize of one c lus ter , given in E77^,

and that the possibi l i ty of increas ing the number of

c l u s t e r s with increas ing energy c o r r e s p o n d s in a c e r -

tain s e n s e to the Hasegawa hypothesis^ 7 8-'.

The amplitude of the e las t ic sca t ter ing due to a

mul t iper iphera l inelas t ic p r o c e s s , as a l ready ex-

plained, has p r o p e r t i e s predicted by the MMP and

satis f ies the Mandelstam representa t ion.

In this model we can explain the physical meaning

of the swelling of the radius of the interact ion and r e -

late the p a r a m e t e r s 0 of the mul t iper iphera l model

with the p a r a m e t e r

Y = ~W i=o '

which d e t e r m i n e s the " v e l o c i t y " of motion of the pole

and the i n c r e a s e of the radius in the MMP. The col l i-

sion p a r a m e t e r of two neighboring knots r j can be

defined as

_« _. ι ι
*f. *eff

Inasmuch as the d i rect ions of the t r a n s v e r s e compo-

nents kjj_ corresponding to different v ir tual pions a r e

independent in the model, the total interact ion rad ius

for Sft knots will be

But

Consequently we get a logar i thmic i n c r e a s e in the

rad ius

Thus, the i n c r e a s e in the rad ius , the shrinkage of the
diffraction cone, and other effects predicted by the
MMP a r e simply re la ted with the fact that the number
of knots 3Ί i n c r e a s e s with increas ing energy. Com-
par ing the obtained expres s ion for R with the e x p r e s -
sion that follows from the MMP,

we find

*Vff

In the l i tera l ly taken AFST model, where /3 » 1 and
s 0 ~ 0.5 M 2, t h e p a r a m e t e r γ i s sufficiently l a r g e to
be observable exper imental ly . On the other hand, in
the model with the " b u r d e n e d " knots (where β « 2
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and s 0 ~ 10 M 2 ) , the p a r a m e t e r γ ~ 0.2 Μ 2 i s a p p r e -

ciably s m a l l e r than the value γ ~ M~2 corresponding

to the observed shrinkage of the cone in pp s c a t t e r -

ing. The shr inkage of the diffraction cone is in this

case very smal l . Under modern exper imenta l condi-

tions it can hardly be noted.

5. Supplementary R e m a r k s

So far we have considered inelast ic interact ions
that r e s u l t from the exchange of one pion. Naturally,
the question a r i s e s of what ro le can be played by a n a l -
ogous p r o c e s s e s due to the exchange of a quantum of
different nature, for example an η meson, Κ mesons ,
etc .

The re lat ive contribution of these p r o c e s s e s can

be es t imated only by making two assumptions (which,

to be s u r e , a r e quite n a t u r a l ) : (a) the c r o s s sect ions

of the interact ion between all the strongly interact ing

p a r t i c l e s a r e of the s a m e o r d e r of magnitude; (b) the

pole t e r m s predominate in the propagation functions of

the p a r t i c l e s in the region of s m a l l k2:

1 (3.27)

where mj is the m a s s of the exchanged quantum.

Let us consider by way of an example the inelast ic
p r o c e s s due to exchange of a kaon. The total c r o s s
sect ion is wr i t ten in analogy with (3.6); the contr ibu-
tion for asymptotical ly large energ ies will, a s in the
c a s e of (3.6), be made by the region of s m a l l k2.
Therefore the c r o s s sect ion σ ^ ) of the p r o c e s s with
a one-kaon exchange will be proport ional to | D K ( 0 ) | 2 ,
whereas in the one-pion exchange (cons idered above)
σ<π) ~ | ϋ π ( 0 ) | 2 . Their ra t io will be of the o r d e r of

„<*>'
DK (0) I
D* (0) I

(3.28)

Analogous arguments can also be applied to any stable
or resonant p a r t i c l e which the incoming p a r t i c l e s can
exchange. The ra t ios of al l the c r o s s sect ions to the
c r o s s sect ion due to the pion exchange will be smal l .
The pion is singled out because it is the l ightest of all
the s t rongly- interact ing p a r t i c l e s .

All the foregoing p e r t a i n s to the main group of i n -
t e r a c t i o n s , in which k2 ~ s ^ / s . T h e r e ex i s t s , how-
ever, a different group of p e r i p h e r a l p r o c e s s e s , which
makes a s m a l l contribution to the total c r o s s section
(at asymptotical ly large e n e r g i e s ) , but is never the les s
of i n t e r e s t . In this group the pr inc ipa l p r o c e s s i s dif-
fraction generat ion of p a r t i c l e s , which we shal l con-
s ider in Chapter V.

IV. EXPERIMENTAL DATA FOR E L

COMPARISON WITH THEORY
10 1 1 eV.

Data on the interact ions at E L > 10 1 1 eV a r e o b -
tained from c o s m i c - r a y exper iments . These e x p e r i -
ments a r e difficult, but, as in the past , they yield s ig-
nificant r e s u l t s at lower e n e r g i e s . A dist inction must
be m a d e h e r e between two energy reg ions . When E L

~ ΙΟ 1 1 —10 1 3 eV, owing to the extensive use of the e m u l -

sion methods ( r e c e n t l y — e m u l s i o n s inter l ined with

lead) and of ionization c a l o r i m e t e r s , par t icu la r ly

c a l o r i m e t e r s combined with a cloud chamber in a

magnetic field, it has been possible to accumulate

r a t h e r detailed information on the interact ion m e c h -

ani sm, over and above the information previously ob-

tained from studies of extensive a i r showers (and now

confirmed with the aid of the indicated new p r o c e -

d u r e s ). On the other hand, in the energy region 101 3

—101 6 eV, extensive a i r showers r e m a i n a s before

pract ica l ly the only s o u r c e of knowledge. New r e s u l t s

w e r e obtained h e r e , too.

1. Summary of E a r l i e r Resul ts

The main r e s u l t s , which were known already a few

y e a r s ago, can be s u m m a r i z e d in the following fash-

i o n [79,80].

1. The c r o s s section for coll is ion between a nucleon

(and apparently a lso a pion) with the nucleus of an a i r

atom or with a heavier e lement r e m a i n s constant to

high d e g r e e — f r o m approximately 2 χ 109 to at least

10 1 3 eV—and equal ( a c c u r a t e to ±20%) to the so-cal led

geometr ica l c r o s s sect ion σ0Α of the nucleus ( t h e r e is

one except ion—the unrel iable and unconfirmed indica-

tion that σ^. ~ (2—3 ) σ0Α for ~ 10 1 4 eV in the case of

l e a d ) . Data on extensive a i r showers enable us to as -

sume that this is t rue with the s a m e accuracy, ~ 20%,

up to E L ~ 10 1 5 eV and even higher.

2. Pions a r e generated a lmost exclusively (~ 80%

of the p a r t i c l e s ).

3. The average multiplicity n i n c r e a s e s very slowly

with the energy. It is cus tomary to a s s u m e that up to

E L ~ 10 1 5 eV we have n ~ ΕΨ. However, a l a r g e r

spread in the values of n in individual events is typi-

cal . In nucleon-nucleon coll is ions at E L ~ 101 2 eV

we have n ~ 15—20.
4. In a very large number of events, the nucleon

r e t a i n s an appreciable par t , 1 - K, of i ts energy after
the coll ision: the average " ine las t ic i ty coeff icient" Κ
is of the o r d e r of 0.2—0.3 for nucleon-nucleon co l l i -
s ions, and 0.4—05 for nucleon-air col l i s ions. These
values a r e approximately the s a m e for all energ ies
at leas t up to 10 1 4 eV. A c h a r a c t e r i s t i c feature is the
t remendous s c a t t e r in the values of K, with both Κ

~ 0.01 and Κ ~ 1 encountered.
5. The p a r t i c l e s generated in the collision a r e

s c a t t e r e d in a very c h a r a c t e r i s t i c m a n n e r : they form
in the c . m . s . two sharply coll imated cones, which a r e
not n e c e s s a r i l y of the s a m e s ize .

On going over to the laboratory s y s t e m ( L - s y s t e m ) ,
the " f r o n t " cone (the cone of p a r t i c l e s moving in the
mean in the direct ion of the p r i m a r y p a r t i c l e ) shr inks
even m o r e , while the " r e a r " cone " t u r n s inside o u t "
in the opposite d i rect ion and t u r n s into a relat ively
broad fan or cone of p a r t i c l e s , a l so d i rected along*
the motion of the p r i m a r y p a r t i c l e s , enveloping the
n a r r o w " f r o n t c o n e . "
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6. The t r a n s v e r s e momentum pj^ of the produced

p a r t i c l e s is pract ica l ly independent of the energy.

When 10 1 1 < E L < 101 5 eV the average pj_ for pions

l ies n e a r 0.4 BeV/c, o r (2.5— 4 ) μ ο . F o r nucleons it

is 2—3 t i m e s l a r g e r . The most probable value of p^

is close to 2 μα. We see therefore that very large

values of p ^ a r e also encountered.

Thus, for high energies in the L sys tem, the p a r -

t ic le s move forward in a n a r r o w jet, which shr inks

with i n c r e a s i n g E L (in inverse proport ion to E L ) ,

and this is the t e r m used to denote the ent i re p h e -

nomenon.

This genera l information have been firmly e s t a b -

lished during the last y e a r s . Thus, in E22H t h e r e is

an analys is of data on the c r o s s sect ion of coll is ions

between nucleons and nuclei of a toms. The authors

r e a c h the conclusion that up to E L ~ 10 t 5 eV the

c r o s s sect ion for the collision between the nucleon

and the a i r nucleus, as well as the law σ ^ ~ A2/3,

hold within ± 10—20%. However, very important new

features were disclosed on top of this, principal ly on

the bas is of a study of the angular distr ibution of the

emitted p a r t i c l e s . Many important new indications,

which call for further study, have been obtained by

investigating extensive a i r showers in the region E L

~ ί ο 1 4 — 1 0 1 6 eV ( s e e Sec. 3h, below).

2. Methods of Experiment Analysis

P e r h a p s the most difficult exper imental problem in

the study of the e lementary act in emuls ions is the d e -

terminat ion of the energy E L of the p r i m a r y p a r t i c l e s

which produces multiple generation. If E L ~ 101 2 eV,

then the secondary charged p a r t i c l e s (p ions) frequently

have an energy st i l l low enough to be determined by

combining the data on ionization, dis tance between

gra ins (blobs ), e tc . Using the firmly establ ished fact

that p ^ is approximately constant, the momenta | ρ |

of the secondary p a r t i c l e s a r e s o m e t i m e s es t imated

from the i r angle of emiss ion θ in the L-system, a s -

suming that ρ | s» ρι/θ ~ U./29. (Such a d e t e r m i n a -

tion, of c o u r s e , can be sufficiently re l iable only for

average va lues . ) If E L is la rge, however, the best

that can be done i s to e s t imate the lower l imit of E L ·

Long ago (and this method is s t i l l u s e d ) the energy

determinat ion s t a r t e d to be based on the so-cal led

half-angle 6*j/2- Namely, if we a s s u m e the following:

(1) that the nucleon-nucleon coll is ion could be s e p a -

rated, and (2) that the products a r e s c a t t e r e d s y m m e t -

r ical ly forward and backward in the c .m.s . of these

two p a r t i c l e s , then we can easi ly find that the Lorentz

factor y0 for the motion of the c .m.s . re la t ive to the

L-system is

1 ι (4.1)*

(4.2)

(4.3)

Μ is the m a s s of the nucleon, Ec is the energy of the

nucleon in the c . m . s . , and 9j/2 i s the laboratory s y s -

tem angle ( re la t ive to the direct ion of the p r i m a r y

p a r t i c l e ) separat ing one-half of the secondary p a r -

t ic les ( " f r o n t " cone) from the second ( " r e a r " cone

in the c . m . s . ) .

Indeed, the t r a n s f o r m a t i o n to angles ιί> of the s a m e

p a r t i c l e s in the c . m . s . is by means of the following

formula, which r e s u l t s from the law of velocity addi-

tion,

where

*tg = tan.

(4.4)

where β i s the velocity (in fract ions of c ) of the p a r -

t icle in the c .m.s , and β0 i s the velocity of the c .m.s .

itself in the L-system. Since both β and βα a r e c lose

to unity and θ i s smal l , we have

t g e ^ l t * (4.5)
Yc "

In the c a s e of f r o n t - r e a r s y m m e t r y in the c .m.s . , half

the p a r t i c l e s l ie at S- < π/2 or, according to (4.5), at

θ > I/ye- Consequently, by determining this half-value

angle, we obtain yc from (4.1), and then also E L from

(4.2) (the e r r o r due to assuming βο/β = 1 is a p p a r -

ently s m a l l [ 8 1 ] .

However, the assumption that the sca t te r ing in the

c . m . s . is s y m m e t r i c a l in each individual act (and not

in the m e a n ) can general ly speaking not be justified.

Indeed, it was shown directly'-6 7-' that when E L ~ 3

χ 10 1 1 eV at leas t half of the jets a r e sharply a s y m -

m e t r i c a l ( s e e below). It is obvious, fu r thermore ,

that the half-value angle method is certainly u n r e l i -

able at very low multiplicity, and the number of such

acts is not smal l .

By using this method we can introduce an e r r o r of

a factor of s e v e r a l t i m e s in the e s t imate of E L ( a c -

cording to ^6 7^, for s y m m e t r i c a l showers the e r r o r is

~ 30%, for a s y m m e t r i c a l ones it can r e a c h a factor

of 5 ) .

Recently two new methods, based on s i m i l a r ideas,

have been employed. The first, the ionization c a l o r i m -

e t e r method, was proposed in ^82-' and developed and

employed in C8 3]> a n ( j l a t e r used in combination with a

cloud chamber L6T3. Alternating layer s of heavy m a t e -

r ia l ( i ron o r lead) and ionization c h a m b e r s a r e placed

under the chamber in which the interact ion is inves t i-

gated. The total thickness of the m a t e r i a l is sufficient

to absorb a l l the ionizing p a r t i c l e s and the e l e c t r o n -

photon cascades which they produce. Since the o v e r -

whelming p a r t of the energy of the p r i m a r y p a r t i c l e s ,

after all the c a s c a d e s of interact ion, multiplication,

and decays, is consumed in final analysis in ionization

produced by the re la t iv i s t ic p a r t i c l e s , we can, by
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measur ing the ionization in the many layers , d e t e r -

mine this energy with an e r r o r of s e v e r a l t i m e s 10%

(apparently ~ 30%). This method has a lready been

used and yielded interes t ing r e s u l t s in the region E L

- 3 χ 1 0 n - 1 0 1 3 e V [ 6 7 ' 8 2 ' 8 3 ' 1 0 2 ' 1 0 5 ] .

In the second method, thick pel l icle s tacks a r e used,

inter l ined with l a y e r s of heavy m e t a l and operat ing e s -

sential ly on the pr inciple of the ionization c a l o r i m e t e r .

By t r a c i n g the ionization in a cascade which f irst i n -

c r e a s e s and then d e c r e a s e s over the e n t i r e thickness

of the emulsion, it i s poss ib le h e r e , too, to d e t e r m i n e

the energy of the cascade and consequently of the p r i -

m a r y p a r t i c l e which produced it. This l a t t e r method

has made it poss ible to proceed to a sys temat ic study

of all the interact ion events in which only a few p a r -

t ic les a r e produced at very high energy of the p r i m a r y

p a r t i c l e (" lean j e t s " ) . Such c a s e s w e r e frequently

mis sed by the emuls ion heretofore . Now it is poss ib le

to notice even the production of a single π° meson,

s ince it gives r i s e to a powerful e lectron-photon c a s -

cade which can be readi ly observed and studied.

However, even if E L is not accurate ly determined,

it i s poss ib le to e x t r a c t in teres t ing r e s u l t s by studying

the angular distr ibution in a special manner , with s p e -

cial coordinates .

Direct observations give the angles of emiss ion of

individual p a r t i c l e s θ in the laboratory sys tem. In-

stead of investigating the dis tr ibut ion with r e s p e c t to

Θ, it i s advantageous to cons ider the dis tr ibut ion with

r e s p e c t to the coordinate

Since θ is a s m a l l quantity, we have λ > 0. According

to (4.5)

s o m e t i m e s called, like λ, the Landau var iab le ; see

also

Therefore , by observing in the laboratory sys tem the

distr ibution of the p a r t i c l e s with r e s p e c t to θ and by

plotting it as a dis tr ibution η ( λ ) with r e s p e c t to λ, we

immediately obtain the actual distr ibution with r e s p e c t

to log tan t?/2, that i s , the dis t r ibut ion in the c .m.s . ,

but shifted along the axis by log yc. Consequently, for

example, we can see direct ly whether s y m m e t r y ex i s t s

in the distr ibution with r e s p e c t to the angles ii>.

Sometimes even the p r i m a r y exper imental m a t e r i a l

is plotted in t e r m s of λ. Thus, the lower p a r t of Fig.

23 below, and also Fig. 26, show values for individ-

ual re la t iv i s t ic ionizing p a r t i c l e s in one jet. Each v e r -

t ica l b a r denotes λ for one individual p a r t i c l e . It is

c lear ly seen that the p a r t i c l e s form two groups, and

the i r common center of gravity moves in the L sys tem

with a velocity corresponding to yc, the logari thm of

which l ies somewhere in the vicinity of the dashed line.

Along with λ it i s convenient to use a l so a var iable

η, which per ta ins direct ly to the angles in the c .m.s .

(this was the var iable which appeared f irst in the

Landau hydrodynamic theory ^ 8 4^, and there fore it i s

According to (4.5)—(4.6) we have

λ = 12Υ + Ο η = 2 3 (4.7a)

Thus, the t rans i t ion from the distr ibution in the L sys

tem (coordinate λ ) to the distr ibution in the c .m.s .

(coordinate η) is by shifting the ent i re p a t t e r n by an

amount log yc along the a b s c i s s a (and by changing

the sca le by a factor ~ 2.3, owing to the t rans i t ion to

natura l logar i thms, which is by far not obl igatory) .

If the dis tr ibut ion in the c .m.s . is of the form

dn (•&) = -5-» (ft) sin d

then

( )

[ n t ( \ ) Ξ η ( ^ ( λ ) ) ] . Thus, if the distr ibution is i sotropic

in the c .m.s . , n(ii>) = n 0 = const, then it has in the λ

sca le a s y m m e t r i c a l bel l-shaped form with maximum

at λ = log yc, d e c r e a s i n g exponentially on the s k i r t s .

Obviously, if the distr ibution in λ is not i sotropic but

has a front-back symmetry , that i s , n(i>) = n (π -&),

and consequently

or
nj (λ - lg ye) = nt ( - (λ - lg γ,)),

then s y m m e t r y is a lso conserved in the λ sca le . The

center of s y m m e t r y λ0 will again yield log yc d i rect ly .

In p r a c t i c e this means that by plotting in the λ sca le

the distr ibution with r e s p e c t to the angles Θ, observed

for a given jet in the laboratory sys tem, we can obtain

direct ly yc, and consequently E L from (4.2), provided

a s y m m e t r i c a l curve was initially obtained.

The λ sca le has the property that the n a r r o w e r the

front and r e a r cones (the m o r e anisotropic the j e t ) ,

the b r o a d e r the distr ibution with r e s p e c t to λ. F o r a

jet which is i sotropic in the c . m . s . we find, by approx-

imating the curve in the λ scale to a Gaussian curve,

that the s tandard (half-width) of the distr ibution is

equal to

0.39. (4.9)

*lg = log.

Integral construct ion in the λ sca le is very useful.
If we form the c . m . s . quantity

(4.10)

(it gives the fraction of the p a r t i c l e s emitted at an

angle s m a l l e r than £ re lat ive to the d i rect ion of the

p r i m a r y ) , then in the case of isotropy in the c . m . s .
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= n 0 = const] we have Fc(ti>) = sin 2 (t?/2) and

$ 2 Χ · ( 4 · η )

To each d- in the c . m . s . t h e r e c o r r e s p o n d s a definite θ

in the L sys tem. Therefore in place of Fc(£) it i s

poss ible to subst i tute in (4.11) the integra l dis tr ibution

in the L sys tem. By plotting from the exper imental

data the function log [ F ( 0 ) / ( l - F ( 9 ))], as proposed

by Duller and Walker E 8 6 ^ we a s c e r t a i n immediately

whether the distr ibution in the c . m . s . is i sotropic (in

this c a s e a s t ra ight line should be obtained with a

slope equal to 2) , o r at any r a t e , if the line is s y m -

m e t r i c a l , then we immediate ly obtain log yQ from

the in tercept on the a b s c i s s a axis .

A shortcoming of this method i s f i rst that in

nucleon-nucleon coll is ions in the region E L & 10 1 3 eV,

where the most intense r e s e a r c h has been c a r r i e d out

so far, the total number of generated charged p a r -

t ic les n s i s s t i l l not very large ( n s £ 20), and is

frequently even quite s m a l l ( n s < 10). Therefore the

plotting of the dis tr ibut ion curves is not an easy m a t -

t e r . F u r t h e r , it i s sufficient for one of the p a r t i c l e s

to c a r r y away a very la rge fraction of the energy in

o r d e r to produce a considerable e r r o r , if this par t ic le

is charged and can be seen in the emulsion. Such a

p a r t i c l e will turn out to be far on the edge, t h e r e will

be no t r u e s y m m e t r y , and the determinat ion of yc will

be imposs ib le . However, if some group of p a r t i c l e s

has s y m m e t r y by itself, then i ts center gives the

Lorentz factor γ of th is group (or of the c lus ter of

m a t t e r from which the p a r t i c l e s a r i s e ) as a whole,

re la t ive to the laboratory sys tem.

The method of the λ coordinates turned out to be

quite effective for the analysis of the exper iments .

In addition to the difficulty in the determinat ion of

Ej^, e x p e r i m e n t e r s a r e faced with the s e r i o u s problem

of separa t ing the nucleon-nucleon col l is ions from the

observed j e t s . It is c u s t o m a r y to a s s u m e that the high-

energy pions a r e too l itt le r e p r e s e n t e d in the cosmic -

r a y flux for the p r i m a r y p a r t i c l e to be a pion. * Only

when the jet is generated in the emuls ion by a charged

p a r t i c l e which was produced in a different jet in the

s a m e emuls ion can this p a r t i c l e be regarded as a pion

in the overwhelming majority of c a s e s . On the other

hand, the emuls ion cons is t s predominantly of heavy

nuclei. If t h e r e a r e very many black t r a c k s in the jet,

c h a r a c t e r i s t i c of slow protons , then it is c l e a r that a

coll is ion with the centra l p a r t of the nucleus took place.

On the other hand, if the number of such t r a c k s Nft is

smal l , then it is cus tomary to a s s u m e that a collision

with a p e r i p h e r a l nucleon took place, and we deal with

a nucleon-nucleon coll ision. This i s usually confirmed

by the fact that in coll is ions with the center of the nu-

cleus the number of produced p a r t i c l e s is much l a r g e r

than in col l is ions with a single nucleon—even when

E L ~ 10 1 3 eV the i r number is on the o r d e r of 100. The

choice of a definite c r i t e r i o n is the resu l t of weighing

many subtle deta i l s . The Krakow s c h o o l ^ is of the

opinion that if N n < 5 and the number of re la t iv i s t ic

t r a c k s is n s < 20, then a nucleon-nucleon coll is ion

has o c c u r r e d . This c r i t e r i o n i s not universal ly a c -

cepted. Thus, the c r i t e r i o n N n < 2 is a lso used^ 8 8 ^,

and even Nh = 0. T h e r e is a lso the danger h e r e that

by the s a m e token we d i s c a r d nucleon-nucleon co l l i -

sions with large multiplicity n s , that is , we se lect

arti f icial ly only that p a r t of the nucleon-nucleon co l-

l is ions, for which the inelast ici ty coefficient is a n o m -

alously s m a l l .

In exper iments using a cloud chamber in a magnetic

field and an ionization c a l o r i m e t e r C6T3, the collision

with the nucleon occurs in an LiH plate. All the n u -

clei a r e light h e r e , and we can a s s u m e that a lmost

all the coll is ions a r e nucleon-nucleon.

An important c h a r a c t e r i s t i c of the interact ion is

the a l ready mentioned inelast ici ty coefficient. In each

interact ion of two nucleons t h e r e a r e two such quanti-

t i e s .

The inelast ici ty coefficient K i a b of the incoming

nucleon, frequently denoted simply K, and a " m i r r o r "

inelast ici ty coefficient K m j r , have been in use for a

long t i m e ^ 6 0 ' 6 7 ^ . Kj a b gives the fraction of the energy

of the p r i m a r y p a r t i c l e going into the production of

new p a r t i c l e s ,

Κ lab
_Eu—ELi ^Vej

ELt ELI '
(4.12)

where Ε Li is the energy of the p r i m a r y nucleon in the

laboratory sys tem of coordinates ; ELf is the energy

of the s a m e nucleon after the interact ion; S 'e j is the

sum of the energ ies of the secondary p a r t i c l e s after

subtract ing the energy of the nucleon itself. The quan-

tity K m j r is determined analogously, but in a s y s t e m

in which the p r i m a r y " i n c i d e n t " nucleon is at r e s t ,

and the laboratory nucleon—the t a r g e t — m o v e s with

energy E L in a s y s t e m which is cal led the " m i r r o r "

sys tem re lat ive to the laboratory sys tem (or the a n t i -

laboratory s y s t e m ) .

If the coll is ion is s y m m e t r i c a l in the c .m.s . , then,

of c o u r s e , Kj a b = K m i r . However, symmetry does not

obtain, as shown in t67]> m each individual collision.

Therefore certainly only equality of the average values

should occur, K i a e = K m i r , and in general equality of

the dis t r ibut ions over K j a D and K m i r .

It i s poss ible to define analogous quantities for both

nucleons in the c . m . s . , where the i r init ial energ ies

E ^ ' and Ep2 | a r e equal, and the final energ ies

and EijV a r e general ly speaking different:

Ki=-^kP^.,
—t-ct (4.12a)

*It was shown recently, however, that this generally accepted
premise may be very inaccurate [87].

In the genera l case t h e s e quantit ies differ from

and K m i r . However, if the initial energy E L is suf-

ficiently large, and consequently, the Lorentz factor
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of the t rans i t ion from the c .m.s . to the L sys tem is

large, yc » 1, and the inelast icity coefficients a r e

not very smal l , namely if K i a o y c » 1 and K m i r y c

» 1, then K c coincides with Κ\Άι, and K c coincides

with K m j r , a c c u r a t e to quantit ies of the o r d e r of

(Yc K i a b . m i r ) " 1 · We note that in p r a c t i c e Κ v a r i e s

between 0.1 and 1 (it cannot exceed unity by definition).

In this connection, inaccurate m e a s u r e m e n t of Κ

( " o r d e r of m a g n i t u d e " m e a s u r e m e n t ) is meaningless .

Yet, for an exper imenta l determinat ion of Κ it i s

n e c e s s a r y to know not only the energy of the p r i m a r y

p a r t i c l e s , but a lso i ts energy after the collision, or

e l se the energ ies of all the newly produced p a r t i c l e s .

If we know only the angular dis tr ibution (for example,

in c loud-chamber observat ions without a magnetic

field), then K j a D and K m i r can be determined only

on the bas i s of additional as sumpt ions . Usually use

is made not only of the assumptions made above (the

t r a n s v e r s e momentum is the s a m e for all p a r t i c l e s

and is equal to the average p ^ RJ 2.5 μ, and the p a r -

t ic les a r e emitted in the c . m . s . symmetr ica l ly for-

ward and backward), but a lso the hypothesis of charge

s y m m e t r y of the emitted pions. Namely, it i s a s s u m e d

that the number of neutra l mesons (which a r e not seen

in the photoemulsion and which a r e detected only if

e lect romagnet ic c a s c a d e s produced by the decaying π°

mesons can be t r a c e d ) is equal to half the number of

charged m e s o n s . Then, owing to the as sumed front

back symmetry , Kjab = K m j r , E L is determined from

(4.1), with

was introduced and investigated in detail in

equal t o *

where θχ i s the angle of e m i s s i o n of the p a r t i c l e in the

L sys tem, As a r e s u l t we obtain

3 -
§7

(4.14)

Under special assumptions concerning the sca t ter ing

s y m m e t r y and the energy p e r par t ic le , we can obtain

also other s i m p l e r formulas [ s e e (4.24) below].

It is possible to m e a s u r e K i a b m o r e accurate ly by

measur ing independently both the energy of the p r i m a r y

p a r t i c l e (for example, by c a l o r i m e t r i c means) , and the

energy of the secondary charged p a r t i c l e s (for e x a m -

ple, in a magnetic field in a cloud c h a m b e r ) . It is then

possible to use formula (4.12) d i rect ly , taking into a c -

count the contribution of the neutra l p a r t i c l e s by using

the factor %.

T h e r e is no need to a s s u m e h e r e that the s c a t t e r i n g

is s y m m e t r i c a l in the c m s . ; to the contrary , i t is p o s -

sible to check whether the s y m m e t r y actually ex i s t s .

The value of the " m i r r o r " coefficient K m i r can

also be d e t e r m i n e d from exper imenta l data in the lab-

ora tory sys tem. To this end we note that K m j r i s

connected with the so-cal led " t a r g e t m a s s " m^, which

"H = , — PiL cos 9j),

It is

(4.15)

where € J L , P J L , and θ^ a r e the l a b o r a t o r y - s y s t e m e n -

erg ies , momenta, and recoi l angles of the newly formed

p a r t i c l e s , with the ta rge t experiencing recoi l el iminated

from the sum.

Transforming this equation to the sys tem where the

incoming nucleon is at r e s t , we can readily verify that

m, = KmilM. (4.16)

We see that h e r e , unlike in the preceding case, t h e r e

is no need to know the energy of the p r i m a r y p a r t i c l e

in o r d e r to d e t e r m i n e m .̂ and K m ^ r .

The s m a l l e r the secondary-par t ic le energy in the

laboratory sys tem and the l a r g e r the angle, the l a r g e r

t h e i r contribution to m^. This c i r c u m s t a n c e is a lso

very favorable, s ince the c h a r a c t e r i s t i c s of such p a r -

t ic les can be m e a s u r e d m o r e accurate ly . Thus, K m i r

can be determined m o r e rel iably than K l a D .

As seen in Chapter 3, an important ro le is played

in the theory of two-center p e r i p h e r a l coll is ions by

the width of the square of the 4-momentum k2 t r a n s -

ferred from one group of p a r t i c l e s to the other .

Namely, it i s proved for this model that for the meson

which c a r r i e s the interact ion k2 is smal l and d e c r e a s e s

with energy. In the analysis of the exper iment this

gives r i s e to the question whether the jet p a r t i c l e s can

be divided into two groups in such a way that the

*Indeed, if a collision occurs between a primary particle of
energy E L and momentum p L and a resting particle with mass M,
then from the conservation of the energy and the longitudinal-
momentum p| | we obtain

c o s θ ί ·| = ΡL=

where E t, pj and Ot characterize the target after the collision.
Recognizing that

we get from this
M = Σ (&ih—PiL COS QiL,)+Et — Pt COS θ(.

T h e va lue of m t , defined by (4.15), i s

mt = M — (Et — pt cos 6j).

It is smaller than the mass Μ and is interpreted in [6°] as the mass
of that " p a r t " of the target, which interacts strongly with the in-
coming particle. For example, if mt = μ, then this is a certain in-
dication that the collision occurred with a virtual target pion, that
is, it has a peripheral character. On the other hand if mt ~ Μ we
can assume that we are dealing with a central collision. There is
no doubt, at any rate, that if mt is much larger than M, for example
mt = 3M, then the collision has occurred with the center of the nu-
cleus and not with a single nucleon.
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square of the difference of t h e i r 4-momenta is smal l .

An at t r ibute of low momentum t r a n s f e r in a p r o c e s s

may be non-monotonicity of the p a r t i c l e distr ibution

re la t ive to the p a r a m e t e r λ, and the p r e s e n c e of s e v -

e r a l , say two, maxima in this distr ibution. Then the

jet b r e a k s up in " n a t u r a l " fashion into je t s correspond-

ing to these maxima. The values of k2 t r a n s f e r r e d

from jet to jet a r e minimal in just such a " n a t u r a l "

breakdown. To determine k2 by formula (3.5b) in the

c a s e of two jets , it is n e c e s s a r y to know s j , s 2, and

cos flan (where θ%ι i s the angle between the m o m e n -

tum of the p r i m a r y par t ic le s and the momentum of

one of the jets in the c . m . s . ) . In principle, of course,

all these quantit ies can be determined by measur ing

the m o m e n t a of the secondary p a r t i c l e s . Actually,

however, the r e q u i r e m e n t s this imposes on the m e a s -

u r e m e n t of San are very str ingent, s ince the t e r m

1 - cos θψι in the express ion for k2 is p r e c e d e d by a

very large coefficient. In p r a c t i c e the accuracy with

which the angle θ^ι can be determined at p r e s e n t for

high energies is quite insufficient.

The r e q u i r e m e n t s imposed by formula (3.5b) on the

accuracy with which Sj and s 2 a r e determined a r e

much lower, s ince the f irst t e r m s contain smal l coef-

ficients of the type 1/s o r 1/s2.

F r o m theoret ica l considerat ions it follows that in

the OMA ( s e e Chapter III) k2 i s of the s a m e o r d e r as

the f irst two t e r m s in (3.5b). Therefore to d e t e r m i n e

the o r d e r of magnitude of k2 it is sufficient to r e t a i n

the f i rs t two t e r m s of (3.5b), that i s , to be satisfied

with the determinat ion of the lower l imit, k m j n . Thus,

if we obtain from exper iment a value of k m j n which

is l a r g e r than theoret ical ly predicted for k2, this

means that the OMA is not applicable to this p r o c e s s .

Let us consider s e v e r a l c a s e s .

1. If one of the par t ic le groups contains only a nu-

cleon (in this c a s e s t = M 2 ) , then the f irst t e r m of

(3.5b) vanishes and

* S , l n = ^ P - . (4.17)

In this c a s e , using the conservat ion laws, we can r e -

late k2 with the inelast ici ty coefficient Κ and obtain

by the s a m e token a s imple and effective method of

determining k2. Denoting k2 for this p r o c e s s by k2^,

we obtain

k* = ΑτηΓ-yl

The quantity m *̂ is defined in analogy with

kl· = Μ* νA'2 (4.17a)

2. If t h e r e a r e severa l p a r t i c l e s in each jet and s

s 2 » M2, then the second t e r m of (3.5b) can be neg-

lected compared with the f irst, and

3. If the jets are symmetrical we can use (4.14). We
note, however, that in this case k2 can be related also
with the "generalized target mass" mt* proposed
in № :

(4.19)

(4.19a)

The summation, however, unlike in (4.15), extends h e r e

only over p a r t i c l e s which belong to the narrow cone in

the laboratory sys tem (the " f r o n t " cone in the c .m.s . ) .

3. Fundamental Exper imental Results of Recent Years

and Their Significance to the Theory

a) Model of two " f i r e b a l l s " for nucleon-nueleon

col l i s ions. In 1958, a detai led analys is of both types

of plots, namely η (λ) and log F/( 1 — F ) , made by the

Krakow group of M. Miesowicz for severa l j e t s and

emuls ions (and also for je t s obtained by o t h e r s ) ,

in terpre ted as nucleon-nueleon coll is ions, has led the

Polish phys ic is t s to the conclusion ^6 8^ that in many

c a s e s the η ( λ ) curve has two maxima. This analysis

was continued ̂ 903 with the s a m e resu l t . During the

last four y e a r s enough m a t e r i a l has been accumulated

in this field to confirm and refine the foregoing conclu-

sion (although st i l l disputed by many e x p e r i m e n t e r s ) .

If we se lect the je t s in accordance with the c r i t e r i a

adopted by the Krakow group for the separat ion of

nucleon-nueleon col l is ions of sufficiently high energy,

namely if we st ipulate the following: (1) not too many

slow recoi l protons, N n s 5; (2) not enough r e l a t i v -

i s t ic charged p a r t i c l e s to be able to suspect coll is ions

with the center of the nucleus, 5 < n s < 20; (3) y c d e -

termined from the half-value angle exceeds 23 (if this

is a t r u e s y m m e t r i c a l coll is ion of the nucleon-nueleon

sys tem, then the c a s e s with E L > 101 2 eV a r e s e p a -

ra ted by the s a m e token), then it tu rns out that all the

m a t e r i a l accumulated in the wor ld ' s l abora tor ie s

amounts to about 200 c a s e s . The nucleon-nueleon

coll is ions amount h e r e to 35% of all the je t s with yQ

> 23 (Nh < 5 and 5 < % < 2 0 ) . Seventy p e r cent of

these have a half-width σχ > 0.6 in the λ s c a l e . *

Inasmuch as n s < 20, it is c lear that a s ta t i s t ica l

reduction of each individual jet is not re l iable . None-

the les s , we can conclude (specia l methods w e r e used

to group the m a t e r i a l )E91H that all the nucleon-nueleon

coll is ions with σχ > 0.6 a g r e e with the two-maximum

distr ibution in λ. Figure 18 shows a s u m m a r y h i s t o -

g r a m of 11 jets ( a total of 138 charged p a r t i c l e s ) for

23 < yG < 90 (10 1 2 < E L < 1.5 x 10 1 3) from the f irst r e -

port of £ 6 8 ! ( showing a total half-width σ^ ~ 0.55 (con-

sequently, s ince σχ > 0.39, the dis tr ibut ion as a whole

is not i sotropic in the c .m.s . , but is r a t h e r strongly

co l l imated) . The h i s togram can be divided into two

pract ica l ly identical curves with appreciably s m a l l e r

σχ. It was shown subsequently that such a s t r u c t u r e

(of c o u r s e , with very large fluctuations ) a g r e e s with

*These figures were obtained and kindly supplied by Professor
J. Gierula (Krakow), to whom we are very grateful.
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One particle

FIG. 18. Summary data showing a distribution with two maxima
maxima ["].

lsr, lg Iff β

FIG. 19. Diagram showing the distribution in the case of two
cones, displaying two maxima.

t h e d a t a f o r m a n y i n d i v i d u a l j e t s . T h i s p i c t u r e i s

s h o w n s c h e m a t i c a l l y a n d i n i d e a l i z e d f a s h i o n i n F i g . 19.

T h e i n t e r p r e t a t i o n g i v e n f o r t h i s s t r u c t u r e b y t h e a u -

t h o r s of E6 8^ i s b a s e d o n f u r t h e r d e t a i l s of t h i s s t r u c -

t u r e . It t u r n s o u t t h a t t h e p e r t i n e n t D u l l e r - W a l k e r

c u r v e f o r e a c h i n d i v i d u a l j e t h a s t h e c h a r a c t e r s h o w n

i n F i g . 20 ( w e s h o w h e r e t w o j e t s f r o m t h e K r a k o w

l a b o r a t o r y a n d o n e f r o m C h i c a g o ) . On t h e o t h e r h a n d ,

if w e c o n s i d e r s e p a r a t e l y t h e p a r t i c l e s i n t h e f r o n t

( F i g . 21a) a n d i n t h e r e a r c o n e ( F i g . 21b), t h e n b o t h

g r o u p s l i e o n a s i n g l e s t r a i g h t l i n e w i t h a s l o p e c o r -

r e s p o n d i n g t o t h e i s o t r o p y of t h e s c a t t e r i n g of e a c h

s u b g r o u p i n t h e c . m . s .

S t a r t i n g f r o m t h i s , t h e a u t h o r s p r o p o s e t h e f o l l o w -

i n g s c h e m e f o r t h e p r o c e s s . A c t u a l l y t h e p a r t i c l e s i n

e a c h j e t a r e g e n e r a t e d i n two c e n t e r s , i n t w o c l u s t e r s

of n u c l e a r m a t t e r , i n w h i c h t h e d e c a y o c c u r s i n d e p e n d -

e n t l y . T h e p a r t i c l e s a r e s c a t t e r e d i s o t r o p i c a l l y in t h e

c . m . s . of s u c h a c l u s t e r , b u t s i n c e t h e c e n t e r s m o v e

r e l a t i v e t o e a c h o t h e r , a f r o n t a n d r e a r c o n e a r e o b -

t a i n e d i n t h e c . m . s . of t h e e n t i r e j e t . T h e v e l o c i t y v^

of e a c h c l u s t e r a s a w h o l e i n t h e c o m m o n c . m . s . i s

d e t e r m i n e d f r o m t h e d i s t a n c e of o n e of t h e m a x i m a

f r o m t h e c e n t e r of s y m m e t r y of d i s t r i b u t i o n ( F i g . 19),

Narrow
cone

-αβ -at

/

//Γ

ts
1.2
as
DA

F *>

-OA
-0.8
-1.2

Broadcone 1.2
0.8
OA

-0.8 -,04 0-OA
-Ο,β

-1.2

-IS

a)

FIG. 21. Summary Duller-Walker plots shown for the front
("narrow") and rear ("broad") cones separately.

and is expressed usually by the corresponding Lorentz
factor γ in the c.m.s.

As can be readily verified, the relativistic formula
for addition of velocities

corresponds to a formula for addition of Lorentz
factors

(4.20)

Using this formula to calculate the γ-factors γΊ and
γ2 of the individual clusters in the c.m.s. of the entire
jet, from their γ-factors y^ and γ2 in the L system,
we get

Yt - V(Yi-i)(YS-i). Ϋι = Υ»γβ -

from which, assuming γ? » 1 and, as is customary,
that Yi = Y2 = y» we can obtain the approximate for -
mulas

( 4 . 2 1 )

This parameter γ is small, while yc itself, as already
noted, exceeds 23, so that γ « yc. Additional experi-
mental material has made it possible to construct the

IffiffeL

ι?ΓΪ

_ mS- Star 2+15p
^ yc=237 f=5ff

Ifftfffi

lff&

Star/W/tf O+74OC

FIG. 20. Duller-Walker plot for individual jets, which show
a two-maximum distribution.
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following table, which still cannot be regarded as r e -
l i a b l e ^ .

EL (eV)

Ϋ

ΙΟ"

1,2

ΙΟ"

1,5

10"

2

1014

4

T h e i d e a w a s e x p r e s s e d ^ t h a t t h e d e c a y i n g c l u s -

t e r s a r e c o l l i d i n g e x c i t e d n u c l e o n s , a s h a d b e e n a s -

s u m e d l o n g a g o i n s e v e r a l p a p e r s ^ 3 4 > 3 7 ^ . S u b s e q u e n t l y ,

h o w e v e r , t h e o p i n i o n a c c e p t e d w a s t h a t i n a s m u c h a s

γ « y c and Κ is smal l , these c l u s t e r s , at leas t in the

majori ty of c a s e s (a specia l c a s e i s , for example, the

" l e a n j e t s , " s e e below) a r e s e p a r a t e d from the p r i -

m a r y nucleons, that they a r e emitted by the nucleons

and explode like m e t e o r s or fire bal l s . F u r t h e r , the

exper iment was in terpre ted at the very outset^ 6 8 ^ in

the s e n s e that the produced pions have in the c .m.s .

of the c l u s t e r approximately the s a m e energy e-χ,

which can be easi ly es t imated by s ta r t ing from the

already noted constancy of the t r a n s v e r s e momentum

of the pions. The e s t i m a t e yields

ε π ^0.5Ββν*=—Μ. (4.22)
2

In such a c a s e , s ince t h e r e a r e n s /2 charged pions in

each c lus ter , and if we include the neut ra l s the number

is %· x/i n s p a r t i c l e s , the m a s s of the two c l u s t e r s is

2 . | 4 B ' - T A f = T J l f l ' · · ( 4 ' 2 3 )

and the i r energy in the common c . m . s . is J / 4 Μ η 8 γ . If

we a s s u m e that the energy 2E of the p r i m a r y n u c l e -

ons in the c . m . s . is c o r r e c t l y given by the position of

the s y m m e t r y center of log yQ, that i s , 2Ε « 2y c M,

then we can d e t e r m i n e from this the inelast ici ty coef-

ficient Κ — the fraction of the nucleon energy which

goes over into newly formed p a r t i c l e s :

iST = - | ^ . (4.24)

Summariz ing the r e s u l t s of these investigations and
the p r o p e r t i e s of the above-described two-center or
fire ball model, we must emphasize once m o r e that
owing to the smal lnes s of n s in the nucleon-nucleon
col l i s ions, only very few individual je t s have a s t r u c -
t u r e c lose to the ideal one shown in Fig. 19. T h e r e is
undoubtedly an appreciable spread in the half-widths
of al l the jets σχ ( a s a l ready mentioned, it exceeds
0.6 in 70% of the c a s e s ) . It is by no means possible
to s ta te that the descr ibed mechanism actually occurs
in all c a s e s . * Moreover, t h e r e is a known case when

*In more than half of the cases, a nucleon-nucleon jet ob-
served in emulsion has a rather disorderly appearance and it is
impossible to construct not only a two-maximum but even a smooth
single-maximum distribution with respect to λ. The widths σ\ for
the same values of E L have a variety of values, from σ\ ~ 0.4

s p h e r i c a l l y s y m m e t r i c a l s c a t t e r i n g of a l l t h e p a r t i c l e s

i n t h e c . m . s . i s o b s e r v e d a t v e r y h i g h e n e r g y E L ~ 1 0 1 4

e V [94] T h i g c i e a r _ c u t c a s e c e r t a i n l y d o e s n o t fit t h e

t w o - f i r e - b a l l s c h e m e .

A l t h o u g h t h e t w o - m a x i m u m c h a r a c t e r i s s u f f i c i e n t l y

r e l i a b l y e s t a b l i s h e d f o r t h e g r e a t e r f r a c t i o n of j e t s , t h e

n o t i o n t h a t t h e c l u s t e r s t h a t a r e s c a t t e r e d ( a n d s e p a -

r a t e d f r o m t h e t w o p r i m a r y n u c l e o n s ) d e c a y i n d e p e n d -

e n t l y r e m a i n s a p l a u s i b l e m o d e l p o s s i b i l i t y . At t h i s

p o i n t w e e n c o u n t e r a d i f f icul ty w h i c h i s p a r t i c u l a r l y

p r o n o u n c e d i n t h e a n a l y s i s of n u c l e o n - n u c l e u s c o l l i -

s i o n s ( s e e b e l o w ) .

It m u s t b e e m p h a s i z e d t h a t t h e e x i s t e n c e of t w o

maxima in the λ sca le is a subtle effect, which does
not reduce at all to the p r e s e n c e of two narrow cones
(front and r e a r ) in the c .m.s . Thus, the usual h y d r o -
dynamic Landau theory also p r e d i c t s for the c e n t r a l
nucleon-nucleon coll is ion two narrow oppositely d i -
rec ted cones, but with such an angular dis tr ibution
n(i>), that in the η sca le (meaning also in the λ s c a l e )
we get a s ingle-maximum Gaussian curve t-85^, and the
plot of log ( F / ( 1 - F)) is a s t ra ight line with unity
slope. Whether the hydrodynamic theory can be m o d i -
fied in such a way that in the λ sca le , with λ = log yc

(corresponding to •& = π/2 in the c . m . s . ) we get a
maximum and not a minimum is an unsolved problem.

b) Comparison of the fire ball model with theory.
We thus a s s u m e , subject to the st ipulations made
above, that a considerable p a r t of the nucleon i n t e r -
actions at 10 1 2—10 1 3 eV (by far not all of t h e m ) a r e
descr ibed by the model of two fire bal l s . We shall
attempt to c o m p a r e the c h a r a c t e r i s t i c s of such a
p r o c e s s , obtained by exper iment, with the proposed
theory:

1) With the hydrodynamic theory of frontal nucleon
collision.

2) With different var iant s of the OMA: (a) with the
two-center model, which a s s u m e s that the nucleons
a r e a p a r t of the excited c l u s t e r s ; (b) with a one-
meson scheme in which two v ir tual pions experience
a c e n t r a l interact ion (Fig. 15); (c) with a one-meson
scheme in which two v ir tual pions experience a o n e -
meson two-center interact ion (Fig. 16); (d) with the
mul t iper iphera l model taken in i ts l i te ra l s e n s e ;

(e) with the s a m e model containing heavier c l u s t e r s .

In this c o m p a r i s o n we can m a k e use of the e x p e r i -
mental values of the inelast ici ty coefficients Κ and
the s q u a r e s of the momentum t r a n s f e r s k2.

In the fire ball model, the Κ a r e smal l for both nucleons
and of the s a m e value, K i a b ~ K m j r ~ 0.1—0.3, show-

(isotropy of the entire c.m.s. distribution) to σχ^ 1.2 and more.
This means that there exists some scatter in the initial conditions,
perhaps (as indicated earlier [2]) determined by some parameter
(for example—we are citing this exclusively by way of an example
—the impact parameter). In the "fire b a l l " model we can assume
that two clusters are always formed, but sometimes—owing to the
smallness of γι and y2—the two maxima almost overlap.
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ing immediate ly the nonapplicability of the initial hy-

drodynamic theory of centra l " f r o n t a l " coll is ions of

two nucleons. Indeed, this theory p r e s c r i b e s a d i s -

tr ibut ion in the form [cf. (4.7a)]
_ T|2 2,32 ( λ - l O g Vc)«

Ί - ' *
a n = 7 =

Υ
w i t h

(s) dr\ =
π · 2 , 3

;
dk, ( 4 . 2 5 )

Accordingly, the distr ibution with r e s p e c t to λ has a
single maximum (with half-width σχ - ση/2.3 a p p r o x -
imately to 1.0 for E L = 10 1 2 eV and s = 2 E L M « 2000).
Each nucleon c a r r i e s away after the coll is ion an energy

which is only Μ/μ t i m e s l a r g e r than the average m e -
son energy, so that the inelast icity coefficient is very
close to unity:

(4.26)

These two facts exclude the centra l hydrodynamic

coll is ion scheme for jets of this type, at least in the

form that follows"from Landau hydrodynamics.

Let us proceed to different var iant s of the OMA.

The two-center model with identically excited n u c l e -

ons (Sec. 2a) is immediately excluded, for in it the in-

elast ic i ty coefficients a r e large and the multiplicity is

s m a l l (when Ε ~ 10 1 3 eV we have η ~ 10).

To d i scuss other var iant s it is important to know

the values of the momentum t r a n s f e r in the fire ball

model. We a r e talking of t h r e e values of the squared

m o m e n t u m - t r a n s f e r : k2

2, k2 3, and k 3 4. In view of the

s y m m e t r y of the p r o c e s s we can a s s u m e that k2

2 = k | 4 .

To determine these quantit ies we use (4.17a) and

(4.18).

If the e x t r e m e groups a r e simply nucleons, then

according to (4.17a) we have for Κ = 0.3

&i2 = ^L Ξ Λ&^Ο,ΙΛΡ^δμ2. (4.27)

If the nucleons a r e excited to the s ta te of i s o b a r s with
m a s s e s 3JJ = vHiY = 1.3 BeV, then we must s t a r t from
the express ion

(*!,).» (4.27a)

The value of s 2 i s obtained h e r e as the difference b e -
tween the s q u a r e of the energy and the momentum of
the e n t i r e sys tem. If the total momentum of the two
average c l u s t e r s (the energy of each being γΊΰΙππ) i s
equal to z e r o , and the momentum of the second nucleon
after coll is ion is approximately equal to i ts energy
( 1 - K ) E C , then we get

= (23Κππγ + (1 - Κ) Ec)* - ((1 - Κ) Ecf

Substituting the exper imental values, we obtain (for

E L = 101 2 eV, Κ = 0.2, n s = 14, SKTir = 5M, and γ

= 1.5)

fc!.^0.28Ms

= 7.5, and γ = 2(when E L = 10 1 3 eV, n s = 20, \

we get k^2 « 0.14 M2 ).

For the quantit ies k2 3 we obtain much l a r g e r n u m -

b e r s . We can use h e r e formula (3.5b), in which we must

put Sj = s 2 = a t t^ . and s is taken to be the s q u a r e of the

sum of the 4-momenta of the colliding pions k1 2 and

k34, s — s = - (k 1 2 + k 3 4 ) 2 . Since we have assumed

that the total momentum of the two-pion c l u s t e r s is

equal to zero, we also have k1 2 + k3 4 = 0. But the e n -

ergy of each of these pions is equal to KE C or , what

is the s a m e , to ySJln-rr· Thus, s" = (2γ$Άππ)1. As a r e -

sult we obtain for E L ~ 1O 1 2 -1O 1 3 eV, 2Κπ π ~ 5Μ, and

γ ~ 1.5-2,

28 ~ 4γ2
- (3 — 4 ) M 2 * . (4.28)

L e t u s c o m p a r e t h e s e v a l u e s of k 2

2 a n d k 2 3 w i t h t h e
r e s u l t s of v a r i a n t s (b) —(e) i n t h e OMA.

T h e p r o c e s s s h o w n i n F i g . 15 c o r r e s p o n d s t o v a r i -
a n t (b). It c o u l d l e a d t o t w o " f i r e b a l l s " if a c l u s t e r
t h a t d e c a y s w i t h f o r m a t i o n of t w o m a x i m a i n t h e L a n -
d a u s c a l e i s p r o d u c e d fo l lowing a c e n t r a l c o l l i s i o n of
t h e v i r t u a l p i o n s . H o w e v e r , t h e o n l y e x i s t i n g t h e o r y
of c e n t r a l c o l l i s i o n s i s t h e h y d r o d y n a m i c t h e o r y i n a l l
i t s v a r i a n t s , a n d i t l e a d s t o a s i n g l e - m a x i m u m d i s t r i -
b u t i o n . It i s p o s s i b l e , t o b e s u r e , t h a t a l l o w a n c e for
v i s c o s i t y E 9 6 3, a l l o w a n c e f o r t h e d e p e n d e n c e of t h e v e -
l o c i t y of s o u n d o n t h e t e m p e r a t u r e ( s u c h a p o s s i b i l i t y
w a s i n d i c a t e d i n a p r i v a t e c o n v e r s a t i o n by G. A.
M i l e k h i n ) , o r a l l o w a n c e f o r t h e r e s o n a n t i n t e r a c t i o n
b e t w e e n t h e p a r t i c l e s i n t h e f ina l s t a g e of t h e i r m o v i n g
a p a r t c a n l e a d t o a t w o - m a x i m u m d i s t r i b u t i o n . T h e s e
p o s s i b i l i t i e s , h o w e v e r , h a v e n o t y e t b e e n s u f f i c i e n t l y
w e l l i n v e s t i g a t e d , a n d w e m u s t s t a t e h e r e t h a t t h e
p r o c e s s of F i g . 15 i s d i f f icul t t o r e c o n c i l e w i t h t h e
m o d e l of t w o f i r e b a l l s . '

V a r i a n t (c) of t h e OMA c o r r e s p o n d s t o t h e d i a g r a m
of Fig. 16. In this case we natural ly obtain s m a l l i n -
elast ic i ty coefficients for the nucleons, and two m a x i -
m a in the λ-distr ibution. The value of k23, as in gen-
e r a l in the two-center model ( s e e Chapter III) (with
a c . m . s . energy Ε π π = 2γ2Η7Γ7Γ of the two colliding
pions ) can be of the o r d e r of

lni
. 0,5M*.

This is noticeably s m a l l e r than the exper imental
value k | 3 = ( 3 - 4 ) M 2 .

We note that in var iants (b) and (c) the d i a g r a m s of
Figs . 15 and 16 should also give a constant contribution
at higher energ ies . In o r d e r to check whether this is

2 + 433ίππΥ (1 - Κ) Ec, = J- η,Μ. (4.27b) *An analogous estimate was obtained for k2

2

3 in ["·"]·
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so, it i s n e c e s s a r y to a s c e r t a i n whether the two-maxi-

mum s t r u c t u r e is retained and whether the quantity k2

3

v a r i e s at high energ ies .

Some information can be obtained h e r e even now.

Recognizing that 3Κπ π = ' ^ M n / 2 and η = 3 n s / 2 , we

can r e w r i t e (4.28) in the form

8γ
(4.28a)

If, as is cus tomari ly as sumed, n s ~ E ^ 4 and γ is

given c o r r e c t l y by the table that follows Eq. (4.21) and

consequently, a lso v a r i e s approximately like Ei/4, then

kjj3 does not vary with the energy.* However, these

data a r e not sufficiently a c c u r a t e to be able to draw

final conclusions.

Let us cons ider now the mul t iper iphera l model

[(d) and (e)].

The l i tera l ly- taken AFST model (where we a s s u m e

STTTT w 0.5 M 2 ) cannot claim any agreement with e x p e r i -

ment, as was a lready mentioned in Sec. 4 of Chap. III.

F i r s t , the c r o s s sect ion at E L ~ ΙΟ 1 2 —10 1 3 eV i s o b -

tained too s m a l l ( s e e page 21) ; second, the angular

distr ibution in this model has not two but many m a x -

ima and has too large a width in λ coordinates ( see

page 22) . Third, in this model the values of k2 should

be smal l , on the o r d e r of k2 £ s 0 = 0.5 M2.

The model with the heavier c l u s t e r s (var iant e )

comes c l o s e r to the exper imental fire ball s c h e m e .

At E L = 10 1 2 eV the main contribution i s made in this

model by the p r o c e s s with two in termedia te ππ knots

(that i s , a d iagram of the type of Fig. 16). The m a s s e s

of the ππ knots, 2Κπ7Γ ~ /"so" = ( 4 — 5 ) M j correspond

in this c a s e to the observed m a s s e s of the fire bal l s .

Within the f ramework of the model, as indicated above,

k^ may differ from k2

2 and k^, and can exceed them.

Thus, th is model a g r e e s with the f ire bal l s c h e m e if

E L ~ 101 2 eV. It must be emphasized that in a c c o r d -

ance with this theory the number of fire bal ls should

i n c r e a s e at higher energ ies and the angular d i s t r i b u -

tion becomes mul t i -centered .

We note that var iant s (c) and (d) reduce for E L

= 101 2 eV to a considerat ion of the s a m e d iagram of

Fig. 16. Therefore the decision as to which var iant

c o r r e s p o n d s to rea l i ty can be made only at a higher

energy.

c) P r e s e n c e of two maxima in the nucleon-nucleus

coll ision. It was shown as far back as in 1958 that a

two-maximum s t r u c t u r e is encountered also in the

case of nucleon-nucleus col l is ions. C97>98J By now

r a t h e r extensive m a t e r i a l has been systematized^ 9 8 ^

on nucleon-nucleus coll is ions (distinguished by the

fact that Njj > 8, and in the mean it is much l a r g e r ,

N n £ 15 and n s > 40) . At energ ies E L > 101 2 eV

some 50 or m o r e charged par t ic le s a r e produced

h e r e in one act. The η ( λ ) dis t r ibut ion is therefore

constructed with sufficient certainty. A s c a t t e r in

the values of σ^ is again observed for the e n t i r e

curve . However, in those c a s e s when the width i s

large, σ\ > 0.9, two maxima a r e always observed

clear ly, with the s a m e qualitative c h a r a c t e r i s t i c s as

in the nucleon-nucleon collision, approximate equality

of the p a r t i c l e s in the front and r e a r cones, isotropy

of the sca t te r ing in the p r o p e r s y s t e m of each cone,

the s a m e average energy for each of the p a r t i c l e s in

the p r o p e r sys tem of the c lus te r , e = M/2, e tc . ( A c -

tually, in the r e a r cone t h e r e a r e a few m o r e p a r t i c l e s

and the cone is somewhat m o r e col l imated. But this

can be attr ibuted to dis tort ion due to secondary i n t e r -

actions in the m a t e r i a l surrounding the nucleus, s ince

the p a r t i c l e s of the r e a r cone leave the channel p r o -

duced in the nucleus re lat ively s lowly).

The genera l qualitative s imi la r i ty between the

nucleon—nucleon and nucleon—heavy nucleus collision

pat te rns is so great that we a r e again induced to turn

to the model of the two fire balls produced by the pions.

Indeed, we can imagine that, as in the case of the

nucleon-nucleon collision, the pion of the incident nu-

cleon i n t e r a c t s with the group of pions of the ta rge t

nucleus, and the nucleons t h e m s e l v e s ( t h e i r c o r e s ) —

both the incident nucleon and the target nucleons —

take no p a r t in this p r o c e s s and re ta in a considerable

p a r t of the i r energy'- 1 0 0 ' 1 0 1-'. Favoring such a pa t te rn

a r e exper iments which show that the nucleon r e t a i n s

a considerable fraction of its energy even following a

collision with an i ron nucleusE 1 0 2 ^. Continuing in a n a l -

ogy with the nucleon-nucleon collision, we can s t a t e

that in the OMA this pa t te rn c o r r e s p o n d s to the d ia-

g r a m of Fig. 22, where the nucleus is shown by a se t

of l ines of individual nucleons. We r e c a l l that this

p icture of the interact ion between the nucleon and the

nucleus is pre ferable a lso from the point of view of

the MMP (if we a s s u m e the correspondence between

the OMA and the MMP discussed in Chap. III) .

However, severa l questions a r i s e in a m o r e detailed

examination of this m e c h a n i s m . F i r s t , it is difficult to

understand how a coll is ion between s e v e r a l pions r e -

sults in only two c l u s t e r s which are fur thermore of

equal s ize and decay isotropical ly. Such a s y m m e t r y

Nucleus

*A recent analysis of experiments has recently led Czech in-
vestigators [9!] to the conclusion that the quantity k^ (4.28a) can
actually be constant.

FIG. 22. Possible scheme for formation of a cluster in a one-
meson interaction with a nucleus.
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could be ensured, natural ly, by the hydrodynamic t h e -

ory. However, as emphasized above, in those forms in

which the theory is developed, it yields only one m a x i -

mum in the angular dis tr ibution (in the λ c o o r d i n a t e ) .

To d e s c r i b e the two s h a r p maxima, each containing

many p a r t i c l e s , it would be n e c e s s a r y to modernize the

hydrodynamic theory, as mentioned in the preceding

section. This question has not yet been sufficiently

thoroughly t r e a t e d . To this end it is very important,

f irst, to d e t e r m i n e m o r e accurate ly and m o r e rel iably

the energy reta ined by the nucleon after interact ing

with the center of a sufficiently heavy nucleus. T h e r e

is no doubt that the two-maximum s t r u c t u r e in the

nucleon-nucleus collision is one of the most interes t ing

exper imenta l facts, which so far has received not even

a h e u r i s t i c explanation.

d) " L e a n j e t s " and excitat ion of one c l u s t e r at high

energ ies . The second of the new facts a r e the proper -

t ies of the " l e a n " j e t s . Improved p r o c e d u r e s , which

made the i r study possible (emuls ions inter leaved with

l e a d ) , led to a detection at Ej^ > 10 1 2 eV of such je t s

with n s < 5, in which t h e r e is one excited center ,

yielding 2—4 charged p a r t i c l e s , and a second center

yielding 1—2 p a r t i c l e s ^ 1 0 2 λ They a r e so far apar t in

λ (y ~ Tc) that they should be regarded m o r e readi ly

as the decay of excited nucleons r a t h e r than an explo-

sion of " f i r e b a l l s " emitted by the nucleons, or e l se

as a decay of one " f i r e b a l l " and weak excitation of

one of the nucleons (which gives not m o r e than one

additional p a r t i c l e ) . In this connection mention should

be made of other s i m i l a r c a s e s , for example the known

" B r i s t o l j e t " [ 1 0 4 ] (Fig. 23), where two c l u s t e r s gave

only t h r e e charged p a r t i c l e s each, but they w e r e so far

a p a r t in λ coordinates ( γ ~ y c / 2 ~ 40) that they can

be in terpre ted as the decay of excited nucleons.

F r o m the theoret ica l point of view these p r o c e s s e s

can be in te rpre ted in two ways. On one hand, they can

be in terpre ted as the excitation of nucleons in the OMA

[see (3.15) and the subsequent e s t i m a t e s ] . Actually

Iff iff ff

-5 -3 -2 -7

-2 -7

igtgff

O\ -λ

t h e r e should occur h e r e showers of low multiplicity

and with a very anisotropic angular distr ibution. On

the other hand, diffraction inelast ic p r o c e s s e s ( s e e

Chapter V below) also lead to a s i m i l a r p ic ture .

The s c a r c i t y of exper imental data (the invest iga-

tion of such p r o c e s s e s is only beginning) has not made

it poss ible so far to draw any conclusions with r e s p e c t

to the p r e f e r r e d interpretat ion in this c a s e .

As to c a s e s of s h a r p a s y m m e t r y (one c l u s t e r ) and

considerable multiplicity, the authors of '-103^ c o m p a r e

them c o r r e c t l y with the one-center je t s , which w e r e

previously observed at 3 χ 10 1 1 eV^67^, and a s s u m e

that this is the s a m e phenomenon but at a higher

energy.

e) Comprehensive study of interact ions at E ^ ~ 3

χ 1 0 u eV. One of the most important la test r e s u l t s is

the proof that front-back c . m . s . s y m m e t r y may not

occur in individual nucleon-nucleon interact ions . This

proof was o b t a i n e d t 6 7 ] (the r e s e a r c h was c a r r i e d out

on P a m i r ) through the use of a new p r o c e d u r e : a cloud

c h a m b e r in a magnet ic field, located above an ioniza-

tion c a l o r i m e t e r . The f irst r e s u l t s w e r e repor ted in

1959 (see C1053) and in m o r e complete form at the end

of 1960.

The average energy of the p r o c e s s e d c a s e s i s E L

~ 3 χ 10 1 1 eV (the energy was determined by the ioni-

zation c a l o r i m e t e r a c c u r a t e to s e v e r a l dozen p e r

c e n t ) . Knowing E L , the e n t i r e p ic ture could be t r a n s -

formed t o the c .m.s . It was observed h e r e that in a p -

proximately half the c a s e s the number of p a r t i c l e s

emitted forward and backward was approximately

equal (Fig. 24a), in o n e - q u a r t e r of the c a s e s the p a r -

t i c l e s moved predominantly forward, and in the other

q u a r t e r backward (Figs. 24b and c). Knowing al l the

energ ies and assuming that the π° mesons can be a c -

counted for by a factor 3/2, it is possible to calculate

the inelast ici ty coefficients Kj a b and K m i r for each

individual jet. The authors designate each case by a

symbol in the K i a D and K m i r f rames (Fig. 25) (the

symbols · , •, and • denote the c . m . s . angular d i s -

t r ibut ions shown in Figs . 24a—c respect ive ly) . T h e r e

is an obvious corre la t ion between the posit ion of the

symbol and the angular distr ibution, making it poss ib le

to i n t e r p r e t these events in the following fashionC 1 0 63.

In the c a s e of Fig. 24c, a coll is ion o c c u r r e d between

the ta rge t nucleon and the pion from the meson cloud

FIG. 23. "Bristol jet."
FIG. 24. Symmetrical and asymmetrical jets investigated in

["] (scheme).
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of the incoming nucleon. The la t ter , giving up a pion, ι

lost l i t t le energy ( K i a b ~ 0.2—0.3), while the ta rge t

nucleon experienced in the m i r r o r s y s t e m a c a t a -

s t rophic collision, K m i r ~ 1. This resu l ted in an ex-

cited c lus ter , which, decaying isotropical ly in its

own r e s t system, produced in the c . m . s . ( re la t ive

to which it moves) a backward-directed fan. The

inverse case ( F i g . 24b) c o r r e s p o n d s to collision

between the incoming nucleon with a pion from the

nucleon cloud of the ta rge t ( K m i r ~ 0.2—0.3 and K | a b

~ 1) . These a s y m m e t r i c a l c a s e s can thus be i n t e r -

preted as s ing le-meson p r o c e s s e s , in which a v i r tual

pion exper iences a " c e n t r a l " interact ion with one of

the nucleons and great ly excites it ( s e e Chap. III) .

Finally, among the s y m m e t r i c a l cases of Fig. 24a,

when it t u r n s out that K m i r ~ Kj a b, we can distinguish,

on the one hand, the catas t rophic coll is ions with K m i r

~ Kj a b ~ 0.7, which can be in terpre ted as " c e n t r a l "

coll is ions of the nucleons, and on the other hand the

c a s e s K m j r ~ Ki a b ~ 0.2—0.3, when it can be a s -

sumed that two pions from the clouds of the two i m -

pinging nucleons have collided. In addition, the las t

p r o c e s s can be r e g a r d e d as a p e r i p h e r a l interact ion

between the v i r tual pion and the nucleon.

Such an interpreta t ion enables us to e s t imate roughly

the ra t io σ ^ / σ " of the contributions of the c e n t r a l and

p e r i p h e r a l coll is ions for πΝ and NN interact ions . We

r e p r e s e n t the c r o s s section of the NN interact ion as

the sum of c e n t r a l and p e r i p h e r a l c r o s s sect ions
σ Ν > Ν = σ Ν Ν + σ Ν Ν ' Using the Weizsacker-Wil l iams

+ σ Ν Ν
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FIG. 25. Kiaj, and K m j r for individual showers: · — symmet-

rical in the c.m.s.; A — directed predominantly forward; • — di-

rected predominantly backward.

2) T h e n u m b e r of c a s e s w i t h K m i r < 0 .35,

> 0.35 o r K m i r > 0 . 3 5 , K j a D < 0.35 i s p r o p o r t i o n a l

to the fraction of the centra l πΝ interact ions , of which

t h e r e a r e h e r e 20 + 20 = 40%.

3) The number of c a s e s with K m i r ~ K j a b < 0.35 is

proport ional to the fraction of the p e r i p h e r a l πΝ i n t e r -

act ions; t h e r e a r e 45% such c a s e s . Using these f igures,

we find that

"85
0 . 2 , ( £ ) B W = « U I . (4.29)

method, we can wr i te σ^ντ = σδίτ ' + σδί? ' , where σ^ίΐ*NN ~ UNN "NN ' ™" c i c UNN
is the c r o s s section of the one-meson p r o c e s s , in

which the target nucleon "g ives u p " i ts meson and

its excitation is known to be l i t t le; the inelast icity

coefficient in this case is smal l . σδί? ' i s the c r o s s

sect ion of the analogous p r o c e s s when the meson is

"g iven u p " by the incoming nucleon. The last two

c r o s s sect ions a r e proport ional to the total c r o s s

sect ion σ|°^ of the πΝ interact ion, which can also be

r e p r e s e n t e d as the sum of the c r o s s sect ions of the

c e n t r a l and p e r i p h e r a l in terac t ions , σί°* = σδ + σΕ.

Then a ^ j will be proport ional to the sum of the four

c r o s s sect ions

However, in a p e r i p h e r a l interact ion between a

meson and a nucleon, the la t ter is a lso excited l i t t le .

Thus, the two last t e r m s descr ibe identical p r o c e s s e s :

showers that a r e s y m m e t r i c a l in the c . m . s . and in

which both inelast ici ty coefficients a r e smal l , with
K m i r ~ K l a b · T n e c r ° s s sect ions σ β ( 1 ) and σ £ ( 2 )

correspond to showers which a r e d i rected " f o r w a r d "

and " b a c k w a r d " in the c .m.s . The border l ine value

Ko will be a s s u m e d for c o n c r e t e n e s s to be Ko = 0.35.

We then have the following:

1) The number of c a s e s with K m i r ~ Kj ab > 0.35

is proport ional to the fraction of c e n t r a l NN i n t e r a c -

t ions ; according to Fig. 25, t h e r e a r e 15% such c a s e s .

We note that analogous data for the r a t i o s σ ^ / σ ^

w e r e obtained from exper iments at a c c e l e r a t o r e n e r -

gies [ " J [ s e e (3.8)].

In addition, interpret ing the groups of c a s e s with

Kmir ~ K i a b ~ 0.35 a s a r e s u l t of coll is ion between

vir tual pions, we can ext ract from the exper imental

data the value of the " m a s s " of the pion c l u s t e r 3 η π π

and its c . m . s . Lorentz factor γ. It t u r n s out that the

values of Έ^ττ c e n t e r about a value SJl·^ « 4 M . The

values of γ a r e different: for half of the col l is ions

(namely, in the " s y m m e t r i c a l " c a s e s ) γ « 1.05. In

the " a s y m m e t r i c a l " c a s e s γ « Ι . 3 . *

F r o m the point of view of the OMA, this p r o c e s s is

natural ly cons idered on the bas i s of the d iagram of

Fig. 15.

This analys is was c a r r i e d out in ^ 6 2^, and the t h e o -

ret ica l ly obtained values (50ϊπ7Γ )eff RS 3M and γ < 1.1

a g r e e well with the exper imental f igures given above.

Thus, the s y m m e t r i c a l c a s e s agree qualitatively with

the OMA. An i n c r e a s e in the s ta t i s t ic s and an i n c r e a s e

in the energy E L will apparently p e r m i t in the near

future to obtain m o r e re l iab le data on the s t r u c t u r e of

the coll is ion p r o c e s s . We note that although one d e -

caying c l u s t e r is obtained h e r e , analys i s shows ^6 2^

that in a very large fraction of the c a s e s the nucleon

which has lost l i tt le energy t u r n s out to be excited,

*It must be emphasized, however, that symmetrical and asym-
metrical jets are not sharply distinguishable. The distribution of
events with respect to y is also smooth, and there is no sharp
borderline between the regions of y.
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with spin and isospin values 3/2, that is , in the i sobar

s tate which usually a p p e a r s in resonant sca t te r ing of

pions by a nucleon in the pion energy region near 2 μ.

The conclusion that the nucleon which has lost l i t t le

energy is usually in the i sobar s ta te (%, %) and then

decays with emiss ion of a single pion, is an a s s u m p -

tion made also in s e v e r a l other inves t igat ions^ 1 0 0 · 1 0 7 ^.

Such a decay can explain the exis tence of high-energy

muons in extensive a i r showers ( a s a r e s u l t of the

decay Ν* —» Ν + π — Ν + μ + ν + £ ) . The c o r r e s p o n d -

ing calculations w e r e c a r r i e d out'-1 0 8-', but compar i son

with exper iment yielded no definite conclusions so far.

The observed c a s e s of decaying i s o b a r s in individual

act s a r e m o r e convincing^ 1 0 0 · 1 0 6 3 .

f) Existence of the hydrodynamic p r o c e s s . The fact

that the two-maximum je t s predominate among the

nucleon-nucleon coll is ions and the success of the

model of p e r i p h e r a l interact ions have cas t doubts on

the rea l i ty of the H e i s e n b e r g - F e r m i - L a n d a u hydrody-

namic p r o c e s s . The opinion has been advanced that

this p r o c e s s does not exist at al l (the opinion was

based essential ly on the d e s i r e to explain the observed

inelast ic p r o c e s s e s by means of a single s c h e m e ) . The

situation is not so s imple, however. It is c lear , f irst,

that the centra l coll is ions initially considered in this

theory should be r a r e events . In the majority of

c a s e s , inasmuch as the impact p a r a m e t e r of the two

nucleons is not smal l and is of the o r d e r l/μ, the

p i c t u r e should be different. It has been c l e a r for

quite s o m e t ime that the hydrodynamic descr ipt ion

should be applied to the decay of excited c e n t e r s

which a r e produced in p e r i p h e r a l col l i s ions, that i s ,

an appreciable p a r t of the interact ions must be con-

s idered using a mixed scheme, which can be called

per iphera l-hydrodynamic (which was indeed used in

[62,106] a n d i n 0 ( ; h e r invest igat ions) . If we apply this

scheme to each c lus ter (ππ f ire ba l l ) then, taking

account of the exper imental data, we a r r i v e at the

need for using the Heisenberg hydrodynamics in ππ

interac t ions .

On the other hand, we can at tempt to apply, a s men-

tioned above, the hydrodynamic descr ipt ion to the d e -

cay of a heavier c l u s t e r and at tempt to at t r ibute the

appearance of fire balls to the sca t te r ing asunder of

the s ingle hydrodynamic s y s t e m produced upon col l i-

sion between two v ir tual pions. However, a t tempts

to modify the hydrodynamics by taking into account

viscosity, e tc . , in such a way a s to explain the a p p e a r -

ance of two m a x i m a with i sotropic s c a t t e r i n g and high

multiplicity, have not yet been successful ^ 9 e ^. It is

poss ible that th is could st i l l be attained by varying the

equation of s ta te . T h e r e i s , however, one proper ty i n -

herent in the hydrodynamic p r o c e s s , which is quite

typical, namely that the p r e s e n c e of a t ravel ing wave

should d i sc lose a considerable number of c a s e s ( s e v -

e r a l t i m e s 10%) in which a lmost the e n t i r e energy of

the p r i m a r y p a r t i c l e s is c a r r i e d away by a s ingle pion,

and that in one-th i rd of the c a s e s this pion should be

neutral '- 1 0 8 ^. F r o m this point of view, cons iderable i n -

t e r e s t a t taches to the observations of N. L. Grigorov

and his co-workers '- 1 1 0 ^, who used an ionization c a l o -

r i m e t e r to study n u c l e a r - e l e c t r o n c a s c a d e s generated

in lead and i ron by nucleons with E L ~ ΙΟ 1 1—10 1 2 eV.

These exper iments lead to the conclusion that in 5 —

10% of the investigated cases a lmost the ent i re p r i -

mary energy is t r a n s f e r r e d to the e lect romagnet ic

cascade, that i s , a π° meson of r a t h e r high energy

is f i rst produced. This c lear ly a g r e e s with the hydro-

dynamic p ic ture and can be in terpre ted only in very

far-fetched m a n n e r as the decay of the nuclear i sobar

s tate (3/2, %) into which the p r i m a r y nucleon goes over.

Indeed, from exper iments with a cloud chamber'- 6 7 ^

(see Fig. 25 ) it is known that in nucleon-nucleon co l-

l is ions the p r i m a r y nucleon jumps forward, reta ining

a considerable fraction of i t s energy in l e s s than half

of the c a s e s . In the case of nucleon-nucleus col l is ions,

such c a s e s should be even r a r e r . F u r t h e r , in the r e s t

sys tem of the i sobar the decay produces a pion with

energy ~ 200 MeV and a momentum of the o r d e r of μ.

The decay occurs in this s y s t e m almost i sotropical ly.

In the L s y s t e m the pion energy is

επΐ, = ΥΒ (2μ + ρνΒ cos ft),

where y-Q i s the Lorentz factor of the i sobar re la t ive

to the L sys tem, and d- i s the angle of emiss ion of

the pion in the c . m . s . Obviously, YB - "VL = E L / M .

Consequently, only in special ly favorable c a s e s , when

cos t? ~ 1, can we hope that the pion energy in the L

sys tem will be

Even in this case it cannot be close to E L as is a p -

parent ly obtained in exper iment . One m u s t expect that

further exper iments of this type will make m o r e p r e -

c i se and m o r e re l iab le the foregoing conclusions.

g) Mult icenter je t s . Hasegawa^ 7 8^ advanced the hy-

pothes is that with increas ing energy (say, at 10 1 4 eV)

the dis tr ibut ion of the generated p a r t i c l e s with r e s p e c t

to λ frequently displays not one ( a s in the c a s e at

3 χ 10 1 1 eV, s e e Sec. 3 c ) , and not two (as for 1O 1 2 -1O 1 3

eV), but four maxima, in te rpre ted respect ive ly as four

independently decaying f i rebal l s . F igure 26 shows ex-

amples of interact ions so in terpre ted . The exis tence

of such mul t icenter s t a r s would be of g rea t i n t e r e s t .

It would correspond to the AFST theore t ica l s c h e m e

of the mul t iper iphera l coll is ion (modified to i n c r e a s e

appreciably the m a s s of each c lus ter , see Chap. III) .

It is important that the observed values of the d i s t r i -

bution widths σ^ can be reconci led with the model of

many c e n t e r s only by foregoing the i sotropy of the d e -

cay of each center in i ts own r e s t s y s t e m and by a s -

suming that the pions a r e emitted predominantly in a

t r a n s v e r s e direct ion. The exper imenta l data a r e so

far very skimpy and it is by far not c l e a r whether such

a grouping of the t r a c k s goes beyond the l imits of s t a -

t i s t i c a l f luctuations. We note that the ci ted e x p e r i m e n -

ta l c a s e s with this appearance a r e dist inct in having a
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h ) T h e q u e s t i o n o f t h e c h a n g e i n t h e c h a r a c t e r o f t h e

e lementary act at E L k. 5 χ 101 4 eV. This question has
been r a i s e d by investigations of extensive a i r showers
of la rge s ize (the number of e lec t rons of the observa-
tion level is N > 105, that is , the p r i m a r y - p a r t i c l e e n -
ergy is E L ;> 5 χ 1 0 u eV). Things a r e far from c l e a r
h e r e and further thorough r e s e a r c h i s great ly needed.
The ent i re problem has been discussed in detail in a
r e c e n t review by S. I. N i k o l ' s k r i ^ 1 1 1 ^ and we confine
ourse lves h e r e to a brief s u m m a r y of the conclusions
of this survey.

Exper iments show apparently that many typical
c h a r a c t e r i s t i c s of extensive a i r showers change a p -
preciably on going through the indicated energy region.
Thus, the re lat ive number of nuclear-act ive p a r t i c l e s
in the shower changes, the fluctuations in the d i s t r ibu-
tion of the energy among the shower components d e -
c r e a s e , the s t r u c t u r e of the shower c o r e changes, n a r -
row showers with a smal l number of muons appear,
and the fraction of the energy c a r r i e d away by the
nuclear-act ive component d e c r e a s e s . It should also
be noted that the s p e c t r u m of the single photons in the
the a t m o s p h e r e changes at E L ~ 101 2 e V P 1 2 ^ This
implies that the nucleon interact ion which genera tes
the photons changes at E L ~ 10 , e tc .

All this may be due, as shown by an analysis t 1 1 ^,
to a change in the e lementary act of collision, such
that : (a) the inelast icity coefficient of the colliding
nucleons i n c r e a s e s , and (b) additional e lec t rons or
photons appear , as well as muons with energy E L
~ 101 2 eV and with t r a n s v e r s e momenta ρχ < 10 1 8

eV/c.

In this energy region, a change takes p lace also in
the c h a r a c t e r of the p r i m a r y s p e c t r u m . However, this
change alone is insufficient to cause the e n t i r e a g g r e -
gate of anomal ies . To the contrary, an i n c r e a s e of
20— 30% in the c r o s s sect ions of the nucleons in i n t e r -
s t e l l a r m a t t e r could explain the change in the p r i m a r y
spect rum itself.

We note that the threshold E L ~ 5 χ 10 1 4 eV c o r -
responds quite accurate ly to the c h a r a c t e r i s t i c weak-
interact ion energy at which per turbat ion theory b e -
comes inapplicable. However, the c r o s s sect ion of
weak interact ions is too smal l h e r e to be able to a s -
cr ibe any significance to this c o i n c i d e n c e . ^

Of all the poss ib le causes for the i n c r e a s e in the
fraction of the energy going over into the e l e c t r o n -

photon component and the production of muons, we
point to a m e c h a n i s m t 3 > 1 1 3 > 1 1 4 ^ which explains the a d -
ditional e lect romagnet ic radiat ion as " b l a c k body r a -
d i a t i o n " of a c lus ter of nuclear m a t t e r , which o c c u r s
during the interact ion p r o c e s s and decays into pions.
Quantitatively, the ro le of this mechanism (which in
itself undoubtedly e x i s t s ) depends strongly on the r a t e
of expansion and decay of the c l u s t e r or, what is the
s a m e , using hydrodynamic terminology, on the equa-
tion of s ta te of the nuclear m a t t e r . At the p r e s e n t
s tatus of the theory, th is question cannot be resolved
unambiguously in quantitative t e r m s .

4. Conclusion

The exper imenta l data obtained recent ly offer ev i-
dence that the interact ions between high-energy p a r -
t ic les a r e var ied and they cannot be fitted in the f r a m e -
work of one s c h e m e .

The hydrodynamic theory of head-on col l is ions,
which a few y e a r s ago was the only developed theory,
is now certainly incapable of descr ib ing all (or even
an appreciable p a r t ) of the interact ion events . How-
ever, it i s l ikewise imposs ible to s ta te that it has no
possible field of application. T h e r e a r e p r o c e s s e s
where it s e e m s essent ia l to use this theory.

Indeed, the decay of a meson c l u s t e r containing
10—20 mesons even in a nucleon-nucleon coll is ion
(and on the o r d e r of hundreds of p a r t i c l e s in a nucleon-
nucleus col l i s ion) natural ly ca l l s for the use of the hy-
drodynamic t r e a t m e n t . However, even h e r e it may be
adequate only after appreciable modifications. Namely,
in the model of two fire balls the multiplicity and the
angular dis tr ibution in the decay of each of the c l u s t e r s
a r e such that they correspond to hydrodynamics with
an equation of s ta te different from that assumed by
Landau, and the square of the velocity of sound should
be appreciably s m a l l e r than V3. On the other hand, if
two c l u s t e r s r e s u l t from a hydrodynamic decay of one
l a r g e r c lus te r , then some other s ingular i t ies should
come into play, for example viscosity, etc.

The theory of p e r i p h e r a l interact ions (OMA) con-
tains some st i l l undetermined p a r a m e t e r s and t h e r e -
fore leads to s e v e r a l m e c h a n i s m s and admits of many
v a r i a n t s . Its l imiting case, the mul t iper iphera l AFST
model, apparently has no region of application in the
form in which it was developed in L7i>72-74]

Different in termediate var iant s of the OMA, and
p r i m a r i l y the model with " l o a d e d " c l u s t e r s (the pion
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cluster breaks up not into two pions as in the AFST,
but into approximately 10 pions) agree qualitatively
with many experimental data. It can be assumed that
an appreciable fraction of the nucleon collision proc-
esses at energies ΙΟ11—1013 eV do not contradict this
model.

The most general and most important property of
the other variant of the OMA—the two-center model
— can be seen in the fact that it predicts small values
of the square of the momentum transfer (which de-
crease with energy) for inelastic collisions, and con-
sequently also for elastic collisions.

In spite of the variety in the OMA variants, it seems
to us that we can still not assume that this approxima-
tion can describe all the interaction acts. Further,
cases are encountered in nucleon interactions when
one energetically favored pion is produced (see Sec.
3f), cases which are difficult to understand in the
framework of the OMA. One can therefore think that
in addition to peripheral processes of the one meson
nucleon-nucleon interaction, which occur in accord-
ance with the OMA scheme, " c e n t r a l " collisions exist
in 10 to 20% of the cases. This estimate is confirmed
also by other independent considerations [see (3.8)
and (4.29)].

Bearing in mind the correspondence between the
OMA and the MMP, referred to above (Chap. Ill),
we can reach the conclusion that in this energy region
the method of moving poles in its canonical form can
likewise not claim to describe all the nucleon-nucleon
interaction processes.

V. CONNECTION BETWEEN THE METHOD OF
MOVING POLES WITH THE DIAGRAM APPROACH
AND THE ONE-ME SON APPROXIMATION

1. Formulation of the Problem

The analysis of the MMP (Chap. II) on the one hand,
and of the theory of peripheral collisions based on the
one-meson approximation (Chap. Ill) on the other,
raises, naturally, many questions.

First among them is the question of the connection
between these two approaches, which lead in the main
points to agreement between the results with respect
to the elastic process, and also the question of what
information can be obtained from the comparison. In
particular, it is important to know whether this com-
parison can clarify the limits of applicability and the
validity of each of the methods, and to attempt to un-
derstand why in some cases the MMP predicts cor-
rectly the experimental facts and in others it leads
to e r rors .

The second question concerns the structure or the
diagram interpretation of the vacuum reggeon. Over-
simplifying somewhat, we can ask: what particles is
the reggeon made of?

Finally, the third question consists in the following.
In the MMP all the particles (both "compound," such

as the resonant ρ and ω mesons, etc., and "elemen-
tary"—pion, nucleon, etc.) are regarded from a single
point of view as "moving poles" in the plane of the
complex orbital angular momentum. What new con-
sequences follow from this when peripheral (single -
quantum) inelastic processes are considered?

At first glance these questions seem to be far
afield. Actually, however, they are related. This is
seen in particular if we consider them from the point
of view of diagram methods. This explains both the
physical meaning of the postulates made in the MMP,
and also the region of applicability of the MMP and
the OMA.*

2. Diagram Interpretation of the MMP

Let us consider the diagram of elastic scattering
through a zero angle, when t = 0, and let us consider
the case of large s (when according to the MMP the
main contribution is made to the amplitude by the
vacuum reggeon). The amplitude is then pure imag-
inary.

Consequently it follows from the unitarity condition
that this amplitude can be represented in the form of a
product (more accurately, a sum of products ) of the
two amplitudes of the inelastic process. From the di-
agram point of view this means that the diagram of the
elastic process can be cut in two by a line perpendicu-
lar to the s direction (Fig. 27), and the crossed lines
" a r e on the mass shell," that is, they describe real
and not virtual particles. (This is designated, as cus-
tomary, by strokes through the lines.) Therefore each
half of the thus obtained diagram represents a diagram
of a real inelastic process.

It already follows from this that when t = 0 the
vacuum reggeon propagating in the t channel (see
Fig. 8) corresponds to the aggregate of the two rec-
tangles joined by the vertical lines in Fig. 27. There-
fore it cannot be described by a Feynman diagram

FIG. 27. Diagram of elastic scattering.

*We must note that some considerations advanced in this
section are not yet fully accepted. In particular, the rapid develop-
ment of the methods has not yet led to a single point of view even
with respect to the MMP.
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which contains only one virtual l ine. In o t h e r words,

the vacuum reggeon cons is t s of at least two quanta,

one of which c a r r i e s the interact ion in the upper

p a r t of the d iagram of Fig. 27, and the other in

the lower. How many and which p a r t i c l e s real ly take

p a r t h e r e ? By answering this question we not only d e -

t e r m i n e the s t r u c t u r e of the vacuum reggeon, but a lso

explain the c h a r a c t e r of the inelast ic p r o c e s s which

r e s u l t s in e las t ic sca t ter ing of the Regge type.

We r e c a l l f i rst that in the MMP we a r e consider ing

not Feynman d i a g r a m s but the so-cal led d i spers ion d i -

a g r a m s , where the pion lines lie on the m a s s shell

(that i s , k2 = -μ2 for these l i n e s ) . F u r t h e r , one of the

fundamental p r e m i s e s of the MMP is the use of the

two-part ic le unitarity condition in the interval 4μ2 < t

< 16μ2.

This means that the p r o c e s s shown by the Feynman

diagram of Fig. 27 is r e p r e s e n t e d in the MMP in the

form of the " d i s p e r s i o n " d iagram of Fig. 28. Such a

l imitat ion is a lso used direct ly ίο justify the absence

of other s ingular i t ies except the moving poles in the

derivat ion of the re lat ion between the c r o s s sect ions

( s e e the appendix). We can there fore say that the

main contribution to the vacuum reggeon, a contr ibu-

tion without which the reggeon is meaningless , is made

by a s ta te of two pions. In this connection, a vacuum

reggeon is s o m e t i m e s called a bipion.

FIG. 28. Diagram corresponding to two-particle unitarity in
the t channel.

If such d i spers ion d i a g r a m s , which take into a c -

count only the two-part ic le unitarity, a r e r e p r e s e n t e d

as an aggregate of Feynman d i a g r a m s , the la t ter will

have the s a m e p r o p e r t y : the contribution of the p r o c e s s

of Fig. 28 will be made only by those Feynman d ia-

g r a m s (Fig. 14) which admit, at l eas t in one place, b i -

sect ion by a line L which c r o s s e s not m o r e than two

pion l ines . It follows in turn that the Feynman d ia-

g r a m s for the inelast ic p r o c e s s e s that s e r v e as the

bas i s for the considered e las t ic p r o c e s s a r e such that

they admit (at leas t at one p l a c e ) bisect ion by a line

which c r o s s e s only one pion line (Fig. 12). But this is

the main at t r ibute of one-meson p r o c e s s e s considered

in the OMA; the s a m e c l a s s of d i a g r a m s is thus con-

s idered in the OMA and in the MMP. This gives

grounds for assuming that these methods a r e equiva-

lent with r e s p e c t to the c h a r a c t e r and extent of s i m -

plifying assumptions niade '- 6 5 ' 6 6 ^.

The regions of applicability of both methods should

also coincide in this case , and where the OMA is not

applicable, the MMP can l ikewise not give good r e -

s u l t s . *

In light of the foregoing, it becomes unders tand-

able that many consequences obtained in the MMP

(shr inkage of the diffraction cone, logar i thmic d e -

c r e a s e of the square of the momentum t r a n s f e r , and

the re la t ion between the c r o s s sect ions ) can be ob-

tained in the OMA in a m a n n e r which is to a consid-

erab le degree independent. This was a lready m e n -

tioned in Chap. III.

The question r e m a i n s : what is the place occupied

by many-meson or in general many-par t ic le p r o c e s s e s

in the ent i re p ic ture (as before, we shal l call them a r -

b i t r a r i l y " c e n t r a l " ) ? Let us cons ider the Feynman

diagram of an inelast ic p r o c e s s , the bisect ion of which

(perpendicular ly to the t l ine) at any point c r o s s e s

not le s s than Ν > 2 pion l ines . The d iagram of the

corresponding e las t ic p r o c e s s will contain not l e s s

than 2N pion l ines . If the aggregate of such d i a g r a m s

makes a constant contribution to the c r o s s sect ion

(that is , a contribution proport ional to s to the i m a g i -

nary p a r t of the forward sca t ter ing ampl i tude), then

the corresponding par t ia l amplitude should have in the

Ζ-plane a s ingularity at t = 0 and 1 = 1. We note that

such a many-meson amplitude cannot have a branch

point at t = 4μ2. Its p a r t i a l amplitude on the f i rs t and

second sheets of the t plane should therefore be the

s a m e . However, the p r e s e n c e of a pole at the function

f(l,t) on two sheets s imultaneously contradicts the

analytic continuation of the unitari ty condition in the

I plane. The la t ter , however, is a unique consequence

of the Mandelstam representa t ion^ 1 0 ^ . Thus, a con-

stant contribution of many-meson p r o c e s s e s is not

compatible with the Mandelstam r e p r e s e n t a t i o n and

can r a i s e the question of the need for recons t ruct ing

the l a t te r .

3. Mixed Model

In light of the foregoing, it becomes sensible to con-

s i d e r for the t ime being p e r i p h e r a l and centra l col l i -

s ions separa te ly and to use different formal i sms for

*We can attempt to formulate the region of applicability of the
asymptotic MMP (account of one vacuum pole) in the s and t
variables. This will be the region where

It must be borne in mind, however, that from the point of view of
the OMA, the MMP may not be applicable even in this region of sand
t, if for some reason the "central" collisions make a large con-
tribution to the inelastic process in this region.
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their descr ipt ion. In p a r t i c u l a r , to descr ibe the con-

tr ibution to the e las t ic amplitude from p e r i p h e r a l i n -

teract ions we can use e i ther the MMP or the OMA,

while the contribution due to c e n t r a l collision is o b -

tained by assuming the invariant amplitude of e las t ic

s c a t t e r i n g to be mult ipl icat ive: A*-" = s f ( t ) , that is ,

we essent ia l ly apply the optical models t * 1 ] .

Let us explain the physical meaning of the f o r e -

going, considering the c las s ica l diffraction sca t te r ing

by a black (or g ray) disc from the d iagram point of

view.

The inelast ic p r o c e s s responsib le for diffraction in

this c a s e is mere ly absorption of the incident wave.

This absorption causes heating of the body and s u b s e -

quent radiat ion of softer ( t h e r m a l ) quanta. F r o m the

diagram point of view this p r o c e s s is essent ia l ly not

a single quantum one. Indeed, it p roceeds via an i n -

t e r m e d i a t e " c o m p o u n d " s ta te , the exis tence of which

is poss ible only if t h e r e a r e many quantum-transfer

act s . Only from such p r o c e s s e s can we expect that

the distr ibution with r e s p e c t to the quantity t, due to

such p r o c e s s e s , will not contract with increas ing e n -

ergy in the case of e las t ic scat ter ing .

P e r i p h e r a l one-quantum (in p a r t i c u l a r , one-meson)

inelast ic interact ions have a different n a t u r e . The in-

cident p a r t i c l e is not completely absorbed in this case

and no " c o m p o u n d " s tate is formed. In this sense the

p e r i p h e r a l p r o c e s s does not have a complete analog

within the f ramework of the c la s s ica l optical model.

It is there fore c l e a r that the e las t ic p r o c e s s which it

produces does not have to have all the features of the

c las s ica l diffraction sca t te r ing by a black disc .

This leads to a consequence which can be verified

experimental ly . Namely, if the inelast ic p r o c e s s e s in

some interact ions a r e well descr ibed by the OMA, and

consequently the main contribution is made by p e r i p h -

e r a l col l is ions, then the e las t ic sca t te r ing should be

well descr ibed by the MMP. On the other hand, if the

inelast ic p r o c e s s e s fit poorly in the OMA framework

(meaning that the contribution of the c e n t r a l i n t e r a c -

tions is apprec iab le) , then the e las t ic p r o c e s s should

be poorly descr ibed by the MMP. In other words ,

t h e r e should be a c o r r e l a t i o n between t h e s e p r o p e r t i e s .

By way of an example let us cons ider proton-proton

and pion-proton interact ions at a c c e l e r a t o r energ ies .

It was noted above (Chap. I l l) that pp coll is ions a r e

well descr ibed by the OMA, while the contribution of

c e n t r a l interact ions was es t imated to be 10—20%. At

the s a m e t i m e , π~ρ col l is ions a r e much m o r e poorly

descr ibed by the OMA. The contribution of centra l

and p e r i p h e r a l interact ions is of the s a m e o r d e r h e r e .

In accordance with the cons iderat ions developed above,

it should be expected that e las t ic pp sca t te r ing at the

s a m e energ ies will be well descr ibed by the MMP,

while π~ρ sca t te r ing will not fit fully in the MMP

framework.

The exper imenta l data apparently confirm this con-

clusion. It was a l ready noted in Chap. II that in e las t ic

pp interact ion t h e r e appeared c lear ly a shrinkage of

the diffraction cone, and this made it possible even to

d e t e r m i n e the p a r a m e t e r s of the vacuum pole t r a j e c -

tory. It was also noted that in π~ρ scat ter ing the

shrinkage of the diffraction cone was pract ica l ly nil.

'-21-' Attempts to descr ibe s imultaneously both the

pp and 7r"p e las t ic sca t ter ing within the framework

of the MMP only have not been successful C33,2î  e v e n

with a sufficiently large set of free p a r a m e t e r s .

On the other hand, a mixed model was used in ^6 1^,

where in the amplitude of e las t ic sca t ter ing was wr i t ten

in the form

F(s, t) = apFp(s, t)+acFc{t). (5.1)

The f i rs t t e r m r e p r e s e n t s h e r e the contribution of the

Regge scat ter ing, identified with the p e r i p h e r a l s c a t -

t e r i n g (index P ) , and there fore depends both on s and

on t . The second t e r m is the contribution of the c e n -

t r a l coll is ion (index C ) , in which e i ther the dependence

on s is completely el iminated ("standing p o l e " in the

MMP terminology) or the motion of the pole due to

the many-meson interact ions (and accordingly high

thresholds with r e s p e c t to uni tar i ty) is so slow that

the s-dependence can be neglected. These two t e r m s

enter with coefficients proport ional to the c o r r e s p o n d -

ing total c r o s s sect ions .

The express ion for F-P(s . t ) must be taken in Regge

form, with Z 0(t) borrowed, for example, from E2°] or

'-21-' (actually this quantity would have to be determined

anew by applying to the experiment a formula of the

type (5.1), but the e r r o r which this p r o c e d u r e i n t r o -

duces in the p r e l i m i n a r y calculation is apparently in-

signif icant). The express ion for F ^ ( t ) can be taken

from the optical model. In ^6 1^ a Gaussian distr ibution

of the absorption was as sumed. Thus,

3 = . * (5.1a)

Here Ao for t £ M 2/2 is a constant, Ao « 1.6/Μ 2^ 2 0 . 2 33,

reflecting the additional dependence B ( t ) in (2.10). The

quantity σ^/σ-Ρ was a lready discussed in Chapter ΙΠ.

It r e p r e s e n t s the re lat ive contribution of the c e n t r a l

col l is ions to the total pp and π~ρ interact ion c r o s s

sect ions . Exper imental e s t i m a t e s were yielded by

(3.8) and (4.29)

(5.2)

With such an approach only the p a r a m e t e r R, the ef-

fective radius of the centra l collision, r e m a i n s r e l a -

tively a r b i t r a r y . Of c o u r s e , it can be different for pp

and πρ col l i s ions. However, even if we a s s u m e for

s implici ty that it has for both coll is ions a value R

« ζ^μ, we can explain sat is factori ly, within the l imits

of exper imenta l e r r o r , the older exper imental data on

both pp and π"ρ interact ions '- 2 0 ' 2 3 ' 3 1 - ' . More a c c u r a t e

measurements ' - 2 1 ^ necess i ta te e i ther a two—three fold

i n c r e a s e in the ra t io (σ^/σ^)π~ρ [ which incidentally
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comes c l o s e r to the e s t i m a t e in CeoH than does (5.2)],

or the use of different values of R for pp and πρ

scat ter ing .

The most important aspect of this approach is the

breakup of the e las t ic amplitude into two different

t e r m s ( p e r i p h e r a l and c e n t r a l ) , the re lat ive r o l e s of

which a r e determined on the bas i s of the data on the

inelas t ic in teract ions .

Let us d i scuss some consequences resul t ing from

the addition of the non-Regge t e r m in (5.1).

F i r s t , at high energ ies , when

l n

1,(0-1 x ~ A ° t + l a "J

the second t e r m becomes pr incipal even for a s m a l l

ra t io σ'-'/σ-Ρ, s ince t < 0. F u r t h e r shrinkage of the

diffraction cone should then stop; the c r o s s section

for the e las t ic sca t ter ing will not d e c r e a s e without

limit, but will tend to a constant (to be s u r e , s m a l l )

value. The average value of the square of the m o m e n -

tum t r a n s f e r will a lso not d e c r e a s e without l imit , but

will tend to a constant value (| 11 eff ~ 2 / R 2 ) . On the

other hand, the effective interact ion radius is d e t e r -

mined by the p e r i p h e r a l , Regge t e r m and there fore

it will behave as predicted e a r l i e r , that i s , it will i n -

c r e a s e with energy. According to e s t i m a t e s based

on (5.1) and (5.2), all the foregoing p r o p e r t i e s should

appear for pp sca t ter ing at E L Ζ 50 BeV.

Second, at low energ ies and s m a l l values of 111,

the ro le of the f irst (Regge) t e r m can be appreciable

also in πρ in terac t ions . Therefore some shr inkage

of the diffraction peak can occur also for πρ s c a t t e r -

ing in the region of s m a l l s and t. In this region,

however, the express ion for F , which is contained

in (5.1), may t u r n out to be i n c o r r e c t for other r e a -

sons, m e r e l y because the contributions of other poles

cannot be neglected when s is smal l .

Third, re la t ions (2.18) and (3.14) between the c r o s s

sect ions for the interact ion of different p a r t i c l e s , due

to the p r e s e n c e of the non-Regge t e r m , should g e n e r -

ally speaking not hold. They r e m a i n in force only for

the c r o s s sect ions of the p e r i p h e r a l in teract ions .

It must be noted that although qualitatively the

foregoing p r o p e r t i e s of the coll is ions follow from the

genera l cons iderat ions concerning the p r e s e n c e of

many-meson interact ions , which become super imposed

on the Regge or one-meson interact ion, the very b r e a k -

up of the amplitude into two sharply dist inct p a r t s , ex-

p r e s s e d by (5.1), and also the quantitative e s t i m a t e s ,

a r e of c o u r s e mere ly rough approximations and s e r v e

p r i m a r i l y only for i l lustrat ion.

4. Inelast ic P r o c e s s e s in the OMA and the MMP

Let us proceed now to the third question formulated

at the beginning of the section, that of the re la t ive ro le

and difference in the c h a r a c t e r of interact ion via p a r -

t icle exchange and genera l exchange of quanta of dif-

ferent n a t u r e . Thus, in the OMA (Chapter III) we have

already talked of an interact ion via exchange of Κ m e -

sons and other p a r t i c l e s . In the MMP, however, these

interact ions a r e due to the corresponding moving poles .

It is not c l e a r whether this fact that the poles move is

taken into account in the OMA. On the other hand,

t h e r e is a known c las s of inelast ic interact ions inves-

tigated in the MMP. We have in mind the inelast ic

diffraction p r o c e s s e s , which until recent ly w e r e con-

s idered independently of the one-quantum p r o c e s s e s .

[115-119] r p ^ e X p e r i m e n t a l l y observed diffraction gen-

erat ion of pions in nucleon c o l l i s i o n s ' 1 2 0 3 , called q u a s i -

e las t ic nucleon scat ter ing, was in te rpre ted within the

framework of the MMP as being due to reggeon ex-

change L121> 1223_ Y e t a. genera l analys i s , which c o v e r s

all the inelast ic p r o c e s s e s in a single s c h e m e , i s p o s -

s i b l e ' 1 2 3 ^ . It is based on the application of the MMP

to inelast ic p r o c e s s e s which proceed via exchange of

any of the poles which r e p r e s e n t a " s t a b l e " (pion,

e t c . ) or " c o m p o u n d " (p meson, e t c . ) par t ic le . The

idea used h e r e is that the inelast ic p r o c e s s e s r e p r e -

sent mutual sca t ter ing of two initial p a r t i c l e s with

m a s s e s m1 and m 2 , accompanied by convers ion of

the p a r t i c l e s into two " p a r t i c l e s " with m a s s e s StRj

= V~s7 a n d 3J?2 = ^~&2 < which then decay in an inde -

pendent p r o c e s s to form the final p a r t i c l e s . Such a

" s c a t t e r i n g " act is shown by the d iagram of Fig. 29.

It was regarded as the cause of the main c l a s s of i n -

e las t ic coll is ions in the OMA, where " s c a t t e r i n g " was

assumed to be rea l ized via exchange of a meson ( s e e

Chapter III), and as the cause of diffraction generat ion

in the MMP, where " s c a t t e r i n g " is a s sumed to p r o -

ceed via reggeon exchange [121,122] _ Here, however, we

shall r e g a r d Fig. 29 as a " R e g g e " d iagram even for

exchange of a " s t a b l e " p a r t i c l e . This m e a n s that the

amplitude corresponding to such a d iagram will be

calculated not by following the Feynman r u l e s , but the

ru le of correspondence between the imaginary p a r t of

the amplitude, say (2.11a) and (3) ( s e e the appendix),

and the d iagram of Fig. 8 r e p r e s e n t i n g it. We s e e

(this was a lready mentioned in Chapter II) that in

place of the propagator .

which c o r r e s p o n d s in accordance with the Feynman

FIG. 29. Inelastic interaction due to reggeon exchange.
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ru les to an in termedia te p a r t i c l e , we use h e r e the

function

_ πγ 1 ± eial

2 sinjU

F u r t h e r , the ver tex p a r t contains a Legendre polyno-

mial PZi( t)( z ) of o r d e r Zj(t). The technique of o p e r -

ating with Regge d i a g r a m s C 1 2 4. 2 8] has been developed

only for the s imples t c a s e s , when the p r o c e s s can be

r e p r e s e n t e d by a d iagram with one intermedia te r e g -

geon—a " p a r t i c l e " with definite par i ty, s t r a n g e n e s s ,

isospin, and baryon number . The angular momentum

of the reggeon—the " s p i n " J i —is not included among

these quantum n u m b e r s , s ince it changes when t is

var ied.

The Feynman and Regge d i a g r a m s coincide when

t = m 2 (when the quantum t r a n s f e r r i n g the interact ion

can be regarded as r e a l ) . We note a l so that the Feyn-

man and Regge d i a g r a m s would coincide everywhere

if the pole of the corresponding quantum w e r e to be

standing, l± = const = J^.

The region t = m 2 > 0 is the unphysical region of

the d i rec t s channel (where s is the square of the e n -

ergy and t is the s q u a r e of the momentum t r a n s f e r ).

In the physical region, as a lready noted, an appreciable

contribution is made by the values — t « m 2 . In this

region the Regge one-par t ic le d iagram can be reduced

to a one-par t ic le Feynman d iagram and, s t r i c t l y speak-

ing, a contribution must be made by the many-meson

Feynman d i a g r a m s which e n s u r e that Zj (0) differs

from J^. However, the c l o s e r the employed region of

negative values of t, t < 0, 111 « m 2 , comes to the

value t = m | , that i s , the s m a l l e r the difference Zj(t)

- J i « mf the s m a l l e r is this contribution (for pions,

for example, this difference is of the o r d e r of μ 2 /Μ 2

- 2 χ 1 0 ~ 2 ) .

U s i n g t h e r u l e s f o r o p e r a t i n g w i t h R e g g e d i a g r a m s ,

w e c a n w r i t e i n fo l lowing f a s h i o n t h e c r o s s s e c t i o n f o r

t h e i n e l a s t i c p r o c e s s e s d u e t o e x c h a n g e of t h e i - t h

q u a n t u m . F o r s i m p l i c i t y w e c o n f i n e o u r s e l v e s t o t h e

c a s e w h e n only o n e of t h e p r i m a r y p a r t i c l e s i s e x c i t e d ,

Si = m 2 ( t h e s o - c a l l e d s i n g l e - j e t p r o c e s s e s ) * . T h e n

g i v e n by (2 .6c) . In t h e m o s t i m p o r t a n t c a s e w h e n s 2

» m | a n d k 2 « m 2 , i t s i m p l i f i e s c o n s i d e r a b l y :

x [(S2_m2_|_A2)2_^4m2i2]1.'2. (5.3)

T h i s e x p r e s s i o n d i f f e r s f r o m t h a t o b t a i n e d i n t h e OMA

[ f o r e x a m p l e (3 .7)] . H o w e v e r , t h e r e p l a c e m e n t of t h e

p r o p a g a t o r ( k 2 - m 2 ) " 1 b y a n o t h e r f u n c t i o n i s of no

s i g n i f i c a n c e a n d a p p e a r s o n l y w h e n k 2 + m | » M 2 , a n d

t h i s r e g i o n m a k e s a s m a l l c o n t r i b u t i o n . T h e p r e s e n c e

of the Legendre polynomial of o r d e r Zj(k2) in the c o -
sine ζ of the angle in the c r o s s i n g channel, on the
other hand, plays an essent ia l r o l e . The value of ζ is

(5.4)

Of decis ive significance in what follows is the fact

that, as we have seen in Chapter III, the main c o n t r i -

bution to the c r o s s section for the inelast ic one-quan-

tum collision to the integral (5.3) is made by the r e -

gion of values of k2 for which

k*~~Jl, (5.4a)

and s 2 a r e l a r g e . In such a c a s e ζ is smal l , ζ ~ 1.*

Accordingly, the function Pz^(z) ~ 1 is a lso s m a l l

( see also E1253). This factor is then insignificant and

(5.3) coincides completely with the express ion obtained

in the OMA [for example, by integrat ing (3.7)].

The factor P^^ (ζ ) appears only in the region where

ζ is l a r g e and i n c r e a s e s with increas ing energy. We

can put t h e r e

/»!,<*.)a ~ z l ' m . (5.5)

It can be shown that in the s a m e region t h e r e will a p -

pear effects connected with the motion of the poles

corresponding to different e lementary p a r t i c l e s . We

can s ta te beforehand that in this region, too, the main

contribution will be made by quantum exchange, for

which Re Z(k2) is a maximum as k2 — 0, that is , ex-

change of a vacuum reggeon.

Integrating (5.3) over all the final s t a t e s (for which

it is n e c e s s a r y to integrate with r e s p e c t to s 2 and k 2 ) ,

we obtain the total c r o s s sect ion

w h e r e w e p u t C t = wi2a(s2, k 2 ) a n d a s s u m e , s i n c e v e r y

smal l k2 a r e effective when a ( s 2 , k 2 ) ss σ 0, that Ct

= const .

Express ion (5.6), as expected, is analogous to the

express ion for the e las t ic c r o s s section in the MMP

[the integra l of the square of the modulus of the a m -

plitude (2.11a)]. The only difference is that t h e r e is

an additional integrat ion over the degree of excitation

s 2 .

In o r d e r to investigate the p r o c e s s in g r e a t e r detai l

let us consider f irst the region of s m a l l s 2 , where ζ

is la rge . It is n e c e s s a r y to agree h e r e on the m a n n e r

in which ζ i n c r e a s e s with increas ing energy, with in-

c r e a s i n g s.

*It is shown in [12S] that the deductions obtained for single-jet
processes are valid also for two-jet processes.

*This exceedingly important circumstance constitutes the
main difference between inelastic processes of this kind, which
make the main contribution to the cross section, and the elastic
processes (and also accordingly the quasielastic processes
such as diffraction generation investigated in ["·.»"]) where ζ is
always large when s -> ~, ζ ~ s/(t — 4m2) » 1. Thus, at large
excitations (s2 large) ζ is of the order of unity, while at small ex-
citations and in the limit of elastic scattering (SKj = mj) ζ is large.
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In the region where ζ i n c r e a s e s in proport ion to s,

a s can be seen from (5.4), s 2 should be bounded. The

contribution from this region to the integral (5.6), as

can be verified, will d e c r e a s e with the increas ing e n -

ergy in power-law fashion.

If ζ i n c r e a s e s very weakly with increas ing s, for

example if we consider the region where ζ £ ( s / 2 m 2 ) v

with ν « 1, then the substitution P ; ( z ) = z ' will be

valid only at very high energ ies , which a r e of no p r a c -

t ica l i n t e r e s t . It is there fore sensible to confine one-

self to an investigation of the region ζ £ ( s / 2 M 2 ) v

with ν ~ 1 - ν ~ V2.

The contribution to the c r o s s sect ion (5.6) from the

vacuum reggeon will in this c a s e be equal to

a(vac)_
n (s/2M2) - (5.5')

The contribution from other t r a j e c t o r i e s will d e c r e a s e

in power-law fashion with increas ing energy. F o r ex-

ample, the contribution made to this region from one-

pion exchange (for which Ζ π (0) = - μ 2 / Μ 2 ) will be

~~ \2M2 J In (s/2JM2) μ̂r - (5-6')

We can thus conclude that at high energ ies the con-

tr ibut ion of the vacuum reggeon, that i s , of the i n e l a s -

t ic diffraction p r o c e s s e s , is predominant in i n t e r a c -

tions with s m a l l excitation ( s m a l l mult ip l ic i ty) . How-

ever, even this contribution d e c r e a s e s logari thmical ly

with i n c r e a s i n g energy and cannot e n s u r e a constant

c r o s s sect ion. This is to be expected, s ince the c r o s s

section for e las t ic s c a t t e r i n g itself (the consequence

of which a r e the inelast ic diffraction p r o c e s s e s ) d e -

c r e a s e s in the MMP logari thmical ly with increas ing

energy.

We note also that the inelast ic diffraction p r o c e s s ,

which p r o c e e d s via exchange of one reggeon, makes a

corresponding contribution, in accordance with the uni-

t a r i t y condition, to the amplitude of e las t ic sca t te r ing

(which in this c a s e contains exchange of two reggeons).

It i s shown in C28>72^ that in this c a s e t h e r e a p p e a r s

in the function fy(t), in addition to a pole, a lso a

branch point (cut) at 1 = 1. This contradict s the main

p r e m i s e s of the MMP and has been recent ly the cause

of lively d i scuss ions , as a lready mentioned before

( s e e page 12).

Thus, the main contribution to the c r o s s sect ion of

the p e r i p h e r a l interact ions is made by the region ζ

~ 1, in which the predominant p r o c e s s is one-pion ex-

change and the OMA is valid.

The express ion for σ*71") contains a large coefficient

Μ 4/μ 4, not contained in the express ion for a ^ v a c \

which d e s c r i b e s an inelast ic p r o c e s s that proceeds via

a vacuum pole exchange.

This is connected with the fact that in the c a s e of

pion exchange we have in the reg ion k2 —• 0

sin π/

a n d i n t h e c a s e of e x c h a n g e of a v a c u u m r e g g e o n t h i s

q u a n t i t y i s of t h e o r d e r of u n i t y .

We c a n t h e r e f o r e c o n c l u d e t h a t a t m o d e r a t e e n e r g i e s

(on the o r d e r of s e v e r a l dozen BeV), even in the r e -

gion of s m a l l excitat ions, ζ > ( S / 2 M 2 ) " , the contr ibu-

tion of the diffraction inelast ic p r o c e s s e s cannot p r e -

dominate. Thus, we can expect that these p r o c e s s e s

will manifest themse lves dist inctly only when ( μ 2 / Μ 2 )

s/2M 2 ~ 1, that is , for E L ~ 20—30 BeV. In this r e -

gion they w e r e actually observed C12°H.

We now can formulate the main at t r ibutes of p e -

r i p h e r a l diffraction in e las t ic p r o c e s s e s , which e n -

able us to distinguish them against a background of

other in terac t ions .

a) The quantum numbers of the c l u s t e r s — i s o s p i n ,

charge, s t r a n g e n e s s — c a n n o t differ from the c o r r e -

sponding quantum n u m b e r s of the colliding p a r t i c l e s

[121]_ Thj. s follows direct ly from the fact that the c o r -

responding quantum n u m b e r s of the vacuum reggeon

a r e equal to z e r o . Consequently, the charge t r a n s f e r ,

etc. , is excluded from these p r o c e s s e s . In p a r t i c u l a r ,

in the diffraction inelast ic in teract ion between n u c l e -

ons, i s o b a r s cannot be produced direct ly with isospin
3/2, only with isospin V2· Κ must however be noted that

the s a m e takes place for any diffraction generation,

not only the one obtained by reggeon exchange. This

proper ty a p p e a r s a l ready in the phenomenological

analys is of such p r o c e s s e s ' - 1 1 6 ' 1 1 8 ^ .

The spin and par i ty of the c l u s t e r s can differ from

the spins and p a r i t i e s of the colliding p a r t i c l e s . This

is connected with the fact that i (k 2 — 0) —• 1 for the

vacuum reggeon and consequently it can cause m o m e n -

tum t r a n s f e r .

b) The excitat ions s t and s 2, on which the m u l t i -

plicity depends, a r e strongly l imited by the condition

ζ Ζ (s/2Nl2)v [ in conjunction with (5.4) and (5.4a)].

Their effective values a r e of the o r d e r of magnitude

of M 2 ( s / 2 M 2 ) 1 " 1 ' , that is , ( s / 2 M 2 ) " t i m e s as s m a l l

as in the c a s e of one-pion exchange in the region ζ

~ 1 which i s fundamental to it. In th i s connection, the

diffraction mechanism of the inelast ic p r o c e s s e s (ex-

change of a vacuum reggeon) can be significant only

for relat ively lean j e t s .

c) Finally, as a lready noted above, when ζ ~ 1 the

components of the momentum t r a n s f e r a r e the s a m e

in o r d e r of magnitude: k\ ~ k2, + ky.

At s m a l l excitat ions, ζ » 1, these components a r e

essent ia l ly different, namely k^ » k2 - k2 |. We r e c a l l

that kĵ  = Visffspj (where 6>3κ —angle between the m o -

mentum of the p r i m a r y p a r t i c l e s and one of the jets )

and kf| - k § = s 1 s 2 / s . Both quantit ies can thus be m e a s -

ured exper imental ly . The inequality kj_ » k2| - k2, can

be used to clarify the mechanism of the p r o c e s s .

F o r an exper imental observat ion of diffraction i n -

e las t ic p r o c e s s e s at a c c e l e r a t o r e n e r g i e s , an original

p r o c e d u r e for indirect study of the inelast ic p r o c e s s e s

was developed^ 1 2 0 ^ (descr ibed in detail in E223). What
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were essent ia l ly se lected w e r e " l e a n " je t s , that i s ,

cases in which one nucleon is not excited at all, and

the other is excited to the resonance s ta te . It turned

out that only i s o b a r s with i sospin Τ = V2 (and spins J

= 3/2

 a n d %) a r e produced in this c a s e ; i s o b a r s with

spins 3/2,
 s/2 a r e not formed. All this a g r e e s with the

at t r ibutes l isted above and gives grounds to r e g a r d

these p r o c e s s e s as proceeding via vacuum reggeon

exchange C121!l.

At higher energ ies , in cosmic r a y s , the e x p e r i m e n -

tal data a r e not sufficiently c l e a r - c u t to s e p a r a t e t h e s e

relat ively r a r e p r o c e s s e s unambiguously. The p r i n c i -

pal ro le should be as sumed h e r e by one-pion exchange

(for pp col l i s ions) in conjunction with centra l i n t e r -

actions (for πρ co l l i s ions) .

Thus, on the whole, it i s poss ible to answer the

questions r a i s e d at the s t a r t of th is sect ion.

APPENDIX

1. As was already detailed in the footnotes of

Chap. II, the amplitude A ( s , t ) for the e las t ic s c a t -

t e r i n g of two s c a l a r p a r t i c l e s of m a s s m is best

expanded in par t ia l waves in the t-channel

Ζ = COS θ(. ( 1 )

I f , a s a s s u m e d i n C h a p t e r I I , t h i s a m p l i t u d e d e s c r i b e s

i n t h e t c h a n n e l a n e v e n s t a t e , A = A + , t h e n t h e t e r m s

w i t h o d d I s h o u l d b e m i s s i n g . O n t h e o t h e r h a n d i f t h e

s t a t e i s o d d , A = A_, t h e n t h e r e a r e n o t e r m s w i t h

e v e n I. W e c a n t h e r e f o r e w r i t e

± ei ( i ) Pt (z).

T h i s s u m c a n b e w r i t t e n i n t h e f o r m o f a W a t s o n -

S o m m e r f e l d i n t e g r a l

A^ts, ί) = -=τ

( 2 )

( 3 )

where the integral is taken over the contour Γ in the

I plane ( see Fig. 5 ) . If the functions f±(Z, t ) a r e a n a -

lytic in the right half plane (where they have only poles

and d e c r e a s e sufficiently rapidly as \l | —- °°), then the

contour can be deformed in such a way that the integral

b r e a k s up into two p a r t s , the integra l along the line C

and the sum of the r e s i d u e s at the poles of the function

f ± (Z,t) ( s e e Fig. 6 ) .

Elas t ic sca t ter ing unaccompanied by charge ex-

change in the s -channel c o r r e s p o n d s to an even s ta te

in the t-channel . We shal l t h e r e f o r e cons ider h e n c e -

forth the function f + ( Z , t ) . Assume that it is expressed

in the t e r m s of the poles Zj and the r e s i d u e s r j at

these poles in the following fashion:

b+ioo
A+(s, t)=-L jj f+(l,

b—ioo
Ρ , (ζ) dl

(4)

F o r s » m a n d 111 — 0 w e h a v e

1*1 =
i — 4 m 2

The asymptotic express ion for P ; ( z ) is of the
form Μ

η ) _ Γ 0 + 2 ) Γ ΐ τ , _ J ^ + i ) . , ( 5 )Pt (z)=Pt (cosh

(we put cosh η = ζ ) . If the sum over i contains one

h i g h e r - o r d e r t e r m with a l a r g e s t r e a l p a r t (that i s ,

t h e r e a r e no two or m o r e t e r m s with identical r e a l

p a r t s — t h e r e is no c r o s s i n g of the poles, see above ),

then the remaining t e r m s can be neglected.

We can also verify that the f irst t e r m in (4), that i s ,

the integral along the s t ra ight line C, where Re I = b

= const, makes a contribution of the o r d e r of s*3, which

vanishes as s —• » compared with the contribution

from the poles ( inasmuch as b < Re Zi). Thus, in the

asymptot ical region t h e r e r e m a i n s only the contr ibu-

tion from the h ighes t-order t e r m — t h e e x t r e m e right

pole. When t « 4m 2 we have

i+e hd) (6)

F r o m the condition σ — const a s s — « it follows that
Z0(0) = 1. Indeed, if Zo = 1 for t = 0, then

We r e c a l l that Γ ( η ) = η - 1 ! , Γ ( 2 ) = Γ ( 1 ) = 1, and

16π ,_. . ,_ „ 12π2 ,„. f s Mo (0)-l

We call attention to the following c i r c u m s t a n c e s :

a) If two p a r t i c l e s of m a s s m and μ a r e s c a t t e r e d

in the s channel (for concre teness , m > μ, so that in

the t channel this is the p r o c e s s involving conversion

of two p a r t i c l e s of m a s s m into two p a r t i c l e s of m a s s

μ ) , then ζ as 2s/4m 2 for t « 4ΐημ. Then the c r o s s

sect ion is of the form

1
(6a)

b) If the s ta te in the t-channel is odd, but Z_(0) = 1,

then we have in (6) in place of the factor

the factor
sin nl0

l-h (0

Then Then as t — 0, f irst, this factor will tend to infinity,
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and second, the r e a l p a r t of the amplitude will be much

l a r g e r than the imaginary p a r t . It follows therefore

that s ta tes that a r e odd in the t-channel cannot e n s u r e

the c o r r e c t asymptotic behavior of the sca t te r ing in

the s-channel .

2. The unitari ty condition for the par t ia l amplitude

is of the form

- / i ( ' ) / * ( ' ) • ( 7 )

Here ω = Vt~ is the energy in the t-channel c . m . s .

This re la t ion is valid for* 4m 2 < t < 9m 2, that is , in

the interval where two p a r t i c l e s can exist, but the in-

elast ic p r o c e s s e s cannot occur as yet and t h e r e cannot

be even t h r e e intermediate p a r t i c l e s .

When t < 4m 2 the quantity fj(t) is r e a l (for r e a l Ζ

and t ) .

This re lat ion can be i l lus t rated by the d iagram of

Fig. 28. The s t r o k e s denote that the p a r t i c l e s a r e

r e a l , that i s , k2 = - m 2 for these p a r t i c l e s .

The analytic continuation of this condition to the

complex I plane is of the form (Gribov^ 1 0 ^ )

t)p(l*. t).
(8)

It follows from (8) that the function f(Z,t) tends to
infinity (that is , has a pole) when

/ * ( * * • 0 -
— 4m2

ί

W e i n v e s t i g a t e t h e b e h a v i o r o f f ( Z , t ) n e a r t h e p o l e ' - 1 6 - ' .

W e r e p r e s e n t f ( Z , t ) i n t h e f o r m

and ρ (i*, i) = - j ^ A (9)

For V (t - 4 m 2 )/t « 1 we can a s s u m e that Im r ( t )

« R e r ( t ) and consequently r * ( t ) = r ( t ) . Substituting

(9) in (8) we get

r(i) = Imio(O· (10)

It follows there fore that when t > 4m 2 the quantity
Zo ( t ) cannot be r e a l (the pole cannot be on the r e a l
axis ); in the opposite case the value of the res idue
r ( t ) is equal to z e r o . In addition, it follows therefore
that the sign of the imaginary p a r t of Z 0(t) is connected
with the sign of the res idue [ that i s , the function r ( t ) ] .
It i s shown in C16^ that rV (t - 4 m 2 ) / t is positive when
t > 4m 2 . This is connected with the fact that the total
c r o s s sect ion in the s-channel is positive. Thus,
Im Z0(t) > 0 when t > 4m 2 (we note that the s a m e con-
dition, according to Regge, o c c u r s also in the n o n r e l a -
t iv is t ic c a s e ) . When t < 4m 2, r ( t ) and l$(t) a re rea l .
This d e t e r m i n e s the analytic p r o p e r t i e s of the function
Z 0 (t): it has a branch point when t = 4m 2 , and t a c -

*If t h e p a r t i c l e s are not s c a l a r but p s e u d o s c a l a r ( s a y p i o n s ) ,

then the t r a n s i t i o n from two to t h r e e p a r t i c l e s i s forbidden by G-

par i ty . Then t h e next p o s s i b l e s t a t e i n c l u d e s not t h r e e p a r t i c l e s

but four, and t h e next t h r e s h o l d i s e q u a l t o 16m 2.

q u i r e s a p o s i t i v e i m a g i n a r y p a r t w h e n t > 4 m 2 . W e

n o t e a l s o t h a t Z 0 ( t ) s h o u l d b e b o u n d e d f o r a l l v a l u e s

of t o n t h e u p p e r ( p h y s i c a l ) s h e e t ( i n t h e o p p o s i t e

c a s e A ( s , t ) ~ s ^ o ( t ) w o u l d h a v e a n e s s e n t i a l s i n g u l a r -

i t y o n t h e p h y s i c a l s h e e t , i n c o n t r a d i c t i o n t o t h e M a n -

d e l s t a m r e p r e s e n t a t i o n ) . T a k i n g t h i s i n t o a c c o u n t , w e

c a n d r a w i n t h e t p l a n e a c u t f r o m t h e p o i n t t = 4 m 2 t o

t h e r i g h t a n d r e p r e s e n t Z 0 ( t ) i n t h e f o r m of a C a u e h y

i n t e g r a l , a f t e r w h i c h w e c a n a s s u m e t h a t t h e i n t e g r a l

o v e r t h e s e m i c i r c l e o f i n f i n i t e r a d i u s v a n i s h e s

«Ή Ι %*№ (ID
We already took account here of the condition Z0(O)
= 1 referred to above. Consequently,

at ι-,
(12)

It follows there fore that γ is posit ive and cannot vanish
(otherwise we would have

Imio(i)=O (13)

and the res idue would vani sh) . In other words , Z0(t)
cannot be a constant, that is, the pole cannot be
" s t a n d i n g . "

2. Let us consider now the re la t ion between s e v e r a l
p r o c e s s e s . Let the amplitude fu(Z, t ) descr ibe in the
s-channel sca t te r ing of p a r t i c l e s of m a s s μ (we des ig-
nate t h e s e p a r t i c l e s with the index 1), let f12(Z, t ) be
the sca t te r ing of the p a r t i c l e of m a s s m by a p a r t i c l e
of m a s s m (we designate it with the index 2), and let
f 2 2 (Z,t) be the s c a t t e r i n g of p a r t i c l e s of m a s s m (for
c o n c r e t e n e s s let m > μ) . Then in the two-part ic le in-
terval the unitarity re la t ion takes the form

/u(J, 0-/fi(

) = 2i \f—j^- t),

(14a)

(14b)

(14c)

These re la t ions follow direct ly from the d i a g r a m s
of Fig. 30, in which the in termedia te s ta tes a r e iden-
tical and consis t only of two light p a r t i c l e s (other r e a l
s t a t e s in this interval a r e forbidden by the c o n s e r v a -
tion laws) .

Solving this sys tem of equations, we obtain

t ) = / 2

1U ('*•/) ;

/-/„(«)'
(15a)

(15b)

= /£*('·. 0 +/ - ; „ « '
(15c)
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FIG. 30. Dispersion scattering diagrams. Straight lines—
nucleons, wavy lines—pions.

where

As s — oo and for smal l t the e l a s t i c - s c a t t e r i n g a m -

plitude will be of the form

(16a)

(16b)

(16c)

Vo(<)

lo(')

It follows therefore that all the functions have a pole

Z0(t) in one and the s a m e place, in the Ζ-plane.

In other words, the pole t ra jectory Z0(t) is univer-

sa l and for large s it should determine the asymptotic

behavior of the amplitudes of a r b i t r a r y strongly i n t e r -

acting p a r t i c l e s . F u r t h e r , it follows from (16a)—(16c)

that the r e s i d u e s a r e re la ted by r ^ ^ = r 2

2 . The total

c r o s s sect ions of the p r o c e s s e s connected with the

amplitudes A J ; of the optical t h e o r e m

will there fore be connected by an analogous re lat ion,
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