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1. INTRODUCTION

LHE concept of twilight includes the entire complex
of optical phenomena which occur in the atmosphere
of a planet when day turns into night. This process is
accompanied by striking changes in the illumination—
by approximately a factor of one billion under t e r re s -
trial conditions—and evokes a complete qualitative
realignment of the structure of the energy balance
both on the surface of the planet and in the atmos-
phere surrounding it. The latter, owing to its ability
to scatter light, softens this transition so that it oc-
curs not instantaneously but extends over a more or
less prolonged period, filled with a whole set of
rapidly occurring and amazingly varied phenomena.

Viewed from the outside, through the eyes of a
space traveler, the earth appears "to be girdled by a
broad multicolored twilight penumbra belt continu-
ously covering from 20 to 25 per cent of the earth's
surface, depending on the state of the atmosphere. On
one side of this belt, on 42—45 per cent of the earth's
area, we have daylight, and on the other side, on 32—
35 per cent of the earth's surface, nighttime prevails.
This means that, on the average, one-quarter of the
time humanity lives and works under twilight condi-
tions. In the tropics, where the sun's descent to the
horizon is steeper, this time is shorter, about 10—15
per cent, whereas at high latitudes it rises to 30—40
per cent of the duration of the day (white nights),
while in polar regions the continuous twilight lasts
for weeks in the spring and fall.

Naturally, with the direct effect of twilight on our
living conditions being on such a scale, interest in

twilight has never abated. This has found its expres-
sion not only in religious theories and in the art of
all nations, but also in an inexhaustible stream of
scientific research. However, real progress in this
field of knowledge has always lagged appreciably the
study of day or night. One of the reasons for this lag
can be readily seen in the complexity and variety of
the twilight phenomena and in their sharply pro-
nounced dynamicity, which makes it quite difficult
both to set up the experiments and to analyze scien-
tifically their results. Another reason is that twilight
is produced essentially in the upper layers of the
atmosphere, which have remained unknown and inac-
cessible to research until most recently.

It has been known for a long time that the course
and the character of the twilight phenomena is deter-
mined by the optical properties of the atmosphere.
This dates back apparently to one of the boldest minds
of the eleventh century, the pioneer in experimental
optics El Hassan or, in the poor Latin of the middle
ages, Alhazen M. Later on, we encounter among the
scientists engaged in twilight such names as Kepler,
the brothers Bernoulli, Maupertuis, d'Alambert,
Clausius, and many others. However, the modern
explanation of twilight phenomena, as being due to a
combination of scattering and attenuation of the sun's
light in the earth's atmosphere, was advanced only in
1863 by Bezold ^ . Bezold's paper was published
merely eleven years after Briicke discovered the
scattering of light, three years after Govey discov-
ered polarization of light by scattering and made it
possible to attribute the glow of the daytime sky pre-
cisely to the scattering of the sun's light in the earth's
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atmosphere, and six years before the remarkable r e -
searches by Tyndall, who made this explanation uni-
versal (see, for example, '-3-'). This is convincing
evidence of the persistent attention which twilight
phenomena have attracted during that time. But the
complexity of the phenomena and the lack of informa-
tion concerning the optical structure of the atmos-
phere did not permit going beyond most general opin-
ions. Even the development of the theory of molecular
scattering of light by Rayleigh and the development
of the theory for the scattering of light by spherical
particles by Lamb and Mie, events which revolution-
ized the atmospheric optics of those days, hardly in-
fluenced the degree of understanding of the nature of
twilight phenomena. This has given rise to a purely
empirical "observational" approach to the study of
twilight, an approach that found its expression in
numerous attempts to relate various characteristics
of twilight (the purple light, the position of the neu-
tral points, etc.) with meteorological conditions and
in persistent but unsuccessful searches for various
twilight "omens" for predicting weather.

Only in the Twenties and Thirties of our century
was this slow and essentially purposeless accumula-
tion of observational data replaced by systematic ex-
perimental and theoretical studies of the general laws
that govern the phenomenon itself. This serious ad-
vance toward the disclosure of the actual connection
between twilight phenomena and the structure of the
atmosphere was brought into being by the beginning
of the active mastery of the atmosphere, and in par-
ticular, its higher layers, as fields for practical
human activity. During those years the conditions
existing above 20—30 km, that is, beyond the limits
reached directly by flying craft, could be judged ex-
clusively on the basis of data obtained by indirect r e -
search methods. It was they that led to a radical r e -
view of all our notions concerning the upper layers
of the atmosphere. In particular, we are indebted to
them for such important discoveries as the existence
of the ionosphere, ozone, and sodium layers, the
temperature maximum at 50—60 km and minimum
near 80 km, and also the discarding of the previously
accepted view that the upper atmosphere is a static
formation. The development of rocketry, which has
made all altitudes accessible not only to measuring
instruments but even to humans, has for some time
relegated the indirect methods to the background.
However, one of the essential results obtained with
the aid of rockets and satellites was a confirmation
of those general concepts deduced from indirect r e -
search on the upper layers of the atmosphere. Many
physical parameters of the upper atmosphere are
still much easier to investigate by indirect methods
than by direct measurements from rockets and satel-
lites. The indirect methods have therefore not lost
their value at all, particularly if their relatively low
cost is taken into consideration.

Among those indirect methods of investigation of
the upper layers of the atmosphere, which have
played in their time an appreciable role and which
are still important, is the method of twilight sound-
ing, based on a detailed analysis of the course of the
twilight. The general idea of the method was ex-
pressed already by Alhazen'-1-', who estimated with its
aid the height of the earth's atmosphere as being
52,000 paces—not so far from the truth, for in ac-
cordance with modern data less than one thousandths
of the air mass is located above this level. In 1923
V. G. Fesenkov ^ revived this idea and recast it in
modern form, i.e., formulated it as the inverse prob-
lem of the general theory of twilight.

During the last forty years the efforts of many
scientists have been devoted to a critical review of
various aspects of this problem. Numerous obstacles
which have many times shaken confidence in the r e -
liability of the method were disclosed and eliminated,
and direct evidence has been obtained that if careful
attention is paid to the details of the phenomenon, the
data extracted from observations of the twilight sky
do correspond to reality. At the same time, extensive
material has been accumulated by systematized and
purposeful observation, permitting reliable disclosure
and quantitative study of the main features of the be-
havior of twilight.

Thus, by now the purely speculative constructions
that have prevailed even recently have been replaced
by a theory developed in detail and verified by exper-
iment, providing both a quantitative description of the
course of twilight phenomena and a reliable deriva-
tion of valuable data concerning the structure and the
state of the higher layers of the atmosphere, obtained
by observation of the twilight sky. All these results,
however, are scattered in many periodicals. It is
therefore timely to summarize them and consider
them from a common point of view. Inasmuch as the
size of a journal article does not permit an exhaustive
review of all the papers devoted to twilight phenomena,
particularly the work of the earlier period, the author
has been forced to confine himself only to an outline
of the modern status of the problem. Appreciable
space is devoted here to ideas developed by the author
for many years in the Atmospheric Optics Laboratory
of the Atmospheric Physics Institute of the USSR
Academy of Sciences. The development of these ideas
was greatly contributed to by familiarity with the
material of many years ' twilight observations per-
formed by T. G. Megrelishvili at the Abastumani
Astrophysical Observatory of the Georgian Academy
of Sciences. These notions were discussed many
times by the author orally and have been partly ex-
pressed in some publications, but this is their first
presentation in unified form, and as a consequence
more attention is paid to them than to work by
others, although the author has tried to review
the literature as fully as possible and to present the
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readers with a convenient key to it. As usual, an in-
dication that the material is original is the lack of a
literature reference in the text.

2. GENERAL PATTERN OF TWILIGHT PHENOMENA

The main factor determining the course of the
twilight phenomena is the scattering of sunlight by the
earth's atmosphere and the associated attenuation of
the sun's direct rays. When the sun is inclined to the
horizon, the path covered by its rays through the at-
mosphere increases and their brightness decreases,
and this leads to a reduction in the illumination of the
earth's surface both by the sun's direct light and by
the light scattered by the atmosphere. Under daytime
conditions this dependence of the illumination on the
height of the sun is small. But when the sun drops to
5 or 10 degrees above the horizon, the decrease in
the illumination becomes greatly accelerated. The
onset of accelerated decrease in illumination is in-
deed the start of the twilight.

At the same time, the relative role of the rapidly
attenuating direct rays of the sun in the illumination
of the earth's surface begins to decrease. More and
more illumination is now produced by the atmosphere
itself, permeated by the rays from the setting sun.
From the instant of sunset on, this atmosphere is the
only source of light. But gradually the earth's
shadow rises higher, enclosing an ever increasing
part of the atmosphere. The lower layers of the at-
mosphere, submerged in the earth's shadow, no
longer contribute to the brightness of the sky, and the
scattered light comes from the higher and higher
layers, which are still illuminated by the sun's direct
rays. Since the density of the air, and with it the
scattering coefficient, rapidly decreases with altitude,
the sunlight becomes less and less scattered, the
brightness of the sky decreases, and at the same time
the illumination of the earth's surface decreases.
When the sun drops approximately 14 or 15° below the
horizon, the intrinsic glow of the upper layers of the
atmosphere and the light from the stars begins to
come into play, and the illumination gradually ap- .
proaches that of nighttime. The transition to night-
time concludes usually when the sun's depth is
| = 17—19° under the horizon, but sometimes, when
the atmosphere's turbidity is high, it extends to 22 or
23°. As a rule, a weak minimum of illumination and
sky brightness is observed when the sun drops 20—
23° below the horizon'-5~7. Thus, the boundaries of
the twilight period are highly diffuse and shift in ac-
cordance with atmospheric conditions. The duration
of the twilight is determined by the speed with which
the sun dips below the horizon, that is, the geographic
latitude and the time of the year. The corresponding
tables can be obtained, for example, in 0-9]_

During the twilight the illumination of the earth's
surface changes from approximately 104—105 lux in the

day to 10"4 lux at night. This makes measurements
extremely difficult, and relatively few have been
made up to now'-5'8'10-'. In addition, there are a few
investigations of twilight illumination of a vertical
area of varying orientation Dl-16]) anci a i s o of the i l-
lumination of a horizontal area from a limited but
rather extensive region of the sky ^17~19-1.

Figure 1 shows the averaged dependence of the
illumination E of a horizontal area on the zenith
distance of the sun £ as given by V. E. Sharonov ^ .
The f-dependence of the illuminations of differently
oriented vertical areas are indicated in Fig. 2 ^6^.

The data of Figs. 1 and 2 pertain to a cloudless
summer sky. The presence of snow increases
slightly (by 1.5—2 times) the illumination at large
depressions of the sun below the horizon, and is
hardly manifest in the bright part of the twilight ^ .
A much more noticeable influence on the illumination
is exerted by the character of the cloudiness ^~16J.
As a rule, the presence of clouds causes a decrease
in illumination, sometimes (in the case of overcast
weather) by one order of magnitude, but hardly affects
its dependence on the sun's depression. Detailed
tables of twilight illumination are contained in'-8"16-'.
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Start ing from the pract ica l need for es t imat ing the
conditions of visibil ity during different t i m e s of the
day, a h i s tor ic t radit ion has developed of subdividing
twilights into t h r e e s tages , depending on the value of
the twilight i l lumination (see Fig . 1). The br ightes t
p a r t of the twilight, when natura l i l lumination sti l l
p e r m i t s n o r m a l activity, including reading, in open
places is cal led "c iv i l twi l ight . " There i s no a g r e e d -
upon definition of its boundar ies , which a r e re la ted
with the sun ' s depres s ion from 6 to 8° under the
horizon. Recently, however, most w r i t e r s a r e in-
clined to use the lower f igure. This is followed by
" m a r i n e " or " n a u t i c a l " twilight, during which d a r k -
n e s s a l ready c a u s e s the loss of many deta i l s , but
s i lhouettes of la rge objects, say shore l ines , a r e seen
quite c lear ly . Its l imit i s a s sumed to be a depress ion
angle between 6 and 12° under the horizon, and by the
end of the nautical twilight it i s possible to dist inguish
c l e a r l y only the horizon l ine. Finally, nautical
twilight is followed by " a s t r o n o m i c a l " twilight, which
continues until the sun is d e p r e s s e d 18° below the
horizon, that i s , until night se t s in. During that t ime
the i l lumination conditions hardly differ from those
of nightt ime, but the sky is sti l l noticeably i l luminated,
hindering as t ronomica l m e a s u r e m e n t s . The i l lumina-
tion levels corresponding to the boundaries between
the different twilight s tages amount in the mean to 2.5
lux at a depres s ion angle | = 6° under the horizon,
6 x Ю " 3 lux at | = 12°, and 6 x 1(Г 4 lux at £ = 18° [ lo ; i.

Lunar twilight, which occurs when the moon 's disc
approaches the horizon, is s im i l a r in all r e s p e c t s to
so la r twilight, but is much pa le r . The br ightness of
the lunar i l lumination f luctuates, depending on the
phase of the moon, between 10~9 (for a new moon) and
2 x 10~e (during full moon) of the br ightness of i l lumi-
nation produced by the sun in the same position in the
sky. Thus, the level of i l lumination of a high full
moon co r re sponds approximately to the mid-point of
so la r nautical twilight, and the end of lunar a s t r o -
nomical twilight (again in the case of a full moon)
prac t ica l ly coincides with the instant that the moon
se t s . However, the p resence of the moon should
affect the br ightness of the sky until it submerges
under the horizon (in the case of a full moon) to a p -
proximately 5—7°. L7J

Let us turn now to the sky and i ts var ia t ions during
the course of twilight.

On approaching the horizon, the sun not only loses
i ts b r igh tness , but begins to change color gradually,
with the shortwave pa r t of i ts spec t rum becoming
suppressed to an increas ing deg ree . The gist of this
phenomenon, qualitatively explained as long ago as
1840 by Forbes , is that the spec t ra l dependence of
a tmospher ic t ransparency , which general ly speaking
inc rea se s with increas ing wavelength, becomes p a r -
t icular ly noticeable when the path of the sun ' s r a y s
through the a tmosphere lengthens. At the same t ime,
the sky a lso begins to change co lor . In the sun ' s v i -

cinity it a s s u m e s yellowish and orange tones , and on
the pa r t of the horizon opposite the sun a pale s t r i p
appea r s , with a weakly pronounced range of co lo r s .

By the instant of sunset , when the sun a l ready has
assumed a dark red color , a bright afterglow belt ap -
p e a r s , the color of which changes from orange-yel low
at the bottom to greenish-b lue at the top. Located
above it is a round br ight a lmos t uncolored glow.
During the same t ime, on the opposite horizon, a
b lu ish-gray dim segment of the e a r t h ' s shadow, s u r -
rounded by a pink belt (the "be l t of Venus") begins to
r i s e slowly.

As the sun drops deeper under the horizon, the
coloring of the sky on the sun ' s side becomes sa tu -
ra ted ; at the horizon itself the sky tu rns dense red,
while at the top of the glow over the sun, at some
20—25° above the horizon, a rapidly spreading pink
spot appea r s , the so-cal led "purp le l i gh t , " which
reaches maximum development when the sun ' s depth
under the horizon is about 4—5°. The clouds and
mountain peaks a r e flooded with s c a r l e t and purple
tones , and if the clouds or the high mountains a r e b e -
hind the so la r horizon, then their shadows s t re tch
over the brightly colored sky, from horizon to h o r i -
zon, in the form of pronounced radial s t r i p s ( "Bud-
dha ' s r a y s " ) . At that t ime the e a r t h ' s shadow rapidly
moves onto the sky; i t s outlines spread out, and i ts
pink borde r becomes washed out and pa l e s .

At the end of the civil twilight, the purple light
d ims , the clouds become da rke r , their s i lhouettes
appear sharply against the background of the fading
sky, and only at the horizon, in the place where the
sun has set , is a br ight colored segment of the af ter -
glow left. It, too, gradually d e c r e a s e s , pa les , and by
the s t a r t of the as t ronomical twilight it tu rns into a
greenish-whi t i sh na r row s t r i p . At the end of the
as t ronomical twilight this s t r i p also d i sappears and
night se t s in. However, according to some data '-20-', a
weak glow of the a tmosphere due to sca t te r ing (ap-
parent ly multiple) of the sun ' s light, r ema ins even
during the night, and is cal led "night t ime twi l ight ."
It is concentrated in a na r row segment at the horizon
and moves together with the sun in azimuth during the
ent i re night. Its height above the sun r eaches 40—55°,
and in the case of l a r g e r depress ions of the sun under
the horizon it d i s appea r s . Inasmuch as this glow is
very weak and the zodiacal light and par t icu la r ly the
glow from the e a r t h ' s a tmosphere proper a r e s u p e r -
imposed on it, the nighttime twilight has not yet been
investigated, and even i ts very exis tence has not been
rel iably confirmed.

The p ic ture descr ibed he re (many detai ls of which
have been left out, see for example , С21~2Й ) must be
regarded only as typical of c l e a r weather . Actually,
the c h a r a c t e r of the c o u r s e of the twilight is subject
to g rea t v a r i a t i o n s . With increased turbidity of the
a i r the c o l o r s of the afterglow a r e usually pale, p a r -
t icular ly n e a r the horizon, where only a weak brown
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color appears instead of red and orange tones '-23-'.
Frequently, as was already noted by N. I. Kucherov
^ , simultaneous twilight phenomena develop differ-
ently in different parts of the sky. Each twilight has
its own non-repeating individuality, and this can be
regarded as one of the most characteristic features
of twilight.

Compared with the relatively static day, twilight
develops before us as an impetuous process, a study
of which in time and in space, by photometric, spec-
tral, and polarization methods, uncovers a way toward
a regular investigation of the optical structure of the
atmosphere and its variations, at different levels
separately. This is precisely the main difference be-
tween twilight research on the atmosphere and studies
made during the day, when the relatively small range
of variation sharply limits the resolving power of in-
tegral optical methods and makes them of little use
from the point of view of recognizing the optical
structure of the atmosphere itself (see L3>26J).

3. SPECTROPHOTOMETRY OF THE TWILIGHT SKY

Direct measurements of the brightness of the
cloudless twilight sky are quite numerous >̂4>6>7>11>
16-20,26-82] T h e t o t a l n u m b e r of twilights for which
the changes in the brightness of the sky have been
measured as functions of the zenith distance f of the
sun and of the zenith distance z of the sighted point
and its azimuth A relative to the vertical of the sun
reaches to several thousand. It must be borne in mind
that the measurements themselves entail great diffi-
culties: the tremendous range of brightness variation;
the extreme weakness of glow when the depression of
the sun under the horizon is large, calling for the use
of light receivers with very high sensitivity; the speed
of the processes, which does not permit the use of
accumulating receiving systems (such as photographic
plates) with prolonged exposures; and finally the need
for working under field conditions and while waiting,
sometimes for quite a long time, for favorable
meterological conditions. Therefore most measure-
ments performed up to the middle Forties of our
century have been made visually, without the use of
optical filters. Many investigations, however^38'40'41'
44,47,48] ^ a n ( j particularly the extensive research by
T. G. Megrelishvili S3,57] have shown that the charac-
ter of variation of the sky's brightness as a function
of ? differs greatly for different wavelengths, a
fact that manifests itself, in particular, in that play
of colors which is so characteristic of the afterglow.

At the same time, T. G. Megrelishvili called at-
tention to the fact that similar variations of the spec-
tral composition can cause serious e r rors in meas-

receivers—photocells and photomultipliers, which
have practically completely replaced visual pho-
tometry. Thus, extensive material has been accumu-
lated in recent years, not only on the brightness but
also on the spectral composition of the light of the
twilight sky. The overwhelming majority of these
measurements pertain to the zenith, and only a few
of them pertain to other regions of the sky—the vie in-
ity of the North Star L ' J , some points of the solar
vertical [37'63'65'69>78'81'82], the afterglow segment, and
the "purple light" C2o,42,43,45,ei,77]_ I n a d d i t ion , many
measurements have been made to determine the
brightness pattern of the twilight sky C7,i6,35,60,6i,753

Most frequently the photometry of the twilight sky
was aimed only at ascertaining the variation of its
brightness with f. The researchers therefore con-
fined themselves to relative measurements. Absolute
determinations were made only by a few workers
[4,7,16,27,28-30,32,33,45,59,75,81,82]

urements made in large wavelength intervals [57]
This has induced most of the later researchers Ll6'26'
59,65-73,78-82] t o change to measurements with filters,
aided by the development of highly sensitive light

unsufficiently reliable.
Notice must first be taken of the very good agree-

ment between individual measurements. The bright-
ness of the twilight sky measured by different work-
ers , at equal values of £ and in the same sighting
direction (but not too close to the horizon), which
varied by a factor of 107—108 during the course of the
twilight, differed in the short-wave region of the vis-
ible spectrum (and also in measurements without
filters) by not more than 3—5 times. Approximately
similar differences were obtained also in measure-
ments made by one and the same worker on different
days (see, for example, '-!^). Incidentally, these dif-
ferences increased sharply in the long-wave region
of the spectrum. All the observers unanimously note
also that away from the horizon the brightness of the
twilight sky is practically independent of the weather
at the point of observation. In particular, the bright-
ness of the sky, measured through gaps in clouds,
turns out to be the same as during perfectly clear
weather.

W. Brunner ^ averaged the measurement data ob-
tained prior to 1935 (without filters) and plotted an
average curve of sky brightness at the zenith from £
= 30° to £ = 140°, as shown in Fig. 3. The latest meas-
urements fit this curve well (see, for example, '-16-').
Figure 4 shows analogous curves, obtained by E. V.
Ashburn '-59-', but with optical filters. Interference
filters at effective wavelengths Xeff = 0.44, 0.52, and
0.59/u had a transmission band with half-width 105 A;
the effective half-width of the transmission band at
Xeff = 0.75ju was 0.23^.

Even Brunner ^ called attention to the character-
istic bend in the curve near the limit of the astro-
nomical twilight ( £ s 102—104°) and advanced the
hypothesis that it may be due to the superposition of
a relatively constant brightness from the intrinsic
glow of the atmosphere's higher layers on the vari-
able brightness of the scattered light from the sun.
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Indeed, subtract ion of the corresponding br ightness
of the night sky from the br ightness of the twilight
sky pract ica l ly e l iminates this bend ^. 5 Й_ Moreover,
we see from Fig. 4 that with i n c r e a s i n g wavelength,
that i s , on going over to those regions of the spect rum
where the br ightness of the s c a t t e r e d light is s m a l l e r
and the br ightness of the sky light i s l a r g e r , this bend
shifts c lear ly toward s m a l l e r values of J ( see '- 4 4 ' 6 7 ^).

This gives grounds for a s suming that the var ia t ions
in the c o u r s e of this p a r t of the curve a r e caused
p r i m a r i l y by var ia t ions in the a t m o s p h e r e ' s own
glow^J. The l a t t e r , however, does not exclude v a r i a -
tions in the intensity of the sun ' s light s c a t t e r e d by the
a t m o s p h e r e , including multiply s c a t t e r e d light.

F u r t h e r , Fig. 3 d i sc loses c l e a r l y a minimum near
f = 123—125°, which coincides approximately with the
minimum of i l lumination on the e a r t h ' s sur face, as
noted by P . P . Feofilov '-5-'. This minimum in the n e a r -
twilight c o u r s e of the br ightness of the night sky was
observed also by N. B. Divari ^ . They all give
grounds for assuming that i t i s due to features of the
diurnal var iat ion of the night sky itself.

Let us turn now to the dis tr ibut ion of the br ightness
over the sky. During the day, with i n c r e a s i n g f, the
minimum br ightness of the sky gradual ly approaches
the zenith, and s imultaneously moves away from the
sun. This continues a l so during the br ight p a r t of the
civil twilight'-83-'. The minimum r e a c h e s the zenith
only when total d a r k n e s s se t s in. During the e n t i r e
twilight it r e m a i n s somewhat shifted re lat ive to the
zenith along the sun ' s c o u n t e r - v e r t i c a l . This is i l-
lus t ra ted in Fig. 5, which shows the motion along the
v e r t i c a l and counter-ver t ina l of the sun of the points
of constant br ightness with varying s u n ' s zenith d i s -
tance (from data by K. Graff ^®). In Fig . 6, borrowed
from '-16-', a r e shown the re la t ive changes in the br ight-
n e s s of the sky along the sun ' s ver t ica l and counter-
ver t ica l at different zenith d i s tances of the sun. E s -

FIG. 5. Displacement of
points with a given sky bright-
ness along the vertical and
counter-vertical of the sun
with variation of the sun's
zenith distance.

wo tot юг юз с°

FIG. 6. Relative variations of the sky brightness along
the sun's vertical and counter-vertical at different zenith
distances of the sun. a) Without filter, Aeff = 4600 k; b)
Aeff = 4350 A; c) A.eff = 5275 A; d) Aeff = 6350 A,
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sentially, the aggregate of the curves shown in Fig. 6
represents a quantitative illustration of the twilight
pattern described qualitatively in Sec. 2.

What is most striking is that during the twilight
the brightness of the sky is concentrated in relatively
small afterglow segments near the sun's horizon, and
the dimensions of this segment decrease rapidly with
increasing £ '-4^. For comparison we give a map of
isophots of the solar side of the twilight sky, calcu-
lated by N. M. Shtaude [84^ with allowance for only
single molecular scattering of the light (Fig. 7). Re-
turning to Fig. 6, we also call attention to the fact
that the dimensions in the brightness of the afterglow
segment depend appreciably on the wavelength, and
this dependence varies with £. Further, the maxima
of the brightness are observed not at the horizon
itself, as was suggested by Hulbert '-4^, but consider-
ably higher. Figure 8 shows the dependence of the
brightness of the sky in the afterglow segment, aver-
aged over a series of measurements, for £ = 6—11°,
on the zenith distance z of the sighting point, as given
by O. B. Vasil'ev t85], and also the dependence of the
position of maximum brightness and of the sky
brightness at the maximum on the zenith distance of
the sun. The measurements were by photography with
a broadband filter. However, as is clear from Fig. 6,
the position and magnitude of the maximum should
depend on the wavelength. This is illustrated in Fig.
9, which was graciously furnished at our request by
A. Kh. Darchiya, on the basis of data of her spectro-
graphic study of the afterglow segment ™ . Figure 9
pertains to a zenith distance of the sun £ = 90°. How-
ever, an analogous pattern occurs also for other
zenith distances up to £ = 94°. It is noted here that
the horizon is frequently overcast by a continuous
haze, which hides the lower part of the afterglow
segment. In this case the position of the brightness
maximum no longer depends on the wavelength and is
located approximately near z = 83—85°, which does
not change with changing £. In other words, the dis-
tribution of the brightness near the horizon itself
depends in this case only on the altitude structure of
the haze. The appreciable spread in the points of

FIG. 7. Isophots of solar part of the twilight sky at £ = 96°,
calculated with allowance for single molecular scattering only (the
numbers on the isophots denote the brightness in stellar magnitude).

•a

FIG. 8. Distribution of the
brightness in the afterglow
segment along the solar verti-
cal (a) and the dependence of
the zenith distance zm a x of
the brightness maximum (b)
and the value of the maximum
brightness Imax (c) on the
zenith distance of the sun.

90 80 70
Zenith distance of

the sighting point, z^
a)

82:

96 97 98 99
Zenith distance of the sun (

b)
-s

,-7

96 97 98 99 100 101С
с)

FIG. 9. Distribution of
brightness in the afterglow
segment along the solar ver-
tical for different portions of
the spectrum (a) and depend-
ence of the zenith distance
zmax of the maximum bright-
ness on the wavelength (b)
for С = 90°.
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Fig. 9b, as well a s of the data obtained by other
authors on the region of the sky n e a r the horizon, is
natural ly explained by the var iable turbidity of the
lower l a y e r s of the a t m o s p h e r e .

M e a s u r e m e n t s of the br ightness of the twilight sky
along different a l m u c a n t a r s ^ - 6 0 ' 6 1 ' 7 0 show that the
changes in the br ightness in azimuth occur mono-
tonically and much m o r e slowly than in the ver t ica l .
Investigation of the changes in the sky br ightness at
large £ (at the nighttime boundary) at different
azimuths near the horizon was c a r r i e d out by N. B.

One of the essent ia l r e su l t s in the study of the
twilight sky was the conclusion that the phenomenon
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has the same main outlines in all parts of the sky;
this is evidence that the conditions of its formation
are identical. There is, however, a noticeable regu-
lar and quite appreciable phase shift: twilight in the
sun's vertical is delayed compared with the sun's
counter-vertical. Therefore, when we talk of the
twilight sky, we cannot classify twilights by stages
only on the basis of the change in the sun's zenith
distance, that is, simultaneously for the entire sky,
as in Sec. 2 (see Fig. 1). A classification based on
the illumination of the earth's surface more or less
corresponds to conditions prevailing for the zenith
(see Fig. 3), but is not suitable for other regions of
the sky. It is therefore necessary to have a classifi-
cation of twilight which is individual for each point of
the sky (see Sees. 8 and 10).

Further, although in principle the phenomenon has
a similar course for all points of the sky, many de-
tails of this course turn out to depend on the position
of the sighting point. This is the result of the vari-
ability of the relative role of different factors in the
dependence on the geometrical circumstances. There-
fore it is precisely these differences in the details
that become most essential when twilight observations
are used to study the optical structure of the atmos-
phere.

Differences in the character of the dependences of
the sky brightness on the zenith distance of the sun in
different parts of the solar meridian appear clearly
already in Fig. 6. They are shown most illustratively
in Figs. 10a and b, graciously furnished the author by
T. G. Megrelishvili. Figure 10a shows the depend-
ence of the sky brightness I at Aeff = 0.52ju on the
zenith distance of the sun, obtained by Megrelishvili
for one evening in simultaneous measurements at
three points of the solar meridian: in the zenith
( z = 0), at z = +70° (in the sun's vertical), and at
z = —70° (in the counter-vertical). In Fig. 10b the
same sky brightness is shown as a function of the
height H of the earth's geometrical shadow in the
sighting direction. What is striking is first of all the
increase in the slope of the I(H) curves with in-
creasing distance from the sighting point to the sun,
and the sharp excess in the sky brightness in the sun's
counter-vertical over its brightness in the zenith and
in the solar vertical for one and the same height of
the earth's geometrical shadow, when the latter rises
more than approximately 50—60 km above the earth.
As was first noted by V. G. Fesenkov, this is the ob-
vious result of superposition of effects due to the
secondary scattering of the sun's light, and points a
way toward their experimental study. In fact, the
brightness of the secondarily scattered light for a
given zenith distance of the sun depends relatively
little on the sighting direction. At the same time, the
height of the earth's shadow is much larger in the
counter-vertical of the sun than in the vertical, and

95

i 150 -

% 100-

Z 50-

Brightness of sky, arb. un.
b)

FIG. 10. Simultaneous plots of the brightness of the sky in three
sighting directions against the zenith distance of the sun (a) and
against the height of the geometrical shadow of the earth in the
sighting direction (b).

accordingly the brightness of the singly-scattered
light is much smaller.

Further, it is clearly seen in Fig. 10 that along
with differences in the regular character there are
also noticeable individual variations in the curves,
which incidentally change strongly from day to day.
These disturbances in the smoothness of the curves,
which are quite characteristic of twilight, reflect, as
we shall show later on, singularities in the optical
structure of the atmosphere (including its upper
layers), and their variability is patently due to the
variability of the atmospheric conditions, and par-
tially its horizontal inhomogeneity. In this connection
we recall that all workers have noted strong varia-
tions in the intensity of the "purple light" with a
pronounced maximum in its brightness during the fall,
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and sharp intensification following powerful volcanic
eruptions.

Let us turn now to a more detailed examination of
the color variations of the twilight sky. The first and
most pronounced symptom of the onset of twilight is
the reddening of the sky, which always takes place,
but is pronounced to different degrees in different
regions of the sky, depending on the meteorological
conditions. P. Grunner ^ and C. Dorno ai^ carried
out photometry of the "purple sky" in different parts
of the sky and have found that when the sun dips to
approximately £ = 4—4.5°, the progressing reddening
of the sky is replaced by a bluish tint. Later on F.
Link[38:i called attention to the fact that the sky turns
blue also in the zenith with increasing depression of
the sun below the horizon. Assuming that this change
to blue is caused by an increase in the secondary
scattering, he attempted to estimate, on the basis of
his experiments with optical filters, the relative in-
tensity of the secondarily scattered light. This at-
tempt, however, was based on primitive considera-
tions, which were not applicable to the real atmos-
phere. This was shown, in particular, by I. A.
Khvostnikov, E. N. Magid, and A. A. Shubin'-47-', who
confirmed the fact that the twilight sky turns blue and
have established that this effect does not reduce to
the appearance of a factor of the form X~4, as essen-
tially assumed by F. Link. We shall show later on
(Sees. 9 and 10) that the actual cause of the sky turn-
ing blue is entirely different.

Systematic investigations of the color of the
twilight sky were started in 1942 by T. G. Megrelish-
vili E53'57^ and are continued by her to this very day I-78J.
These investigations have disclosed that when the sun
dips below under the horizon to | = 9—11°, the turn-
ing blue at the zenith is again replaced by reddening.
Figure 11 shows the dependence of the color exponent
of the twilight sky at the zenith on the average dis-
tance of the sun, averaged over the seasons and ob-
tained by numerous measurements in 1945 "-57J. The
ordinates represent here the color exponent CE, de-
fined as

= - 2 . 5 In -/(X,) = -1 ,08 In I (кг)
(1)

where Aj = 379 тц. and \ 2

 = 527 т ц . The m e a s u r e -
ments were made with light f i l ters , but, s ince the s p e c -
t r a l sensit ivity of the ins t rument on the whole was

FIG. 11. Variation of
the color of the sky at the
zenith as a function of £
(for large £) - averaged
curves.

not investigated, the r e su l t s a r e expressed in re la t ive
uni t s . This manifes ts itself in an uncertainty that is
constant for all the measu remen t s in the mult ipl ier
of the color exponent. L a t e r on analogous r e su l t s
were obtained by other inves t iga tors B3,70,73,8i,82,86];

and in pa r t i cu la r for a l a rge se t of var ious wave-
lengths , reaching to 1ц.

Figure 12 shows the var iat ion with £ of the color
exponents for severa l pa i r s of wavelengths in the
sighting direct ion A = 0, z = 70°, a s measu red by
F . Volz and R. Goody '-81-1 during two twil ights . F igures
11 and 12 indicate f i rs t of all that the reddening of the
sky at the zenith at £ >, 90—100° i s a r egu la r phenom-
enon, and that by the end of the twilight the sky is as
a rule much r edde r than at the instant of i ts maximum
reddening at the sun ' s depress ion angles near
4 = 4—5° (at z = 70°, A = 0 the reddening begins
l a t e r , namely at £ > 102—103°; see F ig . 12). This
phenomenon, however, i s subject to ve ry s t rong v a r i -
a t ions , both seasonal (Fig. 11), which offer d i rec t
evidence of the influence of meteorological conditions,
and from day to day. Fo r individual days , the depend-
ence of the color exponent on £ usually has a m o r e
complicated c h a r a c t e r than on the averaged c u r v e s .
Examples can be seen in F i g s . 12 and 13, which were
const ructed ^ on the bas i s of m e a s u r e m e n t s p e r -
formed in 1958 in Crimea'-79-', with f i l ters having
Xeff = 448 and 528 т д ^26-1. Comparison of Fig . 11 with
Fig . 4 immediate ly d i s c l o s e s the gist of the reddening
of the sky at £ > 100° at the zenith and at £ > 103° at
the so la r horizon. At approximately the same angles
of the sun ' s depress ion below the horizon (which a r e
different for different wave-lengths) , the dec rease in
the sky br ightness slows down in the long-wave po r -
tion of the spec t rum, whereas in the shor t -wave por -
tion the br ightness continued to dec rea se pers i s ten t ly
as before . In the next chap te r s we shall d i scuss in
detail the possible physical r ea sons of this phenome-
non. Here we mere ly note that it concerns the s p e c -
t rum par t beyond the Chapuis ozone absorption bands,
namely the 0.7—lju region.

The fact that the absorption of light by a tmospher ic
ozone influences the color of the sky has been known
for a long t ime . It was f i r s t observed by Chapuis ^87J,
who even proposed that the p resence of ozone is

CE43f
380

CE605
518

/00 •<c

FIG. 12. Variations of the color of the sky in the sun's vertical
at a zenith distance in the sighting directions z = 70°, as a func-
tion of if— individual curves for two days (solid and dashed lines).



TWILIGHT PHENOMENA, THEIR NATURE, AND USE 207

•IS
US

0
-02

<? September

0.8

02
0

-0.2

г з 4
-

5 6 7 8 9 10 II 12
Ю September

У /

1.0

| ом

02

г 3 4 6 6 7 8 9 10 II 12

/^September

г 3 4 5 В 7 8 9 10 II IZ *

FIG. 13. Variation of the color of the sky at the zenith as a
function of £—curves for individual days. • — observations, x_
calculation.

wholly responsible for the blueness of the daylight
sky. As applied to twilight, the ro le of the ozone was
c lea r ly pointed out as long ago a s 1935 by J . Gauzit
0 0 ( w h o descr ibed in detail the general form of the
twil ight-sky spec t rum. The question was la te r on d i s -
cussed by E. Hulburt '-89-'. Colorometr ic investigations
by M. Gadsden ^ have confirmed qualitatively the
appreciable influence of absorption of light by a t m o s -
pheric ozone on the color of the twilight sky. Finally,
N. B. Divari ^ , on the bas is of thorough m e a s u r e -
ments with light f i l t e r s , disclosed quantitatively the
Chapuis bands in the twilight-sky light.

F igure 14 shows the spec t ra l var ia t ions of the
twil ight-sky br igh tness at the point A = 0, z = 70°
for f = 90° as calculated by F . Volz and R. Goody й й

for two models of the a tmosphere—pure ly molecular
(1) and one containing aeroso l (2), as well as the r e -
sult of the i r m e a s u r e m e n t s for two days (curves 3
and 4). Analogous curves can be found in the work of

300

FIG. 14. Theoretical (1 and 2) and experimental (3 and 4) data
on the spectral variation of the relative sky brightness at z = 70°
and A = 0° Dashed curves — without allowance for the absorption
of light in the ozone layer.

N. B. Divari '-73-', and also derived from the observa-
tions of F. Link and A. Ljunghall'-16-' (see also'-67-').
Goody and Volz have shown that by measuring the
brightness defect of the twilight sky in the region of
the Chapuis bands it is possible to determine the total
content of the ozone in the atmosphere, in spite of the
fact that the procedure proposed by them is quite
crude, as noted by the authors themselves.

We have dealt so far exclusively with observations
by means of optical filters. This is due not at all to
the absence of twilight spectra (see, for example
U0,90ĵ  Yflxt to the fact that these spectra, obtained in
large numbers and by many observers, have served
as a rule only to determine the atmosphere's own
glow (auroras, night sky), but were not considered
from the point of view of the analysis of the behavior
of the background against which this glow appears as
a function of f and of the sighting direction. In addi-
tion, these spectra were the results of long photo-
graphic exposures, which is essentially tantamount
to averaging over large intervals of variation of the
zenith distance of the sun. Because of this, the most
abundant material on the spectroscopy of the twilight
sky turned out to be actually useless for deduction of
the laws governing the twilight sky itself. An exception
is the extensive series of investigations of so-called
"twilight flashes" of emission from the night sky, on
which we shall dwell briefly below. Of importance to
us here are only the special studies of the character
and variation of the spectra of the twilight sky at the
stage where the glow of the atmosphere itself does
not yet play any role.

Recently A. Kh. Darchiya ^ published a series of
twilight-sky spectra pertaining to this stage. The
spectra were likewise obtained photographically, but
with short exposures, at the cost of confining oneself
to very small £ = £ — 90° and to the brightest region
of the sky, namely the dawn segment near the horizon.

The spectra disclose an extreme variety, which is
quite natural, since we are dealing with measurements
near the horizon itself, when even insignificant vari-
ations in the atmospheric extinction in the troposphere
region manifest themselves in strongly exaggerated
form. We have therefore chosen for illustration only
two series of relatively quiet spectra and have
smoothed them out somewhat in order to eliminate
the insufficiently reliable singularities (Fig. 15).
However, in order to emphasize the variability of the
spectra, we chose cases with essentially different
character of variation of the brightness and of the
wave-length, to illustrate the variations of the spec-
tra with the zenith distance of the sun f and with the
zenith distance of the same point z. We note that all
the measurements were carried out in units of day-
time illumination of a horizontal white screen, the
spectrum of which, generally speaking, differs es-
sentially from the spectrum of the sun, owing to the
presence of scattered radiation from the daytime sky
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FIG. 15. Examples of spectral variations of the sky brightness
in the dawn segment, a) For different zenith distances of the sun,
£; b) for different zenith distances of the sighting point, z.

(see , for example, ^91-'). This involves, in pa r t i cu la r ,
an appreciable underes t imate of the intensity of the
shor t -wave pa r t of the spec t rum, which fu r the rmore
p r o g r e s s e s rapidly with dec reas ing wavelength. It

mus t be assumed that the highly pronounced na ture
of the br ightness maximum near \ = 500 mfx is to a
ce r ta in degree the consequence of such a choice of
uni ts , whereby the dec rease in intensity toward the
shor t waves becomes more acute . At the same t ime,
the spec t ra display c lear ly the Chapuis ozone abso rp -
tion bands between 500 and 700 m/u, which vary
strongly from day to day. The left edge of this band
indeed forms the long-wave slope of the green m a x i -
mum of the br igh tness (see Fig. 14). What i s further
s t r ik ing i s the var iabi l i ty of the long wave slope of
the spectrum—beyond the Chapuis band—which ob-
viously owes i t s origin to var ia t ions in the t r a n s p a r -
ency of the lower l aye r s of the a tmosphere .

Recently a group of m e m b e r s of the Atmospher ic -
optics Labora tory of the Institute of Atmospheric
Physics (A. Ya. Driving, O. A. Zigel ' , I. M. Mikhauin,
G. V. Rozenberg, G. D. Turkin) obtained spec t ra of
the twilight sky in the zenith by means of an auto-
ma t i c - r eco rd ing spec t rome te r with a diffraction
grat ing, up to sun zenith d is tances f = 100°. Owing
to the weak glow of the twilight sky, the m e a s u r e -
ments were made with a wide t a rge t , causing the
spec t ra l resolut ion to be 70 A. The spec t rum scanning
t ime amounted to one minute .

F igures 16a and b show some of the spec t ra ob-
tained by us , in absolute units and in sun br ightness
uni t s . (The ins t rument was ca l ibra ted against a wide

FIG. 16. Spectra of the light from the twilight sky
in the zenith for different £, in absolute units (a) and
in units of solar brightness (b).
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s c r e e n i l luminated by the sun, and the i l lumination of
the s c r e e n by the s c a t t e r e d light from the sky was
el iminated by the " s u n - s h a d o w " method, c o r r e c t i o n s
being a l so introduced for the s p e c t r a l t r a n s p a r e n c y
of the a tmosphere in accordance with the so-cal led
Bouguer long method.)

Attention m u s t be cal led to the difference between
the s p e c t r a shown in Figs . 16, 14, and 15, which r e -
flects the var iat ion in the color of the twilight sky
with i n c r e a s i n g zenith distance z of the sighting d i -
r e c t i o n .

In 1933 V. Slipher &21 f i r s t noticed an intensif ica-
tion in the nighttime emiss ion of the ionized nitrogen
N2" (of the negative band system) during a tmospher ic
twilight. Three y e a r s l a t e r H. Garr igue noticed that
when the sun dips 9° below the horizon, the red oxygen
line Л. = 6300 A a p p e a r s in the s p e c t r u m of the
twilight sky and b e c o m e s weaker with i n c r e a s i n g
zenith distance of the sun. In the s a m e y e a r V. I.
Chernyaev and M. F . Vuks '-40-' found in the twilight-
sky s p e c t r u m the sodium-D doublet, which o c c u r s
when the e a r t h ' s shadow r e a c h e s a height of 50—60
km, and which at tenuates noticeably with increas ing
height of the e a r t h ' s shadow. L a t e r on, twilight
f lashes and f lashes of other e m i s s i o n s of the night
sky were observed, namely the Ni 5200 A line ^ , the
atmospher ic sys tem of O2 bands £95-9G, t h e Q H

band [ 9 6 ] , the Call H and К l ines t 9 7 ] , and a l so the
resonant l ines of l ithium and helium '-98-'. All these
twilight glows a r e c h a r a c t e r i z e d by two c i r c u m -
s t a n c e s : 1) they appear against the continuous back-
ground of the s p e c t r u m of the s c a t t e r e d light of the
twilight sky when the br ightness of the l a t t e r be-
c o m e s a l ready sufficient to mask the weaker e m i s -
s ions of the a t m o s p h e r e ' s own glow, and 2) t h e i r in-
tensi ty d e c r e a s e s with depress ion of the sun below
the horizon. We cannot e n t e r h e r e into a discuss ion
concerning the origin of these glows (see, for e x a m -

pie, [99,100] ), and we shall stop only to d i scuss the
glow of a tmospher ic sodium, which has played a
noticeable ro le in the development of a twilight
method of investigation of the a t m o s p h e r e .

The problem of the twilight flash of the sodium
resonant line has been the subject of an extensive
l i t e r a t u r e (see С100-И8] a n d o t h e r s ) . At the p r e s e n t
t ime t h e r e is no doubt that it is due to resonant
f luorescence of sodium vapor, which forms a suffi-
ciently c lear ly pronounced layer in the upper a t m o s -
p h e r e and i s i l luminated by the r a y s of the r i s i n g o r
sett ing sun. At smal l d e p r e s s i o n s of the l a t t e r b e -
hind the horizon, this f luorescence is drowned out by
the bright s c a t t e r e d light of the sky. Then as the
zenith dis tance of the sun i n c r e a s e s and the br ight-
n e s s of the twilight sky d e c r e a s e s , the f luorescence
becomes observable and is itself finally attenuated
when the sodium l a y e r s u b m e r g e s in the shadow of
the sun. However, this s imple pat tern is spoiled by
the attenuation of the d i rec t r a y s of the sun as they

FIG. 17. Plot of the
intensity of the resonant
lines of sodium against
the zenith distance of
the sun for different
days (a) and different
sighting directions for
two different days (b).

90 92 94 96 98 100 102

b)

penet ra te into the layer of sodium, which r e d u c e s
the i l lumination of the l a t t e r at smal l d e p r e s s i o n s
of the sun below the hor izon. As a resu l t , the intensity
I of the twilight glow of a tmospher ic sodium plotted
against the zenith distance of the sun exhibits a
typical " p l a t e a u , " the extent of which depends on the
optical thickness and the s t r u c t u r e of the layer and
also on the sighting d i rect ion. This is c l e a r l y seen
on Figs . 17a and b О0Ч, what i s s t r ik ing is the phase
shift o c c u r r i n g upon change in the sighting direct ion,
and also the essent ia l differences in the c o u r s e s of
the curves and in the absolute values of the br ight-
n e s s during different days and for different a z i m u t h s .
In addition, the ra t io of the intensi t ies of the two
components of the doublet a lso changes with chang-
ing f-

A detailed quantitative analysis of the twilight
flash of the D doublet of atomic sodium has shown
that the l a t t e r is p r e s e n t in the a tmosphere in the
form of a c l e a r l y pronounced l a y e r with a concen-
trat ion maximum n e a r 70—90 km, and i ts amount,
together with the height of the layer, is highly v a r i -
able and subject, in p a r t i c u l a r , to s t rong seasonal
var iat ions Di6,H8]_ Examples of the altitude d i s t r ibu-
tion of the sodium during different days a r e shown
in Fig. 18a. The total content of sodium in a column

1 c m 2 in c r o s s section f luctuates from 2 x 109 to
2 x 10 1 0 a t o m s . T h e r e a r e s e r i o u s grounds for a s -
suming that the sodium layer has a cloud-like s t r u c -
t u r e .

Owing to the rapid i n c r e a s e in the sca t te r ing c o -
efficient, and consequently a lso in the optical thick-
n e s s of the a t m o s p h e r e , one should expect the c h a r -
a c t e r of the twilight phenomena to change noticeably
on going into the ul traviolet region of the s p e c t r u m .
F o r the t ime being, however, we have no o b s e r -
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f o r t w o d a y s a c c o r d i n g t o m e a s u r e m e n t s o f b r i g h t n e s s o f a n a r t i -

f i c i a l e a r t h s a t e l l i t e .

vational data. An exception is the region near
X = 0.3ц, that is, the region of the long-wave slope
of the large ozone absorption band (the Hartley band).
As is well known, the latter extends farther into the
ultraviolet until it overlaps the absorption bands of
oxygen in the Schumann region of the spectrum, as a
result of which the lower layers of the atmosphere
are completely shielded against the penetration of
ultraviolet radiation with X <, 30/u from the sun. We
also recall that the ozone, like the sodium, is pres-
ent in the atmosphere in the form of a clearly pro-
nounced but strongly smeared layer (Fig. 18b), with
a concentration maximum at an altitude of approxi-
mately 25 km 019] _ fne t o tal amount of ozone in the
earth's atmosphere is approximately 0.3 cm and
fluctuates approximately between 0.2 and 0.4 cm (the
quantity of ozone is customarily expressed in terms
of the thickness of the layer that the ozone would
occupy were it separated in pure form and reduced
to 0°C and 760 mm Hg).

Increased interest in the X = 0.3/i region of the spec-
trum is due essentially to the tendency to employ
twilight phenomena for a determination of the altitude
distribution of the ozone—all the information con-
cerning the latter was essentially obtained in this
manner before rocket flight became feasible. The
scope of the article does not enable us to review the
extensive literature devoted to this problem L10

W e a r e i n t e r e s t e d h e r e o n l y i n t h a t u n i q u e c h a r a c t e r

w h i c h i s a c q u i r e d b y t h e t w i l i g h t p h e n o m e n a i n t h e

g i v e n r e g i o n o f t h e s p e c t r u m a s a r e s u l t o f t h e l a r g e

o p t i c a l t h i c k n e s s o f t h e a t m o s p h e r e a n d t h e p r e s e n c e

o f a l i g h t - a b s o r b i n g o z o n e l a y e r l o c a t e d a t r e l a t i v e l y

h i g h a l t i t u d e s . W e h a v e i n m i n d t h e i n v e r s i o n e f f e c t ,

o b s e r v e d i n 1 9 2 9 b y F . G o t z C l 2 4 a n d a l s o t h e r e l a t e d

a n o m a l o u s - t r a n s p a r e n c y e f f e c t , d i s c o v e r e d i n 1 9 3 6

b y S . F . R o d i o n o v , E . N . P a v l o v a , a n d N . N . S t u p -

nikov 022] ^ a n ( j w n i c j 1 ) цке the inversion effect, is
now described even in textbooks. In both cases we
are dealing with behavior of the color exponent

С Е Л upon variation of the sun's zenith distance,
Л2

f o r a p a i r o f w a v e l e n g t h s o n t h e l o n g - w a v e s l o p e o f

t h e H a r t l e y b a n d .

A c c o r d i n g t o B o u g u e r ' s l a w , t h e i n t e n s i t y of t h e

s u n ' s r a y s p e n e t r a t i n g t h r o u g h t h e l a y e r o f o z o n e

t o w a r d s t h e e a r t h s h o u l d d e c r e a s e m o n o t o n i c a l l y w i t h

i n c r e a s i n g z e n i t h d i s t a n c e o f t h e s u n , n a m e l y

oo

w h e r e r ' ( h ) = J k ( h ) d h i s t h e o p t i c a l t h i c k n e s s o f

h

t h e a i r i n a v e r t i c a l d i r e c t i o n a b o v e a l e v e l h , t h e

t o t a l v e r t i c a l o p t i c a l t h i c k n e s s o f t h e a i r b e i n g

h

т* = r ' ( h ) + r ( h ) , where T(h) = J к dh is the op-
o

tical thickness of the air in the upward vertical di-
rection from sea level to a height h, к (h) = a (h)
+ a ( h ) is the extinction coefficient of air, a and a
are its absorption and scattering coefficients, and
m ( £) is the so-called air mass along the path of
the light ray, equal to the ratio of the optical thick-
ness along its path and the optical thickness in a
vertical direction for the same altitude difference.

Inasmuch as in the vicinity of X = 0.3ц both the
ozone absorption ( a) and the molecular scattering
(cr ) increase on advancing into the short-wave part
of the spectrum, т ' also increases with decreasing
wavelength. Therefore, if Xt > X2, then T ' ( X J )
< T ' ( X 2 ) and the color exponent, which is given by
formula (1)

= 2.5m [т'(А,,)-Т' (3)

should d e c r e a s e monotonically with increas ing m,
that i s , with increas ing £.

If we now aim a measur ing ins t rument at the
zenith and a s s u m e that the sca t te r ing of the sun ' s
d i rec t r a y s occurs essent ia l ly in the lower denses t
l aye r s of the a tmosphere , that i s , after the sun ' s
rays have penet ra ted the ozone layer , then we should

expect CE^ for the sca t te red light a lso to dec rea se
monotonically with increas ing f. Gotz has observed,
however, ^21] that actually at a cer ta in value of J,
which v a r i e s from day to day, the monotonic d e -
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FIG. 19. Examples of experimental CE*l(<T) curves obtained
from zenith observations ("inversion curves"). It is traditional to
mark the abscissas in units of £" x Ю"7. Different symbols cor-
respond to different pairs of wavelengths. All curves have been
reduced to a single value of CE at small £.

crease in the CE^1 is replaced by an increase

(Fig. 19). This phenomenon has been called the in-

version effect, and the plot of CE^ ( f) is custom-

arily called the inversion curve.
The position of the minimum on the inversion

curve depends on the choice of the pair of wave-
lengths, and with decreasing X2 and constant Xj the
minimum shifts regularly toward smaller £. In ad-
dition, the position of the minimum, together with
the entire course of the inversion curve, depends
essentially on the total content of ozone in the at-
mosphere—an increase in the ozone content shifts
the inversion curve also toward smaller J. Finally,
the character of the inversion curve is quite vari-
able and is frequently essentially different for dif-
ferent pairs of wavelengths; cases are observed
when the inversion effect is completely missing.

S. F. Rodionov, E. N. Pavlova, and N. N. Stupni-
kov '-122^ observed an analogous phenomenon also in
the case when a measuring instrument is aimed
directly at the sun, that is, when formula (3) should
hold true without any qualifications (Fig. 20). The

FIG. 20. Depend-
ence of log I on £
and the "anomalous
transparency effect"
(instrument aimed at
the sun).

authors have called this the "anomalous transpar-
ency effect," on the basis of the fact that if
Bouguer's law is valid the effect can be due only to
a relative increase in the atmospheric transparency
(that is, a decrease in a) for X2 as compared with
its transparency for Xt (X2 < X t). We shall return to
the explanation of this effect later. We shall merely
note here, as shown by Gotz, that the inversion ef-
fect can be explained without this hypothesis. To
explain this effect it is sufficient to forego the as -
sumption that the sun's direct rays are scattered
only below the ozone layer.

In fact, if the instrument is aimed at the zenith,
then the light scattered in the rarefied atmosphere
above the ozone layer and passing vertically
through the ozone layer also strikes the instrument
(Fig. 21). So long as the sun is high above the hori-
zon, scattering in the lower layers of the atmos-
phere predominates, so that Eq. (3) holds true. But
when the sun approaches the horizon, the increase
in m and the corresponding increase In the absorp-
tion of the sun's direct rays by the ozone layer
cause the principal role to be assumed by the light
scattered above the ozone layer, since the absorp-
tion of this light by the ozone layer does not depend
on the zenith distance of the sun. This transition
occurs at sun's zenith distances that are the larger,
the smaller the absorption, that is, the smaller the
wavelength, and this leads to the inversion effect.

This explanation, supplemented with an account
of the structure of the ozone layer, is indeed the
basis of the method proposed by Gotz to determine
by means of the inversion curves the altitude de-
pendence of a and consequently also of the ozone
concentration D2<0_

The character of the twilight phenomena in the
oxygen and water-vapor absorption bands, and also
in the infrared region of the spectrum with X > 1/j,
has not been investigated at all.

4. POLARIMETRY OF THE TWILIGHT SKY

Supplementary and perfectly independent infor-
mation on the course of the twilight can be obtained
by measuring the polarization of the light from the
twilight sky.

The initial measurements D?,34,42,123-129] p e r t a ined
predominantly to the positions of the so-called neu-
tral parts, that is, those points of the sky where the
polarization vanishes.

FIG. 21. Explanation of
the inversion effect, after
Gotz.

30 40 50 SO 70 SO 90
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Although the positions of these points relative to
the sun and to the antisolar point are relatively
stable during the daytime (see, for example, Изо,131] ^
and depend essentially on the meteorological condi-
tions , they begin to display an intensified mobility
during twilight. Their behavior in the solar and
antisolar verticals becomes entirely different. This
is a reflection of the difference in the illumination
conditions of the dark and light horizons of the sky
during twilight hours and, apparently, primarily a
manifestation of the differences in contributions of
multiple scattering from different regions of the
twilight sky to its brightness (cf. ^131>13Й). At the
same time, data on the observation of the neutral
points offer evidence of increased sensitivity of the
polarization of the light from the sky to variability
in atmospheric conditions.

In addition to the positions of the neutral points,
the degree of polarization in different parts of the
sky was also measured, but these measurements
were confined only to the bright part of the twilight,
up to £ = 95—96°.

The main results consisted here in the fact that
the degree of polarization of the twilight-sky light
first increased with increasing £, and then de-
creased. In particular, for the zenith the polariza-
tion maximum was reached at £ = 92—94°, with the
degree of polarization assuming in the mean a value
p= 0.7-0.8.

The main purpose of all the foregoing polariza-
tion investigations of the twilight sky was to find a
direct connection with the weather and to facilitate
weather forecasting. For reasons that will become
clear in what follows, however, these searches
were not crowned with success. The first to suggest
the use of polarization measurements for the analy-
sis of the course of the twilight phenomena them-
selves, and also for the study of the structure of the
upper layers of the atmosphere and the processes
occurring in them, was I. A. Khvostnikov. There-
fore the measurements carried out during many
years by Khvostnikov and his co-workers were con-
centrated on the near-zenith region of the sky,
where these polarization effects were most clearly
pronounced and, as it seemed at that time, were
simplest to interpret. We note that the later investi-
gators, with a few exceptions, also adhered to this
tradition, and consequently the data on the polariza-
tion in other regions of the sky are practically nil.

The first measurements '-133-' made on Mount
Elbruss in the summer of 1936 have shown that
starting with £ e 97° the degree of polarization p
decreases rather rapidly, and the region of £ ap-
proximately between 98 and 102°, in which the
p vs. £ curves have one or two deep minima, are
especially singled out. At the same time, a single
curve was obtained, covering the entire dark part

of the twilight up to the nightime boundary and hav-
ing an exceedingly deep and broad polarization
minimum (p= 0.15) at £ s 106.5°.

If the depression of the sun is converted into
height of the earth's shadow at the zenith, and if
account is taken of the fact that the effective height
at which scattering occurs during the twilight lies
some 20 km above the height of the geometrical
shadow (see below), then it turns out that the posi-
tions of the minima correspond to effective scatter-
ing heights on the order of 100 and 300 km. The
existence of more or less clearly pronounced min-
ima of variable form in the indicated altitude ranges
was confirmed also by subsequent measurements of
I. A. KhvostnikovCl34]. The fact that these heights
correspond approximately to the locations of the E
and F layers of the ionosphere have enabled
Khvostnikov to advance the suggestion ^133-13^ that
the degree of depolarization of the light from the
twilight sky is connected in some manner with the
degree of ionization of the upper layers of the at-
mosphere, and that polarization measurements
during the time of twilight can yield a direct "cross
section" of the ionosphere.

In 1939 polarization measurements of the twilight
sky were performed in Crimea by two methods
(visual and photoelectric), simultaneously with
measurements of the critical frequencies and the
heights of radiowave reflection from the E and F
layers'-135-'. The optical measurements were carried
out, without filters, in a wide spectral band, limited
only by the sensitivity limits of the light receivers.
The curves obtained turned out to be quite varied
(Figs. 22a and b), thus evidencing the deep differ-
ences in the conditions of twilight formation on dif-
ferent days. They share, however, the same
features as noted m^133'134-1, namely the existence of
minima at effective heights of the earth's shadow
near 80 and 250—290 km, or a strong general fall-
off in the degree of polarization with increasing £.
The same features were also clearly pronounced in
measurements of the polarization of the twilight sky
near Moscow, carried out in the summer of 1940
with the aid of a photographic procedure ^9,50]_

In the earlier measurements, the degree of
polarization was determined from the intensities of
two mutually-perpendicularly polarized components,
the orientations of the planes of polarization being
maintained constant during the twilight (one of them
either followed the sun or coincided with the posi-
tion of the sun's vertical averaged for the twilight).
In this case, however, the measurements were with
the aid of three polarization prisms, turned 60°
relative to one another. This made it possible to
determine both the polarization direction and its
true value. Some of the obtained plots of p against
the effective height of the scattering layer are shown
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FIG. 22. Examples of the dependences of the degree of
polarization of the light from the zenith of the twilight sky
on the effective height of the scattering layer, a) Visual
measurements; b) photoelectric measurements; c) photo-
graphic measurements.
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in Fig. 22c, which shows also for comparison the
p (h) dependence expected for single molecular
scattering.

A correlation was found between the depolariza-
tion for effective scattering heights h s 80 km (as
well as for h s 270—300 km) and the critical fre-
quencies for the corresponding atmospheric layers,
viz., the depth of the minimum increases and the
minimum degree of polarization decreases with in-
creasing critical frequency t50-135"137^. The possible
causes of this correlation will be discussed in Sec.
10, although it must be noted that the very fact of
its existence needs confirmation, and its character
needs investigation.

Returning to Fig. 22, attention must be called to
two other circumstances. First, during the course
of the twilight the degree of polarization is much
less than would be expected from the single molecu-
lar scattering alone. Second, random short-duration
variations of polarization are observed, covering
very small intervals of zenith distances or shadow
heights. These two circumstances will also be dis-
cussed later on, and it will be shown that the second
of these is a purely temporal effect. Finally, the
increase in polarization at ^ ,> 107° is worthy of
attention.

The polarization of light from the zenith region
of the twilight sky was subsequently measured many
times and, unlike the measurements already de-
scribed, predominantly with the aid of light filters
[3,26,67,70,78-80] o r Spectrophotographically [ 1 3«. In
the main features, these measurements have con-
firmed the general pattern explained by the observa-
tions of I. A. Khvostnikov and his co-workers. By
way of an example, Fig. 23 shows two plots of p
against f, pertaining to the zenith. The dashed
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FIG. 23. Examples of averaged dependences of the degree of
polarization of light from the zenith twilight sky on the zenith
distance of the sun.
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[67]
curve was obtained by R. Robley [ 1 3 8 ] visually, andf

the continuous one by J . Dave and K. Ramanathan

photoelectr ical ly ( spectra l interval 4000—5700 A).

In both c a s e s the r e s u l t s w e r e averaged over severa l

days, so that random (including short-durat ion)

var ia t ions w e r e e r a s e d . We note that averaging over

different groups of m e a s u r e m e n t s o r for different

s p e c t r a l intervals leads to different curves'-6 7-'.

As far as we know, the polar izat ion of light from

the twilight sky at points other than the zenith was

m e a s u r e d only by T. G. Megrelishvil i and by J . Dave

and K. Ramanathan'- 6 ^. Figure 24 shows a c o m p a r i -

con of p v s . f c u r v e s , averaged for severa l days,

for three points of the s o l a r mer id ian with zenith

dis tances z = 0 and ±30° (the minus sign p e r t a i n s

to the sun ' s c o u n t e r - v e r t i c a l ) . The m e a s u r e m e n t s

w e r e made in the spect ra l interval 4350—4850 A. In

p r a c t i c e the intens i t ies of two mutual ly-perpendicu-

l a r polar ized components w e r e m e a s u r e d , one c o m -

SB

U5

Wt

03

02

0.1

92 94 SB 100 102 104 /OB 108 НО

FIG. 24. Averaged p vs. £ curves for different sighting direc-
tions.
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FIG. 25. Averaged ^-dependence of the logarithms of the in-
tensities of two alternately polarized-light components from the
zenith of the twilight sky.

p o n e n t ( I | | ) c o r r e s p o n d i n g t o t h e o s c i l l a t i o n s of t h e

e l e c t r i c v e c t o r of t h e l i g h t w a v e i n t h e p l a n e of t h e

s o l a r m e r i d i a n . F i g u r e 25 s h o w s t h e v a r i a t i o n of

t h e i n t e n s i t i e s of b o t h c o m p o n e n t s ( a v e r a g e d o v e r

s e v e r a l o b s e r v a t i o n d a y s ) w i t h t h e z e n i t h d i s t a n c e

of t h e s u n . I t i s e a s y t o s e e t h a t t h e w e a k e r c o m -

p o n e n t 111 r e a c h e s i t s l i m i t i n g ( n i g h t t i m e ) v a l u e

m u c h e a r l i e r t h a n t h e s t r o n g e r c o m p o n e n t Ij_, f o r

w h i c h t h e e l e c t r i c a l v e c t o r o s c i l l a t e s p e r p e n d i c u -

l a r l y t o t h e s c a t t e r i n g p l a n e . T h e i n f l e c t i o n i n t h e

III ( £) c u r v e b e g i n s a l r e a d y a t £ = 103 .5° , w h e r e a s

on t h e I j j f ) c u r v e i t d o e s no t o c c u r u n t i l f = 105° .

T h i s e x p l a i n s t h e n a t u r e of t h e p o l a r i z a t i o n f a l l -o f f

i n t h e i n t e r v a l f r o m 103—104° t o 107—108° , c o r r e -

s p o n d i n g t o e f f ec t i ve s c a t t e r i n g h e i g h t s f r o m 160—

200 to 300—350 k m ( s e e F i g s . 22 a n d 23 ) . T h i s f a l l -

off in t h e p ( f ) p l o t w i l l be d i s c u s s e d b e l o w .

L e t u s t u r n now to t he v a r i a b i l i t y of p ( £) w i t h

t h e l i g h t w a v e l e n g t h . F i g u r e 2 6 a s h o w s p ( f ) c u r v e s

o b t a i n e d s p e c t r o g r a p h i c a l l y f o r one of t h e d a y s by

R . Robley'-1 3 8- ' . F o r c o m p a r i s o n , F i g . 26b s h o w s

a n a l o g o u s r e s u l t s o b t a i n e d by N. B . D i v a r i '-75-' b y

m e a s u r e m e n t s wi th l i gh t f i l t e r s ( a v e r a g e d f o r two

d a y s ) .

A t t e n t i o n m u s t b e p a i d f i r s t of a l l t o t h e e s s e n -

t i a l d i f f e r e n c e in t he c o u r s e of t he c u r v e s fo r d i f f e r -

e n t w a v e l e n g t h s . T h e r e a s o n s f o r t h e s e v a r i a t i o n s

w i l l b e d i s c u s s e d i n S e e s . 8—10. We s h a l l m e r e l y

n o t e h e r e t h a t t h e y i m p l y t h a t t he d e t a i l e d a n a l y s i s

of d a t a o b t a i n e d f r o m m e a s u r e m e n t s in b r o a d s p e c -

t r a l i n t e r v a l s i s no t ful ly v a l i d . It m u s t a l s o b e

n o t e d t h a t t h e m i n i m u m of p o l a r i z a t i o n a t £ s 97—

101° a n d i t s falloff a t £ > 102—103° a r e d i f f e r e n t l y

m a n i f e s t fo r d i f f e r e n t w a v e l e n g t h s a n d e x p e r i e n c e

91 92 03 94 95 96 97 98 99
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FIG. 26. Plots of p(£) for different spectral intervals, a) Pho-
tographic photometry of the spectra of the twilight sky; b) photo-
electric measurements with light filters.
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noticeable shifts along the axis of the sun's zenith
distances. Further, when £ > 100°, the light from
the sky is much more strongly polarized in the
short-wave region than in the yellow-red part of the
spectrum.

N. B. Divari '-70-' observed a correlation between
the atmospheric transparency and the degree of
polarization for close wavelengths at ^ 99—100°,
whereas for other £ the correlation becomes worse.
We note, however, that the statistics covered only
seven or eight days and that the transparency was
determined during a different time (daytime) and
with different light filters, making the correlation
analysis insufficiently convincing.

Almost all the measurements of the polarization
of the light from the zenith region of the twilight sky
were made, as already mentioned, by determining
the intensities of light passing through an analyzer
(Polaroid or a polarization prism) set in two
mutually-perpendicular positions. It has been as -
sumed beforehand that the scattered light from the
sky is always polarized either strictly in the scatter-
ing plane, or strictly perpendicular to it. It there-
fore became necessary to make a special check on
this assumption, all the more since there were
known cases when this assumption was certainly not
satisfied both during the day and during the time of
total eclipses of the sun, when the conditions of at-
mospheric illumination are analogous in many re -
spects to twilight conditions.

The first to measure the positions of the plane of
polarization of the light from the zenith region of
the twilight sky was G. V. Rozenberg [49>50 'm:i. The
result obtained was unexpected. It turned out that
the position of the plane of polarization is subject to
appreciable variations. Its deviations from the
meridian of the sun, occurring at £ > 104°, are
considerable, -20—30° and even more.

Later on, N. B. Divari '-70-' carried out analogous
measurements but with light filters, and found that
when £ <, 100° the deviations of the plane of polari-
zation from the sun's vertical, if they exist at all,
are small and have a random character. This was
confirmed by measurements of G. V. Rozenberg and
N. K. Turikova ^26>79^ with light filters for relatively
small £ (92° < f < 102°). However, when £ > 101°,
according to Divari, the deviations of the plane of
polarization begin to increase, and when the sun's
zenith distance is £ = 103—104° they reach notice-
able values, on the order of 10° and more, which
differ for different wavelengths. Unfortunately,
Divari's measurements extend only to £ = 105°,
corresponding to an effective scattering altitude of
approximately 220 km. Thus, the strong deviation of
the plane of polarization relative to the scattering
plane, observed by G. V. Rozenberg at large £, has
still not been confirmed by subsequent measurements.
We add that the accuracy of the measurements of the

deviation of the scattering plane at large £ is low,
owing to the smallness of the degree of polarization
(Figs. 22 and 23). This calls for a cautious approach
to the values obtained in^49'50^1 for its magnitude. In
addition, one cannot exclude the fact that such large
deviations of the plane of polarization are due to
some specific meteorological conditions (for exam-
ple, strong horizontal inhomogeneity of the atmos-
phere, or silver clouds) or some effects of the glow
from the night sky. In any case, repeated measure-
ments are called for here, if possible using light
filters or spectroscopy. At the same time, the quan-
titative data concerning the degree of polarization
of the light from the twilight sky at £ > 104°, ob-
tained without account of possible rotations of the
plane of polarization, are still under doubt.

5. GEOMETRY OF SUN'S RAYS AND THEIR
ATTENUATION ON THEIR PATH THROUGH THE
ATMOSPHERE

Let us turn now to the theory of twilight phenom-
ena.

On penetrating the earth's atmosphere, the sun's
rays experience both attenuation and scattering. The
relation between these two phenomena determines,
in final analysis, the entire set of optical phenomena
observed in the sky during the bright time of the day,
including twilight. In principle the total pattern of
the twilight phenomena could be obtained by solving
the radiation transport equation with suitable bound-
ary conditions. However, no general methods have
yet been developed for solving this equation for the
three-dimensional problems of the type applying to
twilight conditions. Even if they were to exist, they
would make it possible to determine the pattern of
the twilight sky only if the optical structure of the
atmosphere is known beforehand. Yet the greatest
interest attaches to precisely the opposite picture,
namely the determination of the highly variable
structure of the atmosphere from the pattern of the
twilight sky. Therefore the principal aim of twilight
theory, at any rate in its present state, is to clarify
the main laws governing twilight phenomena and to
separate the most essential factors that govern their
course. It is obvious that this is possible only by
constructing a simplified model of the phenomenon
and subsequently refining it from the point of view of
the influence of various extraneous circumstances.
It is not enough here that the main features of such
a model merely reflect actuality sufficiently well. It
is also necessary that the method of its analysis not
go outside the framework of the transport equation
and, in final analysis, that it lead to its solution.
Such a method can be a successive tracing of the fate
of each light beam through all its vicissitudes as it
wanders through the atmosphere. Owing to the
vertical inhomogeneity of the atmosphere and its
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spherical form, a decisive role is assumed in this
case by the geometrical factors, which are further
complicated by the requirement that they be ex-
pressed in the observer's own coordinate frame.

It is necessary to know first precisely where a
specified sighting direction meets with a sun's ray
characterized by definite perigee altitude (in partic-
ular, the boundary of the earth's shadow), and also
how this point of encounter moves with varying
zenith distance of the sun or sighting direction. This
problem was solved many times without account of
refraction С39>50>13Й a n ( j a i s o w i t h its account for dif-
ferent assumptions concerning the structure of the
atmosphere W>38>l40-l50]; a n d e v e n w i t h a c c o u n t of the

geoid form ^131J. However, the results in the cited
references are represented either in the form of
tables, sometimes excessively detailed and conven-
ient only for the solution of particular problems but
not for a qualitative analysis of the course of the
phenomena, or else in the form of cumbersome
formulas not amenable to practical analysis. The
formulas become much simpler and assume a form
more convenient for the analysis of twilight phenom-
ena if one resorts to approximating the earth's
sphere in the vicinity of the point of observation by
means of a cylinder whose generatrices are per-
pendicular to the sun's rays. The approximation ob-
tained in this manner is fully satisfactory in an ex-
tensive region of the sky near the zenith, and over
the entire extent of the sun's meridian.

We first neglect the sun's angular dimensions
and assume that the sun's rays illuminating the
earth's sphere are strictly parallel. In exactly the
same way, we disregard refraction for the time
being, all the more since it turns out to be perfectly
inessential to many of the most important problems,
as will be shown below. Then the earth's geometri-
cal shadow will be a circular cylinder of radius R
(the earth's radius) and its generatrices will be the
sun's rays tangent to the earth's sphere (the irregu-
larities of the latter will be also neglected here for
the time being, as well as the deviations of the true
figure of the earth from spherical form.)

Because of the spherical symmetry of the atmos-
phere, all the rays that bypass the earth's surface
at identical height above the terminator, that is, that
have identical perigee height y, are under identical
conditions. Therefore the entire aggregate of the
sun's rays must be regarded as a one-parameter
family, classified in accord with the value of y. If
the ray does not bypass the earth's sphere but
strikes its surface, that is, if it lies inside the
cylinder whose continuation is the earth's shadow,
we ascribe to it a negative value of the perigee
"height," —y. By the latter we mean the largest
dip of the continuation of the ray inside the earth's
sphere below the terminator. We now obtain in the
cylindrical approximation, for an observer standing

on the earth's surface, and for a height h of inter-
section of the sighting line with the sun's ray with
perigee equal to y, the approximate expression

(4)*

where z and A are the zenith distance and the azi-
muth of the line of sight

(6)

and
COS1(!

cos if = cos 2 sin £ — sin z cos Z, cos A,

where in the sun's meridian we have

(7)

sin(£ — z), (8)

z being assumed positive in the vertical and nega-
tive in the counter-vertical of the sun. Expression
(4) gives satisfactory accuracy under the condition

and a correction term in the square brackets is es-
sential only for large z, owing to the smallness of
v. In addition, (4) can be generalized without diffi-
culty to the case when the observer is at an arbi-
trary height L, provided L « R.

If we denote by H the height of the geometrical
shadow of the earth (у = 0),

and put

(9)

(10)

then expression (4) assumes the form

Л=(Я+ч) [ l + |Ytg 2 z(l-7sin 1 ! ^)] , (11)

that is, in an extensive near-zenith region of the sky
we have with good accuracy

h=H + r\. (12)

In particular, for the zenith we have
„ _ Я(1-зт£) у

and since under twilight conditions | = £ -90° « 1,
we have

(14)

In the same approximation, the zenith distances £'
of the sun and z' of the line of sight at the point
where the latter intersects the sun's ray, are de-
termined by the relations

У , p c o s q »

cosz' cosz-| "cosi|> '
where <p is the scattering angle and

cos ф = cos z cos £ + sin z sin £ cos A.

(15)

(16)

*tg = tan.
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Let us turn now to an approximate account of r e -
fract ion. The la t te r , as is well known, i s de termined
by the altitude var iat ion of the re f ract ive index n of
the a i r , that i s , by the s t r u c t u r e of the gas c o m -
ponent of the a t m o s p h e r e . It i s therefore subject to
r a t h e r noticeable var ia t ions and different values
have been calculated for it by different authors using
different models of the a t m o s p h e r e . However, so
long as we deal with a determinat ion of the heights
of the sun ' s ray t ra jectory, aimed at an analys is of
twilight phenomena, these d i s c r e p a n c i e s , as well as
all poss ible var ia t ions of the refract ion, can be
neglected. It i s l ikewise possible to neglect i ts d e -
pendence on the wavelength. Rozenberg has shown
'-152-^ that the d i spers ion Av of the angle of r e f r a c -
tion v can in f i r s t approximation be wri t ten in the
form

from which it follows that under a tmospher ic condi-
tions &.v is approximately two o r d e r s of magnitude
s m a l l e r than v for the visible range of the spec t rum,
that i s , it does not exceed one or two minutes . This
p e r m i t s the re f ract ion effects to be approximately
evaluated from V. G. Fesenkov ' s calculat ions ^150-'
for the model of the a tmosphere given in Allen's
tables DS3J f a s applied to X = 0.5д.

F i r s t of all, the angle v^ of as t ronomical r e f r a c -
tion at the per igee of the beam d e c r e a s e s rapidly
with increas ing per igee height у as a r e s u l t of the
d e c r e a s e of the e a r t h density with al t i tude. If we
use the r e s u l t s of V. G. Fesenkov [ 1 5 ° , we find that
the dependence of v^ on у is sat i s factor i ly approx-
imated by the express ion

vr = 0.013e~°-l6l/, (18)

where у is in k i l o m e t e r s and v? in r a d i a n s . The
e r r o r of such an approximation amounts to approx-
imately 5 per cent, that is , it does not exceed the
uncerta inty due to var iat ions of the a tmospher ic
condit ions, and is at any r a t e negligible from the
point of view of an analys is of twilight phenomena.

It follows immediate ly from (19) that when
у >, 15 km refract ion phenomena become so weak,
that they hardly influence the t ra jectory of the sun ' s
ray inside the e a r t h ' s a t m o s p h e r e , although they a r e
sti l l quite noticeable, for example, during the forma-
tion of the e a r t h ' s shadow on the moon' s surface in
e c l i p s e s , and even in the i l lumination of high-orbit
art i f ic ial sa te l l i te s such as " E c h o . " When
у <, 15 km, the s u n ' s rays bend noticeably toward
the e a r t h ' s sur face, but the i r curva ture becomes
appreciable only n e a r per igee, where it bare ly in-
fluences the height of the t ra jec tory of the sun ' s ray .
Thus, an account of the refract ion var iat ion of the
heights of the sun ' s rays is e s sent ia l only beyond
the i r per igee and when у < 15 km. This is c lear ly
seen in Fig. 27, which shows the path of the sun ' s

/200 km

True *•
terminator

Geometric shadow
of the earth

Earth's shadow with
account of refraction

FIG. 27. Path of sun's rays with different perigee, with and
without allowance for refraction.

r a y s with allowance for refract ion (dashed) and
without it (solid l ines), based on calculat ions for one
of the probable models of the a tmosphere '-81-'. It also
shows the sighting d i rect ions corresponding to
z = 0 and 70° and A = 0°, for o b s e r v e r s situated at
points with different zenith d i s tances of the sun (we
call attention to the fact that the ver t ica l scale is
five t i m e s l a r g e r than the horizontal one).

One of the consequences of the bending of the
sun ' s r a y s is the shift of the t rue t e r m i n a t o r away
from i t s position in the absence of re f ract ion
( " g e o m e t r i c a l t e r m i n a t o r " ) . Because of the depend-
ence of v^ on y, the shift of the t e r m i n a t o r a lso d e -
pends on y. This is a lso i l lus t ra ted by Fig. 27, from
which it is seen that when у > 15 km this shift can
be neglected.

Along the path to the geometr ica l t e r m i n a t o r , the
t r u e ray l ies somewhat above the ray drawn without
account of re fract ion, but inside the e a r t h ' s a t m o s -
phere the difference in height r e m a i n s pract ica l ly
constant and does not exceed 2—2.5 km for у = 0
and approximately 1.5 km for у = 5 km. (We notice
that th is difference i n c r e a s e s sharply if we neglect
the shift d i sp lacement of the t e r m i n a t o r . ) F u r t h e r ,
although noticeable differences in the c h a r a c t e r of
the var iat ion of the r a y s do a r i s e in the vicinity of
the t e r m i n a t o r , the i r height difference r e m a i n s
negligibly smal l as before. The t rue and s t ra ight-
line r a y s begin to diverge rapidly behind the t rue
t e r m i n a t o r , and it is no longer possible to neglect
the difference in the heights of the i r in ter sec t ions
with the sighting l ine . H e r e , too, we can r e p l a c e the
true ray by a s t ra ight l ine with the s a m e per igee
height у but with a different zenith dis tance f - 2 f f •
Thus, in the f i rs t r a t h e r crude approximation we
can replace the t rue ray by the schemat ized one
(Fig. 28), and the e r r o r in the location of the ray
above the e a r t h ' s surface will not exceed 2.5 km
for у = 0 and will d e c r e a s e rapidly with increas ing
y, remaining always negative.
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FIG. 28.

Owing to the s m a l l n e s s of v>, we can d e t e r m i n e
the re f ract ion shift of the height h of the i n t e r s e c -
tion of the l ine of sight with the ray having a per igee
altitude у by using the f i r s t two t e r m s of the ex-
pansion of (4) in powers of 2v^. F o r the n e a r - z e n i t h
reg ions of the sky, where re f ract ion of the l ine of
sight can be neglected, this leads to the express ion

Ah = 2v;Y R cos £'. (19)

There i s one other refract ion effect that mus t be
taken into considerat ion. Owing to the dependence
of the refract ion angle v^ on y, the sun ' s r ays by-
pass the t e rmina to r and cease to be para l le l , d iverg-
ing in fanlike fashion. This changes il lumination of
the a tmosphere (atmospheric extinction can be left
aside for the t ime being). Since this ref ract ive d i -
vergence i s significant only at l a rge d is tances from
the t e rmina to r , we can a s sume as before that the
r a y s a re s t ra ight and diverge away from the t e r -
minator at angles J - 2 ^ g ( y ) . Taking into account
Eq. (18) and the fact that R й 6370 km, this leads
immediately to an express ion E = ME 0 , for i l lumi-
nation by the sun ' s s t ra ight rays , where

J/=[l—27e-°- 1 6i 'cosf;T 1, (20)

E o i s the i l lumination by the sun ' s s t ra ight rays
beyond the l imi t s of the a tmosphere and [as in the
c a s e of (19)] cos f ' is defined not by (15) but by the
express ion

c o s ' ~ cos £ + ?-£21Ф _ 2vE sin £.
s COS 1|) к a*

( 2 1 )

E x p r e s s i o n ( 2 0 ) h a r d l y d i f f e r s f r o m t h e m o r e

r i g o r o u s e x p r e s s i o n p r e v i o u s l y o b t a i n e d b y F . L i n k

1145-147]^ w n j c n c a i i s f o r c u m b e r s o m e c a l c u l a t i o n s .

I t i s v e r y i m p o r t a n t t h a t t h e d e c r e a s e i n i l l u m i n a -

t i o n d u e t o t h e r e f r a c t i o n d i v e r g e n c e r e m a i n s a p -

p r e c i a b l e ( f o r s u f f i c i e n t l y l a r g e c o s £ ' ) u p t o

values of у noticeably exceeding 15 km, namely to
у = 30—40 km. This i s i l lus t ra ted by Fig. 29, which
shows a plot of E / E o VS. у for different J, z, and
A. It is s t r iking that the effect v a r i e s quite not ice-
ably with f, but depends relat ively l itt le on z and
A.
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FIG. 29. Variation of M for different z, ( , and A.

To take into account extinction we can, within the
l i m i t s of validity of Bouguer ' s law, use express ion
(2). F o r th i s , however, we must know the depend-
ence of the a i r m a s s m on the zenith dis tance z
and, general ly speaking, on the height h, with p a r -
t icular i n t e r e s t attaching under twilight conditions
to c a s e s when z is c lose to 90°.

For a horizontal ly homogeneous spher ica l a t m o s -
phere with a r b i t r a r y ver t ica l s t r u c t u r e , e l e m e n t a r y
calculat ion leads to

CO
J k(h)secz' (h,L)dh

m(z, L)=- = secz', (22)
J к (h) dh
L

where z ' i s the zenith d i s tance of the ray at height
h, if i t s zenith dis tance is equal to z at the point of
observation, which is s i tuated at height L < h, while
the bar over sec z ' denotes averaging. F o r a
homogeneous thin spher ical layer at a height h we
have

cos z' = ]/cos2 z + 2w, (23)
where w=(h — L)/(R+L). Thus, for a homogen-
eous thin spherical layer with z <, 75° we have

m ̂  sec z — w sec3 z, (24)

where for z <, 60° we can confine ourselves to the
first terms. The same expression remains in force
also for an arbitrary vertical structure of the at-
mosphere if w is replaced by its mean integral
value, which depends on the character of this struc-
ture (this was first pointed out by N. M. Shtaude
[ 1 5 4 ] ) . In p a r t i c u l a r , if k ( h ) = к exp ( - h / H ) , where
H is the optical thickness of the homogeneous a t-
m o s p h e r e , then w = H/( R + L ).

Theoret ical calculat ions by different w o r k e r s
[145-148,150] h a v e s h o w n t h a t m ( z ) i S pract ica l ly in-
dependent of L (this, of c o u r s e , is the consequence
of the previously stipulated assumption that H d e -
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pends little on the height). Actually, of course, the
variations of the temperature stratification, un-
avoidable horizontal inhomogeneities of the atmos-
phere which manifest themselves pronouncedly in
the scales of hundreds and even thousands of kilo-
meters that are characteristic of the twilight phe-
nomena, and the presence of aerosol layers (as well
as ozone and sodium layers), all lead to a rather
noticeable dependence of "w on z, L, and the time.
The value of m becomes particularly sensitive to
variations of the optical structure of the atmosphere
at z > 75°, when formula (24) is no longer applicable
and different models of the atmosphere begin to lead
to values of m which differ appreciably from one
another (say by five whole units at z = 89° [155]). No
less serious discrepancies are obtained also when
the measured values of m for large z are com-
pared with one another and with the theoretical cal-
culations. All this makes a reliable calculation of
m rather hopeless when z is close to 90°. Obvi-
ously, m should be experimentally determined in
each specific case. However, for an analysis of
various kinds of twilight effects it is advantageous to
use some averaged function m( z), which can be
assumed the same for all L « R. To this end, the
author of these lines has proposed the empirical
formula

ing on т (the l imits c o r r e s p o n d to the principal

var ia t ions of the albedo of the e a r t h ' s sur face) :

-11 cos z\-l (25)

which gives r e s u l t s that differ relat ively l i t t le from
the calculation data of Bemporad, and also of F .
Link and L. Neuzil, and which agree well with the
calculat ions of V. G. Fesenkov [ 1 5 Й for z = 90°.

All the foregoing is valid only if Bouguer ' s law
holds . In the case of sca t ter ing media with low a b -
sorption (a «a), this law may be violated by
multiple sca t ter ing effects L 1 5 7 ^ which become m o r e
noticeable the l a r g e r the optical thickness of the
layer т, the angle of incidence of the r a y s g, and
the solid angle ш l imiting the field of view of the
i n s t r u m e n t . If т sec f ,> 5 and ш г ш ( (w 0 i s the
a p e r t u r e angle i l luminating the layer of the light
beam), then the ra t io of the s c a t t e r e d and d i rec t
light fluxes Ф 8 and Ф^ as m e a s u r e d by an i n s t r u -
ment aimed at the sun will be 57-'

(26)
Ф а " ~ я S L ' C ? ( [ - A ) r - i I '

w h e r e I i s a c o n s t a n t t h a t d e p e n d s o n t h e f o r m o f

t h e s c a t t e r i n g i n d i c a t r i x ( I = % f o r m o l e c u l a r s c a t -

t e r i n g ) , g ( g ) a f u n c t i o n t h a t d o e s n o t d i f f e r m u c h

f r o m u n i t y a n d d e p e n d s a l s o o n t h e f o r m o f t h e s c a t -

t e r i n g i n d i c a t r i x , a n d A t h e a l b e d o o f t h e u n d e r l y i n g

s u r f a c e . I n t h e c a s e o f a s p h e r i c a l l a y e r o f l a r g e

r a d i u s , s e c g c a n b e a p p r o x i m a t e l y r e p l a c e d b y

m ( g). It is easy to see that when ш = u>0 s 9 x 1(Г 5

(the sun ' s angular dimensions), this rat io r e a c h e s
10 p e r cent for the following values of m, depend-

T

m

0,3

39—40

0,4

28,5—30

1,0

10,6—11.2

Inasmuch as m s 40 for an o b s e r v e r on e a r t h ,
there should be no noticeable deviations from the
Bouguer ' s law in the long-wave region of the s p e c -
t r u m X > 0.5, where т £ 0.25 in c l ea r wea ther .
However, for 0.4^ <, Л s 0.5д, the br ightness of the
haze at the horizon should become comparable with
the br ightness of the set t ing sun even in c l e a r
weather, and in the ultraviolet region, near Л s 0.3/u,
w h e r e т s 1, the br ightness of the haze a l ready
begins to exceed noticeably the br ightness of the sun
when f > 86—87°. (In p a r t i c u l a r , this explains why
we observe indeed a " g r e e n r a y " and not a blue one
at the instant of the r i s e o r set t ing of a ce les t ia l
body, as is express ly manifest on photographs of
Venus obtained in the d i r e c t vicinity of the horizon
[158] ^ p o r f-ne s u n ' s r a y s that bypass the e a r t h ' s
sur face with a per igee height y, deviations from
Bouguer ' s law will be a l ready unnoticeable if у is
g r e a t e r than approximately 1 km for Л = ОЛц,
7.5 km for X = 0.5щ, 13 km for Л = ОЛц, and 18 km
for Л = 0.3^. As will be shown below, this fully en-
s u r e s the applicability of Bouguer ' s law to ca lcula-
tions of the br ightness of the twilight sky when the
sun is behind the horizon.

At the s a m e t ime, re lat ion (26) enables us to ex-
plain the above-described anomalous t r a n s p a r e n c y
by attr ibuting it just to a violation of Bouguer ' s law
due to multiple s c a t t e r i n g J 5 9-l. If we take into a c -
count the absorption of light in the ozone layer, then
the light flux m e a s u r e d by an i n s t r u m e n t aimed at
the sun with w > OJQ is proport ional to

(27)

where т0, т, and т ' a r e optical th icknesses of the
ozone, subozone, and superozone a i r l a y e r s , r e -
spectively, m 0 and m a r e the a i r m a s s e s in the
direct ion of the sun for the ozone layer and for the
a t m o s p h e r e below it, and s ( т 0) = 1 - т0 ехр ( - т 0 )
x Ei ( - т 0 ) .

Inasmuch as the altitude of the ozone layer is
about 30 km we have r ' = 10" 2 r, with 1 < т < 1.4
and 10~2 < т0 < 5 in the vicinity of Л = 0.3|U, and
I = Уз because molecular sca t te r ing p r e d o m i n a t e s .
The f i rs t t e r m in the square bracket s of (27) takes
into account multiple sca t te r ing under the ozone
layer , the second allows for single sca t te r ing above
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this layer with subsequent multiple scattering in the
lower layers of the atmosphere, while the last term
takes into account the direct light from the sun.

It is easy to see that for small f (that is, small
m and m 0 ) , the last term predominates. But for
sufficiently la rge f and not too s m a l l т 0 the p r i n c i -
pal role is a s sumed by the second t e r m (the f i rs t is
always s m a l l e r than e i ther the third or the second),
that i s , the d e c r e a s e in Ф with increas ing £ b e -
comes incomparably s lower than exponential and
occurs the sooner the l a r g e r т 0, causing r e v e r s a l of

the plot C E \ , against f. The a r r o w s on Fig. 20 show

the posit ions of the minimum of CE^ 2 a s calculated

by formula (27) with allowance for the s p e c t r a l v a r i -

ation of т and т0, while the c r o s s e s show the values

of C E X ' expected from (27) for £ = 90°. We see that

the agreement with the observat ion data is perfectly
sa t i s fac tory .

An analogous r e su l t was obtained independently

by

and by a different method by G. P . Gushchin [160]

who confirmed experimental ly , in pa r t i cu la r , the

shift of the minimum of CE^i with increas ing ш,

which follows from (27).
The anomalous t r a n s p a r e n c y effect should a l so be

observed in the region of the s p e c t r u m where т0 i s
negligibly smal l but т is s t i l l sufficiently l a r g e . In
this c a s e it is a d i r e c t r e s u l t of the fact that the
l a r g e r т (that i s , the s m a l l e r Л), the s m a l l e r the
values of f for which Bouguer ' s law is violated.
This violation is the r e s u l t of the t r a n s f e r of the
predominant role from the la s t t e r m in (27) to the
f i rs t t e r m (the second t e r m vanishes as т 0 —- 0) and
o c c u r s at considerably l a r g e r £ than in the ozone
absorption region. The anomalous t r ansparency ef-
fect and the inversion effect thus have a common
explanation, as expected from their s imi la r i ty И6С

In fact, if the ins t rument is not aimed at the sun
(say at the zenith), then express ion (27) a s s u m e s the
form ^

Ф ~ T

(28)

where z is the zenith distance of the sighting d i r e c -
tion. F o r smal l J, the f i r s t t e r m in the square
b r a c k e t s predominates and Ф d e c r e a s e s exponen-
tially with increas ing niQ. F o r la rge f, however,
the predominant role shifts from the f irst t e r m to
the second, which depends only l i t t le on f; the
l a r g e r T0 the sooner this o c c u r s , thus explaining
the inversion effect. We note that in Gotz 's theory
account is taken only of single scat ter ing, which
c o r r e s p o n d s to replacing in (28) the factor

/(ф)
4л т {

[see formula (42) below] and the t e r m

2

by

m (z) -c'e

where f (cp) is the sca t te r ing indicatr ix . In e i ther
var iant , the re la t ions presented a r e valid only for a
sharply outlined thin layer of ozone. Since the ozone
l a y e r i s actually great ly spread-out in alt i tude, it i s
n e c e s s a r y to include in the theory the altitude d i s t r i -
bution of the ozone concentrat ion. Such a theory was
developed by s e v e r a l authors in connection with the
ozone m e a s u r e m e n t problem ^12(Я biit with account
of single sca t ter ing only, a procedure which we r e -
gard as invalid.

There is also every r e a s o n for assuming that
the so-cal led select ive t r a n s p a r e n c y of the a t m o s -
p h e r e , observed by S. F. Rodionov and his c o -
w o r k e r s E162>163>2(0 a n ( j u s e ( j by Rodionov [ 1 6 1 3 to ex-
plain the anomalous t r a n s p a r e n c y effect, is actually
a fictitious r e s u l t of an incautious in terpreta t ion of
the observational data, namely the use of Bouguer ' s
law without allowance for its possible violation due
to multiple sca t te r ing .

6. TWILIGHT ILLUMINATION OF THE
ATMOSPHERE

If the a tmosphere is spher ica l ly s y m m e t r i c a l
then, subject to the st ipulations that follow from the
preceding section, the influence of extinction on its
i l lumination is descr ibed by a factor of the form

T = e-mex'ih\ (29)

where т ' ( h ) is the optical thickness of the a t m o s -
phere above the level and m e is a c e r t a i n effective
a i r m a s s , which depend on the position of the i l-
luminated volume.

In par t icu lar , for a beam penetrat ing through the
a t m o s p h e r e , we have m e = 2m( IT/2 ), that i s , a c -
cording to (25) we have m e = 80 and r'(h) = r ' ( y ) .

Calculations of the function T ( у )
= exp [ —2m (тг/2) т ' (у ) ] for different Л were un-
dertaken by var ious authors , who s t a r t e d from dif-
ferent assumptions concerning the altitude and s p e c -
t r a l var iat ions of the sca t ter ing and absorption c o -
efficients a and a of a tmospher ic a i r . In p a r t i c u -
l a r , a la rge number of calculations were c a r r i e d
out for X = 589 mju in connection with the problem
of the twilight flash of glow of a tmospher ic sodium
Doi,iO7,iO8,i64,etc.j u n d e r t h e a s s u m p t i o n o f p u r e i y

molecular sca t te r ing of the light by the a t m o s p h e r e .
As applied to the theory of twilight phenomena,
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s i m i l a r calculat ions for different wavelengths and
different models of the a tmosphere were made at
var ious t i m e s by V. G. Fesenkov ^.150]> Е Hulburt
[ 4 5 ] , E. A. Polyakova C l G 6 ] , N. M. S h t a u d e [ 8 4 ] , F . Link
and his c o - w o r k e r s D«-147,156]> F V o l z a n d R G o o ( j y

'-81-', e tc . , with the contribution of the aeroso l to the
attenuation of the light by the e a r t h ' s a t m o s p h e r e
neglected everywhere except in Об5,ш,81] p u r t h e r -
m o r e , i n D«-14'.150,166] a c c o u n t was taken of the r e -
fraction var ia t ion of the path of the light beam,
while the refract ion divergence effect is allowed
for i n [145-147,156,8i]_ F i g u r e 3 0 s h 0 W s the functions

T ( у ) for different wavelengths, as obtained by
V. G. Fesenkov '-150-' under the assumption that
1) IT is proport ional to the a i r density, 2) the a i r -
density altitude distr ibution is s tandard, and 3) the
dependence of the ver t ica l t r a n s p a r e n c y of the a t-
m o s p h e r e on the wavelength is s tandard, in a c c o r d -
ance with'-153-'. Analogous curves for T ( y ) , ob-
tained under different assumptions concerning the
optical s t r u c t u r e of the a t m o s p h e r e , differ not ice-
ably from those in Fig. 30 most ly in thei r wave-
length dependence. (By way of an example, Fig. 30
shows the function T ( y ) for X = 589 va\i, calculated
by J . Dufay under the assumption of pure molecular
scat ter ing.) It is significant that in all c a s e s the
function T ( y ) is monotonic, s i m i l a r in form to the
v o l t - a m p e r e c h a r a c t e r i s t i c of a radio tube, with a
c l e a r l y pronounced l inear portion and with a point
of inflection located n e a r T = 0.4. The form of the
curves depends l i t t le on the wavelength, which af-
fects pr incipal ly the d isplacement of the curve along
the у axis, so that d i sp lacement toward the s h o r t -
wave portion of the s p e c t r u m c o r r e s p o n d s (in the
absence of se lect ive absorption) to a shift of the
curve toward l a r g e r y. It is easy to s e e that an
analogous r e s u l t is obtained for any sensible a s -
sumption concerning the optical s t r u c t u r e of the
cloudless a t m o s p h e r e , and even s t rong turbidity of
the lower l a y e r s of the a tmosphere will affect the
genera l c o u r s e of the curves l i t t le, d is tort ing them
(namely, reducing the a l ready smal l values of T) in
the region of smal l у only, where the a t m o s p h e r e is
pract ica l ly opaque.

Inasmuch as me does not depend in p r a c t i c e on

10 15 30 ti 30 35 40 4Sо

FIG. 30. Plots of T = ехр[-2т(л72)т'(у)] against у for differ-
ent Л, after V. G. Fesenkov. t 1 5 0]

e i ther у or X, the position y n of the point of in-
flection of the T ( y ) curve is determined in a c c o r d -
ance with (29) by the condition

)= —К(уа),

where

K= — dink
dh

(30)

(31)

In p a r t i c u l a r , if К does not depend on h in the
vicinity of y n , then

Figure 31 shows l ines of equal т ' as functions of
the height and wavelength for a purely molecular
a tmosphere '-166-'. Using Fig. 31 or its analog for the
r e a l a t m o s p h e r e , we can readi ly obtain the value of
y n corresponding to any m e . If К does not depend
on the height and if we neglect re fract ion, we get

У»(«е) = У » ( ' « е = 8 0 ) - 4 - Ь ^ е 1 (32)

that i s , a reduction in m e leads to a d i sp lacement
of the T ( y ) curves on Fig. 30 toward s m a l l e r y,
while the exis tence of an opaque e a r t h ' s surface is
manifest at smal l m e only in the fact that the p a r t of
the T ( y ) curves corresponding to у < 0 is cut off.

Expanding T ( у ) in a s e r i e s about the point of
inflection and reta ining the f i rs t two t e r m s of the
expansion (the third vanishes and the fourth makes
no essent ia l improvement) , we find that in the ab-
sence of se lect ively-absorbing or cloud l a y e r s the
function T ( y ) can be approximated with sat i s factory
accuracy by the express ion So,137]

T{y) =

0 for

for y>yn

for
(33)

~

Figure 32 shows an example of such an approxima-
tion for X = ОЛц, from among the c a s e s given in
Fig. 30.

A k
30

FIG. 31. Vertical
optical thickness of
pure air as a function
of the height and
wavelength.
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FIG. 32. Approximation of the T(y) curve.

35

It i s s e e n f r o m ( 3 0 ) — ( 3 3 ) t h a t t h e f o r m o f t h e

f u n c t i o n T ( y ) r e m a i n s r e l a t i v e l y i n s e n s i t i v e t o t h e

a t m o s p h e r i c c o n d i t i o n s a n d t o c h a n g e s o f t h e w a v e -

l e n g t h , i n a s m u c h a s t h e y d o n o t i n f l u e n c e k . On t h e

o t h e r h a n d , t h e l o c a t i o n o f t h e p o i n t o f i n f l e c t i o n

d o e s d e p e n d s t r o n g l y o n t h e s e c o n d i t i o n s , s i n c e i t

i s d e t e r m i n e d p r i m a r i l y b y t h e v a l u e of k . F i g u r e

33 shows the s p e c t r a l var ia t ions of y n ( Л) for
к ~ X"4 (molecular sca t ter ing) , к ~ X"1, and
к ~ Л" 1-6, and also for the c a s e s calculated by V. G.
Fesenkov &5(Я and J . Dufay t l 6 4 : l . In p a r t i c u l a r , for
the model of the a tmosphere cons idered by V. G.
Fesenkov '-150-' we have approximately y n

= 1 2 . 5 ( 1 — 2 log Л) km, where X i s in m i c r o n s .

F o r what follows it is e s sent ia l to investigate a lso
the behavior of the function T ( h ) exp [ —m ( z ) r ( h ) ] ,
where the second factor takes into account the a t -
tenuation of the light along the path from the volume
il luminated by the sun to the o b s e r v e r on e a r t h .
Recognizing that r ( h ) = т * — т'(Ъ), where т * is
the total ver t ica l optical thickness of the a t m o s p h e r e ,
we obtain

T (A) e~

where

Tc (A) = T (A) em <

** Tc (A),

z)x'(h).

(34)

(35)

Writing down T c ( h ) again in the form (29), we find
that if the i l luminated volume is located on the sun ' s
r a y ahead of i ts per igee, then m e = m ( f' < тг/2 )
— m ( z ) , and if it is located behind the t rue per igee

FIG. 33. Height of the
point of inflection yn of the
T(y) curve vs. log A for dif-
ferent optical states of the
atmosphere.

v a d o.7 a s 0.5 O A О . З K M -

• •' ', " 1 1 — \ - — i , — p i — '
0 -OJ -0.2 -03 -O/t -0.5 l o g A

of the ray, then, following the recommendat ion of
N. M. Shtaude ^67,168] w e c a n w r i t e m e _ 2m( тг/2)

— m(7r— f ) — m ( z ) . Here, however, we can no
longer neglect re fract ion and use (32), so that the
calculat ions a r e quite complicated. However, if
m ( z) « m (f) and if у differs l i t t le from 1, as is
t rue for the extensive n e a r - z e n i t h region of the sky,
we obtain relat ively s imple approximate re la t ions
for the dependence of the height h n of the location
of the point of inflection of the function T c ( h ) on f.
According to (9)—(11), h n = H + yy n without account
of reflection, and if the i l luminated volume is l o -
cated ahead of the per igee of the s u n ' s ray, then
H = 0. Under the foregoing l imitat ions, an account
of re f ract ion leads to the re la t ions

] (36)

if it is located behind the t rue per igee, where

if the i l luminated volume is located ahead of the t rue
per igee , and

( 3 7 )

<38>

If we now use Fig. 31, then we obtain for a pure ly
molecular a tmosphere the plots of y n v s . £ = £
— 7г/2 shown in Fig. 34. The corresponding plots of
h n against | a r e shown in Fig. 35. Attention must
be cal led to the fact that the per igee of the s u n ' s
ray i l luminating the point of inflection of the function
T c ( h ) b r e a k s away from the e a r t h ' s surface even
before sunset, and the s h o r t e r the wavelength the
sooner this takes place, so that when | s 0.O7 (that
i s , f s 94°) y n r e a c h e s a maximum value and no
longer changes with increas ing J . A consequence of
this is the c h a r a c t e r i s t i c inflection of the curves in
the region h n s 20 km and f =s 94°, shown in Fig.
35.

». kmУ
20

15

5 -

X'0,55/1.

-0,10 -0,05 +Ш50 +0.05 +0.Ю

(. rad

FIG. 34. The functions y n ( £ ) for different A for a molecular
atmosphere.
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FIG. 35. The functions hn(f) for different A for a molecular
atmosphere.

No l e s s important is the fact that the maximum
value of y n i n c r e a s e s rapidly with d e c r e a s i n g A,
and e x e r t s a decis ive influence on the color of the
twilight sky.

The i l lumination of the a tmosphere at a point with
coordinates ( z, A, h ) is in accordance with (21) and
(29) equal to

z, A, h, I, X) /oco0, (39)E (z,

where I o i s the br ightness of the sun and w0 its
angular dimension. The corresponding calculat ions
were c a r r i e d out by different authors under differ-
ent assumptions concerning the s t r u c t u r e of the a t-
m o s p h e r e . Figure 36 shows plots of E ( h ) borrowed
from [ 8 1-, for different £ = £ - 90° and for three
wavelengths, a t z = 70° for a pure molecu la r a t m o s -
phere . It is c lear ly seen that when £ > 2—3° r e f r a c -
tion effects a r e significant only in the long-wave
region of the spec t rum, where y n is smal l and hn
is located in the vicinity of the e a r t h ' s geometr ica l
shadow (the shaded a r e a s cor respond to regions of

X37ffmju. XSOOmju. \880mfi.

FIG. 36. The func-
tions T(h) for z = 70°
and different <f, for a
pure atmosphere at
different values of Л.

FIG. 37. Variation of the
spectrum of the sun's direct rays
as a function of у .

t h e a t m o s p h e r e l o c a t e d b e l o w t h e g e o m e t r i c a l
s h a d o w a n d i l l u m i n a t e d a s a r e s u l t of r e f r a c t i o n ) .

It i s a l s o e a s y t o s e e t h a t t h e s h a r p v a r i a t i o n s i n
T ( y ) on t h e o n e h a n d , a n d i n y n ( A) on t h e o t h e r ,
c a u s e a p p r e c i a b l e c h a n g e s i n E a s a f u n c t i o n of A
f o r a g i v e n h , t h a t i s , i n t h e s p e c t r a l c o m p o s i t i o n
of t h e l i g h t i l l u m i n a t i n g t h e a t m o s p h e r e . F i g u r e 37
s h o w s b y w a y of e x a m p l e p l o t s of E (A) b e y o n d t h e
l imi t s of the a tmosphere for different у and for a
purely molecular a t m o s p h e r e , without account of
the influence of the ozone '-45-'. Notice m u s t be taken
of the rapidly p r o g r e s s i n g reddening of the sun ' s
light with d e c r e a s i n g y.

In conclusion let us note that in the vicinity of
the select ive absorption of the substances contained
in the a tmosphere in the form of m o r e or l e s s p r o -
nounced l a y e r s , this form of the function T c ( y ) is
great ly modified. However, if the i l luminated volume
is located under the absorbing layer , the function
Тс (У) c a n be approximated even in this c a s e ,
albeit with a much l a r g e r e r r o r , by express ions of
the form (33), but with different coefficients. By way
of an example Fig. 38 shows plots of T c ( y ) , b o r -
rowed from L107-1, perta ining to A = О.бвЭд and c a l -
culated under the assumption that the sca t te r ing of
light has a purely molecular c h a r a c t e r and that the
altitude distr ibution of the ozone concentrat ion is
Gaussian with a maximum at an altitude h 0 , a half-
width t 0 , and a total ozone content c 0 .

7. BRIGHTNESS OF THE TWILIGHT SKY.
TWILIGHT LAYER

THE

On the bas i s of the geometr ica l p ic ture of the i l -
lumination of the a t m o s p h e r e by the sun ' s r a y s , we
can calculate the br ightness of the twilight sky,
taking into account for the t ime being only single
sca t te r ing of the d i r e c t sunlight and neglecting ef-
fects of the self i l lumination of the a t m o s p h e r e .
This problem was f irst formulated and solved in a
crudely schemat ic form by P. Grunner Йзэ] ^ е

shall not stop to r e t r a c e his reasoning, but p r e s e n t
a general formulation of the problem, deduced from
p a p e r s of V. G. Fesenkov E 4.3i,зт,ш,ш] ; N_ M >
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FIG. 38. Plot of the transparency of ozone and of pure air con-
taining ozone, for a ray passing through the entire thickness of the
atmosphere, against the height of i ts perigee у. a) Effect of the
total content of ozone: A - c 0 = 2 mm, B - c 0 = 2.5 mm, С - с „ = 3
mm; b) effect of half-width of ozone layer: A - t 0 = 12.4 km, B -
t(j = 15.6 km, С —1 0 = 18.8 km; c) effect of height of the ozone
layer: A - h 0 = 19 km, B - h 0 = 23 km, C - h 0 = 27 km.

g h t a u d e [39,54,55,84,167,168,170] p L i n k [51,52,141,171-174]>

and G. V. Rozenberg йо,8б,Ш] ^ е c o n f i n e ourse lves
h e r e to equations for the br ightness of the sky.
General izat ion of these re la t ions , needed to take into
account the polar izat ion effects, can be made without
difficulty by formal t rans i t ion to the m a t r i x form
and by replacing the intensi t ies with the Stokes
p a r a m e t e r s [ 5 0 ' 8 6 ' 1 3 7 ] .

The intensity of the light s c a t t e r e d in the d i r e c -
tion of the o b s e r v e r by a volume element dV s i tu-
ated at the point with coordinates ( z, A, h ) is equal
to

<p)E
dV

Pda (40)

where

D(h, Ф) = т^с

f is the s c a t t e r i n g function, I the d i s tance f rom
o b s e r v e r to the sca t ter ing volume element, and dw
= dV/Z2dZ the solid angle at which the o b s e r v e r s e e s
the volume dV. Along the path to the observer , this
light exper iences additional attenuation, taken into

account by the factor e x p [ — m ( z ) r ( h ) ] . Integrating
along the e n t i r e l ine of sight and taking into account
(34), (39), and the relat ion dZ = m ( z ' ) dh, we find
that the br ightness of the sky in the direct ion ( z, A)
is equal to

z, A, £, X)=
CO
\ D(h,

х М [(Л, I, z, A) Tc (h, I, А, X, z) m (г) dh.

In particular, in the absence of absorption (k = a)
and for f < 90° (that is, M = 1), assuming f (<p ) to
be independent of h and confining ourselves to not
too large z and f [so that refraction can be ne-
glected and we can put m ( z') = m ( z) and m ( £' )
= m ( £)], we get

(42)
0 о 4я w m(t,)—m(z) •

t h a t i s , w e a r r i v e a t a w e l l k n o w n f o r m u l a , w h i c h

d e s c r i b e s t h e b r i g h t n e s s p a t t e r n of t h e d a y t i m e s k y

w i t h o u t a c c o u n t of m u l t i p l e - s c a t t e r i n g e f f e c t s ( s e e ,

f o r e x a m p l e , [ U 8 - 1 6 8 ] ) .

In o r d e r t o m a k e f o r m u l a (41) a m e n a b l e t o i n t e r -

p r e t a t i o n u n d e r t w i l i g h t c o n d i t i o n s , w e m u s t n o w u s e

a n a n a l y s i s of t h e g e o m e t r i c a l p i c t u r e and t h e p r o p e r -

t i e s of t h e f u n c t i o n T c , a s w a s d o n e i n t h e p r e c e d i n g

s e c t i o n s .

We f i r s t r e c o g n i z e t h a t , a s s h o w n b y t h e a n a l y s i s ,

t h e c h a r a c t e r of t h e d e p e n d e n c e of t h e p r o d u c t M T C

on у does not differ in practice from the character
of the function T c (у), and the presence of the factor
M causes only some change in the value of yn, in-
creasing it by 1 or 2 km. We have seen further that
the function T (and consequently also MTC) can be
written with sufficient accuracy in the form T( y, f,
z, А, Л) = T [y — y n ( £, z, A, A.)], and if we use an
approximation of the form (33), then

0 г/<а(£, г, А, X),

(43)

1

where in the general case b = const and y n = a + cb
(c = c o n s t ) , while in the absence of se lect ive ab-
sorpt ion

. b

If, finally, we take into account the mutually
unique re lat ionship between h and у for given f, z,
and A, then we can r e w r i t e (41) in the form

/(z, A, t,X)=I(A.) coo p " ( % ) m \ D [h, <p (г, А, £), X]

x Te[y{h),l,z,A,X]dh =

dhC), %]Tc[y-yn{l,z,A,X)]~ydy, (44)



T W I L I G H T P H E N O M E N A , T H E I R N A T U R E , A N D U S E 225
-T*

where P (Л) = e is the ver t ica l t r a n s p a r e n c y
of the a t m o s p h e r e , m stands for m ( z ), and it is
a s s u m e d that z is not too la rge , so that the h - d e -
pendence of m can be neglected.

In the a p p r o x i m a t i o n 4 3 ) , express ion (44) a s s u m e s
the form

/(*, A, E, Ь)=/0(А,)«о0Р»(Х)|я

x { j D[h(y),

where

x'p(h)= \ D(h)dh.
ft

(45)

(46)

We assume first that the geometric shadow
boundary H is lifted sufficiently high, so that the
influence of refraction, and consequently also the
value of yn, does not depend on g, z, and A. Then,
using (12), we obtain in place of (44)

I(z, АЛ. Ц

D(H + n , «p, (47)

It i s important that the integrand is a product of two
f a c t o r s , of which one (D) depends only on the s t r u c -
t u r e of the high l a y e r s of the a t m o s p h e r e at the level
H + r\ and d e c r e a s e s rapidly with alt i tude, while the
second ( T c ) depends on the s t r u c t u r e of the lower
l a y e r s of the a tmosphere at the level y n only, and
i n c r e a s e s rapidly in the interval a s у < a + b .
Since both factors a r e essent ia l ly posit ive, the i r
product should have a maximum at some r) = 77m,
and the pronouncedness of the maximum depends on
the logar i thmic gradient of D at the altitude H + r\,
that i s , on K ( h + 7j), and on d T c / d y at the level
y n , that i s , on K ( y n ) . F i g u r e 39 shows the c a s e
y = 1, K ( H + 17) = 0.1, K ( y n ) = 0.15, and T ( y )
c o r r e s p o n d s to the data of V. G. Fesenkov for
Л. = 0.4/j (see Fig. 30). The shaded region c o r r e -

e го л :зо JS SO

s p o n d s t o t h e p r o d u c t D T C , t h e a r e a of w h i c h i s

p r o p o r t i o n a l t o t h e b r i g h t n e s s of t h e t w i l i g h t s k y f o r

a given H and for у = 1.
The same figure shows the linear approximation

of T c ( y ) and the area D T a p p r o x corresponding to
it: we see that the latter differs only insignificantly
from the area of DTC.

Figures 40 and 41 show the corresponding plots '
of DTC against h for different J and Л, with
z = 70°, for a purely molecular atmosphere E81>82-!.
We note that in the long-wave region of the spec-
trum, owing to the smallness of yn, the curves are
bounded from below by the geometrical shadow of
the earth, which is appreciably shifted downward by
refraction (shaded region).

It follows from Figs. 39—41 that the lion's share
of the light received by the earth observer is due to
scattering of light in a relatively thin so-called
"twilight layer." Its half width is close to 20 km.
The lower layers of the air are in the shadow and
hardly scatter any light, while the upper layers
hardly scatter any because of the relatively low
density of the air. This circumstance was first
noted by V. G. Fesenkov '-31-', aryi was used by him
[37,169] a n ( J b y N_ M s h t a u d e [39,54,55,84,168,170] a g ^
basis for an approximate theory of twilight phe-
nomena (see also'-4 5 '5 0 '8 1-'). As the sun dips below
the horizon, that is, as H increases, the twilight
layer r ises higher and higher (see Figs. 40 and 41),
changing relatively little in outline and scanning, as
it were, the upper layers of the atmosphere. This
circumstance was indeed used by V. G. Fesenkov
[31,37,69] a n d N > M > s h t a u d f i [84,168, etc.] t 0 justify the

method they developed for twilight sounding of the
atmosphere (see below).

The position of the maximum brightness of the
twilight layer can be readily obtained by resorting
to the approximation (43) and assuming that
К = K( H) is constant in the region of the twilight

ft, km

FIG. 39. Plot of DT against 77 for у = 1, K(y) = 0.15, and
K(H + 77) = 0.10 with Л = 0.4 д.

О 5 10 0 5

FIG. 40. Altitude profiles of the twilight layer for z = 70°
and for different parts of the spectrum at different f.
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Direction
of

surfs rays

FIG. 41. Altitude profiles of the twilight layer for
z = 70° and for two regions of the spectrum at differ-
ent £.

layer. Then the first integral in the curly brackets
of (45) is transformed into

yb -! \ e-«*xdx, (48)

from which we get for the maximum of the integrand

(49)K(B) K(y)

Since yn increases rapidly with decreasing Л, the
height of the brightness maximum h m = H + r]m

increases on going into the shortwave region of the
spectrum (see Fig. 40). In addition, however, T)m

increases rapidly with decreasing K, that is, the
position of the maximum depends essentially on the
structure of the atmosphere. With decreasing K,
the half-width of the maximum also increases
rapidly, and consequently at the small values of К
observed in the high layers of the atmosphere, the
very concept of the twilight layer becomes less
definite.

Returning to Fig. 40, we can readily see that the
twilight layer drops down on the earth's surface
much later than the sunrise, and that the shorter
the wavelength, that is, the greater the optical den-
sity of the atmosphere, the later this occurs. The
first to call attention to this circumstance was N. M.
Shtaude [ 1 6 Й , who indicated that the start of the
twilight must be taken to be precisely the instant
when the maximum brightness of the twilight layer
breaks away from the surface of the earth.

8. EFFECTIVE BOUNDARY OF THE EARTH'S

SHADOW AND ITS DEPENDENCE ON THE

STRUCTURE OF THE ATMOSPHERE. PHASES

OF TWILIGHT

The notion of effective boundary of the earth's
shadow was introduced by G. V. Rozenberg [ 5 0 > 8 6 > 1 3 7 : ]

and in indirect form by N. M. Shtaude [84] Since
Tc(y) is essentially a monotonic function and since
D and T are essentially positive, the integral in
(44) can be rewritten in the form

D[h, <f, , Z, z, А,

(50)
н < ; , 2 , A , »

where H is some still unknown height, which plays
the role of the effective height of the earth's shadow
(see Fig. 42). This makes formula (44) exceedingly
simple:

and the entire complexity of the problem is trans-
ferred to the determination of the height H as a
function of £, z, A, X, and the state of the atmos-
phere. The finite dimensions of the sun's disc
angular radius v, neglecting refraction distortion,
is then taken into account by merely replacing f by
f + 8^/Зтг in the argument of the function H( £), as
can be readily demonstrated.

Obviously the quantity H = H + ц depends for
given g, z, A, and X on the structure of the atmos-
phere both in the region where the sighting direction
crosses the twilight layer, and in the region of the
terminator.

If the real functions D(h) can be approximated
in the vicinity of h n [more accurately, in the height
interval from H + ya to H + y ( a + b)] and in the
vicinity of the perigee y n by exponentials with
logarithmic gradients K ( h n ) and K ( y n ) respec-
tively, then the following approximate relation holds
for not too large values of z:

dy Jhn
(52)

It is easy to see that the height H is located in the
vicinity of h n , and also that the difference in heights
H — h n is relatively insensitive to variations of
K ( h n ) , and does not exceed 2—5 km in the absence
of cloud layers. The most essential influence is
exerted on H by variations of \, with (dH/dX)
= (dyn/dA.), which leads, say for the case considered
by V. G. Fesenkov (see Fig. 30), to (dH/dX)
a - y(25/A)
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FIG. 42. Illus-
trating the concept
of effective boun-
dary of the earth's
shadow.

га .У1
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Appreciable deviations can be expected only when
the height a becomes negative, that i s , when
T ( y = 0) * 0, o r when T ( y ) = 0 with у < a + Д and
T ( y ) is again descr ibed by formula (43) when
у > a + Д; the l a t t e r can occur in the p r e s e n c e of
high clouds in the vicinity of the t e r m i n a t o r . An
approximate examination in both c a s e s leads to the
express ion

(53)

Another r e a s o n for appreciable deviations may be
the p r e s e n c e of a cloud layer in the vicinity of h n .
If a l a y e r with optical thickness т с i s c h a r a c t e r i z e d
by an altitude distr ibution of i ts sca t te r ing ability
in the form ac = т с 6 (h - h c ) , where б (h - he ) is
the delta function and h c = H + rj c i s the height of
the layer , then we have approximately

(a + b) for hc>h
a for h }• (54)

In other words, TJ is in practice insensitive to the
p r e s e n c e of the layer , so long as Ус ~ ( a + b ) , and
then, as £ i n c r e a s e s , rf begins to grow, until the
equality rj = Vc * s reached for a cer ta in value of £
and is maintained over the extent of some interval
of variat ion of £ (that i s , of d e c r e a s e in т ) с ) , after
which 7) becomes l a r g e r than 77c and again in-
c r e a s e s , re turn ing to i ts initial position when TJC

= y&.

Finally, it follows from (42) that under daytime
conditions

A „-Ann*

where Am = m ( £) — m ( z), from which we get ap-
proximately

77 ~ Д т т * / . ДтТ 1

(55)

It is obvious that so long as Д т < 0 we have H = 0,
but when Д т > 0 the value of ТГ i n c r e a s e s approx-

imate ly in proport ion to Д т ; the l a r g e r T * and
the s m a l l e r K, the fas ter the i n c r e a s e .

F i g u r e 43 shows the behavior of Я and rj during
the day and the br ight s tage of the twilight, for a
purely molecular a tmosphere (the calculat ions w e r e
made in accordance with formulas (55) and (53),
respect ively, with h n calculated for the twilight
from (36) and (37) as a function of f ) . As the sun
moves to the horizon, s t a r t i n g with a c e r t a i n value
of £ (which depends on z ) , H begins to i nc rease
slowly, and the s m a l l e r r * the s lower this i n c r e a s e .
The growth of H then acce l e ra t e s at a ra te that in-
c r e a s e s with т*, and as the sun incl ines toward the
horizon, the point of inflection y n of the t r a n s p a r -
ency curve T c ( y ) begins to r i s e above the e a r t h ' s
surface (see Fig. 34). In this e n t i r e interval of £,
the equality H = rj is maintained, since H = 0.
F u r t h e r , when the sighting direct ion is behind the
t rue per igee of the r a y pass ing at the altitude TT,
the inc rease in H becomes m o r e intense, owing to
the r i s e of the geometr ica l shadow of the ea r th ,
which at f i r s t is slow and then acce l e ra t e s gradually,
inasmuch as H = H + r\ from that instant on. How-
ever , nea r £ s 94° (see Fig. 35) the inc rease in H
is slowed down for a shor t t ime because y n , t o -
gether with 77, r eaches i ts maximum value, and
further i nc rease in H is due only to the dependence
of H on £.

Inasmuch as according to (49) the br ightness of
the sky is proport ional to Tp(H) > its variaton
with £, z, A, and Л will ref lect d i rect ly the depend-
ence of H on these quant i t ies . And s ince we have
seen that the dependence of H on £ a lso exhibits
an essent ia l ly different sensi t ivi ty to different ef-
fects in different regions of the spec t rum and for
different sighting d i rec t ions , this means that at one
and the same instant of t ime the cou r se of the
twilight phenomena will a lso be different for differ-
ent Л, z, and A. Consequently, inasmuch as we a r e
dealing with the p icture of the twilight sky, we can

25

FIG. 43^ Plot of
the height H of the
effective boundary
of the earth's shadow
at the zenith vs. £.

20

10 20 30 40 SO 60
С

70 80 90 /00



228 G. V . R O Z E N B E R G

no longer have a single subdivision of twilight into
phases of time or of the quantity £, which is
uniquely related with the time, for the entire sky as
a whole, as was done in Sec. 2.

The boundaries between the twilight phases
should be determined separately for each sighting
direction and for each wavelength, and the sensible
choice of a single parameter for the determination
is just the height H of the earth's effective shadow.

We have seen that H varies very little as the sun
moves over the sky during the day. The changeover
to twilight, that is , to a rapid decrease in the sky
brightness, is connected with a rapid increase in H
as the sun approaches the horizon. It is seen from
Fig. 43 (see also Figs. 1 and 3) that the changeover
from daytime to twilight is very diffuse and cannot
be clearly defined. Therefore the criterion of the
onset of twilight can be chosen only arbitrarily. By
way of such a criterion let us propose the instant
when yn = 0, that is , when the point of inflection is
at sea level (see Fig. 34), which is practically the
same as the criterion proposed by N. M. Shtaude,
that is, the instant when the brightness maximum of
the twilight sky breaks away from sea level (see
Fig. 40).

In addition, the value of yn stabilizes at a cer-
tain value of £, different for different points of the
sky but approximately the same for all wavelengths
outside the selective-absorption band (for the zenith
near £ = 94°); the further increase in H ceases to
depend on the refraction effect and is determined
only by the rising of the geometrical shadow of the
earth, that is , the relation H m H + y y n becomes
valid. From that instant on, the twilight can be r e -
garded as fully established in the given portion of
the sky.

Thus, we arrive at a sufficiently clear cut dis-
tinction between two phases of twilight:

1. Semitwilight, corresponding to the period be-
tween daytime and the establishment of twilight for
a given section of sky, that is, the time interval
during which 0 s y n ( \ ) < y n m a x .

2. Total twilight, which begins in the given por-
tion of the sky at the instant when twilight is estab-
lished, that is, the instant when yn = ynmax-

However, if we turn to the observational data, we
see that for a certain value of £, different for dif-
ferent parts of the sky ( £ s 100° at the zenith) and
for different regions of the spectrum, the character
of any twilight phenomena changes radically. This
allows us to single out a third and last phase of
twilight.

3. Deep twilight, when, as will be shown below,
the decisive role is assumed by the multiple scat-
tering of light in the earth's atmosphere, and also
the atmosphere's own glow and the other light of the
night sky.

Deep twilight terminates in the transition to
nighttime, and again this transition occurs at differ-
ent times in different parts of the sky and in differ-
ent regions of the spectrum (for more details see
Sec. 10).

Owing to the essential differences in the course
of the semitwilight for different parts of the spec-
trum, that is , owing to the strong dependence of H
on X during the semitwilight period, a dependence
which varies with £, semitwilight is characterized
by a rapid change in the color of the sky, that is , by
the phenomena usually grouped under the designa-
tion sunset. In other words, sunset is the aggregate
of the simultaneous but different stages of develop-
ment of semitwilight in a given section of the sky at
all wavelengths (the term semitwilight is therefore
best retained only for relatively narrow spectral in-
tervals). In addition, for the sake of tradition, it is
advantageous to retain the name sunset for the most
illuminated segment of the sky above the horizon
near the sun. This is justified to the extent that in
this segment the twilight phenomena come into play
in the most pronounced form and remain there much
longer than in other parts of the sky, continuing even
after deep twilight has already set in on the opposite
side of the horizon or even in the zenith.

Of all the quantities characterizing the course of
twilight, the one most investigated is perhaps the
logarithmic brightness gradient of the twilight sky

din I
dH ''

din/ dt,
d£ dH -

It follows from (51) that
D ( я ) d~H

(56)

(57)4 T P ( Я ) dH '

a n d i n t h e c a s e w h e n D d e p e n d s e x p o n e n t i a l l y o n h ,

w e h a v e D ( H ) / T ' ( H ) = K ( H ) i n t h e v i c i n i t y o f h n .

O n t h e o t h e r h a n d \ if w e s t a r t w i t h t h e c o n c e p t of t h e

t w i l i g h t l a y e r , t h e n , a s s h o w n b y N . M . S h t a u d e
Г в п 4 n n ~ |

L • U J ( t h e s a m e r e s u l t w a s o b t a i n e d e a r l i e r b y

s o m e w h a t d i f f e r e n t m e t h o d s b y V . G . F e s e n k o v ^ 1 , 1 6 9 ]

a n d F . L i n k C u l l l T 1 ' 1 T f l ) . q = K J _ h m a x ) [ d h m a x / d H ] .

I n v i e w o f t h e s m a l l n e s s o f d H / d H a n d d h m a x / d H

d u r i n g t h e p e r i o d o f t h e t o t a l t w i l i g h t , b o t h f o r m u l a s

l e a d t o r e s u l t s t h a t a r e c l o s e . T h u s , i f w e a s s u m e i n

t h e f i r s t a p p r o x i m a t i o n d H / d H = 1 , t h e n q = K ( H ) a n d

t h e k n o w l e d g e o f q f r o m m e a s u r e m e n t s o f I ( £ )

e n a b l e s u s t o d e t e r m i n e a p p r o x i m a t e l y t h e v a l u e o f

d In т^/dH at the level H. It is p r e c i s e l y this c i r -
cumstance that has prompted many authors to m e a s -
u r e the dependence of q on H (C«,49,50,57]j a n d

o t h e r s ) . P a r t i c u l a r l y numerous m e a s u r e m e n t s
were made for many y e a r s at the Abastumani Ob-
s e r v a t o r y by T. G. Megrel ishvi l i . Figure 44a shows
q ( H ) plots which she obtained s imultaneously in
t h r e e port ions of the s p e c t r u m for two sighting
direct ions (z = 0 and A = 0, z = 70°). Analogous
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FIG. 44. a) Typical plots of q(H) in three regions of the
spectrum, as measured by T. G. Megrelishvili for z = 0 (con-
tinuous lines) and z = 70° (dashes), b) Plots of -d lnl/d£
for one of the days and for different wavelengths, as measured
by F. Volz and R. Goody.
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relationships were obtained for one of the days and for
a series of wavelengths by F. Volz and R. Goody '-81-',
as shown in Fig. 44b.

The most striking is the extreme variability of
q ( H) both from day to day and on going from c e r -
tain values of z and Л to o t h e r s . F u r t h e r , attention
should be paid to the r a t h e r capr ic ious c o u r s e of
the q ( H ) curves , which exhibit a var ie ty of s m a l l -
s c a l e bends, the rea l i ty of the exis tence of which was
demonst ra ted by E. Bigg'-68-', who used an ins t rument
intended for d i r e c t r e g i s t r a t i o n of d In I/dt
= —q dH/dt. Finally, notice should be taken of many
pecul iar i t ie s of q ( H ) , observed m o r e o r l e s s s y s -
temat ica l ly , although with essent ia l var ia t ions .
F i r s t among them is the maximum at H s 5—20 km,
which becomes m o r e sharply pronounced and in-
c r e a s e s with increas ing Л, and in the interval of
heights H from ~30 to 100 km the value of q
amounts to m e r e l y a few hundredths of a r e c i p r o c a l
k i l o m e t e r . Then we have the rapid d e c r e a s e in q
for H > 150 km, with q reaching values m e a s u r e d
in thousandths of a r e c i p r o c a l kilometer 1- 5 0^.

Let us dwell f i rs t on the m a x i m u m of q at H s 20 km.
E. Bigg'-68-' in te rpre ted this maximum as evidence for the
exis tence of an a e r o s o l layer at high alt i tudes n e a r 20
k m . T. G. Megre l i shv i l i [ 7 2 ] and F . Volz and R. Goody [ 8 1 ]

have shown that such an interpreta t ion is inconsis t-
ent both because it is i n c o r r e c t to identify H or

0,10 Q20 0 0.10 0Я0 0 0.10 020 0.30
a) 4

S, 4 •

h m a x w i t h H , a s i s d o n e b y B i g g , a n d f r o m c o n s i d -

e r a t i o n s c o n n e c t e d w i t h t h e r e s o l u t i o n o f t h e t w i l i g h t

m e t h o d o f s o u n d i n g t h e a t m o s p h e r e ( s e e b e l o w ) . A t

t h e s a m e t i m e , t h e r e a r e n o r e a s o n s f o r a s c r i b i n g

t h i s m a x i m u m t o t h e f l u o r e s c e n c e o f t h e a t m o s p h e r e ,

a s i s d o n e b y T . G . M e g r e l i s h v i l i Q 9 > 7 2 ^ . I n p a r t i c u -

l a r , F . V o l z a n d R . G o o d y ' - 8 1 - ' h a v e s h o w n b y d i r e c t

c a l c u l a t i o n t h a t t h e c o r r e s p o n d i n g m a x i m u m s h o u l d

o c c u r a l s o i n a p u r e l y m o l e c u l a r a t m o s p h e r e . T h e

r e a s o n f o r i t s o c c u r r e n c e c a n b e r e a d i l y e x p l a i n e d

b y m e a n s o f t h e p r e v i o u s l y g i v e n a n a l y s i s o f t h e b e -

h a v i o r o f H a s a f u n c t i o n o f £ . I n f a c t , s o l o n g a s

t h e s u n i s u n d e r t h e h o r i z o n , t h a t i s , s o l o n g a s

H = 0 , w e h a v e d H / d J = d r j / d f , a n d , a s i s e v i d e n t

f r o m F i g s . 4 3 , 3 4 , a n d 3 5 , a t t h i s s t a g e drj/dt; i n -

c r e a s e s m o n o t o n i c a l l y . W h e n t h e s u n d r o p s b e h i n d

t h e h o r i z o n , d H / d f = ( d H / d f ) + ( d r j ' / d f ) , a n d

d r f / d f f i r s t r e m a i n s p r a c t i c a l l y c o n s t a n t ( s e e F i g .

3 4 ) , a n d d H / d f s R 7 I i n c r e a s e s r a p i d l y . B u t o n t h e

b o r d e r o f t o t a l t w i l i g h t ( t h a t i s , f o r t h e z e n i t h a t

£ s 9 4 ° a n d H s 2 0 k m ) , d r ] / d f b e g i n s t o d e c r e a s e

r a p i d l y ( s e e F i g s . 3 4 a n d 4 3 ) , s o t h a t d l l / d f d e -

c r e a s e s s h a r p l y ( c o m p a r e w i t h F i g . 3 5 ) , c a u s i n g t h e

a p p e a r a n c e o f a m a x i m u m i n t h e d e p e n d e n c e o f

d H / d H o n J , a n d c o n s e q u e n t l y i n q ( f ) .

L e t u s c o n s i d e r n o w t h e b e h a v i o r o f q ( H ) w h e n

a t a c e r t a i n h e i g h t h c t h e r e i s a d e l t a - l i k e l a y e r

with optical thickness т с . We have seen above that
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with increasing H the effective boundary of the
shadow first tends in accelerated fashion in a direc-
tion toward the layer (which corresponds to a de-
crease in q), and then moves away together with the
layer (that is, q increases), and finally, breaking
away from the layer, it overtakes its usual position
(which is again accompanied by a decrease in q) .
The process described covers a time interval cor-
responding to a displacement of the boundary of the
geometrical shadow H by a distance 2b, which is
approximately equal to 40 km. In other words, the
presence of a delta-like layer is manifest on the
curve of the dependence of q (H) in the form of a
z-shaped bend, which covers an altitude interval on
the order of 40 km, with the location of the layer
corresponding approximately to the central part of
this bend, which has not experienced any disturbance.

The described picture is clearly seen on Fig. 45,
which shows the results of the calculated values of
q( H) as obtained by T. G. Megrelishvili № for a
standard atmosphere (curve 1), for the same atmos-
phere and a layer with double the scattering ability
occupying the height interval from 60 to 70 km
(curve 2), and also for an atmosphere which contains
in addition a second identical layer located 5 km
below the first (curve 3).

hM, km
120

SO

£0

40 •- [
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1/2)3
FIG. 45- P l o t of q (H) for a s tand-

ard molecu la r a tmosphe re (1) and for

an a tmosphe re with one (2) and two (3)

addi t iona l s c a t t e r i n g l a y e r s .

0 0.10 OJO q

A n a l o g o u s c a l c u l a t i o n s w i t h s i m i l a r r e s u l t s w e r e

m a d e b y V o l z a n d G o o d y '-81-'. Q u a n t i t a t i v e l y t h e b e -

h a v i o r of q ( H ) f o r a d e l t a - f u n c t i o n l a y e r d u r i n g

t h e p e r i o d of' t o t a l t w i l i g h t i n t h e n e a r - z e n i t h r e g i o n

of t h e s k y i s a p p r o x i m a t e l y d e s c r i b e d b y t h e r e l a t i o n

? ( # ) =

1 + 4 %
( 5 8 )

w h e r e q o ( H ) a n d T p ( H 0 ) a r e t h e v a l u e s of t h e c o r -

r e s p o n d i n g q u a n t i t i e s f o r t h e s a m e H i n t h e a b s e n c e

of a l a y e r .

T h u s , n o m a t t e r h o w t h i n t h e l a y e r , i t s p r e s e n c e

i s m a n i f e s t i n t h e p l o t s o f q ( H ) o r q ( £ ) i n t h e

f o r m of a w i d e l y s m e a r e d p e r t u r b a t i o n . I t i s t h e r e -

f o r e i m p o s s i b l e t o r e s o l v e w i t h t h e a i d of t h e s e

c u r v e s a t m o s p h e r i c a l t i t u d e - s t r u c t u r e d e t a i l s s e p -

a r a t e d b y d i s t a n c e s s m a l l e r t h a n a p p r o x i m a t e l y t h e

e x t e n t of t h e p e n u m b r a t h a t i s , o n t h e o r d e r of 2 0

k m . W e n o t e t h a t f a i l u r e t o t a k e i n t o a c c o u n t t h e

r e a l r e s o l v i n g p o w e r of t h e t w i l i g h t - s o u n d i n g m e t h o d

i n s o m e o t h e r c a s e s L44>48>58>6C j ^ g a j g 0 ^ e ( j ^0 a n

e r r o n e o u s t r e a t m e n t of t h e t w i l i g h t o b s e r v a t i o n d a t a .

I t f o l l o w s f r o m t h e f o r e g o i n g t h a t t h e s m a l l - s c a l e

i r r e g u l a r i t i e s b o t h i n t h e q ( H ) c u r v e s a n d i n t h e

p ( H ) c u r v e s , w h e r e p i s t h e d e g r e e o f p o l a r i z a t i o n

( s e e F i g . 2 2 ) , d o n o t r e f l e c t t h e s t r u c t u r e of t h e

a t m o s p h e r e a t a l l , b u t a r e m e r e l y a t e m p o r a l e f f e c t ,

w h i c h i s a m a n i f e s t a t i o n of t h e i n s t a b i l i t y of t h e

a t m o s p h e r e , a n d p r i m a r i l y , a s s h o w n b y a n a l y s i s ,

a m a n i f e s t a t i o n o f t h e v a r i a b i l i t y o f t h e s c a t t e r i n g

c o e f f i c i e n t D i n t h e r e g i o n c o n t a i n e d i n t h e p e n u m -

b r a , a r e g i o n w i t h h e i g h t s o n t h e o r d e r of H , w i t h

optical thickness т*, covering essentially the lower
layers of the atmosphere (see ^ ) ; it is also the
result movement of the cloud masses in the termina-
tor region along the terminator (that is, perpendicu-
lar to the rays of the sun). The presence and motion
of clouds, and also the presence of mountain
masses in the region of the terminator, can influ-
ence the value of y n and consequently also H, only
if her > a, as pointed out already by E. A. Polyakova

[165] In particular, the presence of clouds or moun-
tains becomes felt, especially in the long-wave r e -
gion of the spectrum, when the sun is at the horizon
and consequently the value of a decreases and be-
comes even negative. This leads to the appearance
of the so-called "Buddha's rays , " which represent
essentially shadows of clouds or mountains blocking
the sun's direct rays (predominantly long-wave,
hence their color).

In conclusion we note that the correlation between
the small-scale irregularities on the q ( H ) , q( f),
p ( H ) , and p ( f ) curves, obtained in different re-
gions of the sky for the same values of H or g,
makes it possible, as a rule, to establish their
nature, which is different in different cases. In ad-
dition, observations made on high mountains or on
high-altitude airplanes should weaken considerably
the influence of many causes of these irregularities
(primarily the variability of the lower layers of the
atmosphere й 6 ^ ) .

9. COLOR OF THE TWILIGHT SKY

The variability of its coloring is one of the most
characteristic features of the twilight sky, and
descriptions and measurements of this variability
have been the subject of many investigations (see
Sees. 2 and 3). The question of the theoretical de-
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scription of the color of the sky and of its connec-
tion with the structure of the atmosphere as a func-
tion of f and z was first formulated in clear-cut
form by R. Grunner '-175-'. However, his mathematical
analysis pointed only to the general causes of the
occurrence of the sunset coloring, but did not dis-
close in explicit form the roles of the individual
factors. For particular models of the atmosphere,
as applied to the sunset segments, such an analysis
was carried out by direct calculations by E. A.
Polyakova O65J ц followed a l so indirect ly from the
r e s e a r c h e s of N. M. Shtaude Й 4 - 1 6 Й . Finally, N. B.
D i v a r i t 7 3 ] , and l a t e r F. Volz and R. Goody ^ , have
c a r r i e d out numer ica l calculat ions of the spect ra l
var iat ion of the br ightness of the twilight sky, and
also of i ts color exponent (1) for s e v e r a l p a i r s of
values of At and A2, as a function of f for z = 70°,
making var ious assumptions concerning the s t r u c -
t u r e of the a t m o s p h e r e . We note in pass ing that the
foregoing investigations have disc losed the u t te r in-
consis tency of many at tempts of purely speculative
explanations of the coloring of the twilight sky (see,
for example, ^ ) .

In general form, the connection between the
color ing of the twilight sky and the s t r u c t u r e of the
a t m o s p h e r e can be obtained in i l lustrat ive fashion
by using the concept of the effective height of the
e a r t h ' s shadow ^86J. In o r d e r to disclose m o r e
c lear ly the physical nature of the phenomena, let us
cons ider the br ightness of the sky for two wave-
lengths Aj and A2 such that 77 (Xt) > 17 ( A2), and let
us r e w r i t e (51) for them in the form

1 ] , (59)

,) dh,
(60)

= Io (X2) o)o P™ (Л2) mt; [H (X,), X2] + J D (h,

The meaning of (60) is obvious from Fig. 46. The
f i r s t t e r m in the cur ly bracket s takes into account
the sca t te r ing of light in that region of a sighting
cone, which is s i tuated above H( A4) and sends to
the o b s e r v e r light of wavelengths At and A2 [see

Sighting cone

(57)]. In Fig. 46 this region is doubly hatched. If the
effective shadow boundaries ЩЛ.1) and II (A2) were
to coincide, then the difference between (59) and
(60) would reduce only to the s p e c t r a l var iat ion of
the s c a t t e r i n g coefficient in the region h > H, and
also to the s p e c t r a l dependence of the quantities I o

and P. However, owing to the d i spers ion of the ef-
fective heights of the e a r t h ' s shadow, an additional
volume of sighting cone appears (singly hatched in
Fig . 46), in which only light of wavelength A2 is
s c a t t e r e d (for Aj this volume is in the effective
shadow). The excess light of wavelength A2 formed
by s c a t t e r i n g in the region between H( A t) and
H (A 2) is taken into account by the second t e r m in
the cur ly b r a c k e t s of (60). Because of the rapid
d e c r e a s e in the s c a t t e r i n g coefficient with height,
the re lat ive contribution of this excess light to the
total br ightness of the sky depends to a great degree
on the logar i thmic gradient К of the sca t te r ing c o -
efficient in the height interval between H (A4) and
H ( A 2 ) .

F o r a quantitative investigation of this effect we
take logar i thms of (51). Expanding In т £ [ н ! ( А 2 ) , А2 ]
in powers of Д77 = rj( Aj) - rj( A2) ( Arj > 0 ) , we con-
fine ourse lves to the third t e r m of the expansion.

Substituting then the obtained express ion in (1),
we find that

where

and

dIntp(ft, X)
dh

(61)

(62)

(63)

[Я (>,!

FIG. 46. Illustrating the effect of the dispersion of the effec-
tive heights on the color of the sky.

* xp

At noon, when the sun is high above the horizon,
Я i s pract ica l ly equal to 0 over the e n t i r e visible
range of the s p e c t r u m , that is , Щ = 0 and CE^*
= C^i ( H = 0 ) . If the composit ion of the a t m o s p h e r e

does not change with height, then C^1 is independent
of H, and consequently of f. But in this c a s e , as the
sun approaches the horizon, r\ (A) begins to in-
c r e a s e , f i rs t slowly and then at an ever fas ter r a t e .
At the s a m e t ime, the Arj for any pa i r of wave-
lengths (see Figs . 34, 35, and 43) i n c r e a s e . This
p r o c e s s has , however, an essent ia l ly uneven c h a r -
a c t e r . At f i rs t the i n c r e a s e of ту is noticeable only
in the short-wave p a r t of the s p e c t r u m and extends
only gradually into its long-wave p a r t . In other
words , the d i spers ion of the effective height f i r s t
occurs and p r o g r e s s e s only in the violet-blue region
of the s p e c t r u m , and only with increas ing f does it
cover the o r a n g e - r e d region. When £ = 80°, in



232 G. V. R O Z E N B E R G

p a r t i c u l a r , H ( X = 0.4ц) a l ready r e a c h e s 7—8 km
whereas Н(Л = 0.6ц) is st i l l at the 1—1.5 km level .
When the sun h a s completely inclined to the h o r i -
zon, H(A. = 0.4/u) r i s e s high into the s t r a t o s p h e r e ,
while H(X = О.бд) bare ly r e a c h e s 5—6 k m . This is
prec i se ly the explanation of the purple coloring of
the snow-covered mountain tops (the so-cal led
"b laz ing of the A l p s " ) , which a r e st i l l i l luminated
by the r a y s of the sett ing sun (but by only long-wave
ones ! ) , and also the purple co lor a s s u m e d m o r e and
m o r e by the high c louds. _

The development of the d i s p e r s i o n of H(X) and
its penetrat ion into the long-wave region of the s p e c -
t r u m continues a l so during the e n t i r e period of the
semitwil ight and is responsib le for the c h a r a c t e r i s t i c
color changes of the sky of that t i m e , that i s , the sun-
s e t . If we confine ourse lves as before to only a
p a i r of wavelengths X4 and X2, then Д17 | in-
c r e a s e s monotonically during the semitwil ight, that
i s , the sky reddens continuously until total twilight
s e t s in, when Arj r e a c h e s i ts l imit ing value Д щ 1 т

s "уДуп (see Fig. 34). Simultaneously, the color
exponent of the twilight sky

CE% = <%+ 1.0вуА». {Q~i§ ДУп} (64)

also reaches its limiting value.
One might expect that the color exponent of the

sky should not change with further increase in f.
This is not so, however, for an entirely different
factor comes into play now.

In the preceding section we have seen that
d т^/dH « 1 or dH/dH s 1, that i s , q(hj_ s Q ( h ) ,
during the t ime of total twilight if dK/dH is s m a l l .
On the other hand, we have seen that during total
twilight the value of q ( h ) d e c r e a s e s general ly
speaking with increas ing h (see Fig. 44). According
to (64) this should lead to a d e c r e a s e in C E ^ , that
i s , the twilight sky should become m o r e blue. This
means that on the b o r d e r of the total twilight the
p r o c e s s of reddening of the sky is replaced by the
sky turning blue, a p r o c e s s whose c o u r s e should
ref lect the altitude var ia t ions of Q. This uncovers
a possibil ity unusual in a tmospher ic optics, that of
a d i r e c t quantitative exper imenta l veri f ication of
the considerat ions developed above.

In fact, if we m e a s u r e s imultaneously the v a r i a -
tion of In I with £ for X4 and X2, then С Е ^ Ч ? ) can
be determined in two ways—direct ly from formula
(1) and from formula (61), if we use the dependence
of In I(X 2 ) on £, de te rmine from it q (£ , X2) and
dq( f, X2)/dH, and equate them to Q ( J; X2) and
dQ ( f > X2)/dH, respect ively . We can then in f i rs t
approximation put C^1 = const (which cor responds
to an invariant composition of the a tmosphere , while
the value of Дг̂  can be e i ther determined from the
values of CE^J for two a r b i t r a r i l y chosen values of
g, o r by using theoret ical e s t i m a t e s of this quantity,

for example on the bas i s of F i g s . 30 and 33.
Such a verif ication was made in two v a r i a n t s .

F i r s t the function q( H) a s m e a s u r e d by many
authors was averaged and then the value of Ду п was
obtained (using calculat ions for the molecular a t -
m o s p h e r e ) , making it possible to calculate from
(64) the dependence of СЕд;1 - cfc on f for z = 0.

The results of the calculations are represented
in Fig. 47 by a continuous curve, arbitrarily shifted
relative to the ordinate axis ^ . The points on the
same figure show the measured values of ^

(for the s a m e pa i r of wavelengths), as obtained by
T. G. M e g r e l i s h v i l i B 3 ' 5 ? 3 , a lso a c c u r a t e to within a
constant, and averaged over the s p r i n g per iod. T h e r e
is a str ikingly good agreement between the curves in
the J interval from 94 to 99 o r 100° and a s h a r p
discrepancy for £ > 100° (to which we shall r e tu rn) .
We note that in other seasons the agreement is
w o r s e , something that can easi ly be at t r ibuted to the
inc reased turbidity of the a tmosphere , s ince the
p re sence of ae roso l was d i s rega rded in the theo-
re t ica l calculat ions.

FIG. 47. Comparison
of the calculated and
measured CE^(^) (aver-
aged data).

94 35 96 97 38 99100 Kit 102 №m Ю5Ю6 С

I C86]We next used L J the m e a s u r e d br ightness of the
twilight sky at the zenith in two p a r t s of the s p e c -
t r u m (X = 0.44 and 0.54ц) for three different
twilights C7 9 '2O. The corresponding var iat ions of
CE^l a r e shown in Fig . 13 by the continuous l ines
drawn through the points . The c r o s s e s in the s a m e
figure show the values of СЕП calculated from (62),
with Ду п obtained from Fig. 33 for the a tmosphere
cons idered by V. G. Fesenkov. (All the calculat ions
of CE^ 1 were accurate to within a constant.) We see

that for individual days the a g r e e m e n t is much b e t t e r
than for the averaged c u r v e s .

Finally, again s tar t ing from values of Ду п for
the molecular a tmosphere and the averaged q ( h ) ,
we calculated the dependence of the quantity

= CE\\i3v.{t,= S= 95°20')

on Xi without account of the ozone absorption in the
Chapuis band. It is r e p r e s e n t e d in Fig. 48 by a con-
tinuous l ine. The s a m e figure shows (with indica-
tion of the e r r o r s ) the r e s u l t s of m e a s u r e m e n t s by
var ious authors (but in this case the unknown con-
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FIG. 48. Comparison of the calculated (solid line) and meas-
ured dependence of ДСЕ on Л,. C i r c l e - M ; t r iang le-Fig . 28;
c r o s s - M ; square _[ ' ° ] .

s t a n t s h a v e b e e n e l i m i n a t e d a n d a b s o l u t e v a l u e s a r e

c o m p a r e d ) . We s e e t h a t w i t h t h e e x c e p t i o n of t h e

Chapuis band ( Л > 0.5д), the theoret ica l curve
duplicates accurate ly the var ia t ion of CE^ 1 with Xt.

It follows from the foregoing c o m p a r i s o n s that
the main factor that d e t e r m i n e s the change of co lors
in the twilight sky during the per iods of semitwil ight
and full twilight is indeed the d i spers ion of the ef-
fective height of the e a r t h ' s shadow, in conjunction
with the altitude var iat ions of the logar i thmic
gradient of the optical thickness of the a t m o s p h e r e .
In addition, it is c l e a r from Fig. 47 that on going to
deep twilight the main r o l e is a s s u m e d by other ef-
fects, which again cause the reddening of the sky
(see the next sect ion).

Turning to the gamut of co lors of the twilight sky
as a function of z and A for constant f, we must
f i r s t r e c a l l that during one and the s a m e instant of
t ime the twilights at different points of the sky a r e
at different phases , and that a var iat ion o c c u r s not
only in H (and consequently Q), but also in у and
y n . Therefore for a given f the distr ibutions of the
br ightness and of the color exponent along the sun ' s
mer id ian duplicate thei r f-dependences at constant
z and A, but in a m o r e or l e s s d i s tor ted form.

Let us stop to d i scuss the color p ic ture as ob-
served in t h r e e d i rect ions where it i s especial ly
e x p r e s s i v e .

It i s easy to verify that in the region of the sky
w h e r e the " b e l t of V e n u s " is observed (see Sec. 2),
deep twilight has a l ready s e t in at the corresponding
instant of t ime and that у i s v e r y l a r g e in this r e -

gion. This means that the function T ( y ) is p r o -
jected on the line of sight (17 = yy) in an ext remely
exaggerated form, and the m o r e or l e s s dense
l a y e r s of the a t m o s p h e r e a r e i l luminated exclusively
by r a y s with very smal l y n , w h e r e a s r a y s with
l a r g e y n i l luminate only the highly rare f ied l a y e r s
of the a i r (Fig. 49). This explains the so c lear ly
pronounced purple coloring of the " b e l t , " as well as
its smal l angular d imens ions . With increas ing £
this effect rapidly at tenuates and the " b e l t " sp reads
out into a broad hardly noticeable band.

It is fu r the rmore easy to see that the maximum
reddening of the sky (that i s , the borde r between the
semitwil ight and total twilight) at f = 94—95° is
located in the vicinity of the sun ' s ver t ica l at
z ^ 65—75°. These a r e p rec i se ly the values of f
and z which cor respond to the maximum develop-
ment of the "purp le l i gh t " (see Sec. 2), so that
there a r e all grounds for regarding the "purp le
l igh t " as a unique project ion of CE^1 ( H) on the sky.
Thus, the "purp le l igh t " should be observed in a
purely molecular a tmosphere and it must not be r e -
lated at a l l , as is done by many authors , with the
exis tence of an aerosol layer nea r 20—25 km, a l -
though the presence of the la t te r may intensify the
effect. Apparently it is this phenomenon that was
erroneous ly taken by F . Volz and R. Goody ^ to be
evidence for the exis tence of such an aeroso l l aye r .
We note that owing to the indicatr ix effect, the m a x -
imum reddening should then be noticeably shifted
toward the hor izon. Yet the p resence of aerosol
l aye r s in the region of the t e rmina to r should affect
s t rongly the c h a r a c t e r and degree of development of
the "purp le l igh t " in the s t r a to sphe re , owing to the
changes in the spec t ra l dependence of y n .

Finally, in the region of the sunse t segment , the
sha rp inc rease in m ( z ) begins to leave i ts imprint
on the color and br ightness of the sky, and this in-
tensifies the influence of the optical s ta te of the
lower l aye r s of the a tmosphere . A consequence of
this is the displacement of the br ightness maximum
from the horizon by a ce r t a in z m (see F igs . 6, 7, 8,
9), which depends strongly on т * . The dependence
of m ( z m ) on т* for f close to 90°, that i s , when
the sunset segment is s t i l l on the daytime h e m i s -
p h e r e , is de termined by the following approximate
re la t ion, which is the r e s u l t of (36),

Atmosphere

for ^
. - • - ^ • ' - * *

/ / , ' A p p a r e n t

s ' s h a d

, b o u n d a r 1

FIG. 49. Concerning the origin of the "Belt of Venus.'
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Figure 50 shows the corresponding dependence on
т* for £ = 90° and К = 0.15, and is in qualitative
agreement with Fig. 9b. If £ noticeably exceeds 90°
so that total twilight is already established in the
region on the sunset segment, Eq. (65) is replaced
by another relation, also approximate,

(66)

w h e r e £ = f — 7r/2 a s b e f o r e . T h e c o r r e s p o n d i n g
p l o t s of z m v s . £ f o r d i f f e r e n t т * a n d y n a r e
s h o w n i n F i g . 5 1 , w h i c h i s i n g o o d q u a l i t a t i v e a g r e e -
m e n t w i t h F i g . 8 b . W e n o t e t h a t i n ( 6 6 ) t h e v a l u e s o f
т * a n d H ( t h a t i s , y n ) m u s t b e r e g a r d e d a s i n d e -
p e n d e n t f u n c t i o n s o f t h e w a v e l e n g t h , f o r a s a r u l e
t h e r e i s n o c o r r e l a t i o n b e t w e e n t h e h o r i z o n t a l a n d
v e r t i c a l t r a n s p a r e n c i e s of t h e a t m o s p h e r e r?fi*I

N o n e t h e l e s s , t h e d e c r e a s e i n w a v e l e n g t h s h o u l d
g e n e r a l l y s p e a k i n g l e a d t o a n i n c r e a s e i n z m . I t i s
p r e c i s e l y t h i s c i r c u m s t a n c e t h a t d e t e r m i n e s , i n
f i n a l a n a l y s i s , t h e c o l o r i n g of t h e s u n s e t s e g m e n t a n d
i t s d e p e n d e n c e o n t h e s t a t e of t h e w e a t h e r .

1 0 . T H E P R O B L E M O F M U L T I P L E S C A T T E R I N G :
D E E P T W I L I G H T A N D T H E T R A N S I T I O N T O
N I G H T T I M E .

I t w a s s h o w n a b o v e t h a t a s t u d y of t h e a t t e n u a t i o n
a n d s i n g l e s c a t t e r i n g of l i g h t u n d e r t w i l i g h t c o n d i -
t i o n s l e a d s , a t l e a s t q u a l i t a t i v e l y a n d i n m a n y r e -

78

80

82

86 h

80

F I G . 50. Approximate T*-depend-
e n c e of the pos i t ion of t h e maximum
b r i g h t n e s s of t h e dawn or s u n s e t
segment at t h e i n s t a n t of s u n r i s e or
s u n s e t .

0,1 0.2

78°

82Г

ЯГ

FIG. 5 1 . Approximate p l o t s
of t h e p o s i t i o n of t h e maximum
of t h e b r i g h t n e s s of t h e s u n s e t
segment vs . £ for la rge £; and
different r * and y n .

12°

s p e c t s e v e n q u a n t i t a t i v e l y , t o a c o r r e c t p i c t u r e of
t h e f u n d a m e n t a l t w i l i g h t p h e n o m e n a . A t t h e s a m e
t i m e w e a r e a b l e t o v e r i f y t h a t t h e n o t i o n of t h e e f -
f e c t i v e h e i g h t of t h e e a r t h ' s s h a d o w e n a b l e s u s t o
c l a r i f y t h e a n a l y s i s of t h e t w i l i g h t p h e n o m e n a , w i t h -
o u t l o s s of a c c u r a c y i n t h e i r d e s c r i p t i o n . H o w e v e r ,
e v e n L a m b e r t '-176-' h a s c a l l e d a t t e n t i o n t o t h e f a c t
t h a t a n a p p r e c i a b l e r o l e c a n b e p l a y e d i n t h e f o r m a -
t i o n of t h e t w i l i g h t ( a t l e a s t i n t h e r e g i o n of t h e s k y
c o v e r e d b y t h e p r o j e c t i o n of t h e e a r t h ' s s h a d o w ) b y
s e l f - i l l u m i n a t i o n of t h e a t m o s p h e r e , t h a t i s , m u l t i p l e
s c a t t e r i n g of t h e l i g h t f r o m t h e s u n i n t h e a t m o s -
p h e r e . T h e r e f o r e a r e l i a b l e e s t i m a t e a n d a c c o u n t of
m u l t i p l e s c a t t e r i n g a s i t a f f e c t s t h e b r i g h t n e s s of t h e
t w i l i g h t s k y a r e e s s e n t i a l b o t h f o r a n e s t i m a t e of t h e
d e g r e e of c o r r e c t n e s s of t h e c o n s i d e r a t i o n s d e v e l -
o p e d a b o v e a n d f o r a r e l i a b l e u t i l i z a t i o n o f t w i l i g h t
s o u n d i n g f o r i n v e s t i g a t i o n s of t h e u p p e r l a y e r s o f
t h e a t m o s p h e r e , a s a l r e a d y n o t e d b y V . G . F e s e n k o v
i n h i s f i r s t p a p e r o n t h i s p r o b l e m .

H o w e v e r , t h e o r e t i c a l i n v e s t i g a t i o n s of t h e c o n t r i -
b u t i o n of m u l t i p l e ( p r e d o m i n a n t l y d o u b l e ) s c a t t e r i n g
t o t h e b r i g h t n e s s a n d p o l a r i z a t i o n of t h e t w i l i g h t s k y ,
u n d e r t a k e n b y m a n y a u t h o r s » , « . « . e o , 5 9 , m , m , t t s ,
177-188] u n a v o i d a b l y e n c o u n t e r d i f f i c u l t i e s t h a t h a v e
n o t y e t b e e n o v e r c o m e . E v e n u n d e r d a y t i m e c o n d i -
t i o n s , w h e n t h e c u r v a t u r e of t h e e a r t h ' s s u r f a c e c a n
b e n e g l e c t e d a n d w h e n o n l y t h e l o w e r l a y e r s o f t h e
a t m o s p h e r e , f o r w h i c h t h e o p t i c a l p r o p e r t i e s of a i r
a n d t h e i r a l t i t u d e v a r i a t i o n a r e m o r e o r l e s s k n o w n ,
n e e d b e t a k e n i n t o a c c o u n t , t h e p r o b l e m of c a l c u l a t i n g
t h e b r i g h t n e s s a n d p o l a r i z a t i o n o f m u l t i p l y s c a t t e r e d
l i g h t f r o m t h e s k y e n t a i l s s e r i o u s d i f f i c u l t i e s a n d
h a s b e e n r e a l i z e d f o r t h e t i m e b e i n g o n l y f o r a f e w
s t r o n g l y i d e a l i z e d m o d e l s ( s e e , f o r e x a m p l e , O 8 9 ~ 1 9 9 J ) .
D u r i n g t h e t i m e of t w i l i g h t o n e c a n n o l o n g e r n e g l e c t
t h e c u r v a t u r e of t h e a t m o s p h e r e , a n d t h i s r a d i c a l l y
c o m p l i c a t e s t h e m a t h e m a t i c s s i n c e t h e o n e - d i m e n -
s i o n a l p r o b l e m b e c o m e s t h r e e - d i m e n s i o n a l . T h e
c o r r e s p o n d i n g m e t h o d s of s o l v i n g t h e r a d i a t i o n
t r a n s p o r t e q u a t i o n h a v e n o t y e t b e e n s u f f i c i e n t l y d e -
v e l o p e d , s o t h a t t h e o n l y w a y f o r s o l v i n g t h e p r o b l e m
i s t h e e x c e e d i n g l y l a b o r i o u s p r o c e s s of t r a c i n g t h e
f a t e of e a c h r a y a s i t w a n d e r s t h r o u g h t h e a t m o s -
p h e r e . I t i s n e c e s s a r y t o s t a r t h e r e w i t h s o m e a s -
s u m p t i o n s , a s y e t u n f o u n d e d , c o n c e r n i n g t h e a l t i t u d e
v a r i a t i o n of t h e s c a t t e r i n g i n d i c a t r i x a n d c o e f f i c i e n t
of t h e a i r , a s s u m p t i o n s t h a t i n f l u e n c e t h e c o m p u t a -
t i o n a l r e s u l t s q u i t e s t r o n g l y . A s p e c i a l a n a l y s i s
[50,179,180] h a s s n o w n t h a t t h e b r i g h t n e s s of d o u b l y
s c a t t e r e d l i g h t I2 v a r i e s r e l a t i v e l y l i t t l e w i t h t h e
c h o i c e of t h e m o d e l o f t h e a t m o s p h e r e , w h e r e a s t h e
b r i g h t n e s s of t h e s i n g l y s c a t t e r e d l i g h t I j i s c o m -
p l e t e l y d e t e r m i n e d b y t h i s c h o i c e ; a n d s i n c e Ii a n d
I2 v a r y d u r i n g t h e c o u r s e of t h e t w i l i g h t b y a t l e a s t
a f a c t o r 1 0 7 , e v e n i n s i g n i f i c a n t c h a n g e s i n t h e a s -
s u m e d f o r m of т ' ( h ) c h a n g e r a d i c a l l y n o t o n l y t h e
v a l u e of I 2 A i b u t a l s o i t s v a r i a t i o n w i t h J . B y w a y
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Table I
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С

' 'Twilight''
atmosphere [le0J

"Standard" atmos-
phere from data
for 1948 ["']

Isothermal
atmosphere [ie°]

[sothermal
atmosphere I45]

92°

0.20

0,20

94°

0.23

0.30

0.23

0.01

96°

0.33

0 49

0.53

0.11

98°

0.62

0.76

3.65

1.3

100°

0.63

0.78

97.5

20

101°

85

102°

0.87

2-104

103°

0,97

3-10°

104°

1.16

—

105°

1.68

—

107°

2,40

—

of a n e x a m p l e w e g i v e s o m e of t h e c a l c u l a t e d d a t a

o n t h e d e p e n d e n c e of I 2 / I i on g f o r z = 0, o b t a i n e d

u n d e r d i f f e r e n t a s s u m p t i o n s c o n c e r n i n g t h e a l t i t u d e

v a r i a t i o n of r ^ h ) ( T a b l e I ) .

T h u s , t h e o r e t i c a l c a l c u l a t i o n s do n o t g ive g r o u n d s

a s y e t f o r a n y r e l i a b l e e s t i m a t e s of t h e v a l u e of

I 2 / I j a n d i t s d e p e n d e n c e on £ a n d A. N e v e r t h e l e s s
w e c a n c o n c l u d e f r o m t h e m t h a t u n d e r r e a s o n a b l e
( f r o m t h e p o i n t of v i e w of p r e s e n t - d a y k n o w l e d g e )
a s s u m p t i o n s c o n c e r n i n g t he a l t i t u d e v a r i a t i o n of t h e
s c a t t e r i n g a b i l i t y of the a t m o s p h e r e , t he r e l a t i v e
r o l e of t he d o u b l e s c a t t e r i n g d u r i n g t he s e m i t w i l i g h t
a n d t o t a l t w i l i g h t p e r i o d s s h o u l d b e no t too l a r g e ,
a l t h o u g h no t s m a l l , s o t h a t i t c a n n o t c h a n g e t he
p i c t u r e of t h e s k y a p p r e c i a b l y , u n l i k e t he s t a g e of
d e e p t w i l i g h t , w h e n d o u b l e s c a t t e r i n g b e g i n s to p r e -
d o m i n a t e o v e r s i n g l e s c a t t e r i n g .

Another important resu l t of the theoret ical analy-
s i s is the conclusion Е 4 5> 1 8 0>ш] ^ a t ^ n e m a m S O u r c e

of the doubly sca t te red light observed on e a r t h is a

l a y e r of the a tmosphere covering a re lat ively smal l

altitude interval extending over about 20 km, whereas

the maximum br ightness of this layer, for f c lose

to 90°, is located near the e a r t h ' s surface and r i s e s

gradually with increas ing f, reaching an altitude of

about 20—30 km by the end of the total twilight.

During the period of total twilight the main s o u r c e

of its i l lumination by singly s c a t t e r e d light becomes

the s u n r i s e segment .

With the theory in this s t a t e , it is obvious that

observat ional data r e m a i n the only re l iable s o u r c e

for judging the ro le of multiple sca t te r ing during

the twilight per iod. However, before we proceed to

cons ider them, we must stop on some cons iderat ions

without which such an analysis would be imposs ib le .

According to Rayleigh's theory, the coefficient of

sca t te r ing of light by gases , outside the se lec t ive-

absorption bands, is proport ional to A . Since a

factor of the s a m e form for each new sca t te r ing

event, is added it might be expected that the s p e c -

t r a l dependence of k-fold sca t te r ing of light should

be determined by a factor A~**. These c o n s i d e r a -

tions a r e universal ly accepted, and many at tempts

were made to use them to d e t e r m i n e the fraction

of double sca t te r ing both during daylight and twilight

conditions, s t a r t i n g from data concerning the color

of the sky. In par t icu lar , F . Link D«,ir3] a n d F F

Yudalevich '-188-' concluded on the bas i s of this a s -

sumption that I 2 /Ii should d e c r e a s e rapidly with

increas ing wavelength and should amount to only

s e v e r a l p e r cent in the n e a r - i n f r a r e d region of the

s p e c t r u m . The fact that the sky turns blue with in-

c r e a s i n g f during total twilight was a lso usually

attr ibuted to an i n c r e a s e in the role of double s c a t -

ter ing . The only difficulty was seen in the fact that

in the p r e s e n c e of an aeroso l the A"4 law is r e -

placed by a weaker dependence A~n, where n < 4.

However, the s t a t e m e n t that the color of k-fold

s c a t t e r e d light is de termined by a factor A~™ does

not cor respond to rea l i ty , s ince it does not take into

account the very s t rong extinction effect. As applied

to the color of the twilight sky, this was pointed out

by E. A s h b u r n ^ and G. V. R o z e n b e r g M . A r i g o r -

ous account of extinction for the doubly s c a t t e r e d

light is indeed the main difficulty in the calculation

of its b r i g h t n e s s . It is therefore n e c e s s a r y for the

t ime being to confine oneself to general c o n s i d e r a -

tions and to tentative e s t i m a t e s .

It has been long known, f irst , that a sufficiently

thick layer of nonabsorbing sca t te r ing medium (for

example, milk, clouds, snow, whitewash, paper) ap-

p e a r s white in reflected light independently of the

spect ra l var ia t ion of the s c a t t e r i n g coefficient.

Theory shows (see, for example, Ci57,200З ^ t n a t t j j i s

is the d i rec t consequence of the fact that the main

contribution to the br ightness of the light ref lected

by the layer is made prec i se ly by m u l t i p l e - s c a t t e r -

ing effects. In t r a n s m i t t e d light, if the l a y e r is suf-

ficiently thick so that the d i r e c t and in pract ice

s ing ly-scat tered light does not r e a c h the bottom of

the layer at all, theory pred ic t s '-157-' that the br ight-

ness I of s c a t t e r e d light is proport ional to ( т * ) " 1 ,

that i s , in the c a s e of molecular s c a t t e r i n g ( т *

~ A~4) we have I ~ A4 or , in other words , multiply-

s c a t t e r e d light turns out to be much " r e d d e r " not

only than singly s c a t t e r e d light, but even than d i rec t

light.

F u r t h e r , using the resu l t s of Sees. 6 , 8 , and 9,

we can calculate the color exponents for light

singly s c a t t e r e d by the a tmosphere and coming from

the zenith at £ = 98°, and for light initially sca t t e red
by the high l aye r s of the a tmosphere in the region of
the maximum br ightness of the sunset segment and
doubly sca t t e red in the lower l ayers of the a t m o s -
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phere (for the same value of f ) . Direct calculation
for Xi = 0.46 and X2 = 0-54 leads to an approximate
relation

double /̂ single

that is, in the doubly scattered light the green part
of the spectrum turns out to be much more intensi-
fied relative to the blue part, compared with the
singly scattered light.

The foregoing estimate must be regarded only as
a qualitative illustration. Nonetheless, there are all
reasons for stating that if the doubly scattered light
of the twilight sky does differ in color from the
singly scattered one at all, it is only in that the
longer wavelengths predominate. From this it fol-
lows, incidentally, that the observed bluer color of
the sky with increasing f during total twilight is
evidence of the relatively insignificant role of multi-
ple scattering during that period. We note that
doubly scattered light, being " r e d d e r " than singly
scattered light, nevertheless remains " b l u e r " than
the direct light, that is, the brightness of doubly
scattered light should increase monotonically with
decreasing Л.

Finally, using the results of the preceding sec-
tions, we can roughly estimate the change in bright-
ness of the secondarily scattered light as a function
of z in the sun's meridian. Neglecting the indicatrix
effect, such an estimate leads for not too large
values of z to

/ 2 ( z ) S / 2 ( z = 0 ) ( l + o5.1(r 2tanz)secz, (67)

where с < 1 and z is assumed positive in the verti-
cal and negative in the counter-vertical of the sun,
so that the minimum brightness of the secondarily
scattered light turns out to be shifted away from the
zenith in the side opposite the sun by not more than
2°.

Let us turn now to qualitative considerations,
dictated by the general picture of the twilight sky.
It is impossible to disagree with L a m b e r t [ n e ^ , that the
very fact that the region of projection of the earth's
shadow on the counter-sun horizon has a noticeable
brightness, comparable with the brightness of the
sky illuminated by the sun's direct ray, is evidence
of the considerable contribution made by multiple
scattering to the total brightness of the sky. This is
also evidenced by the existence of a pronounced
minimum in the brightness of the sky in the vicinity
of the zeni th й > 1 6 ' 2 7 ' 3 6 ] (see Figs. 5, 6, and 10). At
the same time, starting with the contrast sensitivity
of the eye and with the fact that the brightness of
multiply-scattered light should not depend strongly
on the sighting direction, it follows that for small £
the ratio I2/Ii in the counter-vertical of the sun
should be on the order of 10—20 per cent (compare
Figs. 6 and 10) (we recall that in daytime conditions

I2/lt has the same order of magnitude D94"19£l). ш

particular, the very existence of a more or less
sharp boundary of the earth's shadow and the good
observability of the "belt of Venus" allow us to
state that even during total twilight I2 cannot exceed
Ij by more than several times.

In exactly the same way, the noticeable displace-
ment of the minimum of brightness relative to the
zenith !-207-', exceeding by many times the above-
mentioned approximate value of 2°, is evidence that
in this region of the sky the secondary scattering
does not have a decisive significance. For a quanti-
tative estimate of this effect we can use relations
(51) and (67) and take account of the fact that I2

~ P m, just as Ij. The condition for the brightness
of the sky to have the minimum d (Ij + I2)/dz = 0
for | z | « 1 leads then to the approximate relation

Q (groin) gminS -10-" [/, (zmin)//i (zmin)]

where account is taken of the fact that during total
twilight

dz dz — (69)

hence, taking (46), (91), and (92) into account we
find

U (Zmin) Г
h (Zmin) = L

С [Я (j)] g

(5)

(70)

w h i c h e n a b l e s u s t o o b t a i n a t e n t a t i v e e s t i m a t e of

I 2 / I 1 ( w i t h

(71)

A m o n g t h e a t t e m p t s of d e t e r m i n i n g e x p e r i m e n t a l l y

t h e c o n t r i b u t i o n of t h e s e c o n d a r y s c a t t e r i n g t o t h e

b r i g h t n e s s of t h e t w i l i g h t s k y , t h e g r e a t e s t o b j e c -

t i o n s h a v e b e e n e v o k e d b y t h e w o r k of R. R o b l e y D

T h e i d e a u n d e r l y i n g t h i s w o r k i s t h a t if t h e s c a t t e r -

i n g i n t h e h i g h l a y e r s of t h e a t m o s p h e r e h a s a p u r e l y

m o l e c u l a r c h a r a c t e r , t h a t i s , i t o b e y s R a y l e i g h ' s

l a w w i t h t h e C a b a n n e s c o r r e c t i o n , a n d if t h e d o u b l y

s c a t t e r e d l i g h t i s c o m p l e t e l y d e p o l a r i z e d , t h e n w e

c a n d e t e r m i n e I 2 / l i f r o m t h e o b s e r v e d p o l a r i z a t i o n

d e f e c t . H o w e v e r , t h e s e t w o i n i t i a l p r e m i s e s a r e

k n o w n t o b e i n e r r o r , s o t h a t R o b l e y ' s e s t i m a t e s a r e

n o t r e l i a b l e . F i r s t , t h e r e i s no l o n g e r a n y d o u b t a t

p r e s e n t t h a t a t a l l a l t i t u d e s t h e r e a r e n o t i c e a b l e

q u a n t i t i e s of a e r o s o l , w h i c h c h a n g e r a d i a l l y t h e d e -

g r e e of p o l a r i z a t i o n of t h e s c a t t e r e d l i g h t ( s e e f o r

e x a m p l e L3.26] ̂  a n c j nof. n e c e s s a r i l y a l w a y s on t h e

d o w n s i d e . S e c o n d , u n d e r t w i l i g h t c o n d i t i o n s t h e d e -

g r e e of p o l a r i z a t i o n of t h e d o u b l y s c a t t e r e d l i g h t i s
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FIG. 52. Plot of
the degree of polari-
zation of singly and
doubly scattered light
of the twilight sky
against £ for differ-
ent z in the case of
a molecular atmos-
phere.

106

quite high and may reach 80 per cent and more '-50'
132,183,184]_ Figure 52 shows the ^-dependences of
the degree of polarization of singly and doubly
scattered light for z = 0° and ±30°, as calculated by
J . Dave'-94-' for an isothermal molecular atmosphere.
Comparison with the experimental data ^ ^ shows
that in all cases the really observed degree of
polarization is smaller than the calculated one, but
the character of the dependence of p( g) turned out
to be similar. We clearly see here, first, a relative
displacement of the experimental and theoretical
curves along the abscissa axis, indicating that the
role of secondary scattering has been overestimated
in the calculations, and second, that the sharp de-
crease in the degree of polarization for £ Z 102°
(see Sec. 4) can be attributed to the progressing
visibility of the night sky through the veil of scat-
tered light.

The first sufficiently well-founded empirical
estimates of the role of double scattering was ob-
tained in 1934 by V. G. Fesenkov Й7^. They were
based on measurements of the sky brightness at two
points of the sky, with coordinates z = 67° and
A = 0 and it. Supported by these data and using the
concept of the twilight layer, Fesenkov consistently
calculated the brightnesses of the singly and doubly
scattered light for both points. He obtained for the
r a t i o s I( A = 7Г)/l( A = 0) the following values :

S

Л (я)
МО)

Ыя)
Ы0)

92°

0.64

0.67

94°

0.2В

0.50

96°

0.054

0,42

98°

0.01

0.16

T h u s , t h e r a t i o I 2 ( 7 r ) / I 2 ( O ) v a r i e s w i t h c h a n g i n g £

i n c o m p a r a b l y m o r e s l o w l y t h a n I t ( 7 r ) / l t ( 0 ) .

S i m u l t a n e o u s l y , F e s e n k o v o b t a i n e d t h e f o l l o w i n g

v a l u e s of t h e r a t i o I 2 / l i ( t h i s r a t i o i s a r b i t r a r i l y

t a k e n a s 1 f o r £ = 9 2 f o r t h e p o i n t z = 6 7 ° , A = 0 ) :

s

4 = 0

A = n

92°

1

0.01

94°

0.82

1.54

95°

0.90

6.8

98°

0.99

14

T h e d a t a o f t h e l a s t t a b l e s h o w u n a m b i g u o u s l y t h a t

w h e r e a s f o r A = 0 a n d z = 6 7 ° t h e r o l e of s e c o n d a r y

s c a t t e r i n g r e m a i n s a l m o s t u n c h a n g e d ( a s w e h a v e

s e e n , s e m i t w i l i g h t a n d t h e b r i g h t p a r t of t o t a l

t w i l i g h t s t i l l p r e d o m i n a t e i n t h i s r e g i o n o f t h e s k y

f o r t h e i n d i c a t e d v a l u e s of £ ) , f o r A = 7r a n d t h e

s a m e v a l u e o f z t h e r o l e o f d o u b l e s c a t t e r i n g i n -

c r e a s e s r a p i d l y , a n d w h e n £ = 9 6 ° i t a l r e a d y d e c i -

s i v e l y p r e d o m i n a t e s o v e r s i n g l e s c a t t e r i n g ( w e n o t e

t h a t t h i s i n t e r v a l o f v a r i a t i o n o f £ i n t h i s r e g i o n o f

t h e s k y e n c o m p a s s e s t h e d a r k p a r t o f t h e t o t a l

t w i l i g h t a n d e s s e n t i a l l y t h e d e e p t w i l i g h t ) .

T h e m o s t i m p o r t a n t r e s u l t of t h i s i n v e s t i g a t i o n o f

V . G . F e s e n k o v i s t h e c o n c l u s i o n t h a t w h e n t h e s u n

l i e s s u f f i c i e n t l y f a r b e l o w t h e h o r i z o n ( s a y a t

£ = 9 6 ° ) t h e b r i g h t n e s s o f t h e s k y a t t h e p o i n t w i t h

coordinates z = 57° and A = тг is determined almost
completely by the intensity of the doubly scattered
light and that its intensity differs relatively little
from its intensity at the analogous point of the sun's
vertical (A = 0), whereas the brightness of singly
scattered light at this point is incomparably higher.
From this follows directly a method for estimating
the brightness of the secondarily scattered light at
the point z = 67° at A = 0, consisting of the simple
procedure of multiplying I( A = тг) for the same
value of £ by the little-varying ratio I2 (A = 0 ) /
I2(A = 7г). This method of eliminating the contri-
bution of the secondary scattering from the results
of the measurements of the twilight-sky brightness
has been used many times by various authors (for
example, [-6^), but has been subjected in recent
times to an appreciable improvement by V. G.
Fesenkov [ 2 0 1 ] •

Making use of the results of the preceding sec-
tions, we can also propose some modification of
this method, starting from the fact that the bright-
ness of the singly scattered light at a point
(A = тг, z) with the sun having a zenith distance £
should be equal to its brightness at the point (A = 0,
z) for £', if H(£, - z ) = H(£', +z), which leads to
the equality I2(£, - z ) ш I(£, - z ) - I (£ ' ,+z) , where
I is the measured brightness of the sky, and where
a relatively small quantity, equal to I2(£', +z) has
been left out (Fig. 10). Since £ and £' are related
by the equation

Д ( 1 - s i n
s i n ( £ - f « ) sin (£'—*) •

t h e m a i n d i f f i c u l t y c o n s i s t s i n d e t e r m i n i n g y . H o w -
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ever, when I(f, - z ) » I(f, +z), that is, after the
occurrence of deep twilight in the region of the sun's
counter-vertical, the uncertainty in у does not in-
troduce an appreciable er ror as compared with
neglecting the indicatrix effect.

Mention should further be made of the semi-em-
pirical work of G. V. R o z e n b e r g M and N. B.
Divari '-73-', who have shown by various means that
calculations of CE;\*, based on an account of single
scattering only, are in good agreement with the ob-
servations only until the end of total twilight, and
disagree completely with the results when the sky
no longer turns blue but again reddens. N. B. Divari
proposes that the reddening is already due to the
beginning transition to nighttime, that is, to the fact
that the atmosphere's own illumination, which is
more intense in the red region of the spectrum en-
ters into play. However, as we have already seen,
this can also be due to the increasing role of double
scattering (which by all accounts is of little import-
ance during the total twilight period), all the more
since the reddening process usually begins for
smaller values of f than expected from the assump-
tion of N. B. Divari (see Figs. 11—13)..

Finally, T. G. Megrelishvili and I. A. Khvostnikov
Q5,202] obtained independent and very weighty proof
of the relative smallness of the role of multiple
scattering during total twilight and the increase of
this role on going to deep twilight. The gist of their
result is that data on the density and pressure of
the atmosphere, extracted from observations of the
twilight sky, are in good agreement with the data ob-
tained by other methods (including rocket methods),
so long as total twilight governs in the region of ob-
servation, and depart decisively from them when
deep twilight sets in, unless corrections for double
scattering are introduced. On the other hand, if such
corrections are introduced by using the method of
V. G. Fesenkov employed above, then the agreement
extends also to larger heights (at least to 120—130
km) (Fig. 53). The estimates of I2/Ii turn out to be
then close to those calculated by F. F. Yudalevich
and N. M. Shtaude (for the "twilight" atmosphere)
(see above).

Let us turn to the color exponent CE;^ and let
us again trace its dependence on f for a given

Twilight
data FIG. 53. Comparison of the

altitude dependence of the air
pressure as determined by
rocket measurements and from
twilight data after introducing
corrections for double scatter-
ing.

region of the sky ( z, A), for example for the zenith.
Under daytime conditions ( £ « 90°) we have CE^1

= C\2, where Cx\ is given by (63). As the sun ap-
proaches the horizon, a progressing dispersion of
the effective heights of the earth's shadow occurs
and causes an increase in CE^J, that is , a redden-
ing of the sky, which corresponds to the semitwilight
or sunset phase (Fig. 54). At a certain value of f,

sky sets in

°-3,o-2.o-w ПО W г,о з.о \о
log P, dyne/cmJ

SO'

FIG. 54. Diagram showing the change in the phases of the twi-
lights for the region of the sky close to the zenith (7; - rf). The or-
dinates represent CE^1.

the increase in Дтт" stops, and the principal role is
assumed by the altitude dependence of Q = d In Tp/dh,
which is usually manifest in the sky turning
progressively bluer and corresponds to the total
twilight phase. Further, when the height of the
geometrical shadow reaches approximately 100 km,
the role of the doubly scattered light begins to in-
crease rapidly, and this causes a new reddening of
the twilight sky and contributes to the occurrence of
the deep twilight phase. Soon after its occurrence,
the night sky begins to be visible through the veil of
the scattered light from the sun, and the deep
twilight phase ends with transition to night. The in-
stants at which the phases changes, and the durations
of the latter, depend on the choice of the wavelength
interval and on the sighting direction. Attention
must be called to the fact that during the entire
period of the twilight the sky is redder than in the
day and is usually bluer than at night.

Since the polarization of the doubly scattered
light is sufficiently large, but is smaller than the
singly scattered light, the occurrence of deep
twilight should manifest itself also in the course of
the p( f) curves, but to a lesser extent than in the
CE^(J) curve. This is precisely how R. Robley [ 1 8 Я ,
J . Dave [ 9 l C, and N. B. Divari л й explain the " ledge"
or minimum of polarization in the angle region
£ = 96—100° (see Figs. 22—24 and 26). However,
there are two kinds of objections to this explanation.

First, the aggregate of the data makes it neces-
sary to recognize that the role of the double scatter-
ing greatly increases for large f, and second, the
larger X, the smaller the values of £ at which the
influence of the doubly scattered light, which is
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"redder" than the singly scattered light, should
manifest itself, whereas actually the opposite takes
place (see Fig. 26). For the same reason, this
ledge cannot be ascribed to the contribution of the
unpolarized light from the night sky. At the same
time, if the polarization is due to the presence of an
aerosol layer at altitudes 80—100 km, that is , in the
region of the silver clouds and the sharply pro-
nounced temperature inversion, it should manifest
itself at smaller J the larger the value of X, owing
to the dispersion of H(X), as is actually the case.
One must add to this that in the entire height inter-
val the real degree of polarization is smaller than
the degree of polarization of the doubly scattered
light, that is , the scattering has an essentially
aerosol character in the entire altitude interval.
But then the correlation between the degree of de-
polarization of the critical frequency of the reflec-
tion of radiowaves from the E layer becomes under-
standable, since the reflection frequency, as is well
known, increases with increasing falling of meteors,
and consequently, with increasing turbidity of the
mesopause region. Additional arguments in favor of
such a conclusion are obtained from the polarization
measurements of G. Dietze '-80-' and also from the
fact that with further increase of £ there frequently
occurs an increase in the degree of polarization (see
Figs. 22 and 23), which is perfectly understandable
if one starts from the hypothesis that the role of
double scattering or of the glow of the atmosphere
increases.

However, when f s 102—104°, that is , when
H s 200—250 km, a sharp change is observed in the
p(H) or p (£ ) curves (see Figs. 22, 24, 26), obvi-
ously due to the progressively increasing role of
the glow from the night sky, as is clear also from
the calculations of J. Dave '-184^ and from the charac-
ter of the dependence q = - d In I/dH on £ '-50-', as
well as from a simple comparison of the brightness
of the sky at corresponding f with the brightness of
the night sky (see Figs. 3, 4, 25). This again ex-
plains the correlation of the degree of depolariza-
tion of the light from the sky in the corresponding
region of angles f with the critical frequency of r e -
flection of the radiowaves from the F layer, since
the brightness of the night sky is closely related
with the state of the ionosphere. In conclusion we
add that V. L. Ginzburg'-203^ has demonstrated the
inconsistency of I. A. Khvostnikov's initial idea,
according to which the depolarization was attributed
to features of the scattering of light by ions. G. V.
Rozenberg ^ has also shown that it likewise cannot
be due to peculiarities in the scattering by the
molecules located in the earth's force field.

11. THE INVERSE PROBLEM OF TWILIGHT
THEORY AND TWILIGHT SOUNDING OF THE
ATMOSPHERE

We have concluded above that during the time of
semitwilight and total twilight the main factor caus-
ing the brightness of the sky is the single scattering
of the sun's direct rays over" the level of the effec-
tive boundary of the earth's shadow. In this case,
although the role of double scattering is noticeable
it is not so considerable. On the other hand, during
deep twilight the mechanism governing the lumi-
nosity of the sky changes twice: first the dominant
role is assumed by the multiply scattered light, and
then by the glow from the night sky. Therefore,
from the point of view of extracting information on
the structure of the atmosphere from twilight ob-
servations, only semitwilight, total twilight, and in
part the bright part of the deep twilight (to the ex-
tent to which the effects of multiple scattering can
be taken into account) are of interest.

We have seen further that during the period of
semitwilight the main phenomena occur in the lower
relatively well investigated layers of the atmos-
phere, and are furthermore highly complicated by
the effect of refraction on H. Therefore the inter-
pretation of data pertaining to semitwilight becomes
unreliable on the one hand and less interesting on
the other. To the contrary, during the period of
total twilight, particularly in the short-wave part of
the visible range of the spectrum, the role of r e -
fraction becomes little noticeable, and the main
significance is assumed by the conditions under
which light is scattered in the altitude interval ap-
proximately between 20—30 and 100—120 km, that
is , in a region of the mesosphere and lower iono-
sphere which has been relatively little investigated
and is not readily accessible.

For these reasons, the most promising to twilight
sounding of the atmosphere is the stage of total
twilight, predominantly in the region of the sky near
the zenith, where the interference caused by the
variability of the lower layers of the atmosphere is
reduced to a minimum. We must add that in order
to interpret the twilight phenomena it is usually suf-
ficient (except for a special case) to confine oneself
to the solar meridian (where the picture is simpler),
since the remaining regions of the sky do not contain
additional information concerning the state of the
upper layers of the atmosphere. Finally, the bright-
ness of the singly scattered light changes over the
extent of the total twilight by a factor of approxi-
mately 105, whereas the contribution of the double
scattering changes this quantity by not more than a
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factor of 2. This gives grounds for neglecting, for
the t ime being, the double s c a t t e r i n g (in the next
sect ion we shal l fill this gap).

Taking the foregoing qualifications into account,
we can r e w r i t e (44) in the form

I {г. A, I, Я) = /0 (X) <oo P™<*> (X) m (z)

У \ D(h, C - i . (72)

If we regard it as a function of f for z = const or
as a function of z for f = const, then from the
mathematical point of view (72) represents with re-
spect to D a Volterra integral equation of the first
kind with kernel T, and if the function T were
known, the equation could be solved by usual methods
of integral-equation theory. The difficulty of the in-
verse problem of twilight theory lies precisely in
the fact that the kernel T is unknown and depends
on the atmospheric conditions, that is, it must be
determined, like D, from observations of the
twilight sky. (Direct methods of determining T, for
example with the aid of rockets and satellites or by
observation of silver clouds, which are perfectly
essential for the development of twilight theory, can
be useful only if the places and times of the meas-
urements coincide.) This possibility arises because
of a combination of two circumstances. First, during
total twilight D is determined by the state of the
mesosphere, whereas T is determined by the state
of the troposphere and the lower stratosphere,
making these functions independent. Second, the
tracing of the variation of I(f, z) can be regarded a
scanning of the function D with the aid of an appara-
tus function T, but, unlike in laboratory problems,
the apparatus function varies regularly during the
scanning process. The scanning is carried out here
independently in two directions (f and z) . Inasmuch
as the variation of the apparatus function with J
differs from the variation with z, and since these
variations are known, the analysis of the dependence
of I on the coordinates in the J, z plane makes it
possible to determine both D(h) and D(y) (see
Sec. 12 for more details). Another way is to specify
a certain averaged function T, starting from our
information concerning the structure of the lower
layers of the atmosphere, and accordingly neglect-
ing its variability.

A consistent solution of the inverse problem of
twilight theory with T ( у ) specified beforehand was
f i r s t undertaken by V. G. Fesenkov -4-', who s t a r t e d
from his own m e a s u r e m e n t s of the br ightness of the
twilight sky in the zenith. Assuming that D ~ p
(where p is the a i r density) and that p ( h )
= p o ( h ) [a + /3h + yh 2 ] (where p o ( h ) is a specified
function while a, /3, and у a r e unknown constants) ,
Fesenkov determined these constants by the method

of least squares. As shown by N. M. Shtaude ^39-',
the specific p (h) dependence obtained in ^ cannot
be regarded as corresponding to reality, since the
solution contained many arbitrary assumptions.
However, the analysis carried out by V. G. Fesenkov
was of primary significance and served as the basis
for further development of twilight theory, leading,
in particular, to the formulation of the concept of
the twilight layer (see Sec. 7).

Referring the reader to the original papers £31>37>
39,54,167-170] f o r d e t a i l S ) w e s h a l l t o u c h u p o n o n l y a

few basic premises connected with the use of this
concept for the solution of the inverse problem.

Assuming that within the limits of the twilight
layer we have

Q (A) = Q(H)e-K №-*>,

where К is a constant, and choosing on the bas i s of
calculat ions c a r r i e d out in'-5-' the function T ( y ) in
the form

where /3= 3.83 and y = 0.352, Fesenkov'-31-' substi-
tutes these expressions in (72) and arrives at the
approximate relation

which connects К with d In i/df. (A more exact
solution obtained in '-31-' was never used for an analy-
sis of twilight, because of its complexity.) As shown
by N. M. Shtaude '-39 ,̂ the same expression is ob-
tained directly from the concept of twilight layer, if
it is assumed that its illumination does not depend
on either h or f. Later on the same expression
was obtained in a somewhat different manner by F.

L i n k [141,171] ( g e e a l s Q [116,117] j_ j t i s e a s y t 0 s h Q W

that under these assumptions (73) is equivalent to
stipulating that

/(£) = const-Q(Ara).

that is, that the brightness of the sky must be pro-
portional to the air density at the level h m of the
maximum brightness of the twilight layer.

Were the scattering actually to have a molecular
character in the region of the mesosphere, that is,
were there no aerosol at the corresponding altitudes
then, assuming further that the atmosphere is in
static equilibrium, it is easy to arrive at the rela-
tion

K__gM_
Ho? (A)

i dlnx(h)
"> dh

where Ro is the gas constant, M is the molecular
weight, g the gravitational accelera t ion, and T ( h )
the t empera tu r e . Thus, measurements of I ( f ) and
consequently of К have yielded direct ly the altitude
variat ion of the t e m p e r a t u r e in the m e s o p h e r e . We
add that the use of the m o r e c o r r e c t re lat ion I ( g)



T W I L I G H T P H E N O M E N A , T H E I R N A T U R E , AND USE 241

~ T p ( h m ) , w h i c h f o l l o w s f r o m t h e m o r e r e f i n e d

c o n c e p t of t w i l i g h t l a y e r ^-M^, i n s t e a d of (73), l e a d s

i n t h i s c a s e t o t h e e x p r e s s i o n s

d i n /' _ gM cos Z, p

where R is as before the earth's radius,

r w c g .
,C(*J

and

(74)

(75)

(76)

where CTQ , p 0 are the scattering coefficient,
density, and pressure of pure air at sea level, while
p ( h m ) is the density of the air at an altitude h m ;
from these we can obtain the functions T ( h ) , p (h),
and p ( h ) .

Actually, the scattering of light at all levels, in-
cluding the mesosphere, has essentially an aerosol
character and, strictly speaking, the assumption
a ~ p is unfounded. However, this should not mani-
fest itself appreciably on the determination of p and
T if, of course, one excludes cases where clearly
pronounced aerosol layers exist '-26^. First, the role
of the aerosol scattering decreases rapidly with
decreasing X, making it possible in principle to
separate the effects of the aerosol and molecular
scattering. Second, if we exclude cases where
aerosol layers are present (for example, mother-of-
pearl or silver clouds), then the relative concentra-
tion of the aerosol changes relatively little with
altitude (see

[ 2 Q
part II), so that the as-

sumption <T ~ p is not far from reality. The varia-
tions of the aerosol lead, as a rule, to variations of
a by not more than two or three times '-26-'. At the
same time, in the height interval of interest to us,
a varies at least by four orders of magnitude, and
within the limits of the half-thickness of the twilight
layer, over which one actually averages the data of
the twilight sounding, it changes by almost half an
order. In other words, the uncertainty due to varia-
tions of the aerosol contents turns out to be less
than the uncertainty due to the unreliability of the
value of h m , that is, the height to which the meas-
urement results pertain. We note incidentally that
the er rors in rocket measurements of p and T are
for the time being not much less, than the errors
connected with failure to take the role of the aerosol
into account.

In this connection let us dwell on three investiga-
tions which are the most significant, both with re-
spect to observational material on which they are
based and with respect to the deductions obtained.
In 1948 a paper was published by T. G. Megrelish-
vili and I. A. Khvostnikov ^02]̂  Ш w hich t^e first
summaries of the reduction of prolonged and quite
thorough measurements of the brightness of the
twilight sky were published, from the point of view

of obtaining data on the density and pressure of the
air in the high layers of the atmosphere. Results of
the processing of the individual sporadic measure-
ments were reported earlier by many authors. The
feature of the cited paper was precisely the large
quantity of initial data, which encompassed 250
individual I( J) curves, enhancing the reliability of
their averages. By eliminating from the observa-
tional data the background of the night sky and by
using relations (74)—(76), the authors have deter-
mined the average "c l imat ic" altitude variation of
the pressure, density, and the so-called height of
the homogeneous atmosphere R0T/gM, comparing
them with data obtained by other methods (Fig. 55).
It is easy to see that up to heights on the order of
100 km, there is satisfactory agreement, and the
noise due to double scattering is not eliminated
from the twilight data.

The second paper was published by T. G.
Megrelishvili ^ in 1956, and was devoted to a
special analysis of the reconciliation of the data ob-
tained by the method of twilight sounding with those
obtained by other methods. In particular, satisfac-
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tory agreement is observed between the data ex-
t r a c t e d from m e a s u r e m e n t s of the br ightness of the
twilight sky without c o r r e c t i o n s for double s c a t t e r -
ing, and data of rocket m e a s u r e m e n t s as s u m m a -
r ized by H. Kahlmann ^204^ up to heights on the o r d e r
of 90 km, along with a s h a r p d i spar i ty with these
data for g r e a t e r alt i tudes (Fig. 56). However, this
d i screpancy d i sappears if one takes into account the
c o r r e c t i o n s necess i ta ted by the background of the
double s c a t t e r i n g (see Fig. 53).

The third investigation was c a r r i e d out in 1952
by E. A s h b u r n ^ . On the bas i s of thorough m e a s -
u r e m e n t s of the br ightness and polar izat ion of the
light of the twilight sky at the zenith and in the sun-
s e t segment, and with allowance for many f a c t o r s ,
which were not always taken into account by o ther
inves t igators , Ashburn, by means of a procedure
which is not quite c l e a r from the descr ipt ion, has
obtained the br ightness of the doubly s c a t t e r e d light
a s a function of f and, after introducing c o r r e -
sponding c o r r e c t i o n s , obtained the altitude var iat ion
of the molecule concentrat ion (molecular s c a t t e r i n g
was a s sumed) . In Fig. 57 the data of E. Ashburn a r e
c o m p a r e d with the r e s u l t s of many other twilight
m e a s u r e m e n t s , and also rocket m e a s u r e m e n t s as
well as with the s tandard NACA a t m o s p h e r e . Again,
the agreement extends to alt i tudes on the o r d e r of
120 km, if secondary sca t te r ing is taken into account,
and again the a g r e e m e n t d i sappears above 80—90
km, if they a r e not taken into account, while account
of the secondary s c a t t e r i n g does not make any e s -

150 Д km

FIG. 57. Comparison of data on the altitude variation of the
atmospheric density as obtained from twilight and rocket meas-
ments. I-Megrelishvili and Khvostnikovt2 0 2]; I I-LinkO 7 3 ] ;
I I I - F e s e n k o v M ; I V - L j u n g h a l l M ; V - L i n k t 1 3 1 ] ; Vl-Chip-
1епкаД"]; VII - HulbertM; VIII - standard NACA atmosphere;
IX — Grimminger; X-Heavens et al (V-2 rockets); XI-Ashburn
(first approximation); XII —Ashburn (second approximation).

sential changes below 80 km. Thus, t h e r e a r e all
grounds for assuming that upon suitable formulation
and reduction of the twilight observat ions, they a r e
capable of yielding re l iable data on the high l a y e r s
of the a t m o s p h e r e .

In the next sect ion we shall s e e that the poss ib i l-
i t ies of the twilight method have not yet been ex-
hausted and that the data obtained with its aid admit
of appreciable ref inement.

12. DIFFERENTIAL METHOD OF SOLVING THE
INVERSE PROBLEM AND THE METHOD OF
EFFECTIVE HEIGHT OF THE EARTH'S
SHADOW

An approximate solution of the inverse problem
of twilight theory, s ta r t ing from the concept of the
twilight layer , is based on the r e q u i r e m e n t of a
rapid d e c r e a s e of the sca t ter ing coefficient with a l-
t i tude. At high al t i tudes, however, this drop slows
down rapidly, and the twilight layer extends over
many tens of k i l o m e t e r s , which leads to an i n c r e a s e
in the uncertainty of its height, that i s , to a d e c r e a s e
in the resolving power of the method of the twilight
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sounding. Moreover , this method in i ts init ial
va r i an t cannot be applied to twilight luminescence
(say of sodium), s ince the concentrat ion of the
luminescent substance has an ent i re ly different a l -
titude var ia t ion. It is therefore m o r e ra t ional to use
a different approximate solution of the inverse
problem, proposed in 1946 by G. V. Rozenberg So,137]
This solution has , in pa r t i cu la r , the advantage that
the constant component of the br ightness of the
twilight sky, that i s , the contribution of the glow of
the night sky and the i l lumination from t e r r e s t r i a l
s o u r c e s a r e automatical ly e l iminated from the c a l -
cula t ions .

If we differentiate (72) with respec t to £ with z
constant and recognize that

we obtain

(77)

Using further the approximation (43) and the theorem
of the mean, we can readi ly a r r i v e at the re la t ion

D(# ) = J - A | ^ - v > (78)

where H = H + yy is a ce r ta in height lying between
H + a and H + a + b , and у = Уп under sensible a s -
sumptions concerning the altitude var iat ion of D and
the absence of selective absorption (у differs from
y n by not m o r e than ±5 km). It is easy to see that
the t rans i t ion from (72) to (78) c o r r e s p o n d s to a
t rans i t ion from scanning with an apparatus function
T, of the type shown in Fig. 32, to scanning with
approximately s y m m e t r i c a l apparatus function
dT/dy of the type of Fig . 58, while the t rans i t ion to
the approximation (43) c o r r e s p o n d s to a t rans i t ion
from the continuous curve on Fig. 58 to the dashed
c u r v e . F r o m the general theory of the apparatus
function (see, for example, '-20S-') it follows that the
spat ia l frequencies with per iod s m a l l e r than Ду = b
a r e s u p p r e s s e d upon scanning. However, w h e r e a s

FIG. 58. Typical
plot of dT/dy against
у outside of the region
of selective absorption
(it corresponds to the
case of Fig. 32).

t h e h i g h e r s p a t i a l f r e q u e n c i e s a r e l o s t w i t h o u t t r a c e ,

t h e f i r s t h a r m o n i c c a n b e r e c o n s t i t u t e d t o s o m e

d e g r e e .

As a p p l i e d t o (78), if w e r e t a i n t h e a p p r o x i m a t i o n

(43) with b = e/K and put у = y n , that i s , H = H,
then the theory leads to the following expres s ion

(cf. [205]

D(H)

н+vf
Iou>oP"'m cos

(79)

The f irst t e r m coincides h e r e with (78), while the
second takes into account a c o r r e c t i o n which can be
readi ly obtained graphical ly .

In fact, if we plot dl/df as a function of H ( o r H)
and draw a chord joining the points at H + уДу/2
and H — yAy/2, then the dis tance between the d l /d£
curve at the point H and the middle of the chord will
cor respond to the square b r acke t s . F igure 59 shows
an example of introducing such a cor rec t ion by the
chord method'-117-', as applied to the twilight flash of
sodium. By specifying the altitude dependence of the
concentrat ion of N of the sodium, that i s , D ( h )
(continuous curve) and by specifying the function
T ( y ) , D. Hunten calculated d l /d f as a function of
h (dashed curve) , and then used the method of
chords , that i s , formula (79), to reconst i tute from it
the altitude curve of N (c ros ses ) . Such a cor rec t ion
turns out to be quite effective and a lmos t doubles
the resolving power of the method.

A modification of the differential method d e -
sc r ibed above for the solution of the inverse problem
of twilight theory is the method of effective height of
the e a r t h ' s shadow, developed by the author and
having, from our point of view, major advantagee
both in the sense of further increas ing the resolving
power and because it makes it possible to exclude

FIG. 59. Illustration of the
use of the chord method for the
refinement of the altitude de-
pendence of D(h).

н,
eo

no

km

I, km N. -н?-> arb. un.
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automatical ly the effects of double sca t ter ing, which

a r e not taken into account at all in the methods d e -

scr ibed above (when the l a t t e r a r e used it is n e c e s -

s a r y f i r s t to get r id of the contribution of the double

sca t te r ing , for example by the method of V. G. F e s e n -

kov; s e e Sec. 10). The s t a r t i n g point of this method i s

re lat ion (51), which with account of the br ightness I2

of the secondari ly s c a t t e r e d light a s s u m e s the form

(80)

Inasmuch as P is subject to appreciable varia-

tions and cannot be measured accurately with any

degree of reliability, it becomes necessary to re-

duce its influence on the result as much as possible.

This can be done, for example, on high mountains

or in the near-zenith region of the sky (m is then

close to 1). The latter requirement improves also

the accuracy with which the air mass is determined

(see Sec. 5). In addition to this, since P can vary

over the sky &®, it is desirable to concentrate the

observations in a relatively small area of the latter.

The contribution of the doubly scattered light to

(73) depends s trongly on f and Л, but i ts depend-

ence on z and A is relat ively smal l , par t icu la r ly

in the n e a r - z e n i t h region (compare with Sec. 10).

At the s a m e t ime, for s m a l l z, when the double-

s c a t t e r i n g angle is c lose to 90°, the indicatr ix effect

should also be relat ively s m a l l . Therefore the n e a r -

zenith region of the sky is m o s t favorable for the

m e a s u r e m e n t s .

F u r t h e r , s ince the double s c a t t e r i n g during the

period of total twilight occurs essent ia l ly in a l a y e r

which is a l ready quite high above the e a r t h ' s s u r -

face, we can a s s u m e with sufficiently good approxi-

mation that the br ightness of the doubly-scattered

light I 2 , like the br ightness of the singly s c a t t e r e d

light, is proportional to m P m , that i s ,

/,(C, z, A, A,) = / 0(X)(o 0i*"m6(?, z, A, X), (81)

where b is now weakly dependent on the sighting

direct ion, at any r a t e in the n e a r - z e n i t h region of

the sky. Therefore express ion (73) can be r e w r i t t e n

in the form

/ ( * , E, A, X) = I0(X)<u0P™<*4X)m(z)[T;(H,X) + b(Z,z,A, X)].
(82)

Let us cons ider f irst the conditions existing in

the ver t ica l s A = ±тг/2, that i s , perpendicular to the

s o l a r m e r i d i a n . According to (13), (10), (7), and

(8) we have in the near-zeni th region of these v e r -

t ica l s

sin £

that is, H does not depend on z, and the dependence
of Tp(H) on z is determined exclusively by the
indicatrix effect, and the scattering angle cp ( for
which, according to (16), cos <p = cos z cos f) is

a l s o p r a c t i c a l l y i n d e p e n d e n t of z . T h e c o n d i t i o n s
f o r t h e o c c u r r e n c e of t h e d o u b l e s c a t t e r i n g a r e
i d e n t i c a l a t a l l p o i n t s of t he v e r t i c a l s A = ±ff/2, t h a t
i s , b d o e s no t d e p e n d on z . In o t h e r w o r d s , w h e n
A = ±тг/2 the quantit ies contained in the s q u a r e

b r a c k e t s of (82) can be cons idered to be independent

of m . This means that I ( z ) does not contain in

this c a s e any m o r e information on Tp(H), H, o r b

than I ( z = 0 ) . It does contain, however, additional

information concerning the value of P and can be

used for i ts m e a s u r e m e n t . In fact, it follows from

(82) that

la sec I n / ( г = 0, g, * , ) - , A = ± Л/2 , g, L , (83)

w h e r e f o r t h e n e a r - z e n i t h r e g i o n of t h e s k y w e h a v e

a s s u m e d m = s e c z, i t b e i n g d e s i r a b l e t o h a v e

s e c z - 1 s m a l l ( s e e z < 1.5—2) a n d t o m a k e t h e

m e a s u r e m e n t s in b o t h v e r t i c a l s .

L e t u s t u r n n o w t o t h e s o l a r m e r i d i a n , a g a i n c o n -

f i n i n g o u r s e l v e s t o t h e n e a r - z e n i t h r e g i o n of t h e

s k y . We i n t r o d u c e t h e n o t a t i o n

5 = / ^ k r - < 8 4>

Then from (82) we have В = TL + b and, taking (50)

into account,

QrD Y\ dii do

where according to (9), (7), and (8) we have

dH R cos g cos z
sin(g—z)

.ffcos(g — z)
sin(g—z)

and

where

dB = _DdH_ db
dz dz dz *

dH _ H cos g
dz sin (g—г) cos z

(85)

(86)

(87)

(88)

In t h e n e a r - z e n i t h r e g i o n of t h e s k y , t h e s e c o n d

t e r m in (86) i s m u c h s m a l l e r t h a n t h e f i r s t , a n d c a n

b e n e g l e c t e d . If f u r t h e r m o r e w e n e g l e c t d b / d f , t h e n

(85) a s s u m e s a f o r m e q u i v a l e n t t o ( 7 8 ) . We h a v e

a l r e a d y s e e n t h a t t h i s e x p r e s s i o n i s e s s e n t i a l l y t h e

b a s i s of t h e m e t h o d s u s e d t o s o l v e t h e i n v e r s e

p r o b l e m , a n d i n t h e b e s t c a s e o n e f i r s t i n t r o d u c e s

a c o r r e c t i o n f o r t h e s e c o n d a r y s c a t t e r i n g ( s a y b y

t h e m e t h o d of V . G. F e s e n k o v o r on t h e b a s i s of

t h e o r e t i c a l e s t i m a t e s ) . T h e r e f o r e t h e q u a n t i t y

d b / d f i s n o t s m a l l , a n d t h e e r r o r of t h e m e t h o d i s

e s s e n t i a l l y d e t e r m i n e d in e x a c t l y t h e w a y a l l o w a n c e

i s m a d e f o r t h i s q u a n t i t y .

We n o t e i n c i d e n t a l l y t h a t if t h e c o n t r i b u t i o n of t h e

s e c o n d a r y s c a t t e r i n g i s s m a l l o r a c c o u n t e d for , t h e n

r e l a t i o n s (85) a n d (88) c a n b e u s e d to d e t e r m i n e

H ( f , X). In f a c t , p u t t i n g d b / d f = d b / d z = 0 a n d

d i v i d i n g (87) by (85) w e o b t a i n w i t h a c c o u n t of (86)

a n d (88)

= — i?cos 2 z dB/dz
dB/dt, "

(89)
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However, if the ro le of the secondary s c a t t e r i n g
is not known beforehand and if it i s not smal l , a
m o r e effective method is one based on the s m a l l n e s s
of db/dz as c o m p a r e d with DdH/dz, par t icu lar ly in
the vicinity of the zenith.

Let us cons ider two points of the s o l a r mer id ian
with z = ±6, where б « 1. Expanding В ( z) in
powers of z and using (87), in which we neglect
db/dz, we obtain without difficulty

tan I. (90)

Start ing f rom the foregoing cons idera t ions , the value
of б should not exceed approximately 20°. E x c e s -
sively s m a l l values of б a r e l ikewise not very u s e -
ful, owing to the weak dependence of H on z, and
can be chosen only if special ized apparatus is used,
such as descr ibed in L64,ltej

If we d i s r e g a r d the investigations of Rundle,
Hunten, and Chamberlain В*Й; which per ta in e s p e c -
ially to the twilight flash of sodium, the only m e a s -
u r e m e n t s c a r r i e d out in accordance with the c o r r e -
sponding p r o c e d u r e a r e those of R. Karandikar ^fl,
who published, unfortunately, only one of the exper-
imental re la t ions he obtained (Fig. 60). The m e a s -
u r e m e n t s w e r e c a r r i e d out with the aid of a special
differential photometer , which d i rect ly yielded the
intensity difference Д1 = I (+6) - I ( - 6 ) as a func-
tion of £ for 6 = 6°. The corresponding values of
Д1 (in W / m 2 s r ) r e f e r r e d to a s p e c t r a l interval of lju
(the m e a s u r e m e n t s were made with inter ference
optical f i l ters) , a r e plotted along the ordinate axis
of Fig . 60.

10 2030WM80100 HO 180 220 н, km

FIG. 60. Example of the dependence of Д1 = I(+S) - I(-S) on f.

U n f o r t u n a t e l y , t h e a u t h o r , w h o i d e n t i f i e d t h e ef-

f e c t i v e h e i g h t of t h e e a r t h ' s s h a d o w H w i t h t h e

h e i g h t of t h e g e o m e t r i c a l s h a d o w H, d o e s n o t

p r e s e n t t h e d e t a i l s n e c e s s a r y t o u s e c a l c u l a t i o n s b y

m e a n s of (90), but the re la t ive c o u r s e of Я for the
sens ib le assumption y n s 25—30 km is in good
a g r e e m e n t with the rocket data shown in Fig . 57.
(When H is rep laced by H no a g r e e m e n t i s obtained,
this being apparently the r e a s o n why Karandikar
re f ra ined from interpre t ing his data.) The splitt ing
of the curves for different X at £ ,> 100° is due in
all probabili ty to the glow of the night sky, which
begins to pass through the veil of the sca t t e r ed light

and which was not taken into account by Karandikar .
The main sou rce of e r r o r s in the determinat ion

of

G(H) = D{H)H (91)

is never the less the neglect of the contribution of the
double sca t te r ing . An es t imate shows that this
e r r o r can in some cases reach 25—30 percen t .

Were the value of H to be known, then (90) would
solve the inverse problem completely. Actually,
however, H can va ry (to be s u r e , in r a the r nar row
l imi t s , s e e Sec. 8), and the need a r i s e s for refining
it in each specific c a s e . In this method, the e r r o r
in the de terminat ion of II not as a factor but as an
argument of the function D ( H ) becomes pa r t i cu -
l a r ly significant, s ince the dependence of D on H
is quite s t rong . F r o m general cons idera t ions , con-
nected with the theory of the appara tus function, one
cannot expect beforehand the value of H, which d e -
pends in pa r t i cu la r in the form of the function D ( H ) ,
to be de termined with an e r r o r l e s s than approxi -
mately ±3 km, which cor responds to an uncertainty
in the determinat ion of D at the given geometr ica l
height on the o r d e r of a factor c lose to 2. Bet ter
accuracy can not be expected in general from the
twilight sounding of the a tmosphere . This e s t ima te ,
however, per ta ins to the absolute value of D ( h ) ,
but not to the c h a r a c t e r of the altitude var ia t ion of
D ( h ) , which can be determined, as we have seen,
with an e r r o r on the o rde r of 25—30 per cent .

Knowledge of G ( H ) as a function of H enables
us to find also the value of b ( H ) . It is easy to see
that

and since

H tf

the optical density of the a tmosphere above the level
If is equal to

(92)

where G is a l ready considered as a function of the
height of the geometr ica l shadow H. Since b ( H )
= B ( H ) - т£,(Н + у ) , we have according to (84),
for z = 0,

G(H)

o r

__ i (я, X)
_ ,

(93)

(94)

During the per iod of total twilight у has the s a m e
o r d e r of magnitude as H, par t icu lar ly in the s h o r t -
wave region of the s p e c t r u m . It is therefore not
p e r m i s s i b l e to neglect у in the denominator . How-
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ever, the easily obtainable estimate of у accurate
to about 5 km is generally speaking sufficient. In-
asmuch as т'р ( H + у) is determined in this case
with an error on the order of 30—40 per cent, the
error in the determination of I2/Ii will reach 60—80
per cent which, incidentally, is sufficient to deter-
mine the interval of heights within which formula
(90) remains valid. We note also that the er ror in
determining the quantity db/dj will in this case be
much less. This enables us to use the thus obtained
value of db/dj to take into account the role of
secondary scattering in formulas (89) and (78)—(79),
which leads to a more accurate value of H and to an
independent check on D(l l ) against the temporal
variation of the sky brightness.

Relations (51), (78), (79), (89), (90), (93), and
(94) remain in force also if we operate not with the
intensities I but with the Stokes parameters Sj
[3,206]̂  k v m e r e i y replacing I with Si. Inasmuch as
the brightness I, the degree of polarization p, the
degree of ellipticity q, and the angle ^0 of rotation
of the plane of predominant polarization are con-
nected with Sj by the relations

9 n
= l b l ' p=

= £ , tan 0 = ^ , (95)

the formulas (92) and (93) enable us to determine
separately the polarization of the singly and doubly
scattered light as a function of the height H, while
formulas (78), (79) and (90) yield the first column
of the scattering matrix й>2 6 '2°0 of the air at the
altitude H.

In conclusion we note that the use of the results
of Sec. 8 enables us also to propose several methods
for determining the height of the effective shadow of
the earth H or the value of у by comparing plots of
G ( f ) for different z but identical f, or G(H) for
different z but identical H.

The analysis presented above has shown that most
twilight phenomena can be qualitatively explained by
taking only single scattering of light into account,
and that double scattering plays a role of an appreci-
able but accountable correction.

At the same time the analysis has shown that if
the necessary type and amount of information is ob-
tained regarding the brightness and polarization of
the twilight sky, it becomes possible to extract, with
sufficient degree of reliability, many important data
on the state and structure of the high layers of the
atmosphere in the altitude interval from approxi-
mately 20 to approximately 120 km. By the same
token, there is a possibility of investigating not only
the "c l imate," but also the "weather," of the high
layers of the atmosphere by measurements carried
out from the earth's surface. In this case the reli-
ability and the accuracy of the obtained data are
practically no worse than what is attainable with
modern methods of rocket sounding. This makes

timely the development of an extensive regularly
operating twilight service network, with a unified
operating program, as well as direct comparison
of the data of twilight sounding of the atmosphere
with data of rocket sounding, obtained at the same
geographical point and at the same time.
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