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1. INTRODUCTION

T H[HE principle of synchrocyclotron (FM cyclotron)
acceleration has much in common with the principle of
cyclotron acceleration. Therefore the same term,
cyclotron, is used to designate both types of accelera-
tors .* However, the FM acceleration mode has spe-
cific features which must be taken into account when
the beam is extracted, for unlike the ordinary cyclo-
tron, no electric deflector can be used to extract a
beam of accelerated ions.

The increase Дг in the radius of the equilibrium
orbit per revolution is determined by the well-known
formula -*
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v the velocity of the equilibrium ion, с the velocity
of light in vacuum, E the total energy of the equili-
brium ion, n = d In H/d In r, and H the intensity of
the magnetic field along the equilibrium orbit. Sub-
stituting in the right half of (1) values typical of large
synchrocyclotrons, we can verify that Дг is on the
order of 0.1 mm. Дг is small principally owing to
the small equilibrium potential difference employed
in present operating synchrocyclotrons. Since the
thickness of the forward deflecting plate of an ordinary
electrostatic deflector is about 1 mm, the ordinary
electric deflector can in general not be employed in
an FM cyclotron.

In such an analysis of the problem we neglect the
precession effect. Owing to the combined action of
radial betatron oscillations and precession of the cen-
ter of the curvature of the ion trajectory, the spread
of ions is larger than Дг. Quantitatively, the maximum
spread is determined by the approximate formula '-2-'

V 2Ar&rpT, (2)

where
(3)

and A r is the amplitude of radial betatron oscilla-
tions. As can be seen from (1)—(3), this effect may

*As a rule, the Soviet scientific literature employs the term
"phasotron" to denote a cyclotron with frequency modulation of the
accelerating electric field.

turn out to be appreciable for small synchrocyclo-
trons, owing to the relatively small values of /3 and
E at the end of the acceleration. Thus, for example,
in the 37-inch cyclotron, the model of the well known
California 184-inch synchrocyclotron, h m a x amounts
to 0.5 cm l-3'4^. This is why an ordinary electric de-
flector could be used in the 37-inch synchrocyclotron
to extract 10% of the beam circulating in the chamber.

In the general case, to extract a beam from an syn-
chrocyclotron it is necessary to employ other meth-
ods. This raises difficulties when the ions deviate
from the limiting working radius to the region of
radial instability, where n > 1. The reason is that in
the overwhelming majority of the operating synchro-
cyclotrons the limiting working radius is smaller
than the radius for which n = 0.2, and consequently
the deflecting system must act over a relatively
larger distance than in the cyclotron. This necessi-
tates the use of a so-called magnetic channel to de-
fleet the ions to the region of radial instability. The
purpose of the magnetic channel is to reduce the
magnetic field intensity along the ion trajectory. The
corresponding decrease in the curvature of the ion
trajectory causes the ion to enter the radial instability
region on leaving the magnetic channel. The magnetic
channel leads unavoidably to changes in the main
magnetic field of the synchrocyclotron, and can there-
fore not be located in the immediate vicinity of the
limiting working radius, and special methods must be
used to direct the ions behind the inner plate of the
magnetic channel. At the present time the following
methods are known: 1) pulsed electric deflector,
2) multiple scattering by a target, and 3) a regenerative
deflector.

One method of extracting a beam from a synchro-
cyclotron without using a magnetic channel will be
considered in Sec. 6.

2. PULSED ELECTRIC DEFLECTOR

The deflecting system of the pulsed deflector con-
sists of four curved strips (Fig. 1). Naturally, the
electric field produced with the aid of the curved
strips must not interfere with the normal synchro-
cyclotron acceleration. It follows therefore that a
pulsed voltage must be applied to the deflector. The
duration of the voltage pulse must not exceed the
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FIG. 1.

period of ion revolution at the start of the extraction
process.

The pulsed electric field between the external and
internal pairs of strips excites radial oscillations of
the ions. These oscillations can be taken into account
mathematically by adding to the right half of the usual
equation of radial betatron oscillations [^, Eq. (2.18)]
a term proportional to the electric field intensity ^ :

-y-s -\- cofp = — . (4)

Here p is the deviation of the ion from the equilibrium
orbit, t the time, w r = w0Vl - n, w0 the circular
frequency of revolution of the equilibrium orbit, e the
ion charge, and m the ion mass.

Assuming the electric field between the pairs of
strips to be homogeneous in the region occupied by
the beam, we can readily integrate Eq. (4). For initial
conditions t = 0, po= 6i cos aj, and (dp/dt)o
= -u)r<5i sin a) we obtain for the region between the
pairs of strips

Q —

where
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(6)

For an ion leaving the deflector we obtain [ with
account of (5)]

Q = ^|-1sinu)r i t—i j , (7)

where tj is the instant of time of departure of the ion
from the deflector.

The entrance to the magnetic channel should be
preferably located at an azimuth for which the solu-
tion of (7) has a maximum. The determination of the
maxima of (7) is difficult because 6i and at are un-
known, and we therefore confine ourselves here to an
examination of the limiting case of infinite simally
small amplitudes of radial betatron oscillations
(6i = 0). Then it follows directly from (7) that p as-
sumes a maximum value at the instant of time

_ 1 / 4A--|-sqn62

where к is an integer.*

K ' J (8)

*We note that owing to the simple trigonometric transformation
used to derive (7), we can immediately write out an analytic ex-
pression for tm, something not done in L'J.

The pulsed electric deflector was first used in the
California 184" synchrocyclotron'-6"8-'. For this deflec-
tor 6oti = 120°. Since the beam current in a synchro-
cyclotron decreases sharply at the radius where
n = 0.2, it is necessary to employ values n < 0.2
when the beam enters the deflector. The pulsed elec-
tric deflector of the California 184" synchrocyclotron
was designed for n = 0.18. Then when 62 < 0 (the
deflector displaces the ions inward)* the first max-
imum is at 357° after the entrance to the deflector,
and when 62 > 0 (the deflector shifts the ions out-
ward) the first maximum is situated 159° after the
enterance to the deflector. Owing to structural con-
siderations (the magnetic channel is located outside
the dee) the case 62 < 0 was realized in the California
synchrocyclotron, i.e., the entrance to the magnetic
channel was located 357° past the entrance to the de-
flector. The maximum ion displacement was 7 cm.
At 200 kV, the distance between pole pairs was 2.5
cm. The deflector was fed from a pulse transformer
t-7-. After passing through the magnetic channel, the
beam goes to a rotation magnet (which also focuses
the beam in the horizontal plane) and, if necessary, to
a special focusing device '-3-' to increase the beam cur-
rent density. The internal current of the beam, Jj
= 1.2 x 10"6 A prior to entering the deflector, de-
creases to Jd ю 10"8 A at the entrance to the magnetic
channel, and to J e = 5 x Ю"9 A in the test room
(after passing through the magnetic channel). We
shall use the symbols J j , J^, and J e in what follows
to determine the following new quantities, which
characterize the extraction of the beam: D = J(j/Ji—
the coefficient of admission of the beam into the mag-
netic channel, A = Je/J(j—the coefficient of transmis-
sion of the magnetic channel, and R = J e /Ji—the effi-
ciency of beam extraction (in the example given
above, D = 0.84%, A = 50%, and R = 0.42%).

The duration of the current pulse of the extracted
beam is TA<p/2ir, where &<p is the difference be-
tween the maximum and minimum phases of the ions
in the beam and T is the period of ion revolution.
The duration of the current pulse of the extracted
beam has an order of magnitude 0.1 microsecond.
The short duration of the extracted beam pulse makes
it difficult to use electron counters in experiments
with the extracted beam. This is the main short-
coming of the pulsed electric deflector method.

We note that the pulsed electric deflector is used
not only in the California synchrocyclotron but also in
the Carnegie Institute of Technology '-10-' and in the
Harwell synchrocyclotron'-11-'.

It was proposed to use a vertical pulsed electrical
field to deflect the beam into the magnetic channel '-11-'.
The magnetic channel would then be located either
above or below the central plane of the synchrocyclo-
tron magnet. Since the expected efficiency of beam
extraction is of the same order in this method as in

*This is the case corresponding to Fig. 1.
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the case of the radial field, this method has never
been used. However, a pulsed vertical electric field
is used in the Harwell synchrocyclotron to deflect the
proton beam on to an internal target and obtain a
short neutron pulse '-12-'.

3. SCATTERING BY A TARGET

The simplest method of deflecting ions to the mag-
netic channel is to scatter them by a target.

The ions scattered by the target start to execute
free radial oscillations. For certain ions, the dis-
placement in the direction of deflection from the
equilibrium orbit turns out to be precisely such that
they enter the magnetic channel. It is advantageous
to use targets made of a heavy substance, because

1) the energy lost by the incident particle (the energy
transferred to the scattering nucleus) is smaller in
scattering by heavy nuclei than by light ones, and

2) the Coulomb scattering cross section increases in
proportion to the square of the atomic number of the
scatterer.

The durat ion of the c u r r e n t pulse of a beam ex-
t r a c t e d by s c a t t e r i n g can be es t imated from the ex-
p r e s s i o n ( A r ) т а х ш Т / Д г , w h e r e ( A r ) m a x i s the
m a x i m u m amplitude of radia l osci l lat ions of the ion
and m i s the average n u m b e r of the p a s s a g e s of the
ion through the t a r g e t . By substituting into this ex-
p r e s s i o n typical exper imenta l values of the quanti t ies ,
we can verify that the durat ion of the c u r r e n t pulse of
the ex t racted beam exceeds in the p r e s e n t c a s e by
~10 3 t i m e s the corresponding value for the pulsed
e l e c t r i c def lector. However, the ext ract ion efficiency
in the mult iple sca t te r ing method t u r n s out to be ~10 2

t i m e s lower than the efficiency of beam extract ion
with a pulsed e l e c t r i c def lector.

Data on the method of s c a t t e r i n g by a t a r g e t can be
found in Q3-18J_ g v w a y o£ i n u s t r a t i o n we give here the
data for the Harwell synchrocyclotron'-16-': J j = 1.3
x 10"6 A, uranium ta rge t 0.32 cm thick, J e = 3 x Ю " 1 0

A (at a d is tance of 12 m e t e r s from the synchrocyclo-
tron), R « 0.22%, m = 15, duration of ex t racted beam
c u r r e n t 150 « s e c .

It m u s t be noted that fast protons s c a t t e r e d by
nuclei become polar ized because of the spin-orbi t
interact ion between the protons and the nuclei . This
c i r c u m s t a n c e m u s t be taken into account when sett ing
up e x p e r i m e n t s . It is cur ious to note that the f irst
note on the use of s c a t t e r i n g by a t a r g e t to deflect
ions into a magnetic channel dates back to 1949 '-1'*-',
w h e r e a s proton polar izat ion was f i r s t observed in
1 9 5 2 . ^ In the f irst c a s e a thor ium targe t was used,
and in the l a t t e r a carbon t a r g e t . It i s known (see the
review L20-') that the proton polar izat ion d e c r e a s e s
with i n c r e a s i n g atomic n u m b e r of the s c a t t e r i n g nu-
c leus ( p o l a r i z e r ) . Therefore proton polar izat ion
could be observed f i r s t by s c a t t e r i n g with l ight nucle i .
This law m u s t l ikewise be taken into account in a c -

c e l e r a t o r technology if a b e a m of polar ized protons
is r e q u i r e d . Thus, for example, beryl l ium and carbon
t a r g e t s a r e used for this purpose '-20-'. As to the use of
a magnetic channel in these e x p e r i m e n t s , it m u s t be
noted that a magnetic channel i s used if the proton
sca t te r ing angle in the horizontal plane is smal l ( less
than 10°), then, but not at l a r g e sca t te r ing angles'-21-',
for in this c a s e the protons enter rapidly the region
of radia l instabi l i ty.

Since exper iments with b e a m s of polar ized protons
a r e of g rea t i n t e r e s t at the p r e s e n t t i m e , it has been
proposed to a c c e l e r a t e previously polar ized ions &2,2f]
and to e x t r a c t t h e s e ions by m o r e efficient methods
(see Sec. 4). It i s then n e c e s s a r y , of c o u r s e , to in-
vest igate the possible depolar izat ion of the beam d u r -
ing the acce le ra t ion p r o c e s s '•24-'.

4. REGENERATIVE DEFLECTOR

In 1950 Tuck and Teng^ 2 5 ' 2 6^ proposed a new method
of deflecting acce lera ted ions into a magnetic channel.
They proposed to rep lace the n o r m a l magnetic field
on the edge of the synchrocyclotron so as to cause the
amplitude of the radia l osci l la t ions to i n c r e a s e while
the stabil i ty of the ver t ica l osci l lat ions i s maintained.

A d iagram of the extract ion device proposed by
Tuck and Teng i s shown in Fig. 2. The n o r m a l syn-
chrocyclotron acce lera t ion continues up to a r a d i u s
r s , at which beam extract ion begins . Outside of r s ,

FIG. 2

the ver t ica l component of t h e magnetic field H d e -
c r e a s e s along the r a d i u s ( n > 0) in a region of angu-
l a r width 6p, ca l led the exci ter (region S ) , and in-
c r e a s e s along the r a d i u s ( n < 0) in a reg ion of angu-
l a r width e r , cal led the r e g e n e r a t o r (region D ) . Such
an extract ion device i s cal led a r e g e n e r a t i v e deflec-
t o r .

Physical ly the operat ing pr inciple of the r e g e n e r a -
tive deflector is based on excitation of p a r a m e t r i c
resonance between the ion revolut ions of c i r c u l a r
frequency ш0, and the rad ia l be ta t ron osci l lat ions of
angular frequency w r '-27-'. As i s well known'-5-', a
s imple re la t ionship ш г = ш0 V 1 — n ex i s t s between
OJ0 and w r . In synchrocyclotrons n is s m a l l . T h e r e -
fore шг i s c lose to OJ0 and by introducing local v a r i -
at ions in the d e c r e m e n t of the magnet ic field intensity
it is poss ible to excite the above-mentioned r e s o -
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nance. Radial oscillations are induced in this case by
an exiter with n > 0, while the precession of the cen-
ters of curvature of the ion orbits is compensated for
with the aid of a regenerator with n < 0.*

Tuck and Teng have verified the feasibility of such
a deflector by graphically plotting the trajectories of
the extracted ions for different combinations of fields
in the regenerator and in the exciter. The main short-
coming of such a method of investigation is the large
amount of labor involved. Therefore, in order to find
the optimal values of the parameters characterizing
the action of the regenerative deflector, the problem
was considered analytically by various authors.

a) Linear theory of the regenerative deflector.
The basic results of the linear theory of the regener-
ative deflector are contained in the papers by
LeCouteur [ 2 8 ' 2 9^ Dmitrievskii [ 3 0 ' 3 i : l, B a r d e n b 7 ] ,
Crewe '-32-', and Cohen and Crewe [33,34] The initial
equations in these investigations are the ordinary
betatron oscillation equations [ , formula (2.18)],
i.e., it is assumed that the magnetic fields of the
generator and the exciter and the normal magnetic
field of the synchrocyclotron depend on the radius
linearly. As is well known, there is no connection
between the radial and vertical oscillations in this
case, and the solution is simpler.

Various methods have been employed to solve the
equation of the betatron oscillations under the condi-
tions where a regenerative deflector is in operation.
Barden used Fourier analysis, Dmitrievskii the oper-
ator method, and LeCouteur, Crewe, and Cohen used
a matrix method to solve the differential equations.

Owing to the greater clarity of the matrix method,
we consider it appropriate to present here LeCouteur's
most important results. He starts from the following
equations:

Vtf дг Ле

(10)

(U)

Here p ( z) is the radial (vertical) deflection of the
ion from the equilibrium orbit of radius r s . Equa-
tions (9) hold true for the regions of the unperturbed
field, while (10) and (11) apply to the exciter and r e -
generator regions, respectively. Because to the pro-

*It is known that the circular frequency of precession of the
center of curvature of ion orbits for small n (as is the case in a
synchrocyclotron) is given by the expression copi ~ n<uo/2. Con-
sequently, to compensate for this precession it is necessary to
introduce a region with negative n.

posed shape of the deflector field (Fig. 2), Eqs. (10)
and (11) are applicable only when the radial deflection
of the ion in the exciter and the regenerator are
directed outward.

In order to present the results in compact form,
we introduce the following notation:

(12)

U (а, х) =

V(a, x) =

cos ax

— a sin ax cos ax

( chax *L

\ a sh ax ch ax
(13)*

(14)

By direct verification we can check the correctness
of the following relations:

U (a, x)U(a, y) = U(a, x + y),
V(a, x)V(a, y) = V{a, x + y).

Let us trace now the radial motion of the ion during
one revolution. We begin, for example, with the entry
of the ion in the exciter. Then, according to (10), the
matrix V (V p 2 — 1, 0p) transforms the vector p cor-
responding to the entry of the ion in the exciter into
the vector p corresponding to extraction of the ion
from the exciter:

Qoutexc = - 1 , е . ) в 1 п (15)

The vector Poutexc specifies the initial conditions
when the ion moves in an interval of angular width
f - ( e p + e q ) / 2 - A t the end of this section, according
to Eq. (9), we have

— Y "p ~~ ~2 VqJ Q out exc (lb)

The vector P o u t f specifies the initial conditions
for the motion of the ion in the r e g e n e r a t o r . F u r t h e r ,
according to (11), the vector p for extract ion of the
ion from the r e g e n e r a t o r i s d e t e r m i n e d in the follow-
ing m a n n e r :

Q o u t r e g = t f ( W + l . 0 Q ) e o u t / . (17)

The vec tor p o u t r e g specif ies the init ial conditions
for the motion of the ion in an interval with angular
width d - ( 0p + 0q)/2, and at the end of this interval
we have in accordance with (9)

: reg- (18)

Substituting in succession (15) in (16), (16) in (17), and
(17) in (18), we obtain

where

r , e p ) .

(19)

(20)

*sh = sinh, ch = cosh.
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The vector p o u t d specifies the initial conditions for
the motion of the ion in the exciter during the next
revolution. Thus, a single passage of the ion through
all the sectors of the deflector is described by the
following relation:

eigenvalues, say

Qm.l = CrQm (19')

w h e r e p m d e n o t e s t h e v e c t o r p a t t h e e n t r y of t h e

i o n in t h e e x c i t e r i n t h e m - t h r e v o l u t i o n , m - f o l d

p a s s a g e t h r o u g h a l l t h e s e c t o r s of t h e d e f l e c t o r i s d e -

s c r i b e d b y t h e r e l a t i o n

w h e r e p\ d e n o t e s t h e v e c t o r p a t t h e e n t r y of t h e i o n

i n t h e e x c i t e r d u r i n g t h e f i r s t r e v o l u t i o n .

A n a l o g o u s l y w e h a v e f o r t h e v e r t i c a l o s c i l l a t i o n s

(22)
where zm denotes the vector z at the entry of the
ion in the excitor during the m-th revolution and

ep).(хи(аг, f-~%-^

In order to investigate (21) and (22) it is advanta-
geous to introduce the eigenvalues and the correspond-
ing eigenvectors of the matrix C r j Z . Since det C r z

= 1 in accordance with (13), the product of the eigen-
values of the matrix C r > z is equal to unity. We there-
fore put

r, zRr. z>
r, z r« z — a ' Zt (24)

where

R

The eigenvalues of the matrix Cr>z are denoted here
by fr.z and l/or,z and the eigenvectors correspond-
ing to them are Rr>z and RrjZ.

Let us express pj( Zi) in terms of Rr>z and B.'TtZ

:

Ql W = *r, zRr, z + 2/r, zRr. 2.

Here

r, zl
RT, ZZ—e

(25)

(25')

where the dot denotes differentiation with respect to
в.

According to (21), (22), (24), and (25) the effect of
m revolutions is written in the form

Cm ( O = * r, zff?2Rr. г + Уг. &ПК z- (26)

The deflector should be made such that one of the

(27)

= r~exceeds unity. Then 1/<тг = г must of necessity be
less than unity. Therefore e~Am becomes negligibly
small after several revolutions and we get from (26)

Qm = xre+AmRT. (28)

Expression (28) shows that when condition (27) is
satisfied the ion is captured in a motion in which its
amplitude of radial oscillations increases by a factor
e^ during each revolution, while the phase at the en-
trance to the exciter remains constant. The quantity
е л is called by LeCouteur the coefficient of amplifi-
cation of the radial oscillations.

In order to avoid an infinite increase in the ampli-
tude of the vertical oscillations of the ion, the moduli
of the eigenvalues a z and l/crz should be equal to
unity, i.e.,

az = в*. (29)

C o n d i t i o n (24) i n e x p a n d e d f o r m r e p r e s e n t s a s y s -

t e m of h o m o g e n e o u s l i n e a r e q u a t i o n s f o r t h e d e t e r -

(23) m i n a t i o n of R J - J Z I a n d R r > Z 2 - In o r d e r f o r t h i s s y s t e m

to have a nontrivial solution its determinant must
equal zero. Therefore, taking (27) and (29) into ac-
count, we get

To obtain the real values of
conditions should be satisfied*

(30)

Л and Л the following

> 1 . (31)

_ . < 1 . (32)

If t h e a n g l e s 0p a n d 0q a r e s m a l l , w e c a n s i m p l i f y

t h e f o l l o w i n g f a c t o r s

F ( V V - 1 , Qp)~B(S), I

u(yq*+i, eq)*>B(-T), !

U (p, 9p)*,B{-S), j

V (q, eq)~B(-T), j

w h i c h e n t e r i n t o t h e e q u a t i o n C r > z ; h e r e

X 1 Г

(33)

(34)

(35)

According to (15), (17), and analogous expressions
for the vertical oscillations, we obtain with allowance
for (33)

*We exclude from consideration here the limits of the stability
boundaries, corresponding to Л = 0 and Л = s i (s integer).
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Q out exc —Q in exc =Qexc>
(dQ/dQ) out exc = (dQ/de) in exc + SQexc,

Qout reg = Qin reg = Oregi
(rfQ/d9)outreg=(dQ/d9)inreg-7

1ereg1

2 out exc — 2 in exc == £exc >
(dz/rf6) out exc = (dz/d9) in exc - Szexc,

Z out reg ~ ^ in reg == 2reg?
(dz/dQ) out reg = (dzldQ) in reg + TZreg.

(36)

(37)

(38)

(39)

It follows from (36)—(39) that in the case of small
вр and 0q, the exciter and the regenerator do not
change the coordinates p and z of the ion, but change
jumpwise the "velocities" dp/d0 and dz/de.

Substituting (33) in (20) and (23), and multiplying
the matrices, we obtain by means of (30)

ch Л = 71 С
s i n 2 j t Q r — - ~ s i n Q r / s i n Qr d, ( 4 0 )

rp (-> fp С

cos К = cos 2яОг + ̂ ~ sin 2яЙг — -~ sin Q2/ sin Qz d. (41)

Although condition (32) ensures the absence of
infinite amplification of the amplitude of the vertical
oscillations, a correlation nevertheless arises between
z and dz/de, and this can lead to a broadening of the
beam ^8,зй T h e e x i s t e n c e of a correlation between
z and dz/d0 can be verified by using (38) and (39).
For this purpose we square (39), for example, and
average ( < . . . > ) over many revolutions

\
reg / • J

\
in reg/

reg /
(42)

S i n c e t h e a m p l i t u d e o f t h e v e r t i c a l o s c i l l a t i o n s c a n n o t

i n c r e a s e w i t h o u t l i m i t t h e t e r m i n t h e l e f t h a l f o f ( 4 2 )

i s e q u a l t o t h e f i r s t t e r m i n t h e r i g h t h a l f . I t f o l l o w s

t h e r e f o r e i m m e d i a t e l y ( s e e , f o r e x a m p l e , ' - 3 6 - ' ) t h a t t h e

l i n e o f r e g r e s s i o n o f ( d z / d ) j n r e g o n z r e g h a s t h e

f o r m

r e g = - { ^ e g . ( 4 3 )

E x p r e s s i o n ( 4 3 ) s h o w s t h a t a c o r r e l a t i o n e x i s t s b e -

t w e e n ( d z / d 0 ) i n r e g a n d z r e g > D u t d o e s n o t c h a r a c -

t e r i z e t h e v a l u e o f t h i s c o r r e l a t i o n . T o e s t i m a t e t h i s

v a l u e i t i s n e c e s s a r y t o c a l c u l a t e t h e c o r r e l a t i o n c o -

e f f i c i e n t r . I n v i e w o f t h e s i m p l e d e r i v a t i o n o f ( 4 3 ) , i t

i s n o t a d v a n t a g e o u s t o c a l c u l a t e t h e r e g r e s s i o n l i n e o f

z r e g o n ( d z / d e ) i n r e i n t h i s c a s e . I n t h e p a r t i c u l a r

c a s e o f S = 0 a n d d = 0 , L e C o u t e u r o b t a i n e d

z 1 т (ъ\
eg

Taking (43) and (44) into account, it follows that
т

(44)

(45)

n = 0.0625), then r = 2T. Since the choice of T is
limited by condition (32), we get r < l. [ 3°

LeCouteur gives for the change in amplitude of the
vertical oscillations under the influence of a regener-
ative deflector the following estimate '-28 .

"sine '

sin 8 = -
1—cos X cos 2nQz

TS
2Q.I

(46)

(47)
sin* Qzd

In (46), h2 is the geometric mean of the square of the
maximum and minimum amplitudes of the vertical
oscillations under the action of the regenerative de-
flector, and h0 is the amplitude of the vertical oscil-
lations prior to the action of the regenerative deflec-
tor. We note that LeCouteur uses the formula for
harmonic oscillations to calculate h. This, however,
is a crude approximation, for once the regenerative
deflector goes into action the vertical oscillations do
not remain harmonic.

For final extraction from the synchrocyclotron, the
beam must pass through a magnetic channel. It is
obvious that in the last revolution prior to entering
the channel the radial deviation should increase by an
amount exceeding the thickness of the internal wall of
the magnetic channel. From this requirement follows
for the amplification coefficient of the radial oscilla-
tions the following inequality:

(48)

where dj is the thickness of the internal wall of the
magnetic channel and dj is the distance from the in-.
ternal edge of the internal wall of the magnetic chan-
nel to the equilibrium orbit of radius r s .*

b) Nonlinear theory of the regenerative deflector.
The linear theory can be used to construct a regener-
ative deflector in the case when ЭН/Эг is constant at
the exciter and the regenerator locations. In actual
synchrocyclotrons, however, ЭН/Эг is constant for
radii that are smaller than the radius for which n = 0.2
(for a typical form of the H( r ) curve see, for exam-
ple, '-37-'). Therefore such a deflector makes it possible
to extract ions of energy several percent below the
maximum energy. This raises the important problem
of using a regenerative deflector in the region where
ЭН/Эг is not constant, in order to extract ions with
maximum possible energy.

An account of the nonlinearity of H( r ) was first
carried out in the theory of the regenerative deflector
by LeCouteur [ 2 9 ' 3 7 ] in 1953. Since now Э2Н/9г2 * 0, a
connection arises between the vertical and radial os-
cillations. Principal attention was paid in'-37-' to the
maintenance of stability of the vertical oscillations.

For example, if fiz = 1/4 (corresponding to
*The word "internal" is used here in the sense "closer to the

center of the synchrocyclotron."
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It was found necessary to employ a "weak" exciter
(small values of S) and a " s t r o n g " regenerator
(large values of T). Consequently the normal magnetic
field of the synchrocyclotron can be used as the ex-
citer.

Thus, the idea arises of creating a regenerative
deflector without using an exciter. The deflector con-
struction becomes simpler in this case, since it is
necessary to produce only one region of local in-
homogeneity in the magnetic field intensity. The
theory of such a deflector is developed in the papers
of LeCouteur and Lipton D 0 , Verster ^ , Stubbins
[40,41] a n d Matora [ 4 2 ] . Since the theory of LeCouteur
and Lipton has been widely used until now, we shall
stop to discuss this theory.

LeCouteur and Lipton start from the following
equations

where H x is the vertical component of the magnetic
field intensity along an equilibrium orbit of radius r s ,
and H is the same component at a point with coordi-
nates ( r = r s + p, z ) .

According to (49), a narrow regenerator changes
the "velocit ies" in the following fashion:

where Hq is the vertical component of the magnetic
field in the regenerator. Inasmuch as Hq( r ) is a
nonlinear function, we have T r * T z . The discussion
in 0 Й pertains to the Liverpool synchrocycloton,
where r s is chosen such that Eqs. (49) can be repre-
sented in the form

= 0, (51)

(52)

where (51) holds for p < 0 and (52) for p > 0. Sl2

r = 1
- n = 0.955 and fi| = n = 0.045, with p and z in
inches.

According to '-38-' it is possible to describe in first
approximation the oscillations when p > 0 by means
of the frequencies Sl'r and Q'z, which depend on p.
The expressions for u'r and fiz can be obtained from
(52) with the aid of the method of nonlinear mechanics:

2Qr

—0,152Q)

(53)

After choosing fif and u'z in accordance with (53),
we can use the results of the linear theory '-28-', where

it is necessary to replace in the formulas the value of
T by Tr for the radial oscillations and by Tz for the
vertical oscillations. The fact that T r * T z permits
the radial deflection of the ion to be increased
while the vertical oscillations of the ion are main-
tained constant.

The results of the approximate theory were veri-
fied by numerical integration of (51) and (52) with the
aid of an electronic computer. The need for using an
electronic computer in this problem was pointed out
also in '-41-'. To carry out the numerical calculations
it was assumed in [38] that

(54)

where T, V, and W are constant. A modified Runge-
Kutta method was used in the solution. The values of
p, z, dp/d6, and dz/de after each revolution are as-
sumed, with account of (50) and (54), to be the initial
conditions for the next revolution. The calculations
were carried out for the following set of parameters:

Case

A
В
С
D
E

T, in-1

0.2
0.2
0.2
0.2
0.2

V, in"2

0.2
0.25
0.25
0.25
0.3

W, in-3

0
0
0.01
0.02
0.04

T h e r e s u l t s of t h e c a l c u l a t i o n s h a v e s h o w n t h a t i n

cases A and В it is possible to obtain an increment
in the radial deflection of the ion larger than 1 inch
per revolution. Incases C, D, and E (when W * 0 )
in the case of large radial ion deflections the vertical
oscillations become unstable.

Since a regenerator located where ЭН/Эг ^const
makes it possible to obtain larger radial deviations
of the ion and larger increments per revolution, the
magnetic channel can have in this case a larger aper-
ture and can be relatively short. This circumstance
enables us to increase the efficiency of beam extrac-
tion.

c) Practical application. The use of the regener-
ative deflector raises the efficiency of beam extrac-
tion to several percent. This is why the regenerative
deflector is at present the most widely used means of
beam extraction. The first regenerative deflectors
built and used were those of the Liverpool synchrocy-
clotron ^3~463 and of the synchrocyclotron of the Joint
Institute for Nuclear Research во,31,47,481 T h e s e d e _
flectors were designed on the basis of the linear
theory, correspondingly developed in'-28-' a n d ^ . For
the Liverpool synchrocyclotron D = 0.2, A = 0.15 and
R = 0.03, while for the synchrocyclotron of the Joint
Institute for Nuclear Research R = 0.05—0.06.

Since then, regenerative deflectors have been used
extensively only in conjunction with regenerators
(without an exciter), constructed on the basis of the
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Table I. Methods of beam extraction, used in various
synchrocyclotrons.

Location of
accelerator

1. University of
California

2. Joint Institute for
Nuclear Research
(USSR)

3. CERN (Switzerland)

4. University of Chicago

5» Carnegie Institute
of Technology

6. Liverpool University

7. University of
Rochester

8. Institute of Nuclear
Chemistry, Uppsala
(Sweden)

9. Atomic Energy
Research Center,
Harwell (England)

10. Harvard University

11. Paris University

12. Tokyo University

13. National Commission
on Atomic Energy,
Buenos Aires
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M e a s u r e m e n t s o f t h e e n e r g y o f t h e e x t r a c t e d - b e a m

i o n s h a v e s h o w n t h a t t h e e n e r g y s p r e a d i s s m a l l .

T h u s , f o r e x a m p l e , i n t h e c a s e o f t h e s y n c h r o c y c l o t r o n

o f t h e J o i n t I n s t i t u t e f o r N u c l e a r R e s e a r c h , t h e e n e r g y

s p e c t r u m Ф ( E ) o f t h e e x t r a c t e d b e a m ' - 4 9 - ' i s w e l l d e -

s c r i b e d b y t h e G a u s s i a n c u r v e

( 5 5 )

with mean energy E = 665 MeV and variance ДЕ

= 2.8 MeV.

The magnetic fields of the regenerator and exciter
were produced by placing iron m a s s e s near the orbit
where the beam extraction begins. The calculation of
the magnetic fields is carried out in this case a s -
suming axial magnetization of the magnetic m a s s e s to
saturation [ 3 0 3 1 ] . We note that in ̂  it i s proposed to
produce the regenerator and exciter fields with the
aid of conductors located in the synchrocyclotron
chamber and fed by current pulses.

To focus the beam after passage through the mag-
netic channel, magnetic quadrupole lenses are usually
employed. However, it i s also possible to focus with
the non-working region of the synchrocyclotron mag-



M E T H O D S FOR E X T R A C T I N G A B E A M F R O M A S Y N C H R O C Y C L O T R O N 151

net '-63-'* or with a deflecting magnet '-65-'. It is neces-
sary then to add iron masses of definite shape to
these magnets to produce the focusing fields.

5. MAGNETIC CHANNEL

The common element of the various extraction
devices based on the principles developed in Sec. 2—4
is the magnetic channel. The purpose of the magnetic
channel is to reduce appreciably the magnetic field
intensity along the orbit of the extracted ions. The
magnetic channel consists usually of several sections,
each comprising two iron bars in the form of rectang-
ular parallelepipeds. The magnetic channel is located
near the edge of the pole of the synchrocyclotron
magnet. It is obvious that in the space between the
bars constituting the magnetic channel, the magnetic
field of the synchrocyclotron is reduced in intensity.

The following circumstance is used to calculate the
magnetic channel: if we place in the magnet gap an
iron mass of arbitrary form, with the dimension in
the direction of the magnetic field larger than at least
one dimension in a direction perpendicular to the
magnetic field, then such an iron mass is magnetized
almost to saturation in a field stronger than 9,000 Oe
[6,66] T n e intensity of the magnetic field produced by
the iron mass is then given by the formulas

the use of formulas (56) and (57) and is developed
[ ]

H = — grad Ф,

Ф(х,у,г)=м\ ( г ~ г ' ) ;

(56)

(57)

It is assumed in (57) that the external magnetic field
is directed along the z axis. The integration is over
the volume of the iron mass. For the magnetization
M for most grades of iron we can assume the value
[6,66]

The dimensions of the iron bars used to produce
the magnetic channel, and the magnetic field of the
synchrocyclotron where these bars are located,
satisfy the foregoing requirements. Therefore the
design of the magnetic channel *-6® is based on the use
of the formulas (56) and (57)f. In [ 6 Q the results are
represented in a convenient graphic form, which
facilitates the design of the magnetic channel.

The magnetic channel unavoidably gives rise to a
certain change in the magnetic field in the region of
the equilibrium orbit, up to which the normal synchro-
cyclotron acceleration continues. In order to eliminate
this perturbation, it is necessary to use suitably
chosen shims. The theory of the shims is based on

•Abstracts of the papers by the Soviet physicistst31-47'41'63] on
the extraction of a beam from synchrocyclotrons can be found in L64J.

t\Ve note that a similar method has been recently used success-
fully to design accelerators with spatial variation of the magnetic
field. M

i n

[6,66,68]

Experimental methods of adjusting and shimming
the magnetic channel are described in LM*>55,59]

The focusing of the beam can be regulated by vary-
ing the magnetic field intensity gradients in the sec-
tions of the channel. Usually the beam leaving the
channel has appreciable dimensions in the horizontal
plane. To eliminate this, the last sections (in the
direction of motion of the beam) can be made to con-
sist of only one internal plate '-59-', with the aid of
which a horizontally focusing magnetic field is produced.

It has also been proposed to remove the internal
plate in the first section of the channel in order to in-
crease the effective extraction of the beam L30,3i,42j_
In the case of a regenerative deflector the remaining
plate acts then like an exciter. Thus, the magnetic
channel ceases to be a "pass ive" element in the
method of the regenerative deflector, and participates
in the buildup of the radial oscillations.

6. PASSAGE OF BEAM THROUGH A REGION
WHERE n= 1.

In 1951 Hamilton and Lipkin ^ proposed a method
of beam extraction based on the fact that the ions are
accelerated to an energy corresponding to a radius on
which n = 1, and are then extracted with the aid of an
electric deflector. The use of the electric deflector
is possible in this case (compare with Sec. 1), for
when n > 1 there is instability of the radial oscilla-
tions [the radial deflection increases by a factor
exp ( 2Wn - l ) p e r revolution]. Such a method of
beam extraction has the advantage that the ions ex-
tracted are accelerated to the maximum possible
energy in the given synchrocyclotron, since the mag-
netic stiffness Hr has a maximum at n = 1.

An important assumption in the Hamilton and
Lipkin method is that a considerable part of the beam
can be brought from a radius where n = 0.2 to a
radius where n = 1, i.e., the resonances at n = 0.2,
0.25, 0.5, 0.75, and 1 should not be dangerous. This
can be attained if the synchrocyclotron magnetic field
is homogeneous to a high degree. In most existing
synchrocyclotrons this condition is not satisfied.
Consequently the Hamilton and Lipkin method did not
find successful application until recently. Only a few
attempts to accelerate the ions to a radius where
n = 1 and to extract them by natural untwisting were
made in the Chicago [ 4 3 ] , Carnegie [ 7 0 > T i : l and California
'-72-1 synchrocyclotrons, but the beam losses were ap-
preciable.

In 1959 it became possible to apply successfully
the Hamilton method in the 160 cm synchrocyclotron
of the Tokyo University c",74]_ T n e h i g h d e g r e e o f

homogeneity of the magnetic field of this synchrocy-
clotron made it possible to guide the beam success-
fully through the mentioned resonances. The reso-
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nance at n = 0.25 has been found to be the most dan-
gerous. Recent calculations by Dmitrievskii et al "®,
also indicate that the most dangerous resonance in
the coupling between the radial and vertical oscillations
occurs at n = 0.25.

It is shown in t-73-' that even in the case of a suffi-
ciently homogeneous synchrocyclotron magnetic field
the following two factors exert an appreciable influence
on the extraction of the beam by the Hamilton and
Lipkin method:

1) Type of ion source. Measurements have shown
that when an ion source with feelers (projections) on
the dee is used, the beam current at the radius where
n = 1 is more than double that if an ion source with-
out feelers is used. Use of an ion source with feelers
makes is possible to obtain at the radius where n = 1
some 80% of the ion current existing up to the radius
where n = 0.2.

2) Bias voltage on the dee. As is well known [76]

a constant bias voltage is applied to the dee system
to prevent high frequency discharge in the synchro-
cylotron chamber. This voltage causes the centers of
the orbits to shift along the edge of the dee. Measure-
ments have shown that with increasing bias voltage
the current decreases on the radius where n = 1. A
partial increase in the bias voltage can be compen-
sated for by changing the position of the ion source.*

When the beam reaches the radius where n = 1, an
electric deflector installed inside the dee permits
extraction of 80% of the ions that have reached this
radius, and have an energy 57 MeV. The beam leaving
the deflector has considerable horizontal dimensions.
To obtain horizontal focusing, iron masses were
used to produce a region where the magnetic field
intensity increased with increasing radius.

Although the iron masses were arranged in this
case in the same way as in the focusing devices of
[63,65]; t h e a u t n o r s o f [73] c a l l e d t h e i r fOCusing unit a

magnetic channel. It must be noted that such a defini-
tion does not agree with the conventional one which
we used in Sees. 1—5.

The horizontal dimensions of the beam^leaving the
focusing unit are greatly reduced. The extraction
efficiency reaches in this case 50% at a current of
1 цА inside the region where n = 0.2. This is the
greatest beam-extraction efficiency attained so far
with a synchrocyclotron. However, in view of the

, danger of resonance at n = 0.25 in large synchrocy-
clotrons'-7^', the use of such an effective method of
beam extraction is limited only to synchrocyclotrons
with pole-piece diameter not exceeding 2 meters.

7. ADDITIONAL REMARKS

a) New methods of beam extraction from a syn-
chrocyclotron. StubbinsM proposes to use a radio-fre-

quency electric field to extract a beam from a syn-
chrocyclotron. The betatron oscillations are then de-
scribed by a Hill equation. The frequency of the elec-
tric field must be chosen such as to make the radial
oscillations unstable and the vertical ones stable. No
detailed derivations are given in '-80^, and only the
most important results are indicated: 1) sufficiently
large increments of the radial deflection per revolu-
tion can be attained and 2) the maxima of the radial
deflection in successive revolutions are observed at
approximately the same azimuth. Stubbins proposes
that this method is simpler than the regenerative-
deflector method.

Veksler, Kolomenskii, and Burshtein proposed a
stochastic acceleration mode '-81-'. At the present time
a stochastic attachment is being developed for the
CERN synchrocyclotron Й 2 > 8 Я . In this connection, it
is pointed out in "-82J that a stochastic system of beam
extraction, permitting an appreciable increase in the
duration of the current pulse of the extracted beam,
is feasible.

b) Use of regenerative deflector in other acceler-
ators (other than the synchrocyclotron). The success
of the regenerative deflector in the extraction of a beam
from a synchrocyclotron has suggested the possible use
of this method for other accelerators.

It is proposed m'-33'34^ to use a regenerative de-
flector to extract a beam from a weak-focusing beta-
tron and synchrotron, while i n из,34,84-87] i t i g p r o _
posed to use a regenerative deflector in accelerators
in which the particles move in magnetic periodic
systems. The feasibility of using a regenerative de-
flector with an electronic model of a PPSF* acceler-
ator with radial sectors '-89-' has been demonstrated
experimentally.

A so-called distributed regenerative action is pro-
posed in '-90-' for the weak-focusing synchrotron. Dis-
tributed regenerative action differs from the regen-
erative action considered so far, where local regions
of variable magnetic field are introduced, in that the
field forming the deflector is distributed over the en-
tire equilibrium orbit, starting with a certain definite
value of the radial deflection.

We note that the reaction of the regenerative de-
flector is proposed inD3,34,84-87,91] a s a m e t n o c j for

injecting particles into accelerators.
The procedure of the theory of the regenerative

deflector has been described in greater detail in the
paper by Cohen and Crewe №,34]̂  ап(^ w e p r e s e n t only
their main results.

Cohen and Crewe proposed to apply the action of
the regenerative deflector every other revolution, i.e.,
if the particle enters the regenerator during the m-th
revolution, then it bypasses the regenerator during
the next (m + 1 )st revolution and enters again into
the regenerator during the (m + 2)nd revolution. Let

*We note that an error has crept into the translation of ["],
namely that in Fig. 3 the designations of the curves have been
interchanged.

*The abbreviation PPSF adopted in ["] stands for an acceler-
ator with constant magnetic field and strong focusing.
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us consider here in greater detail the application of
this method to a weak-focusing accelerator without
straightline sections. We denote the decrement of the
magnetic field intensity by n in the unperturbed r e -
gion and by n r in a regenerator of angular width 0 r .
Let us trace the motion of the particle during two
revolutions. We start, for example, with the entrance
of the particle into the regenerator. The matrix
U(Vl — n r , 6r) transforms the vector p at the entry
of the particle in the regenerator into the vector p
corresponding to the exit of the particle from the re-
generator:

(65)

•",. 9 r ) e i n r e g . (58)

T h e v e c t o r p o u t r e g s p e c i f i e s t h e i n i t i a l c o n d i t i o n s

w h e n t h e p a r t i c l e m o v e s in a r e g i o n w i t h a n g u l a r

width 27Г - вг. The vector p at the p a r t i c l e exit from
this region has the form

Q2H = U (УТ^Гп, 2я-вг)и(УТ^пт, 6 r ) e i n r e g . (59)

According to the condition for the action of the d e -
flector, the vector p corresponding to the r e e n t r a n c e
of the p a r t i c l e into the r e g e n e r a t o r has after one
revolution the form

rY^~n, 2я) U i

X U(Vl—nT, 6r)(}inreg.

or with allowance for (14)

— и, 4я — 6 r) U (l/ 1 — nT, OJgjnreg. (60)

The product of the m a t r i c e s in (60) can be r e p r e -
sented in accordance with (14) in the form

U (у 1-я, 4я — 9r) U {У~\^~пг, 9r)

= и (ут^п, in) и (ух-п, - ег) и (уп^п~, ег). (61)

At small values of 6r (narrow regenerator) we
obtain

where

(62)

(63)

and the m a t r i x В i s d e t e r m i n e d by formula (34).

In the case of a n a r r o w r e g e n e r a t o r we thus obtain
from (59) and (60)

ie%, (59')

r e s . (60')

In order for the particle to bypass the regenerator
during the (m + l)st revolution, the deflection of the
vector p27r should have a sign opposite to the deflec-
t ion of the vec tor p j n r e g . According to Йз,зО> t n i s

takes place when

-*- Sp [U (У1 -n,2n)B(-T)] < - 1. (64)

In o r d e r for the p a r t i c l e to enter dur ing the
( m + 2 )nd revolution in the r e g e n e r a t o r , we should
have

After multiplying the m a t r i c e s we can r e w r i t e
conditions (64) and (65) in the form

(66)
(67)

where

77i = 2 J/'l — n c t g п У \ — п, (68)*

We can reason analogously in the case of vertical
oscillations. In order for the vertical oscillations to
remain stable, the condition to be satisfied is

41 Sp [Z7 (УЧ 4я) В (Г)] |

o r

where.

(70)

(71)

(72)

On the basis of formulas (56), (69), (71) and (72),
it is possible to plot curves showing the regions of
the parameter T for which the deflector is effective.
Such an analysis will show that such regions of T
exist for accelerators for which n is close to 0.75,
i.e., for synchrotrons and betatrons. LeCouteur pro-
posed in ̂  the use of a regenerative deflector for
synchrotrons and betatrons, but with buildup of verti-
cal oscillations and with the radial oscillations
maintained stable, and also with the deflector operat-
ing during each revolution.

Cohen and Crewe ^33>3^ considered also the use of
a regenerative deflector for the extraction of a beam
from weak-focusing accelerators with straight-line
sections. Since the analysis is perfectly similar to
that considered above, we present only the final re-
sults, for example in the case when the deflector acts
during each revolution. We denote by N the number
of elements in the periodicity of the magnetic system
per revolution. The periodicity element consists in
this case of a straight-line section of length L and a
magnetic sector with radius of equilibrium-orbit
curva ture R and a d e c r e m e n t of magnetic field in-
tensi ty n. Let the r e g e n e r a t o r be m a d e up by i n t r o -
ducing a per turbing intensity gradient ЭН/Эг (which
begins with the equil ibrium o r b i t ) and a s t ra ight- l ine
section of length I « L. F o r successful operat ion of
the regenerat ive deflector the following condition
should be satisf ied

Sp[A?B(T)]

where Av>z t r a n s f o r m s the vector p ( z ) from the

*ctg = cot; tg = tan.

(73)
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s t a r t t o t h e e n d of t h e u n p e r t u r b e d p e r i o d i c i t y e l e m e n t w h e r e

Qr = "/1 - n, Q, =
i дн

НИ дг

C o n d i t i o n s (73) c a n b e r e w r i t t e n i n t h e f o r m

Tti(T-T?i)

w h e r e

Tti=-
ir

N_x-ar

N?>VAr

(74)

(75)

(76)

T h e q u a n t i t i e s a ^ > z m u s t b e c a l c u l a t e d in a c c o r d -

a n c e w i t h t h e f o l l o w i n g r e c u r r e n c e f o r m u l a

Г, 2 Г, 2

« I V = O j v _ t ( 7 7 )

w h e r e
a j- z = 0, a','z = 1.

We w e r e a b l e , h o w e v e r , in ' - 9 2 " 9 5 - ' , t o g r e a t l y s i m -

pl i fy a n d g e n e r a l i z e t h e r e s u l t s of C o h e n a n d C r e w e .

F o r b r e v i t y w e i n t r o d u c e t h e f o l l o w i n g c o n c e p t of a

c y c l e : d u r i n g t h e a c t i o n of t h e d e f l e c t o r i n e a c h r e v o -

l u t i o n t h e c o n c e p t c y c l e c o i n c i d e s w i t h t h e c o n c e p t

r e v o l u t i o n , b u t if t h e d e f l e c t o r o p e r a t e s e v e r y o t h e r

r e v o l u t i o n , t h e c y c l e c o n s i s t s of t w o r e v o l u t i o n s , a n d

t h e p a r t i c l e e n t e r s i n t o t h e r e g e n e r a t o r d u r i n g o n e of

t h e r e v o l u t i o n s a n d b y p a s s e s i t d u r i n g t h e o t h e r r e v o -

l u t i o n , i n a d e f i n i t e s e q u e n c e .

W e d e f i n e a n a r r o w r e g e n e r a t o r a s o n e f o r w h i c h

t h e m a t r i x C r > z , w h i c h t r a n s f o r m s t h e v e c t o r p ( z )

f r o m t h e s t a r t of o n e c y c l e t o t h e s t a r t of t h e n e x t

c y c l e , h a s t h e f o r m

r, z = " r , г Ч (zfc I )• ( ' " )

H e r e t h e m a t r i x A r > z t r a n s f o r m s t h e v e c t o r p ( z )

f r o m t h e s t a r t of a p e r i o d i c i t y e l e m e n t t o t h e s t a r t of

t h e n e x t p e r i o d i c i t y e l e m e n t i n t h e u n p e r t u r b e d p a r t

of t h e m a g n e t i c s y s t e m of t h e a c c e l e r a t o r . M = N

a n d 2N f o r d e f l e c t o r o p e r a t i o n e v e r y r e v o l u t i o n a n d

e v e r y o t h e r r e v o l u t i o n , r e s p e c t i v e l y . T i s a p a r a m e -

t e r t h a t d e p e n d s on t h e s p e c i f i c c o n s t r u c t i o n of t h e

g e n e r a t o r . T h e m i n u s s i g n p e r t a i n s t o t h e i n d e x r

a n d t h e p l u s t o t h e i n d e x z .

F o r t h e m o d e w h e r e i n t h e d e f l e c t o r o p e r a t e s

d u r i n g e a c h r e v o l u t i o n , t h e f o l l o w i n g c o n d i t i o n s

s h o u l d b e s a t i s f i e d

T / T t i > 1 ,

T / T t t < 1 ,

( 7 9 )

a n d f o r t h e d e f l e c t o r o p e r a t i o n e v e r y o t h e r r e v o l u t i o n

t h e c o n d i t i o n s t o b e s a t i s f i e d a r e

( 8 0 )T / T * 2 < i ,

c o s N \ i r < 0 ,

( 8 1 )

For the quantities Т^м and Г* м the following
JV Z~N~

simple formulas are applicable:

1 М —
Му.г ( 8 2 ) *

ь »~2~ '

T h e v a l u e of f o r m u l a s (82) l i e s i n t h e f a c t t h a t t h e y

show directly how Т+м at Т*м_ depend on the quanti-
T N N

ties that characterize the unperturbed.motion.
To investigate the variation of the amplitude of the

vertical oscillations when a beam is extracted with
the aid of a regenerative deflector, we have employed
the method of envelopes. A measure of the variation
of the amplitude of the vertical oscillations was
chosen to be the ratio v of the envelopes of the per-
turbed and unperturbed motions. By averaging over
the periodicity elements the square of the maximum
of v relative to the initial phase of the vertical oscil-
lations we obtain, for the case of a narrow regener-
ator, the following simple estimate of the variation of
the amplitude of the vertical oscillations:

' B m a s

1 — c o s

w h e r e

cos X = cos MIL, -\

— t cos Я—cosA/[iz |

ТА,,, sin Л/и.
^ — - — —
2

(83)

(84)

On t h e b a s i s of o u r f o r m u l a s i t i s n e c e s s a r y t o

m o d i f y t h e r e s u l t s of C o h e n a n d C r e w e a s f o l l o w s :

1) In t h e c a s e of a w e a k - f o c u s i n g a c c e l e r a t o r w i t h -

o u t s t r a i g h t - l i n e s e c t i o n s , t h e c o n d i t i o n (67) s h o u l d b e

r e p l a c e d , i n a c c o r d a n c e w i t h t h e t h i r d f o r m u l a ( 8 0 ) ,

b y
cos2nYl-n<0. (85)

2) In t h e c a s e of a w e a k - f o c u s i n g a c c e l e r a t o r w i t h

s t r a i g h t - l i n e s e c t i o n s w e o b t a i n f r o m (80) i n p l a c e of

of t h e r e c u r r e n c e f o r m u l a s (76) a n d (77) t h e f o l l o w i n g

s i m p l e f o r m u l a s :

(86)

3) Cohen and Crewe attempted to generalize
formally the estimate of LeCouteur (46) for the varia-

*tg = tan.



M E T H O D S F O R E X T R A C T I N G A B E A M F R O M A S Y N C H R O C Y C L O T R O N 155

tion of the amplitude of the ver t ica l osci l lat ion, to in-
clude the c a s e of a c c e l e r a t o r s in which the p a r t i c l e s
move in magnetic periodic s y s t e m s . However, in
view of L e C o u t e u r ' s i n c o r r e c t p r o c e d u r e (see Sec. 4),
we cannot r e g a r d the e s t imate of Cohen and Crewe as
r e l i a b l e . It i s there fore n e c e s s a r y to employ our
e s t i m a t e (83).
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