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1. INTRODUCTION

I N c r y s t a l opt ics, the medium is c h a r a c t e r i z e d by a
d i e l e c t r i c t e n s o r e j j(a),k) (w —frequency, к — e l e c t r o -
magnet ic wave v e c t o r ) . Spatial d i spers ion, i .e. , the
dependence of ejj on k, was introduced long ago, И
but until recent ly it was a s s u m e d to be significant only
in cons iderat ions of the rotat ion of the plane of p o l a r i -
zation of light in gyrotropic c r y s t a l s , and to introduce
in al l o ther r e s p e c t s only negligible c o r r e c t i o n s in
c r y s t a l opt ics, on the o r d e r of а/Л. (a —lattice con-
stant, Л. —wavelength of l ight) . Even in d i scuss ions
of spat ia l d i s p e r s i o n in c r y s t a l s i t has been tacit ly
a s s u m e d until 1957 ^ that ord inary birefr ingence is
maintained, i .e. , for a given propagat ion d i rect ion s
t h e r e a r e two waves with induction v e c t o r s D t and D 2,
which a r e perpendicu lar to each other and to s .

This e s t i m a t e of the s m a l l n e s s of the effects con-
nected with spat ia l d i s p e r s i o n is in m o s t c a s e s c o r r e c t .
However, as we have shown a s long ago a s 1957, '-3-' if
the frequency of the light approaches s o m e exciton-
absorpt ion band, the foregoing e s t i m a t e s a r e ut ter ly
i n c o r r e c t , and an account of spat ia l d i s p e r s i o n m o d i -
fies ejj significantly even when A. » a. As a re su l t ,
the frequency dependence of the re f ract ive indices b e -
comes appreciably changed, a r b i t r a r i l y la rge devia-
tions from the known r e l a t i o n between the integral a b -
sorpt ion of the band and the osc i l l a tor s t rength of the
e l e m e n t a r y c r y s t a l cel l become poss ib le, e t c . The
m o s t i n t e r e s t i n g r e s u l t of '-3-' was the predicted ex i s t-
ence of supplementary light waves in the vicinity of
the exciton absorpt ion bands, in addition to the uni-
v e r s a l l y known birefr ingence waves.

It was shown, for example, that two light waves
having the s a m e polar izat ion and propagat ion d i rec t ion
but different veloci t ies can exist in the c r y s t a l .

Following the publication of'-3-', the theory of supple-
m e n t a r y waves advanced rapidly and dur ing the e lapsed
four y e a r s many p a p e r s w e r e published on this s u b -
ject . C4~34J Supplementary light waves w e r e observed
exper imenta l ly in anthracene'- 2 3 ' 2 4 - ' and in cuprous
oxide. ^26-' Attempts to observe these waves e x p e r i -
menta l ly in a few other c r y s t a l s a lso yielded favorable
p r e l i m i n a r y r e s u l t s .

Investigations show that supplementary waves occur
only n e a r the exciton absorpt ion bands. By exciton is
m e a n t h e r e a c r y s t a l excitat ion with a single continu-
ous quantum number—the quasi momentum к (al l

other quantum n u m b e r s a r e d i s c r e t e ) . '-3-' It is a l so
r e q u i r e d that the aforementioned exciton r e p r e s e n t
with sufficient accuracy a s tat ionary s ta te of the c r y s -
ta l , i .e. , that it have a sufficiently long l i fetime with
r e s p e c t to t h e r m a l t rans i t ions ( s c a t t e r i n g by phonons,
t rans i t ion to the "mult i-phonon w i n d " e t c . ) . Since the
lifetime (path t i m e ) of the exciton i n c r e a s e s with d e -
c r e a s i n g t e m p e r a t u r e , £28,29] t l i e additional waves and
the assoc ia ted phenomena should manifest themse lves
m o r e dist inctly a t low t e m p e r a t u r e s .

2. SUPPLEMENTARY LIGHT WAVES IN THE AC-
COUNT OF ABSORPTION

If the frequency of light ш is c lose to GJ0 = 8 ( 0 )/R
w h e r e 8 ( k ) is an isolated exciton energy band, then
the specific dipole moment of c r y s t a l polar izat ion
P ( r , t ) caused by the passage of the light wave is'-3'9-'

P = Рое«*г-И'> + Р*„е-^' ш<>. Р о = Р (со, к) £„'

where /3 is a t ensor of the second rank,

В = 6 ' + ^и+^-и

\ /p>;; ) p ^̂  /Ч^^*Р ((Л *F ^

(1)

(2)

(3)

H e r e Pxy —constants , V —volume of the unit cel l
of the c rys ta l , Ф0 and Ф^ —the ground and exciton
s ta tes of the c r y s t a l , к —quasi momentum of the ex-
citon, which coincides with the wave vector of light,
and P ( 0 ) —specific dipole m o m e n t o p e r a t o r at the
m a c r o p o i n t r = 0. The energy is m e a s u r e d in such a
way that in the s ta te Ф the energy is z e r o . The s c a l a r
H a and the t e n s o r a a r e complex; they vanish if the
exciton l i fetime is infinite ^ and a r e proport ional to
the probabil i ty of s c a t t e r i n g o r t h e r m a l decay of the
exciton, ^ which i s a s s u m e d s m a l l .

The externa l e l e c t r i c field per turb ing the c r y s t a l

is

where

E e X t ' = (4)

Eo

e = E ; = - 4 n ( P o s ) s . s =

•Paper delivered at the plenary session of the Eighth Congress
on Low-Temperature Physics in Kiev, October 13, 1961.

Here EQ —amplitude to the total macrof ie ld and
EQ —amplitude of the vortex-free field, generated with-
out r e t a r d a t i o n by the fictitious d ie lec t r ic-po lar iza t ion
c h a r g e s that a r i s e in the crys ta l upon passage of the
wave. If no ext raneous charges a r e introduced into
the c r y s t a l , then Ejp* coincides with the vort ica l
( t r a n s v e r s e ) p a r t of E o :
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.- ext ,-, s tc\
t u =il bo. n*,, ^ °xy --'Vic W

If, as is customary, we assume that the electric
field, the induction, and the magnetic field are propor-
tional to e x p [ i ( k - r — cot)], where к = cons/c and n
is the refractive index of the wave, then Maxwell's
equations reduce to

Do = п2т]Е0; Do = YE0, where Yxy (w, k) = 6Х„ -[- 4я [P (со, к) ц}хч.

(6)

Equation (6) has a solution if
УXX Уху Y.v;

(s, Y S ) " 4 + [(s, \ 2 s ) — (s, vs) S P Y] n~ ~ YUx Ya = 0. (7)

This equation determines the values of n. If we neg-
lect the dependence of у on k, then (7) becomes quad-
ratic in n2 and the two ordinary birefringence waves
are obtained. On the other hand, if the dependence of
у on k, i.e., on n, is taken into account, then (7) is of
higher degree in n, and defines not two but more val-
ues of n, with as many plane-wave solutions of Max-
well's equations. This gives rise to the supplementary
waves. In general, Ш(к) cannot be expanded in powers
of k x, ky, and k z, '-7'3-' nor can it be expanded in pow-
ers of | к | for a given direction s. Let us examine the
case of a crystal with a symmetry center, when this
expansion contains only even powers:

(8)

S s and M s are independent of | k | , but do depend on
the direction s.

If we introduce the notation y' = / + 4яР'т), Ixy — 8xy:

Я»

t h e n s u b s t i t u t i o n of (2) a n d (8) i n (6) y i e l d s

0 )

(10)

In t h i s c a s e t h e d e g r e e of E q . (7) w i t h r e s p e c t t o n 2

w i l l d e p e n d o n t h e s y m m e t r y of t h e c r y s t a l i n t h e p r o p -

a g a t i o n d i r e c t i o n s . T h i s e q u a t i o n c a n b e s o l v e d f o r

s p e c i f i c c a s e s .

We c o n s i d e r b e l o w e x c i t o n s w h o s e p h o t o e x c i t a t i o n

is allowed in the dipole approximation Pojj s lim Р о ^.
|k|—о

Let us examine, for simplicity, the case of a crystal
with symmetry not lower than rhombic, in which the
principal axes of the tensor ey coincide with the two-
fold or fourfold crystal axes. We choose the latter as
the Cartesian coordinates. If the beam direction s
coincides with one of these coordinate axes, then the
latter remain the principal axes of ец also if the de-
pendence of eij on к is allowed for. In this case
^ok^ I k | —* 0) can be directed only along one of the
aforementioned principal axes. Let us assume that

s x = S y = 0 a n d s z = 1 f o r t h e l i g h t b e a m a n d f o r t h e

e x c i t o n i n t e r a c t i n g w i t h i t . T h e e q u a t i o n ( 7 ) c a n t h e n b e

s o l v e d i n e l e m e n t a r y f a s h i o n . T h e p o l a r i z a t i o n o f t h e

e x c i t o n a n d o f t h e l i g h t w a v e c a n i n t h i s c a s e b e e i t h e r

l o n g i t u d i n a l [ 3 ' 9 ' 1 7 ]

P 0 k | | E 0 = E ; = - / « i P 0 | | s , D 0 = 0, п 2 = ц 1 и (со) ,

o r t r a n s v e r s e ( t o b e s p e c i f i c , p a r a l l e l t o O x ) :

PoklIOz, EOv = EO: = O,

(11)

E_ «! = • Y » ) - I / T
(12)

We see that there exist two waves of the same polari-
zation and with different refractive indices. For the
exciton polarization considered above (Рок- Рок "
it is possible to have, in addition to the waves (12),
still another ordinary transverse light wave, which
does not interact at all with the given exciton:

ЕОХ = Е0: = 0, Е0уф0, n = VyTu- (13)

If the principal axes x and у of the tensor ejj are
degenerate, i.e., if z is the optical axis of the crystal
(rhombohedral, tetragonal, hexagonal, and cubic sys-
tems ), then the exciton is also doubly degenerate, with
Р о ^ and P0[j equal to each other and simultaneously
different from zero. In this case only transverse
waves of type (12) exist in the vicinity of the exciton
band (four waves, assuming the waves with different
polarizations to be different), and their amplitudes
E± are arbitrarily oriented in the x, у plane. There
are no waves of type (13).

If the lifetime (scattering time) of the exciton is
infinite, then the quantities H a and a in (2) vanish, ^
and consequently the light is not absorbed at all in the
crystal, no matter how strong the photo transition os-
cillator may be. The dispersion curves corresponding
to formulas (12) for this case are the continuous lines
of Figs. 1 and 2. The plots correspond to the following
parameters:

= 0.529 Л . = 2 i .

The oscillator strength, referred to the crystal ele-
mentary cell, is f = 0.1.

Figure 1 corresponds to the case M s = m, and in
this case B s x x = 58400; Figure 2 corresponds to the
same values of M s and B s x x , but with negative sign.
This new type of frequency dependence of the refrac-
tive indices (12) was first derived in our paper'-3-' (see
also Щ.

In the case of a finite but large exciton lifetime with
respect to thermal transitions, when H a and a are
small, we can neglect a and the real part of H a in
(2), but the imaginary part of H a must be retained,
since H a depends on со and к in the considered r e -
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FIG. 3. Dependence
of the real (п") and imagi-
nary (n") parts of the re-
fractive indices of the
transverse light waves

FIG. 1. Dependence on the frequency when
of the refractive indices absorption is taken into
of the transverse light account
waves on the frequency
in the absence of ab-
sorption.

Oi-

FIG. 2. Dependence
of the refractive indices
of transverse light waves
on the frequency in the
absence of absorption.

gion of %(k) - fiw as 0. M But s ince к is smal l , it
is poss ib le to r e p l a c e H a ( w , k ) by H a ( w , 0 ) . The f r e -
quency dependence of H a has not yet been invest igated.
If we a s s u m e that it i s sufficiently smooth and r e c o g -
nize that the t e r m H a i s in genera l significant only in
the s m a l l frequency range w я ai0, we can a s s u m e a p -
proximate ly that H a is a constant imaginary quantity.
Then ns in (9) b e c o m e s complex, Ms = Ms + iMs>
w h e r e M

ma > o. (14)

As a r e s u l t , if the re f ract ive indices a r e r e p r e -
sented in the form n = n' + i n " , t h e i r frequency d e -
pendence, which is d e t e r m i n e d by formula (12), has
the form shown in Figs . 3 and 4. We a s s u m e d h e r e
the s a m e values of the p a r a m e t e r s a s in Figs . 1 and 2,
but introduce an imaginary addition (14) to /us, namely
Hg = 10, which c o r r e s p o n d s to iH a/fi = 6.1 x 10 1 0 s e c " 1 .
F igures 3 and 4 c o r r e s p o n d to the c a s e s M s = m and

FIG. 4. Dependence of the real (nO and imaginary (n") parts of
the refractive indices of transverse light waves on the frequency
when absorption is taken into account.

M s = - m , respect ive ly . In Fig. 4 we have nt = n_,
n 2 = n + when - M S > ухх and nt = n + , n 2 = n_ when

Attention is cal led to the a l m o s t s y m m e t r i c a l form
of the curves in Figs . 3 and 4. The s y m m e t r y should
actually occur in the region w h e r e | n | | » y ^ . We
can then d i s c a r d by way of an approximation the t e r m
Ухх in (12) and obtain a s a r e s u l t

П_ (CO — CD0) = ± < (C00 — ffl);

п_ (ш — coo) = ± n\ (co0 — со) (15)

As can be seen from Fig. 3, the exponential d a m p -
ing coefficient of the wave is much l a r g e r in the n "
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space for the " m i n u s " wave than for the " p l u s " wave.
The dependence of n" on ш goes through a maximum,
while the w-dependence of nl' is monotonic. If the il-
luminated crystal slab is sufficiently thick, only the
" p l u s " wave, which is less attenuated, will pass
through it. The intensity of the light transmitted
through the slab will depend monotonically on the
thickness I, namely <J~ exp (-2wn"Z/c). Conse-
quently, when M s > 0 the Lambert-Bouguer law should
hold in the case of thick plates, and we can introduce
the concept of an absorption coefficient 2wn"/c as a
specific characteristic of the matter. The form of
the absorption band is given by the n'l(w) curve of
Fig. 3. Its maximum lies on the violet side of the
"dispersion frequency" a>0.

On the other hand, if the slab is thin both waves
(12) emerging from the slab have comparable ampli-
tudes. Since these waves are coherent and have the
same polarization, they will interfere with each other
after emerging from the slab. The phase difference
of these waves, w(n'+ + nl )l/c, depends on the thick-
ness I of the slab. As a result, the intensity of the
light transmitted through the slab will be not a mono-
tonic but an oscillating function of 1. E23^ (This will
be discussed in greater detail in the next section). It
is therefore impossible to retain the concept of ab-
sorption coefficient as a specific characteristic of
the matter.

In the case when M s < 0, as can be seen from
Fig. 4, we have nj' > П2 only on the violet side of the
maximum of the absorption band. Therefore in the
case of a thick slab only in this frequency range will
the " 2 " wave alone be transmitted, and 2шп2 /с as-
sumes the sense of a specific light absorption coeffi-
cient. On the red side of the maximum of the band we
can have n" » п.% and both waves will pass equally
well through a slab of arbitrary thickness. We cannot
therefore retain the concept of specific coefficient of
light absorption, in view of the mentioned unavoidable
interference of the two waves on emerging from the
slab.

If the experimenter ignores this interference and
determines the frequency dependence of the coefficient
of absorption in traditional fashion, assuming that the
intensity of the transmitted light decreases monoton-
ically and exponentially with increasing I, then the
band shapes obtained experimentally for different
values of I will not be reproducible, as was pointed out
in № .

According to Fig. 4, n{ and n" have opposite signs.
If light is incident from vacuum on a semi-infinite
crystal, the sign preceding the complex value n t = n{
+ in" should be chosen such '-1-' as to make the wave
exp [i(omjz/c — wt)] attenuate as it penetrates in the
crystal. Let z increase with increasing depth in the
crystal; we should then have n" > 0 and n{ < 0. It is
interesting that in this case the phase velocity of the
wave is directed outward from the crystal towards its

surface, i.e., opposite the incoming wave. On the other
hand, the group velocity is directed inside the crystal.

If terms of higher power in | к | are retained in the
expansion (8), higher powers of n will appear in the
denominator of (10). The degree of Eq. (7) in n will
then increase and additional roots will appear. Does
this mean further appearance of supplementary waves,
on top of those considered above? An investigation
shows that the new roots n do not have any physical
meaning, since they correspond to values of | к | so
large that the expansion (8) diverges (we get X < a ) .

It must not be thought that introduction of spatial
dispersion into the dielectric tensor should lead in
general to additional electromagnetic waves. The point
is that the supplementary roots n do not arise in the
overwhelming majority of cases, or else have no phys-
ical meaning. The exciton is apparently still the only
exception to this rule. For example, inclusion of spa-
tial dispersion does not lead to additional waves in a
crystal near non-exciton absorption bands. Another
example is a plasma (ionosphere), in which an ac-
count of the spatial dispersion of the electric tensor
greatly distorts the frequency dependence of the r e -
fractive indices (the discrete frequency spectrum of
the longitudinal waves changes into a band spectrum,
and dispersion curves such as shown in Figs. 1 and 2
appear in a magnetic plasma), but no additional waves
arise—three waves exist in the plasma whether spatial
dispersion is included or not. There are likewise
three waves in a magnetic plasma.*

3. EXPERIMENTAL OBSERVATION OF SUPPLE-
MENTARY WAVES

We have previously proposed^'2 3-! several experi-
ments with which to check the foregoing theory and,
in particular, to detect supplementary waves. Some of
these experiments have already been performed and
have actually confirmed the existence of the supple-
mentary light waves predicted by the theory Л3-' We re-
port here briefly the results of these experiments

Assume that a monochromatic light wave is nor-
mally incident from vacuum on a plane-parallel crys-
tal slab and gives rise to two waves in the slab with
complex wave vectors k+ = k'+ = ik" and k_ = kl + ikl'.
On leaving the slab, the two waves interfere with each
other and as a result the intensity of the transmitted
light J should be an oscillating function of the slab
thickness Z: [ 2 3 ]

J-

, a!)|cos[(fc;-/c:)/ + a0]. (16)

Here a+ and a_ —amplitudes of the electric field of
the waves after emergence from the slab, with allow-

*This may explain why the theoreticians, who investigated for
years electromagnetic waves in media with spatial dispersion but
did not consider specially the case of the exciton, did not raise
the question of the supplementary waves until 1957.
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Intel in |c!
/

FIG. 5. Theoretical dependence of the square of the
modulus of the amplitude of the electric field of the trans-
mitted wave on the thickness of a crystal slab. ln\t\

-2

ance for the ref lect ion of l ight from both sur faces of
the s lab, but without account of attenuation in the s lab
(we neglect multiply reflected w a v e s ) ; aQ i s d e t e r -
mined by the equation ( a + - a * ) = | ( a + . a * ) | e i a o .
Equation (16) is plotted in Fig. 5.

Oscil lat ing curves of this type w e r e obtained ex-
p e r i m e n t a l l y for a n t h r a c e n e at 20°K n e a r the exciton
absorpt ion band, the m a x i m u m of which is at 25,200
c m " 1 . P r e l i m i n a r y r e s u l t s of the exper iment w e r e
published in '-23-' and m o r e a c c u r a t e r e s u l t s of a m o r e
carefully p e r f o r m e d r e p e a t exper iment , using an i m -
proved p r o c e d u r e , w e r e published in ^u^. F igure 6
shows one of the curves obtained in '-24-'. It c o r r e -
sponds to a light frequency 25,108 c m " 1 . The e x p e r i -
m e n t a l points a r e m a r k e d with the probable e r r o r s in
both d i r e c t i o n s . The light was t r a n s m i t t e d through
two p a r a l l e l p o l a r i z e r s , one (Glan p r i s m ) ahead of
the c r y s t a l and the other ( s p a r ) behind the c r y s t a l .
The monocl inic c r y s t a l axis of a n t h r a c e n e , which coin-
c ides with the pr incipal axis of the t e n s o r ejj, was
or iented s t r ic t ly p a r a l l e l to the e l e c t r i c field vector
of the polar ized light wave. Consequently only one
of the two ord inary b i re f r ingence waves was produced
in the c r y s t a l . The in ter ference shown in Fig. 6 d e -
notes the a p p e a r a n c e of a second wave of the s a m e
polar izat ion in the c r y s t a l , i .e. , of a supplementary
wave.

FIG. 6. Experimentally ob-
tained dependence of the inten-
sity of the transmitted light on
the thickness of the slab. An-
thracene, 20° К (thickness in
microns).
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It m u s t b e e m p h a s i z e d t h a t u n d e r t h e c o n d i t i o n s of
t h e d e s c r i b e d e x p e r i m e n t t h e i n t e r f e r e n c e of t h e w a v e s
m u l t i p l y r e f l e c t e d f r o m t h e s u r f a c e s of t h e s l a b w a s
c o m p l e t e l y e l i m i n a t e d , s i n c e t h e i n t e n s i t y of t h e b e a m
a f t e r p a s s i n g t h r e e t i m e s t h r o u g h t h e p l a t e i s t w o o r
t h r e e o r d e r s of m a g n i t u d e l o w e r t h a n t h e i n t e n s i t y of
t h e b e a m p a s s i n g o n c e t h r o u g h t h e s l a b , w h e r e a s i n
F i g . 6, t h e v a l u e of J o s c i l l a t e d s o m e 30 t i m e s . In
a d d i t i o n , i n o r d e r t o e x p l a i n t h e o b s e r v e d p e r i o d of
t h e o s c i l l a t i o n s of J w i t h i n c r e a s i n g I, i t w o u l d b e
n e c e s s a r y t o a s c r i b e t o a n t h r a c e n e a r e f r a c t i v e i n d e x
of 3 .45, w h e r e a s t h e a c t u a l v a l u e e x c e e d s 5 a t t h i s
f r e q u e n c y a n d t e m p e r a t u r e . ^

F i g u r e 6 s h o w s q u i t e c l e a r l y t h e p e r i o d i c i t y of t h e
m a x i m a a n d m i n i m a : t h e d i s t a n c e b e t w e e n t h e m a x i m a
is Al = 0.056, 0.060, and 0.057 ц. The d i s tances b e -
tween the minima a r e Al = 0.063 and 0.055 pi. Such a
periodici ty would not be natura l for a s imple s t raggle
of the points .

It m u s t be emphas ized that each of the 30 e x p e r i -
mental ly m e a s u r e d points on Fig. 6 is obtained for
i ts own independently grown c r y s t a l . Different points
r e p r e s e n t different independent e x p e r i m e n t s ( s o m e -
t i m e s s e p a r a t e d by a long t ime i n t e r v a l ) . Conse-
quently the near- ly ing points found in many p laces on
the curves i l l u s t r a t e the reproducibi l i ty of the e x p e r i -
menta l r e s u l t s .

The value of k'+ - kl can be calculated with the aid
of (16) from the average per iod of the curve which is
equal to 0.058 pi. A value of 6.9 is obtained for n+ - n l .
The exper imenta l curve of Fig. 6 is s i m i l a r to the
theore t ica l curves of Fig. 5. Other than the theory of
supplementary light waves, we s e e no poss ib le ex-
planation for the observed two waves of l ike p o l a r i z a -
tion.

Another c r y s t a l in which it was poss ib le to observe
exper imenta l ly the supplementary light waves p r e -
dicted by the theory is cuprous oxide. The f i rs t (with
longest wavelength) absorpt ion band of the yellow ex-
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citon series was investigated. This band is forbidden
in the dipole approximation, and consequently formula
(12) does not apply to it. The theory of supplementary
waves for the case of a dipole-forbidden line is de-
veloped in detail for cubic crystals in E20,2i]_ j t i s

shown there, in particular, that if the light propagates,
along the (1,1,0) direction, it breaks up into waves
that can have only two polarizations: 1) with electric
field parallel to the (0, 0,1) direction, and 2) with
electric field parallel to the (1, —1, 0) direction. At
one of these polarizations the light wave ignores com-
pletely the considered exciton—it does not interact
with the exciton, it is not absorbed, and no peak is
produced on the dispersion curve in the correspond-
ing frequency region. Nor do supplementary waves
arise. If the Cartesian у axis is oriented along this
polarization, we obtain relations of the type (13) for
such a wave:

Eo =E0 = 0, Л'о =± 0, n = YY- (17)

In a cubic crystal y' is a constant.
In the case of the second of the polarizations, the

light wave interacts with the exciton, becomes ab-
sorbed, albeit weakly (dipole-forbidden band), and a
weak peak should appear on the dispersion curve. In
lieu of (12) we obtain

'4 = т ± / {
Consequently, two waves with this polarization should
exist—the supplementary wave appears; b s is a con-
stant considerably smaller than B s (which is contained
in formula (12) for the dipole-forbidden bands). As be-
fore, ^ s is determined by (11).

In a cubic crystal there can also exist exciton bands
for which waves of either type (17) alone or of type (18)
alone exist in both polarizations. But these do not in-
clude the already mentioned investigated excited band
in cuprous oxide.

The experiments on the longest-wave band of the
yellow exciton series in cuprous oxide have fully con-
firmed the theoretical predictions. Thus, independ-
ently of the development of the theory, it was observed
first in t22^ and then in ^ that a wave with polariza-
tion 1) is absorbed, whereas a wave with polarization 2)
is not absorbed at all. This fact, which agrees com-
pletely with our theory, allows us to conclude that the
exciton band belongs to the F2, B', or E' symmetry in
the group-theoretical classification.^20'27-' In all three
cases theory predicts that two waves of type (18) should
be observed in the case of polarization 1), while one
wave of type (17) should appear for polarization 2). To
check this, a special experiment was set up, ^263 analo-
gous to that with anthracene. The existence of two
waves of like polarization was proved by the oscilla-
tions present in the dependence on the intensity of the
transmitted light and on the thickness of the cuprous-

I
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FIG. 7. Experimentally observed dependence К = (1//) x
ln[jo/J(X)] on thickness of the slab. Cuprous oxide, 93° K.

o x i d e s l a b . T h e r e s u l t s of t h e e x p e r i m e n t s a r e s h o w n

i n F i g . 7. T h e o r d i n a t e s r e p r e s e n t t h e a b s o r p t i o n c o -

e f f i c i e n t i n t h e l i n e , K;, a f t e r s u b t r a c t i n g t h e b a c k -

g r o u n d a b s o r p t i o n c o e f f i c i e n t ; K/ = ( 1 / Z ) l n [ J 0 / J ( X ) ]

c m " 1 ( J o — i n t e n s i t y of t h e t r a n s m i t t e d l i g h t a t a f r e -

q u e n c y a l o n g s i d e t h e l i n e , a n d J t h e i n t e n s i t y of t h e

t r a n s m i t t e d l i g h t w i t h f r e q u e n c y f a l l i n g i n s i d e t h e

l i n e ) .

T h e a b s c i s s a a x i s r e p r e s e n t s t h e t h i c k n e s s of t h e

c r y s t a l s l a b . E a c h p e a k e d c u r v e r e p r e s e n t s t h e l i n e

s h a p e K ( \ ) a t a t h i c k n e s s c o r r e s p o n d i n g t o t h e a b -

s c i s s a of t h e m a x i m u m of t h e p e a k . F i g u r e 7 c o n t a i n s

a l s o a s c a l e f o r t h e w a v e l e n g t h s a t w h i c h t h e c o n t o u r

of t h e b a n d w a s m e a s u r e d . T h e f i g u r e s h o w s t h e o s -

c i l l a t i o n s of J a s a f u n c t i o n of t h e t h i c k n e s s of t h e

s l a b , d e m o n s t r a t i n g t h e p r e s e n c e of t w o w a v e s w i t h

p o l a r i z a t i o n 1) . No s u c h o s c i l l a t i o n s w i t h p o l a r i z a -

t i o n 2) w e r e o b s e r v e d , i n d i c a t i n g t h a t o n l y o n e w a v e

e x i s t s , i n a c c o r d w i t h t h e t h e o r y .

T h e o b s e r v e d p e r i o d of o s c i l l a t i o n s , « 0.2 m m ,

c a n n o t b e a t t r i b u t e d t o i n t e r f e r e n c e of t h e w a v e s

m u l t i p l y r e f l e c t e d f r o m t h e s u r f a c e s of t h e s l a b . T h e

l a t t e r w o u l d r e s u l t i n a p e r i o d o n t h e o r d e r of 0.6

x 1 0 " 3 m m .

We n o t e t h a t t h e o b s e r v e d t o t a l p o l a r i z a t i o n of t h e

a b s o r p t i o n b a n d , a n d a l s o t h e p r e s e n c e of a n a d d i t i o n a l

w a v e i n p o l a r i z a t i o n 1) a n d i t s a b s e n c e i n p o l a r i z a -

t i o n 2) , c o n t r a d i c t t h a t v e r s i o n of t h e t h e o r y ^ i n

w h i c h t h e s p a t i a l d i s p e r s i o n i s i n t r o d u c e d a r b i t r a r i l y

by representing е^(ш, к) in the form of a polynomial
in k x, ky, and k z. The reason for this contradiction
lies in the fact that in most cases neither e^ nor e^1

are analytic functions of k x, ky, and k z (for more de-
tails see ^37-!) and cannot be represented by polyno-
mials.

An account of spatial dispersion, in addition to
leading to supplementary waves, leads also to ordinary
birefringence in cubic crystals. The latter was con-
sidered theoretically in Ci,38-40,6,i8D a n d i n o t n e r W O r k s .
This birefringence should be more clearly pronounced
near the exciton absorption bands. Apparently, how-
ever, it will be easier to observe experimentally in
dipole-allowed bands. The possibilities and conditions
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favorable for an exper imenta l detection of b i r e f r i n g -
ence of cubic c r y s t a l s w e r e cons idered in L18J.
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