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INTRODUCTION tudes. There are only isolated relations between them

THE dynamical properties of elementary particles,

which manifest themselves when the particles interact,

are very complex, since there are an infinite variety
of transformations of particles into one another in
which the numbers and character of the particles
change. To describe the structure of these interac-
tions one must give a set of functions, called scatter-
ing amplitudes, or generalized form factors. Finding
these scattering amplitudes is the main problem of the
theory of elementary particles. At present there ex-
ists no system of equations for determining the ampli-

and a general understanding of how many functions of
what variables are of interest to us, and how these
functions are connected with experimentally observed
phenomena.

The simplest types of amplitudes are those which
describe electromagnetic and certain other properties
of particles. Electromagnetic form factors are func-
tions of a single variable (the momentum or wave
vector ), so that they can be related to a definite spa-
tial structure by using the Fourier transform. In this
way we get an illustrative interpretation.

We begin our presentation with the nonrelativistic
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8 V. B. BERESTETSKII

example of the description of the simplest fixed sys-
tem of charges, which can serve as a model for the
atom. After introducing with this example the main
quantities which are needed for the formal apparatus
of the theory (Sec. 1), we go on in Sec. 2 to the general
formulation of the problem of the relativistic theory of
elementary particles and in Sec. 3 to the general prop-
erties of scattering amplitudes and the theory of dis-
persion relations.

The theory of elementary particles was developed
as a field theory, following the example of quantum
electrodynamics. Gradually, however, with the devel-
opment of the physics of strongly interacting particles
it became clear that the connection between fields and
particles is not so direct. It is only in the realm of
weak interactions that we can, from the types of par-
ticles observed in experiment, reconstruct the fields
associated with them. For this reason two lines of
development began. The first was the construction of
more complicated (i.e., less naive) models of fields.
The second was to free oneself altogether from the
concepts of field theory. Actually these lines of attack
are not mutually contradictory. The point is that in
field theory there are really no methods for solving
problems, aside from perturbation theory. Except for
it, one can obtain only general relations based on gen-
eral properties of fields. The idea naturally arises of
starting the development of the theory from this stage,
by formulating some general properties for quantities
which have a more direct physical interpretation than
the field. The elements of the scattering matrix are
quantities of this sort. An outline of the theory of the
scattering matrix, in which field theory is not used
directly, is the main content of this article.

The remaining two sections are devoted to appli-
cations.

1. FORM FACTORS AND THEIR SPECTRAL REP-
RESENTATION

1. Form factors. The simplest picture of a particle
is a small sphere with some stationary distribution of
electric charge. Its structure is determined by the
dependence of the charge density on distance to the
center of the particle. We shall denote this function
by ep(r) or, in order to emphasize the assumed
spherical symmetry of the charge distribution, by
ep(r?) (where e is the charge on the electron, and is
introduced here as a convenient unit for measurement
of charge).

Formally, to describe the structure of such an elec-
trostatic system we can equally well use quantities re-
lated to the function p(r?) via Fourier or Laplace
transformations.

The quantity

f@={emesdr (L.1)

is called the form factor of the system. If the charge

distribution is spherically symmetric, p = p(r?), the
form factor is a function of the single variable q? We
shall denote it by f = f(~q2%). Then (1.1) can be written
as

gi(—aq?) =4n Q re(r?)sin grdr, (1.2)

0

1 ¢ . —
re(r) =355 \ of(—q)singrdg  (9=V).
0
We note that. f is a real quantity, as is obvious from
(1.2).
We also introduce the quantity I, which is related
to p via the Laplace transformation:

(1.3)

©

ro(r?) =2:‘—2 S al(a?)e—% da. (1.4)
0
From (1.2) and (1.4) it follows that
10 i@
F—g%) = OS A2 da. (1.5)

The relation (1.5) is called the spectral representation
of the form factor, while the function I(a?) is the
spectral density.

We express the total charge of the system

e S odr =e(
and the moments of the charge distribution
\ #mo(rt)dr = Qa

in terms of the form factor and the spectral density.
From these definitions it follows that
1 ¢ I(a2)doz
Q=f(0)=— S _Ea)z_“ ,
[}

(1.6)

@rt)! 2n4-1)1 ¢ 1(a?)doz
Q= B4 g 0) = Lot DL ( 2CO

g2ntt) °

(1.7)

2. Asymptotic properties and types of representa-
tions. Using the spectral density I( a?), one can con-
veniently describe the simplest types of charge dis-
tributions.

Suppose, for example, that 1(a?) is different from
zero only in the neighborhood of the value a =1/a
(i.e., I(a?) — (7/a?)6(a?~1/a%)). Then according
to (1.4) and (1.6) :

(1.8)

Q
ro () = e

Such a distribution corresponds to the simplest model
of the electron shell of an atom of radius a. The ex-
pansion (1.4) can thus be interpreted as a description
of the charge distribution as a set of ‘‘shells’’ with
radii a = 1/c.

When a — 0, the distribution (1.8) describes a
point charge:

o= (G o )




THE DYNAMICAL PROPERTIES OF ELEMENTARY PARTICLES 9

From (1.4) we see that small values of o are im-
portant for the distribution at large r. Suppose that
I(a?) is different from zero only for o > u. Then

ro(r) =7 | e~ {(a?) da® =
n2

For r — o we can expand the integrand of the last

expression in powers of 8. If

H{(p+P2) =180,

T

then

rg(ﬂ):z‘%r(wr 1){(%_ (1.10)

~ We see that asymptotically the charge density falls
off exponentially and that the character of the falloff
is determined by the threshold argument of the spec-
tral density, the value g. (For u = 0, the charge den-
sity falls off according to a power law.)

Conversely, the asymptotic behavior of the spectral
density and the form factor is determined by the be-
havior of p(r2?) as r — 0.

If rp(r®) is finite, then according to (1.4) the inte-
gral

L =\ [(a?) da? = 4n®(rQ),—,

Ewe

should exist, i.e., I(a?) falls off like 1/a**, where
A > 1. From (1.5) we find that the asymptotic expres-
sion for the form factor has the following form:

L
f(_q2)q3—>w=ﬁo (1'11)
For the case where p(0) is finite, i.e., L =0, the
form factor falls off faster:

’

F(—q¥)gsm = — i (1.12)
where
L= S l(a?)a’da?= 4n2< d';(rrf) >7_0.
If rp(r?) goes to infinity for r — 0, i.e., if the in-

tegral L does not exist, then f(—q?) falls off for

q% — © more slowly than according to formula (1.11).
In fact, in this case, starting from (1.5), we can write
the asymptotic expression for f(—gq?) in the following
form:

a b
f(—q2)=%{§l<§q2>d§+ ) l(fl)§d§+3"§"*)da}

where a and b are numbers chosen so that a < 1
< b. Suppose that the asymptotic behavior of I(a?)
is given by a power law, so that

1(Eg?) =1 () )x ,

then

f(—q)~ (1.13)

qz)* ’

o ine—ﬂf (w+8)L((m+B)) a.

From the condition L = « and the finiteness of

2 2
f l(_aa)igg_ = L, it follows that the exponent is con-
tained within the following limits:

0< AL

The coefficient C in (1.13) can depend weakly (for
example, logarithmically) on q2.

We see that every distribution which can be repre-
sented in the form of the spectral resolution (1.5) leads
to f(— =) = 0, if the total charge of the system is fi-
nite. If the form factor tends to a constant for q? — w,
f(— ) = const, we can, by subtracting this value, get
back to the previous case:

_ i ¢ ! (a?) da2 \
f(—qz)—f<—w)—n§»——az+qz- (1.14)

Taking the Fourier transform, we have
) =HERe 0+ g L@ eerdet (19)

This means that the case of f(— <) = 0 means that
there is a point charge Qg = f(— =) at the center of the
particle. From (1.14) and (1.15) it follows that the total
charge of the system is

0=fO=f(—=)+ Lo p e

]
Eliminating f(— ) from (1.14) and (1.16), we can
write the spectral representation of the form factor
in the following form:

I (a?) da?

qZ

(=) —f(0)=—
The representation (1.17) allows us to treat the case

20 2
where f(-q?) — «. This will oceur if L; = I%—)

2 2
= o, while the integral L, = fﬂ-a—a),‘& exists. We

then also have Qg = «, i.e., the system contains an
infinite point charge which compensates the distributed
charge described by the spectral density Z(a?), where
in the limit o — «, I{a?) either tends toward a con-
stant or goes to infinity, but in such a way that the total
charge f(0) of the system is finite. As we shall see
later, such a system is a model for the electron in
quantum electrodynamics.

3. Dispersion relations, We present another formal
procedure which will be very important in what follows.
First we rewrite the fundamental formula (1.15) for the
spectral representation of the form factor in the follow-
ing form:

L) ar

fm_—g 22 (1.18)

ip
We note that, from the meaning of the form factor, the
function f (t) is defined for negative values of the ar-

gument t = ~q% < 0, and the function I(t’) for positive

< g
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values of the argument t’ = o® > 0. For convenience
we have introduced a lower integration limit ty in
(1.18), assuming that I(t’) = 0 for t’ <t, (where, in
particular, t, may be equal to zero).

Now we introduce the complex variable t = x + iy
and use formula (1.18) to define the function f(t) over
the whole complex t plane. Let us find the properties
of this function. First we find the value of Im f(t).
From (1.18) it immediately follows that

1 1(z') dz’
Imf(‘>=;y§7:%:)>ﬁry—s ’
0
from which we see that:

1) for y # 0, i.e., off the real axis, Im f = 0;

2) for y = 0 and x < ty, the denominator of the in-
tegrand does not vanish within the range of integration,
the integral is finite and therefore Im f(t) = 0, in
agreement with the meaning of the definition (1.4) of
the form factor;

3) for x>ty and y — 0, Im f(t) is different from
zero because of the region near the zero of the de-
nominator of the integrand, x’ — x. Therefore

o —1i T dE _ Y
I &+ ig)ya = lim o2 2 _Sw—gury, ~ @)

This same result could have been obtained directly
from (1.18) by using the well-known relation

= 1Y 8 (' —2). (1.19)

T —z—iy Y]

Thus the function f(t) has discontinuities along the
line which is part of the real axis, from x =t; to

X =, As we approach this line from above and
below, Im f(t) takes on different values:

Imf(z+i0)= +{(z) (z > t,). (1.20)

Furthermore we see from (1.18) that if the function
f(t) exists for real t < 0, then it exists for all com-
plex t, where f(«) = 0. Thus f(t) is an analytic
function in the t plane with a cut along the branch
line x >t;,. The function f(t) has no singularities
except those associated with the branch line.

Using (1.20), we can rewrite (1.18) as follows:

f==1 S /50 gy (1.21)
to

Integral relations like (1.21), which express an
analytic function in terms of its imaginary part on a
branch line, are usually called dispersion relations.
The dispersion relation (1.21) is equivalent to the
assertion that the function f(t) is analytic in this
domain. In fact it can be obtained from the Cauchy
formula by deforming the contour of integration to
the form shown in Fig. 1. We note that the integral
along the circle of infinite radius goes to zero because
I(«) = 0, which in turn follows from the finiteness of

2 2
the charge of the system, L;= %fﬁ%@—.

py
/ o
[ = e et
u4_7
FIG. 1

Relation (1.20) remains valid also for the case
where the form factor is not representable in the
form (1.5), but where the spectral representation
(1.17) exists. In this case the analytic function with
the stated properties is the function

fO—1©_ 1 Imf@+i0) ,
r 0w S —Zre—p 9 (1.22)
to

4. Form factors and scattering amplitudes. The
form factor of a particle is more directly related to
quantities that are measured experimentally than is
the density distribution of the charge in space; it is
therefore a more fundamental quantity in the theory
of elementary particles. Actually the structure of a
particle can be studied by measuring the scattering
of test particles.

Let us consider the formulation of such a problem
in nonrelativistic quantum mechanics. Suppose the
test particle (we shall call it an electron) with point
charge e and mass m is scattered by the particle
with mass M and charge distribution ep(r?). We de-
note by k; and k, the initial and final momenta of the
electron, by p; and p, the initial and final momenta
of the particle, and by hq the change in momentum
in the scattering,

hq=p—DPs=ky—k;. (1.23)

We refer all quantities to the center of inertia of the
colliding particles:

pit+pa=k;+k,=0, #n%q®=2p} (1 —cos ),

where 6 is the scattering angle in the center-of-mass
system.

Suppose that the scattering occurs under conditions
for which perturbation theory (Born approximation)
is applicable. Then the scattering amplitude F, which
is related to the differential cross section do by the
formula

do=|F?|do, (1.24)

where do is the element of solid angle in the c.m.s.,
is given by the Born formula

m
F=—355:U) (1.25)
where m is the reduced mass m = mE*_LL , and

U(q) = S U (r) eir dr

S
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is the corresponding Fourier component of the poten-
tial energy of the electron in the field of the scatterer
U(r). We can represent the function U(r) in the form

U(r)=e®(r),

where &(r) is the electrical potential of the scatterer.
Since

AQ (r) = —eg(r?¥),
we have

—q2
(D(q)—_—if_(_[.‘_é.q_)_ ,

where f(—qz) is the form factor of the scatterer. Thus

U(q)=e(D(q)=ﬁ%j;—"—2) (1.26)
and
_ me? f(—q?)

We note that formula (1.26) can also be written as

Uq)=ef(—q®) 9 (q),

where ¢(q) = e/q® is the Fourier component of the
potential of a point charge, ¢(r) = e/r.

Formula (1.28) holds when the question is so for-
mulated that the test particle itself does not appear,
but only its field, in which the particle under investi-
gation is scattered. Formulas (1.25) and (1.28) are
also valid for the scattering of particles with distrib-
uted charge in an arbitrary external potential ¢ (in
the Born approximation).

2. THE SCATTERING AMPLITUDE

(1.28)

1. Formulation of the problem in relativistic quan-
tum theory. In nonrelativistic theory one can consider
a particle of finite size with a given spatial distribu-
tion of charge. One can assign to the particle either
three degrees of freedom (point mass) or six degrees
of freedom (rigid body). This is impossible in a rela-
tivistic theory, since the theory of relativity does not
admit the existence of absolutely rigid bodies. The
distribution of charge and mass must depend on the
state of motion of the particle, i.e., it is a dynamical
quantity. Then the particle must be described as a
system with an infinite number of degrees of freedom
(a density at each point). The difficulties associated
with this fact already came to light in the development
of the theory of the electron and remained unresolved
within the framework of the classical electrodynamics
of Lorentz. For this reason classical relativistic the-
ory is restricted to treating point particles. This treat-
ment makes sense in the limit where one can avoid the
familiar paradoxes associated with point charges (in-
finite energy of the electron, etc). Actually the neces-
sity for including quantum effects arises before the
internal contradictions of the classical theory of the
point electron begin to have an effect.

In relativistic quantum theory the situation is at
one and the same time more complicated and simpler.
Relativistic quantum theory from the very outset deals
with processes in which the number of particles is not
conserved (radiation and absorption of photons and
mesons, pair formation, etc). Thus, in relativistic
quantum theory, objects with a fixed number of de-
gress of freedom are impossible in principle. It deals
with systems with an infinite number of degrees of
freedom; these are usually described by fields.

On the other hand, the existence of processes in
which the number of particles is not conserved, i.e.,
processes in which some particles are transformed
into others, shows that the particles cannot be point-
like. This is a direct consequence of the uncertainty
relation. Let us give some simple examples.

1) A hydrogen atom can decay into a proton and an
electron. We know the energy I required for exciting
this process (the binding energy). It can be written
as [ ~ mv%/2, where m is the electron mass and v
is its orbital velocity. The uncertainty relation en-
ables us to determine the radius of the hydrogen atom,
a~ H/mv.

2) A neutron can decay into a proton and a ™ meson.
The energy required for this process is 1~ uc, where
u is the m-meson mass. From the uncertainty rela-
tion it follows that the neutron radius is a ~ H/uc.

From the general point of view it is not significant
that we usually regard the hydrogen atom as being a
composite particle and the neutron an elementary par-
ticle. This is related only to the fact that in the first
case the binding energy is small compared to the rest
energy of the electron mec?, while in the second case
it is almost equal to the rest energy uc? The differ-
ence is only a quantitative one.

This discussion suggests a natural approach to the
problem of the structure of a particle in relativistic
quantum theory. There is no need to ascribe to the
particle any internal degrees of freedom. The struc-
ture of the particle is determined by those same de~
grees of freedom of the system (fields) which deter-
mine the processes of scattering and transformation
of particles. The particle itself is only one of the
states of this system. The simplest process of elas-
tic scattering of the particle in a given electromag-
netic field is also actually a complex phenomenon, in
which there participate, in principle, all the degrees
of freedom of the system. Let us suppose that we
have found this amplitude and that its form, corre-
sponding to formulas (1.25) and (1.28), is

F(q)~Ff@)o(q)

i.e., proportional to the corresponding Fourier com-
ponent of the field ¢(q). Then f(q) will, by defini-
tion, be the form factor of the particle, and the cor-
responding spatial structure p(r) is determined by

the Fourier transform

v
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0 (1) = § Ha)ierdg.

Thus the problem of the structure of particles re-
duces completely to the problem of scattering of par-
ticles. Here each particle in the scattering problem
is characterized only by its momentum and energy
(and its spin state), i.e., by those variables which
are attributed to the point particle in quantum
mechanics.

2. The scattering matrix and the invariant ampli-
tude. The general problem of scattering in relativistic
quantum theory is formulated as follows. We know
that, at time t = — «, the system is in state a. We
are required to find the probability that, at time
t = 4w, it will be in state b. This probability is ex-
pressed in terms of the probability amplitude Spg:

Wsa = | Sualt. @.1)

The set of quantities Sy, is called the scattering ma-
trix S.

The states a and b are characterized by definite
numbers of particles Ny and Ny, (different in general),
the momenta of these particles, their polarizations,
and other properties. In practice, two types of initial
states are of interest: 1) Ny = 1, where wpy deter-
mines the probability of decay of the particle into sev-
eral particles in state b; 2) N, = 2, where wp, deter-
mines the probability of collision of the two particles
in which they are converted into a set of particles in
state b. In particular, if N = 2 and the particles in
state b are the same as those in state a, wp, deter-
mines the probability for elastic scattering (for ex-
ample, of an electron by a proton).

The scattering matrix is usually written in the form

S=141iT, 2.2)
where 1 is the unit matrix. The matrix T indicates
the occurrence of the process; if T =0, there is no
scattering (for example, when Ny =1, T = 0 means
that the particle is stable).

The first fundamental property of the scattering
matrix is its relativistic invariance. But this asser-
tion assumes that the states a and b are also as-
signed in an invariant way. Actually in practice, for
simplicity, one usually introduces certain noninvariant
quantities in the definition of the state of a particle,
for example, a normalization volume  within which
the system is contained. These noninvariant quanti-
ties appear only in the intermediate stages of the cal-
culation of cross sections and life times and vanish
in the final expressions which have physical signifi-
cance. It is therefore convenient to extract the corre-
sponding normalization factors from the matrix ele-
ments of T.

First, using the conservation of energy and momen-
tum, we write

Tya=(27)* & (py ~ Pa) Toa: 2.3)

where py and pp are the 4-momenta of the initial and
final states and 6 is the four-dimensional 6 function.
We also write I'phy in the following form:*

Ea

Fba = Uba. ]_;I VTQ—EG' » (2-4)
where Q is the normalization volume, €, the energy
of the particle, £, an arbitrary factor; the index «
runs over all particles in both the initial and final
states. 1

According to (2.1), (2.2), and (2.3), the probability
of transition per unit time has the form{

Wy = (27)* [Ty |28 (Pp — Po)S

In order to find the differential probability dw for
transition into an infinitesimal final-state interval
characterized by having the particle momenta in the
interval pg to pg +dpg, we must multiply (2.5) by
the statistical weight p}, of the final state

(2.5)

T Qd3p, Q
Qb = H (zT)sB = H (2_:03 285d4p56 (pg - mg)e (35), (2-6)
B B
where the subscript 8 refers to the particles in the
final state, mg is the mass of the particle and

o 1, z> 0,
(@)= {o, z<0.
From (2.5), (2.4), and (2.6), we get
=212 TT 22 T 8*psd (5 — mD)8(py — 2 (5p),
@nyoFo—t Yoa 2, L : a(z "

where the index a refers to particles in the initial
state, and B to those in the final state.

We shall apply formula (2.7) to the two fundamental
problems of scattering theory.

1) Decay of a particle, Ng = 1. The quantity of in-
terest is the invariant dr!, the differential probabil-
ity for decay in the rest system of the particle. Then
€y = €5 =m, and

2
dvl= __E;_ij | U pa 18 (py — po) 11 53" Pod (PR — m}) 6 (ep).
2 (2n) ) (2.8)

*The factors in (2.4) can be understood as follows. Suppose
the particle is described by the wave function iy = Aeikx 1f ¢he

particle has spin zero, the nomalization condition has the form

ap*-
i S (q:* %—«p-‘% ddz—| A|22eQ—1,
ie. A=£/20¢€, £=1. If the particle has spin !4, the normalization

condition can be chosen in the form S PP ddz=AA %-Q:i and

§

A=—2— u, where ¢{ = \/Zm, and u is a four-component spinor,

vV 2Ge
narmalized so that tu=1 @=u*y,).

TFrom now on we use the natural system of units in which
¥=c =1, Then the momentum, energy, and mass have the same
dimensions, those of inverse length (or inverse time).

¥Here we have used the relation

18 (ps —pu)12=(2—:m 8 (26— Pa) Xy e
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2) Collision of two particles, N, = 2. The quantity
of interest is the differential cross section

do = %d&; , 2.9)
where j is the current density of the colliding par-
ticles. In determining it we can use the system of the
center of mass of the colliding particles. Then

p(er1ey)
Qe e,y

]‘=%(v1+vg)= (2.10)
where vy and v, are the particle velocities and p is
their common momentum. The numerator of (2.10) is
an invariant:

p(es+ e)=1=V (pp,)* — mim? (2.11)
and
.0
]=9—ela . (2.12)

From (2.9), (2.7), and (2.12) we get

2
— 10,177 8 (i — po) T 53*pd (P — mb) 0 es).
(2x) p 2.13)
From formulas (2.8) and (2.13), which give the ex-
pressions for the invariant quantities dr~! and do,
we see that the quantities Up, are also invariant. They
are called the invariant scattering amplitudes. We note
that the dimensionality of U, depends on the choice of
the factors ¢;.
In the special case of elastic scattering, formula
(2.13) becomes

do =

xz r ’ ’ ’ ’
do = ;57| Upa [*8 (P + P) — p1— po) d*pid*p;8 (p}* — m))

X 6(p,° —m}), (2.14)

where pj and pj are the momenta of the particles
after scattering, and A = £3£3.
In the center of mass system, we find from (2.14)

d Az

I= B ERR et el 2O

(2.15)
If we choose £;=¢,=1, then A =1 and Up, is dimen-
sionless. If £y =v2m,, £ = v 2m,, then A =4mym,
and U has the dimensions of (length)? i.e., the same
dimensions as the Fourier component of the potential
energy. We note that if we write (2.15) in the form
(1.24):

do=|F |*do, (2.16)

then

F = mmy

= T mEte U @17)

which corresponds precisely to the form of (1.25),
since in the nonrelativistic limit mym,/(eq+€,) = m.
3. Kinematic invariants. Let us first consider the
kinematic characteristics of the simplest process
which can occur for stable particles: two particles
collide and are changed into two (usually different)

4 4

FIG. 2

particles. Such a process is described by the diagram
shown in Fig. 2, which we shall call a tetrode. For
simplicity we shall treat the case where all the par-
ticles are spinless. The generalization to the case of
particles with spin will be given later (see item 6).

The momentum and energy conservation law can
be written as follows:

P1t+ P2t ps+py=0, (2.18)

where p; and p, are the 4-momenta of the colliding
particles and —p; and —p, are the momenta of the
particles formed in the collision. In addition to the
four equations (2.18), the 4-momenta pj are con-
nected by the relations

pi=mj, (2.19)

which express the energy in terms of the momentum
(mj is the mass of the particle). Thus the 16 com-
ponents of the four 4-momenta are determined by 8
independent quantities. Of these, six are determined
by the choice of the reference frame, since the general
Lorentz transformation contains six parameters (the
three angles which determine the orientation of the
space axes, and the three components of the velocity
of the reference system). Thus the physical process
of scattering is determined by a pair of invariant
guantities.*

It is easy to show directly, by using (2.18) and (2.19),
that only two invariants can be formed from the four
vectors pj.

Thus the condition of relativistic invariance of the
scattering amplitude U means that it is a function of
the two invariants. To make the treatment symmetric,
it is convenient to consider three rather than two in-
variants, which are given by

s={(py+ Po)* = (Ps-+ Ps)%,
t=(py+ ps)?= (P2 -+ Pd)*

u=(p+ps)?=(p:+ p3)* (2.20)

It is easy to show, using (2.18) and (2.19), that these
three invariants are related by the formula

sttt+u=h=m}+m:+m}+m (2.21)

We shall write the invariant amplitude U as U (s,t,u).

*It is easy to obtain in similar fashion the number of indepen-
dent invariants determining the collision process in which the total
number of particles before and after collision is equal to n>4,
The number of components of 4-momenta is 4n. Equations (2,18)
and (2,19)give n + 4 relations. Counting the six parameters for
Lorentz transformations, we are left with 3n — 10 invariants.

Vo mm
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The invariants s, t, u can be expressed in terms
of the momentum pg and zg, the cosine of the scatter-
ing angle in the c.m. system of the colliding particles.
Let the time and space components of p; be given as
follows:

pi= (e Py), g =pi+4my,
p2=(821 _ps)’ 3§=P§+m:»
Ps=(—2; —P), &;=pi+my,
Pa=(— &, ps), &, = p:*+ mj,
2y = (PsPs) / PsPs- (2.22)
Then
=W 2.23
Wo=¢ +e=285-6, 22‘24;
4sps = [s— (my -+ my)*] [s — (my— my)?], } |
4sps® = [s— (ms -+ my)?] [s — (ms — my)?], (2.25)
2__m?2 2_m?2
2 =h—s+ 4ppiz, — "Lz)s (mj—m3)
Qu=h— §— 4p3pgzs + (m?—mg)s(ma—m}) . (2.26)
In the case of elastic scattering (m; = mj, m, = my,
ps = pg) formulas (2.26) become
t= _2p2(1—zs): } (2 27)
u=—2p3(1+2,)+ (&, — &)".

4. Symmetry of the scattering matrix. In addition
to Lorentz transformations, we should still consider
discrete transformations: space inversion P, time
reversal T and charge conjugation C, as well as
combinations of them-—~combined inversion CP and
‘“total (or strong) reflection”” CPT. All amplitudes
for scattering processes satisfy the requirement of
invariance with respect to T and CPT (and conse-
quently also CP). Invariance with respect to P and
C holds for strong and electromagnetic interactions.

In the case of the tetrode (a process of transformation
of two spinless particles into two spinless particles)
invariance with respect to P is automatically satisfied.
In fact the process is characterized only by the pair of
space vectors pg and p's. Reflection means the trans-
formation pg — —Pg, Ps — — p’s, which is equivalent

to rotation through 7 about an axis perpendicular to
the (ps, Ps) plane.* This also follows from the fact
that s, t, u are invariant with respect to the reflection
Pi — —Ppi-*

The transformation T means a reversal of the proc-
ess, i.e., replacement of the initial states by final states
and vice versa, and change in the signs of the momenta
Pi. This corresponds to replacing €; by —e¢; in (2.22),
where now p; and p; are the 4-momenta of the initial
states and —p; and —p, those of the final states. Since,
from the above remarks and from P-invariance, we
can also replace p; by —p;, T (or TP) means re-

*The requirement of invariance with respect to P (conserva-
tion of parity) imposes a restriction on the internal parity of the
particles, The product of the internal parities of all four particles
should equal + 1, If this is not the case, the process is forbidden
(U=0).
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versing the 4-momenta, pj — —pj. The invariaants s,
t, u are left unchanged. Consequently the requirement
of T-invariance implies a symmetry of the scattering
matrix elements, i.e.,

Upa (s, 1, u) =Upgy (s, t, u). (2.28)

The transformation CPT* is an improper rotation
of four-dimensional space-time (i.e., one associated
with a crossing of the light cone), in which all the
components of a four-vector change sign. It is equiv-
alent to the reflection p, — —p, of all the components
of the 4-momentum. How do we interpret the negative
sign of the time (energy) component of the 4-momen-
tum ? The equations of relativistic quantum field theory
always contain solutions with both positive frequencies
w = € and negative, w = —¢. To the first of these
there correspond operators for absorption of particles
with energy €, and to the second operators for emis-
sion of particles with energy €. Thus the transforma-
tion CPT means replacing particles by antiparticles
and initial states (i.e., absorption) by final states
(emission). Thus the requirement of CPT-invariance,
which can be proved rigorously in field theory for a
quite wide class of interactions, means that

Uy(s, t, 0)=Uss (s, 8, u), (2.29)

where a and b denote states of antiparticles with the
same momenta as in the particle states a and b.

Thus the single amplitude U (s, t, u) describes
four different processes: a —b, b—a, b —2a, a —b.

After treating P, T, and CPT, it is obviously un-
necessary to treat charge conjugation separately.

5. The principle of universality. The treatment of
CPT-invariance suggests the possibility of generaliz-
ing it. Let us consider the conservation law (2.18).
Two of the four-momenta in that equation (p; and p;)
have positive time components p,;y = €;, Py = €,, while
two (p; and ps) have negative time components pj
= — €3, Pyyg = —€4. The process b — a differs from the
process a — b in having the roles of py, p; and p3, p,
interchanged in this sense. But Eq. (2.18) can always
be satisfied if two of the four momenta have positive,
and two have negative, time components. They corre-
spond to processes in which the colliding particles are
those for which pj, > 0, and the scattered particles are
those for which pjy < 0; in addition, particles should be
replaced by antiparticles if the sign of pj, is opposite
to that indicated in (2.22).

We use the term reaction to mean the set of all
processes contained in this sense in Eq. (2.18) and the
diagram of Fig. 2. The process a — b, together with
those which are equivalent to it according to (2.28) and
(2.29), we call the s-channel of the reaction. The dia-
gram of Fig. 2 thus contains three channels:

*See, for example, (1],
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1) channel s: 1 +2 — 3 +§,

2) channel u: 1 +41———3+2,

3) channel t: 1+3—2 +4.

The meaning of the notation is obvious: the numbers
correspond to the indices for the momentum, the bar
over a number denotes the antiparticle; the colliding
particles are on the left (pjy > 0), the scattered par-
ticles on the right (pj, < 0). The kinematic formulas
which we found in item 3 referred to the s-channel.
Keeping the definition (2.20), we can express the in-
variants s, t, u in terms of the center-of-mass mo-
menta pt, p{, Py, Py corresponding to the t and u
channels, and the cosines of the scattering angles,
zt, z,;. We obtain formulas analogous to (2.26) (sub-
stituting s —u, t—1t, 2 —4):

plz(slpu)y p4=(e47—pu)1 paz(—em _p;)y p2=(_821 p!’l:)s
zu=(PuP:’4)/PuP|'n Wu=31+34=52+33, u=W1’;h
dupy = [u— (my+ mg)?) [u — (my — my)?),

4upd =[u—(my+my)’] [u— (my— my)?},
(m}—m}) (m§—m3)

2t=h—u+4p,puz, —

2s =h—u—4p,puz, + % (m?— m) (m; — m})
(2.30)

and (substituting 2 —3, s —t, u—u):

Pi=(&, P)yPs=(8s, — D), P2=(—8p —P1), Pa=(—2,, Pi),

Z=(p, P)/pepi, Wy=e,tes=e;+¢, t=W}

4tpi = [t —(my 4 m3)?] [t — (m;, — m3)?],

4tpp® = [t — (my - my)?] [t — (my — my)?],

25 = h—t — 4p,piz, — + (m} — m3) (m3 — m3),

20 = h—t + 4pypiz, + + (m? —m3) (m] — m3).

(2.313

The variables s, t, u for the different reaction chan-

nels have different physical meanings and different
ranges of variation. Thus, for the s-channel the in-
variant s represents the square of the energy in the
center-of-mass system, while t and u are the squares
of the momentum transfers (i.e., the squares of the
difference of the 4-momenta of one of the incident and
one of the scattered particles). In the u channel, the
invariant u is the square of the energy, and in the t
channel, t is the energy squared; in each case the
other two invariants are the squares of the momentum
transfers. The range of the variables in the s-channel
is determined by the conditions

mat+m, <W,>m+my, |z,]<1,
and similarly for the u and t channels
m2+m3<Wu>m1+m4, lzul <1’
mytmy < Wy 2mi+my, 7| <1

The conditions lzrl <1 (r =8,t,u) can be expressed

as a single condition determining the range of the vari-

ables corresponding to all channels. It has the form L2l

sut >as+ butct, (2.32)

where
ha = (mim} — mim?) (m® 4 m? — m2 —m?),
Wb = (mim} — mims) (m? -+ m3 — m? — m3),
he = (mim3 — mim3) (m? 4 m3 — m3 — m3).

For a graphical description of the ranges of the
variables corresponding to the different channels (the
‘physical regions’’), it is convenient to use trilinear
coordinates in the plane. We construct (Fig. 3) an
equilateral triangle with altitude h, and regard the
sides of the triangle as coordinate axes, perpendicular
to which we measure the values of s, u, t (the inside
of the triangle being the positive direction). It is
easily seen that for every point in the plane the sum
of the three trilinear coordinates is equal to the alti-
tude of the triangle, i.e., s + u +t =h. The Cartesian

coordinates of a point in the plane are v = \/—15 (s —u)

(abscissa) and t (ordinate). The equation corre-
sponding to an equality sign in (2.32) determines the
boundary of the three physical regions, which do not
intersect. The asymptotes of the curves are the axes

s=0, u=0, t=0, (2.33)

and the boundary curves intersect the asymptotes
along the line
as+bu4-ct=0. (2.34)

Figure 4 gives examples of the physical regions for
some reactions.

If the mass of one of the particles is greater than
the sum of the other three, m; > m, + my + m,, a fourth
reaction channel is possible, corresponding to the de-

cay _
1—-2+3+4.

For this decay channel, in the rest system of the de-
caying particle,

p=(my, 0), P2= (—&2—Po), Ps=(—&5—P3), Pa=(— €1 — D),
&t ey te=my, Pyt+ps+Ps=0, ]
s=mi4 m)—2me,, o
w=mi il — 2me, [
t=m?+ mi— 2m,e,. J
(2.35)

u=0 =0

FIG. 3
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\ R A

FIG. 4. Physical regions for the reactions: a) 7 + 7 -7 + m;
D)N+r-N+mo)K+non+mdp+voe+v

All three invariants are positive. The physical region
is in the interior of the triangle and is inscribed in the
hexagon
§ =(my — my)*,
t=(my —my)?,
u = (my—m,)?,

§= (m3+ m4)21
t=(my+ m,)?,
u=(my+ mg)?.

J (2.36)

If some of the masses are zero, the hexagon degener-
ates into a polygon with a smaller number of sides.

The generalization of the CPT-theorem, which we
mentioned earlier, arises from the fact that if we apply
the CPT-transformation not to all the particles partici-
pating in the reaction, but to each of them independ-
ently, the expression for the invariant amplitude does
not change. Thus the same amplitude U (s,t,u) de~
scribes all the channels of the reaction. We may refer
to this as the principle of universality of the reaction
amplitude. There exists no rigorous proof of this the-
orem. An argument in its favor is that in any Feynman
diagram describing the given process, any of the ex-
ternal lines may be regarded either as a particle in
the initial (final) state, or as an antiparticle in the
final (initial) state, without changing the internal
structure of the diagram.

It is important to note that, strictly speaking, the
assertion of the principle of universality is an empty
statement if we do not make some basic remarks.
Actually the regions of variation of the variables
s, u, t are different in the different reaction channels
and do not overlap. What is the difference between a
single function U, defined in all three regions, and
three different functions, each defined in its own re-
gion? In making our assertion for the single function
U(s,u,t) we have naively assumed that it is given by

some definite analytic expression which is meaningful
for all values of the variables (which is actually the
case if we consider individual Feynman diagrams).
Thus, to express ourselves more precisely, in formu-
lating the principle of universality we simultaneously
assume that the reaction amplitude is an analytic func-
tion; consequently, assigning it in one of the physical
regions determines its value over the whole domain of
analyticity, including both the other physical regions
and also nonphysical regions, among them the regions
of complex values of the variables. Thus an important
question is that of the domain of analyticity of the func-
tion U, i.e., the location and nature of its singularities.

We note that the principle of universality can be
proved, starting from the equations of quantum field
theory, to the same extent and in the same cases where
one can prove the analyticity of the amplitude. [3]

6. Generalization to particles with spin and isospin.
So far we have assumed that the state of any particle
can be completely determined by assigning its momen-
tum. If the particles possess a spin, the scattering am-
plitude U is a matrix in the spin quantum numbers. If
we denote the projection of the spin of the i-th particle
by uj and its spin by sj, then for the case of the
tetrode, for example, this matrix has (2s;+1)(2s,+1)
(283+1)(2s,+1) elements U#ﬂ-‘zl-lsl-‘r But the elements
of this matrix are not independent, since we must sat-
isfy the condition of invariance of the scattering ma-
trix under rotations. If we introduce the spin ampli-
tudes uj, whose transformation properties are known,
the problem reduces to finding the linearly independent
invariants I which can be constructed from the am-
plitudes u; and the momenta p;. Then

v

U= 21 Ui(s, u, t)1,,

(2.37)
h=

where the Uy are invariant functions and v is the
number of linearly independent invariants I. Thus
the difference between the cases of particles with spin
and without spin reduces to the fact that the scattering
is now characterized by v amplitudes Uy instead of
one invariant amplitude U.

In practice, in finding the number v, it is convenient
to use the law of conservation of angular momentum,
after which it is not difficult to construct the necessary
number of invariants Iy. Let us now consider some of
the most important tetrode amplitudes, using the nota-
tion introduced in item 5.

1) Particles 1 and 3 are nucleons (spin 1/2), 2 and 4
are pions (spin 0); the s-channel is the scattering of
a pion by a nucleon, the t-channel the annihilation of a
nucleon-antinucleon pair into a pion pair. We consider
a state with definite angular momentum j in the t-
channel. Then the pion pair has orbital angular mo-
mentum j and parity (—1)}. The nucleon pair can be
either in a singlet state with orbital angular momen-
tum j and parity (—1)J*! (since the internal parities
of nucleon and antinucleon are opposite), or in a
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triplet state with orbital angular momentum I =j, j+1
and parity (—1)*!. Of the four states for a nucleon
pair, in two (the triplet states with I = j+1) the pari-
ties coincide with the parity of the nucleon pair. Con-
sequently v =2 and

U=A(s, u, t)I,+B(s, u, t)1,. (2.38)

Now it is easy to construct the invariants
I,=u(—ps)u(py), }

_ R N .39
=1 (— po) (Fa— o) u (P, (2.39)

where u(p) is the four-component spinor amplitude
for a nucleon.

2) Particles 1 and 3 are nucleons, 2 is a photon and
4 a pion (channel s is photoproduction of pions on nu-
cleons, t is the annihilation of a nucleon pair into a
photon and a pion). Let us consider the t-channel.
For a given angular momentum j, the photon, and
consequently the photon-pion system, can be in two
states with opposite parities (electric or magnetic
multipole fields). As we saw above, the nucleon pair
can be in four states, two even and two odd. Conse-
quently v = 4.

3) Particles 1 and 3 are nucleons, 2 and 4 are pho-
tons (channel s is the Compton scattering on a nu-
cleon, channel t is the pair annihilation into two pho-
tons). Let us consider the t-channel. For a given
angular momentum, the two-photon system can have
at most two even states and one odd, while the pair
can have two even and two odd states. Consequently
v =6,

4) All four particles have spin %, For a given an-
gular momentum, there are 4 initial and 4 final states.
We can treat the amplitude as a matrix Uaps where
the subscripts « and B take on values 1, 2, 3, 4, where
1 denotes the singlet state and 2, 3, 4 are the triplet
states with 7 =j, j+1, j—1. In the general case, the
process is described by 16 amplitudes. However, in
practice this number is reduced because of additional
symmetries. Let us look at some examples:

a) Elastic scattering (a and b are the same par-
ticles). It then follows from T-invariance that Ugg
= Ugp, v =10.

b) Parity conservation. Then the transitions 1
—1+1 are absent if the particles a and b have the
same internal parity, while the transition I —1 is out
if they have opposite parity; v = 8.

¢) Elastic scattering with parity conservation:

v =6,

d) Elastic scattering of identical particles: v =17
if there is no parity conservation; v = 5 if parity is
conserved (e.g., proton-proton scattering).

e) Processes involving a neutrino (for example,

B decay and the accompanying scattering). Because
the neutrino has only one polarization, v = 8.

f) Processes involving two neutrinos (for example,

u decay): v =4.

Let us also look at processes involving three par-
ticles (a ‘‘triode’’).

1) Suppose that two particles (of momenta p; and
p3) with spin 1/2 are transformed into one spinless
particle (with momentum —p,). In the rest system
of the final particle, the particles which annihilate have
angular momentum 0. There are two such states: !§,
(s=0,1=0,g=~-) and °Py (s =1,1=1,g=+)
(where s is the spin and g the parity of the state).
The corresponding invariants have the form

Ilzl_l(—l’a)u(l’x), }

Iz=5(—Pa)'Y5u(P1)- 2.40)

Thus we have two amplitudes if parity is not conserved,
or one if it is conserved. The invariant I, corresponds
to the transformation of a nuclon pair into a pion or
(the other channel of the same reaction) of a nuclon
and a pion into a nucleon),* i.e.,

U=g() 1 (t=(p+Ps)°)- (2.41)

2) Suppose that two particles with spin %, (py, ps)
are transformed into a particle of spin 1 (—p,). In the
system of the center of mass of the annihilating par-
ticles, their angular momentum is unity. There are
four such states: two odd, 3S;, ’D;, and two even, 3P,
and !P,. If parity is conserved, the process is deter-
mined by two amplitudes. If the internal parity of the
produced particles is negative (vector field), the cor-
responding invariants can be chosen in the formT

11=a(“l73) Yutt (1) au (— Po),
Iy =u(— ps) (Yuvs — Yo¥w) & () au(— Po) (P1 -+ Pa)v, | (2.42)
13=5(_ P3) u(py) @ (— Py) (Pr— Pa)us

where ay are the amplitudes for the vector particle,
which form a vector satisfying the condition

Ay (— o) pou=0; (2.43)
I;, I, and I3 are connected by the relation
bl —I,—214=0, (2.44)

where m is the mass of particles 1 and 3.

3) Suppose that particles 1 and 3 are spinless, while
particle 2 has spin 1; then only one state of the annihi-
lating particles has spin 1 (I =1, g=-1). There is
one invariant

I =ay (py— Pa)u (2.45)

In a similar way one can treat the scattering prob-
lem when the particles have isospin. The number of
invariant amplitudes can be counted by using conser-
vation of the isospin T, and then one can construct the
corresponding invariants in isospin space.

*Concerning the significance of processes with three stable
particles, cf. Sec. 3, item 4.

TThe matrices y,, are defined so that the Dirac equation has
the form pu (p) = mu (p) (P = ¥,p,):
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1) Scattering of a 7 meson by a 7 meson. The
isospin of the pion is unity. The two pions have iso-
spin T =0, 1, 2. Consequently the scattering is de-
termined by three amplitudes

U=U 1+ Uyl +Usls.

If x is the pion amplitude (a vector in isospin space),
the invariants can be wriften as:

Iy = (Y s) (Aea)

Iy = (%1Xa) (A2Xs)s

Iy = (Y12a) (Asa)-

2) Pion-nuclon scattering (or annihilation of nucle-

ons into pions ). The nucleons have isospin 1/2, so the
two nucleons can have isospin T =0 and 1. Conse-
quently the scattering is determined by two amplitudes.
If x; and X, are the meson amplitudes, and v, and v,
the nucleon amplitudes (spinors in isospin space), the
invariants have the form

Iy = (%1%) (v201), }
Ty=191 X % (v,v00),

(2.46)

(2.47)

where Tj are the Pauli matrices.
3) A triode of two nucleons and one pion. There is
one invariant

I = yuivo,. (2.48)

3. UNITARITY AND ANALYTICITY

1. The unitarity relation. So far we have used only
the properties of invariance of the scattering ampli-
tude under Lorentz transformations and discrete trans-
formations. These invariance requirements may be
called the kinematical principles of the theory. A dy-
namic principle of the theory is the requirement of
unitarity of the scattering matrix:

S§*=1,

(3.1)

where S* denotes the matrix which is the Hermitian
conjugate of S, and 1 is the unit matrix. The unitarity
of the matrix S guarantees conservation of normaliza-
tion and orthogonality of states in the reaction. The di-
agonal elements of relation (3.1) express the simple
fact that the sum of the probabilities of transition from
a given initial state to any final state is equal to unity:

; l Sba ls =1

In order to make clear why this simple property is
put forth as a dynamical principle, we note that one
might also formulate the dynamical principles of clas-
sical mechanics and quantum mechanics in similar
fashion. In classical mechanics the equations of motion
are a canonical transformation of the generalized co-
ordinates and momenta. The same holds in quantum
mechanics, where the canonical transformation is ac-
complished by means of a unitary matrix. Thus, if by
S (ty t;) we understand a matrix which transforms a
state at an arbitrary instant of time t; into a state at
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another arbitrary instant t,, then the unitarity relation
relating two infinitesimally close ingtants in time is
equivalent to the usual (Hamiltonian) equations of
motion in quantum mechanics, which are also used
(taking into account the relativistic kinematical prin-
ciples) in the quantum theory of fields. The scatter-
ing matrix S =8 («,—~«) transforms the state at the
initial time t; = — « (‘“‘incident particles’’) into the
state at the final time t, = « (‘‘scattered particles”’).
Thus the unitarity relation (3.1) is a less restrictive
(i.e., more general) statement than the equations of
motion of the quantum theory of fields. Heisenberg[“]
proposed the idea that in general the only observable
physical quantities which should appear in the theory
of elementary particles are the states at t = — o and
t = o, If this idea is correct, then relation (3.1) may
pretend to the role of the fundamental equation of the
theory. In the following we shall consider the conse-
quences which can be obtained from the unitarity re-
lation (3.1).

2. The imaginary part of the amplitude. The optical
theorem. If we write the matrix S in the form (2.2),
relation (3.1) takes the form

i(T—T%)= —TT*, (3.2)

or

z.(Tba,'_ T;b) = - 2 TbnT:m (3.3)
where n denotes those states of the system into which
states a and b can transform. We shall call them
intermediate states. Furthermore, if we take account
of the symmetry of the T matrix (2.28), i.e.,

Tyu—Th=21ImT,,
then (3.3) takes the form

2Im Ty =2 Tyoltn (3.4)
A state n is characterized by: 1) the number of par-
ticles, which we shall denote by v; 2) the momenta of
the particles pj (i =1...v); 3) the internal quantum
numbers of the particles, including their masses,
spins, etc. In this paragraph we shall, for simplicity,
assume that a given number v of particles corresponds
only to one set of particles and that the spins of all the
particles are zero. Then

2m=2ﬁg

n v i=i

d3q;

e 3.5)

Using the expressions (2.3) and (2.4) for Tpa in terms
of the amplitudes Upy, and taking the normalization
volume to be © =1, we get

A
Im Ubo —_ (Zg)‘ 2 (2n;3" S Uva;vo (Pv - pa)

v
v
x 11 298 (Bt —md 6 (),
i=1
where

(3.6)

Ay= {Q. 138
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From (3.6) we can easily get the well-known rela-
tion called the optical theorem. Let a and b be the
same two-particle state. Then Uy, represents the
amplitude for elastic scattering at zero angles. Com-~
paring (3.6) with the general expressions for the cross
section (2.13), we obtain

21
ImUua=Ta0,

3.7
where ¢ is the total scattering cross section, (i.e.,
the sum of the cross sections for elastic scattering
and all cross sections for transformation of particles

a into any other particles), A = £}t2, and I is de-
fined by formula (2.11). If we normalize the scattering
amplitude according to (2.16), the optical theorem takes
the form

MF@=%m (3.8)
Relation (8) is valid both in the center-of-mass system
as well as in the rest system of one of the colliding
particles. Correspondingly p denotes the momentum
of the incident particle in one or the other system.

3. The principle of analyticity. Relation (3.6) is very
remarkable. It may claim to be the fundamental dynam-
ical system of equations describing the scattering am-
plitude. In fact, it relates the imaginary part of the am-
plitude for a given process with the square of an expres-
sion in terms of the amplitudes for other processes.
For each of these amplitudes in turn one can write a
relation of the form (3.6). This would give a system
of equations for determining the amplitudes if the un-
known quantities appeared everywhere in the form of
amplitudes. However, the left side of (3.6) contains not
the amplitude, but its imaginary part. Consequently we
still need a relation connecting the imaginary part with
the real part. Such relations exist for analytic functions
and can be expressed by means of Cauchy’s formula.
They are usually referred to in the theory of elementary
particles as dispersion relations, in analogy to the re-
lations first obtained by Kramers and Kronig for the
dielectric constant as a function of frequency. We take
as our fundamental postulate that the scattering ampli-
tudes are analytic functions of those invariants r on
which they depend. There exists no complete proof of
analyticity of the amplitudes, but in certain cases it
can be proven on the basis of the general equations of
the quantum theory of fields. [3,%]

An analytic function is determined by the location
and nature of its singularities. We shall assume that
the amplitude Upa has those singularities whose pres-
ence follows, as we shall see later, from (3.6), and has
no others. Then in principle it becomes possible to
obtain a system of equations for the amplitudes start-
ing from the fundamental principles of invariance,
universality, unitarity, and analyticity.*

*This idea was first put forward by M. Gell-Mann and devel-
oped by L. D, Landau,[*]
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However, their practical construction in complete
form meets with serious difficulties. These difficul-
ties are related to the complexity of the analytic prop-
erties of the amplitudes, the nature of which can be
explained in the following way: the unitarity property
(3.1) is a/relation connecting the real scattering am-
plitudes, i.e., the amplitudes as functions of the kine-
matic invariants whose values lie in physical regions.
But the analytic properties of the amplitudes are de-
termined by all their singularities, including those
which lie in regions of non-physical values of the in-
variants, including also complex values. Thus a com-
plete investigation of the singularities requires the
continuation (extrapolation) of relation (3.6) into the
region of non-physical values of the invariants. The
function defined by (3.6) then ceases to be a real func~
tion, and the question of its analytic properties arises.

We may say that the principle of analyticity com-
pensates (though we cannot say whether this compen-
sation is complete or only partial) for the incomplete-
ness of the unitarity requirement (3.1) as a dynamical
principle. Above it was pointed out that the Hamiltonian
form of quantum mechanics means the examination of
the matrix S (t,, t;), whereas (3.1) contains only
S(»,—-=), A treatment of continuous time develop-
ment, i.e., the matrix S (t;, t;) in quantum mechanics
or quantum field theory leads to the necessity for treat-
ing intermediate virtual states. The construction of a
theory here on the basis of relation (3.1) apparently
does not recognize virtual states: the intermediate
states in (3.1) are real. But in practice the use of the
analytic properties of amplitudes requires one to con-
sider non-physical regions which, to a certain extent,
is equivalent to bringing in the treatment of virtual
states.

The development of the principle of analyticity looks
schematically as follows: Let us consider one of the
channels of a reaction described by the amplitude U.
Let r = p} be the energy invariant for this channel
(r =W%). Let M, be the minimum total mass of par-
ticles in states appearing on the right side of (3.6).
Then the imaginary part of U, considered as a func-
tion of the invariant r, is equal to zero for r < M2
and is different from zero for r > M%. Then we can,
as explained in Sec. 1, item 3, represent U as a func-
tion of the complex variable r in the form (1.21)

U=

M}

where C is independent of r [or in the form (1.22)].
The point r = M2 is a singular point of the function
U(r), the segment of the real axis from the point
r = M%. to r = is a branch line. The value of U(r)
for real r should be considered as the limiting value
on the upper side of the cut, i.e.,

Im U (")

—'T_———;- dr’+C, (3.9)

UN=U(r+ie) —ig)-0- (3.10)

Formula (3.9) is not completely correct; it explains

e
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only the scheme for expressing the amplitudes in
terms of their imaginary parts. Since the amplitudes
describe a series of channels for the reaction, the
imaginary part is also determined by applying the uni-
tarity relation with respect to all the channels. Even
if we treat the amplitude as a function of one of the
variables r for fixed values of the others, we cannot
restrict our treatment to channel r alone, since the
number of channels is greater than the number of in-
dependent variables and the energy variables for the
different channels are not independent. Let us make
this clear on the example of a tetrode amplitude, which
is a function of the three invariants s, u, t, connected
by equation (2.21). We shall consider U(s,u,t) as a
function of s for fixed t, denoting it by Ui(s). The
imaginary part of Ui(s) is determined by two chan-
nels: in one of them the energy variable is s, while

in the other it is u =h -s —t. Therefore

o s © u )
U=c@++ {2 Layy L{ 2% aw,  @.11)
M3 M3
or
o h—t—M}
vi=co++ (e L 2Zar. @.12)
M3 —eo

Thus the representation of the function Ui(s) (the dis-
persion relation in the variable s) contains integrals
over both edges of the cut in the s plane: one (on the
right) from the point s’ = M4 to s’ = «, and the sec-
ond (on the left) from s’ =~ to s’ =h—-t-M3j. We
note that when s > Mé, i.e., on the right cut, the value
of Ui(s) for real s is defined as Ui(s) = Ug(s +10),
but the corresponding value on the left cut is Ui(s)

= Ut(s )yaus+io = Ug(s — 10), i.e., it is the limiting value
of the function on the lower edge of the cut.

It is important to note that Im US (or Im UY) is
determined according to (3.6) in the physical region
of the corresponding channel, while the limits of the
physical region with respect to s (or u) depend on t.
Therefore, the integration in (3.11), even for the
case where s and t lie in the physical region, may
include non-physical domains. The problem arises
of continuing Im U into these regions. The solution
of this problem requires a more detailed treatment
of the structure of the unitarity relation.

4. Poles of the amplitude. Let U be the amplitude
for some tetrode. Let us consider one of its channels,
r, in which there is a one-particle state among the in-
termediate states. In other words, this means that
there exists a particle whose internal quantum num-
bers coincide with the corresponding quantum numbers
of the initial (a) and final (b) states of the two par-
ticles in channel r of the tetrode. We extract the cor-
responding term in (3.6) (v = 1), denoting it by UV
i.e.,

ImU® =k, { UpU28 (g — po) 8(g* —p)d'g,  (3.13)

where q is the 4-momentum of the intermediate par-
ticle, u its mass, py the total 4-momentum of the ini-
tial state (p} =r). Using the notation

(Upodr=ps=gy, (Uglr=p2= 8a:

R =\ g,8s, (3.14)

we get from (3.13)

Im U® = nRS (r = pus). (3.15)

From (3.15), on the basis of the analyticity principle
[cf. (3.9) or (1.20)], we obtain

Um— _R

pi—r’

(3.16)

Formula (3.16) is valid for any complex values of r;
for r — u? we assume that one takes the limit from
above, i.e., r —r +1i0, or p?=pu?—io.

The pole character of the amplitude U‘D is specific
to a one-particle intermediate state. For v > 1, be-
cause of the appearance of more integrations in (3.6)
in comparison with (3.13), the intermediate states will
not lead to an expression of the type (3.15). Therefore,
as a rule many-particle states must lead to singulari-
ties of the form of branch points. The nature of the
singularities will depend essentially on the behavior of
of the amplitudes appearing in the integrands.

Let us discuss the structure of the expression for
R (3.14). Each of the amplitudes Ugy, Uy describes
a ‘‘“triode’’ (Fig. 5), i.e., the decay of a particle (of
mass ) into two (m; and m,). The triode amplitude
(cf. Fig. 5) can be considered as a function of the three
invariants p}, p}, and r = (p;+p;)? or, for p?=m},
p} = m%, as a function of the single variable r. The
conservation laws

9+pm+p=0
can be satisfied only when

u> my+ my, 3.17)

where the physical region of the variable r contains
only a single point

r=p2

However, we can consider the triode amplitude Ugy;(r)
in the case where condition (3.17) is not satisfied, i.e.,
where particle u is stable. In fact, we actually do con-
sider the amplitude as a function of its arguments over
the whole domain of variation of the latter, both in phys-
ical as well as in non-physical regions, and the conser-
vation laws will still be taken into account in the uni-

A 2

FIG. 5
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FIG. 6

tarity relation (3.6). Thus, despite the fact that, for

a stable particle, the triode (cf. Fig. 5) does not de-
scribe a real process, it determines the pole part of
the tetrode amplitude. We may say that Ual(uz) =gq
is the analytic continuation of the decay amplitude as a
function of u? from the region of real decay (3.17) into
the region of a stable intermediate particle.

Formulas (3.15) and (3.16) can be illustrated by the
diagrams shown in Fig. 6. The upper part of Fig. 6a
shows the amplitude of the triode Ujy;, the lower for
Up;- The diagram of Fig. 6b shows the pole part of
the amplitude of the tetrode U, The upper and lower
vertices have the same meaning as in the diagram of
Fig. 6a; the line joining them corresponds to the pole
factor 1/(u%-r), which represents simply the Green’s
function of a free particle of mass u. Thus the dia-
gram of Fig. 6b is identical in meaning to a Feynman
diagram of second order constructed on the basis of
the primary interaction described by the three-prong
vertices of Fig. 6a. We note that g4 and gy are
equivalent to the renormalized coupling constants
(charges) in the usual field theory and u is the re-
normalized mass.

If we assume that many-particle intermediate
states give a small contribution to Im U compared
with one-particle states, the pole part of the ampli-
tude is a first approximation. Then, in second ap-
proximation we may include two-particle intermedi-
ate states, substituting the first (pole) approximation
for them in (3.6). Thus, iterating (3.6) successively
and using the relation of U to Im U (dispersion re-
lations ), we can in principle obtain the perturbation
series. This will be a series in powers of the con-
stants g.

Let us illustrate, with the pole amplitudes as an
example, the important role played by the universality
principle in the method of constructing the theory be-
ing developed here. Suppose, for example, that chan-
nel s of the tetrode we are considering describes the
elastic scattering of particle a by particle 8. Then
channel t corresponds to the annihilation of a pair
a + a with formation of a pair g + E Suppose that
there exists a one-particle state in channel t, but no
such states in other channels. Then, according to
(3.16),

N R
Ua (t) = TJ.E .
This amplitude describes channel s, in which t
= —Zpé(l —cos 0) < 0 (p; is the momentum in the

center-of-mass system of «, 8), and can be inter-
preted as the Born amplitude, i.e., as the Fourier
transform of the potential

Re™ W7
r

U® ()= (3.18)
(the Yukawa potential, which for u = 0 becomes the
Coulomb potential). Thus we may say that the inter-
mediate state of the annihilating channel generates
the potential for the elastic channel.

For simplicity we have here treated the case of
spinless particles. In the presence of spin, formula
(3.13) will also contain a summation over the spin
states of the intermediate particle. As a result, the
expression 1/(p?—r) is replaced by the appropriate
Green’s function for this particle, which will also have
apole at r = u2.

Let us give examples of the location of poles of the
tetrode amplitude.

1) Scattering of an electron by a proton or muon
(channel s). There is a one-particle state (photon)
in the annihilation channel t. There is a pole for
t=0.

2) Electron-electron scattering. Annihilation of the
pair into a photon occurs in channels t and u, i.e.,
there are poles for t=0, u=0.

3) Scattering of a 7* meson by a proton (channel s).
The single-particle state (neutron) occurs in channel
u (7~ +p—n). Thereis a pole at u = my,.

4) Neutron-proton scattering. There are poles at
t=my (p+p—7°) and u=my+(p +n—7*). In ex-
amples 3 and 4 we have not included electromagnetic
forces (photon poles).

5. Two-particle intermediate states. Let us con-
sider now the part of the tetrode amplitude which is
associated with two-particle intermediate states. De-
noting it by U®, we get from (3.6)

A : »
ImU(2)=8f5 S UsaUazd (P — 91— ¢2) 8 (qF — m?)

(3.19)
The notation here is the same as in (3.6): Up, and Uy,
are the amplitudes for transitions from states b and a,
which are the final and initial state for the given chan-
nel (to be specific, we shall call it the t channel), q;
and q, are the four-momenta of the particles in the
intermediate state, and m; and m, are their masses.

Working in the center-of-mass system, we can re-
write (3.19) as follows:

x 8(q —mi)diq, d'q,.

Im U® =%i S UyoUgs do,

W (3.20)

where W is the total energy, q is the value of the mo-
mentum of the intermediate particle (W =Vt = q?+m}
+vq2+m#) and do is the element of solid angle in the
center-of-mass system.

From (3.20) we see that Im U‘® is finite and goes
to zero for q = 0 (W = m,+m,), i.e., at the threshold
of the reaction with formation of two intermediate par-
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ticles. From this it follows, as we have already pointed
out earlier, that two-particle states can lead to singu-
larities of the amplitude in the form of branch points,
and to dispersion relations of the type (3.9).

Let us consider in more detail the structure of
expression (3.20). Each of the amplitudes Upy, Ug,y
and U® = Ul()zz; which appears there is a tetrode am-
plitude and is a function of two variables, for which
we may choose t=W? and the cosine of the scattering
angle in the center-of-mass system. Let us denote the
cosines of the angles between the initial and final mo-
menta by z, between initial and intermediate, by z,,
and between final and intermediate by z,, i.e.,

vP=u® (t,2), Ugyn=Uyn(t,z) Up=Uynlt z),
do = dz, dg.
As the simplest special case, let Uy, be independent
of scattering angle: Uy, = Ugy(t). Such a case is real-
ized, for example, when Uy, is described by the pole
amplitude Uy, = R/( “2 —t), or when one of the particles
interacts weakly and is described by first-order per-
turbation theory, while the second has arbitrarily
strong interaction (for example, scattering of an elec-
tron by a proton or a 7 meson), so that (cf. the dia-
gram in Fig. 7)

l @3.21)

Foall
Uu2= p-".‘:—(t) *
In this case it follows from (3.20) that U® is also
independent of scattering angle:

Im U® — :‘T; % Uas (8) Ugs (2),

(3.22)

(3.23)

where

1
Ube(t) = Upa(t, 2,) dz,. (3.24)
=1
We note that U}, is proportional to the partial ampli-
tude corresponding to orbital angular momentum [ = 0.
If Uy, has the form (3.22), then U® for real t > y?
can be written in the form

@_ _F@
U =7

where

Im F (1) = g% 7% Faz (8) Uba (8).
This relation corresponds to the triode diagram of
Fig. 8.
In the general case where both amplitudes depend
on angles, it is convenient to choose z; and z, as in-
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tegration variables. To do this we must make use of
the relation

=22, +V1—22V 1 -Zcose.

Formula (3.20) then takes on the following form:
1 L .
Upg (2, 25) Ua2 (¢, 3,) d3,
\ dz AR, (3.25)

M g
1602 W

ImU® (¢, 2) =

—1 -

1
where

K=(1—2Y(1—2)sinf@o=1—2"—2;— 2} 4 2222, (3.26)

The limits of the inner integration are the roots of the
function K

=12z 4+ YV (1=2) (129, (3.27)

i.e., the values of z; for ¢ =0 and ¢ = 7. Here the
dependence on z appears explicitly in the integrand
(3.20).

6. Triangle diagrams. We now go on to discuss the
complications that may arise in constructing the dis-
persion relations because of the form of the unitarity
relation. Let us begin with the simplest case, where
we are dealing with a function of a single variable t,
and the imaginary part of the amplitude is given by
formulas (3.23). For simplicity we shall assume that
the masses of the particles in the final state are iden-
tical and equal to M, while in the intermediate state
they are identical and equal to m. The masses of the
particles in the initial state will be assumed to be
smaller than M and m.

The establishment of the form of the dispersion
relation for U@ (t) is simple for the case where
M < m. Then the physical region for the intermediate
reaction 2 — b lies at t > 4m?, i.e., it is further than
the physical region for the reaction a — b, which oc-
curs for t > 4M? (Fig. 9a). The branch point for the
amplitude U, i.e., the threshold for formation of
the intermediate particles, t = 4m?, lies within the
physical region of the reaction a —b. Therefore the
dispersion relation has the very simple form*

vi=1 (4% ar, (3.28)
where s
A@)=1mU (). (3.29)

*The function A in formula. (3.28) and other similar functions

are usually called the absorptive part of the amplitude, this term
being retained even when A is not given by formula (3.29) and, in
particular, may be complex (cf. below).
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FIG. 10

The situation is different when M is greater than
m, so that the threshold for the reaction of formation
of the intermediate particles lies outside the physical
range of the reaction a —b (Fig. 9b), and the unitar-
ity relation does not have any immediate physical mean-
ing in the region 4m? < t < 4M2 To establish the form
of the dispersion relation for this case, we shall con-
sider the parameter M? as the independent variable and
require that the function U(t) = U(t, M2) be an ana-
lytic function of the variable M2, * Then the problem
reduces to the analytic continuation of the function
U (t, M2), defined for M%< m? by formulas (3.28),
(3.29), (3.23), and (3.24), to the region M? > m?

Let us consider an example where the amplitude
Upa is determined by a pole in the s channel. (The
amplitude U‘® corresponds to the triangle Feynman
diagram of Fig. 10.T) Thus, let
R

nE—sy

Uy = , (3.30)

where

Sy=(py— q,)* = M* +m? — 2W? |- 2pqz,, (3.31)

p; and q; are the four-momenta of the particles in the
final and intermediate states, p = v (t/4) — M2,

q =V (t/4) —m? are the corresponding momenta in the
center-of-mass system. In the expression for the func-
tion A = Im U® (3.23), the dependence on M? is con-
tained only in the last factor Uf)z. According to (3.24),
(3.30), and (3.31),

R
Ubs = — 50 a, (¢, M?),
where
1
\ dz
(6 M) =\ o7 @-32)
=4
and
t—4m2-2 (M2 —M?)
2y —
L(t, M*= V=) (—aMe) l (3.33)

M= m24 pl. }

*We note that M*> =p? is a kinematic variable completely equi-
valent to t=(p, + py)*. It is natural to assume that the amplitude
is an analytic function of all kinematic invariants, includingthose
which we previously assumed to be given parameters. Thus, M?
may be regarded as a complex variable, and the value of the am-
plitude for a given particle mass M, as the limit when M? — M3 +i0.

TThe investigation of the analytic properties of the amplitude
for triangle and square diagrams was first carried out by Karplus,
Sommerfield, and Wichmann.[”] The me od described here, based
on the unitarity relation, is due to Mandelstam.[®]
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The problem reduces to investigating the analytic
properties of the function ay(t, M%).* For |¢(t, M?)|
> 1, the denominator of the integrand in (3.32) is dif-
ferent from zero and the function ay is regular. A
singularity appears at that value t =t; for which
£(t,M?) enters the region of integration (-1, +1).
From the condition ¢% =1, we find
(M2—M)?

t,=4m?— o

(3.34)
In Fig. 11 we show the dependence of ¢ on t for
M? > m2 For given M2, the point t; corresponds to
the values
—1 (M2 < MY,
+1 (M2 > MY,

0 (M2 = M)

g (tlv MZ) =

Let us follow the variation of t; as M? increases,
starting from values M? < m% For M2 < m?, t, < 4m?
and the singularity of ay(t) lies to the left of the lower
integration limit in (3.28); ay(t) and A(t) are real in-
side the integration region, as they should be, because
A(t) is the imaginary part of the amplitude in the phys-
ical region. As M? increases, t; approaches the point
t = 4m?, remaining to the left of it. Thus, when M?2
reaches the value m? and exceeds it, ag(t) ceases to
be regular within the region of integration in (3.28),
and consequently we retain for U(t) the form of the
dispersion relations (3.28) in which the non-physical
region 4m?® < t < 4M? appears, where A(t) is the ana-
lytic continuation of the function Im U (t). However,
when M? reaches the ‘‘anomalous’’ value

M2 =Mi=m? 2, (3.35)

the point t; reaches the lower limit of the integral
(3.28), ty = 4m2, and its further continuation requires
an additional investigation of the behavior of a,(t, M?)
in the neighborhood of the point M2 = M2, despite the
fact that, with further increase in M? t; once again
goes out of the region, to the left of the point t = 4m?2,
The point t; is a branch point for the function ay(t),
and the latter is regular in the t plane with a cut ex-
tending from the point t; toward the left to infinity.
But the point t; itself is a function of the complex

*The results presented here can, of course, be obtained by
carrying out the explicit integration in (3.32).
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FIG. 12

variable M% Let M?= M2+ ¢ (e=a +i8, 8> 0).
Then t; = 4m? - (1/u%)( a2 -8+ 2ieB). With increas-
ing M2, keeping an infinitesimal positive imaginary
part, the point t; moves along the curve shown by the
dotted line in Fig. 12. When a < 0 (M2< M2), it
moves along the upper side of the real axis; for a > 0,
it goes over onto the left edge surrounding the point
t =4m?, Thus ay(t) for M? > M2 is continued analyt-
ically as a function in the t plane with a cut from the
point t, along the dashed curve in Fig. 12. In this
case (M?> M32), the integral (3.28) becomes meaning-
less, since the integration contour, the real axis, in-
tersects the branch line. The analytic continuation of
the integral (3.28) can be accomplished by deforming
the integration contour into the contour C which is
shown by the solid line in Fig. 12. In fact, for M%< M2
the contour C is equivalent to the section of the real
axis 4m? <t < =, while for M? > M2 it does not inter-
sect the branch line.

Thus in the “‘anomalous’’ case (M2 > M%) the dis-
persion relation has the form

vo-1]

C
This integral can also be written as an integral along
the real axis

A(t)dt

/
L ar,

A (!,)d!'
t'—e¢

Ut)= (3.36)

3G

o

where
A(f)
A —i0) — A(¢+i0)

, (t > 4m?),
A= { (t < 4m2).

In Sec. 1 we explained the relation between the form
factor of a particle, i.e., a quantity proportional to the
scattering amplitude U(t), and its spatial structure.
According to (1.10), the characteristic dimension of
the particle Ry is determined by the lower limit of the
dispersion integral. In the normal case it is simply re-
lated to the mass of the intermediate particles

1
Ry~—
For example, in the case of a nucleon, m is the pion
mass. In the anomalous case

1
R~ Yok
where t; may be significantly smaller than m?, and
the radius of the particle correspondingly larger.

A good illustration of the anomalous case is that of
the deuteron. The triangle diagram showing the scat-
tering of an electron by a deuteron is given in Fig. 13a;
the letter on each line denotes the corresponding par-
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ticle. It is easy to see that here we are dealing with
the anomalous case where

h=Mo,

where M is the nucleon mass, and
o=M,+M,—M,

is the binding energy of the deuteron. The expression
for the deuteron radius

1 1
VL Vi
gives the well-known relation from the elementary
theory of the deuteron.

Another example of the anomalous case, which al-
ready deals with a ‘‘truly elementary’’ particle, the Z
hyperon, is explained in Fig. 13b.

We have considered the case where the amplitude
Up, has the form (3.30). It is not difficult to consider
the more general case where Up, has the structure of
a dispersion integral of type (3.9) in the variable s,,
ie.,

R

U, ss) =% S A—“—j%‘s’ . (3.37)
2
Then
17 .
U ()= — P S al(t, ) ds,
S
and

1
2z

ot 53) = Si e
It is obvious that the dispersion relation for U(t) re-
tains the form (3.28) for the ‘‘normal’’ case, where
s < M2.

We would have arrived at the same results by con-
sidering the case where Up, is determined by the pole

in channel u, i.e.,
R

T

U!ﬂ: ’
or where Up, has the representation (3.9).

We have restricted ourselves to the case of equal
masses of particles in the intermediate (m; =m,;=m)
and final (M = M, = M) states. In the case of unequal
masses, the general picture is similar. ¥ M; > m, + y,
i.e., if the particle M, is unstable, the singular point
t; becomes complex.




THE DYNAMICAL PROPERTIES OF ELEMENTARY PARTICLES

KNt 4
V.4 7
“
44 474
FIG. 14

7. Square diagrams. The unitarity relation, applied
to channels t and u, allows us to establish the form of
the dispersion relation for the amplitude U(s,t) con-
sidered as a function of the variable t for a given value

of s. Here, naturally, t may take on all values, in par-
ticular, those referring to the physical region of channel

s or to non-physical regions. The value of s itself is
assumed to be fixed in the physical region of channels
t or u (i.e., |z| < 1, for example, s < 0 for elastic
scattering ). Now our problem is the continuation of
the dispersion relation into the region of arbitrary
values of s, referring to the physical region or non-
physical region of channel s. By carrying this out we
obtain a representation for U(s,t) as a function of both
variables.

Our problem is the following. Let the amplitude
U(t,z) be expressed by the dispersion integral

1 C AW, 2 ,,,
=) o= 4

Uft,2)=
where A(t,z) is real in the physical region (z2 < 1)
and is determined by the unitarity relation (3.20). We
must find the continuation of the functions A(t,z) and
U(t,z) for arbitrary z.*

Let us consider relation (3.25) for a very simple
example, applying it to the dependence of U on two
variables. (This amplitude corresponds to the Feyn-
man diagram of Fig. 14.) Let Up, and Uy, be deter-
mined by the poles in the s channel:

R,

Ubﬂ:ﬁ?——s]’ ""‘=}T—3s,‘ (3.38)
Then (3.25) takes the following form:
Al(t, z)=%:[221%‘q%?qa(z, 1),
where
t 23
a(z, t)=§i zf_zzz P ;}(771—2—2) : (3.39)
21

K is determined by formula (3.26), zf by formula
(3.27), p, 4, and p’ are respectively the center-of-
mass momenta of the final, intermediate, and initial
states, ¢; and ¢, are given by formula (3.33) for M
= M; or M, (the mass of each of the two particles in
the initial or final state).

In the inner integral of (3.39), by introducing the
factor ¥,, the integration along the real axis may be
replaced by an integration along the contour C of

*The method of investigating the analytic properties of ampli-
tudes on the basis of the unitarity relation is due to Mandelstam,[’]
In our presentation we follow Gribov.[*]

e
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Fig. 15, circling the branch line of the function VK .
For z?< 1 we have ¢y,,> 1 and 2z < 1 in the absence
of anomalous mass relations. The integral over z
reduces to the residue at the point zy = ¢;:

S dz, - 2n A
Jea—tVEGmm VK@i |
v ) ¢ (3.40)
= — 72 LI
a(z, t) n—gi G VTEC T !

Now the problem reduces to investigating the analytic
properties of a(z,t) for z > 1. The singularities of
the integrand are the following: z, = ¢, (a pole) and
z, = zF (branch points), where

=2, + V{2 -1 T —1).

Since ¢, > 1 (for t > 4m? and in the absence of
anomalous mass relations ), the first singularity is
outside the region of integration (3.40). From (3.41)
it follows that for z2 < 1 the branch points are com-
plex. For z =1, z§ = ¢; =1. Furthermore, for z > 1,
z; moves to the right and z; to the left of the point &;.
Z, takes on its minimum value and touches the inte-
gration contour z; =1 for z = ¢;. To continue a(z,t)
into the region z > &y, it is necessary (just as in item
3 for the triangle diagram) to investigate the behavior
of the function in the neighborhood of the point z = ¢,
for complex values of z. It turns out that the branch
line circles the point z, = 1, and thus the continuation
of (3.40) is an integral along the deformed contour C
(Fig. 16). Here the point z = £; is not a singular point
of the function a(z,t), which remains real also for
z > ¢y. A singularity appears when z; reaches the
values z; = ¢,. Then the integration contour C en-
circles the pole of the integrand z; = ;. Since

(3.41)

Im P e —nd (2, —§,),
for z; > ¢&»,
Ima(z, t) —:‘7—%—?7 . (3.42)

According to (3.41), z; reaches the value ¢, for z = z¢
where

2 =L+ VEG-DEC-1).

Since ¢; and ¢, are functions of t, Eq. (3.43) is a
curve in the z,t plane (or the s,t plane) on which
the function A(t,z) has a singularity. Thus A(t,z)
can be represented as a dispersion integral in the vari-
able z or s:

(3.43)

1¢ els, ) 1 ¢ o
N ol(z, 2z’ . oz, s) ,
a,9=7 | Lear =2 {20 ay,

Ze fe

(3.44)
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FIG. 16

where p = Im A, while s is related to z by the linear
relation (2.31). Here we designate the same quantity
by A(t,z), p(t,z) or A(t,s), A(t,s). Thus the am-
plitude U(t,s) in the example considered here has the
following double spectral representation:

v - Sty
where p is real and different from zero in the region
with the boundary given by curve (3.43). This region
is shaded in Fig. 17. We note that this is a non-phys-
ical region within which the two variables s and t are
positive and greater than 4u? and 4m? respectively.

The results obtained above no longer hold in the
case of the anomalous mass relation M? > m? + p2,

We shall not treat this case here.

8. The Mandelstam representation. Now we can
formulate the general statement, due to Mandelstam, (sl
concerning the analytic representation of the tetrode
amplitude. It is expressed by the following formula:

- 1 o (s, ') ds’ de’
U ud) = {§ o=y

+ e+ eeae=a )
where pj are real functions of the corresponding vari-
ables, which are different from zero within the region
of positive values of their arguments, bounded by cer-
tain curves.

By U(s,u,t) we here mean that part of the ampli-
tude which depends on both independent variables. In
addition, the amplitude may contain a part depending
on only one of the variables s, u, t, which is expressed
by pole terms of type (3.15) and one-dimensional dis-
persion integrals of the type (3.28).

A rigorous proof of the Mandelstam representation
based on field theory or on the principles of analyticity,
universality, and unitarity has not been obtained as yet.
We here present those arguments which make this rep-
resentation extremely natural.

First of all, let us consider the generalizations
which follow directly from the results of our investi-
gation of the simplest example (square diagram) ob-
tained above in item 4. There we used two-particle
intermediate states in the unitarity relation for the t-
channel. The amplitudes of the intermediate processes
were determined by poles in the s-channel. Along with
these, we can consider the intermediate amplitudes with
pole terms from the channel and, in addition, we can
use in similar fashion the unitarity relations for the s-
channel (with intermediate pole amplitudes for the u
and t channels) or the u-channel (pole amplitudes
correspondingly for s and t). We would obviously ob-
tain the same expression (3.45) with s and t replaced

dt’' ds’, (3.45)

(3.46)
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by another pair of variables (s,u or u,t). The limit
of the integration region in (3.45) would be determined
by (3.43), in which the corresponding values of z would
be determined for the other channels and where, in
place of the masses m and u, there would appear the
corresponding masses of the intermediate particles
for these other channels. Thus, the complete expres-
sion for the amplitude would have the form (3.46) with
the value p; determined by the function (3.42) (of the
appropriate variables). We note that this amplitude
corresponds to a set of square diagrams, i.e., the dia-
grams of Fig. 14 and others obtained from it by inter-
changing the external lines.

Furthermore, we can consider the case where the
intermediate amplitudes in the two-particle term of
the unitarity relation, for example, for the channel t,
are expressed not by pole terms, but by a dispersion
integral over s for a given t of the type (3.11). This
generalization is similar to that which was made in
par. 3 [ef. (3.37) et seq.]. We then again arrive at the
Mandelstam representation in which p is defined not
by (3.42), but by the formula [®]

. A(e, L) AT (L Ts) .
Ima(z, t) = S S VXt D) =5 di,dg,,

where A; and A, are the corresponding absorptive
parts of the intermediate amplitudes. The lower limit
of integration in (3.46) is determined again by (3.43)
where, in place of pu?, we must substitute the value of
the lower limit in the dispersion integrals for the in-
termediate amplitudes. Figure 18 gives a schematic
picture of the boundary curves and regions of defini-
tion of the functions pj for the reaction of scattering
of a pion by a nucleon.

The last step which remains to be done for justify-
ing the Mandelstam representation consists in the as-
sumption that inclusion of many-particle (v > 2)
states in the unitarity relation, in which the total mass
of the state is greater than the mass of the two-particle
state, leads to the same results except with a boundary
which is farther out. Then we arrive at formula (3.46),
in which the boundary of integration is determined by
the two-particle states, and where the function p in
some region is given by (3.42) and (3.47) and by addi-
tional, more complicated expressions.

Essentially the assertion expressed in the Mandel-
stam representation reduces to the fact that the func-
tion expressing the imaginary part of the amplitude in
the physical region is an analytic function of z, whose

(3.47)
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singularities are determined by the minimum masses
of intermediate particles in the corresponding channel.
Within the framework of perturbation theory this
assertion can be verified directly by investigating the
analytic properties of the integrals corresponding to
the Feynman diagrams. For the triangle and square
diagrams this was done by Karplus, Sommerfield, and
wichmann. ("3 Landau!J proposed a general method

for investigating the singularities of arbitrary Feynman

amplitudes. In those cases for which Landau’s method
has been applied to specific diagrams the results turn
out to be in agreement with the Mandelstam represen-
tation.

From the representation (3.46) one can, of course,
obtain the usual (i.e., single-variable) dispersion re-
lations. For example, for fixed t

. 1 0y A, 1yds | 4 ¢ Ay(w, t)du
Ut = WA D B, gy
DIE 2

where Mg andy M, are the minimum intermediate
mass in channels s and u,

Qs (s, t')dt’

1o(s)
afs, t)de 1 ¢
t'—t

t'—t n

—0

1 Lo o]
406 0=—7
{1{s)

1a(
Qsfu, t'ydt’ 1

' 3
Az(u, t):? g ) p

ti(u)
ti{s) and tj{u) are defined by the equations for the
corresponding boundary curves.

From (3.46) one can also obtain dispersion relations
for other quantities, for example, the partial ampli-
tudes.

Formula (3.46) assumes a definite behavior of the
spectral functions pj at infinity in order that the cor-
responding integrals exist. Just as in treating one-
dimensional representations, formula (3.46) can be
generalized to the case where pj tends to a constant
or increases according to a power law. Then one can
form, in place of (3.46), a corresponding representa-
tion with subtractions. It is assumed that the functions
p;i cannot increase faster than a power law, since this
would mean that the amplitude has an essential singu-
larity at infinity.

We should emphasize once more that the Mandel-
stam representation holds only in the absence of anom-
alous mass relations. If this is not the case, the ana-
lytic properties of the absorptive parts are more com-
plicated (%) and do not lead to formula (3.46). For this
same reason, a simple generalization of (3.46} to the
case of amplitudes describing reactions in which more
than four particles participate is impossible. In fact,
if we were to combine, for example, two or more par-
ticles, we would then have a situation analogous to the
triode or tetrode in which one of the particles has a
mass equal to W —the energy of the whole group of
particles. With increasing W, we would encounter
anomalous and complex singularities.

—o0

'
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FIG. 18a. Region of definition of the functions P; in the reac-
tionm +7 -7+ m

=47 s=0
s=(M+m)?

FIG. 18b. Region of definition of the functions P; in the reac-
tion7# + N—7 + N.

4, ELECTROMAGNETIC STRUCTURE OF PARTICLES

1. Scheme of construction of perturbation theory.
The only satisfactory part of the theory of elementary
particles is quantum electrodynamics, i.e., the theory
of interaction of electrons and photons. We want to
show that quantum electrodynamics can be constructed
on the basis of the principles presented above of a dy-
namical theory of the scattering matrix, without using
the apparatus of quantum field theory. Such a construc-
tion contains no new physical results and therefore can-
not pretend to replace the previous theory and to elimi-
nate the fundamental concepts of field theory, especially
since the principles of the S-matrix theory, and in par-
ticular the universality principle, are essentially based
on results of field theory. However, it is of interest
for several reasons. First, its apparatus and method
of calculation of higher approximations is somewhat
simpler. Secondly, we do not introduce such concepts
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as ‘bare’’ particles, which together with the concept
of a vacuum lead to infinities which are then eliminated
by a process of renormalization. The theory involves
only finite quantities (physical charges and masses)
and the construction of the amplitude on the basis of
the unitarity relation allows one to understand clearly
the significance of renormalization in field theory. In
the third place, it is important in principle to be able
to have another description, showing that the develop-
ment and generalization of the theory need not neces-
sarily stay within the framework of field theory.

Thus the starting point for us is the existence of
electrons (particles and anti-particles) and photons
with their assigned properties (mass, spin, etc.). The
simplest reactions from the point of view of the number
of particles participating are shown in Fig. 19 by the
three tetrodes, where the straight lines correspond to
electrons and the wavy ones to photons. These are the
reactions: a) electron-electron scattering, b) scatter-
ing of a photon by an electron and annihilation of a pair
into two photons, and c) photon-photon scattering.

4

A
FIG. 20

To find the amplitudes we use perturbation theory,
which means the following: the larger the number of
particles participating in a process, the smaller its
amplitude. This means that in the first approximation
we may keep, in the unitarity relation, only the one-
particle intermediate states. The higher approxima-
tions can be obtained by iteration.

As we have seen (Sec. 3, item 4), the amplitudes in
this approximation are expressed in terms of triode
amplitudes. From electrons and photons we can con-
struct only one triode, which is shown in Fig. 20. The
other three triodes that one might imagine cannot oc-
cur: they do not, for example, satisfy the law of con-
servation of momentum.*

Thus in first approximation the amplitudes of
tetrodes will be expressed by pole terms of type (3.16).
The tetrode amplitude in Fig. 19a has poles in the t
and u channels which correspond to the Feynman dia-
gram of Fig. 21a (the intermediate particle is a pho-
ton). The tetrode amplitude of Fig. 19b has poles in

*The electron spin is !4, that of the photon 1; the two photons
cannot have angular momentum %.
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the s and u channels (Fig. 21b) (where the interme-

diate particle is an electron). The tetrode amplitude

of Fig. 19c has no poles and, correspondingly, photon-

photon scattering does not occur in first approximation.
Let us now turn to the structure of the triode of

Fig. 20. According to (2.42) it is described by two

constants

U= = [gla (pa) Yutz (p)) + ng (P2) Ouvtz (1) 4+) Qs

1 4.1)
Ty = (Yu¥v — Yv¥u)-
Electrodynamics is obtained if we set
gi=¢e g=0, (4.2)

where e is the electron charge. The arbitrariness in
the choice of the form of the triode amplitude contained
in (4.1) corresponds exactly to that which exists in the
usual construction of the theory based on the interac-
tion Lagrangian.*

We obtain the second approximation if we retain the
two-particle states in the unitarity relation and substi-
tute for the amplitudes of the intermediate tetrodes the
first (pole) approximation. This will give the absorp-
tive parts of the amplitudes. The expressions for the
amplitudes in terms of their absorptive part A is given
by the dispersion integral

.1 A
U(’)z?g r’f—l)-

dr’, (4.3)
if A(r) tends to zero as r — «, so that this integral
exists. This case corresponds to the absence of di-
vergences in the Feynman integrals. If, however, A
tends to a constant or increases slowly (logarithmic-
ally), the amplitude is given in the form of a disper-
sion relation ‘‘with subtractions’’:

A"y dr
r—r) (=7

U@n)=U(r)+ " S

T

(4.4)

This case corresponds to a logarithmic divergence of
the Feynman integral, and (4.4) is equivalent to the
usual regularization. Here one must introduce the
constant U(ry). For a power law behavior A ~ rf,
one must introduce n+1 subtractions, i.e., one must
assign n+1 constants, for example, the value of the
amplitude and its n derivatives at the point r,.

" *The most general permissible form of the Lagrangian is the
following:
L=gijy A, +820,4F iy,
where A{.L is the vector potential, Fyy the electromagnetic field
tensor, ju the current density, and oyy the density of electromag-
netic moment,
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In quantum electrodynamics and other renormaliz-~
able field theories, we meet only logarithmic diverg-
ences. This means that for them we can use disper-
sion relations with one subtraction. The absorptive
parts of the amplitudes constructed by iteration will,
in the higher approximations, have the same behavior
at infinity, which means that they will be renormaliz-
able. Renormalizable theories lead to such a behavior
of A that each iteration again leads to the necessity
for introducing additional constants, which shows that
it is impossible to construct the amplitude in the form
of a perturbation series.

Later we shall give examples of the detailed con-
struction of quantum electrodynamic amplitudes in the
simplest case, where they depend on only a single vari-
able.

2. Vacuum polarization. Let us consider a reaction
described by the tetrode of Fig. 19a, with the one dif-
ference that we have not electrons, but two distinct
charged particles a and b. The s channel of this
reaction describes the elastic scattering of particle a
by particle b, while the t channel describes the anni-
hilation of an a pair with conversion to a b pair. The
values of the particle spins will not be specified, and
we shall write the amplitude of the fundamental elec-
trodynamic triode (cf. Fig. 20) in general form:

Uy = Z,eBuan (9),

where ay and ,8“ are the characteristic 4-vectors
(currents ) for particles a and b, which satisfy the
condition (continuity equation)

U, =2Z.e040,(q), 4.5)

Cpdu = 0, ﬂu‘]u =0, (4.6)

Zae and Zpe are the charges of the particles, which
are assumed to be small in order that we satisfy the
requirements for the applicability of perturbation
theory (the iteration method).

The amplitude of the reaction we are considering
has a pole in the t channel (Fig. 21a). Thus, in first
approximation, according to (3.14)—(3.16) and (4.5),

aufu.

To obtain a second approximation we consider the
two-particle part of the unitarity relation. As inter-

U = —

Z_a%_bf’ @.7)

mediate particles we may consider only electron pairs.*

We denote the amplitude in second approx1mat10n by
UP) and its absorptive part by AP, According to

(3.20) we get
Ag i—4m?
64n® V

Here Z denotes a summation over electron spins, m
is the electron mass, do is the element of solid angle
in the system of the c¢.m.s. of the pair. The amplitudes
for annihilation of an electron pair into a pair of par-

AP = (4.8)

S EU(‘)U(U'

*The particles having the lowest mass are the most important,
as will be seen from the result,

b
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ticles a or b also have pole behavior in the t chan-
nel: B
o ZerByy (Ka) vy (Ro)

— - ,
 Zaetayv (k) w2 (R)

— p ,

4.9)

where v(k;) are the four-component spinor amplitudes,
—k; and k, are the 4-momenta of the electron pair. If
we choose the normalization

v (k) v (k) =2m,
the coefficient 7\2 in (4.8) will be equal to unity. Thus
z,,z 2 t—4m® -
a0 = 222 o p, LV 5 (k) o (k)

X (v (kz) Yo (ky)) do.
The summation over polarization is carried out in the
usual way, and the integration is elementary. Also
using relation (¢.5), we get

AP (t)=Z,Z e auBy 5 u ;+2mz /t—/‘m ,
where o = e%/4r = Y3,
Formula (4.10) shows that U'P) differs from U®
by a factor which is a universal function of t. In fact,
comparing (4.7) with (4.10), we can write

(4.10)

Uwe = g

P, (4.11)

where

P(t) —4m2

Im—= 3tm(t-{-2m2) /

. (4.12)

The quantity P coincides with the vacuum polarization
operator which is defined in quantum electrodynamics.
We note that from (4.7) and (4.11) it follows that (since

ZaZve'u,fB,

) Y —
Ur+UP=——pp

(4.13)
i.e., the correction reduces to replacing 1/t by
1/{t—P(t)] in the photon Green’s function.

From (4.12) one can obtain P(t) directly by using
the dispersion relation

Im P (¢")/t'2 d

L - ]
Py 1 ¢
D S =1

{ . (4.14)

4m2
Substituting (4.12) and integrating gives the familiar
expression for the renormalized vacuum polarization
operator*

2t+4m

p(t)=_;‘?t[ — (1—Bctgh) : 4.15)1

where sin?¢ = t/4m?

Formula (4.11) can be interpreted as follows: The
second approximation correction reduces to replacing
the current ay in UY by o, + 6y, where

_— . )
*Cf., for example,*'],
tctg = cot
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P(2)
.

This means that particle a has a structure given by
the form factor

da, () =ay

F(y=1+F® ),
where

Fe (=28 (4.16)
The first term corresponds to a point charge, the sec-
ond to a distribution which has a universal character
for all particles. We have seen [cf. (1.4) and (1.20)]
that the imaginary part of the form factor is related

to the charge distribution by a Laplace transformation.
Thus from (4.12) and (1.4) we find for the distributed
part of the charge dp(r?):

dm ¢ 1
rdo=r Ve i (g ) @ —thdt. @1D)
From this we see that the effective radius of the
distribution Ry~ 1/m, Integrating, it is not difficult
to obtain the familiar formula for the charge contained
within a small sphere r for r « 1/m:

e(r)=e+ﬁe=e<1+—;—nln—(ﬁ),—>. 4.18)

Of course, this formula is applicable only so long as
fe « e.

3. Structure of the electron. If one of the particles
(for example, b) is an electron, the amplitude Ul()iz)
has two poles corresponding to the t and s channels
(the Moeller formula):

v (p2) Yy? (P11 [2 (k1) o0 (K2))
U“) { [v (p2) vy - v

(4.19)

_[2(p2) yy olR)] [0 (Ky) ¥y (Po)] }
Sg !

where p; and -p, are the momenta corresponding to
electrons in state b, s, = (p;—k;)%

As we have seen, the first term in (4.19) determines
a universal effect of vacuum polarization. The presence
of the second term is specific for the electron. It
brings about part of the amplitude for scattering of the
electron by particle a (second approximation), which
we denote by U(®), while its absorptive part will be
called A(®),

According to (4.19) and (4.8), we obtain [cf. (3.23),

(3.32)1
1 1 Zae
32n2 Vt(t—/:mz) T

Ale) =
X (0 (ky) Y0 (pl)),—_m ’
' 2
where [cf. (3.33)] £¢=1+ t—-:mz

the angle between the electron in the intermediate state
and state b in the center-of-mass system, and p is
the ‘‘photon mass.”’*

0, § 20 () Yoo (k) © () w0 ()

4.20)

, 2 is the cosine of

*This is the quantity introduced to eliminate ““infrared’” problems;
cf., for example,[*],

Formula (4.20) can be written in the form
—Zge%a
ey 0

Ale) = (4:.21)

and correspondingly the amplitude for scattering of
the electron is

Z.,e ay,

U= 22 1 plo g,

F{®) can be interpreted as the vector form factor of
the electron which, as explained in Sec. 1, can be re-
lated to the spatial structure of the particle. The gen-
eral expression for the vector form factor (cf. Sec. 1,
item 6) must have the form

FP (W) =0(p) [F9 () vat 5 G (D omalv(py)  (4.22)
and similarly
Fu (8) =0 (Po) [H()u + s 8(1)0uvas] © (21). (4.23)

The two invariant form factors F(€)(t) and G(®)(t)
determine the distribution of charge and magnetic mo-
ment of the electron.* f(t) and g(t) are the corre-
sponding absorptive parts of the form factors,

Im F© (&) =7 (1), )

ImGe ()=g (8. ;

Carrying out the summation over spin states of the
intermediate pair in (4.20) in the usual fashion and

doing the elementary integration, we obtain, compar-
ing with (4.21) and (4.23),

(4.24)

_g_______ _ 2 _ o t—4m?
10=1—=s [ 3—8me—@t—4mhIn =377,
i (4.25)
gl = 41/1(2 am1) (4.26)

Furthermore, on the basis of (4.24), using the dis-
persion relations,

4.27)

FO@ =L ( 1 gy
14 ASM (t'—tye

| G ar.

am?2

GO y=L (4.28)

We arrive at expressions for the form factors which
give for Fhe) the familiar expression which in quantum
electrodynamics is called the renormalized vertex part

for the electron (second approximation). In particular,
it is easy to see that
=12 (__d _ a
G (0)=2 $ P i (4.29)

which states the familiar result due to Schwinger.

In conclusion, we make a remark concerning the
character of the renormalization of charge in the
scheme presented here for developing quantum elec-

—————re
*More precisely, the ‘“‘anomalous moment.’’ The ‘‘normal,”’

i.e., Dirac magnetic moment of the electron, is, of course, con-
tained in the expression ¥ (p,) ¥, v(p,)
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trodynamics. At first glance, there appears to be no
renormalization here, since throughout we have dealt
only with finite quantities which admit of a direct phys-
ical interpretation. However, a renormalization is ac-
tually contained in the form of the dispersion relations
which we are using. Thus, for F€)(t) and F(P}(t) we
applied the dispersion relations (4.27) and (4.14) ‘‘with
one subtraction.’”’ The dispersion relation without sub-
tractions is not admissible here, since the correspond-
ing integral for f(t) given by the expression (4.25) di-
verges [since f(=) = const]. We chose the value of
F(€)(0) in (4.27) to be equal to zero since this con-
stant, which does not contain the expansion parameter
@, is equivalent to the form factor F™(0) = 1, which
is contained in the first approximation. A more gen-
eral expression may also contain F(0). Then the con-
dition

FY(0) + FO )+ FP(0)=1 (4.30)

is equivalent to a charge renormalization.

We note that, with respect to P(t), (4.14) is a dis-
persion relation ‘‘with two subtractions.’”’ To it we
can add two terms, P(0) + tF(P}(0). The second term
is absorbed in (4.30), while the condition P(0) = 0
corresponds to a renormalization of the photon mass,
since the amplitude (4.13) (or the Green’s function)
of the photon should have a pole at t = 0. For G(e)(t)
the first approximation gives a zero value, in accord-
ance with the postulates of quantum electrodynamics
(4.2). Therefore G(®)(0) should be determined
uniquely by the second approximation. It is remark-
able that the form of g(t) [g(=) = 0] in (4.25) gives
the possibility of using a dispersion relation without
subtraction (4.28).

4. The pion form factor. One of the most important
problems, which goes beyond the framework of quan-
tum electrodynamics, is the problem of the electro-
magnetic structure of strongly interacting particles.
The simplest of these is the problem of the electro-
magnetic structure of the lightest of the strongly in-
teracting particles, the 7 meson. It cannot be com-
pletely solved, but it is interesting to treat the formu-
lation of this problem and see what can be obtained on
the basis of the two-particle part of the unitarity re-
lation. (141

Let us consider the same tetrode (cf. Fig. 19a) in
which particle b is a 7 meson and particle a an elec-
tron. The s channel of this reaction represents scat-
tering of the meson by the electron, and the t channel
the conversion of an electron pair into a meson pair.
Radiative corrections associated with electromagnetic
interactions are small and can be neglected. Then the
general expression for the amplitude, in first approxi-
mation in the electromagnetic interactions and exact
with respect to the strong interactions, should have
the following form, which is determined by the photon
pole in the t channel:

U= —eaf LY, 4.31)
where, according to (4.1), (4.2), and (2.44),
au=0(p) Y0 (p)s ) .32)

Bo=pu=(pit P )

(p{ and p; are the momenta of electrons and pions,
corresponding to the s channel). The quantity F (t)
is the electric form factor of the pion.

We now consider the unitarity relation in the t chan-
nel. Since the internal parity of the pion is negative,
the parity conservation law and the angular momentum
conservation law forbid the transformation of two pions
into a single pion.* Thus, the first term in a unitarity
relation will be a two-particle term corresponding to
conversion of the pion pair into an intermediate pair.
As intermediate particles, we shall consider particles
with minimum mass, i.e., again pions. The threshold
of the reaction for formation of an intermediate pair
is t = 4m? where m is the pion mass, which will co-
incide with the threshold of the physical region of the
t channel for this reaction. The threshold for inter-
mediate reactions with formations of pairs of other
particles (K mesons or baryons) lies at t = 4M2,
where M is the mass of the corresponding particle.
Since M > 2m, it is meaningless to consider such
two-particle intermediate states without simultane-
ously treating states of four or more pions.f

Thus, if we include in the unitarity relation only
pion pairs, we obtain an exact expression for the imag-
inary part of the amplitude in the region 4m?2 <t
< 16m?2,

According to (3.20) (for A, =1} we have in this
region

Iml =—1 l/ﬂ"f g UpsUlsdo.  (4.33)

64n2 t
Ua, is the amplitude for transformation of an electron
pair into an intermediate meson pair, i.e., it is given
by the same expression (4.31), but with the initial mo-
menta pj replaced by the intermediate ones kj (k =k;
+ kz):
ezau

Uaﬂ= - ]

(4.34)

R F (2).

Up; is the amplitude for meson-meson scattering,
which we shall denote by Uj.
From formulas (4.31)—(4.34) we obtain

1 ‘/ t —4m?
6452 t

*The transformation of a pair of pions into a K meson is for-
bidden by strangeness conservation, and the transformation into
one of the other strongly interacting particles (baryons) is forbid-
den by conservation of angular momentum and other quantum num-
bers.

tTransformation of two pions into three pions is also forbidden
by the laws of conservation of isospin and charge parity.

puIm F ()=

F* (1) S FuUndo,
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or

- 1

ImF(t)=3%t |/‘—f’"’ F* (t)g Wa(t,2)dz, (4.35)
=1
where z is the cosine of the scattering angle in the
center-of-mass system.

The integral which appears in (4.35) is proportional
to the scattering amplitude in the p-state (I =1).* We
use the well-known representation for the scattering
amplitude

Un(t, 2)= 16 )/ —_

where the P; are Legendre polynomials, aj is the par-
tial amplitude, which is related to the scattering phase
o1 by

2 2l +1)a (t)P,(z), (4.36)
1

a; () = o (*% — 1), (4.37)
the coefficients in (4.36) are easily found from a com-
parison of formulas (2.15) and (2.186).

Substituting (4.36) in (4.35), we obtain

Im F (¢) = F* (t) a, (2). (4.38)

Unfortunately, this interesting relation holds only
in the region t < 16m?, in which there is only elastic
meson-meson scattering. If it were valid for all t,T
then we could directly express F(t) in terms of &,(t)
by means of (4.38).

In fact, by virtue of the reality of expression (4.38),
the phase F(t) should coincide with the phase of a4,
i.e., should be equal to 3,. Representing F (t) in the
form i

F(t)=en),
we see that
' by (1), t>4m,
Imu ()= 0, t < bmd,

Thus u(t) can be represented as a dispersion in-
tegral. Taking into account the normalization of the
pion charge,

F(0)y=1, i.e., z(0)=0,
we obtain

& (1)

OV g
7 (1) !

ow
F(t)y=e¢ ‘™ (4.39)

The theory of the pion form factor presented above
obviously has only illustrative character. It is ex-
tremely interesting since it shows that one can formu-

late problems outside the framework of perturbation

*We note that in a p-state (i.e., one which is antisymmetric
with respect to interchange of the two mesons) we can have
mesons with isospin T = 1.

fQne can imagine a situation where the only région which is
important in the dispersion integral is the region t < 16m*. This
case is assumed to be realized when one proposes the hypothesis
of a strong resonance in the meson-meson scattering in p-states.
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theory and indicates what restrictions are met in solv-
ing them in specific cases. From the practical point
of view we can compute the absorptive parts only in-
cluding two-particle states, in our particular example,
in the region t < 16m2 The inclusion of intermediate
states with three or more particles requires that we
treat amplitudes for processes in which more than
four particles participate (pentodes, hexodes, and
more generally polyodes), whose analytic properties
and spectral representations are too complex.

5. SOME APPLICATIONS OF THE THEORY OF DIS-
PERSION RELATIONS

1. Dispersion relations for meson-nucleon scatter-
ing. Here we present some important physical results
obtained by using the theory of dispersion relations.
These results refer to the scattering of = mesons by
nucleons. It is therefore desirable to have a specific
form of the dispersion relations for the pion-nucleon
tetrode amplitude which gives the explicit dependence
on spin and isospin.

Let p; and k; denote the initial momenta of a nucleon
and meson, p, and k, their final momenta, correspond-
ing to channel s (scattering). We use u; and u, to
denote the amplitudes for nucleon states, containing
their dependence on spin and isospin variables, and
X1 and ¥, for the isovector amplitudes of the mesons.
According to (2.47) we can write the amplitude for the
reaction U in the form

P ) + 1 -
U=uzx2ﬂ<U 8ga+ 5 (1pTa — TaTe) U >xmu,,

where U* and U~ are matrices which, in accordance
with (2.38) and (2.39), have the following form:

(5.1)

U* =a* (s, u, t)+—;—bi (s, u, ) £, (5.2)
where
=k +k,
s=(p+ k)% u=(p—k)%, t=(p—p)% ) (6.3)

and a and b are invariant functions.

Thus the process of scattering of a pion by a nu-
cleon (and processes which represent other channels
of the same reaction) are described by the four am-
plitudes a*, b*. These functions have definite symme-
try with respect to permutation of the variables s and
u, which is called crossing symmetry.

This symmetry is a consequence of the fact that the
s and u channels of this reaction are identical proc-
esses: scattering of a pion by a nucleon. Therefore,
when we interchange the momenta k; = -k,, and con-
sequently s ==u, and simultaneously interchange the
isospin indices « == 3, the amplitude U should not
change. Then it follows from (5.1) that U* — = U* for
k — -k, s ==u, and, further, from (5.2)

ax (s, u, t) = 4 a* (u, 5, ¥),
bt (s, u, t)=F bX@, s, 1), )

(5.4)
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We note that in the special case of scattering of a
7t meson by a proton, the corresponding amplitudes
Upt are expressed according to (5.1) as follows:

Ut =U* F U, U =3 (Un- £ Uns). (5.5)
In order to establish the form of the dispersion re-
lations which these amplitudes satisfy, we must know
their following characteristics. First, the location of
the poles and the values of the residues at the poles,

which are determined by the masses of the one-particle

intermediate states and the amplitudes of the corre-
sponding triodes. Second, the location of the nearest
branch points, which are determined by the masses of
the two-particle states. Third, the nature of the be-
havior of the amplitudes at infinity.

The single-particle intermediate state (nucleon)
occurs in channels s and u. Using the results of
Sec. 3, item 4 and Sec. 2, item 6, we get for the pole
part of the amplitude
Upol= 1;2)(;3’];— g* (%ﬂ:i_s - M—Z‘iﬂu ) X1p%1r (5.6)
where M is the nucleon mass, g is a constant
[g =g(M?)] in (2.41).* Comparing (5.6) with (5.1)
and (5.2) gives for the pole part of the matrix U*

1] 1 1
Ugor=8* 5 (3= ¥ w=w ) 6.7)
i.e., for the pole part of the amplitudes
k-
apo1=0,
(5.8)

bpo1=§" ("M:}TS:F 75%;) . }

Two-particle states represent a nucleon and pion
(mass M + m) in the channels s and u and two pions
(mass 2m) in the channel t. Thus for the amplitude
considered as a function of s for given t, the start
of the branch line is at the points s = (M + m )2 and
u=(M+m)i

Regarding the behavior of the amplitude at infinity,
on which the form of the dispersion relations depends
in the sense of the required number of subtraction
terms, we have no information except that which may
be obtained from comparison with experiment.

The dispersion relations without subtractions have
the formf

aii (z, t) 112i (z, ¥) )

1 1
a* (s, )= et e 9
(MA{m)? (M+tm)2
1 1 1 b (2, 1)
+ 1
b= (s, u, t)=g2(———M2—8 ¢———M,_u>+7 73 !
(M-m)s
o0
¢ b5 (z,t
—{———1— 2 (=1) dz.
14 r—u
(MFm)z

—— (5.9)
*The roleof g in the nucleon-meson triode is the same as that
of the charge e in the electron-photon triode. Therefore g is called

the nucleon-meson coupling constant.
tIn relation (5.9) there may also occur terms c(t) depending

only on t.

In order to obtain dispersion relations with one sub-
traction, one should obviously, on the basis of (5.9),
form the difference

a* (s, u, t) —a* (s, ugs ¢)
and

bE (s, u, 1) — a* (s, ugs 8)s

where sy and u, are certain fixed values of the vari-

ables for given t.

The absorptive parts af, and by, in the physical
regions are equal to the imaginary parts of the corre-
sponding amplitudes a*(s,u,t) and b*(s,u,t):

af (z, ) =Imat (x, h—2z2—14,1),
ai (z, )y=Imat (h—z—1¢, 2, 1)
(h=2M?+ 2m?),
and similarly for b, ,. From this, as a consequence of

(5.10)

the symmetry properties (5.4),

t(x, )= £ , 8,
af (2, 8) = + a5 (2, ?) ) 5.11)

of (z, )= F % (z, 1).

2. Dispersion relations for forward scattering.
Coupling constants of strong interactions. The sim-

plest thing from the point of view of comparison with

experimental data is to consider the dispersion rela-

tions for the pion-nucleon scattering amplitude at zero
angle, 3] j.e., for t = 0. Then the whole integration re-

gion is in the physical region of the variables. Further-

more the imaginary part of the amplitude is expressed,

according to the optical theorem, in terms of the total
cross section, and is thus measured independently.
Suppose that w denotes the meson energy (both
initial and final, which coincide for the case of scatter-
ing at zero angle) in the rest system of the nuclei.
Then
s=m24 M*+2Ma,

u=m?4+ M2 —2Mw. ) (5.12)
Correspondingly we shall use the notation
a* (s, u, 0) = a* (),
. oo (6.13)
bt (s, u, 0) = 0% (@) )
and according to (5.10)
af (z, 0) = Im a* (v), J (5.14)
Of (z, 0) = Im b* (v),
where
x=m?2 4+ M2 1L 2Mv. (5.15)
The symmetry property (5.11) takes the form
a3 (z, 0)= & Tmat (v),
i, 4 (5.16)
b3 (z, 0) = F Imd* (v).

We note that the arguments v are assumed to have an
infinitesimal positive imaginary part (v — v +10).

Using all of these notations, we can on the basis of
(5.9)—(5.11) construct the dispersion relations directly
for the amplitudes

b o
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UZ (s, u, 0) = U* (w).

We note that for a nucleon at rest

— k _
Uy -5 Uy = OUY,
so that
U* (o) =4 (0) + 0b* (o). (5.17)

We write these dispersion relations in the following
form:*

o

— 2f2 2 Im U~
U0 =5+ 2 (I D ay, (5.18)
m
2i%9%0

U o)== 0" (m)—

m nz—owd) (02— wl)

2% ¢ ImU” (v)dv
q:n; S(v“—mﬂ)(vﬂ—mz) ' (5.19)
+ 2/2. 2
U @) =U* (m) + sy (wi—op
22 ¢ vImU* (v)dv
+- o ey (5.20)

where wy=m?/2M (the energy of the meson at the
pole), f=g(m/2M), q = Vv w?~m? (momentum of the
meson).

Formula (5.18) is a dispersion relation without sub-
tractions. It obviously has a meaning if Im U™ (») in-
creases more slowly than ~ v for v — «.t Formula
(5.19) is obtained from (5.18) by subtracting the quan-
tity (w/m)U(m). Formula.(5.20) is a dispersion re-
lation with one subtraction. For its existence we re-
quire that Im U*(») increase more slowly than »?
for v — o,

To apply the optical theorem, we use expression
(5.5) relating U with the amplitudes for scattering
of 7* mesons. Applying formula (3.7) to each of them
(in this formula I=qM, Ay = 2M), we get

Im U* (0) = 7 9 (0 0, (5.21)

where o,* is the total cross section for interaction of
a 7 meson with a proton.

If in accordance with the present data we assume
that as w — =

Gz (@) = 0%y (5.22)

where a;-h are constants, the integrals appearing in
(5.19) and (5.20) converge. These relations have been
used for an experimental test of the dispersion rela-
tions. An important result obtained in this way was
the determination of the constant f. They gave

2= 0,082 4 0.015,

*If in (5.9) we add a term c(t), then in (5.18) there appear the
additional terms c, + ¢, w.

tWe assume a power law increase, For slower increase (for ex-
ample, ~ v/Inv) equation (5.18) is not applicable.

i.e.,
g%~ 15. (5.23)

This number is a measure of the ‘‘strength’’ of
meson-nucleon interaction. ( For electromagnetic in-
teractions the corresponding quantity is the constant
32/47T = 1/137. )

3. Pomeranchuk’s theorem. We have assumed that
the behavior of the imaginary part of the amplitude U*
for large w is given according to (5.21) and (5.22) by
the law

U (0) =C*o, (5.24)
where

Ct =02 4 0. (5.25)
The dispersion relations permit us to find from
these the behavior of the real part of the amplitude at
large w. From (5.19) and (5.20) we have for large w

ReU* (0) < gonst-m, ReU (0) > o( const +C~In %) .(5.26)
I~ 00 W—+c0

We see that if C~ = 0, the real part of the amplitude
increases faster than the imaginary part. But it is dif-
ficult to make such a behavior agree with the constancy
of the cross section. For example, in the natural
model which leads to a constant cross section and a
finite interaction radius, the imaginary part of the
amplitude for elastic scattering is greater than the
real part.* To eliminate this contradiction we must
assume that C™ =0, i.e.,

o2 =02, (5.27)

This assertion is the content of Pomeranchuk’s
theorem. (131 We note that because of (5.27), the sim-
plest dispersion relation (5.18) has a meaning.

The Pomeranchuk theorem can be formulated as a
general relation between the asymptotic values of the
total cross sections for collision of a particle with a
certain particle and with its antiparticle, for the case
where these cross sections are constant and the real
part of the amplitude increases no faster than the
imaginary part. In fact, under these conditions the
scattering amplitude for the particle at zero angle for
large energies w has the form

U =Co. (5.28)

*A finite radius R for the interaction means that in expanding
the amplitude in partial waves of the type

U (@)= S @+ a
!

the important effects come from I < [,~wR. Since |aj| <1, it then
follows that [U(w)| < R*w, i.e., ReU always increases no faster
than ~. Since

Im aq =%(i —cos 2513-2"'1), Re g =—;— M gin 28,
(the factor e M is related to the presence of inelastic processes),

i.e., Im a; contains a constant term, and it is natural to expect
that Im a; >> Re aj (as, for example, in the case of diffraction.)
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Expression (5.28) is the limiting value of the function
of a complex variable U(z) for z=w +i0 and w — .
But then, over the whole upper half plane (since the
singularities of U lie on the real axis), the amplitude
must have the form

U(z)=Cz

(Iz] = )
and consequently,
U(—0+i0)= —Co.
Using crossing symmetry, according to which
U(—2=U (2,

where U is the amplitude for scattering of the anti-
particle. The argument of this amplitude in the phys-
ical region is z = w +i0. Thus

V(o+i0)=U(—0—i0)=U*(—o+i0)= — C*a,
i.e.,

ImU=1ImU. (5.29)

4. Peripheral collisions. An important consequence
of the principle of universality is the equivalence of the
analytic properties of the amplitude for different vari-
ables, which play essentially different roles kinematic-
ally in a given channel of the reaction. In the preced-
ing we have considered dispersion relations with re-
spect to the variable s in channel s. Now let us look
at dispersion relations in the variable t in channel s.

The amplitude U(t,s) as a function of t for given
s we write in the form [cf. (3.11) and (3.16)]

R 1 C A ydt 4 Ay(s, w) dut
U(t,8)=m+'n—g l(:lf‘*‘?g%,(f):’n())
M} M3

where M? and M% are the masses of two-particle in-
termediate states of the corresponding channels. For
simplicity we have here assumed that the amplitude
has no pole in the u variable and the particle has no
spin. Furthermore for simplicity* we shall assume
that the s channel corresponds to elastic scattering
and that the masses of the particles are the same, so
that

t=—-2p*(1-2),

u=—2p*(1+2), (56.31)

where z is the cosine of the scattering angle, p the
momentum in the center-of-mass system. If we use
(5.31) and introduce the notation U(t,s) = U(z,p) and
similarly for A; and A, we can represent (5.30) as
follows:

R 1 Ay (2", p)dz’
U(z, p)=' ZP’(Z—ZD) 'T":_" S . 7 —2z
1 Ay (2, p)dz’
+T S — (5.32)
M3
B 23

B AU

*All of these assumptions are not essential. In the case of
particles with spin we should undetstand by u one of the invariant
amplitudes.

M2
2p?°

Let us find the partial amplitude corresponding to
scattering in the state with angular momentum I:

where z5=1 +

1
al(p)=%8 U (z, p) P, (z) dz. (5.33)
=

The amplitude (5.33) differs from the amplitude a; in
(4.36) by a normalization factor:

o =8z a, (5.34)
Substituting (5.32) in (5.33), we find*
@, (p) = 5 Qs (3) + = °§ Q) 4, (@, Pz
l+—;%
& 0@y aw, nar, (5.35)

where Qj is the Legendre function of the second kind,

1

0=\ 29

—1
Qq(z’) falls off rapidly for sufficiently large 7 as z’
increases (z’ > 1). Thus the main contribution to
aj will come from the first term in (5.35), associated
with the pole part in the amplitude. (18] This result
has a simple physical interpretation. Since the ab-
sorptive part A(t) determines the interaction with
radius 1/Vt , for large angular momenta, i.e., large
impact parameters, the important role is played by
the largest radius, i.e., the smallest mass for the in-
termediate state (a one-particle state, if there are
such).

Suppose, for example, that p/u < 1 (nonrelativis-

tic case). Then

2142
a(t+4m)~(5)

and according to (5.35) and (5.34) we have

 p2lt1
a, ~ p*+t,

a well-known result of quantum mechanics. For
u/p < 1, but u/p > 1,

2 —1#
Ql<1+ z};z>~e P
The partial amplitudes fall off exponentially with in-
creasing [.

Corrections to the first term (or the main contri-
bution when there are no one-particle intermediate
states ) are contained in the integral term in (5.35).
Because of the drop-off of Q(z’), we may choose such
conditions that the main part inthe integralis due tothe

" *Of course, we are assuming here that the integrals (5.32)
exist, so that in the double integral obtained one can interchange
the order of integration. The results are not changed if we use
dispersion relations with subtractions,

Y



36

gion in the neighborhood of the lower limit. Then to
find «j it is sufficient to know the absorptive parts of
the amplitudes only in the region where they are deter-
mined solely by two-particle intermediate states. This
poses the problem of calculating partial amplitudes for
large 7.[17]

The main problem of this paper was the presenta-
tion of the general theory of the scattering matrix, not
based on the apparatus of field theory. We have seen
that this scheme is equivalent to field theory in the re-
gion of applicability of perturbation theory. The suc-
cesses of the present theory outside the realm of per-
turbation theory are as yet only episodic in character.
In principle, this theory contains a small parameter,
not connected with the smallness of interaction, which
allows us to hope that it can be extended. This is the
ratio of the masses of intermediate states to the small-
est masses present. On this basis, numerous attempts
have been made to construct a closed theory in the re-
gion of low energies (cf. [18:1%]) using only two-par-
ticle intermediate states. So far these attempts have
not met with success. It appears that the amplitudes
at low energy depend essentially on the properties of
the processes at high energy. The treatment of many-
particle states meets with difficulties associated with
the complicated analytic properties of polyodes. At
present there exists no general algorithm similar to
the Feynman rules for constructing the part of the am-
plitude which is related to a given number of interme-
diate particles.
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