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IN the preceding sections we have obtained the energy
spectrum of a ferromagnet and used it for calculating
the spin specific heat and the magnetic moment of the
ferromagnet. In doing this we started from the Hamil-
tonian for the ferromagnet, either in its simplest form
(1.6), or in the form (2.3), which takes account of mag-
netic interaction and the anisotropy of the energy, and
we kept in this Hamiltonian only terms which were
quadratic in the operators for creation and annihila-
tion of spin waves. The neglect of higher powers of
products of these operators, which is justified for find-
ing the energy spectrum of the ferromagnet close to its
ground state, does not, however, enable us to study
various kinetic and relaxation processes in ferromag-
nets which are due to interactions between the elemen-
tary excitations.

Proceeding now to the investigation of relaxation
processes in ferromagnets, we must include both the
interaction of the spin waves with one another, as well
as their interaction with other elementary excitations
which are characteristic of the ferromagnet. Here we
shall limit ourselves to a treatment of ferrodielectrics
only, and therefore, in addition to the interaction of
spin waves with one another, we shall also consider
their interaction with phonons.1

To obtain the Hamiltonian for the interaction, we
must take the total Hamiltonian for the ferromagnet
which takes into account lattice oscillations, and, after
transforming to variables which describe the creation
and annihilation of spin waves (cj, ci) and phonons
(bfg, bgg), we must by expanding in series select
those terms which contain the operators cﬁ and cg
to third and higher orders, as well as mixed terms

*For Part I cf. Usp. Fiz. Nauk 71, 533 (1960), Soviet Phys.—
Uspekhi 3, 567 (1961).

containing both the operators ci and the operators
bgg. The entire collection of these terms is the inter-
action Hamiltonian in which we are interested.

First let us consider the interaction of spin waves
with one another. The Hamiltonians for interaction of
spin waves with one another can be obtained from 3§’
and 34 (cf. Sec. 3) if we change from the operators
ag and ayp to the operators cf and cp according to
formulas (3.16). As a result they take the form:

9 ’ + » .
FEP = ) Dfy;scicse; + Herm. conj.
53

PR

’ + o+ ’ + 3
P Dfy; 3sciciees + 0 Df; aaucicyese, + Herm. conj.
1234

(10.1)
where the quantities &’ are obtained from & by
means of the transformation (3.16). The operators
cik and cg which appear here are the true operators
for the creation and absorption of spin waves (in con-
trast to aj and aj). The expressions 3¢ and 3¢’
which are defined by formulas (10.1) are the interac-
tion Hamiltonians for the interaction of spin waves
with one another. Clearly, JC(S3) describes processes
of splitting of one spin wave into two and fusion of
two spin waves into one, while JC(S"‘) describes proc-
esses of scattering of one spin wave by another, as
well as the splitting of one spin wave into three waves
and the fusion of three spin waves into one wave.

In the case of a uniaxial ferromagnet with strong
anisotropy, when the inequality

Hy
B+ 3 > 1

is satisfied, the quantity uy is close to unity, and v
is close to zero, i.e.,

+

cx =~ Gk, Ck =~ y.

Therefore in this case the variables aﬁ and a, can
be regarded as operators for creation and absorption
of spin waves, and we can use the expressions (3.14)
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and (3.15) as the interaction Hamiltonians. However, .or the momentum:

we note that such an approximation is already insuffi-
cient for the case of cubic crystals with small aniso-
tropy constant, if they are in a weak magnetic field.

The total Hamiltonian for the interaction of spin
waves with one another is a series in powers of the
operators cf{ and Sk with an expansion parameter
which is the mean value of the deviation of the mag-
netic moment of the ferromagnet from its maximum
value. This quantity is essentially small at low tem-

" peratures. Therefore, the Hamiltonian for the inter-
action of spin waves with one another can be used
only over ranges of temperature which are low com-
pared to the Curie temperature.

In the total Hamiltonian of the interaction, the terms
of lowest order contain the operators cf{ and cg to the
third power. They arise from the expansion of the
magnetic interaction energy. However, in addition to
these terms, one must generally also include terms
containing cﬁ and cp to fourth order, these terms
arising from the expansion of the exchange energy
and therefore containing an additional large factor.
Terms which contain powers of the operators cE and
¢k higher than the fourth are only small corrections,
and we shall therefore not include them.

Now let us calculate the probabilities of processes
described by the Hamiltonians 3§ and 3¢, i.e., the
probabilities for fusion and splitting, as well as scat-
tering, of spin waves. Let us begin with a determina-
tion of the probability for fusion and splitting of spin
waves.

Using formula (3.20), which gives the matrix ele-
ments of the operators cE and Ck, we obtain the fol-
lowing expressions for the matrix elements of the
processes of interest to us:

(ny 1y, g | 57 |y + 1, 0y 51, my— 1)
i
= 20455 Vi + D) (myt Drgem VA (e 4 ky — k),
(ry, Ry, g | FEE 0y + 1, ny— 1, ng—1)

i
— (e1—e2—e3)t

=203, V (1, + 1) nong e® Ak, —k,—ky),
(10.2)
where nj = nk;, €j = €k;.
The probabilities for the processes are
ny, N3, N 2
Wttt mat= 501 2012, 3 (1, +1) (ny 1)
X ngd (e, +e,—&5) A (k,+k, —ks),
7 7 2
Wn}:i:’;z.”n;—i, ng—1 = Tn I 2®23; 1 I2 (nl + 1)
Xn,n,0 (e, + €5 — &,) A (ky + kg — k), (10.2")

where 6 (x) is the Dirac 6 function.
We see that, in the processes we are considering,

the law of conservation of energy holds:
By =8 T8 & =etg

as well as the law of conservation of the wave vector

ky=k, +k, k,=k,+ki.

We note that, in general, in crystals the latter rela-
tion is replaced by the more general relation

k, + k, — k, = 2nb,

where b is a vector of the reciprocal lattice. How-
ever, in defining the probability averages we can limit
ourselves henceforth to the case b = 0, since the inclu-
sion of scattering processes with b = 0 (these are
called ‘‘umklapp’’ processes), leads to small correc-
tions.

Knowing the probabilities fer fusion and splitting of
spin waves, we can determine the change in the num-
ber of spin waves per unit time due to these processes:

n1c = Liis; {n}’

L {ny =25 S (| @153 1 [(n+ 1) (10 + 1) g — mym, (2 + 1)]
23

X8(e,+e,—ez) A (k1+k2_ka)+[®13;2[2 [(n+ 1) (my+ D)y
— nyng (ny+1)] 6 (8; 25— £} A (k; +ky — k)

+| Das; 1 P [(0y+ 1) myng — 1y (R + 1) (g + 1)] 8 (8, — &2 — &)

X A (k; —k, — ky)}, (10.3)

where L{’{n} denotes the collision operator associ-
ated with the Hamiltonian 3.

Using the expression (10.3), we shall calculate the
mean time for splitting or fusion of spin waves.

We shall assume that the numbers of spin waves
differ very little from their equilibrium values nf‘

= (expETk —1)_1:

ng=ng+0ny, |6nk| < nk,

and expand the collision operator Lfé”{n} in powers of
ong. The zeroth order terms in this expansion vanish
since the equilibrium function makes the collision op-
erator zero. The coefficient of éni taken with re-
versed sign can be regarded as the reciprocal of the
lifetime of a spin wave with wave vector k with re-
spect to processes of fusion and splitting. This quan-
tity, which we shall denote by 1/ Tf?), is obviously
equal to

(&3]
. _(___GLK {"}) , (10.4)
[}

w dny

where the subscript zero on the functional derivative
means that the numbers of spin waves are replaced

by the corresponding equilibrium functions. Averaging
1/7{® over the equilibrium distribution n), we find a
quantity which is the reciprocal of the mean life of the
spin wave with respect to the processes of fusion or
splitting:

(10.5)
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The calculation of the functional derivative gives
w® =35 S Oy 5 (20000 +1) 8 (6, + €0 — 85)
123

1

XA (ky 4 ky — kg)

1

Changing from summation over k to integration in ac-

(10.5")

cordance with formula (7.5'), we obtain:1»?
2, 1
oo =2 ”WZ ( = ) F (n), (10.6)
where
2
Fn)= g S {exwﬁﬁ‘ 1)(eu—1)}
Tl
n? %
(o )
He
n=HT , H(E)::Ho—{—ﬂMo.

An explicit expression for the function F(7n) can be

obtained only in the limiting cases of small and large n:

(10.6")

Thus w'® is defined by the following formulas:

2 pM, 1/2 uHﬂ ,
EE) h asﬁ(;(BC) In? s wWHO LT

w?® = 9 3/ ”H(e)
n*/tuM, p2 PH O NIz~ @
57 h &%, \_ B0 e ;o WHOST.

(10.7)

We see that in the regions of low effective magnetic
field the average time for splitting is essentially in-
versely proportional to Vv'T; in the case of strong
fields it increases exponentially with decreasing tem~
perature.

Now let us proceed to consider the processes of
scattering of spin waves by spin waves, as well as the
fusion and splitting of spin waves, which are described
by the Hamiltonian 3¢§.

The matrix element for the scattering of a spin
wave by a spin wave has the form:

(n17 n2v ng, n4‘ ?%éh l n1+ 17 ﬂ2+1, ng— 17 ng— 1)

=4 (D1g;3: + D345 12) V (0, + 1) (no+ 1) ngny

% o (e1+e2—e3—ea)t A (kl + k2 — k3 — k4)

The probability of this scattering process is

71701, N2, N3, N4 21
WP ad 1 ma—1, ng— 1=—~——- | Dy, 34

+ @ 122 (ny + 1) (ng+ 1) ngn,

X B (8y 4 &y — £5— 84) A (ky + ky— ky— k). (10.8)
The matrix element for the splitting of one spin
wave into three spin waves, which is described by the

Hamiltonian 3¢, has the form
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(np Ny, Ng,y n4l -7(9?’\”1 —-1, n, 1, na—}—i n4+ 1)

(821—83-{»84 et

= 6(1)1 234 an n2+ 1) (na + 1) (IZ4 + 1) "
XA (ky+ kg + ky — k).
The probability for this process is

ny, Mg, ng, . 72m.
Wl g 1 makt, mgt = ‘hi [ @1 250 P 1y (ny+ 1) (R5+ 1) (g 1)
(10.8")

X8 (e +es+e,—ey) Ak +ky+ky — k).

Let us now determine the change in the numbers of
spin waves because of scattering processes and split-
ting and fusion of spin waves as described by the
Hamiltonian 3¢§:

p— )
n‘i =Lk1 {n},

Lm— 2 481(1)12 34+(D34 12'2 n1+1) (I’L2+1) ngn,
234
—nyn, (ny+ 1) (ny+ 1)] 6 (gy+e,— g3 —8y)
XA (k,+k, —k;—ky)

+ 36| @4; 254 [P [(ny -+ 1) nangny — ny (ny 4+ 1) (ng+ 1) (ny + 1)]

X8 (e —e,—e5—e,) A(k, —k, —k;— k)

+ 108 | ®y; 031 [2{(n, + 1) (ny + 1) (ng+ 1) ng— nyngng (ny + 1)]
X 0 (g, 8yt £5— £,) A (ky + Kk, + ky —ky)}. (10.9)
We represent the collision operator L{’{n} in the

form:

L () = L {n) + LY {n}, (10.10)

D @ lyky + koky) [ a(kky 4 kok,) +4
2,3, 4
+ 2t (sin? 0, + sin? 0, 4 sin? 6, 4 sin? 6,)

(i, ikl Ry K?  (ky— kg2
alt—= —k4>2+ kT kT k) )

6 mpt

Ls(e) {n} = hye

X [(ny 4 1) (ny + 1) ngny — nyny (ny -+ 1) (ny + 1))
XO(e,+e,—e5—eg) A (kg +k, —k; — k), (10.10%)

6rpt
hy?

L) () =2 3 [2[3 4 7u (sin? 6, + sin? 6, |- sin? 6, -+ sin?6,)
234

(ki—ky)? | (i—ko)? | (ko—ky)? | (ky—kq)? 72
g T e e Ty ) )

X [(ny+1) (ny+ 1) ngny — (ng+ 1) (ng+1) niny)

X8 (e, 4 e, —eg—e,) Ak +k,—k;—k,)

—2n

2n3pt

+ T TRVE

b= ) {Isin?0,e™ 2 f-sin? 6,e ™ %% 4 5in20,e ¥ % 2
234
X [(ny + 1) nyngng — ny (ng -+ 1) (n5 4 1) (ny + 1)]
X8 (ey-Feyste,—e) Alky+ky+k,—k;)+3]|sin2f,e” %%
+ sin? 0,e” %% - sin? 6,6~ ¥ |2
X {(ny 4+ 1) (ry 4 1) (ns + 1) ny — nyngny (ng + 1)]
X 8 (e;+ea+e3—ey) Ak +ky+k; — k)l (10.10”7)
We note that in the temperature range T > uM, the
operator Li{r ){n} can be regarded as a small correc-
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tion to the operator Ll({e){n}, since

T
ak? ~ 70 > 27[6.

gk

wH, " g
Therefore, in determining the average probability of
scattering of a spin wave by a spin wave we can neg-
lect the operator Lf{r '{n}, and in the operator L{®{n}
we can omit terms associated with the anisotropy en-
ergy and the magnetic dipole interaction. Inclusion of
this operator is necessary when one treats relaxation
of the magnetic moment (cf. Sec. 12).

Using the expression (10.10°) for L{®){n} and pro-
ceeding in the same way as was done in finding 1/ @),
we can determine the mean time for scattering of a
spin wave by a spin wave:

1

_ 6 a?ul
e

W) === Z (kK + kgk,)® ngng (ng+ 1)
1234

Ak +ky—ky—k,) 8 (e, +-eg— €3~ &4)

1
_— 10.
Z ) (10.11)
k
Changing from summation over k to integration, we

obtain, except for a numerical factor of order unity:%3

9 T \¢
+(%)
The processes of scattering of spin waves by spin
waves, which are associated with the exchange interac-

tion, cannot change the total magnetic moment of the
ferromagnet, since the magnetic moment of the body
commutes with the exchange energy. These processes
need not be included along with the splitting and fusion
of spin waves, if w® > w(®),

as is the case for T > 6. (_Ife%_o_)v7’ their role be-

w®) & (10.11')

comes important. In fact, just because of these proc—
esses, there is established a quasi-equilibrium Bose
distribution of the spin waves (with a non-equilibrium
magnetic moment) which gradually, because of the
processes of splitting and fusion of spin waves and
also of scattering caused by the anisotropy energy,
goes over into the equilibrium distribution (cf. Sec. 12).

11. Interaction of Spin Waves with Lattice Vibrations

We now proceed to investigate processes of inter-
action between spin waves and lattice vibrations. In
order to find a Hamiltonian describing these inter-
actions, we consider the magnetostriction part of the
total Hamiltonian of the ferromagnet, containing the
spin variables and the deformation tensor:
aM M,

u
Brp im

(11.1)

Foa= % Yix (M) uyp dv - S Yikimrs dv,
v

where vik(M) and yikimrs(M) are the tensors of the
magnetostriction constants: the first of these describes
magnetoelastic effects for homogeneous magnetization,
and the second for inhomogeneous magnetization.

The terms written here exhaust all combinations
which contain the deformation tensor uj) linearly,

If, however, w(® » w®,
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and consequently contain the operators for creation
and absorption of phonons linearly. We can restrict
ourselves to these terms in treating low temperatures.
As compared to the Hamiltonian (6.1), we have here
oMy OMg
written an additional term Yikimrs—=— o -E
containing the derivatives of the magnetic moment
quadratically and the deformation tensor linearly.
Since this is a term of third order (with respect to
Mj and ujy), this term was omitted in considering
coupled magnetoacoustic vibrations in Sec. 5.
8My OMg
In the expression Yikimrs — % Ok
inhomogeneous magnetostrictive energy, it is suffi-
cient to keep only the main part, which is due to ex-
change interaction, and omit the part which is of rela-
tivistic origin. The exchange part of the magneto-
striction energy can be obtained from the exchange
energy (1.2) if in it we expand the quantity J (rzpy ),
which depends on the distance between atoms, in a
series of powers of the deformation tensor.
The term in this expansion which is linear with re-

My OMp
spect to uji has the form vyjxry —— B This

UIm:

uzy for the

—8)—{? U.lm.
expression, which is invariant with respect to rotation
of the moment M, is the exchange part of the magneto-
strictive energy in which we are interested; it is char-
acterized by a tensor vyjkm which is fourth rank and
not of sixth rank, and whose components can be as-
sumed to be independent of M. If, for simplicity, we
assume that the body is isotropic, we can write this
tensor in the form:

6 6
Yikim = 2 51 s (61L6km+61m6hl)+52 o 8kl (11.2)

where By, are quantities of order unlty. In this case
the tensor yjx(M) has the form:

Yir (M) = yM My + v(M?)8;;,

where the values of y and vy, can be taken for M = M,.
Substituting (11.2) and (11.2’) in the Hamiltonian
(11.1), and noting that |ujjdv =0, we obtain in the

isotropic case, after expanding the moment M in
powers of the deviation m:

(11.2")

e%f)él = 2YM0 S (mxuxz =+ myuyz) dv
\ 4
1 . . - .
—+ 4 Y (’ {(m )2 (uxx - uyy - Zluxy) - (m )2 (uxx— uuy + ZZu:cy)
v
+ 2m+m_ (uxx + uyu) + Sﬂlomzuz:} dU

omt om~

ﬂca2 om+ gm~ \
g(ﬁl F; duy Uip + Py 5 — Fzn Ozn u”/

u i (11.3)
where we have limited ourselves to terms of first and
second order in m.

The first term, containing the oscillations of the
magnetic moment and the deformation tensor linearly,
is of no importance in the investigation of processes
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of interaction of spin waves with lattice vibrations,
and can therefore be omitted. In fact, this term must
be included in the fundamental Hamiltonian of the fer-
romagnet, which contains the deviation of the magnetic
moment and the deformation tensor quadratically. It
leads to the existence of coupled magnetoacoustic
waves. Waves of this type were considered by us in
Sec. 5, and we saw there that the coupling between
the magnetic and acoustic waves is determined by a
small parameter. Therefore, in studying interactions
between spin waves and lattice vibrations we need not
include the formation of coupled waves, and can start
from simple spin and simple sound waves.

Omitting the first term in (11.3), we get the Hamil-
tonian for the interaction of spin waves with the lattice,
which we shall denote by 3Cgj.

In order to determine the matrix elements for tran-
sitions caused by the Hamiltonian 3Cg;, we must relate
the deformation tensor ujx to the operators for cre-
ation and annihilation of phonons. For this purpose
we expand the operator for the displacement u(r, t)
in plane waves:

ulr, t)= (w)WZ‘m (besei®® + bire=itr),  (11.4)

V(Dfs

where f and wgg are the wave vector and frequency of
the vibration with polarization s, efg is the unit polari-
zation vector, bf‘s and bgg are the operators for crea-
tion and annihilation of a phonon with wave vector f
and polarization s, and p is the density of the mate-
rial.

The matrix elements of the operators for creation
and annihilation of a phonon with wave vector f are
equal to

— ‘/Nf_ e‘imfs'
Neo— 1) = V Nz, ot

(le —1 ‘ bisljvfs

(Nys| bis (11.4")

where Nfg is the number of phonons of polarization s
with wave vector f.

Using expression (11.4) for the displacement opera-
tor and the expression (3.6) relating m to the opera-
tors for creation and annihilation of spin waves, we
rewrite the Hamiltonian 3Cg] in the form

g = 122\3 {Wis; 5078505 (ky + ky — )

W a3aral byA (k, — Ky — £)), (11.5)

where
H h e _
Vizis =151 YHM0< 290 > &y

. h
¥y, 23 =1000% Vm 1B; (esky) (f:k,)

-+ B, (eskz) (f3k1) + 26, (k1kz) (e3f3)]

R h
+ iynM, ]/ZQ—V(;; (fze — 3f.¢e5.).

( The subscript ‘3’ serves to indicate the wave vector
and polarization of the phonon.)
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If we consider temperatures T > 2muM,, the second
term in ¥y;; can be neglected, since the ratio of the
second term to the first term is equal in order of mag-
nitude to

B¢ (ak)? T
pM, M,

> 1

The Hamiltonian (11.5) obviously describes proc-
esses of creation and absorption of a phonon by the
spin wave, as well as the process of transformation
of a phonon into two spin waves. To the process of
creation of a phonon by the spin wave there corre-
sponds the momentum conservation law:

Kk, =k, £,

and to the process of transformation of two spin
waves into a phonon, the conservation law:

k k=1

Let us first consider the creation and absorption
of a phonon by a spin wave. These processes can be
treated as Cerenkov radiation (absorption) of sound
waves. The radiating particle here is the spin wave.
Since the dispersion law for spin waves is the same
(when we neglect magnetic interaction) as the dis-
persion law for ordinary, nonrelativistic free particles

2

EOE(}?’ the condition for radiating
the phonon is that the velocity of the spin wave v
must exceed the sound velocity s. Noting that v
= hk/m,, and expressing k in terms of the energy of
the spin wave, we can express the condition for radia-
tion in the form:

with mass my =

2
> o5
where 0p = lis/a is the Debye temperature,

The matrix element for the process of creation of
a phonon by a spin wave has the form

(n1y ngy No| S Im+1, ny—1, Ny+-1)

=W} o3 l/(nl + D) n, (Vs +1)A (k, —k,+ ;) ot (g1 —e2t+heg) ¢

y

according to (11.5), (1.11) and (11.4‘), while the proba-
bility for ‘‘Cerenkov’’ radiation of the phonon is equal
to

Wi a ) Ngpt = + LW aalt (n 4+ 1)

% (Vg4 1) 1,8 (8, — £, + hoog) A (k, — ky -+ ). (11.6)

Let us find the change in the numbers of sound
waves produced by processes of creation and absorp-
tion of a phonon by the spin wave:

1
e=L{m, Ny,

LYm,NY = 25 S {1 Wy; 20 2 [+ 1) 1Ny — 1y (1 1) (N5 1)]
23

x 8 (al—sz”hms) A (kl_k2+ f3) + I ‘FI;Z3 12 [(n1+ 1) ny
1y (1, + 1) No] 8 (e, — &, — haog) A (k, —k; — fy)).
(11.7)

X (Ng+1) —
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Proceeding in a fashion analogous to that of Sec. 10,
we can determine the mean time for emission of lon-
gitudinal and transverse phonons by the spin wave:

sL{ .
2 dn "k
k /o1

1 k _ N\ 2 9 v
T‘——T_ % ZJ [ Wi u P[(VT 4+ 1))
k 12¢
K
1
+ Ninj) 8 (e, — &, — hey) ’—2 w
3
()
&
1 g % Jot " 2m

2 [Wig;1s, PIVE+ 1)}

12(’st

4+ Nn3) 8 (e, — e, — hwy)

Z g
Kk
ﬁ(l.’fs

where Nj; = (exp T~ 1)_1 .

Changing from summation over k and f to integra-
tion, we obtain:

feoe ()" (3" 009

%I;( ) h

1

— C S/2 ’
?_w‘ 4ns/zg< ) Qaasz(ec> 7 (at (11.87)
where
Cwdy ¢ 1
Ji(a)= S:;__!: S [zpl (y +a)* + Bz
0 (vtap3
40y
1 2 v 1
_‘f(ﬂl"l‘ﬁz) y (y+al)_] (e_x'e'_T'*'EFu_:_T) dz,
vay [ _(@tar
I (“f)"g =1 Q oy ](ex—1 T v—1)d”
0 (u+a,)2
Im‘
and
88
=T M= Tog

The integrals appearing here can be calculated for
large and small values of the parameters «; and o4.
As a result, we obtain:1*

[ i :
0 5/2 e 6;
| 02 +B W( =) e, T< 4
W, =
5/2 03
04(31‘*’62‘*‘6&2) & @a"sl<ec> T»e—c"
vy - re
200 T 2~ T, < L,
t= H
0, 5/2 _e_t__
0.282 o Qa382<ﬂc> T - (11.9)

Comparing the expressions obtained for w; and wy,
we see that at low temperatures it is more probable to
create phonons with transverse polarization (8 < 6,
since s; < s7), while at high temperatures itismore
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probable to create phonons with longitudinal polariza-
tion.

If we are interested in the emission of a phonon
with arbitrary polarization, we obtain for the mean
probablhty for such a process the expression: 1,4

02
b T 52 T ATa 6%
l 048 % eassz( i) e e, T<<—g’

i T 5/2
T>—~—
T gais \ B
e )" ° (11.10)

The exponential dependence on temperature of the
mean probability for emission of a phonon for T
< 6}/6¢ is related to the fact that in the radiation
processes there can participate only those spin waves
whose energies are greater than 02D /48C.

Since at low temperatures this probability contains
an exponentially small factor, we must, along with the
processes of emission of a phonon by the spin wave,
also consider processes of fusion of two spin waves
into a phonon and splitting of a phonon into two spin
waves. As is clear from the expression for the Ha-
miltonian (11.5), these processes are not described
by an exchange interaction, but rather by the homo-
geneous magnetostrictive interaction. Therefore
their probability is generally much less than the
probability wp for the processes of creation and ab-
sorption of a phonon by a spin wave, and may be com-
parable with w, only at sufficiently low temperatures.

The matrix element for the transformation of two
spin waves into a phonon has the form:

(ny, nyy No)| g lng—1, ny—1, Ny4-1)

L 0.4 (B7 + B2 + B,B.)

(’lms- e1—ealt

=2¥1. s Vi, (N + 1) A(f; — k, — k,) &7 ,

while the probability for this process is
, 1y, N,
Wn:—iz, nzs—i, N+t

=3 W s [Py (V1) Al — ky — Ky) 8 (o + &~ ).
From this we can, as before, find the average proba-

bility for fusion of two spin waves into a phonon:
BM, y2M,
[ Qasst <6t >

wMo> < )1/2
945 ¢

Comparison of formulas (11.10) and (11.11) shows
that the inequality wp > wi, holds down to tempera-
tures of the order of a degree.

Let us now compare the probabilities w'® and wi®
which characterize the intensities of the interactions
of spin waves with one another with the probabilities
Wp and wi), which characterize the intensity of the
interaction of spin waves with the lattice. It is easy

pM /1 3
to see that w'® > wp, if T » ec(e—c"-> , and w®

05
T« @r

62
Ty 2 (11.11)
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it o.M Y -
>> Wp» if GC( oG > T > 2auM,. Thus, the inter-
action of spin waves with one another is stronger than
the interaction of spin waves with the lattice. From
this we may conclude that equilibrium in the spin wave
system can be reached faster than equilibrium between
the spin waves and the lattice. Therefore, the tempera-.
ture of spin waves and lattice may, in general, differ
from one another.! We shall treat the process of
equilibrating of these temperatures, together with the
problem of relaxation of the magnetic moment, in
Sec. 12.

12. Relaxation of the Magnetic Moment in Ferro-
dielectrics

The probabilities we have found for processes of
interaction of spin waves with one another and with
phonons enables us to explain how relaxation of the
magnetic moment proceeds in ferrodielectrics.?

Above, we determined the equilibrium value of the
magnetic moment at a given temperature. The prob-
lem of relaxation of the magnetic moment consists in
explaining how the non-equilibrium value of the mag-
netic moment approaches its equilibrium value.

We shall, to start with, assume that the anisotropy
constant or the external magnetic field Hy is suffi-
ciently large, and begin with the treatment of temper-

uM, \¥7
atures ¢ > T > ¢ (_GEO—> . At such tempera-

tures the strongest interactions are, as we have seen,
the exchange interactions of the spin waves with one
another. This results in the establishment of a Bose
distribution of the spin waves. The exchange inter-
action does not change the magnetic moment of the
system; therefore, the Bose distribution which is
established does not, in general, correspond to the
equilibrium value of the magnetic moment. On the
contrary, since the Hamiltonian for the exchange in-
teraction commutes with the total magnetic moment
of the system I, the latter can be arbitrary both in
magnitude and direction. The transition to the equi-
librium value of the moment is caused by interactions
which make possible a change in the magnetic mo-
ment of the system; i.e., it is due to magnetic dipole
interaction, anisotropy energy, and the interaction
between the spin waves and phonons. All these forms
of interaction in this range of temperatures are weak
compared with the exchange interaction between spin
waves; therefore, the relaxation of the magnetic mo-
ment proceeds slowly compared with the process of
establishing the Bose distribution with the given value
of magnetic moment M.

In order to determine the time of relaxation of the
magnetic moment and the time for equilibrating the
temperatures of the spin waves Tg and of the lattice
T;, which generally may differ from one another, we
shall start from the kinetic equation for the spin waves

AND ANTIFERROMAGNETS II 667

ng=ny = Lifn, N, (12.1)

where Lk{n, N} is the total operator for collision of
spin waves:

Ly!n, N}=L{

& {n)+ L@ {n}+ LY (n) + L7 tn, N}
(e) (3) (r)
[ The operators Ly {n}, Ly {n}, Ly {n} and

Lf‘ls){ n, N} are related to the Hamiltonians 3¢,
uM,y

41
7o ) ’

the inequality w(®) > w'® holds, so that the largest
term in Lk{n, N} will be Ll({e){n}. The remaining
terms

38Y, 3¢5, and were defined in Secs. 9 and 10. ]

In the temperature range 0c » T >» 6¢

L@ {n) + LY (n} + LYY (n, N} = Lic{n, N}

can be treated as a small perturbation, and we can in
the first approximation start in place of (12.1) from
the equation

LY {n} = 0. (12.2)

The general solution of this equation has the form:

k=0,
ny =
(e k=0,

where ny, and ¢ are arbitrary constants. They can be
related to the initial values of the square of the mag-
netic moment perpendicular to the axis of easiest mag-
netization:

m2 = ( S M dv)z = (MY =MV 3
k+0
ML = N2+ ME = 2uMVn,.

We shall now take account of the weak interactions
which are described in the kinetic equation by the op-
erators L, Lf(r), and Lf{ls). The distribution (12.3),
which satisfies equation (12.2), will then no longer
satisfy equation (12.1). Since, however, wi®) > wid),
wp, the distribution (12.3) with the slowly varying
parameters ¢, ny, Tg can approximately satisfy equa-
tion (12.1). If the body is thermally isolated from the
surrounding medium, then the temperature of the pho-
non should also be treated as a slowly varying func-
tion of the time.

We note that, although L(kr){n} is much less than

Ny,

et (12.3)
Ts — 1),

(12.4)

Lﬁ”{n}, the operator Lf‘r){n} must nevertheless be
retained in the kinetic equation (12.1). In fact, the
time of relaxation of M represents, as we see from
formulas (12.4), the time for relaxation of spin waves
with wave vector equal to zero. On the other hand,
processes of fusion of two spin waves into one and
splitting of one spin wave into two cannot change ng,
if the anisotropy constant or the external magnetic
field are sufficiently large. Let us consider, for ex-
ample, the splitting of a spin wave with wave vector
k = 0 into two spin waves with wave vectors k and
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~k. This process is impossible, since the energy
conservation law:

g, = 28y,

where € = uM, (ozk2 + B+ MIE’_), is not satisfied in
0

this case, as one can easily see. In precisely the
same way it is impossible to have a process of fusion
of a spin wave with wave vector k with a spin wave
with wave vector 0. Therefore in calculating the time
of relaxation of MM, we must include processes in-
volving a larger number of spin waves, where these
processes must not be associated with conservation
of the magnetic moment. Such processes are the
scattering of a spin wave by a spin wave, caused by
the anisotropy energy and the magnetic dipole inter-
action, as well as the fusion of three spin waves into
one. All these processes are described in the kinetic
equation by the operator L{¥){n}.

Our problem is to explain how I and m? 1 vary
with time. To do this, according to (12.4), we must
find the form of the functions ¢(t), n¢(t) and Tg(t).
The quantity ¢ is the chemical potential of the spin
waves and is determined by the total number of such
waves. Therefore, to find ¢ (t) we should use the
equation

n, N}. (12.1’)

zrzk=2k/:k{

k
To obtain the complete system of equations which
determine all the quantities &, ny, Tg and T; we
must add to this equation the equations:

=Ly{n, N}, ]
% exty - rzs hogNs = 0, ‘> (12.17)
% gV = — g epLy {n), Jl
where
Nys= nmfi
el 4

Substituting into these equations the expressions
for the collision operator Lk{n, N}, and linearizing
with respect to the small quantities ¢, AT = Tg - T;
and 1 = €p(ny/N), where N is the total number of
atoms in the body (the quantity ny/N is assumed to
be small* but finite for N — ), we ob'tain:

- o 1 .
AT + Glg - n= Byl + By + ByrAT,

)

. l
AT 4G,k + - n=Brel + Bran + BrrAT, I‘\
J (12.5)

M = By,

*Smallness of n,/N correspomis to a small deviation of M from
the equilibrium direction.
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where

117 ang %

6= — iy g G+ )2

%) Q) Q}l ;
S
i
=]~
SIS
=\
&

P-4 3 ()

oL},
BCT—A (6AT> Brr=4 2 6"<6AT o
CS -+ CZ 1
= ————=——; Cg and C; are the specific heats
CsC; N €k
of the spins and lattice, per atom; nk (exp -— -1
BLiy (OLk icionts in th
( ) ( ) 8 AT are coefficients in the
expansion

Liin, N}_€<aLK> (aLk>+AT<§§;

( The subscript 0 means that the values of the deriva-
tives of the collision integral are taken for ¢ =7n= AT
=0.)

Assuming that the quantities ¢, n and AT vary
with time according to the law e'M, we obtain the
following three values for A:

1
}»1, 5= m {GlBTT -+ B;g — ZG2B§T

F [Byr (Byy — 4GoByr) + G, Brr (G, Brr — 4G, Byr)

+4G,G,Bir — 2By Brr (G, — 2G)1'"%),

Ay = — Bup. (12.6)

The expressions for Ay, A; and A3 simplify greatly
4/7
if T > 6C (“Mo)

uM, pMy, 7T -

1 A Vaoec BC

A~

2

Qa5ﬁ2<0c) mc T«%‘IC)' :
| o lBi+2 2+ (&)™

. MMo HMo
3 = 6(]

where €y = pu (Hy + BM,).

We give a numerical estimate of the quantities A4,
Az and Ag. Setting 8¢ ~ 10%, My ~ 10%, p ~ 10, a~ 2
x 1078, gp ~ 102, T ~ 10%, we get Ay ~ 107, A~ 10°,
A3 ~ 10%. We note that for T » 9%/00 ~ 10, the quan-
tities Ay, 3 satisfy the inequality Ay > Ay > A3.

Now let us determine M (t) and M3 i(t). Linearizing
the expression (11.4) for M with respect to AT, ¢, and
n we obtain

bh
T>>—EE:

(12.7)
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Gyesey

¥ _n
W= ‘M('V(CS—I-CL)T<AT+GIC Cz)’

my =2 (MOV)"’S"—O, (12.8)

where I is the equilibrium value of the magnetic mo-
ment of the body at the given temperature. Using next
Eq. (12.5) we obtain finally:

mi = 932?}_06_7‘3[,

M-I _ My— M e‘mt_{_A_Tﬂ_sl %>2<01>1/2 (e=hat — e=ht)
2 Cc

MV MoV T 6¢
3o B >2 N >1/2 T (ot ot
- A [ —e
+ g (5) (ag ) "as e <,
AT _ ATy eTMpaem™l | gq =T (el N2 00 (gt oonary
T =T T« My N\ T2 T

e Mo [ hs , _ _ _
o Logg @ m e HB et ey [

(12.9)
where M, M|y, and AT, are the initial values of the

>\.1 2 €9 ye
quantities I, M and AT; =2 T) (T . These
2

92
formulas are valid for T > EI(% - [Setting o¢ ~ 103,
6% Mg\¥7
~ 2 1 — e~ E__o ~
6p ~ 10%, we find ie GC( ic 10.)

Since the smallest of the three quantities Ay, Ay, or
A3 is A3, for sufficiently large values of t the varia-
tion with time of the whole deviation goes like et
From formula (12.9) it is clear that the change in
9| is related only to the constant A3. Thus the quan-
tity 7) = 2/A3 can be treated as the relaxation time
for the transverse component of the magnetic moment.
According to (12.7)
A6 e \?
T = 2 m }L—]‘C}; (TC > .
To clarify the physical meaning of the constant A4,
we assume that ATy =M, = 0; then

Me— M = (M, — M) e M.

Thus, for the assumed initial conditions the quantity 7
= 1/Ay determines the time for establishment of the
equilibrium value of M. According to (12.7)

(12.10)

(12.97)

L (elg)'? B

Nty ey T (12.11)

We see that the establishment of the equilibrium
value of the square magnitude of the magnetic moment
occurs faster than the change in the perpendicular
component of the magnetic moment. In other words,
the equilibrium value for the magnitude of the mag-
netic moment is reached first, and then there still
occurs a rotation of the magnetic moment into the
axis of easiest magnetization. Such a relaxation proc-
ess can be described phenomenologically by means of

the relaxation term ﬁi‘ M x [M x H®)] in the Landau-
Lifshitz equation (2.12).

669

Finally we consider the process of equalizing of the
temperatures T; and Tg. Assuming that M), =M, =0,
we find
el gemMt

1+a
Since @ « 1 and Ay > A4, in the initial stage of equali-
zation of the temperatures the first exponential is most
important, while the second is important in the final
stage.

Let us now go on to investigate the relaxation of the
magnetic moment in the temperature region T

AT = AT, (12.97)

“MO 41
< 8¢ <-QC_) , assuming as before that the anisotropy
constant or the external magnetic field are sufficiently
417
la.rge.5 For temperatures T < 0¢ (%) , the in-

equality w® » wie) holds; i.e., processes of scatter-
ing of spin waves by spin waves due to exchange inter-
action are less important than processes of fusion and
splitting of spin waves. This means that the operator
149{n} plays the principal role in the kinetic equa-
tion (12.1), while the collision integrals Lf‘e){n},
Lf(r){n}, LE‘ZS){n, N} can be treated as a small per-
turbation. Mo &/T

Thus, for T <« 6c (';—c——o—> the kinetic equation

can in first approximation be replaced by the equation

L (n}=0. (12.12)
The solution of this equation has the form:
i3
me=1 (€T =17 kE#0 (12.12")
Mgy k= 0

We note that this solution also makes the collision in-
tegral Lf{e){n} go to zero. The time for establish-
ment of the distribution (12.12’) is equal in order of
magnitude to the mean time of fusion of two spin
waves, 7. During this same time there is estab-
lished an equilibrium value of the absolute magnitude
of the moment M.

The parameters Tg and n; of the distribution
(12.12') are determined once again by the energy of
the spins and the transverse component of the mag-
netic moment. Establishment of complete thermody-
namic equilibrium is the result of the weak interac-
tions which are described in the kinetic equation (12.1)
by the collision integrals Lf{r ) and L(kls). Because of
these interactions, the magnetic moment of the body
slowly shifts to its equilibrium direction and the tem-
peratures of the spin waves and of the lattice become
equal.

Using the expression (12.12’) for the distribution
function of the spin waves and the phonons, as well as
the kinetic equation (12.1), we can obtain the following
system of equations for determining the quantities
N = €my/N and AT = Tq — Tj:

(12.13)

. 1 - , , * ’
AT+?S"'1=BTnTI+BTTATv M = Bym,
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where
B/ L A1 oL,
TT_\Z+T:>W§ 8k<0AT )0’
, 1 15\ 1 oL,
Bim= :+?)W§SK<T>0'
aL
Bnn - ( “
and N is the number of atoms in the body. If ¢y < T
pM Y
« =9
9c ( oc ) i
HpL 1
o A — PL ABCT
Brr Qa" < Oc > 4eg8c
™ r (12.137)

WY () (me) e

Mo M,
B,mNE__“E‘_"(dC>

Assuming that the quantities 7 and AT change with
time as e M, we get the following values of the relaxa-
tion constants:

’ MyuM
A =——B-rm~p oM o<60>

Brg~ — n39a5

Bz T \2
Qa® ﬂc) ¢

The change with time of the quantities M3 1 and AT
is given by the formulas:

M3 =

AT=AT0e—l"—|—%B'T,,< ) (%l°> (=1t —e—at,
(12.15)

4OCT

M= —Brr=~ (12.14)

oem2,

We see that A’ has a simple physical meaning: 2/A’
is the time of relaxation of the perpendicular compo-
nent of the magnetic moment. We note that A’ coin-
cides with the expression (12.7) for Aj.

If the deviation from equilibrium is associated only
with a difference between the temperatures of the spin
system and the lattice, while M, = 0, the time for
equalization of the temperatures is given by the quan-
tity A”. If ATy =0, while I, = 0, then in the proc-
ess of relaxation of the magnetic moment the tempera-
tures of the spin waves and phonons will change be-
cause of a conversion into heat of the energy associ-
ated with the deviation of the magnetic moment from
its equilibrium direction. The time for establishment
of a common temperature under these conditions is
equal to half the time of relaxation of the transverse
component of the magnetic moment.

The results obtained refer to the case where the
anisotropy constant or the magnetic field Hy are suf-
ficiently large. As already mentioned above, in this
case processes of fusion and splitting of spin waves
with wave vector k = 0 are impossible. In crystals
with a small anisotropy constant (crystals with cubic
symmetry are of this type) and for sufficiently weak
fields, splitting of spin waves with wave vector k=0
into two spin waves with wave vectors k and —k be-
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comes possible. This process may make possible a
rotation of the magnetic moment into the axis of
easiest magnetization, and since it is more probable
than the process of scattering of spin waves due to the
anisotropy energy, we can, in studying the relaxation
of the magnetic moment in crystals of cubic symme-
try omit the operator L(r ’{n} in the kinetic equation
for the spin waves.

Let us consider in more detail this case of relaxa-
tion.’ Suppose that a ferrodielectric with cubic sym-
metry fills a half-space whose boundary is one of the
crystallographic planes. The field H, lies in this
plane and is directed along a crystallographic axis.
The energy of the spin wave with vector k = 0 is then,
as we have seen in Section 4, equal to

80=P'V(Ho+ BM ) (B, -+ BM,).

The splitting of such a wave into two spin waves with
wave vectors k and —k is possible, as we see from
the energy conservation law

€= 28){7

when the inequality B + H, < Ar is satisfied. The re-

M, 3
sults obtained earher refer to the case when B + _ﬁ_
4 Ar 0
> ?ﬂ' . EB+ 5 , then we must make a special
o

computation of the relaxation constants. We shall not
do this here, but simply give the final results:
uM,

pMy p,M0>1/2 T
h () R 111 <f5+ Hy )]'l’

o (Y T Hy 4
i3 ( ¢ o’ B+ "’T’

gab ﬁ2< > ) "TeC,
o (B 28+ m(el)"’“

WMy pMo 2 T
h 0c [
10%u1, H‘Mo>1/21_ 4

h 0c 0¢c

H,

85
T <55
C

A&

T»Z—D

5/2
H

H 4

B+ -5 |« L (12.16)

It can be shown that the quantity 2/A3 has the mean-
ing of a relaxation time for the transverse component
of the magnetic moment of the body, while 1/A] is the
time of relaxation of the absolute value of the magunetic
moment. The quantity Aj, as one might expect, goes

Ho _ 47

to zero for ﬁ+—Mo——-—3—.

We give estimates of the quantities Aj, A5, and Aj.

Setting 6c ~ 10°%, 6p ~ 10%, 8 + %{407~ 1, My~ 10,

T ~ 10%, we obtain A] ~ A3 ~ 10 sec™!, Aj ~ 3 x 10°

Thus, if B + %— is not too close to ﬂ, the

-1
sec™",
3
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times of relaxation of the absolute value and of the
transverse component of the magnetic moment have
the same order of magnitude. This is the distinction
between the relaxation for the case of small aniso-
tropy and weak fields and the relaxation for the case
of large anisotropy or strong fields. In the latter
case, the establishment of the equilibrium value of
the magnetic moment occurs much more rapidly
than the rotation of the moment toward the equilib-
rium direction.

pMg\¥?
In the temperature region T << 90( 000) . the

main role in the kinetic equation is played by the op-
erator Lﬁ”{n}. Therefore in crystals with low mag-
netic anisotropy, in which one can have a decay of a
spin wave with wave vector k = 0 into two spin waves
with wave vectors k and —k, simultaneously with the
establishment of the Bose distribution of the spin
waves, we have an establishment of the equilibrium
value of the magnetic moment.

13. Dispersion of the Magnetic Permeability of a
Ferromagnetic Dielectric

In the preceding paragraph we considered the re-
laxation of the magnetic moment. The complex char-
acter of the relaxation imposes some fundamental
features on the frequency dependence of the magnetic
susceptibility of a ferrodielectric.l’ We shall con-
sider the case where the variable magnetic field is
polarized along the direction of the equilibrium mag-
netic moment, i.e., we shall calculate the longitudinal
component of the magnetic permeability x3 = xzz.
We recall that the static value of this quantity can be
obtained by differentiating the magnetic moment per
unit volume (3.23) with respect to the magnetic field.

If the frequency of the variable magnetic field
hoe‘“"t is very much less than the reciprocal of the
relaxation time Tgg in the spin system, i.e.,

ot L 1, (13.1)

the field can be treated classically as the cause for the
system of spin waves to deviate from its equilibrium
situation.

The condition wTgg K 1 allows us to represent the
energy of the spin wave in the form

ex = £¢ + B¢ (ak)? + ph, e~iet, (13.2)

This expression for the energy of the spin wave is
valid, as already pointed out, for any temperatures
T « 8¢, if € > 2muMy. If €y S 2muM,, formula (13.2)
can be used for 8¢ > T > 2muM,.

The kinetic equation (12.1) enables us to determine
the distribution function of the spin waves nk(t).

We consider low temperatures, €y < T « Ty, where

I»lM 4/1
Ty = 0¢ (Wo) . In this temperature range, accord-

ing to Sec. 11, the most probable processes are those

. 671

of fusion of two spin waves into one and splitting of one
spin wave into two. This means that 744 ~ 73 (cf. Eq.
10.7).

According to Sec. 11, the solution of the kinetic
equation (12.1) for €y < T < Ty should have the form

m=nt ()b mi [ ni] < i (13.3)
We note that the quantities €x and Tg are slowly
varying functions of the time. Such a form of the so-
lution means that in the system of spin waves a quasi-
equilibrium state is ‘‘able’’ to establish itself with
its own temperature, different from the temperature
of the lattice. The dispersion of the magnetic suscep-
tibility in this case is associated with two basically
different mechanisms: first with the dependence on
the time of the spin temperature Tg, in which the en-
ergy dissipation is caused by transfer of energy to
phonons, and second with the deviation of the distribu-
tion function from its equilibrium value. In accord-
ance with this we shall write x; in the form

X3 = %s,1 T Xs,20 (13.4)

where x; i is caused by the first mechanism, and x; ,
by the second. The characteristic time for the first
mechanism is the time for equalizing of the tempera-
tures, Tgl ~ 1/A, (cf. Eq. 12.7). The characteristic
time for the second mechanism is the spin-spin re-
laxation time 7gg. Since Tgg K Tgl, for frequencies
wTg] < 1 the main part in the dispersion of the mag-
netic susceptibility is played by the spin-phonon inter-
action, while for frequencies 1/7g; < w K 1/7gg the
main effect is that of the deviation of the distribution
function from its equilibrium value.

For the calculation of the time dependence of the
temperature Tg we must use the equation of heat
balance, which can be obtained from the kinetic equa-
tion (12.1) using expressions (12.3) and (13.3):

o, A A
js_i_r:(Ts_ T)=gpk, q=~04, (13.5)

where

6483 b T Gl
57°72 /) Tk Qaas?fﬂz/z BXP( T .7/

1_
Tst

An analogous equation can be obtained for the pho-
non temperature T;. Here, however, the question of
the interaction of the phonons with the external me-
dium arises. If the thermal contact is very good, the
temperature of the lattice will not change. We shall
restrict ourselves to this case.*

From (13.5) we have

0T}

T =TT, = — 2%, (13.6)

*The difference between 7, and 1/X, (cf. Eq. 12.7) is related
to the fact that in Sec. 12 the equalization of the temperatures of
of spins and lattice was considered for the case where the system
was thermally isolated.
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Now we shall use the expression for the magnetic

€
moment (3.23). If we assume ny = n’ (T—k), then
s

aM oM oT
A1 + 8T37h§ . (13.7)
From this and from expression (3.23) we have
oM i
X3,1= (Xs)stat"gfs %QH (13.8)

We shall now calculate the quantity x3 ; which is
related to the deviation of the distribution function
from its equilibrium value. This mechanism of dis-
sipation is important for relatively high frequencies
wTg] > 1, for which, however, we still may use for-
mula (13.2), in view of the validity of condition (13.1).
In the kinetic equation (12.1), we can then neglect the

term Lﬁl{n} = Lls{l{no} + Lf:l{n’}. In fact, the first
term Lﬁl {n} is small compared to an{/ ot, while the
second term Lkl{n } is small compared to L{¥{n’},
since Tgg < Tgy. Noting also that L{¥{ng} =0 and
an’/ot < Ll({‘”{n'}, since wTgg « 1, the kinetic equa-
tion (12.1) can be written as follows:

ank

=L@ (). (13.9)
Neglecting the term L§ !{ne} in the kinetic equation
corresponds to neglect of the heat loss in the heat bal-
ance equation (13.5). Therefore for wtgl > 1 we have
Tg = quh, and (13.9) can be written as follows:

ank

- MUT

where L is the dimensionless collision operator,
which is easily obtained from formula (10.3) if we go
over from summation to integration with respect to
the wave vector k, and introduce the dimensionless

(13.10)

n') :—L{n}

6c\ Y2
wave vector X = (T) ak, and
1 pMO pMo /g
D (e )" (13.11)
From (13.10) we have
i = T phe (x), (13.12)

where ¢ (x) is a dimensionless function of a dimen-
sionless argument which cannot be determined without
an exact solution of (13.10). This function should be of
the order of unity, since the equation for it contains
neither small nor large parameters.

Knowing the dependence of n’ on temperature, we
can find the dependence of x;3 ; on temperature and fre-
quency. To do this we can again make use of the ex-
pression for the magnetic moment (3.23). From (3.23)
and (13.12) we have, to within a numerical factor:?

i 1/2
aaec (9 > Tss-

(13.13)
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As we see from the last expression, in this case
Re x3,9 = 0, which is related to the neglect of the term
an’/ot in the kinetic equation (12.1). K we do not neg-
lect this term and replace the collision integral Ll(é”
by the expression n'/’rss, we have for x3,:
i 2 0Tgg
a-"ﬁc ic > T—iots;
This expression is, of course, less accurate than ex-
pression (13.8) for xz ;.

Comparing formulas (13.8) and (13.14), we can
verify that x3 ; and y3, coincide for w ~ (7g77gg)" 2
For lower frequen01es [ 3,11 > | x3,21, for higher fre-
quencies |xs ;| < |xs,2l-

We shall now consider the case of relatively high
temperatures:’ T, < T <« 6c. In this temperature
range the exchange forces play the main part in the
interaction of spin waves with one another.

Nevertheless, in the kinetic equation we cannot
drop the small relativistic terms because precisely
these terms are responsible for the dispersion of the
magnetic susceptibility.

The solution of (12.1) must be sought for in the
form (cf. Sec. 12):

(13.14)

n=n® (F'T;C)-;-n || <ng, (13.15)
realizing, in doing this, that the energy e, the chemi-
cal potential ¢, and the temperature of the spin waves
Tg depend on the time. In the sequel we shall use
formula (13.2) for the energy of the spin wave, as-
suming it to be valid also for k = 0. In other words,
the formulas found below are valid for € > 2muM,.

From Eq. (12.1), with account of (13.5), it is easy
to find the relation between the variable part of the
temperature Tg, the chemical potential ¢, and the
variable magnetic field:

(Arg —ioqC,) T4 (T Ay — ioB) { = Buh,

(Apr —i0Cy) Ti+ (Arp — ioC,) § = qC wh. (13.16)
Here
__hy wM,
An=gga (i) (55 )
2n2h T \4
Arr= g5 1263+ (2B, + 8% ()
X [/ BMy\2 T2 -
Aw=1 Gco> aigr *~ 0L
1T (13.17)

T 8n 810/292/2 .

By means of (13.16) we determine Tg and ¢, and
knowing them, from the formula for the magnetic mo-
ment (3.23) we determine the magnetic susceptibility
of the ferromagnetic dielectric:

0T, (1 —ioty)

% (©) = Y stat { 1+ 1— lml—mzrlrz} <

1
?» ’

0T, (1-}-ig*oT)
" 1—iot, — 0P,

T, (13.18)

)\’ ’ q

&'7.

I can be shown that there is still another mechanism
which results in a dispersion of the magnetic suscepti-
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bility, namely the deviation of the distribution function
from its equilibrium value (analogous to the second
mechanism for low temperatures). However, it is
easy to see that this mechanism is always unimportant,
since the exchange forces, which play the primary role
in this temperature range, do not change the size of
the magnetic moment, while the relativistic interac-
tions are included in (13.16).

We now turn to the treatment of the high frequency
case w » 1/7gg. With increasing frequency, the mag-
netic susceptibility tends to unii:y.8 Therefore, at suf-
ficiently high frequencies it is meaningful to speak, not
of a calculation of the magnetic susceptibility, but
rather of the absorption coefficient for photons T, de-
fined as the difference of the probabilities for all proc-
esses of absorption and emission of a photon.

It can be shown’ that the absorption of a photon oc-
curs because of the decay of the latter into two spin
waves, the probability for this process being

4ntVop? | ogue + Otk |2 (4 1) (e + 1) 8 (ex + e — 0h).

From this, the absorption coefficient I' has the form:

I'= 2 4aVop? (ng+n_x+ 1) {oxu_g +ukv_i | 6 (ek + &y — ho).
3

(13.19)
In obtaining the last formula, we have used the fact
that the photon momentum is considerably less than
the momenta of the spin waves, and have set it equal
to zero.

The splitting of a photon into two spin waves can
occur only when the photon energy hw is greater than
2€,. For hw < 2¢;, absorption of the energy of the
magnetic field is associated in the main with inelastic
scattering of the photon by a spin wave. This process
is extremely improbable since it occurs only in the
second approximation of perturbation theory.

From expression (13.19), noting that ek, uk and
vk are even functions of the wave vector, we find:

W Q™ ooy b
pz‘ 20%/%%h ! (0 vEn g5 50)
0, v,
where
. he &
v= dnpM, ' = 2apM, ’
and
. WS, R e
J Y (1—=) (a4 )
1, v>Vn+ 2y,
o= Vz_nz o
s < v VP4 2n.
We give the asymptotic values of the integral I:
[ 16
15 Vr v >> T]v
16 3
I~ - van> 1, (13.21)

1_()3 ’

n
1/ Vnv—m? v>u, n<l.

ol
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Substituting these expressions in formula (13.20), we
can determine the frequency dependence of the absorp-
tion coefficient of a photon in all the limiting cases.
We give it only for the case of high frequencies:*

2rpuMy \3/ 2 1/
p. 0>z nuM(,)zcch{f,

hm > 2muM &,

16 p2

I'~ 15 a3k

(13.22)

For photon energies large compared to the temper-
ature (hw> 4T), the absorption coefficient falls off
proportionally to w2,

14. Thermal Conductivity of Ferrodielectrics

Knowing the Hamiltonian for the interaction of spin
waves with one another and also for the interaction of
spin waves with phonons and phonons with one another,
we can compute the thermal conductivity of a ferro-
dielectric.

For this purpose let us write the kinetic equations
which determine the change in the numbers of spin
waves nk and of photons Nkg in the presence of a
weak temperature gradient VT. These equations have
the following form:

e =L in)+ L (n, Ny=np(nd+ 1) & T2 o~ (v, V1),

N = L V) + Lty V)= Vo (V + 1) o (s, ¥T),
(14.1)
1 3€k B awks
where v = T 3k and skg = K the operators

Lﬁs{n} and Lls{l{n, N} describe the collisions of spin
waves with one another and of spin waves with phonons,
while the operators LIZ{ZS{N} and Lll{sé{n, N} describe

collisions of phonons with one another and with spin
waves.
The operators L§S{n} = L{{n} + L{'{n} and

Lﬁl{n, N} are given by formulas (10.3), (10.10°) and
(11.7), in which, however, we must include umklapp
processes. This means that in these formulas the
function A(Zk) must be replaced by the function
A(Zk~2mT), where T is a vector of the reciprocal
lattice and n is an integer, and we must carry out a
summation over all values of n.

The operator Lll{ss{n, N} can be obtained by using

the Hamiltonian (11.5), and has the following form:

N =25 S W s B IV, 1) (e + 1) n

23 n

Lis{n —Nyn, (ng+ 1)]

X 6 (ho; + &, — &3)A (k; + k, — kg — 2nn7). (14.2)

The operator Lllés{N }, when we include only proc-
esses of fusion of two phonons into one and splitting of
one phonon into two, is given by the following expres-
sion:

*0Of course, we are assuming fiw K fc.
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LL VY =553 (| Xuz, 2 P [V, + 1) V,+ 1) Ny

23hn
—N,N, (Ng+ 1)]8 (ho, -+ ho,—hoy) A (k, +k, — ky — 2mn7)
+|X13, 2[2 [(N1+ 1) (N3+ 1)N2“‘N1N3(N2+1)]
X 8 (h, + hog — ko) A (k; + k; — k, — 2nnt)
+1Xes, 1 FIUNV + 1) NoVg— Ny (N + 1) (V5 -+ 1))

X & (h, + hoog — ko) A (k, — k, — kg — 2mn7)}, (14.3)
where the quantity Xy, 3 is equal to
B2 kykk
Xig,3=A1s, 37— A
t2,3= iz s o (14.4)

and Ay 3 is a dimensionless quantity of order unity,
depending on the polarization and direction of the wave
vectors of the phonons participating in the collision
process. .

Setting flﬁ and Nﬁs equal to zero, we obtain equa-
tions for determining the stationary distributions of
the spin waves and phonons.

If we do not include umklapp processes in the colli-
sion integrals the stationary distributions will have
the following form:

e kg

Zk ={ e T

hmks+kg

— 1571, Nws={e T —1)7, (14.5)

where g is an arbitrary constant vector, which is de-
termined by the total momentum of spin waves and
phonons.

To this distribution there corresponds obviously
a heat flux,

§= 2 RksSisVies + Z ELVi Ny,
ks k

which, for g = 0, is different from zero in the ab-
sence of a temperature gradient.* Such a conclusion
is related to the fact that, in defining the stationary
distribution of spin waves and phonons, we did not in-
clude umklapp processes, for which the law of conser-
vation of quasimomentum is violated. This means
that if we do not include umklapp processes, we shall
obtain an infinite value for the thermal conductivity.®

When umklapp processes are included, the equa-
tions

ng =0, N&=0
are satisfied only if g = 0, and therefore for VT = 0

the thermal flux goes to zero.
We shall look for solutions of (14.1) in the form:
®
= ng+nk (R4 1) 5,
o
Niw = Ny Vs (V1) % . (14.6)

If the temperature gradient VT is small, the cor-

rections to the equilibrium functions will also be small.

Therefore the collision integrals in equations (14.1)
may be linearized with respect to ¢ and &,. Asa

*The body as a whole is assumed to be at rest.
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result, we obtain the following equations for determin-
ing @) and &y:

0 o &1 967 *
(1) Y- (v, VT) = — = >} [ @iz, 50+ Dy, 12

234, n
X (1) (rg+-1) many (9 + @ — @3 — ©4) 6 (5, -8, — €5 — &)

XA (ky 4k — kg — kg — 2n7) =25 ) (| Dy 5 2 (ny + 1)
23, n

X (ny+1) ng (P1+ @2 — @3) 8 (2, + €, —2y)

X A (ky +ky —ky— 20n7) 4| Dyg, 2 (2 (g + 1) (ny + 1)
Xny (@ + P3— @,) 6 (e, + &3—&,) A (ky + ky— k, — 2nnt)
+ D2, 1 [F (n 1) noht (91— @ — Pg) O (8, — &, — &)

X A (k,—k, — k,— 2ant)} —2% D T2, 32 (n, + 1)

23, n

X 1oV (@1 — @ — Dg) 8(8, — &, — hidg) A (ky — k, — ky— 2tnt)

+ Wiz, 5 [ (ny 41 n, (V34 1) (@, + Dy — 92)

X 0 (&, 4+ hny —£,)A (k, + k; — k, — 2mn)), (14.7)
W+ )N, 20 (s, V)= — 55 S (X, 52 (N, 1) (V1)
23%n

X N3 (0, + D, — D) & (he, + ke, — ko) A (k, + k, — ks — 2nnT)

+1Xus, 2 (N + 1) (Vs + 1) Ny (O + D — D)
X 8 (ho, + hoy — ho,) A (k; +k; — k, — 2nnv)

[ Xas, 1 [ (Vy + 1) NoNg (O — D, — D)

X 8 (ho; — ho, — hag) A (k, — ky — kg — 2nnt))

2
—Tn Z FWas, 1 [PV 4+ 1) (ny + 1) 2y (@, + ¢y — )
23, n
X 8 (ho; + &, —&,) A (k; + k, —k; — 2nnv). (14.8)
We shall show that the main part of the functions
@k and &k has the following form:!

ok = Of = kg, (14.9)

where g is a constant vector which is proportional to
the temperature gradient. This main part of the func-
tions @i and $y corresponds to stationary functions
of the form (14.5), in which an expansion is made in
powers of g and the first two terms are retained.

In order to verify that the corrections to (pf{ and @ﬂ
are small, we shall write the system of equations (14.7)
and (14.8) schematically in the form of an equation with
one unknown function;

Ly (@) +EL, (9) =n{n+1) 2 (v, VI).

where L, is the collision operator omitting umklapp
processes, L, is the collision operator describing the
umklapp processes, and £ is the small parameter
characterizing the probability for umklapp processes.
The operator L, has the property that Ly (¢@y) = 0 if
@9 = gk.

We shall look for a solution of (14.10) in the form
¢ =gk + ¢' and select g from the condition

(14.10)
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E DKL, (@)= D n(n+ 1) S kv, V7). (14.11)

k k
The left side of this relation gives the change in mo-
mentum of the system per unit time as a result of col-
lisions, while the right side gives the change in mo-
mentum of the system because of the presence of the
temperature gradient. From (14.11) it follows that

g~ —z—VT. We now show that ¢’ < ¢, For {1,

the equation for determining ¢’ has the form:

Ly(@')=n(n+1) (v, VT) +EL, (gk).

Since this equation does not contain a small parameter
(tg ~ 1), ¢’ will be of the order of magnitude of
unity, whereas ¢, is inversely proportional to &.

Let us now turn to the initial system (14.7) and
(14.8). In order to find the vector g, we should, in
accordance with condition (14.11), multiply the kinetic
equations (14.7) and (14.8) by the vector k and add
them. As a result, we obtain the following equation

for determining the vector g:
R, + R, = Ag, (14.12)

where

R=t S

k

(1) K Kk (0, V1),

ho
R, = 7 D) Vi (Vs + 1) =~ K (sxs, 7).

ks

A =L35+L51+Lll’

24 *
L= mT; (2ar)2 ¥ [ D1z, 50+ Dy 122 (0 +1) (n+ 1)
1234

(k, + k, — ky— k, — 2n7)
+W(2“T Z,(‘DIZ’,BP (ny+1) (ny +1)ns 8 (e, + e, — &)

123

X A (k, -+ k, — k; — 2nv),

X ngn, O (e - 8, — 83— €4)A

L3 = i—:; (23‘(1)22 [ Wig,3[? (ny+ 1) nyVsb (8, — £, — Rrog)

123

X A (k; — ky —ky — 2707),

L= F 0?3 Xisa P (N, + 1) (Nat-1)

123

X Ngb (hod, + b, — haog) A (k; + k, — ky — 2m71).

In the expressions L we include terms with lowest n
different from zero, i.e., n = 1. The quantities Rg
and R; are easily calculated:

1
R,=or - CIT, Ro=my—+ CVT.  (14.13)
Therefore g is equal to
g=G71% Tor, (14.14)

Using (14.6) for np and Npg and (14.14) for g, we
get the following expression for the heat flux:
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S = 2 ExNKUk 2 h(l)kstSSks

_ Vv N2 /2 1 N2 1
——a(w)(5C+56) 577
On the other hand,
S= —~VxVT,

where k is the thermal conductivity coefficient. There-

fore
2 2
(3 (Gerhe)ar

Let us now estimate the quantity A. Since when
quasimomentum is not conserved we cannot simul-
taneously have all the components of the quasimomenta
of the colliding particles be small, the guantities L
must contain exponential factors. The exponents of
these factors are obviously determined by the lowest
values of the quantities €, + €, hw; + hwy, and Aw;
+ €, in the corresponding regions of integration. To
find these minimum values in general is not possible,
since to do this it would be necessary to know the ex-
act dispersion laws for the spin waves and phonons in
the region of large wave vectors. We can, however,
assert that, in order of magnitude, the minimum val-
ues of €4 + €; and hHw; + hw, are equal to ¢ and p.
Therefore the quantities LSS and L¥ can be written

in the form:
_ bc V )
s R ad 9(}

.
bV (TN TN (14.17)

gad ab 8, /

(14.15)

(14.16)

Lll =a,

where vyg, v; and ag, @] are of the order of magni-
tude of unity, while the power of the factor before the
exponentials will depend on where the minimum values
of the quantities €; + €5, hw; + iw, are reached within
the integration region, when both of the quasimomenta
ky and k, are large, or for k; = n/b, ky < 7/b. If we
assume that e (k) = f)c(ak)2 and wgg = sgk down to

=7/a, the quantltles s and ! will be equal to s = 4,
Z—Z and v =%, v = 1.

We shall now evaluate the quantity 18! in the two

limiting cases when 6p >» 6c and 6p < 6¢c. K 0p

« 8¢, then, as follows from the conservation laws,
e, +ho, =g, u k; +k, =ky-+ 2mr,
—av <k <ar, by~ kg~ ot by € ar

and therefore

g+ ho, = 0.

Thus, for 8¢ > 6 the exponent of the exponential in
the expression for 18! is of the order of magnitude
of 8¢, and LSl has the form:

CC RN

We note that, if the quadratic dispersion law for the
spin waves and the linear dispersion law for phonons

L~ a— (14.18)
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were valid down to k = 77, the quantities n, m and y
would have the following values:

1
n=1, m=2, Y=7-
It is easy to show that in the limiting case of 6p
> 9C the radiation of a phonon by the spin wave is im-
possible; therefore for 6p > ¢ the quantity Ls! = 0.

Comparison of the expressions (14.16), (14.17) and
(14.18) for LSS, L¥, and LIS shows that if 8¢ >> 6p,
L » 188, Ls; if 6c < 8p, LSS » LY, 1!s. There-
fore in these limiting cases the thermal conductivity
is determined by the following formulas:

4T 5%
n~ g ——e?T G 0y > 6 (14.19)
If 6p < ¢,
L ow |ae T,
un ool " (14.20)

Ci, °D>>T>>W'

We note that for T « 6% /6 the main part in the
thermal conductivity is played by the spin waves, since
then Cg > Cj. But if 6p >» T » 6} /6¢, the heat is
transferred by the phonons, since then Cg < Cj.
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