SOVIET PHYSICS USPEKHI

VOLUME 3, NUMBER 4

JANUARY-FEBRUARY 1961

NUCLEAR REACTIONS IN COLD HYDROGEN
I. MESONIC CATALYSIS

Ya. B. ZEL’DOVICH and 8. S. GERSHTEIN

Usp. Fiz. Nauk 71, 581-630 (August, 1960)

CONTENTS
1. Introduction. . . . . o . v i it i i e e e e e e e e e e e e e e e e e e e e e e e e e e 593
2. Experimental Work on Catalysis of Nuclear Reactions by u Mesons . .. .............. 596
a) Berkeley Experiments. . . . . . . v vt vt i it e e e e e e e e e e e e e 596
b) Liverpool EXperiments . . . . . . . i i v it it it et e et e e e e e e e e e e e e e e 597
3. Kinetics of Catalysis of Nuclear Reactions by u Mesons in Hydrogen . . .............. 598
4. Mesomolecular Processes in Hydrogen . . . . .. ... .. .. i it ittt i 601
a) Adiabatic Approximation . .. .. ... ... ... L e e 601
b) Improvement of the Adiabatic Approximation for Hydrogen Mesomolecules. . . ... ... .. 602
c) Levels of Mesomolecules. . . . . .. ... . e e e e e e e 603
d) The Process of Transfer of a u Meson from a Light to a Heavy Isotope. . . ... ....... 605
e) Scattering of Mesonic Atoms by Nuclei. . .. ... ... .. ... .. ... .. .., 605
f) Formation of Mesomolecules . . . . . . .. . . . . i i i it e e e 607
g) Transitions between Levels of Mesomolecules. . . . .. ... .. ... ... ..., 609
h) Comparison with Experimental Data . . . ... ... . ... . it 610
5. Nuclear Reactions in Mesomolecules. . . . . . . . .. . it i i ittt it e e e e e 611
a) Reaction Constants . . . v v i v it it it e e e e et e e e e e e e e e e e e e e e e 611
b) Penetration of Nuclei through the Barrier in a Mesomolecule. . . .. ............... 612
c¢) Nuclear Reaction in the pdy Mesonic Molecule . . . . ... ... ... ... .o, 612
d) Nuclear Reaction in the pty Mesonic Molecule . ... .. ... ... ... .. ..o, 614
6. Efficiency of Catalysis of Nuclear Reactions by Mesons . . .. .. ... .. ..ot vuueuenen. 616
T. ConClUSION . . . . . . ottt i e e e e e e e e e e e e e e e e e e e e e e e e e e e s 617
Appendices 1 — 8 . ... . e e e e e e e e e e e e e e e e e e 618-622

1. INTRODUCTION

IT is known that nuclear synthesis of hydrogen iso-
topes occurs at high temperatures in the so-called
thermonuclear reactions. In 1957, in Berkeley, a
group of experimenters under the direction of Alvarez
discovered the phenomenon of catalysis of nuclear re-
actions in hydrogen by u mesons. This phenomenon
had been predicted earlier theoretically by Frank,!
Sakharov,? and Zel’dovich,? and makes it possible to
produce nuclear synthesis in cold hydrogen. Although
almost immediately after the experiments of Alvarez
it was established that u catalysis cannot have tech-
nological application as a source of energy, the study
of nuclear reactions produced by p mesons in hydro-
gen is of unquestionable interest for mesonic and nu-
clear physics. Up to the present time there are three
experimental?42-5 and a large number of theoretical
papers concerning various aspects of u catalysis. It

" is thus possible to give a systematic survey of the ex-
perimental and theoretical results in this field. Along
with problems of u catalysis, it appears reasonable
to include in the present summary also the treatment
of another possibility for producing nuclear synthesis

in cold hydrogen —the so-called “piezonuclear” reac-
tions which occur at high pressures. It is known that
the following reactions of nuclear synthesis which oc-
cur with energy liberation are possible among the
various isotopes:

p+p=d+e +v (2.2 Mev), 0]
prd=He,+y (5.4 Mev), (m)
t+p (4 Mev),
d+d =y He+n (3.3 Mev), (1m
He, +v (24 Mev),
d+t=He, - n (17.6 Mev), ()
p+t=He, 4y (20 Mev), )
t+t=He,+2n (10 Mev). (VD)

In order for nuclear synthesis to occur, the reacting
nuclei must approach to within a distance of the order
of the radius of action of the nuclear forces, and this
in turn requires that they overcome the Coulomb bar-
rier between the charged particles. Therefore the re-
actions listed above can occur under ordinary condi-
tions only if the nuclei are given sufficient kinetic
energy: either in an accelerator tube, or by heating to
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high temperature in an atomic explosion, or in a power-

© ful gas discharge (for example, reaction III*).

It would be incorrect, however, to think that the
nuclear reactions (II — VI) occur only when the kinetic
energy of the nuclei exceeds the height of the Coulomb
barrier. Actually, these reactions begin to occur with
significant probability for much lower energies be-
cause of the quantum mechanical tunneling through the
Coulomb barrier. Actually the height of the Coulomb
barrier for reactions (II — VI) is some hundreds of
kev, whereas, for example, reaction IV is observed in
accelerators beginning already with an energy of the
order of 1 — 10 kev and above.

In precisely the same way, thermonuclear reactions
occurring, say, at a temperature T = 108°K (which
corresponds to a mean energy of the particles € = 10
kev), occur mainly through tunneling transitions,
since at these temperatures the number of particles
which, because of the temperature distribution, have
kinetic energies exceeding the Coulomb barrier is in-
significant.t

We should mention an important feature of sub-
barrier transitions. The point is that the coefficient
for penetration of particles through the barrier is
much more sensitive to changes in the barrier width
than to changes in its height. In fact, from the well-
known formula for the penetration factor

B=oxp {2 (VTG Tar)

= exp { —%V2M[7(x2——x1)} (1.1)
(where U is some average height of the barrier), we
see that the exponent depends linearly on the barrier
width and varies only as the square root of its height.
This is the reason in particular that sub-barrier tran-
sitions play practically no part in chemical reactions.
In fact, though the heights of the barriers for chemical

¥t should be mentioned that the probability for reaction (I) is
extremely small compared to that for the other reactions (II-VI).
The reason for this is that it occurs only because of the conversion
of a proton into a neutron as a result of the weak 8 interaction.
Therefore reaction (I) could hardly be produced under terrestrial
conditions. Nevertheless it plays a very important role in astro-
physical processes, being one of the main sources of stellar energy.
(Cf. also Part II of the present review.) The reaction d + d = He, +y
is also extremely improbable. (In addition to the general reasons
which apply to all reactions with y quanta, namely the weakness of
electromagnetic interaction, here the reaction is especially weak
because of considerations of isotopic invariance and symmetry.)

tActually, the most important region of the Maxwell distribution
for the thermonuclear reaction is that region where including the
Coulomb barrier factor expi{~2ne*Z, Z,/tiv} (where v is the relative

velocity and Z,e, Z,e are the charges on the particles) gives a maxi-

M 22, Z.¢

X2V , i.e., ighborhood
2T By i.e., the neighbor

mum for the exponent {—

of the velocity v, = (2nZIZ,e’kT/Mh)/’. The value of the “‘effective’’

energy & = Mv?/2 for the d + d reaction at T = 10° °K is 30 kev,
which is considerably below the height of the Coulomb barrier.
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reactions are much lower than for nuclear reactions,
their width is so large that the penetration factor is
negligible, and chemical reactions actually always
occur over the barrier, i.e., under conditions where
the particles are given the necessary energy for ac-
tivation from heat sources or other sources.

Just because of this feature of the barrier factor,
nuclear reactions begin to occur with reasonable prob-
ability even at energies where the height of the barrier
has still been hardly reduced; however, the most diffi-
cult region for passage (the region at large distances)
is overcome by virtue of the kinetic energy of the
particles.

This feature of the barrier factor which we have
pointed out also shows that reactions of synthesis in
hydrogen could occur, generally speaking, even for
extremely low kinetic energy of the nuclei, if one
could bring the nuclei sufficiently close to one another
by external pressure or by chemical forces.

It is easy to see, however, that for the usual inter-
atomic separations in the hydrogen molecule a nu-
clear reaction is impossible. In fact, in this case the
barrier factor is roughly speaking equal to B

2
~ exp {—f (2Me?ry)¥2} (where M is the reduced

mass of the hydrogen nuclei, r; is the nuclear sepa-
ration in the molecule).

Noting that r; is equal in order of magnitude to the
Bohr radius for the electron, ag =1%/mge?, we obtain

=4/ )

(i and e cancel, k is a numerical factor around

3 —3.3). Thus the coefficient for penetration through
the Coulomb barrier in ordinary hydrogen molecules
is extremely small, according to (1.2).

A computation of the probability of a nuclear reac-
tion in the HD molecule gives, for 1 m? of liquid HD,
1072 reactions per year. It is interesting in this con-
nection to note that if the separation between the hy-
drogen nuclei were 5 — 10 times smaller than in the
hydrogen molecule, the yield of the reactton could
reach a quite significant magnitude. For example, in
1 kg of deuterium at a pressure of 600 million atmos-
pheres (corresponding to a density of 80 g/cm?® and
a mean separation between the particles which is just
half as great as in the H, molecule), one should ob-
serve one reaction per minute (cf. Part II).

At first glance it seems that the necessary reduc-
tion in distance between the hydrogen nuclei may oc-
cur in certain chemical compounds; actually, however,
in all known compounds containing hydrogen the dis-
tance between the hydrogen nuclei is greater than in
the H, molecule. Thus, interatomic separations in
ordinary molecules are too large for the yield of sub-
barrier nuclear reactions between hydrogen isotopes
to have any significant magnitude.

From formula (1.2) we see that if the chemical

(1.2)
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binding in the hydrogen molecule were produced not
by an electron, but by a particle with considerably
higher mass, for example, a meson, the barrier fac-
tor would not be so small and the nuclear reaction
could occur. It is obvious that for this purpose the
only suitable particle is a negative meson which does
not react with the nucleus, since any meson which re-
acts strongly with nuclei (for example, a 7 or K~
meson) will be captured long before it can give rise
to a nuclear reaction. Of the particles known at pres-
ent the only ones which are suitable are u mesons.
The fundamental process which determines the life-
time of the u meson in hydrogen is its decay into an
electron, neutrino, and antineutrino:

p—>e+v+7,

which occurs with a decay rate Ay = 0.45 x 108 sec™!

(lifetime 2.22 x 107 sec).
The probability for direct nuclear capture of a u~
meson in hydrogen

pw+p—ntw

is 1073 — 104 of the decay probability.???® For this
reason we shall in what follows not consider the proc-
ess of capture of the 1~ meson.

We know that u~ mesons entering matter slow down
and, after a time which is much less than their lifetime,
reach 1s states of the mesonic atom. The special fea-
ture of the mesonic hydrogen atoms, as contrasted
with Heu, Liu, etc, is its electrical neutrality. The
radius of the Bohr orbit of a u-mesonic atom of hy-
drogen is ay = h?/mye’ = 2.56 x 10~Y em, which is
much less than atomic dimensiens. Therefore the be-
havior of mesonic hydrogen atoms in matter is very
much like the behavior of slow neutrons. The elec-
trical neutrality of mesonic hydrogen gives rise to
various specific effects associated with the possibility
of very close approach of the mesonic hydrogen atom
to other nuclei. When a hydrogen mesonic atom ap-
proaches a nucleus with Z > 1, a transition of the
meson can occur to a mesonic atom orbit of this other
nucleus, with transfer of the difference in the binding
energies to the proton. Such transitions were already
observed for m-mesonic atoms in the experiments of
Panofsky,? who observed the transition pw + Li
~—Lim+p in LiH. In the collision of a mesonic
atom pp with protons, one can have y-mesonic ex-
change between the protons (which leads in particular
to the complete depolarization of y-mesons in hydro-
gen, as pointed out by the authors ),?5:2¢ while in the
presence of deuterium or tritium impurities in the
hydrogen one can have a transition of the u meson to
these isotopes, say, a reaction pu+d —du +p. Asa
consequence of the fact that the presence of the meson
reduces considerably the width of the Coulomb barrier,
the collision of du-mesonic atoms with protons or
deuterons can lead to the nuclear reactions (II—III).
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In general, these reactions could occur in flight as
well as via formation of the mesomolecular ions pdu
and ddu. One may note, however, that the probability
of reaction in flight is much less than the probability
of a reaction from a state of the mesomolecule. In
fact, if we disregard the presence of the Coulomb bar-
rier, we may picture the nucleus in the mesomolecule
as being bound in a potential well with dimensions of
the order of the p-meson Bohr radius a,; whereas
for collisions of a free mesonic atom with nuclei, the
number of collisions is determined by the mean dis-
tance between nuclei of the material, i.e., 1/ N3 » ae
(where N is the number of nuclei per cc, and ag is
the Bohr radius of the electron). Thus the probability
of nuclear reaction in flight should generally speaking
be (ay; /ag)? of the probability of a reaction in a meso-
molecule. (More accurate estimates will be made
later.)

The first to point out the possibility of nuclear re-
actions between hydrogen isotopes bound in a meso-
molecule was Frank.! It is an interesting point that
this idea was stated by Frank in connection with the
experiments in which the 7 and p mesons were first
identified.

Until 1947 the 7 and pu mesons observed in cosmic
rays were assumed to be the same particle. In 1947
Powell, Lattes, and Occhialini obtained several photo-
graphs in plates in which a new track, belonging to a
meson with an energy in the neighborhood of 5 Mev
(Fig. 1) emerged from the point of stopping of a
meson. These cases were interpreted by Powell,

4

FIG. 1. Tracks of mesons in emulsion obtained by Powell,
Lattes, and Occhialini in 1947.

Lattes and Occhialini on the hypothesis that there

were two types of mesons; Powell et al. stated that the
initial track belonged to a 7 meson which decayed,
after stopping, into a u-meson (with an energy around
5 Mev) and a neutral particle (neutrino). Realizing
the importance of the assumptions that were made,
Frank considered various other possibilities for inter-
preting the photographs of Powell et al., and, in par-
ticular, noted that if pd mesomolecules could be formed
in the plates, there could occur in them a nuclear reac-
tion p + d — He; with a transfer of energy (5.4 Mev)
to the meson by “internal conversion.” However,
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Frank pointed out that the probability of such a proc-
ess in photographic plates is small because of the neg-
ligible content of deuterium in normal hydrogen,* and
concluded completely correctly that the photographs
are to be explained as a ™ — u + v decay.

Later, nuclear reactions produced by p~ mesons in
liquid deuterium were considered by A. D. Sakharov.?
In particular, he treated the reaction d +d + u — He,
+ u and estimated the lifetime of the ddy mesomolecule
as 1071 gec. Independently, in 1953, Ya. B. Zel’dovich
came to the conclusion that it was possible to have ca-
talysis of nuclear reactions by u~ mesons, and made
the first detailed estimates of the phenomena associ-
ated with this process.® In reference 3 it was shown
that the probability of nuclear reaction in flight is
small, whereas formation of the mesomolecule prac-
tically always leads to a nuclear reaction. The pos-
sible mechanisms were considered, and an estimate
was made of the probability for formation of meso-
molecules. Reference 3 also gave a rough determi-
nation of the levels of the hydrogen mesomolecule,
and pointed out the possibility of “resonance,” which
increases the probability for formation of mesomole-
cules and of nuclear reaction in flight for the case
where the mesomolecule has an excited state with low
binding energy. Further theoretical papers®~% were
stimulated by the experimental discovery of u cataly-
sis.

2., EXPERIMENTAL WORK ON CATALYSIS OF NU-
CLEAR REACTIONS BY u~ MESONS

a) Berkeley Experiments?

The reaction p + d — Hey, produced by a p~ meson,
was first discovered by Alvarez and co-workers? dur-
ing an investigation of the interactions of K mesons
in a liquid hydrogen chamber. Along with the K mes-
ons a large number of 7 and y mesons entered the
chamber. Since the chamber was in a magnetic field
(11,000 gauss), u mesons with a range exceeding 10
cm could be satisfactorily identified by the curvature
of their tracks. About 2,500 cases of stopping of u
mesons in the chamber were examined. Almost all
of them g..ve the usual picture of u —e decay.
However, in 15 cases the yu meson, after being stopped,
again attained an energy of 5.4 Mev (which corre-
sponds to a range of 1.7 cm), and the beginning of the
secondary track was not infrequently displaced from
the end of the primary track by a gap of up to 1 mm
(cf. Fig. 2). At the end of the secondary tracks, elec-
trons were observed (Fig. 2), with energies character-
istic for the electrons from u — e decay. This is an
additional confirmation of the fact that the secondary
track is due to a p meson.

*Actually, the process cannot occur in a photographic plate not
so much because of the low deuterium content, as because of a
transition of the j~ mesons to nuclei with Z > 1.
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FIG. 2. Photograph taken in a hydrogen bubble chamber by
Alvarez et al.*

Considering that normal hydrogen always contains
some deuterium impurity (one part in 6,000), the au-
thors of reference 4 completely correctly concluded
that the reason why the u meson received an energy
of 5.4 Mev after being stopped was the nuclear reac-
tion p + d — Hez in the pdy mesomolecule, i.e., the
process described in the preceding paragraph.
Further experiments carried out in hydrogen? en-
riched in deuterium confirmed this assumption: with
increasing concentration of deuterium, the yield of the
reaction increased (cf. Table I). They also observed
one case where the p~meson gave rise to nuclear
reactions twice.
An important point is that even at the highest deu-
terium concentration only a few cases were recorded
of the reaction d + d —p +t produced by a u meson.
This fact is an experimental proof that the nuclear
reaction does not occur in flight, but rather from a
state of the mesomolecule. In fact, since the intrinsic
probability of the d +d reaction is 10% greater than
for the p +d reaction (cf. Sec. 5), if the nuclear re-
ractions occurred in flight, the number of cases of the
d + d reaction in hydrogen enriched in deuterium
fshould have far exceeded the number of cases of the
_p +d reaction.

In the experiments of Alvarez et al. it appeared
surprising at first glance that the reaction p +d
— He; has a considerable probability even in normal
hydrogen with a negligible deuterium content. Another
striking point was the peculiar dependence of the yield
of the nuclear reaction on deuterium concentration:
As we see fram Table I, the reaction yield, which in-
creases with increasing concentration of deuterium,
clearly approaches saturation for a concentration of
the order of 1%. As was noted in reference 4, these
features of u catalysis can be explained by a transfer
of u mesons from protons to deuterons, noting that,
because of the difference in the reduced masses, the
4 meson in the dy atom has a binding energy which
is 135 ev greater than in the py atom. In fact, the
very first estimates given in the work of Zel’dovich
and Sakharov® supported this assumption, and enabled
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TABLE I. Yield of the reaction p +d + pu — Heg +
for various deuterium concentrations

0.3% 4.3%

ref. 4 ' ref. 4a | ref. 4 ‘ ref. 4a

Deuterium Normal hydrogen
Concentration
ref. 4 | ref, 4a
Number of u~e +v+y
decays 2541 2547
Number of pdu ~He;
+ ureactions 15 18
Number of cases
where the i meson
gave rise to two
successive nuclear 0 0
reactions
Yield of reaction in % 0.6/ 0.740.2

2959 | 5924 1269 1792
57 139 32 45
1 3 0 0
212,340.2 2.5|2.540.4

one to explain the dependence of the reaction yield on
deuterium concentration (cf. also references 7 and 8).
The transfer of the y-meson from the proton to the
deuteron also enables one to explain the occurrence
of “gaps” between the end of the primary track of the
u meson and the beginning of the track of the y meson
which is converted in the p + d — He; reaction (cf.
Fig. 2). The presence of the gap is associated with
the path of the neutral dy atom which receives some
energy as a result of the charge transfer. Such a
“gap” is also observed between the point of stopping
of a 4 meson in a hydrogen chamber and the electron
from the y —e decay. Experiments?*2 in hydrogen
enriched in deuterium show that for low deuterium
concentrations the frequency with which one observes
a “gap” in the u — e decay increases with increasing
concentration of deuterium. (No gaps are observed
for a deuterium concentration of 4.3%. For the dis-
cussion of this question, cf. Sec. 4.) From the fre-
quency of occurrence of the “gaps” in reference 4a,
they measured the probability of transfer of the u
meson from the proton to the deuteron. This proba-
bility in normal hydrogen is (0.55 + 0.29), while for a
deuterium concentration of 0.3% it becomes (0.76

+ 0.186).

b) Liverpool Experiments®

In experiments with a bubble chamber one could
record only those cases of the reaction p +d — He;
in which the energy of the reaction was transferred to
a p meson by conversion. It appeared unquestionable,
however, that the p + d reaction produced by a u
meson might also occur with transfer of the energy to
a y quantum. Catalysis by p mesons of the nuclear
reaction p + d — Heg + v was studied experimentally
in reference 5. It should be mentioned that the meas-
urement of the yield of y radiation in p catalysis is,
from the point of view of experiment, a quite compli-
cated problem because of the presence of a high back-
ground. Satisfactory detection of vy quanta from the
p + d reaction was achieved by the following: 1) meas-
urements were made for a hydrogen target, both with-
out deuterium enrichment and with enrichment to a

concentration of 1.8% (which according to reference 4
corresponds to saturation of the reaction); 2) the vy
quanta in the energy range from 3 Mev to 7.5 Mev were
detected, i.e., near to the energy of the y quanta from
the reaction p + d — Heg (5.4 Mev); 3) the distribu-
tion of the y quanta was measured as a function of
time from the time when the y meson hit the hydrogen
target.

The overall arrangement of the apparatus used in
reference 5 is shown in Fig. 3. Counter 4 was con-
nected in anti-coincidence with counters 1, 2, and 3,
while counter 5 was in anti-coincidence with counter 6.

Target

Vacuum
chamber

FIG. 3. Overall arrangement of equipment in the experiments of
reference 5.

Tripping of the system 1234~, indicating that a charged
particle had stopped within the hydrogen target, was
the starting reference of time for the tripping of the
system 576 which detects an uncharged particle (y
quantum ). (If counter 5 were omitted, this arrange-
ment could be used to measure the time distribution
of electrons from u — e decay. These measurements
were done to check the apparatus and to determine the
number of u mesons stopped in the target.)

The time distribution of quanta obtained in this way
is shown in Fig. 4. A comparison of Fig. 4a and Fig.
4b, in which we show the time distribution of y quanta
after arrival of the meson in normal hydrogen and in
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FIG. 4. Time behavior of y quanta after stopping of ¢ mesons
in a target: a) for hydrogen enriched in deuterium (1.8%); b) for
normal hydrogen.

hydrogen enriched to 1.8% deuterium respectively,
shows unquestionably that the recorded y quanta are
from the reaction p + d — Hez. The time behavior of
the v quanta in Fig. 4a (after subtracting the back-
ground) reminds one very much of the time behavior
of the activity of a daughter-product of radioactive
decay, when we have a radioactive chain with two dif-
ferent lifetimes. This analogy is not accidental, since
the time distribution of y quanta from u catalysis
(for deuterium concentrations for which one has reached
saturation of the yield of the p + d reaction) is deter-
mined by the probability for the process p + d — Hey
+ v occurring in the mesomolecule pdu, as well as
by the probability of the process of formation of the
mesomolecules pdu themselves. Experimentally, one
detects the occurrence of two processes: “fast” and
“glow” probabilities, which are (after subtracting the
probability for u — e decay)

0.19.10% gec™!
0.55.10¢ sec™?

< hetow< 0,88-10¢ sec™!, (2.1)
< hfast < 2.107 sec”h, (2.2)

It turns out-that, on the basis of the very few experi-
mental data, one cannot determine which of the proc-
esses refers to the formation of the mesomolecules
and which to the nuclear reaction in the mesomolecule.
The absolute yield of y quanta per stopped y meson
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is, according to the measurements,’

Y,=0.34 £ 0.06. (2.3)

Comparing this value with the results of the experi-
ments of Alvarez et al. (cf. Table I), the authors of
reference 5 determined the coefficient for conversion
of the u meson in the reaction p+d—He; ina
mesomolecule to be

a=0.066 + 0.014. (2.4)

The theory of the catalysis of nuclear reactions by
pu mesons will be given in Secs. 3 —5. In doing this it
seems reasonable to consider separately mesomolecu-
lar processes in hydrogen (Sec. 4), and then the nu-
clear reaction in mesomolecules (Sec. 5).

3. KINETICS OF CATALYSIS OF NUCLEAR REAC-
TIONS BY 4 MESONS IN HYDROGEN

Let us consider the behavior of ¢ mesons in liquid
hydrogen containing a negligible amount of deuterium.
(In completely analogous fashion, one can treat the be-
havior of u mesons in any other mixture consisting of
a light isotope of hydrogen with some small impurity of
a heavy isotope; for example, in hydrogen or deuterium
enriched with tritium.)

The catalysis of nuclear reactions by y mesons in
hydrogen is related to the occurrence of a whole se-
quence of processes. The main such processes are:

1. Formation of pu mesonic atoms (which includes
the process of slowing down of the u mesons in hydro-
gen, their capture into high levels of the mesonic atom,
and their transition to the 1s state). All of these proc-
esses occur during a time which is much smaller than
the lifetime of the u meson, and we may therefore as-
sume that the formation of the mesonic atoms occurs
instantaneously. (According to Wightman,?" a time of
the order of 10™? sec is required for slowing down a
4 meson from an energy of 10 Mev to 100 kev in hydro-

FIG. 5. Diagram of possible nuclear
reactions induced by y mesons in a mixture
of hydrogen and deuterium. Processes

(Hea)y. 7
He o
604)/‘ e.i l”‘
[
mam p ped~azp (Hes)p *n
N g A e He, o~
-~ ~—
] topp
fp

proportional to the deuterium concentration
are shown as dashed lines; the wavy line
cortesponds to the p~ » e™ + v + v decay.

(Heo},u M4
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gen at 20°K at normal pressure; for the further reduc-
tion of the velocity and capture by the hydrogen mole-
cules, 10712 gec is required, and 1071 sec for the cas-
cade transition to the K orbit.) Since the concentra-
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the reaction channels noted in the Introduction, other
channels are also possible. For example, the energy
of the reaction can be transferred to a conversion u
meson, be used for formation of electron-positron

tion of the heavy isotope is assumed to be small (c « 1),pairs, etc. In all cases, when the © meson becomes

the number of mesonic atoms of the heavier isotope
formed in the first stage of the process can be neg-
lected. After this, the neutral mesonic atom pu can
participate in processes 2) and 3).

2) Formation of ppy mesomolecules. We point out
that a ¢ meson which has formed a ppy mesomole-
cule is eliminated from participation in the process of
catalysis. In fact, the ppy system is no longer elec-
trically neutral, so that a close approach to other nu-
clei and transfer of the ¢ meson to such nuclei is not
possible. A nuclear reaction in the ppu mesomolecule
itself cannot occur during the lifetime of the meson be-
cause of the extremely low probability for the reaction
p+p—d+e*+v (cf. Sec. 1); thus, the u meson dies
in the mesomolecule as a result of y decay.

3) Transfer of the u meson from the proton to a
deuteron. Itisobvious that the probability for this proc-
ess is proportional to the deuterium concentration, but, as
will be shown later on, for a concentration ¢ ~ 1% the
probability for transfer is already much greater than the
probability for all other competing processes. It should
also be pointed out that the process of transfer of the
¢ meson from a light isotope to a heavy isotope is
irreversible because of the difference in the reduced
masses of the ¢ meson. In fact, since the binding en-
ergy of the yu meson in a K orbit of a heavy isotope is
greater than for a light isotope (cf. Table 1I), the re-
verse charge transfer cannot occur in liquid hydrogen
on the basis of energy considerations.

4) Formation of pdy and ddu mesomolecules. The
mesonic atom of deuterium obtained after charge trans-
fer quite quickly slows down as a result of elastic colli-
sions with nuclei of the material, and we can subse-
quently form the mesomolecules pdu or ddu. (This
last process, however, is less probable for low deu-
terium concentrations.)

The formation of pduy mesomolecules could, in
principle, also occur in collisions of the pu-mesonic
atom with a deuteron. However, in this case a much
more probable process is the competing one of trans-
fer of the u meson from the proton to the deuteron, so
that the probability of formation of pdu mesomolecules
in pu +d collisions can be neglected.*

5) Nuclear reactions in mesomolecules. In the hy-
drogen mesomolecules which have been formed, nuclear
reactions can occur through the barrier. In addition to

*The fact that the probability of the charge transfer pp+d > du+p
is much greater than the probability for formation of the pdu meso-
molecule is completely understandable qualitatively, since for the
formation of the mesomolecule one must transfer the binding energy
of the mesocule to a third particle (proton or a conversion electron),
whereas for the charge transfer the difference in binding energy is
given to the interacting atoms themselves.

free as a result of the reaction (or is bound in a hy-
drogen mesonic atom ), it can once more participate
in the process of catalysis. In those cases where the
u meson is captured in a helium nucleus which has
been formed in the reaction, it is lost to the catalysis
process, since the Hey mesonic atom is not electric-
ally neutral and therefore can neither form meso-
molecules with other nuclei, nor transfer the u meson
to hydrogen nuclei (cf. Sec. 6).

A competitor to all of these processes is the decay
of the p meson, u —e + v + 7, which occurs with a
probability A, = 0.45 x 10® sec™!.

The experimentally observed dependence of the
yield of the nuclear reaction p +d induced by u
mesons on the concentration of deuterium?* is deter-
mined by the mesomolecular processes®™ which pre-
cede the nuclear reaction.’ "% If we denote the proba-
bilities per unit time of the processes:

pr+d—du+p by Agc, (3.1)
ph+p—ppp by Ay, (3.2)
du + p—> pdp by Auq, (3.3)
dp 4 d — ddp by Ay, (3.4)

(where c¢ is the deuterium concentration), then for
¢ < 1 the ratio of the number of mesonic atoms du
produced as a result of the charge exchange (3.1) to
the total number of y mesons stopped in the chamber
is equal to

Aec

Vo= T hpphee

(3.5)

while the numbers of mesomolecules pdy and ddu
which are formed (per u meson) are respectively

Aot Apd
Ao+ App+Aec ) Ao+ Apd

Aec Aag-c
ho+ApptAec ) Mo+Apa

Yoan= (3.6)

(3.7)

Yddu, =

In deriving (3.6) and (3.7), the assumption is made that
Ae > App, Apds Add and Addc < Apd. This assump-
tion is confirmed by the computation (cf. Sec. 4.)
Suppose that in the pdy mesomolecule the probabil-
ities per unit time for nuclear reactions p + d — Heg
with emission of a v quantum and with transfer of en-
ergy to a u-meson are equal respectively to Ay and x,.
Then the yields of v quanta (Yy) and conversion p
mesons (Yy) per u meson (taking account of the fact
that the converted meson can again participate in the
catalysis process) are given by the expressions:

YV A Y,

= L]
Ty, ~ e IR Ty, - 68

— )"2
TP A A,
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However, since we know from experiment that Y,
« 1, we can write approximately*
Yo=Yl Y=Yt .  (3.9)
L e T o PR R :
The dependence of Y, on deuterium concentration is
given by the factor (3.5). According to (3.5), (3.6},
and (3.9), 1/Y, depends linearly on 1/c for low deu-

terium concentrations:

1/Y,= A+ BJc, (3.10)
where

ER T i (3.11)

%=*+*w (3.12)

The experimental results of Alvarez et al. are satis-
factorily described by formula (3.10), for example,
with A =39, B = 0.016 (cf. Table Ia),

B/A ~ 4.1074, (3.13)

TABLE Ia. Number of cases of the
reaction p+d+pu— He; +pu
which should have been observed
in the experiments of reference 4a,
according to the formula 1/,
= A + B/C (cf. Table I)

Normal
hydrogen
1/6000

Deuterium

@,
concentration 0-3%

4.3%

1/Y=A+ B/c 19 137 | 47
A=39, B=0.016

Experiment*® 18 139 45

The errors lie within the statistical uncertainties.
From (3.10) we see that for

B — xo"}")‘nb

c > 7 » (3.14)

the yield of the reaction no longer depends on the con-
centration of deuterium, and one reaches a saturation
of the reaction. Physically, this is completely under-
standable since, when (3.14) is satisfied, the process
of transfer of the pu-meson from the proton to the deu-
teron becomes much more probable than the competing

*We should note that the nuclear reaction in the pdu mesomole-
cule is described in somewhat simplified fashion in Egs. (3.8) and

(3.9). Actually (cf. Sec. 5) the nuclear reaction occurs independently

from the four different spin states of the pdy mesomolecule, with
probabilities for emission of a y quantum (A .} and of a conversion
§ meson ()‘zs) which are characteristic for each of these states.

Thus in equations (3.8) and (3.9) we should make the replacements

Ay Aas

A’lS A’R
Mot he ZS]“S PR W YR Wy Wi Vg %‘S Aot Aas T Ao

where cg is the prubability for formation of the mesomolecule in a
given spin state S.
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processes of formation of a ppu mesomolecule and

i —e decay. Thus for such concentrations of deuter-
ium practically all the ¢ mesons are transferred to
deuterons (Yqy, =~ 1) and the yield of the reaction is
not changed by further increase in the deuterium con-
centration. It is important to note that, since Ag

>» (Ag + App) [cf. (3.13)], condition (3.14) may already
be satisfied for very low concentrations of deuterium,
c < 1.

The absolute yield of the reaction p + d — Hey + vy
under conditions of saturation (Yqy ~ 1), which was
measured in reference 5, enables one to make some
estimates of the probability for formation of pdu meso-
molecules and the probability of nuclear reaction in
the mesomolecule. According to (2.3), (3.6), and (3.9),

;"pd l.l 1
Pl v e Wl i (3.15)
from which
Apd 1 A 1
[ ~and % —
Rothpd 3 Mot h, 3
i.e.,
Ay > o (3.16)
pd Tr .
Ay > 2o (3.17)

The experimental data also make it possible to esti-
mate the probability for formation of ddu mesomole-~
cules. As was already pointed out in references 2 and
3, the formation of ddu mesomolecules practically al-
ways leads to nuclear reaction (cf. Sec. 5). Thus, the
yield of the reaction d +d produced by a ¢ meson is
determined entirely by expression (3.7). In reference
4 it is pointed out that, under conditions of saturation
of the reaction p +d— He; (i.e., for Yq, ~ 1), sev-
eral reactions d +d —t + p were observed. If by
the word “several” one understands v =3 —4, then
using the data of Table I for ¢ = 4.3% and formula
(3.7), we have

haa v
ho+hpa  1260-0.043

=0.05—0.08. (3.18)

Considering Eq. (3.16), one can easily conclude that
on the basis of the experimental data the probability of
formation of ddu mesomolecules is much less than the
probability for formation of ppu. (It is possible that
the probability for the d + d reaction is actually some-
what greater than the value which follows from the
data of reference 4, since under the conditions in the
liquid hydrogen chamber used in reference 4 cases of
the reaction d + d — Heg + n could not satisfactorily
be observed. )

We shall now give a phenomenological description
of the time dependence of the yield of y quanta from
the reaction p + d — Hey + v, which was studied in
reference 5.

We shall, for simplicity, assume that the nuclear
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reaction p +d — Hey + v in the pdy mesomolecule
is characterized by a definite probability A,. (Actu-
ally, the nuclear reaction occurs independently from
the four different spin states of the mesomolecule,
with a probability characteristic for each of these
states (cf. footnote on page 600.)

Let n4g, npd, and n, be respectively the number
of mesonic deuterium atoms, the number of pdu mole-
cules and the number of vy quanta emitted up to the
time t. Then under conditions of saturation (3.15),
(assuming that the process of formation of du me-
sonic atoms is infinitely fast), we can write the
equations:

dng

5= = (M 4+ Apg) 1y, (3.19)
dnpq
2 = Mparng— (Ao Ay 4 R) ny (3.20)
dnv
- = My (3.21)

[In Egs. (3.19) — (3.21) we neglect for simplicity the
formation of ddu mesomolecules and the possibility
of the reappearance in the cycle of a meson which has
given rise to 2 p +d reaction.] From these equa-
tions it is easy to find that the yield of y quanta per
unit time per meson is:

dny Aihpa

= T —ag (%P (—het) — exp (— A )}, (3.22)

where

hp=RgtApg A, =Ry Ay + Ay (3.23)

pd?

The probabilities for the “fast” and “slow” processes
measured in reference 5 [cf. (2.1) and (2.2)] are ob-
tained by subtracting from Ay and Ay the probability
Ay for the u — e decay. Since, however, formula
(3.22) is symmetric in Ay and xy, we cannot decide
experimentally, as we have already pointed out, which
process is the “fast” one, the formation of the pdu
mesomolecules or the nuclear reaction in the meso-
molecule.

4, MESOMOLECULAR PROCESSES IN HYDROGEN

In this section we shall treat the various meso-
molecular processes in hydrogen which are important
for the course of nuclear reactions induced by u me-
sons. The main processes are the transfer of the yu
meson from a light isotope to a heavy isotope and the
formation of mesomolecules. Various estimates con-
cerning these processes are contained in references
3, 6 — 8, and 13 — 20; in the following presentation we
shall follow reference 17.

a) Adiabatic Approximation

It is known that in computing the usual molecular
processes one can apply successfully the so-called
adiabatic approximation, whose validity is based on
the smallness of the ratio of the electron mass to the
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mass of a nucleus. Because of the smallness of this
ratio it is assumed that the electrons follow the mo-
tion of the nuclei adiabatically. Correspondingly, the
wave function of a molecule is sought for as a product
of a function describing the motion of the nuclei by a
function describing the motion of the electrons for
fixed separations between the nuclei.

Solving the Schrddinger equation for the electrons
with immovably fixed nuclei, we determine the wave
function of the electrons. The electron energy found
in this way depends on the separation of the nuclei as
a parameter, and, together with the Coulomb energy
of the nuclei, gives the effective potential energy of
interaction between the nuclei in the molecule. Then,
solving the Schriédinger equation for the nuclei, one
finds the rotational and vibrational levels of the mole-
cule.

Thus, for example, the wave function of the Hj
molecular ion is equal in the adiabatic approximation
to

¥ (r, Ry, Ry)=®, (R)y, (R, 1), (4.1)

where r, R;, R, are respectively the coordinates of
the electron and the nuclei, R=|R,~R,|, and the
electronic terms are determined from the Schrédinger
equation*

(b =t VB =E (R, (R, 1), (4.2)

where ry=|r-R;|, ry=|r-R,|, and the corre-
sponding wave function for the motion of the nuclei is
given by the equation

{ G- ot Eaw} O (R)=EQ,(R),  (4.3)
where My, is the reduced mass of the nuclei.

The solutions of (4.2) have been studied by many
authors and are well known (cf. the bibliography in
reference 29). The solutions of (4.2), which when the
nuclei are separated give an electron in the K orbit
of one of the nuclei, are, according to the molecular
notation, the functions X g(R, r) and Z,(R, r).

[2 indicates that the projection of the angular momen-
tum on the molecular axis is equal to zero; g denotes
even (gerade), and u odd (ungerade) states with re-
spect to interchange of the nuclei. ]

For R — =,

L ) —v(r), (4.4)

Vi
where ¢ (r) is the hydrogen atom wave function for
the 1s state,

Egﬁ%z_(‘p(rl)'*'w(r?))’ Z,—>

1 -7
P(r)= ﬁ [

For R—0, 25 and Z, go over into the wave *.uc-
tions of the He™ ion for the 1s and 2p states respec-

(4.5)

*In atomic units with i=1, e=1, me = 1,
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tively. The potential Ey(R) inthe Zy state gives a
repulsion between the nuclei, whereas for the Zg state
the potential Eg( R) has a minimum for R = 2, whose
depth (relative to the value at infinity) is approxi-
mately 0.1 atomic units. Thus a bound molecule can be
formed only in the Zg state (we do not treat the for-
mation of molecules for excited electronic states).

If we use the adiabatic approximation as the zeroth
approximation for the hydrogen mesomolecules, the
equation for the y meson in the field of the nuclei at
rest (in mesonic atomic units, with m, =1, A=1,

e = 1) coincides exactly with Eq. (4.2) for the Hj
molecular ion. Thus in zero’th approximation the
mesomolecular potentials are obtained from the po-
tentials of the H; molecular ion by a simple similar-
ity transformation.

Since my/me is equal to 207, the depth of the po-
tential well Eg(R) at its minimum is around 580 ev,
while the equilibrium separation between the nuclei
is approximately 2a, =5 x 10" ¢m. We should point
out that for the vibrational and rotational levels of the
mesomolecules there will be no similarity to the cor-
responding levels of the H; molecular ion. The sizes
of vibrational and rotational quanta, whose ratios to
the distance between electronic levels are, for ordi-
nary molecules, of order of magnitude (mg/M;,)¥?
and (mg/M;,), for the case of mesomolecules are
comparable with the depth of the potential well. Thus,
hydrogen mesomolecules, unlike Hj, have only one or
two rotational or vibrational levels.

The treatment given above is essentially qualitative,
since for mesonic molecules the ratio of the mass of
the u meson to the mass of the nucleus is not so small
as for electrons, and the application of the adiabatic
approximation is far less justified than for ordinary
molecules. It turns out that for mesomolecules (in
particular, those consisting of different isotopes) the
adiabatic approximation is not satisfactory for the
treatment of various processes (for example, charge
exchange, scattering of mesonic atoms, etc). For
this reason, in the following subsection, we shall make
some improvements on the adiabatic approximation.

b) Improvement of the Adiabatic Approximation for
Hydrogen Mesomolecules!®~?!

The need for improving the adiabatic approximation
for the case of mesomolecules with different nuclei is
primarily related to the size of the corrections which
take account of the motion of the nuclei in the isolated
mesonic atoms. As R — « the potentials Eg(R) and
Ey{R) tend to the value of the energy of a 1s level of
the isolated mesonic atom with fixed nucleus, i.e.,

E, ()= E,(0) = — 5. (4.6)

Taking account of the nuclear motion for R — «
should lead to the result that the energy of the relative
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motion will be measured from the 1s levsl of the iso-

lated mesonic atom, i.e., form E,= ——éﬂ , where
m;f is the reduced mass of the y-meson for a nucleus
with mass M:
M 1
m;=mw 1—ﬁ (M > 1).

Thus the corrections to the adiabatic approximation
as R — = are of order of magnitude 1/M of the
“large” energy of mesoatomic levels (as compared
with molecular levels). For mesomolecules consist-
ing of different nuclei, the difference between the
levels of the mesonic atoms is comparable in order
of magnitude to the size of the molecular potentials
Eg(R) and Eyr(R) themselves [we recall that the
value of Eg(R) at the minimum is 0.1]. Therefore
in this case the approximation (4.1) is unjustified, and
to describe the relative motion of the mesonic atom
even in the zeroth approximation we need two functions.

In fact, as R — = the wave function of the system
must have the form

¥~ AR) Py (ry) + B (R), (r,),

where the function A (R) describes the motion of the
second nucleus with respect to the mesonic atom of
the first nucleus, while B (R) gives the motion of the
first nucleus with respect to the mesonic atom of the
second; Pa(ry) and Yp(ry) are the wave functions

of the p meson of the first and second nucleus respec-
tively. For a given total energy E of the system, the
kinetic energies of relative motion in the states g
and yp are different and equal respectively to (E - EJ)
and (E-EJ}), where Ej and E} are the energy levels
of the first and second mesonic atoms

(4.7)

Lt
T e ATM,’

1 1

e (4.8)

E'= El=
Recalling the behavior of the wave function for
R— o [cf. (4.7)] and considering (4.4), we must in
zeroth approximation try to find a wave function for

the system of the form

¥=G(R)Z,(R, 1)+ H(R)Z,(R, 1), (4.9)

where the functions G(R) and H(R) are connected
(as R — ») with the functions A(R) and B(R) by
the relations:*

1 1
=75 (G+H); B=W{G—H}. (4.10)
As is shown in Appendix I, the choice of ¥ in the
form (4.9) enables one to improve the adiabatic ap-
proximation to include terms of order 1/M. For the
functions G(R) and H(R) [or for A(R) and B(R)
defined according to (4.10)], one obtains a system of

*We note that the choice (4.9) automatically assures us that
the center of gravity of the system will be at rest, since ¥ depends
only on the difference in the coordinates of the particles.
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two coupled equations which can be solved numerically.

Let us assume for definiteness that M, > M, i.e.,
E} > E). Then, depending on the total energy E, three
types of motion are possible:

a) For E = E} > E) the motion is infinite, and the
i meson can be either on the heavy or on the light nu-
cleus. In this region of energy there is a transfer of
the u meson from the light isotope to the heavy iso-
tope.

b) For E! > E > EJ the motion is again infinite, but
the ¢ meson can only be at the heavier isotope. In
this energy region, in the collision of a mesonic atom
of the heavier isotope with the nucleus of the lighter
isotope, there is elastic scattering or formation of a
mesomolecule.

c) For E < E} < E{ the motion is finite; the possible
values of E form a discrete spectrum corresponding
to the levels of the mesomolecule. As shown in Ap-
pendix I, for the approximation (4.9) one still pre-
serves the classification of levels as rotational and
vibrational.

Before proceeding to the study of processes occur-
ring in these various regions of energy E, we note
some special properties of the system consisting of a
p meson and two identical nuclei (M; = My, = M). The
Hamiltonian of such a system is symmetric with re-
spect to the two nuclei. Therefore, the wave function
of the system cannot simultaneously contain states
Zg and Z,, whose symmetry with respect to inter-
change of the nuclei is different. In accordance with
this, in-zero approximation, we may use the adiabatic
approximation (4.1) (where xp is either Zg or Zy).
The corrections to the adiabatic approximation (4.1)
result in a shift of the potential curves Eg(R) and
Eu(R), so that the values of the effective potentials
for R— = (to an accuracy of the order of 1/M)
tend toward the energy of the isolated mesonic atom
E? (and not to — 1/2, as occurs in zeroth approxima-
tion), and in addition the shapes of the potential
curves for finite values of R are changed* (cf. Fig. 6).

Thus, for identical nuclei, the treatment of molec-
ular processes is simplified essentially since, in
place of a system of coupled equations (1A.3), we need
to solve two independent equations of the type (4.3).
Since, in addition, the effective interaction potentials
can be approximated by simple functions, in this case
it becomes possible to give an analytic solution (cf.
Appendix II).

Now we shall present the main data concerning
levels of mesomolecules and probabilities for various
mesomolecular processes.

¢) Levels of Mesomolecules

In Table II we give the levels of mesomolecules cal-
culated in references 14 and 17 —19. The levels of

*For ordinary H; molecules the corrections to the adiabatic
approximation are treated in reference 30.
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FIG. 6. 1-Potential ¢
energy of interaction of
nuclei Eg(R) in the adia-
batic approximation; 2 -
potential energy taking
account of the reduced
mass in the isolated
mesonic atom; 3 - poten-
tial energy including dy-

namical corrections to the
adiabatic approximation.

\ Energy level of isolated mesonic atom.

TABLE II. Energy of 1s-level of
mesonic hydrogen atoms (in ev)

For an infinitely
heavy nucleus PR diL n
! 2800 2531 2666 2714

mesomolecules with identical nuclei were calculated
in reference 14 using an approximation of the effective
interaction potentials by Morse functions.

In Fig. 7 are shown potential curves for mesomole-~
cules with identical nuclei (taking account of dynamical
corrections to the adiabatic approximation) and the
values of the approximating Morse potentials. The cor-
responding wave functions can be given analytically
(Appendix II). For mesomolecules with different nu-

(pp) 4 molecule
g4 § 5 7 8 x

U=D(e***-26™), r=R-R,

—Re2l5 =067 D-QMES
o~RE282  ec-lF9  D-006S0

£ (dd)x molecule

| I U S S A R
57741 8 U N
‘Qw" U-Ple?™ -2¢*). z-R-R,
~466 [ o-R,=209 =67 D004

“-Re23% o-059  D-0080
oRe206  a-075 D-004

FIG. 7. Potential curves and energy levels for mesomolecules
with identical nuclei. The points on the curves represent values
calculated for Morse potentials with the parameters noted on the
figures. The energy and separation are in meso-atomic units.
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clei, the zeroth approximation was taken in reference
14 to be the adiabatic approximation ¥ = GZg (without
including the Z, state). The corrections to the adia-
batic approximation (to terms of order 1/M) have
the effect that the curve for the effective potential en-
ergy of interaction of the nuclei lies (for R — =)
midway between the levels of the isolated mesonic
atoms (4.8) (cf. Figs. 8a and 8b). The energy levels
calculated in this approximation are in fair agreement

{pd)u molecule
£¢/ Level of mesonic hydrogen atom /

T8
Sl

I,:effil."f ‘mesonic deln‘:;g"x(lnn at

U-Ble™**

o=~ o066 D=ORH8
o —R=248  e-l67 D-0076

-26%), z=R-R,

i a
(pt) molecule
Level of mesonic hydrogen atom”

7z
A LI IR I,

Level of mesonic tritium atom /

o ™

/A

404 ;
VD™= 26%),  xR-R,

o~R=2l =066 D-01045
—R,=245 =068 D-4073

Q05+
408 ¢
qwr

b

FIG. 8. Potential curves and energy levels for mesomolecules
with different nuclei.

with the values obtained in references 17 and 18, where
the Z state was included. This fact shows that the
3, states are not very important for low-lying levels
of the mesomolecule (cf. Fig. 9). Taking account of

it in the bound state corresponds in a certain sense

to the second approximation of perturbation theory.

In reference 17, the levels of mesomolecules with dif-
ferent nuclei were found by a method which is de-
scribed in Appendix I. In references 18 and 19 the

47+ T T T T T

a3

Ry
FIG. 9. Radial functions g(R) and h(R) [cf. (4.9) and (1A.10)]
for the pdu mesomolecule, according to reference 8.
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levels were determined by a variational method. Wave
functions corresponding to levels of mesomolecules
with different nuclei were given in references 17a and
19 (cf. Fig. 9).

From Table III we see that there is a considerable
discrepancy between the levels calculated in refer-
ences 17 and 18. This circumstance is related to the
fact that the approximations used in references 17
and 18 are valid up to an accuracy of the order of
1/M;, and differ from one another by terms of the
order of (1/Mj,)%. The difference between levels
calculated by the two methods lies just at limits of
uncertainty which exceed the accuracy of the starting
approximations.*

TABLE III. Binding energy of meso-
molecules in ev*

Rotational level K=0 K=1 K=2K=3
Vibrational level v=0 | v=1| v=0| v=1| o= v=0
2522
PP 241 | — 1063 | — — —
2484d 93°
2232 952
pdp 244 | — lgop | — | — | —
220¢ 90 ¢
3302
ddp 322 | 40a | 2262 7a? | 88a
3174 (181 b?{223b| — | 82b —
211 a 02
Pl 3¢ | — 38 ol — | — | —
dt 323a | 362 | 2343 103 2
L 39¢ | 32¢ | 232¢ | — j402¢ | —
m | 3672 | 862 | 2882 | 452 | 170a | 554
2 Taken from ref. 14
b Taken from ref. 18, 19
¢ Taken from ref. 17
dTaken from ref. 28
*For the pdyu, pty and dty mesomolecules, the bind-
ing energy is given relative to the mesonic atom with the
heavier nucleus.

It should be mentioned that in the case of the ppu
mesomolecule the depth of the potential well only
barely misses enabling the existence of a bound vi-
brational level K =0, v =1 [cf. Appendix 2, formula
(2A.4)]. Therefore for the ppu mesomolecule there
is a virtual level which leads to a resonance in the
scattering of pu mesonic atoms on protons (cf. below).

As already pointed out in reference 3, the presence
of a bound or virtual level of a mesomolecule with an
energy close to zero leads to a resonance in the colli-
sion of particles with low energy, which significantly
increases the probability of formation of mesomole-
cules and the possibility of nuclear reaction in flight.
As we see from Table III, among the possible reso-

*Except for the level K =0, v = 1 of the ddy mesomolecule,
which is clearly determined incorrectly in reference 18.
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nance levels one should mention the level K=0, v=1
in the ddu and dty molecules, and the level K = 1,
v =1 in the tty mesomolecule.

d) Process of Transfer of a 4 Meson from a Light to
a Heavy Isotope

The transfer of the yu-meson from a light isotope to
a heavy isotope is an inelastic process in which the dif-
ference in binding energies of the u-meson (cf. Table
II) is converted to kinetic energy of the relative mo-
tion of the charge-exchanging nuclei.

Considering that the velocities of the nuclei before
the charge exchange are small, and that the cross sec-
tion for inelastic processes at low velocities is in-
versely proportional to the velocity, we can estimate
the cross section for transfer of the py-meson from
dimensional considerations:®

0 ~ 4nalu*/u, (4.11)

where v and v* are the relative velocities of the
mesonic atom and the free nucleus before and after
charge exchange, respectively; a) is the Bohr radius
of the mesonic atom. Such an estimate gives a result
which is correct to order of magnitude. For the calcu-
lation of the effective cross section for this transfer
one can use a method described in Appendix I. In do-
ing this, since the relative velocity of the nuclei is
extremely small before the transfer of the u meson,
one can limit oneself to the consideration of S waves.
The effective cross section for the transfer can be
represented in the following form:

0 = 4nfajv¥/v, (4.12)

where the coefficient f is determined by numerical
computation.

Let N be the number of nuclei per cc¢ (for liquid
hydrogen N =4 x 102 cm™3) and ¢ be the concentra-
tion of heavy isotope, so that the probability for transi-
tion per unit time is we = Ncov.

Comparing with (3.1) we have

A, = Nov=4nfal Nuv*. (4.13)

In Table IV we give values of f and the reaction
probabilities (ov) for the possible transfers of a u
meson, as taken from reference 17. For the particu-
lar process pu + d — du + p, the effective cross sec-
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TABLE IV. Cross section for transfer
of ¢ meson from light to heavy
isotope, ¢ = 4wfalv*/v (according
to the data of reference 17)

prtd~ | ppit du 4+t -
sdptp | ~twtp | —ptd

i 211 | 08 | 0,0067
wsed 34210718 | 1.54-40718 | 1.2.4078s

tion was also calculated in references 13, 14, and

16 —21. The results obtained by the various authors
for the quantity A are given in Table V. As we see
from Table V, the results of the computations of ref-
erences 17 and 18 are very close to one another, but
differ from the results of reference 16, although the
calculation in reference 16 was done by a method anal-
ogous to that of references 17 and 18. For compari-
son we give the results of Jackson and Skyrme calcu-
lated by using the Born approximation; from Table V
one sees that the value of Ay in Born approximation
is too high by a factor of 30 —40. On the other hand,
the results of references 20 and 21 are much too low
compared with the results of references 13 — 19. This
is related to the fact that in references 20 and 21, in
solving the system of coupled equations (cf. Appen-
dix I), a much cruder approximation was used than in
references 17 and 19. A strange result is the anom-
alously small transfer in du +t—tu + d obtained

in reference 17 (Table IV).

e) Scattering of Mesonic Atoms by Nuclei

The mesonic atom which has been formed as a re-
sult of the transfer of the 1 meson from a light iso-
tope to a heavy isotope possesses additional energy,
as a result of which it traverses a definite path length
in the material. According to reference 4 this ex-
plains the “gap” observed at the end of the track of
the u-meson (cf. Sec. 2). To calculate the range of
the mesonic atom after the charge exchange one must
determine the effective cross section for scattering
of the mesonic atom of the heavy isotope by nuclei of
the light isotope of hydrogen. In reference 17 the ef-
fective cross section for scattering of mesonic atoms
by nuclei was determined for low values of the kinetic
energy, when one can limit oneself to scattering in S-

TABLE V. Probability of transfer per unit time for the process
pu +d —du + p according to the data of various

6,7,8,13,14,16,17,18,19,20,21 %

authors
Crude estimates 13.14| 16 17 18.19 | 20 | 2
6 | 7 | 8
he (sec=h)| 1.6-10° [8-101 | 3.6.1011 | 101 | 1.8.10%0 |1.36.1010| 1.3. 4010 | 7-10¢ | 2-10°

per unit volume in liquid hydrogen.

*Results are given for N = 4 x 10** cm

-3, where N is the number of nuclei
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states (the energies of mesonic atoms obtained from
charge exchange in practice satisfy this condition).

The scattering lengths and effective cross sections
calculated in reference 17 are shown in Table V1.
Effective cross sections for the scattering of mesonic
atoms also calculated in references 18 and 19, in which
it was shown that, if one includes Van der Waals forces,
a Ramsauer-Townsend effect occurs in the scattering
du + p—du + p at low energies (i.e., the effective
cross section goes to zero at some definite energy).
However, it is easy to see that to explain the size of
the “gap” it is not at all necessary to make use of the
anomalously small value of the effective scattering
cross section which is pointed out in references 18

and 19. Im fact, in an elastic collision the incident
-particle transfers an energy E’ to the particle at rest
which is equal to®!

E MMy psine X ,

T OLFMY 2

where yx is the scattering angle in the center of mass
system, E is the energy of the incident particle in the
laboratory system. Considering that the scattering
occurs in S states, one can assert that the average
fraction of the energy transferred per collision is

. 2MM,
(My+ Mo
If one considers collision of the du mesonic atom

with protons and deuterons, the energy loss per unit
‘length is

k (4.14)

2L N g0+ N by (4.15)
where Np and Ng are the numbers of protons and
deuterons per unit volume, odp(E) and odgd(E) are
the effective scattering cross sections for du + p
—du+p and du +d —du +d, while kp and kg

are the fractional energies transferred in such colli-
sions. The length of path of the mesonic atom in slow-
ing down from the energy Emax to thermal energy
Emin is

Emax

L~ (Nyky04p (0) + N k0,0 (0)) In
min

(4.16)

In normal hydrogen and in hydrogen enriched in deu-
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terium to 0.3%, the scattering of du by deuterons
plays practically no part. Assuming that Emin = 3

x 10-3 ev (20°K) and Emax = (Y3) X 135 ev = 45 ev,
we find according to (4.16) and Table VI, L ~ 0.2 mm.
This value apparently is smaller than the size of the
“gap” observed in experiment. However, it is clear
that to obtain the experimental value (L ~ 1 mm) one
does not at all need an anomalously small value of ogp.
In particular, the “uncorrected” value obtained in ref-
erence 19 for the scattering length for du + p —du + p,
equal to 0.8 a,, gives, according to (4.16), a value L

= 1 mm, which agrees very well with experiment.

The fact that at a deuterium concentration of 4.3%
the “gap” is not observed (cf. Sec. 2), may be associ-
ated with the increase in importance of the scattering
du +d—du +d, whose effective cross section is con-
siderably greater than that for du + p —du + p. Ac-
cording to references 18 and 32 (cf. Appendix 2), the
cross section 0gq(0) = 3.3 x 1071 cm?, and if we take
for odp(0) the “uncorrected” value adp(0) =5.3
x 1072 em?, then according (4.18) the range of the
du atom is 0.2 mm, so that the gap is considerably
reduced. Here one should also take account of the
fact that in the du + p — du + p scattering the maxi-
mum deflection of the du atom in the laboratory sys-
tem is 30°, so that one may in the rough approximation
of (4.16) assume that the du atom moves along a
straight line; whereas for the dy + d —du + d scatter-
ing the maximum deflection of the du atom is 90°,
which should lead to a reduction of the “gap.” 1t is
possible that for more accurate estimates one should
also include the fact that the scattering of the mesonic
atoms occurs not on free nuclei, but on nuclei in mole-
cules. The effective cross sections for scattering of
the mesonic atoms in this case could be obtained by
the pseudopotential method proposed by Fermi for
treating the scattering of neutrons by molecules (cf.,
for example, reference 26). As pointed out in refer-
ence 32, it is possible that a “gap” will also be ob-
served in pure hydrogen without deuterium impurity,
since the effective cross section for the scattering
process pu +p—pu +p at energies less than the
energy of the hyperfine structure splitting in the pu
mesonic atom (0.18 ev) is anomalously small.

TABLE VI. Effective cross sections for scattering
of mesonic atoms by hydrogen nuclei, omitting

Van der Waals forces

17

dp +p—~ w+p - tp+-d —
—dp +p > tp+p - ip+d
Scattering length in
units Az/mpe? . . .| 2.03; (0.8)%) 2,66 6.7
Cross section 3.4; (0.53)%) 5.84 3.7
in 10™°cm?

*The scattering length 0.8 a, was given in reference 19 as an
‘“uncorrected’’ value (omitting Van der Waals forces).
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f) Formation of Mesomolecules

In the collision of free mesonic atoms with nuclei
of hydrogen molecules, formation of mesomolecules
is possible. In such a process the binding energy of
the mesonic molecule can, in general, be given off
either as radiation or to the electron of the hydrogen
molecule, or finally to a neighboring nucleus in the
molecule. The last of these mechanisms might play
an important role in the formation of mesonic mole-
cules in excited states with a binding energy close to
the dissociation energy of the hydrogen molecule.
Since, however, there are no such levels in meso-
molecules (cf. Table II), this mechanism need not
be considered.

Since the dimensions of mesonic molecules are
considerably smaller than the dimensions of elec-
tronic orbits, the process of transfer of energy to an
electron during the formation of a mesonic molecule
can be treated in exactly the same way as the con-
version of an electron in nuclear transitions. The
energy transferred to the electron in the formation
of a mesomolecule lies in the range of tens to hundred
of ev; for such energies the conversion coefficients
are very large. Therefore, as was already pointed
out in reference 3, the formation of mesonic mole-
cules by conversion on an electron is much more
probable than the radiative transition; in the case of
so-called 0—0 transitions, it is the only means
possible.

Since the collisions of mesonic atoms with nuclei
leading to the formation of mesonic molecules occur
for very small velocities (largely thermal velocities),
we may assume that the mesonic molecules are formed
from S waves of the continuous spectrum. In the final
bound state there are rotational levels of the mesonic
molecules with K= 0 and 1, while for the mesonic
molecules ddu, dtu, and tty there are also levels
with K= 2 and K = 3 (the last only for ttu). Thus,
electric dipole transitions E1 (0 — 1) are possible to
rotational levels with K = 1, as well as electric mono-
pole transitions E0(0 — 0) to the K= 0 level and,
for the mesonic molecules ddu, dtu, and tty, we can
have electric quadrupole transitions E2 (0 — 2) to
the K = 2 level.

Let us first consider the E1 transitions. The di-
pole moment of the system consisting of two nuclei of
hydrogen isotopes with masses M; and M, and a u
meson with respect to the center of gravity of the sys-
tem (it is important to indicate the reference point,
since the total charge of the system is not zero) is
equal to

(4.17)

My—M

d=—3 {Far R+ i},
where R=R,—-R;, ry=r—-Ry, ry=r-R,, r, Ry, and
R, are the coordinates of the u meson and the nuclei.
The first term in the dipole moment (4.17) is related
to the asymmetry in the distribution of the nuclear
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charges with respect to the center of inertia, in the
case where the masses of the nuclei are different.
The second term in (4.17) is related to the distribution
of charge of the u meson with respect to the center of
the molecule and, in the case where M; = M,, com-
pletely determines the dipole moment of the system.
The probability for formation of a mesomolecule by
a conversion transition E1l to a rotational level K =1
can be calculated similarly to the problem of conver-
sion for a nuclear transition. I, for the electron in
the initial and final state, we choose exact hydrogenic
Coulomb functions, omitting the fact that the mesonic
atom is combined with a nucleus which is bound in an
ordinary hydrogen molecule, we find for the probabil-
ity of formation of the mesomolecule the expression!®

WE,=?(N(15)<%>5”;2< Z|(d)|z>%, {4.18)
A\IK
whére

et - 27 1/2 -1 .
n=g5 g_[ )J exp (— 2y cot™ ' n); (4.19)

(14m3) (1 —e2m
ay and ae are the Bohr radii of the p meson and the
electron, ve is the velocity of the conversion electron,
N is the number of nuclei per unit volume with which
the mesonic atom forms a mesomolecule. The matrix
element of the dipole moment in (4.18) is taken between
wave functions of the mesomolecule, corresponding to
transition from an S wave of the continuous spectrum
to a bound state with K = 1, and is expressed in meso-
atomic units (fi=1; my =1; e =1). The summation
in (4.18) is taken over all possible projections of the
orbital angular momentum in the final state, MK = 0
and =1.

It is easily seen that the first term in the dipole
moment (4.17) has non-zero matrix elements only be-
tween states with mesonic functions with the same
parity Zg— g and Zy— Zy, whereas the second
term in (4.17) gives transitions only between meson
functions of opposite parity Eg = Z;.

For the formation of a mesomolecule with identical
nuclei, the dipole moment of the system differs from
zero only because of the second term in (4.17); thus,
in this case only Z;— Zg transitions are possible,
i.e., from repulsive states in the continuous spectrum.
The state Zy is antisymmetric with respect to inter-
change of the nuclei, so that in the S wave of the rela-
tive motion of the nuclei there corresponds to it a
state with odd spin of the two nuclei. The probability
of formation of the mesomolecule (4.18) must thus, in
the case of identical nuclei, be multiplied by the sta-
tistical weight of the state Ty, which is equal to ¥,
for ppu and ttu and Y for ddu.

The wave functions describing the relative motion
of identical nuclei can be determined analytically using
an approximation for the molecular potentials (cf. Ap-
pendix 2).
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For mesonic molecules consisting of different
atoms the principal interest is in the calculation of
the probability of formation of mesomolecules for the
case where a collision occurs between a slow mesonic
atom of the heavier isotope with the lighter nucleus;
for example, du + H—pdu + e. For the collision pu
+ d, as we have already pointed out above, the much
more probable process is the charge exchange pu
+d —du + p. The probabilities of formation of meso-
molecules by electric dipole E1 transitions, calcu-
lated in references 15, 17, 18, and 19, are given in
Table VII.

TABLE VII. Probabilities of formation of
mesomolecules of hydrogen, in units of
108 sec™! (N =4 x 102 cm™3)

Type of
transi-
tion

Sources PPR pdp ddu pin datp tHu

FE1 | Asperdata | 2.5 | 1.2 | 0.01]| 0.4(0,002| 0.65
of refer-
ence 17
including
Z et

As per data 3.7 2.9
of refer-
ence 19*

0.034

E( | Estimate as ~0.,03 ~0.03
per refer-

ence 3

*The probabilities of formation of the mesonic
molecules ppp and ddp given in references 18 and 19
are too high by a factor of two (cf. the text). In the
table we give corrected values recomputed for
N = 4 x 10*> cm™3, as contrasted with reference 19,
where the value N = 3.5 x 10** cm™* was used.

One point of interest is the fact that the probability
of formation of mesomolecules consisting of heavier
isotopes is, as a rule, considerably less than the prob-
ability of formation of mesomolecules of the lighter
isotopes. This is related to the fact that the main
contribution to the matrix element <d> comes from
the classically forbidden region of motion of the nu-
clei. This is especially clear for mesomolecules con-
sisting of identical nuclei. In fact, for large separa-
tions R between the nuclei the wave function for a
bound state falls off as exp (- Rv 2M;,E ), where M,
is the reduced mass of the nuclei and E is the bind-
ing energy of the mesomolecule, whereas at small
separations, the wave function of the continuous spec-
trum corresponding to the repulsive state Zy falls
off exponentially within the barrier Ey(R). Conse-
quently, the main contribution to the dipole moment
comes from some “intermediate” values of R, for
which the product of the wave functions is a maximum
and which correspond to the classically forbidden re-
gioh of the motion. Since the falling off of the wave
functions within the barrier depends essentially on
the reduced mass of the particles, it is clear that the
size of the matrix element of the dipole moment <d>
should generally be considerably decreased when we
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go to heavier isotopes. An exception, which as one
sees from Table VII is observed for the tty meso-
molecule, is explained by the existence for this mole-
cule of a rotation-vibration level K=1, v=1 with a
quite low binding energy (cf. Table III).

The values for the probability of formation of a
mesomolecule given in Table VII are correct only in
order of magnitude. The main source of error is
probably the use of electronic wave functions for an
isolated hydrogen atom in the calculation of the con-
version transition, whereas actually the collision of
the mesonic atom occurs with a hydrogen molecule.

A correct treatment of the problem of conversion
on electrons of a hydrogen molecule is quite compli-
cated. Qualitative estimates show, however, that the
probability of transition should be greater than for
the hydrogen atom. In fact, if for the electron in the
hydrogen molecule we use the variational wave func-
tion, then, according to Wang,% the effective charge
Zeff = 1.193. The probability of formation of the
mesomolecule (4.18) should then be multiplied by
Zi¢f which amounts to 1.7. An increase in the prob-
ability (4.18) occurs also because of the existence of
heteropolar states of the molecule, as well as a
screening of the Coulomb field of the nucleus by the
second electron in the molecule. We note that, if
there were complete screening of the nuclear Cou-
lomb field and the wave function for the emerging
electron were chosen to be a plane wave, we would
have ¢ =1 in (4.18); this would result in an increase
in the probability of formation of the mesomolecule
by approximately a factor of three.

Another possible source of error is the method
used for treating the mesomolecules. This method
is itself correct only to an accuracy of (1/My,). For
example, the methods used in references 17 and 18
differ only in terms of the order of (1/M;;)% how-
ever, according to reference 18 one should insert in
(4.18) not the Bohr radius of the u meson a,, but
some length a;: corresponding to the reduced mass
of the meson with respect to the nuclei M; and M,:

1
alj:a“(l‘L M1+M2>
of a[f in place of a;, in formula (4.18) leads in the case
of the ppu mesomolecule to an increase of 30% in the
probability of formation of the mesomolecule. Clearly,
taking account of such terms, although it leads to a
considerable change in the transition probability, is
essentially beyond the limits of accuracy of the method
which is used. The difference between the results of
reference 17 and references 18 and 19 for the ppu and
ddy mesomolecules is partially explained by the fact
that in references 18 and 19 corrections are introduced
for several of the effects listed above, and, in particu-
lar, the value Zegs 1s used for the wave functions of
the electron in the molecule. It should, however, be
stated that the probabilities of formation of ppu and
ddu are twice too large in references 18 and 19, since

Substitution of this value
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the wave functions of the continuous spectrum are nor-

malized not to unit probability density in the plane wave,

but to V2. The values given in Table VII take account
of this fact.*

Thus it is possible that actually the probabilities of
formation of mesomolecules are 3 — 3.5 times greater
than given in reference 17.

In this connection, it is very strange that there is a
large difference in the values of the probability of for-
mation of ddu mesomolecules by El transitions, as
obtained in reference 17 and references 18 and 19.
Even if we accept the remark made above concerning
the fact that one should increase the results of refer-
ence 17 by a factor of 3 — 3.5, the probability of for-
mation of ddu amounts to 2 x 10* sec™, which is still
three times smaller than the value in references 18
and 19.

Let us now consider the formation of mesomole-
cules by an electric monopole transition E0. Such a
transition can play an important role for the forma-
tion of mesomolecules in the vibrational-rotational
state K = 0. In fact, for thermal velocities of the
mesonic atoms, when the relative motion of the me-
sonic atom and the nucleus in a collision is described
by an S wave, the formation of the mesomolecule in
the K = 0 state is a 0—0 transition. For a 0—0 tran-
sition, emission of a single photon is not allowed, and
the only possibility in this case is the formation of the
mesomolecule by an electric monopole transition E0
with conversion on an electron of the hydrogen mole-
cule.

The probability of formation of a mesomolecule by
an EO0 transition can be calculated completely analo-
gously to the probability of conversion for a nuclear
transition, and is determined by the monopole moment
Qg of the system:

Q,=Zert, (4.20)
where ej are the charges and rj the distances of the
particles from the center of inertia of the system. In
the case of a mesomolecule the sum (4.20) is taken
over both nuclei and the u meson.

If for the electron wave functions we take hydro-
genic Coulomb functions, the probability of formation
of mesomolecules will be equal to

1 e?

8 RN
WEO=§(Nae)<a_:> [{Qy |z(—1Te‘2—’"‘)hTe’ (4.21)

where a, and ae are the Bohr radii of the y-meson

and the electron, 7 = » Ve is the velocity of the

&
ﬁVe
conversion electron, N is the number of nuclei per

unit volume, and <Q,> is the matrix element of the

monopole moment taken between the wave functions

*In reference 18 the probability of formation of mesomolecules
is given for a nuclear density N = 3.5 x 10** cm™%; in Table VII they
have been tecomputed for N = 4 x 10**cm °.
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of the mesomolecule and expressed in mesoatomic
units.

A comparison of (4.21) and (4.18) shows that the
probability of formation of mesomolecules by an EO0-
transition is generally considerably less than for an
E1l transition, since Wg, contains the ratio (ay /ae)
to a higher power than does Wyg,. However, as was
already pointed out in reference 3, the EO-transition
probability may turn out to be quite large if the meso-
molecule has a vibrational excited state (K=0, v=1)
with low binding energy. The collision of a slow me-
sonic atom with the nucleus then occurs under condi-
tions very close to resonance. In this case, the ma-
trix element < Q> becomes very large since, first
of all, the wave function of the bound state falls off
slowly with distance between the nuclei, and, secondly,
within the range of the interaction the amplitude of the
wave function of the continuous spectrum increases
(the latter also occurs for the case of a virtual level).

It is important that there are resonance levels
K=0, v=1 in the ddu and dty mesomolecules, for
which the probability of formation by E1 transition is
very small (cf. Table VII). The estimate made in ref-
erence 3 shows that the probability of formation of
ddy mesomolecules by EO transition is 3 x 10¢ sec™!.
Thus, the formation of dty and ddu mesomolecules
must apparently occur to a large extent through 0—0
transitions.

It should be mentioned that the formation of meso-
molecules in an E0 transition was also treated in a
paper by Jackson.! However, he obtained a result
which was too high by several orders of magnitude
compared to that of reference 3. The error made by
Jackson was that the wave functions which he chose
for the initial (dissociated) and final (bound) states
of the mesomolecule were not orthogonal. Thus, in
computing the matrix element of the transition, a non-
zero result was already obtained in the zeroth term of
the expansion of the integrand (cf. reference 8, for-
mula D.5) in powers of ri/ae and kerj, whereas
actually a non-zero result is obtained only in the sec-
ond term of the expansion and reduces to the matrix
element of the monopole moment <Qy>. (The zeroth
term in the expansion goes to zero because of the or-
thogonality of the wave functions of the mesomolecule,
and the first term is zero because both of the wave
functions correspond to zero angular momentum. )

g) Transitions between Levels of Mesomolecules

The mechanisms for formation of mesomolecules
which we have considered result in the mesomolecules
being produced in excited states: either in a rotational
state with angular momentum I=1 in the case of El
transitions, or in an excited vibrational state (with
angular momentum K = 0) in the case of E0 transi-
tions. Since the probability for a nuclear reaction in
the mesomolecule depends essentially on the orbital
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angular momentum of the nuclei, we must make an
estimate of the probability of transition of mesomole-
cules to the ground state.

For mesomolecules consisting of different nuclei,
the transition from the K =1 rotational level to the
ground state can occur by an electric dipole transition
El. According to the well-known formula for electric
dipole radiation, the probability for a radiative transi-
tion is equal to

4l ¢dy 2 E3

W =" >

where E is the difference in energy between the first
rotational state and the ground state, and <d> is the
matrix element of the dipole moment. Neglecting the
admixture of Zy state, we have according to (4.17):

My—M
4 M2+M1>|<R)[2~ Z(M +M

since | <R>| =~ ay in order of magnitude. Using
values for E taken from Table III, we find for the
probability of a radiative transition the value Wy
=10%—10° gec”!, Actually, however, since a meso-
molecule is a system with charge +e, it should, dur-
ing a time of the order of 10~!! sec, capture an elec-
tron as a result of charge exchange on hydrogen atoms
and form a hydrogen-like atom.* Taking this fact into
account, we may note that for mesomolecules consist-
ing of different nuclei, the much more probable tran-
sition from the rotational K = 1 state to the ground
state is via E1 conversion on an atomic electron. The
difference in energy of the rotational and ground states
is of order of magnitude 10% ev (cf. Table III}. For
such energies the coefficient for dipole conversion is
very large (10%—10") and consequently the probabil-
ity of a transition with conversion on an electron is
We = 1011 — 10! gec~!. Thus, mesomolecules consist-
ing of different nuclei, which are formed in the rota-
tional state, practically immediately make a transition
to the ground state.

As for mesomolecules consisting of identical nuclei,
their transition from the first rotational state to the
ground state must be accompanied by a change in the
total spin of the nuclei, since in the rotational state
with angular momentum K = 1 the system of two iden-
tical particles must have odd spin, while in the state
with angular momentum K = 0, the spin must be even.
This transition can occur via the dipole moment Qj,
associated with a change in magnetic moment (cf.
Blatt and Weisskopf, “ Theoretical Nuclear Physics”).
The probability of such a transition is apparently very,
very small since, compared with the probability of the

Ha) P =

*The probability of charge exchange of a mesomolecule on hy-
drogen atoms can be estimated from the formula W = Nov, where
N = 4 x 10** em™® is the number of nuclei per cc, v = 4 x 10*cm/sec
is the velocity corresponding to the thermal energy of pdu meso-
molecules at T = 20°K, and o is the charge-exchange cross sec-
tion which, for a rough estimate, can be taken equal to 10~*® cm
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usual dipole transition, it contains a factor of order

Mn02
and E is the transition energy.

Thus, for mesomolecules consisting of identical
nuclei, the rotational state with K = 1 is metastable,
analogous to the situation for orthohydrogen, and the
probability of transition to the ground state during the
lifetime of the meson is extremely small. This fact
is very important for the process of capture of a u
meson by a proton in the ppu mesomolecule (cf. ref-
erences 15 and 22). For ddy mesomolecules which
are in the metastable K =1 state, the probability of
a sub-barrier d +d nuclear reaction will, because
of the presence of the centrifugal barrier, be smaller
than for the mesomolecules in the K = 0 state; but
the conclusion drawn in references 3, 6 and 8 that the
formation of the ddu mesomolecule practically always
leads to catalysis of the d + d nuclear reaction is
still correct (cf. Sec. V).

As already pointed out, in the formation of the ddu
and dtu mesomolecules the E0-transition in which
the mesomolecules are produced in an excited vibra-
tional state (K =0, v = 1) may be important. From
the estimates given above we may conclude that the
mesomolecule dtu during a time of the order of 10711
sec can make an electric dipole transition, with con-
version on an atomic electron, to the state K=1 and
then to the ground state. As for the ddu mesomole-
cules, the most probable thing for them is the direct
EO0 transition to the ground state with conversion on
an electron. The probability of such a transition,
which is equal in order of magnitude to 10% sec™, is
much smaller than the probability of catalysis of the
d + d nuclear reaction (cf. Sec. V). Thus in the ddu
mesomolecules which are formed in the state (K = 0,
v = 1), the nuclear reaction should already occur in
the excited level. To a certain extent this will also be
true for the dtu mesomolecules.

) ~ 1074, where Mp is the mass of the nucleon,

h) Comparison with Experimental Data

Let us compare the results of the calculation of the
probabilities of various mesomolecular processes with
the experimental data.

1) Dependence of yield of the p + d — Hey reaction
on deuterium concentration. According to (3.10) and
(3.12) the dependence of the yield of the reaction p +d
— He; on the concentration of deuterium is determined
x—";}ﬂ. Using the values Ag

e
~ 10! sec™ (Table V) and App ~ 3 x 10 sec™ (Table
VII), we obtain B/A = 3.5 x 1074, which generally
speaking is in fair agreement with the experimental
value of B/A [cf. (3.13)], especially if we keep in
mind the comments made above concerning the approx-
imate character of the values given in Table VII.

2) Absolute yield of the p + d — Hey reaction. Both
values of Apd given in Table VII satisfy the experimen-

by the quantity '?: =
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tal inequality (3.16). If we assume that Apd ~ 108 sec™d,

we obtain for the quantity Apg/(Ag + Apq) which de-
termines the number of mesomolecules pdu formed at
saturation by a single y meson, the value
Apg

o ror ~ 70%.
Comparing this number with the quantity Y. = 0.34
[cf. (2.3)], we may conclude that the formation of
mesomolecules is a much “faster” process [cf. (2.1)
and (3.15)], than the nuclear reaction in the mesomole-
cule, even though the probabilities of both processes
are close to one another in order of magnitude.

3) Yield of the d + d reaction. If we include EO0
transitions, the probability of formation of ddu meso-
molecules can amount to Adq ~ (0.04 —0.06) x 10°
sec™!. Then the quantity Agq/(Ag+ Apd) (for Apg =~
108 sec™!) takes the value

had

T~ (0.03—0.04),

which is close to the experimental value (3.18).

Thus the results of the calculations of mesomolecu-
lar processes agree quite well with the experimental
data, at least in order of magnitude.

5. NUCLEAR REACTIONS IN MESOMOLECULES
a) Reaction Constants

Proceeding now to the consideration of nuclear re-
actions occurring between the nuclei of a mesomole-
cule, it is necessary to point out that under the condi-
tions in a mesomolecule, in addition to the reaction
channels (II —VI) listed in the Introduction, other
channels may play a significant role, in particular,
reactions with conversion of the 4 meson and reac-
tions with production of electron-positron pairs. To
determine the probabilities for the individual reaction
channels, just as to establish the total probability of
the reaction, we must know the matrix elements of the
transitions for a system containing several nucleons.
The calculation of such matrix elements requires the
use of a model of the structure of the nucleus and, in
the present state of the theory of nuclear forces, can-
not be carried out with any reasonable degree of cer-
tainty. Therefore, before we give a qualitative treat-
ment on the basis of nuclear models, it is of interest
to estimate the probability for nuclear reactions on
the basis of experimentally measured effective cross
sections for the reactions (II— VI). Such estimates
were already made in reference 3. In our presenta-
tion we shall follow reference 8 closely.

At low energies of relative motion of the nuclei,
the matrix elements of transitions, taken between
wave functions of the compound nucleus, can be as-
sumed to be independent of energy. The effective
cross section for the reaction in this case is known
to have the form
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a=C|y(0) %0, (5.1)

where (0) is the value of the wave function de-
scribing the relative motion of the nuclei for nuclear
separations of the order of the radius of action of the
nuclear forces, v is the relative velocity of the nu-
clei at infinity (the probability density in the incident
wave is assumed normalized to unity). H we neglect
the dimensions of the region of action of the nuclear
forces, then for a reaction between charged particles
at sufficiently low energy,

| (0) ? = 2mn/(e2™ — 1) ~ e=2m2nm, (5.2)

where
N =2,Z,e?/hv > 1,

for nuclei of hydrogen Z; = Z, = 1, while the factor
exp (—2mm) is the penetration coefficient through the
Coulomb barrier. If the effective cross section for
the reaction is measured in the low energy region and
its energy dependence defined by using formulas (5.1)
and (5.2), then from the experimentally known effective
cross section one can compute the reaction constant C.
According to reference 34, the energy dependence of
the effective cross section for reaction III at energies
below 50 kev follows formula (5.1). Here both chan-
nels for the reaction are almost equally probable, and
the reaction constant is equal to

Cr =210 cm¥/sec. (5.3)

In precisely this same way, the cross section for re-
action IV for energies below 19 kev follows formula
(5.1) with the reaction constant equal to

Crv=2-10"1 ecm3/sec. (5.4)

(For energies of the order of 80 kev, reaction IV has
a resonance corresponding to the virtual state of Heg.)
As for reaction II, its cross section has not been
measured at sufficiently low energies. This is related
to the fact that the cross section for reaction II is very

small, smaller by several orders of magnitude than
the cross sections for reactions III and IV. The reac-
tion cross section®® measured for energies of the or-
der of 1 Mev is not suitable for an estimate of the re-
action probability in the pdu mesomolecule. In fact,
under the conditions of reference 35, one observes an
electric dipole transition E1, which is confirmed by
the angular distribution and polarization of the y
quanta. Consequently, the reaction p + d — Heg + y
at these energies occurred from a P state, whereas
the nuclear reaction in the pdy mesomolecule, as
pointed out in Sec. 4, should mainly occur from an S
state. To estimate the order of magnitude of the
probability of reaction II from the S state, we can
use the known reaction cross section with the mirror
nuclei

ntd=t+4y, (11')
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measured for thermal neutrons. The cross section of
reaction (II') for slow neutrons has the form (5.1) with
|#(0)]%*=1, since for neutrons naturally there is no
Coulomb factor. In the case of thermal neutrons

v =2.2x 10° cm/sec and ¢ = 0.57 x 107%7 cm?, the
constant for reaction II is thus

Cir=1.25.1022 cm?¥/sec. (5.5)

b) Penetration of Nuclei through the Barrier in a
Mesomolecule

Knowing the reaction constants, we can estimate
the probability of a nuclear reaction in a mesomolecule
from the formula

w=C|G (), (5.6)

where C is the reaction constant and G (0) is the
value at R =0 of the wave function describing the
relative motion of the nuclei in the mesomolecule

[cf. 4.9)]. In principle, the value of G(0) can be
calculated by exact integration of the system of equa-
tions for G(R) and H(R) (cf. Appendix 1), as was
done, for example, in reference 18. However, for the
purposes of a rough estimate one can use the method
described in reference 8. The admixture of the I
state for the bound state of a mesomolecule with dif-
ferent nuclei is small (in the case of identical nuclei,
this admixture is completely absent if we omit spin
interactions). Therefore, in place of the system of
equations (1A.3) we can approximately treat the single
equation for G(R) with the potential V = Ex(R),
neglecting the terms containing the function H(R).
The potential Eg(R) in the neighborhood of the mini-
mum R, can, in crude approximation, be replaced by
an oscillator potential. Then the radial function g (R)
= RG (R) for the ground state of the oscillator must
have the form

g= /i)"‘e—a (R-Ro)/2, (5.7)

\\ﬂ

where, in mesoatomic units,
a=2M_,E;

Mgy = MyM, /(M + M,) is the reduced mass of the
nuclei, E; is the energy of the ground state measured
from the bottom of the potential well, Ry is the sepa-
ration corresponding to the minimum in the potential
energy. The wave function in the sub-barrier region
can be determined quasiclassically using the well-
known relation between the solutions of the wave equa-
tion inside and outside the potential barrier, respec-
tively:

QR exp ( —

E’Mz

|Q1dR)

R

22[Q(R)]—‘/zcos<g QdR—%),

Iy

(5.8)
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where R, is the classical turning point, and Q(R) is
equal to

Q(R)=V2M, (E—V (R)). (5.9)

In order to normalize the solution (5.8), we can simply
equate the value given by the quasiclassical formula
(5.8) at the point of minimum potential energy Ry, to

the exact value of the wave function (5.7). Comparison
of (5.8) and (5.7) at the point R = Ry:
Ry
Q(R)=VZM,E,, cos(é QdR—%) =1,
1

shows that the solution (5.8) should be multiplied by
the quantity

al/z

2nvia

= 0.38a'/2. (5.10)

It can be shown that such a procedure for normalization
of a quasiclassical solution is very rough, since the
quasiclassical function for the ground state of an oscil-
lator behaves entirely differently than the exact function
(5.7). Because R, is so close to the turning point, the
classical function increases (and does not decrease)
as one moves away from the point R;. A more rigorous
treatment of the problem of normalization of the quasi-
classical solution given by Furry% shows, however,
that for the ground state of the oscillator both sides
of (5.8) should be multiplied by the value
al/2

which practically coincides with (5.10).

Thus, in the quasiclassical approximation the ra-
dial function under the barrier should have the form

~ 0.40qal/, (5.11)

R

s®=(z)"10@Mrexp( —\10|dR).

Ry

(5.12)

In using the quasiclassical approximation for the ra-
dial function, the relation between the solutions (5.8)
is maintained if we simply replace the centrifugal en-
ergy 1(l+1)/2M,R? by (I +3)%/2M,R%

Such a replacement assures the correct phase of
the quasiclassical function at large distances and also
the correct behavior® near R = 0.

Since for small values of R the potential barrier
Eg(R) has the character of a Coulomb repulsion, it
is important to note that when we make the replace-
ment I(l+1)— (I+3%)? the quasiclassical approxi-
mation can be applied with good accuracy to the re-
pulsive Coulomb field down to R — 0 and not just
for R >h%/M,e?.*

¥In fact, the exact Coulomb function (normalized so that at in-
finity it has the form ®y; = sin {[kR + 6(R)}/kR}) can be written
for k < 1, in the neighborhood of zero, in the form:*°
Rivte~m/k ol 5g

ROy ~ TM w ,

(5.13)

while the quasi-classical function for R » 0 has the form




NUCLEAR REACTIONS IN COLD HYDROGEN. I

Thus in the sub-barrier region the radial function
can be represented as
1 Lo ]
g(H):(%) zHexp{——Zk(H)j , (5.15)
where the exponent of the barrier factor A(R) is

Ry

. 1 1
S {l/ZMm(EU (R)—Eg)+ g — s } R+1n R,.
by (5.16)

A(R)=2

The value of A was determined numerically in the
paper of Jackson for the pdu, ddu, and dtp mesomole-
cules (cf. Table VIII). In this work the radius of the
nuclear forces was taken in mesoatomic units to have
the values Ry =0, 0.02, and 0.05, corresponding to
a sum of nuclear radii 0, 0.5 x 10-18 cm, and 1.2

x 10712 ¢m.

TABLE VIII. Exponent of
the barrier factor

A(RN)®
RN p-—dld+dld-+t
0 6 8.3 9.5
5-10713 cm 5.6 7.6 8.8
1.2-40722 cm 5.0 6.9 7.9

Going over from mesoatomic to ordinary units, we
can write the wave function in the region of action of
the nuclear forces in the form*

1 [ z(R)

T (dmaf)le R R=Ry, :

G (0) (5.17)

Thus, the reaction probability per unit time according
to (5.6), (5.15), and (5.17) is equal to

wzzn%&<%>exp(—h)

or, using the numerical values of the parameters given
in reference 8,

(5.18)

- S M \12 -1
=0.7-10%C( 22 — 1) (sec™), 5.19
w (Mp > exp ( ) ( ) ( )
where Mp, is the proton mass.
Ri+lg—/k e2l+i
A~ Vi 2”":*’/2(l_{_lr,/?)zl”‘r“/z : (.14

The expressions (5.13) and (5.14) coincide asymptotically only for

[ > . However, the numerical difference between the coefficients

in (5.13) and (5.14) is already small for relatively small values of I.
Thus, for [ = 0 the coefficients in (5.13) and (5.14) are equal respec-
tively to V27 ~2.51 and e =~ 2.72, while for [ = 1, they are

V2r/3 = 0.84 and 2'/27V3 =~ 0.86.

*We note that for the pdy mesomolecule, according to the esti-
mates made above, |G(0)|? = 1.4 x 10?’, whereas in reference 6 the
value |G(0)|* = 6 x 10*" is given, and in reference 18a, by integrat-
ing the Schrodinger equation, the value |G(0)|? ~ 10*® is obtained,
which agrees with the estimate by Skyrme.’
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The probabilities for the reactions p+d, d+d
and d +t per unit time, computed in reference 8 ac-
cording to (5.19), are given in Table VIII. In order of
magnitude, the values given in Table VIII coincide with
the estimates already made in references 2 and 3 for
the d +d reaction, and the estimates®® of the p + d
reaction.

The probability of a nuclear reaction in the meso-
molecule is determined by the ratio

w wv

Th, = Tyer (5.20)

where w is the probability of the nuclear reaction
per unit time, T =1/Ag=2.2x107% is the lifetime of
the y meson.

As we see from Table IX, formation of the ddu and
dty mesomolecules should lead practically always to a
nuclear reaction.

TABLE IX. Probability of nuclear
reactions in mesomolecules?

(in sec™?)
]
p+d d-d d-+-1
0 0.18.10610.35-1011 | 4 1.1012
310713 em 0.26-108§ 0.7- 101 | 2 3.1012
1.2.10712 cm. | 0.48-106 {1 41- 1011 5 7. 4012

Such a conclusion can be made completely safely
despite the crude character of the estimates, since
w exceeds A, by several orders of magnitude. As
for the reaction in the pdy mesomolecule, on the
basis of the estimates given we can assert only that
the probability of the p + d reaction is of the same
order of magnitude as the probability for decay of the
¢ meson. This conclusion, as well as the estimate of
the probability of formation of the pdy mesomolecule,
agrees qualitatively with the measurements® of the
distribution of v quanta in time and with the total
yield of the p + d — Hey + vy reaction produced by
¢ mesons (cf. Secs. 3 and 4).

A more precise conclusion concerning the value of
the probability for nuclear reaction in the pdy meso-
molecule cannot be made on the basis of the estimates
given above, since they are obtained by using the con-
stants of the mirror reaction n+d—t + vy, and do
not take account of the dependence of the probability
of the nuclear reaction on the relative orientations of
the spins of the proton and deuteron.

Throughout all of the above it has been assumed
that the nuclear reaction in mesomolecules occurs
from S states. Concerning this assumption we should
make several comments.

First of all, in the ddu mesomolecules the rota-
tional state with angular momentum K =1 is meta-
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stable (cf. Sec. 4), and therefore, for ddu mesomole-
cules formed in this state via an E1 transition the
nuclear reaction must occur from P states. However,
it is known that, despite the presence of the centrifugal
barrier in a P state, a P wave gives a sizeable con-
tribution to the d + d reaction cross section down to
the very lowest energies, as is witnessed by the angu-
lar distribution of the reaction products. This is ex-
plained by the fact that at low energies, in a repulsive
Coulomb field, the ratio of the square moduli of the
wave functions for P and S states at distances of the
order of the radius of action of the nuclear forces do
not depend on energy and, roughly speaking, are pro-
portional to (Ry/an)?, where Ry is the radius of
action of the nuclear forces, ay =h%/Mj,e? is the
Bohr radius of the nuclei with reduced mass M;, [cf.
(5.13)]. Thus the probability of a nuclear reaction in
the ddsu mesomolecule in the rotational state K =1
cannot be reduced relative to the probability of the
reaction in an S state by more than two or three or-
ders of magnitude. Consequently, using the data given
in the table, we can again assume that the formation
of ddu mesomolecules leads to catalysis of the nu-
clear reaction with a probability which practically
does not differ from 100%.

In principle, reactions from P states could play
an important role in the pdy mesomolecule. The
point is that the ground state of the pdy mesomole-
cule contains an admixture of the state with the meson
function Zy. At small separations of the nuclei, the
Iy state goes over into a 2P state of the mesonic
atom Heu, and the wave function of the nuclei corre-
sponding to this state is a P wave with zero projec-
tion of its angular momentum on the molecular axis.
Since the nuclear reaction p + d — Heg + ¥ occurring
from a P wave via the electric dipole transition E1
is approximately 1000 times more probable than the
p +d — Heg + v reaction from an S wave, transitions
from P states should generally compete successfully
in the pdu mesomolecule with the nuclear reaction
from an S state. However, the computation shows
that, because of the small weight of the Z, state in
the ground state of pdu, and the presence of the cen-
trifugal barrier, the probability of the nuclear reac-
tion p +d — Hez + v because of El transition from
a P state in the mesomolecule pdu is still consider-
ably lower than the probability of nuclear reaction
from an S state.!?

Below we shall consider some features of catalysis
of nuclear reactions in pdy and pty mesomolecules.

¢) Nuclear Reaction in the pduy Mesomolecule

Since the admixture of the Z state in the ground
state of the mesomolecule is small, we may assume
that the nuclear reaction mainly occurs from an S
state. For an orbital angular momentum of zero, the
pdy system can have total angular momentum ¥, and
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1/2 and positive parity. Since the one bound state of
Hes has spin 1/2 and positive parity, according to the
selection rules the nuclear reaction p +d with emis-
sion of a v quantum or transfer of energy to a con-
version p4 meson can go from the 3/2 state via mag-
netic dipole (M1) or electric quadrupole (E2) tran-
sitions, or from the 1/2 state via magnetic dipole (M1)
and electric monopole (E0) transitions, where the
last can occur only with conversion on an electron.

However, it should be pointed out that, in the pdu
mesomolecule, states with a definite total angular
momentum of proton and deuteron will not always be
eigenstates of the system when we include the inter-
action with the spin of the y meson. When spin inter-
actions are included, the ground state splits into four
levels with total spins of J =2, 1 (two levels), and 0
respectively. The separation between these levels is
much greater than the level width I' which is deter-
mined by the probability of the nuclear reaction: w
=10°%sec™!; I' = iw ~10~? ev. Therefore, the nuclear
reaction occurs independently from each spin state of
the mesomolecule, but with different probabilities for
each of these states.* Thus, in u catalysis the dis-
tribution of vy quanta from the p +d reaction as a
function of time should have, strictly speaking, not
one but four characteristic times, corresponding to
nuclear reactions in the pdy mesomolecules. This
fact could not be observed in the experiments® be-
cause of insufficient accuracy.

Let us consider the probability of a reaction with
transfer of energy to the conversion yu meson. At
the moment of the reaction when the nuclei are close
to one another, we can, in the adiabatic approximation,
assume that the meson is in an orbit corresponding
to a helium ion (Z = 2).

The conversion coefficient for a magnetic dipole

transition M1 is given by the expression’

1 2 N4 y2m,c2N7/ _
a=7Z3<%> (T”) *~ 410" (E=5.4 Mev), (5.21)

and for an electric quadrupole transition E2:

I AAY 2m,, 2\ 9/
a=32(5) (Z5=)"~01

From (5.21) we see that the magnetic dipole transition
is not capable of giving the observed ratio of the prob-
abilities of reaction with emission of a y quantum and
conversion on a u meson (Sec. 2). As for the elec-
tric quadrupole transition, despite the fact that the
value it gives for the conversion coefficient is close
in order of magnitude to the experimental value, the
probability for the E2 transition itself is small.!!
This is related to the fact that, for an E2 transition

(5.22)

*External fields (~10* gauss) and the interaction with the elec-
tron spins (~10~° ev) in the outer shell of the atom within which the
pduy mesomolecule exists are too small to mix the states with dif-
ferent J.
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from an S state of the relative motion of proton and
deuteron, there must be a participation of D states
in Hey and (or) the deuteron, and these states occur
only as small admixtures to the ground state because
of the non-central nature of the forces. In estimating
the probability of the p + d ruclear reaction from
the cross section for the mirror reaction n +d, it
was implicitly assumed that the main transition is
M1, since the quadrupole moments are considerably
different for the two reactions.

We note that the assumption that the reaction in
the pdy mesomolecule occurs from a P state via an
electric dipole transition (cf. above) also cannot ex-
plain the high probability for transfer of energy to
the u meson, since the conversion coefficient for
the E1 transition is 2 x 1074,

To explain the relatively large probability ob-
served for reaction with transfer of energy to the
¢ meson, the decisive role must be played® "8 by the
electric monopole transition EQ0. The EO transition
is especially important in the case of 0 — 0 transi-
tions when, in general, the emission of a single vy
quantum is impossible (for example, in the process
Of; — Oy + e*+ e7), and it can also occur for any
J — J transition without change in parity. (The im-
portance of EQ transitions for internal conversion in
J — J transitions was pointed out by Church and
Weneser.*®). In the case of the p +d reaction an
EO0 transition is possible if the total spin of proton
and deuteron before the reaction is equal to ¥,. The
estimate of the matrix element of the monopole mo-
ment ekrf{ is extremely difficult. To explain the

k

order of magnitude, the following computation was
made in reference 6. One charged particle was con-
sidered in the final (bound) state, with the wave
function*

1 A

= (Znh)l/ﬁ r

P, (5.23)

The wave function in the initial state was chosen to be
by =G (0) (1 —Mr), (5.24)

where the value of G(0) was computed for the Cou-
lomb barrier inthe mesomolecule (cf. above). Expres-
sion (5.24) was chosen sothatat r = 0 the wave function
was subjected to the same phase condition d In(ry)/dr
= —1/A as the function (5.23). Thus one was assured
of orthogonality of the functions in the initial and final

states. The matrix element <er?> is
(er?y = 8V ZmeG (0) AVe, (5.25)

and the probability of conversion on the ¢ meson is

5 5120V 2 sl € \? E \'2 o /e \4m c?
wpy =22 73] 2 (mucz) A0 QR g
(5.26)

*The value A =1/V2M,,E was used, where M,, is the reduced
mass of proton and deuteron, M,, = ’/,Mp, and E = 5.4 Mev is the
binding energy of He,.
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After inserting Z =2, [G(0)|*=6 x10¥ cm™3;
A=2.4x10""% cm, the value found in reference 6
was*
wgy ~ 4 10° sec™1, (5.27)

In order of magnitude this value can explain the ob-
served probability for reaction with transfer of the
energy to the 1 meson. However, the reliability of
this result is very low, both because of the crudeness
of the single-particle treatment (the deuteron, whose
size is greater than that of He; and whose mass is
twice as great as the proton mass, is replaced by a
fixed point), as well as to the extreme sensitivity of
the result to the parameter A, which appears to the
seventh power.

It is interesting to note the following fact: The di-
mensional quantities appear in the same way in the
probabilities for monopole conversion E0 and elec-
tric quadrupole conversion E2.T Thus the estimate
of the probability on the basis of dimensionality con-
siderations should give the same value for E0 and
E2. However, estimates on dimensional arguments
cannot take account of orthogonality of the wave func-
tions of the initial and final states, and in particular
the fact that the D state which is necessary for the
E2 transition is a small admixture to the ground
state. Therefore, despite the dimensional arguments,
the probability of conversion of the p meson because
of E0 can be considerably greater than for the E2
transition.

The important role of EQ transitions in the p +d
reaction in the pdy mesomolecule is related to the
fact that the probability of M1 (%, —Y%) transitions
with emission of vy quanta is relatively small, as
manifested by the smallness of the reaction constant
(5.5).%

Along with conversion the electric monopole tran-
sition can occur with formation of electron-positron
pairs. The ratio of the probability of pair formation
to the probability of conversion can be found independ-
ently of the magnitude of the nuclear matrix element
<er?>. This ratio for the p + d reaction is of order
1073 5o that it is not easy to observe pairs. H is there-
fore very interesting to consider the p +t reaction

*A better value for the probability of the EO transition,
wgp = 5 x 10° sec™, was recently obtained in reference 19.

tIn fact, in the nonrelativistic region the velocity of light
should not appear in the expression for the internal conversion
probability (since the transition is caused by direct Coulomb inter-
action), Therefore the dimensionality of the nuclear moment deter-
mines uniquely the powers of e, i, my, and E in the expression
for the transition probability.

$The Ml transitions inthe p+d->He,+y and n+d->t+y
reactions are small, since they must occur (just as the E2 reactions)
because of the small admixtures to the ground state of He, which is
a singlet state in the protons, or to the ground state of tritium which
is a singlet state in the neutrons (cf. reference 42). We note that
this fact causes a considerable production of pairs in the reaction
n+dst+et+ e via the EQ transition.
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in the ptp mesomolecule, where this ratio is of the
order of unity.

d) Nuclear Reaction in the ptu Mesomolecule

The barrier factor in the pty mesomolecule is less
than for the pdu mesomolecule by a factor of two. For
a total spin of the p +t system equal to one, the trans-
formation p +t— He, + v from an S state is possible
only by M1 (the transition 1 — 0 is forbidden for E2).
Because of the large energy of the transition (around
20 Mev), with a matrix element of the same order as
for the p +d reaction we may expect an increase of
the reaction constant by a factor of 60. Then the prob-
ability of reaction with emission of a vy quantum in the
pty mesomolecule during the lifetime of the u meson
will be close to 100%. The probability of transfer of
the energy to a u meson when the spin of p +t is
equal to 1 is negligible, of the order of 1075,

In a state of p +t with spin 0, the emission of a
y quantum is impossible (0 -— 0 transition), while
the probability for a reaction with transfer of the en-
ergy to a u meson via an EO transition is of the order
of 10° —10% sec™!. However, now the formation of
electron-positron pairs competes successfully with
conversion of the ¢ meson. As pointed out above, the
ratio of the probabilities of these processes is of the
order of unity for an energy of 20 Mev.

When we include spin interactions in the mesomole-
cule (Appendix 3), the ground state of the ptu meso-
molecules splits into three levels corresponding to
different values of the total spin of the ptu system,
J=% and J=1Y% (two states). The distance between
these levels, as for the pdy mesomolecule, is consid-
erably greater than the level width. Therefore the
p +t reaction must occur independently from each of
the hyperfine structure levels of the pty mesomole-
cule, with a probability characteristic for each of
these levels. In the state J =%, the total spin of
p +t is 1, so that the reaction from the J =% level
must occur with emission of y quanta via an M1
transition. Both J =1, states are a mixture of
states with total spin of p +t equal to 1 and 0. Thus,
for these states there will be a competition with the
M1 transition (for spin of p +t equal to 1) of the
EQ transition with conversion of the 4 meson or pro-
duction of a pair (for a spin of p +t equal to 0).

The probability of an M1 transition is of course
much greater than that for an E0 transition. How-
ever, for the E0 transition there is a certain favor-
able circumstance: namely, because the magnetic
moments of proton and triton are close to one another,
the state J =Y, will be close to a pure state with a
definite spin of the p +t system. In the lower J=1Y,
state, the spin of p +t will be mainly 1, while the ad-
mixture of the state with a spin of p +t equal to 0
will be small. Conversely, in the upper J =1, state
the spin of p +t will be mainly 0, while the admixture
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of the state with total spin of p +t equal to 1 will be
small. Thus, an M1 transition from the upper J = 1/2
state, competing with the E0, will be reduced because
of the small probability of finding in this state a spin
of the p +t system equal to 1.

It is interesting to note that, if the spin of the me-
son which forms the mesomolecule were equal to zero,
the sum of the number of reactions with transfer of en-
ergy to the meson and with formation of pairs would
amount to 25% of the total number of reactions, in ac-
cordance with the statistical weights for the spins of
p+t equal to 0 and 1. Thus, the detailed study of the
process of catalysis in the p +t system in principle
could enable one not only to observe the heavy nega-
tive mesons which do not cause nuclear stars, but
would also give information concerning their spins.

6. EFFICIENCY OF CATALYSIS OF NUCLEAR RE-
ACTIONS BY MESONS

After the experimental confirmation of the possi-
bility of catalysis of nuclear reactions in hydrogen by
1 mesons, the hope was frequently expressed that
mesonic catalysis might be used for obtaining steady
nuclear reactions between isotopes of hydrogen. In
the case of u catalysis, it was, of course, more or
less obvious that such a possibility does not exist be-
cause of the fact that the probability of formation of
mesomolecules is comparable with the probability for
decay of the u mesons, and, in some cases, is even
considerable less than the decay probability. However,
for a certain length of time the following question re-
mained open: Let us assume that in nature there ex-
ists some negatively charged, long-lived meson, say,
for example, a meson with mass 500. Is it possible
with such a meson to have catalysis of a steady nu-
clear reaction in hydrogen? It has turned out that one
can give a completely definite negative answer to this
question.®%? The point is that for all the possible re-
actions between hydrogen isotopes (cf. the Introduc-
tion), in addition to the reaction I which is not of prac-
tical interest, there exist reaction channels in which
formation of helium nuclei occurs. In the mesonic
catalysis of nuclear synthesis there is therefore a
definite probability that a meson giving rise to a nu-
clear reaction is linked with the helium nucleus which
has been formed. Since the mesonic helium atom has
a positive charge, other nuclei, including hydrogen nu-
clei, cannot approach this system to sufficiently small
distances. Thus, the meson which is now in an orbit
in a mesonic helium atom no longer participates in
the catalysis of the nuclear reactions and, in this way,
the efficiency of mesonic catalysis is self-limiting.

A calculation of the probability of “attachment” of a
meson to helium was done in reference 9 by a method
analogous to that which was proposed by Migdal*® for
treating the ionization of an atom after B8 decay. When
the nuclei of a mesomolecule approach to a distance
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of the order of the radius of action of nuclear forces,
the wave function of the meson, Zg, adiabatically
goes over into the wave function

z3 )1/2 z
={ — e~ rfap
o <m3 ’

corresponding to the 1s state of the mesonic helium
ion, Z =2; ay =h%/mje?, mj is the reduced mass
of the meson in a helium atom.

Supposethat the heliumatom formed as a result of
nuclear reaction receives a recoil energy E and is
given a velocity (—v). Then the wave function of the
meson with respect to the helium atom at the initial
moment after recoil has the form

6.1)

pp =P/, (6.2)

where p = ml’jv. Expanding the function (6.2) in eigen-
functions of the meson in the field of the helium nu-
cleus, we can obtain the probability for capture of the
meson into the various levels of the mesonic atom
Hepu.

We may note that the most probable process is
capture of the meson in the ground level of the Hep
mesonic atom. In fact, the probability of capture to
a state ¢ is given by the expression

K, =| S P, dt |2=‘ S ;P ¢ /" dv . (6.3)
If the momentum transfer is large, the function elP'T /B
oscillates rapidly, and the main contribution to the in-
tegral must come from small values of r (r < ti/p).
The probability of capture to a level I = 0 will be in-
versely proportional to a higher power of the momen-
tum p than the probability of capture to the level [

= 0, and will therefore be small. On the other hand,
capture to excited levels with n> 1, 7 =0 must also
be small compared with capture to the ground state
(n=1), since |@f(0)|* ~ 1/n® i.e., the probability

of capture to excited levels will be less than 20% of
the probability of capture to the ground level. In the
other limiting case of small p, the probability of cap-
ture to excited levels will be small because of the or-
thogonality of the functions ¢¢ and ¢ (for n = 1).
The probability of capture of the meson into the ground
level of Heyu can also be calculated easily from (6.3),
and is

Ko =(1+ p®al/4Z*?) ™ = (1 + E/4e,)™, (6.4)
where
e =22 (6.5)

E is the recoil energy, and M is the mass of the
helium nucleus.

It is important to emphasize that the probability
(6.4) does not depend on the meson mass, in the adia-
batic approximation.
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For the reaction d +d — Hez + n,

E=0.8 Mev, g,=0.3 Mev, K,=~ 0.13.

For the reaction d +t — Hey + n,

E=3.5 Mev, g,=0.4 Mev, K,~ 0.01.

The probability that, during the further motion of the
recoil nucleus, the meson will be torn out of the Hep
mesonic atom as a result of collisions with electrons
is not large and amounts, according to the estimates
of reference 8, to about 4% for the d + d reaction
and 20% for the d +t reaction.

Thus, even a stable meson cannot produce on the
average more than 16 reactions in liquid deuterium
and no more than 100 reactions in a mixture of deuter-
ium and tritium; actually, in a mixture of d +t there
will alsobe d+d and t +t reactions which reduce
the meson yield. Consequently, the energy yield of
the reaction will not compensate for the expenditure
of energy in production of mesons by accelerators.
The cosmic ray mesons, because of their low inten-
sity, are not practically efficient.

7. CONCLUSION

Catalysis of nuclear reactions by p mesons in hy-
drogen is a process in which the phenomena of meso-
atomic and mesomolecular physics overlap in a very
characteristic way with the problems of nuclear re-

. actions between hydrogen isotopes. In this sense, the

study of mesonic catalysis is of interest both for me-
sonic and for nuclear physics. Nuclear reactions in
mesomolecules of hydrogen frequently occur under
conditions completely different from the conditions
under which one observes nuclear reactions in accel-
erators. The simplest example is the reaction p +d
— Hez which occurs in the mesomolecule pdy mainly
from an S state via a magnetic dipole transition M1,
whereas under laboratory conditions it occurs from a
P state via an electric dipole transition E1. In order
to observe, in an accelerator tube, the reaction p +d
— Heg + v from an S state, it would be necessary to
go to an energy of the order of 10 — 20 kev, which
clearly is extremely difficult to reach because of the
low cross section for the reaction. Thus the investi-
gation of u catalysis can give additional information
concerning the matrix elements of various nuclear
transitions.

On the other hand, the various mesomolecular proc-
esses in hydrogen associated with mesonic catalysis
determine the specific behavior of u mesons in hydro-
gen. Therefore these processes must be taken into
account in experimental studies of weak interactions
of u mesons in hydrogen.??)23,%5

The possibility is not excluded of using mesonic
catalysis for discovering and investigating the proper-
ties of new, nuclearly inactive, negatively-charged
mesons, if such are discovered.
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It would be desirable to carry out further investi-
gations of u catalysis, in particular:

1) In hydrogen, enriched in deuterium to 2 — 3%,
one should make more accurate measurements than
those of reference 5 of the time distribution of vy
quanta, and in particular find the various character-
istic times corresponding to reactions from the dif-
ferent spin states. The precise determination of the
absolute yield of y quanta in such a mixture may be
of interest for the study of the weak interaction of u
mesons with nucleons. In fact, since as a result of
the p + d — Hez + v reaction, the meson is left in an
orbit around the He; (cf. Sec. 6), there is a possibility
of observing the capture of the u meson by a He; nu-
cleus: p~+ Hey —t + v. The matrix element for the
transition can be established from data on the 8 decay
of tritium t-— He; + e”+ v, and, thus, the study of
this process makes possible a precise determination
of the constant of the weak interaction p~™+p—n+ v
(cf. also reference 23).

2) At quite high concentrations of deuterium (of the
order of 60 — 80%) one could, from the number of
p+d and d+d reactions, establish the ratio between
the probabilities of formation of pdy and ddu mole-
cules.

In addition, in such a mixture, because of the reac-
tion d+d—t + n in the mesomolecule ddu, there is
a probability equal to about 2% for the u meson to ap-
pear in an orbit around the triton. After this the me-
sonic atom tu can form a ptu mesomolecule, which
will make it possible to observe the p +t reaction,
and in particular the production of e*, e~ pairs in the
reaction p+t—He +e*+e".

3) It is of interest to measure the absolute yield of
reactions produced by u mesons in pure deuterium
and also the probability for “attachment” of a 4 meson
to the Hey which is formed.

4) In hydrogen enriched in tritium to 0.01 —0.1% it
is entirely possible to observe the p +t reaction in
ptt mesomolecules. Unfortunately, in this case one
cannot use a bubble chamber, because of the tritium
activity. However, the most beautiful phenomenon,
the production of e*, e~ pairs, can apparently be ob-
served by using counters.

APPENDIX 1

IMPROVEMENT OF THE ADIABATIC APPROXI-
MATION

Let us consider a system consisting of two nuclei
which are isotopes of hydrogen with masses M; and
M, and a ¢ meson. Let r, R;, and R, be respec-
tively the coordinates of the y meson and the nuclei.
The Hamiltonian of the system, when we neglect spin
interactions, has the form:*

*In the following, we shall use mesoatomic units: ¥=1,e=1,
my, = 1.
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. 1 1 1 11 1
H:——z—ﬁhARl-——mARz—?Ar—r—l———rﬂ——}-—R—, (1A.1)
where
n=lr—R;|i r=i{r—Ry|; R=|R,—R|.

As stated in Sec. 4, the wave function of the system
for the lowest mesonic term should have the form
(4.9). Substituting (4.9) in the Schrédinger equation

(1A.2)

with the Hamiltonian (1A.1), and noting that Zg and

Zy are orthonormal functions satisfying Eq. (4.2), we
can by multiplying (1A.2) by Zg and I, and integrating
with respect to the coordinates of the p meson, obtain
a system of equations for the functions G (R) and
H(R):

1 1 . 1 1 \
—2M_12AR G’-}—(Eg + M, Kgg> G+ 1, Kg,‘H—‘———Mm QuVH=1LC,

AY=EY

1 1 1 1 QuVG=EH
— A H £, . w HL __ _~ Rug ’
ZMn R + ( ut 2M12 K u) +2M12 KugG Mo (1A.3)
1 1 1 1
h —_— =t d th iti — Kjj
where My M, M, and the quantities 2M; ij

and I’[}—Qij are matrix elements, with respect to the
12

meson functions Zg and Iy, of the operators
1 5 17 1 1
o, *= 7 (it ot 377 8 )

1 A 1 1
FHQZ — M vR1+E Vg

(1A.4)

These quantities in equations (1A.3) are dynamical
corrections to the adiabatic approximation, which are
dropped for ordinary molecules because M, > 1.
Using the symmetry properties of Z, and Z,; with
respect to interchange of the nuclei, we can separate
out, in the quantities Kijj and Qij, the dependence on
the masses M; and M,:

K= 2i(—ap) Bedrs i=g, u,

My—M,

K=, 7,

S Ti(—Ag) BidT, i,

R M,—M,

Qg“::_Qua:Q—I—I--M,ﬂ—Ml (1A.5)

S Tg(—Vg,) Zuds,.
We note that the differential operators AR, and VR,
act on the functions Zg(R, ry, r;) and Zyu(R, ry, rp)
via their arguments r;=|r~R;| and R=|R,-R|
for constant r and R,.

From the relations (1A.5) in particular it follows
that for M; = M, the system of equations (1A.3) splits
into two independent equations. The physical reasons
for this were given in Sec. 4.

The quantities Kgg and Kyy were calculated in
reference 30 by using the exact wave functions =
and Z,.2* The values of Kjj and Q, calculated using
the functions Ig and 2, in the (LCAO) and (UA) ap-
proximations, are given in reference 17. Similar val-
ues were calculated in references 18a and 20 using
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variational wave functions. Let us investigate the be-
havior of the system (1A.3) as R — «. For this pur-
pose we note first that as R— «,

1
g Ei('—ARl) E,-dru -3

R 2 (—Vg,) 5 dr, —0. (1A.6)
In fact, as R — =, Zg and Zy no longer depend on R
[cf. (4.3)], so that the action of the operators AR, and
VR, reduces essentially to Ap and (—Vr1). Then the
first of the integrals (1A.6) reduces immediately to the
average value of the kinetic energy in the mesonic atom
(i.e., to ¥;), while the second integral vanishes be-
cause of the normalization condition.

Taking account of (1A.5) and (1A.6), we can express
the limiting values of the potentials in (1A.3) in terms
of the energy levels of the isolated mesonic atoms

(4.8). To terms of order (1/M;)? and (1/M,)?, we
have
1 . 1 1., .
{Eg + m[(”}hw: {ﬁu + Kuu}R=m=3(b‘{ + EY)
2 Kou(o9) =g Ko ()= (R~ D) (1A.7)

Thus, as R — =, the system (1A.3) takes on the form

1
T 2My,

1
T IMy,

ARG+ 3 Y e —EpH= [E——(Eg-{—E")]G

AgH 4+ > (B —E9) 6= [E——— (E9 +E3 )] g. (l1A.8)
Togéther with the functions G(R) and H(R) it is
convenient to introduce functions A (R) and B(R)
defined by the relations (4.10). For R -— «, we ob-
tain for the functions A(R) and B(R) according to
(1A.8) the equations

o ARB - (E—E3)B—0. (1A.9)

———ARA+(E EY A=0, — 7

Thus the corrections to the adiabatic approximation
for R— =, as was to be expected, include to an ac-
curacy of the order of 1/M; and 1/M, the energy of
the motion of the nucleus in the isolated mesonic atom.
These corrections for finite R change the form of the
molecular potentials and shift the mesonic terms Zg
and Z,;. The necessity for looking for the wave func-
tion in the zeroth approximation in the form (4.9) and
not in the form (4.1) is completely clear from (1A.3),

1
since for mesomolecules the cross terms ﬁ"“Kgu

and —=—Kyg are of the same order as Eg and Ey.

1
2My,
In (1A.3) we can separate out the angular dependence
of the functions G(R) and H(R). In this sense, we
may say that in the approximation (4.9) the classifica-
tion of levels as rotational and vibrational is pre-
served. Setting

em=EBy, L 0.0 FR="By, . 09 (A.10)
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where ¢ and ¢ are angles determining the orienta-
tion of the molecular axis with respect to the fixed
system of coordinates, and YK,MK(O' @) are the
spherical functions, we obtain for g(R) and h(R)
the equations

1 d%g
2, dR2+{E” 2M Koo+

1 d/ h )
‘M;Qﬂaﬁ(f>—‘?€'

1 d2k 1 K (K1) 1
_2M12m+ {E“+2M,2 Kuut 2M R? } h+2M12

1 drey_
EQR TR <f> =FEh.
The functions g(R) and h(R) should obviously sat-

isfy boundary conditions which guarantee the finiteness
of the functions G and H for R = 0:

K (K4-1)
M, R?

1
} et g Ko

Kugg

(1A.11)

g(0)="h(0)=0. (1A.12)

For the imposing of boundary conditions as R -— e

it is, however, more convenient to use functions a (R)
and b(R) which are relatedto A(R) and B(R) in
precisely the same way as g and h are related to G
and H. According to (4.10) and (1A.10),

(1A.13)

O L e IR )

For R — =, the system of equations for a(R) and
b (R) splits into two independent equations:

1 dz
oM, dlli‘lﬂ HE—E)a=0,

1
I m—l—(E—E‘,’) b=0. (1A.14)

In the energy range E = E‘i’ > Eg (to be specific we
shall assume E} > EJ), the meson can be either on the
light or on the heavy isotope. If we are considering
the transfer of the © meson from the light to the heavy
isotope, the wave function b (R) should not contain
incoming waves. Correspondingly, the boundary con-
dition for R — = is

b (R) & eiheR; k3=—=2M,, (E— E3). (1A.15)

In the energy range Eg >E > EJ the meson can only
be on the heavier isotope. The wave function a (R)
should not contain any exponentially increasing term
for R— =

a(Ry~e B w2—2p,(E2— (1A.16)

Finally, in the energy region E < EJ < E} we must
require that both of the functions a (R) and b(R)
remain bounded for R — «:

a(Ry~e~wR, b(R)~e—mR, xj=2M,(E3—E). (LA.17)

In order to satisfy the boundary conditions (1A.15) —
(1A.17), in the numerical integration of the system
(1A.11) one can use the following method.

By integrating (1A.11) from R = 0, one can obtain
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two linearly independent solutions by imposing upon
them, for example, the conditions

1) g(0)=h(0)="F" (0)=0,
11) g(0)=(0)=¢’ (0)=0,

g 0)=1,

B (0)=1. (1A.18)

Now forming a linear combination of these solutions,
it is not difficult to get solutions such that, for suffi-
ciently large R for which these solutions already
have their asymptotic values the conditions (1A.15) —
(1A.17) are satisfied. It is clear that conditions
(1A.15) and (1A.16) must be satisfied for any value of
the energy from the corresponding ranges (E = E}
or E! > E > E}), whereas conditions (1A.17) can be
satisfied only for definite values of E, forming the
discrete spectrum of the molecule. In the numerical
integration, the values of E; are found from the con-
dition of zero value of the determinant formed from
the coefficients of the exponentially increasing terms
in the linearly independent solutions given by condi-
tions (1A.18) (cf. reference 17).

In conclusion we note that there is a relation be-~
tween any pair of solutions of system (1A.3) {Gy, H,}
and {G,, H,}, which is easily established by noting
that

Kgy—Kyg= —2div Qgy.

The relation between the solutions has the form of
a conservation law:

div{(G,V 6, — G,V Gy)+-(HyV H, —H, V Hy) -+ 2Qpu (H1G; — H61)} =0.
(1A.19)

In particular, the law of conservation of flux follows
from (1A.19). This relation is convenient to use for a
check of the correctness of the numerical integration.

APPENDIX 2

COMPUTATION OF MESOMOLECULES WITH IDEN-
TICAL NUCLEI

1) In the Zg state the effective interaction potential
between the nuclei is

Vo= Eo+ Koo, (2A.1)
cf. (1A.3), M = M; = M, is the mass of the nucleus.
The corresponding curves for the ground state and ro-
tational state were shown in Figs. 7 and 8. The values
Eg( R) are taken from reference 29, the values of
Kgg(R) are gotten by recomputing from reference 30.
The potential curves Vg(R) in the neighborhood of
the minimum are well approximated by the Morse
potential

Vag= D e 20 (B=Ro) _9,~a (R—Ru)} (2A.2)

Values computed from (2A.2) are shown in Figs. 7 and
8 by points: there we also give the parameters of the
approximation (Ry, D, and «).
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The energy levels for the potential (2A.2) are given
by the formula

fo=—D| 1——2 AN
(=5l ] (24.3)
where v is an integer satisfying the condition
0<o<V MDia— . (2A.4)

For the ppu mesomolecule there is only one vibra-

tional level v = 0; for the ddu and tty mesomole-

cules in the state K=0, v=0 and 1 are possible.
If we use the notation

s=V M|El/a, 8=V MDja, =202 E-F0, (2A.5)

the radial functions corresponding to the levels v = 0
and v =1 can be written as

-t
2

v=0 g=)a/T (29]V2% 2g°, (2A.6)

.
-
2

v=1 g=[a@s+U/T @))% 2 E(1—E/(25-+1)), (2A.7)

where I' (z) is the gamma function.

It should be noted that the Morse potential deviates
essentially from the interaction potentials which it
approximates both for small as well as for very large
R. However, as one sees from Figs. 7 and 8, this de-
viation occurs in the sub-barrier region where the
values of the wave functions are exponentially small.
Therefore, the level shift produced by the deviation
of the Morse potential from Vg

6E=S € (Vy—Vy) dR (2A.8)
is, as a rule, small. Because of this fact, the approxi-
mation using the Morse potentials gives a good result
also for rotational levels; an exception is the level
(K=1, v=1) in the ddu mesomolecule, which is ob-
tained formally according to (2A.4), but is extremely
unsatisfactory.

2) The wave function of the continuous spectrum

for the potential (2A.2) has the form
3

-E )
=" {e“f’g—wﬁ< _a+%—is, 1-2zs,§/\
_emivgis F ( —6-{—%—}—[5‘, 1-12is, & )} , (2A.9)

where F (o, v, z) is the confluent hypergeometric
function, and the angle ¢ is determined by the relation

vig_ TU42i T (—&+%_i3)
T (1'—2is) r <—6+T§-+is> .

The asymptotic form of (2A.9) at large distances
(R >» Ry) is

(2A.10)

£ = sin (kR ),
k=V ME, o=¢—FkR,—kIn 3/a. (2A.11)

For sufficiently small energies the function (2A.9) can
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be represented in the region Ry « R « 1/k in the
form:

§~ R—ay, (2A.12)
where the scattering length ag is equal to
ag::[\P<——54—%>-2\b(1)—}—1n26+al¥o]/u, (2A..13)
fv(z) = 4 InT'(z) is the logarithmic derivative of

dz
the gamma-function].
3) In the repulsive state Xy, the effective potential
energy of the interaction V, is equal to

Vo= Eut 3y Ko (2A.14)
V, is approximated with good accuracy in the range
3 < R < 8 by the exponential

V= Ugexp(—BR). (2A.15)

For the radial function of the S state, the Schrédinger
equation can be reduced by a change of variables to
the Bessel equation with imaginary argument. The
radial function for zero energy has the form:

0 VU, — %
= MU, 2
h(R)= B K, ( B e > s
where Ky(z) is a Bessel function of the third kind.

h (R) falls off rapidly inside the barrier for small R,
and for sufficiently large R goes over into the wave
function for free motion

(2A.16)

h(R)~ R—ay, (2A.17)

where ay is the scattering length for the potential
Vu, equal to

the Euler constant)

2 1n (_‘/ﬁﬂ (C=1.781
(2A.18)

Uy = "ﬁ' 1

The cross section for elastic scattering pu + p — pu

+ p (disregarding the hyperfine splitting in the pu

mesonic atom ) has the form

————2—|—zau>, tg=—17.3, a,=5.25 (2A.19)
g

for low energies. In formula (2A.19) we include the

possibility of resonance because of the presence in the
ppu system of a virtual level at low energy. For E =0

0pp (0) ~ 8-10-10 cm?. (2A.20)

Since there is in the ddu system no real or virtual S
state with low binding energy, the scattering du +d
— du + d should not have resonance character. It
can be written for low energies as
Ogq = 4n ——;—a;—f—*}ai) (2A.21)
Using (2A.13), (2A.18), and the values of the param-
eters of the approximating molecular potentials, we
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can obtain ag = 6.67 and ay = 5.73, from which we
get

044 (0) &~ 3.3- 10~ cm2. (2A.22)

APPENDIX 3

SPIN STATES OF MESOMOLECULES

To illustrate the influence of the spin state of a
mesomolecule on the probability of nuclear reaction,
we shall consider a simple model of the spin interac-
tions in the mesomolecule. In the Heitler-London ap-
proximation, we shall include the interaction of the
nuclear magnetic moment with the magnetic moment
of the p meson, which is in a K orbit of this nucleus,
and neglect the spin interactions of the nuclei. In this
approximation the interaction of the nuclear spin with
the spin of the p meson will be described by the usual
expression for the hyperfine structure

}(;_n Bubnen | ¥ (0) 2 (si), (3A.1)

where B, is the mesonic and SN the nuclear Bohr
magneton, 8 is the spin of the ¢ meson, 1 the spin
of the nucleus, gy the gyromagnetic ratio for the
nucleus, and ¥ (0) the value of the u meson wave

function at the position of the nucleus. Taking Zg = %

X (g + p), where P, and yp are wave functions of
hydrogen atoms for the first and second nuclei

1 r :
( g = \/”—aﬁ exp {— P }) , we can represent the spin

interaction in the molecule in the form

H =y, (siy) 4y, (sip), (3A.2)
where
_iﬁuﬁNgNl _ 8 ﬁuBNgNa
SRR R

gN,» 8N, are the gyromagnetic ratios for the first and
second nucleus, aj and aj; are the reduced Bohr
radii of the u meson for the first and second nucleus:

e (105
;= 1+—2).
A m,e? M,

Let us first consider the pdy mesomolecule. The
proton spin ij = %, the deuteron spin i, = 1; the meso-
molecule pdy can be in states with total spin J = 2,

1, 0, where there are two states with spin J = 1,

In the J = 2 state, the total spin of the proton and deu-
teron must be 3/2, while the energy, as is easily veri-
fied, is

1 1
ezzzyl—l——é- v, =~ 0.034 €v.

The energy is measured from the ground state of the
mesomolecule calculated omitting the spin interactions.
In the J = 0 state, the total spin of proton plus deuteron
is Y, and the energy of the level is
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80=%y,—yg 2 0.001ev.

Thus, the states J =2 and J = 0 are states with defi-
nite total spin of proton and deuteron. In contrast to
these, the state. J =1 is a linear combination of
states corresponding to total spin of proton and deu-
teron equal to Y, and to %,. The spin function of the

J =1 state is

3
X1=Cl/2X§I/2)+CS/eX(1 /2),

where x?/z) and x§3/2) are spin functions correspond-
ing to a total spin of the system equal to unity, and a
total spin of proton and deuteron equal to Y, and 3/2.
From the condition Hy; = €x; we get a secular equa-
tion for Cy/;, Cy,, and the energy. The lowest energy
level ¢, is

1 1 9 /2
o= =gt —g (M—vmtgy) ~ —0072 ev

and the corresponding coefficients are

Cyy~ —0.44, Cs;y = 0.91.

The higher level with J =1 is given by the formula

.1 1 9\
31=—T(Y1+Y2)+7<Y¥—Y1Y2+'4"Y§) 2 0.014 ev

and the corresponding coefficients are

Ci/g=0.91, C3/,=0.41.

Thus, when we include spin interactions, the ground
state of the pdy mesomolecule splits into four levels.
The separation between these levels is 0.1 —0.01 ev,
which is much greater than the level width determined
by the probability for nuclear reaction (w ~ 10° sec™!,
T =fw ~ 107% ev).

A similar treatment can also be given for the pty
mesomolecule. In this case i; =i, =Y, y;=0.091 ev,
vs = 0.123 ev. The possible states have total spins of
J=% and J="Y%. The J=9%, state is an eigenstate
of the total spin of the proton and triton, equal to 1,
and the corresponding energy is

1
ea/, = (V1+Vs) = 0.053 €v.

There are two energy levels corresponding to the total
spin J =Y, The J =Y, state is a linear combination
of states corresponding to total spin 1 and 0 of the
proton and triton,

Yryg= 001192+01X83-

The energy of the level and the coefficients Cy and C,
are determined from the secular equation.
The lower energy level is

ey = = (a-F¥) = (1 H ¥l H 3 — v~ —0.400 eV

and the corresponding coefficients
Cy = 0,126; C, ~ 0,992,

B. ZEL’DOVICH and S. §. GERSHTEIN

The higher level has energy
o= = i F V) g (0P 3 (r— 1)) 22 0002 €V

and the coefficients are

C;~0.992, C]~ —0.12.

It should be mentioned that, since the magnetic mo-
ment of tritium is close to the magnetic moment of

the proton, the states €/, and €}/, will be almost
pure states of the total angular momentum of proton
and triton; the first state corresponds to a total spin 1,
and the second to total spin 0.
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