
SOVIET PHYSICS

USPEKHI
A Translation of Uspekhi Fizicheskikh Nauk

SOVIET PHYSICS USPEKHI Vol. 3 No. 2, pp. 175-284 SEPTEMBER-OCTOBER 1960

NONLINEAR PHENOMENA INA PLASMA LOCATEDINANALTERNATING
ELECTROMAGNETIC FIELD*

V. L. GINZBURG and A. V. GUREVICH

Usp. Fiz. Nauk 70, 393-428 (March, 1960)

3. NONLINEAR EFFECTS IN THE PROPAGATION
OF RADIO WAVES IN A PLASMA (IONOSPHERE)

IHE nonlinearity of electrodynamic processes in a
plasma manifests itself particularly clearly in the
propagation of sufficiently strong radio waves. Thus,
the propagation of one wave in a plasma gives rise to
a nonlinear "self interaction" effect wherein the fre-
quency spectrum of the wave (appearance of harmon-
ics of the principal frequency), its absorption, and its
phase all change. When several waves are propagated,
the superposition principle is violated: the incident and
reflected, the ordinary and extraordinary, or in general
any two waves, cease being independent — they interact
in a nonlinear manner because they themselves change
the property of the medium (plasma) in which they
propagate.t

The ordinary theory of propagation of radio waves
in a plasma (in the ionosphere or in the corona of the
sun)15 neglects the influence of the wave on the plasma.
This is true, as a first approximation, if the field of
the wave is weak, i.e., if its amplitude satisfies the
condition

Eo ^T 6eff (Ш* (0.1)

The influence of the field of a weak wave on a plasma
can be taken into account in the next approximation
and should naturally result only in small corrections,
bi spite of this, nonlinear effects can be observed even
for weak waves, and are of practical significance. For
example, cross modulation of radio waves in the iono-
sphere is readily observed even if condition (0.1) is
satisfied (see Sec. 3.4).

Naturally, the effect of strong radio waves (E0

and more so of very strong ones (E0 » Ep), on the
plasma can no longer be neglected. Therefore ordinary

Eph

*For part 1 see Usp. Fiz Nauk 70, 202 (1960), Soviet Physics -
Uspekhi 3, 147,(1960).

tIn an inhomogeneous medium, the term "interaction of waves"
is also used in a different sense." Here we take interaction to mean
only the effects connected with nonlinearity.

theory of radio-wave propagation does not hold for
such waves.

The principal results of the nonlinear theory of
propagation of radio waves in a plasma will be devel-
oped below essentially as applied to the earth's iono-
sphere. Therefore, supplementing the statements
made in the introduction, we list in Table III the values
of the "plasma field" Ep for the ionosphere. The
table lists also the estimated maximum change in elec-
tron temperature in the ionosphere under the influence
of the electric field of the waves radiated by stations
of different power.* It is seen from the table that
strong radio waves in the medium and long wave bands
can change substantially the energy of the electrons in
the lower portion ofthe E layer. To the contrary, the
effect of short waves on the ionosphere, as well as that
of low-power medium and long waves, is quite insignifi-
cant — these waves are weak.

The propagation of electromagnetic waves in a me-
dium is described by Maxwell's equations

dD
~ST

divD = <

divH = 0,

I, D = eE, j = aE,

(3.1)

*Estimates of the electron temperature, listed in table Ш, are
based on formula (1.24), with the amplitude of the wave on the boun-
dary of the ionosphere assumed to be E0 = ЗООу^/г millivolt/m (see
reference 15, Sec. 74) (w is the station power in kilowatts, r is the
distance from the broadcast station to the ionosphere in kilometers,
and the field E0 is in miUivolts per meter).

It should be noted that the earth's magnetic field, generally
speaking, weakens the influence of the radiowaves on the iono-
sphere (disregarding the gyro-resonance region). This influence is
therefore strongest when the effect of the magnetic field is insignifi-
cant, as must occur when E is parallel to Н„, i.e., for an ordjnary
wave in transverse propagation; the values of T e listed in Table III,
are calculated precisely for this case.

We note also that the effect of radio waves on the ionosphere
(the possibility of producing artificial giow of the ionosphere by
means of radio waves) is discussed in references 70 and 71.
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TABLE Ш

Ionosphere

D layer (daytime)

vo=10'

r=300 0

Л=60 km

Lower part of the E layer (night)

Vo = 7-lO*

r=200 0

6=2-10-3

/j=90 km

F layer

v0=10>

r=20000

6=io-*

A=300 km-

0)

o>sg3-10«

10'

108

o)^2-10 5

10«

2-10«

5-10«

10'

108

co<;3-io2

10'

Ep
m

320

470

3200

19

32

56

130

270

2700

0.02

1900

10 kw

0.002

0.001

0,00002

0.3

0.1

0.04

0.006

0.002

0.00002

—

0.000004

100 kw

0.02

0.01

0,0002

1.4

0.8

0.3

0.06

0.02

0.0002

_

0.00004

200 kw

0.04

0.02

0,0004

2.1

1.4

0.6

0.1

0.03

0.0003

—

0.00008

Te/T—1

500 kw

0.1

0.05

0,001

3.6

2.7

1.5

0.3

0.08

0.0008

—

0.0002

1OOO kw

0.2

0.1

0.002

5.7

4.3

2,7

0.6

0.2

0.002

—

0.0004

5000 kw

0.7

0.4

0.01

12

11

9

3

0,8

0,008

—

0.002

10 s kw

4

-

-

54

—

—

—

—

--

—

—

10'kw

15

-

-

170

—

-

—

—

—

—

—

where the operators Д. e. and Ь depend on the prop-
erties of the medium.

bi a plasma the permeability Д can usually be set
equal to unity (see reference 15, sec 57). The conduc-
tivity a and the permittivity e are determined by the
velocity distribution of the plasma electrons (the ion
current can usually be neglected; see Sec. 1), namely

(3.2)

where the distribution function f is determined by the
Boltzmannequation(2.2). Thesystem(3.1),(3.2),and(2.2)
describesthe propagation of radio waves in plasma.

It is important to note that although the field of the
wave is indeed inhomogeneous in space, yet when de-
termining the distribution function, and consequently
the operators e and a, this inhomogeneity can some-
times be neglected, i.e., the term v grad r f in Eq.
(2.2) can be neglected. This is tantamount to assum-
ing that the operators e and Ь are local, i.e., that
the total current density at a given point r is deter-
mined by the field E at the same point, bi a weak
field this condition is not satisfied if the field ampli-
tude E changes substantially over the electron mean
free path, and also in a few other cases (see refer-
ences 72 and 73).* ш a strong field it is necessary

to satisfy a more stringent requirement: the amplitude
of the field E must change little over the electron-
energy relaxation length Z/V 6eff (the latter varies
much less than the mean free path 1, because in a
single impact the electron gives up, on the average,
only a small part of its energy 6eff, see Sec. 1).

It is also important that usually the electric field
of a wave in a plasma can be, considered rapidly vary-
ing, i.e., as satisfying the condition

*eff veff

*bi a weak field, if the operators Б and 0 are not local, the use
of the local quantities e(a>) and a(a>) is obviously no longer per-
missible. At the same time, it is possible and sometimes convenient
to use the functions е(ш,к) and a{co, k), which depend not only on
<u but also on the wave vector k and which do not have, conse-
quently, a local character. Non-locality in a weak field reduces
thus to a dependence of S and 0 on k, and is therefore called
spatial dispersion.

« 1 . (1.16)

m fact, this conditionholds in the ionosphere for all
waves of length \ less than 100 or even 1000 km. It
is satisfied for \ < 1010 cm in the solar corona and
for A. < 10 to 100 m in electronic instruments and ex-
perimental apparatus.

Under conditions (1.16), as shown in Secs. 1 and 2,
the electron temperature in a field of any strength is
constant, to first approximation, and the current den-
sity jt varies with the frequency of the field E.
Therefore, if the conditions of locality are also satis-
fied, the wave propagation problem is solved in two
steps. First, as in the case of the weak field, we find
the current Ĵ  as a function of E. This current is
used in the next step to solve the field equations.

3.1. Propagation of Radio Waves in a Plasma with
Allowance for Nonlinearity (Interaction of Radio
Waves)

Letusnowconsiderpropagation (inaplasma) of
radio waves with a field E0 (0) cos cot on the bound-
ary of the medium (in the plane z = 0). H condition
(1.16) is satisfied, the electron distribution function
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f0 cannot vary as rapidly as the electric field, and in
the first approximation the value of f0 is established
at a constant level, independent of the time (the time-
variable corrections are small and have amplitudes of
order 6t>/oi, see Secs. 1.2, 2.3d, and 2.4). Accord-
ingly, the principal parts of the conductivity and of the
dielectric permittivity of the plasma also remain inde-
pendent of the time. Thus, a wave of frequency w, ar-
riving at the boundary of an isotropic plasma, will
propagate in a medium whose e and cr are constant
in time. The wave frequency ш therefore remains
constant, and Eqs. (3.1), which describe the propagation
of the wave reduce, as can be readily seen,20 to the wave
equation

ДЕ - grad div E + ~ e' (г, ш, £„) E = 0. (3.3)

The expressions for e' = e -i4wcr/w were derived in
Secs. 1 and 2: e' depends both on the frequency and
on the amplitude E0 of the alternating electric field of
the wave. As a result, the wave equation (3.3) is non-
linear, and differs essentially from the usually con-
sidered linear wave equation.

bi view of the complexity of Eq. (3.3), let us pro-
ceed to solve it under several simplifying assumptions.
That is to say, we consider an isotropic plasma. We
assume that it consists of flat layers and varies only
in the z direction. The normal to the wave front will
alsobedirectedalongthe z axis (normalincidence).
Then Eq. (3.3) for the components Ex and Ey as-
sume the form d2E/dz2 + ш2е'Е/с2 = 0, and if the
properties of the medium change sufficiently slowly,
the geometrical-optics approximation E = C
x exp {iwt ± i (w/c )JV"F"dz } remains valid (for
more details see reference 15, Sec. 65).* Assuming,
as usual,

»/ _ .-4ясг• = {n - ix) (3.4)

and considering only a wave traveling along the z axis,
we can thus write out a formal solution for the wave
equation (3.3) in the form

( _ n l z —

= Ce

where C can be considered constant in the zeroth ap-
proximation. Itisessentialtonotethatsince e', and
consequently also n and к, depends on the amplitude
E0, the relation (3.5) is really an integral equation in
the nonlinear theory. For the amplitude E0 we there-
fore obtain

or
(3.6)

*In addition to the ordinary conditions of the applicability of
the geometrical-optics approximation (see reference 15, Sec. 65),
it is necessary in the case of a strong field that the field amplitude
E0 change Uttle over a wavelength, i.e., that the condition к/п<£1
be satisfied for E0 £ E p .

To obtain an explicit expression for the wave am-
plitude E0 we shall employ henceforth for e and a
the simple formulas (1.8) of the "elementary theory."
fii addition, we shall assume that the plasma tempera-
ture T and the electron-collision frequency in the un-
perturbedplasma v§ arehomogeneous,i.e.,independ-
ent of z (for a high-frequency wave, ш2 » v\, the
latter assumption is not essential).* bi a plasma usu-
ally | e | » 47rcr/cj (this condition is vjolated near the
"point of reflection," where e = 0; at the same time,
as e ~ 0, the geometrical-optics approximation em-
ployed here is also inapplicable). If the foregoing
condition is satisfied, к = 2тга/шп з 27nr/wVT, and
in a weak field [see (1.8)] we have

*o ( z ) =
4ne*N (3.7a)

where v$ = v^fa (T) is the effective number of colli-
sions in the equilibrium plasma (for E0 < Ep and
T e = T).

Within the framework of the elementary theory (see
Sec. 1), the expressions for e and a remain the same
in an arbitrary field as in a weak field, except for re-
placement of t-0 by yeff (T e ) = v (T e ) . The absorp-
tion coefficient к can therefore be written in the form

X (z, Eg) = Щ (z) (3.7)

where for simplicity the dependence of the index of re-
fraction n = Ve~ on T e is disregarded.t The depend-
ence of the electron temperature on the amplitude E0

of the wave field is given by (1.22)..
Let us consider first the case when the principal

role is played by collisions with molecules. The ratio
v (Te)/y0 is in this case equal to V T e (Eo)/T , and
it is convenient to use in Eq. (3.6), [ with absorbtion
coefficient (3.7) ] a new variable т = VTe (Eo)/T in-
stead of E0. Relation (1.22) then becomes

(1.22a)

(3.5) Expressing E0 and dEo/dz intermsof т and dr/dz,
with the aid of (1.22a), we rewrite (3.6) in the form

Its solution is

<3-8>

•Equation (3.6) can, naturally, be readily solved numerically for
an arbitrary dependence of к on z and E0. A graphic method for
this solution is indicated, for example, in reference 74, and the
corresponding numerical calculations for the ionosphere were made
in reference 20. The question of the influence of the field of a wave
on its absorption in the ionosphere is ateo considered in reference
76, but not fully enough (see reference 77).

tSuch an assumption corresponds to reality far away from the
point of reflection of the wave (when n = y ^ s 1)> аш! ateo always
for oi2 » v2.
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where K (z) = (w/c) J « 0 ( z ) dz i s *he t o t a ^ absorption
o

of the weak wave from the start of the layer to the

po^nt z. Ontheplasmaboundary (at z = 0) thewave

amplitude E0 (0) is given. Consequently,

(3.8a)

where т0 = VTe[E0(O)]/T. It is seen from (3.8) that

T0 is the maximum value of т; with increasing z, or
z

more accuratelywith increasing K(z) = (u/c)jKodz,
o

T diminishes monotonically. Deep in the plasma, where
K(z) » 1, т tends to unity, i.e., the wave becomes

weak, as it should.

Thesolution(3.8)determines т ateachpoint z

insidetheplasma. Knowing т(г) from(1.22a),we

can readily determine also the unknown amplitude

E0 (z). It is best represented in the form

z
where K (z) = (w/c)J Kodz is the weak-wave absorp-

o
tion, and P is a factor that shows the result of the in-

teraction between the wave and the plasma, bi a weak

field, the factor P is naturally close to unity, bi the

general case, P depends on the amplitude of the wave

field at the plasma boundary, on the frequency, and on

the depth of penetration of the wave into the plasma,

i.e., P = P[E0(O)/Ep, w/v0, K(z)].

The expression for P is particularly simple deep

in plasma, i.e., where K(z) » 1. bi fact, it is clear

from (3.8) that т (z) is close to unity in this case:

Consequently

E0 (z) s* Ep y^F=l = lEv exp

and

P=2-

VCexp{-K(z)}

(3.10)

(3.11)

It is seen from (3.11) that at high frequencies

(w » 2^§т0) the factor P is less than unity, which

is quite natural, since at high frequencies the absorp-

tion coefficient of the wave increases with increasing

T e, i.e., with increasing amplitude E0 (0). m a very

strongfield [when E0(0) » Ep, i.e., т 0 » 1] P di-

minisheswithincreasing E 0(0) inproportionto

Ep/E0 (0). fii this case the amplitude of the wave

penetrating deep into the plasma, as is clear from

(3.10), does not increase with increasing E0 (0), but

tends to a constant value, E0 (z) = 2Ep exp { - K (z)},

which is independent of E0 (0). This is also seen

from Fig. 9 (curve 1).

10
FIG. 9

20E,(0)|E,,

H the converse condition or « 2v%T is satisfied,

the factor P, to the contrary, increases with E 0 ( 0 ) .

This is also quite understandable, for at low frequen-

cies the absorption coefficient of the wave in the

plasma diminishes with increasing T e . ш a very

strong field in this case the setf-interaction factor

P =
2EV

exp

increases exponentially with increasing E0 (0) (see

curve 2 on Fig. 9). bi this case the absorption is

greatly attenuated (owing to self-interaction).

Expressions (3.10) and (3.11) are correct only in-

side theplasma, where K ( z ) » 1, and where the wave

has already become weakened by attenuation. A sim-

ple expression is obtained for the factor P for any

K ( z ) only at high frequencies, namely

(3.12)

It is seen from (3.12) that at high frequencies the fac-

tor P diminishessharplywithincreasing K(z). It

is important that the stronger the field, the faster the

rate of decrease of P, so that when w2 » 2v\ru the

thickness of the layer in which the wave still remains

strong is independent of the amplitude of the wave field

on the plasma boundary. This thickness is determined

by the condition K (z) ~ 1. A method of calculating P

for an arbitrary frequency is indicated in reference 74.

The problem is solved quite analogously when the

principal role is played by coUisions with ions. It is

enough to examine here only high frequency waves,

for only such waves can propagate in a strongly ion-

ized plasma [ since w £ ы0 = V 47re2N/m » v^

~ e*N/(kT)^m^2 byvirtue ofthe condition e2NV3/kT

« 1 ] .* The absorption coefficient of such waves di-

minishes sharply with increasing electron temperature.

Accordingly, the self-interaction coefficient P in-

creases rapidly with increasing amplitude E0 (0)

as exp \ \ (—^—— ) t . Because of this, the strong

wave, the field of which is greater than "critical,"

*Only when u> £ <u0 is the permittivity e
since <uJ » Voi.

1 -<uJ/(<u2 + v01) > 0,
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passes through a layer of plasma of thickness Ks with
s

practicallynoattenuation [ h e r e K s = ( w / c ) j K o d s is
o

the total absorption of a weak wave in a layer s ]. The
magnitude of the critical field is actually close to E p

and increases very slowly with increasing thickness
of the layer s. The dependence of the coefficient of
transmission of the wave through a layer of plasma
on the wave amplitude at its boundary is shown in
Fig. 10 for different values of Ks.

FIG. 10

The corrections to the phase shift of the wave, re-
sulting from the self-interaction, have also been de-
rived in references 74 and 77, in the geometrical-op-
tics approximation. Thus, in the case of collisions
with neutral particles

(3.13)

where т is defined as before by (3.8), and (ко/по) is
the average value of the ratio of the absorption and re-
fraction indices of a weak wave along the path in the
perturbed region. It is clear from (3.13) that the phase-
shift changes due to self-interaction are insignificant
at both high and low frequencies. Д̂> reaches its max-
imum value (on the order of 7r/2) in a sufficiently
strong field, when v\ « w2 « v\r^.

We have already seen that the amplitude of a signal
passing deep in a plasma has essentially a nonlinear
dependence on the amplitude of the signal arriving at
the boundary of the plasma. It is clear that if the wave
arriving at the boundary of the plasma is amplitude-
modulated at a low frequency J2, then its modulation
may change substantially inside the plasma. Here, in

the quasi-stationary case, when the modulation fre-
quency £2 isverylow (muchlessthan 6vQ), theprob-
lem of propagation of an amplitude-modulated wave in
a plasma is essentially identical with the problem al-
ready considered, that of propagation of an unmodu-
lated wave. It is merely necessary to bear in mind
that the amplitude of the plasma boundary varies
slowly with time: E0 (0, t) = E0 (0)(l + ц0 cos fit),
where ц0 is the depth of modulation at the plasma
boundary. For the depth of the modulation ц. of the
wave in the plasma we obtain in this case the following
simple expression:75

t tf+vM_ ( з д 4 )

This formula has been obtained by expansion in powers
of ^0 and fj. and is therefore valid only at a low depth
of modulation. Here т has the same meaning as in
the case considered above (т = VTe (Ej)/T) ; it is
defined, as previously, by the relation (3.8).

It is seen from (3.14) that at high frequencies the
depth of modulation of a wave in a plasma is less than
that of the wave arriving at the boundary of the plasma,
meaning that the wave is "demodulated" in the plasma.
Furthermore, for a very strong wave, the "demodula-
tion" may be quite considerable, almost complete, for
M=Mo/To=MoEp/Eo(°) w h e n E 0 ( 0 ) » E p . Atlow
frequencies (w2 « v\) the depth of modulation of the.
wave in the plasma, to the contrary, increases by self-
interaction. The dependence of the depth of modulation
of the wave in the plasma on E0 (0)/Ep is shown in
Fig. 11.

5

FIG. 11

Ю Efi)|E,

bi the case of an arbitrary depth of modulation ju0,
the amplitude of the wave in the plasma is determined
from (3.9):

(3.9a)

where E 0 (0,t) = E 0 (0)(l + M0cosflt) istheampli-
tude of the wave on the plasma boundary, and P is the
self-interactionfactor [see(3.11)and(3.12)]. It is
seen from' (3.9a) that in general, self-interaction
changes not only the depth of modulation of the wave
in the plasma, but also distorts the form of the modu-
lation curve (i.e., harmonics with frequencies 20, ЗЯ,
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. . . appear), bi strong fields, the distortion of the
modulation is insignificant at small д0 and very large
at До ~ 1. Characteristic curves that show the form
of modulation of strong radio waves deep in plasma at
д0 = 1 are shown in Fig. 12.

Field Eo(0, t) - l+cos Qt
(on the boundary of the plasma)

0 Я 2я Зя St

Field Eo(Z, t) deep in the plasma for <a*>v5 T%

2П Зя Qt

Field EO(Z, t) deep in the plasma for

Я 2Я
FIG. 12

3n Qt

И the modulation frequency п is not small com-
pared with 6v0, then the calculation of the variation
of the wave modulation in the plasma is somewhat
more complicated, since we can no longer assume the
electron temperature to be quasi-stationary, i.e., to
be given by (1.22). It is therefore necessary to solve
simultaneously Eqs. (1.11) for the electron tempera-
ture and Eq. (3.6) for the wave amplitude. The solu-
tion is obtained by expansion in powers of до> which
is valid naturaUy only for small ju0 (see references
75 and 20). The expressions for the depth and phase
of the modulation become quite complicated in this
case. At high frequencies w2 » v\, and the equations
become simpler

/

~ °̂ V (5v,,x<,)*+Q*'

l"1*—
6 v 0 t 0

' av O T •

(3.15)

It is seen therefore that as the modulation frequency
increases, the "demodulation" becomes weaker; at
high modulation frequencies the changes in the wave
modulation are generally insignificant (when fl » 6^0

we have м ^Mo aa^- <P ~~ 0). Furthermore, the
changes in the phase tend to zero even at low modula-
tion frequencies. The maximum value ^ m a x

^ - tan" 1 V т/т0 is reached when fl
The dependence of д/д0 and q>

is shown in Fig. 13.
bi the case of a weak wave it is easy to obtain ex-

pressions for the depth of modulation of the fundamen-
tal and of the harmonics at any value of ц0. They
have the following forms: 7 7 " 7 9

m a x

on fi

as

06

a*

аг

w

0 2 4 6 в
Ь

FIG. 13

- Я 4«avo)»+4Q«}

( i 2 Q = ^ -2 * ' [4Q'+(ev,)'][Q'+(av,)>]'

where

From this we see in particular that in a weak field the
changes in the depth of modulation are small, as is the
distortion of modulation (q « 1), as should be.*

*Self interaction of a weak tadio wave in a plasma can, natur-
ally, be evaluated by successive approximations.77"" In the first
approximation, the effect of the wave on the plasma is neglected.
One then determines the perturbations that the field of the wave,
calculated in the first approximation, produces in the electron tem-
perature, and consequently in the conductivity and the dielectric
petmittivity of the plasma. Taking these perturbations into account
in the wave equation, we obtain the resultant changes in the ampli-
tude, phase, and depth of modutation of the wave. In the Umiting
case of a weak field, naturaUy, the results of such a calculation
agree with those obtained by nonUnear theory.
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As a result of the self-interaction, both the ampli-
tude and the phase of the wave change in the plasma;
therefore, when an amplitude-modulated wave propa-
gates in a plasma, phase modulation should also occur:
Aq> ~ Д^0 + 0Q cos Bt + . . . , where <Зд is the index
of phase modulation. The expressions for the index of
phase modulation are in general quite complicated.75'"'80

The index of phase modulation is found to be small both
for high frequencies (w2 » v\) and for low ones (w2

« v\); its maximum value

Pmax=0.7(ij T2 \
L,i 1

то/2т§-1
(3.16)

is reached when w m a x = yoV2r§ - 1 and п « 5u0.
For convenience, let us recapitulate the principal

effects that nonlinearity produces in the propagation
of radio waves in a plasma.

1) The frequency spectrum of the wave is distorted.
The distortions are insignificant if the field of the wave
alternates rapidly, i.e., if w » 6v9. m this case the
amplitudes of the harmonics are small compared with
the amplitude of the fundamental wave (their ratio
does not exceed 6vo/u).20 No exact expressions have
been obtained for the amplitudes of the harmonics.*

2) The absorption of the wave in the plasma may
change very strongly (compared with the absorption
of a weak wave).

m this case, for very strong radio waves, with am-
plitudes much greater than the "plasma field" [E 0 (0)
» Ep ], the absorption differs from that of a weak
field even qualitatively. That is to say, such waves
either pass through the layer of the plasma, experi-
encing hardly any absorption (regardless of how the
weak wave would be absorbed, see Fig. 10), or, to
the contrary, are almost completely absorbed in the
plasma (in the latter case the wave, after passing
through the layer of plasma, always becomes weak:
its amplitude is determined only by the plasma field
and is in general independent of the amplitude of the
incident wave; see Fig. 9).

These questions have been investigated in suffi-
cient detail, and the absorption can be determined for
waves of any amplitude.7 4

3) The phase of the wave changes insignificantly,
at most by an order of тг/2. The changes in phase
are strongest for waves whose frequency is close to
the effective number of electron collisions.

4) The amplitude modulation of the wave may
change very greatly.

*The ampUtude of the first harmonic (of a wave of frequency 3u))
was calculated in reference 77 in the weak-field approximation. In
that paper, however, only the symmetrical part of the distribution
function, f0, was taken into account, whereas for an exact solution
of the problem it is necessary to take into account also the asym-
metrical part, fj. This is connected with the fact that neglect of the
function f3 is accurate only to terms of order 8. Therefore the cal-
culation of terms of order 8v/a> with neglect of the function f2 is
legitimate only if 8v/<a » 8 (see Sec. 2.1). At the same time, the
results obtained in reference 77 are of the correct order of magni-
tude.

to the case of collisions with molecules, a very
strong high-frequency wave is almost completely
demodulated after passing through the plasma; the
depth of modulation of a low-frequency wave, to the
contrary, increases. The modulation distortion (the
appearance of harmonics) depends substantially on
the depth of modulation д0, being insignificant at
small Q̂ and very large when ^ 0 is close to unity,
m addition to the amplitude modulation due to the
self-interaction, phase modulation is also produced.
All the foregoing changes in the modulation of the
wave in the plasma are essential only for low modu-
lation frequencies; at high modulation frequencies
(fi » 6vq) these changes are insignificant.

Changes in modulation can also be determined for
a wave of any amplitude. 7 5 ' 7 7 ' 7 8

5) The wave reflection may change substantially in
the plasma. For example, for strong radio waves,
geometrical optics is not valid in the region where
к/п k, 1. bi this region, apparently, there is consid-
erable reflection of strong waves. The reflection of
waves from layers of an inhomogeneous plasma, as
far as we know, has not been considered in the non-
linear theory.

6) Owing to the influence of the waves on the plasma,
the principle of superposition of waves is violated, as
is well known, for weak radio waves. Because of this,
in particular, self-interaction effects can become r e -
inforced through interaction between the incident and
reflected waves. The same applies also to the ordi-
nary and extraordinary waves in a magnetoactive
plasma.

The effect of interaction between the ordinary and
extraordinary waves is discussed in references 20, 81,
and 82. The interaction between waves of different
frequencies is considered below, in Secs. 3.3 and 3.5.

3.2. Role of Self biteraction in the Propagation of a
Radio Wave ln the Ionosphere

Let us consider now the role of nonlinear self-inter-
action effects in the propagation of radio waves in the
ionosphere. This role is essentially different for short,
medium, and long radio waves.

a) Short Waves (X<200m, w>10 7). Theplasma
field Ep forsuchwavesasshownearlier, (TableIII),
isquitelarge: E p ~(300to4000)mv/m. Therefore,
even if the broadcast station has a power of 1000 kw,
the short radio waves become weak, [E0(0)/Ep]2

< 10"1 to 10~3, and the self-interaction effects are
insignificant.

b) Medium Waves (200 m < \ < 2000 m; 106 < ш
< 107). For such waves, the plasma field in the lower
partofthe E layerisrelativelyweak: E p ~25(w/l0 6 )
mv/m. Therefore at large broadcast-station power, the
amplitude of the medium-wave field in the ionosphere is
comparable with the plasma field, and may even exceed
it considerably. Numerical estimates of the size of the
nonlinear effects for waves of different frequency and
power are listed in Table rv (P is the self interaction
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TABLE IV

GUREVICH

f, kcs

160
(ft) = 10«)

320
(со = 2-10«)

480
(со = 3-10«)

W, kw

100
500
1000

5000

100
500
1000

5000

100
500
1000

5000

B=O

E
o
 (0)/E

p

1.14

2.54

3.56

8.05

0.65

1.45

2i02

4.52

0.43

0.95

1,35

3.04

p

0.94

0.92

0.93

1.12

0.93

0.78

0.69

0.49

0.96

Oj86
0.76

0.49

0.94

0,98

1.07

1,21

0.87

0.68

0,62

0,55

0.92

0.75

0.64

0,43

.Bo (0)/E
p

0.5
1.12

1.57

3.54

0.29

0.65

0.91

2.04

0.20

0.44

0.62

1.4

R=4 00kw

P

0.98

0.94

0.93

0.93

0.98

o:93

0.89

0.69

0.99

0;96

0.93

0,75

0.97

0!94

0.93

1.06

0,97

0.87

0:80

0.61

0.98

0.92

0|85

0.62

factor [Eq. (3.9)] which shows how the wave amplitude
is changed by self-interaction in the ionosphere; the
ratio д/д0 shows the change in the depth of modulation
of the wave).

It is seen from the table that for strong radio waves
of medium wave lengths the role of self interaction can
be quite considerable.* For example, when the power
of a station broadcasting at 500 kcs changes from w(1)

= 1000 kw to w<2> = 5000 kw, the amplitude of the
wave reflected from the ionosphere increases, as is
clear from Table IV, by a factor

Etf>(0)P(Etf>(0)) A ^ 0 . 4 9 . . .
£&» (0) P (£#> (0)) ~ V rf» O776 — г A i

(if one could neglect the effects of self interaction,
then to obtain the same increase in the amplitude of
the reflected wave, the broadcast-station power would
have to be not 5 times greater, but only double). The
modulation of the wave can also be substantially dis-
torted by self interaction in the ionosphere.

The foregoing self interaction effects, and also the
other nonlinear features of wave propagation noted
above, can be important in the analysis of problems
of high-power radio broadcasting at medium wave-
lengths, bi fact, because of self interaction of high
frequencywaves (u2»v\) intheplasma,theampli-
tude of the signal reflected from the ionosphere in-
creases very slowly with increasing power of the ra-
diating station, and at the same time the depth of mod-
ulation decreases. Furthermore, when the wave be-
comes very strong [E0 (0) » E p ], the amplitude of
the reflected wave in general stops increasing with
increasing radiating power, and the depth of modulation
of the wave tends to zero. It is therefore clear that it
is not advantageous to increase the power of such sta-
tions above a certain limit. The latter is determined

*lt is interesting to note that the "strongest" (for equal radia-
tion power) radio waves are those whose frequency is close to the
effective electron-collision frequency in the lower part of the E
layer (u> ~ v0 ~ 10*). However, self interaction affects such waves
less, because when «u £ v0 the self interaction factor P and the
ratio fi/v0 do not depend monotonically on the power of the wave
(this reflects the non-monotcnic dependence of a and к on Veg).

In the D layer the pbsma field E p is large (Ep Jt 300 millivolt/m)
and the effects of self interaction are accordingly insignificant.

by the permissible modulation distortion: for example,
if not more than 30% of modulation distortion is per-
missible, then, as can be seen from Table IV, the lim-
iting power of stations broadcasting at 300 to 500 kcs
is on the order of 2000 to 5000 kw.

On the other hand, an increase in the power of a
low-frequency wave (cu2 « v\) leads to a sharp in-
crease in the amplitude of the signal reflected from
the ionosphere. As can be seen from Table TV, the
frequency that separates these opposite cases is on
the order of 100 to 300 kcs (i.e., \ = c/f « 1 to 3 km).

To be able to estimate the significance of self inter-
action effects to radio broadcasting, Table IV lists the
values of P and ц/^ not only for R = 0, but also
for R = 400 km (R is the land distance between the
transmission and reception points; for radio broad-
casting at R < 100 km, the wave reflected from the
ionosphere is of no importance, but when R & 200 or
300 km, it becomes decisive). It is seen from Table
TV that although the effects of seU interaction,gener-
ally speaking, become weaker with increasing R (al-
though sometimes they may become reinforced), in
the case of very strong stations theycan still distort
the signal substantially.

Jh spite of numerous detailed theoretical indica-
tions,8 3 'Mattemptsat an experimental detection of
setf interaction effectsin the ionosphere have for a
long time led to hoconclusive results (we do not
speak here ofthe self-demodulation resonance near
the gyro frequency, a question which will be discussed
in detail later). A report has appeared recently79'85

of a series of measurements, performed in England,
in which the self-demodulation effect was observed.
The power of the 200 kcs transmitter ranged from 75
to 400 kw in these experiments. The measurement
results are in good agreement with theory; this is
seen, for example, from Fig. 13a, which shows, in
addition to the theoretical curves, the results of a
measurement of the depth of modulation as a function
of the modulation frequency. Strong setf interaction
effects in waves broadcast by a high-power trans-
mitter were also observed recently.133

It must be noted that an experimental investigation
of self interaction in the ionosphere also yields the
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electron temperature in the ionosphere, in the field
of a strong wave, and permits determination of the
essential parameter 6eff. bi fact, for example, the
dependence of the modulation phase on the modulation
frequency, as shown above, reaches a maximum value,
<Pmax = taп~1^Гт^ - tan"1 l/V^, when fimax = 6v0

x Vr0 . Bymeasuringthedependenceof q> on fi
and by determining ^ m a x ^ d Ящах experimentally,
we can find т0 and consequently also T e = т\т and
6eff=e2E2(0)/3kTmw2(T§ _ i ) [ s e e(1.25)]. Esti-
mates show that ^max ~ 15 to 20° when w ~ (2 to 3)
x 106 and w = 500 kw.

c) Long Waves (X>2000m; w<10 6). Theplasma
field Ep for long waves is small (in the lower part of
the E layer, E p ~ 2 5 t o 3 0 m v / m ) . Theeffectsof
self interaction can therefore play a substantial role
in the case of strong long radio waves.*

It must be borne in mind, however, that the propa-
gation of such waves in the ionosphere, as is well
known, cannot be described in the approximation of
geometric optics, while the nonlinear theory has been
developed thus far only for this case. Therefore, to
be able to estimate the role of self interaction in the
case of long waves, a separate analysis is necessary,
but has not been made as yet. Nor have these effects
been experimentally investigated.

d) Resonant Self Demodulation Near the Gyro-
frequency. A considerable reduction in the depth of
modulation has been observed88"94 in the reception of
radio waves reflected from the ionosphere, at frequen-
cies close to gyromagnetic, wjj = | e | Ho/mC [ in the
ionosphere o;jj s (6 to 8) x 10е].

The following fundamental features of this effect
are noted:

1) The demodulation increases resonantly near the
gyro frequency but is insignificant away from the gyro-
frequency (see Fig. 14a).

2) The maximum demodulation is on the order of
50% or more (see Figs. 14a and 14b).

3) The demodulation increases with increasing mod-
ulation frequency, reaching a maximum at fl s (5 to 6)
x 103 (see Fig. 14b).

4) No dependence whatever on the transmitter power
was observed for the demodulation. Near the gyro fre-
quency, a very strong demodulation is observed even
for w = 3 kw.88

The question of the mechanism of this strong non-
linear effect has as yet not been resolved, m many
papers 8 2 ' 8 8 ' 9 1 ' 9 5 a suggestion is advanced that self modu-

*Attention must be called to one peculiarity of self interaction
of long radio waves: whereas for medium and short radio waves the
amplitudes of the harmortics due to self interaction in a plasma are
small (since Sv<,/u) « 1), they may be considerably greater in a
case of long waves, bi the D layer, for example, Sv and ш are in
general of the same order of magnitude for very long radio waves.

This circumstance can influence, in particular, the frequency
spectrum of atmospherics, which has recently been investigated
(see references 86 and 87); we note that the power of an atmospheric
is very large, on the order of 10s to 10* kw, s o that it always repre-
sents a strong radio wave (see Table Ш).

U*S aS ш„ 0.75 0.9 шЮ'7

5 10 15 20 fi-ЯГ*

b

FIG. 14

lation near the gyro frequency is a result of the action
exerted by the extraordinary wave on the ordinary one
in the ionosphere. Such an assumption, however, is
subject to serious objections. Firstly, a quantitative
calculation80'81'75-101 (see also Sec. 3.3b) shows that
the demodulation induced in the ordinary wave by the
extraordinary one in the ionosphere is extremely slight.
Even at an interfering-station power of 100 kw, the
maximum demodulation should not exceed 1%. Secondly,
the demodulation due to the action of the extraordinary
wave on the ordinary one attenuates with increasing
modulation frequency: it has a maximum at low modu-
lation frequency, and should fall off sharply at Я
> 2000. Finally, there should be a clearly pronounced
dependence of the demodulation on the power of the
transmitting station, and, to the contrary, there should
be no sharp resonant increase in the effect near the
gyro frequency. Thus, the theoretically derived prop-
erties of the demodulation, due to the effect of the ex-
traordinary wave on the ordinary one in the ionosphere,
are in complete disagreement with the features of the
observed effect.

It is therefore worth while paying attention to the
fading mechanism of demodulation, the possibility of
which was indicated in references 96, 97, 75, and 91a.
bi fact, it is well known that if strong interference
fading takes place for the unmodulated wave, the depth
of modulation of the received signal is decreased in
the transmission of modulated waves (see, for example,
references 98 and 99). The basic outlines of this mech-
anism of demodulation consist of the following:

i) The demodulation may be very strong, even com-
plete. With this, the magnitude of demodulation de-
pends not on the power of the radiated signal, but on
the relative amplitudes of the fields of two (or several)
interfering rays, arriving at the point of reception
along different paths St, S2,... (i.e., having different
phases at the reception point).
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2) The demodulation increases with increasing 0,
reaching a maximum (in the case of interference of
two rays) when the modulation phase difference of the
interfering rays equals тг, i.e., when Omax — vc/
(S!-S 2) (whenS!-S2 = 150km, flmax=6000).

These properties of the fading mechanism of de-
modulation are in good agreement with the aforemen-
tioned peculiarities of the observed effect. The reso-
nant amplification of the interference fading near the
gyro frequency can be due to the fact that the extra-
ordinary wave arrives at the reception point in addi-
tion to the ordinary wave.* The extraordinary wave
may be reflected from a lower level of the ionosphere
if sufficiently strong electron-density gradients are
present in the inhomogeneities at the edge of the layer
(it is necessary that the electron concentration change
substantially over distances on the order of 100m).
It is possible that such reflections were observed, for
example, in the work described in reference 100.

We note that reference 101 indicates also the pos-
sibility of demodulation due to the difference in con-
ditions of propagation of the fundamental wave (fre-
quency ш) andsidebandwaves (frequencies w — fi
and ш + fi). This assumption, however, has not been
corroborated in reference 101 by a detailed analysis.

3.3. Nonlinear biteraction of Modulated Radio Waves
(Cross Modulation)

Disturbances produced in a plasma by a strong
radio wave should also influence other waves propa-
gating in the disturbed region. It is possible to sep-
arate in this case three types of disturbances produced
by a strong wave in a plasma. Firstly, if a strong
wave is amplitude modulated at a low frequency Я,
then the disturbances produced by the wave in the
plasma will also be modulated, as will be consequently
other waves passing through the disturbed region. This
phenomenon is usually called cross modulation or the
Luxemburg effect. It is observed in the propagation
of waves in the ionosphere and is of practical impor-
tance to radio broadcasting at medium waves. Cross
modulation was investigated in many theoretical and
experimental works,101"120'56'70*80 the results of which
will be reported below.

Unmodulated waves also disturb the plasma, and
this leads to two effects. Firstly, the rapidly varying
disturbing wave produces in the plasma constant (time
invariant) changes in the electron distribution func-
tions, and consequently, in the conductivity and in the
dielectric permittivity of the plasma. Because of the
latter, the conditions for the propagation of other waves
to the disturbed region also change, causing the ampli-
tude and phase of these waves to change. Secondly, in
addition to constant disturbances in e and a, there
are produced weak disturbances which vary rapidly
with time at a frequency that is a multiple of the per-

turbing wave. The presence of such disturbances in
the propagation of the other waves in the plasma should
result in waves with combination frequencies, biter-
actions with unmodulated waves will be considered in
Sec. 3.5.

a) Cross Modulation in an Isotropic Plasma, bi
order to calculate the effect of cross modulation, it
is necessary to determine first the magnitude of the
low frequency perturbations produced in the plasma
by a strong wave (Ej wave), and then find how these
perturbations influence the other wave (the E2 wave),
which propagates in the disturbed region. Naturally,
if the Et wave is strong, its seU interaction must be
taken into account in the calculation of the perturba-
tions that it produces in the plasma. For the sake of
simplicity, however, we shall first disregard self in-
teraction, i.e., we shall consider the case of a rela-
tively weak perturbing wave.

The amplitude of the electric field of an amplitude-
modulated weak wave Ej in a plasma has at a point z,
in the approximation of geometric optics, a value (see
reference 15, Sec. 65)

}. (3.17)

Here ej(0) and e t (z) arethedielectricpermittivi-
ties for the Ej wave at the beginning of the layer (at

zz = 0) andatthepointz; is
o

the absorption of the Et wave in the layer. Substitut-
ing the field (3.17) in (1.11), we obtain the electron
temperature disturbances produced by the Et wave
in the plasma. The time-variable component of these
disturbances, having frequencies п and 2fi, is:*
&aTe

"3*Tm8(<of

where cp^ = tan : (Q/6v9) and <p2n = tan l (2Q/6v9).
Corresponding periodic disturbances appear also in
the electron collision frequency, v = v0 + A&v. Con-
sidering here only collisions with neutral particles, we
have Д п у = ( ^ 0 / 2 ) ( Д п Т е / Т ) , since v = poVTe/T
(it is precisely this case that occurs in the lower at-
mosphere, where cross modulation is always pro-
duced).f

The amplitude of any other weak wave, which we
consider unmodulated, is determined at the point z,
naturally, again by the expression (3.17)

*Cutolo** emphasizes that the fading was not very strong during
the tune of the measurements; to the contrary, Aitchinson and Good-
win"''1' indicate the presence of strong interference fading.

•The condition а> У> 0 is used in the solution and the terms that
have frequencies 0 ahd 20 are disregarded in the equation for Te.
One can therefore use the equation for T e in the form (1.13), re-
placing Ej by the square of the amplitude (3.17) and disregarding
the terms with cosine tit and cosine 2fit.

tIt is clear from (1.5) that in collisions with ions Ajjv =
(-3vo/2)(Af2Te/T), i.e., thesigns of &Qv and AQTe are differ-
ent. Therefore the coefficients introduced below, jijj and fX2Q> a r e

of different sign in the case of collisions with ions than in the case
of collisions with molecules.
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exp { ~ ^ ( з л г )

where e2 is the permittivity and к2 the absorption
coefficient of the E2 wave.

The absorption coefficient depends on the number
of collisions of the electron. Therefore, in the propa-
gation of the E2 wave in the disturbed region of the
plasma, part of the absorption coefficient varies peri-
odically with time. Separating this time-variable part,

8 / { 2 U u / л -,. i w e find that the

amplitude of the wave passing through the disturbed
plasma layer S can be represented in the form:*

E, = .

' d s } , (3.19)

where A^T e is the variable part of the electron-tem-
perature disturbances in the plasma, given by Eq. (3.18).
It is clear therefore that the E2 wave, after passing
through the disturbed layer, is found to be amplitude
modulated at frequencies S2 and 2fi, i.e., it has the
form E2 = const {1 - ДД c o s ( n t ~ 9 п) ~ M2B c o s ( 2 n t

- <p2fl)}! i n t f li§ case the depth and the phase of the
cross modulation are determined by the expressions

ш„ f

'=7)
\ (0) д%г (v,) 6v0

X' (3.20a)

"gf (0) х г (v0) 6v0

3v<, / ( 6 v

_1 2Q

(3.20b)

(3.21)

To obtain the final expression for the depth of the
cross modulation, it is necessary to integrate in (3.20)
over ds. Let us assume here first that both waves,
Ej and E2, are normally incident on the plasma (i.e.,
that the normals to the waves are parallel to the z
axis, along which the properties of the plasma vary).
Then the plasma layer from the start of the layer
(z = 0) to the point of reflection of the Ej wave

*In expression (3.19) it has been assumed that

Therefore Eq. (3.19) is vaUd only if the depth of the cross modula-
tion is considerably less than unity. A case when this condition is
not satisfied is considered, for example, in reference 20.

(z = z 0 1) is disturbed. We shall consider this point,
for the sake of simplicity, to be considerably below
the point of reflection of the E2 wave, so that in the
disturbed region e2 (s) s e2 (0) s el (0) = 1. Then,
considering that

Х„ (s) = K,, (z) = ' ' °_
mco(<o! + v | ) /e

[see (3.7a)], we findthat

г (Vp) 1 8l(0)

M*)

(3.22)

where Kj(z) istheabsorptioncoefficientofthe Ej
wave. Let us assume now also that the plasma tem-
perature T and the collision frequency v0 do not
change in the disturbed region (for high-frequency
waves the assumed constancy of vu is not an essential
condition). Then, substituting (3.22) in (3.20) and con-
sideringthat wjKi(z)/c=dKi/dz andthatthe Ej wave
can be represented, up to its points of reflection, in the
form of a sum of an incident and reflected wave (see
reference 15, Sec. 71) with a sufficient degree of ac-
curacy, we can readily perform the integration with
respectto dz in(3.20):

= f
)
s

? (0) (Vp)

ЗкТтЪ

у (flv^ W2 L ) T *i W 6 Х Р t 2 ^ i

+ exp { - 2KX (z01)} ] ^ xi (г) exp { - 2K, (z)} dz ]

6vn :(l-exp{-2tfJ}). (3.23a)

ri

^ K j (z) dz is the total ab-
o

sorption of the Щ wave in the plasma. We have dis-
regarded in (3.23a) that usually not only the incident
ray of the E2 wave, but also the reflected ray are
propagated through the disturbed region. This natu-
rally doubles the depth of cross modulation. We note
also that Eq. (3.23a) can also be readily generalized
to include the case of oblique incidence of the E t and
E2 waves on the plasma (using the well-known theo-
rem on the connection between the absorption in the
case of oblique incidence and the absorption in the case
ofnormal incidence; see reference 15, Sec. 74). Thus,
if the wave E2 is incident at an angle ф2, it is enough
to multiply nn in (3.23a) by cos ф2 and to replace
w2 by w2 cos ф2- When the E t wave is incident at an
angle #i and w\ » v\, it is enough to multiply fin
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by COS fa. We thuS Obtain finally* fa Jia (in relative units)

' C O S ^ C O S

6vn = (l-exp{-2XS). (3.23)

Expression (3.23) shows that the depth of cross
modulation is proportional to the depth of modulation
and to the power of the interfering wave. The depth
of cross modulation for ш\ cos2 fa » v\ also in-
creases with increasing angle of incidence of the E2

wave on the plasma layer (which is true, naturally,
only so long as the point of reflection of the E2 wave
lies above the point of reflection of the Ej wave;
otherwise a change in the angle of incidence of the
E2 wave results also in a change in the dimensions of
the interaction region). It is also seen from (3.23)
that the depth of cross modulation has a maximum at
low frequencies of modulation, B « 6y0; when fi
» 6vu, it diminishes as 6vt/u. The phase of the
cross modulation, to the contrary, is small at small

and increases with u/6v0 (it increases up to
The dependence of the depth and phase of the

*We note that earlier, prior to references 110, 105, and 120, Eqs.
(3.20) were thought to be final; they were usually written in the
form (references 102 and 15, Sec. 64)

2 (s)
1
\

(3.20')

60"

zr

0
2 4

FIG. 15

cross modulation on u/6v0 is plotted in Fig. 15 (the
points on Fig. 15 are the experimental results, see
Sec. 3.4b).

The dependence of the depth of cross modulation
on the frequency of the interfering wave is determined
by the factor F (K?) = 1 - exp { - 2K? }. K the inter-
fering wave is considerably absorbed in the interaction
region (К? k, 1), then the factor F is always close to
unity and the depth of cross modulation is independent
of the frequency cjj. En this case, so to speak, com-
plete cross modulation is produced. И, to the con-
trary, the E t wave is only slightly absorbed in the
plasma, then the depth of cross modulation is propor-
tional to its total absorption K'. The dependence of
the depth of cross modulation on the frequency w2

has a simple form

where EJ (s) is a certain average value of the amplitude of the E,

wave in the interaction region and K, (s) = / — K2 (s) ds is the
S c

total absorption of the E, wave in the interaction region. In for-
mula (3.20'), account is also taken of the presence of a constant
magnetic field H,; here u H = | e| H,/mc and fi is the angle be-
tween E and H,.

Expression (3.20') does not yield the absolute magnitude of the
depth of cross modulation, since the quantity Ef (s) remains some-
what indeterminate in this case. A more important fact, however, is
that Eq. (3.20') does not describe correctly the variation of the
depth of cross modulation with the frequency <u, of the perturbing
wave. For example, it follows from (3.20') , for a specified Ej and
K,, that as the frequency <u, of the perturbing wave approaches the
gyro frequency <иц» the depth of cross modulation should always
increase resonantly (under ionospheric conditions fia should in-
crease by a factor of 50 to 100!). This conclusion, however, is not
true: it must be taken into account that actually the dimensions of
the disturbed layer also change substantiaUy with changing fre-
quency <ut [i.e., the values of Ej(s) and K,(s) in (3.20') also change].
As a result, there is in general no resonant increase in depth of
cross modulation when o>, = од; this increase is possible only
under certain special conditions (see Secs. 3.3b and 3.4e). This
latter circumstance remained unclear for a long time and was the
subject of many discussions.70'1""106'1"'"48'"0 We note that the for-
mulas similar to (3.20') aUo fail to describe correctly the variation
of the depth of cross modulation with the power of the interfering
station inthe case of a stronginterfering E, wave. Expression
(3.23), in which an exact integration has been carried out over the
region of interaction, is naturally free of the foregoing shortcomings
of expression (3.20').

It was assumed earlier that the point of reflection
of the E2 wave is considerably above the point of re-
flection of the interfering E t wave. Equation (3.23) is
valid, however, even when this condition is not satis-
fied. The form of the factor F (K°) merely changes
somewhat. For example, if the point of reflection of
the E2 wave lies considerably below the point of re-
flection of the interfering E4 wave, then the factor
F = Fj (Kj) has the form shown in Fig. 16.* It is
seen from the figure that, in this case, the factor F
reaches a maximum F m a x s 1.4 when K\ s 1. We
note that the height of this maximum depends little on
the character of variation of the electron concentra-
tion N(z) intheinteractionregion.120 Thedotted
curve on the same diagram represents the factor
F (Kj) = 1 - exp { - 2K° }, which, as we have already
seen, is valid in the inverse limiting case. It is im-
portant that the difference between the foregoing lim-
iting functions F and Fj is small.

The depth of cross modulation for the second har-

«Natnrally, K° is in this case the total attenuation of the in-
terfering wave up to the point of reflection of the wave E,, or

z u
K° = (&>t/c) / X, dz (we have neglected here, for the sake of sim-

o

plicity, the influence of the reflecting ray of the Et wave). We note
that the factor F is largest when the points of reflection of the Et

and E, waves coincide. Furthermore, if K° » 1, then F is again
close to unity; at small Kj, however, F increases more rapidly
than F,@C°), and its maximum is somewhat higher.
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(in relative units)

FIG. 16

monic is always small compared with

(6v<,)' + Q2

WoF+^

The calculation performed is correct only in the
case of a weak disturbing wave [when Ef (0) « Ept

= 3kT6m (w2 + ^o)/e2 ]. H the interfering wave is
strong, its field changes substantially the absorption
and the cross modulation, as well as the absorption
of the E2 wave in the interaction region. All this
should affect the depth of cross modulation. The
corresponding cross-modulation problem for the
case when the interfering wave is strong was con-
sidered in reference 120. For the case when the in-
terfering wave attenuates sufficiently strongly in the
interaction region, so that "total" cross modulation
is produced, the following simple expression is ob-
tained for the depth of cross modulation at normal
incidence of the Et and E2 waves on the layer:

e*Ef (0)

3kTm& т„ (то < 3 ' 2 4 )

where the modulation frequency is considered to be
low (fi « 6v0) and all the quantities have the same
meaningasin(3.23),while T§ = TeE t(0)/T isthe
change in the electron temperature on the plasma
boundary, due to the interfering wave; this change is
determined, as usual, by Eq. (1.24):

T l = l - 1 b\ (0)
Epl

- l ) , (1.24)

where E p l is the "plasma field" for the E t wave.
Comparing (3.24) with (3.23) for a weak perturbing
wave [for fi = 0 and F(Kj) = l ] , weseethatthe
greatest change takes place in the dependence of the
depth of cross modulation on the amplitude of the in-
terferingwave E t (0) attheplasmaboundary,i.e.,
on the power W of the interfering station [ since
Ej (0) ~ V̂W ] . For example, when wj and co2

 a r e

high, the depth of cross modulation (3.24) does not in-
crease linearly with increasing power (as in the case
of a weak field), but tends to a constant limit: HQ
= 2^ow

2/w2 (see curve 1, Fig. 17). Even stronger is
the change in the character of the dependence of д^
on W when the frequency of the E2 wave cannot be
considered high (w2 ~ c0). The depth of cross modu-
lation may even diminish here with increasing W (see

curve 2, Fig. 17).
We have calculated the disturbances produced in a

plasma by the interfering wave by using elementary
theory. A kinetic-theory calculation of the same ef-
fects, as given in references 56 and 80, leads natu-
rally to almost the same results.*

b) Calculation of the Effect of a Constant Magnetic
Field. Resonance Effects near the Gyro Frequency.
The equations derived here for an isotropic plasma
are correct, naturally, in a magnetoactive plasma,
provided the frequencies of the waves E t and E2 are
much greater than the gyro frequency (ш\ » шд; ш2

H

The effect of the magnetic field must, generally
speaking, be taken into consideration in the opposite
case (ш\ « ш| , ш\ « шд), which is the most inter-
esting from the point of view of cross modulation in
the ionosphere, fii fact, for example, the perturba-
tions of the electron temperature in the plasma ДдТ е,
produced by a strong E t wave in the presence of a
magnetic field H0, are given, as previously, by Eq.
(3.18), in which we must, however, replace Ef (0)/
(ш\ + v\) by the expression

where p is the angle between Et and H0 [ compare
with (1.26)]. It is clear therefore that when w\ « Шд
the different components of the field Ej are not of equal
weight, and the prineipal disturbances in the plasma are
produced by the field component of Ej parallel to H0

(i.e., the principal role is played by the ordinary wave
under conditions of quasi-transverse propagation, see
reference 15, Sec. 75). The average value of cos2 p
is V3; consequently, when averaged over the entire
orientation of Щ relative to H0, the magnetic field
reduces the disturbances produced in the plasma by
the low-frequency Ej wave by V3.

Further, the depth of the cross modulation of the
E2 wave in the magnetoactive plasma depends essen-
tially on the character of polarization of the wave.
Thus, in quasi-transverse propagation, the ordinary

*bi the case considered here, of coUisions with neutral parti-
cles, the closeness of the results of the elementary and kinetic
calculations follows from the considerations given in Sec. 2.5b.



188 V. L. GINZBURG and A. V. GUREVICH

wave is not affected at all by the magnetic field. Ex-
pressions (3.20) and (3.23) are therefore still valid
for the depth of cross modulation of the ordinary E2

wave,withreplacementof E^(0) by Ef(0)cos 2 ^.
On the other hand, the absorption of the extraordinary
wave in quasi-transverse propagation when шц sin2 a
» ш\ = 4ire2N/m, is known (see reference 15, Sec. 75)
to be given by the same equations as the absorption of
a wave in an isotropic plasma, except that the wave
frequency w2 must be replaced by ид sin a where
a is the angle between the normal to the front of the
wave and the direction of the magnetic field. A suit-
able replacement of w2 by ug sin a should be car-
ried out also in expressions (3.20) and (3.23) for the
depth of cross modulation. Thus, the magnetic field
reduces the depth of the cross modulation for the ex-
traordinarywave E2 substantially (since WgSin2a
» w2 in quasi-transverse propagation) but affects
the depth of cross modulation of the ordinary wave
only in connection with the appearance of the factor

Let us discuss now the question of resonant effects
nearthegyrofrequency,*i.e.,when ш1 ~сОд.70>110>114а'120

We assume first that the interfering wave propagates
longitudinally. It is then enough to discuss only the ex-
traordinary interfering wave, since the disturbances
produced by the ordinary wave have no resonant prop-
erties, ш this case the disturbances produced in the
plasma by the extraordinary wave are given, as before,
by Eq. (3.18) in which, naturally, it is necessary to re-
place E 2(0)/(u 2 + v\) in Eq. (3.25) by E l * ( ° * „.

where E tx (0) is the amplitude of the extraordinary
wave on the plasma boundary. Analogously, when go-
ing from the Ej wave to the E^x wave, the absorption
coefficient Kt changes, too. As a result, the transfor-
mation (3.22), and hence Eqs. (3.23a) and (3.23), retain
in this case their previous form. It is merely neces-
sary to replace in them E? (0) by E\x (0)» and also
to replace 1 - exp { - 2K? } by the factor F = Fj (K?x)>
shown in Fig. 16 (since the point of reflection of the
wave E2 is usually lower than the point of reflection of
the extraordinary wave Ejx propagating along the mag-
netic field); Kjx is the total absorption of the E tx
wave up to the point of reflection of the E2 wave.

It follows from (3.23) that the depth of cross modu-
lation at the gyro frequency (i.e., when wt = wg) does
not exceed the depth of cross modulation on any other
frequency Wj, provided total cross modulation is pro-
duced in the latter case (i.e., Щ Z, 1). The reason
for this lies in the fact that although the extraordinary
wave E t x does indeed produce very strong disturb-
ances in the plasma when wt a соц. it is itself attenu-
ated within a very thin layer. To the contrary, if the
frequency wt differs substantially from the gyro fre-
quency, then although the disturbances it produces are
considerably weaker than when wi a шд, the disturbed

fa
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layer is correspondingly much thicker. Therefore the
summary ("total" ) depth of cross modulation is the
same in either case (provided the E2 wave passes
through the entire disturbed layer, i.e., Kj £ 1).

At the same time, if the E2 wave propagates in a
sufficiently thin layer of plasma (i.e., if the frequency
w2 is low or the angle of incidence ф2

 o n the layer is
large), then total cross modulation will be produced
only for that Ejx wave whose frequency is close to the
gyro frequency (for only such a wave attenuates suffi-
ciently within a thin layer of plasma), ш addition, as
is clear from (3.23), under these conditions the "total"
depth of cross modulation can assume relatively large
values, since дд ~ l/w| cos ф2. Therefore, at low fre-
quencies w2 or large angles фг, the depth of cross
modulation has a clearly pronounced resonant peak as
the frequency w} is varied near the gyro frequency.*
This is seen from Fig. 18a, which shows the dependence
of дд on o»lf calculated for the ionosphere from Eq.
(3.23), for wt ~ ид = 9.6 x 106, w2 = 3.7 x 106, cos ф2

= 0.23, and w = 36 kw. It is seen from the diagram
that the resonant frequency has a single hump or double
hump, depending on the value of Kix(wg), the total ab-
sorption of the Eix wave (when wj = ug) up to the
point of reflection of the E2 wave; the double hump is
clearly pronounced when К^х(^н) » !•

We have considered the resonance of the cross
modulation only when the interfering wave propagates
longitudinally, bi the case of nonlongitudinal propaga-

*As far as we know, tesonant effects at <t>,
discussed in the titerature.

have not been

*When the E2 wave has a high frequency, the depth of cross
modulation is relatively small. It foUows therefore, in particular,
that the changes in the modulation of the ordinary wave in the
plasma, induced by the extraordinary wave, are also smaU when
u>t ss &>H (since the freqnency of the ordinary wave is high, of the
order of a>u)- For example, in the ionosphere the depth of modula-
tion of the ordinary wave is changed by the extraordinary wave, as
is clear from (3.23), by not more than 1% if the power of the trans-
mitting station does not exceed 100 kw (see Sec. 3.2d).
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tion, owing to the influence of the polarization of the
plasma, the resonant effects occur not at the gyro fre-
quency шд, but at a frequency

Here co0

 = V47re2N/m istheplasma (Langmuir) fre-
quency, and a is again the angle between the normal
to the front of the wave and the direction of the mag-
netic field (see reference 14, Sec. 75).

The frequency w r e s varies from w r e s = wjj (when
a = 0, i.e., in longitudinal propagation) to ^res
= V w2^ + ш§ (when a = 7r/2, i.e., in transverse propa-
gation ).

It must be kept in mind, however, that at the reso-
nant frequency the corresponding wave usually is at-
tenuated at the very beginning of the plasma layer.
Therefore, if the layer does not have a sharp bound-
ary, the disturbing wave is completely attenuated in
the region of small w0 (such conditions are realized,
in particular, in the ionosphere), bi this case, the
difference in cross modulation for nonlongitudinal
propagation from that for longitudinal propagation is
slight near resonance (for example, in the ionosphere
the resonant frequency is shifted by at most 1 or
2 % 1 2 1 , 1 2 0 b

3.4. Results of Experimental tovestigations of Cross
Modulation in the Ionosphere

a) Absolute Magnitude of the Depth of Cross Modu-
lation. Cross modulation is observed in the ionosphere
at night in the medium-wave band (Л ~ 200 to 2000 m),
and the interaction between waves takes place in the
lower part of the E layer, at an altitude of 80 to 100
km. The greatest value of the depth of cross modula-
tion, Mfimax> is reached (from average data) under
the following conditions: 300 < п < 500; wt ~ 106;
cj2 ~ 5 x l06; cos фг ~ 0.25; cos ф1 ~ 0.7; r t = 140 km
(ri is the distance from the interfering station to the
interaction region).104 When the interfering-station
power is w = 100 kw and д0 = 1, a value Mftmax
= 0.05 is obtained. Calculation based on (3.23) (with
allowance for the magnetic field) yields, under the
sameconditions, A*fimax-°-o45> whichisingood
agreement with experiment.

b) Dependence of /ид and <p& on ju0 and S2.
The dependence of no, on д0, based on the experi-
mental data, is always linear,107'108 in agreement with
the theoretically deduced Eqs. (3.20) and (3.23).

The dependence of the phase of the cross modula-
tion on the modulation frequency was investigated in
references 107 and 108. The experimental data are
in good agreement with the theory (see Fig. 15).* The
value of 6̂ o measured in these experiments is in the
range 103 & 6v0 & 2 x lO3; consequently, the electron-

collision frequency in the interaction region (i.e., at
an altitude of 80 to 85 km) is v$ ~ 5 x 105 to 106.

The dependence of the depth of cross modulation on
the modulation frequency, according to references 107
and 108, is in good qualitative agreement with the de-
ductions of the theory (see Fig. 15), but the deviations
from the theoretical curve (3.23) are greater here. It
is noted firstly that дд falls off more rapidly at large
Q, (reference 105), and secondly that the depth of cross
modulation diminishes somewhat as п ^- Q.108'111 ^he
first of the foregoing peculiarities has apparently a
simple explanation105 (see Sec. 3.5b), while the cause
ofthesecond (low-frequency) anomalyisunclear.

c) Dependence of pQ on the Power of the biterfer-
ing Station. The dependence of the cross modulation
on the radiating power of the interfering station was in-
vestigated in references 105, 107, 108, and 110; it was
found there that дд is proportional to w up to the
maximum radiation power employed (w = 560 kw).
Calculations for the conditions under which the ex-
periments were performed show that in these experi-
ments the Ej wave was not strong [the ratio (Ej (0)/
Ept)2 is always small, less than 0.5 ], so that these
experimental results agree with the theory.120*

d) Dependence of ^д o n the Frequencies

1 2 0 *
and

w2. The dependence of the depth of cross modulation
on the frequency of the interfering wave and on the fre-
quency of the E2 wave is greatly influenced by the
earth's magnetic field. An important role is played
here by the character of the polarization of the wave,
and it is therefore necessary to separate in the experi-
ment the ordinary and extraordinary components, bi
particular, the depth of cross modulation of the ordi-
nary component of the E2 wave in quasi-transverse
propagation should be proportional to l/w| cos фг

(provided the point of reflection of the E2 wave lies
above the point of reflection of the interfering wave;
when wt ~ 106, such a dependence can apparently be
readily observed experimentally).

So far, no special measurements of the dependence
of ^д o n Ш1 a n (^ Ш2 have been made (with the ex-
ception of the gyro resonance region). According to
averaged data, the depth of cross modulation дд has
a maximum at Wj ~ 106 and w2 ~ 5 x 106; it dimin-
ishes by a factor of 2 or 3 as w2 is decreased to 106

or as wt is increased to 3 x 106. When wt < 106 and
w2 < 106, no cross modulation is observed. At high

*We note that although the calculated kinetic-theory dependence
of ф п on Q/Sv0 leads only to a small discrepancy in the results of
the elementary theory (the values o f9 Q differ by at most 20%), it
may stiU be possible to verify this discrepancy experimentally.120

•It is indicated in reference 120 that as the power of the inter-
fering station is varied up to 500 kw, one can already observe an
essential nonlinearity in the dependence of ^ a on a>. For this pur-
pose, however, it i s necessary that: a) the region of interaction be
as close as possible to the interfering station (above the interfering
station); b) the E2 wave be an ordinary one and if possible of low
frequency, ыг ~ 10* [for it is precisely in this case that the non-
Unearity should be particularly clearly pronounced (see Fig. 17)];
c) the measurements be performed at a low modulation frequency
Q <SC 8v0; d) the measurements be performed at sufficiently large
number of values of w, and several measurements must be made at
small w, approximately 50 to 100 kw (to display the behavior of the
linear plot of ^g vs. w).
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values of ш^ and w2, дд diminishes rapidly with in-
creasing frequency (with the exception of the gyro-
resonance region); the maximum frequency ofthe E2

wave, at which cross modulation had been observed,
was w2 ~ 2.5 x 10T; the maximum value of wt was
approximately 107 (reference 104).

e) Resonance of Cross Modulation at Wj = соц-
The dependence of the depth of cross modulation on the
frequency of the interfering wave at w\ = wg was in-
vestigated in references 110, 111, 113, and 114. It was
observed in references 113 and 114 that the depth of
cross modulation increases resonantly near the gyro
frequency, whereas no considerable increase in depth
of modulation was observed in references 110 and 111.
The absolute value of the maximum depth of cross mod-
ulation as a function of the frequency w2, according to
the data of all these investigations,110'111'113'114'105 is
shown in Fig. 19, while the course of the resonant
curve д$2 ( w i) is shown in Fig. 19b (from the data
of reference 114). The solid line in Fig. 19 and the
curves of Fig. 18a have been calculated from
(3.23) for the conditions under which the experiments
were performed. All the experimental results are in
good agreement with the theory.

p , , = < f l / M 0 )

*,+l

3.5. Nonlinear mteraction of Unmodulated Radiowaves

a) Change in the Conditions of Propagation of the
E2 Wave. A strong unmodulated Ej wave produces in
the plasma electrons time-invariant temperature
changes, which influence, in particular, the absorption
of other waves propagating in the disturbed region. The
amplitude of the E2 wave passing through the disturbed
region of the plasma is naturally represented in the
form

where K2 (z) is the absorption of the E2 wave in the
case of the unperturbed plasma, and P 1 2 is a factor
that accounts for the effect of the interfering Ej wave
on the amplitude of the E2 wave. The factor Pj2 is
calculated in the same manner as the self-interaction
factor (3.9); the resultant expression for Pj2 is2 0

2{co[ ) Ш
mI + vgTJ
tol+v?ta

2vg(T.-i
<o| + v$

m
J J (3.26)

Here, as usual, т0 = VTe(Et(0))/T is the value of т
at the start of the interaction region, i.e., on the plasma
boundary, while Tt is the value at the end of the mter-
action region; т (E4) is again given by Eqs. (3.8) and
(1.24). Further, Cj(O) isthevalueofthedielectric
constant for the E t wave on the plasma boundary, while
e2 (z) is the average value of the dielectric constant
for the E2 wave in the interaction region.

No detailed analysis was made of the magnitude of
the factor Pj2 and of its dependence on the param-
eters. We note merely that in the case of high fre-
quencies (ш| » v\, w\ » vl) the factor Pj2 is very
simply related to the previously-investigated self-
interaction factor P of the interfering wave: P1 2

= ( P ) 1 Ш 1^ е 2 Ш2 I t i s c l e a r therefore that the ab-
sorption of the E2 wave can change in some cases sub-
stantially under the influence of the interfering wave
(see Sec. 3.1). We note that if either E t or E2 is an
unmodulated pulse, then Eq. (3.26) can be used only
when the pulse duration is longer than 1/б 0̂. ш the
opposite case it becomes necessary to take into account
the fact that there is not enough time to establish a sta-
tionary electron temperature. Certain calculations of
the interaction of pulses were carried out in references
123 and 125.

mteraction of unmodulated pulses in a plasma was
also observed experimentally under laboratory condi-
tions,122"124 as wen as in the ionosphere.12s>125a It is
important to emphasize that reduction of the results
of these observations yields the foUowing essential
parameters: the electron collision frequency, v0, and
the fraction of the transmitted energy 6. m addition,
if the duration of the pulse is sufficiently small, we
can even localize the region of interaction between
pulses in the ionosphere. Nonlinear interaction be-
tween short pulses may thus prove to be a very effec-
tive method of investigating the ionosphere.125'126*

b) "Sideband" Waves (Waves with Combination
Frequencies). A strong unmodulated wave Ej pro-
duces in a plasma not only constant disturbances, but
also alternating ones, at frequencies that are multi-
ples of щ. These give rise to combination-frequency
waves whenever radio waves interact in a plasma.57

The frequency of the time-variable electron-tem-
perature disturbances, as is clear from (1.13), is
twice the frequency of the interfering wave (2o^).
A similar time variation holds naturally for the elec-
tron-collision frequency and for the conductivity of the
plasma in the case of any other wave E2 = E20 exp (iw2t),
propagating in the disturbed region, i.e.,

*We note that the formulas used in reference 125 to reduce the
experimental data were not always sufficiently correct.
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a = a0
(3.27)

where a\ and a\ are the amplitudes of the alternat-
ing perturbations of the conductivity. Calculation of
the amplitudes of and crJ, carried out in references
57, 127, and 20 with the aid of kinetic theory, leads in
the general case to rather complicated expressions.*
These expressions become simple in the case of high
frequencies uit and u2 (cj\ » v\, ы\ » v\); in this
case, if (ш2 -2wj)2 » v\, then in the case of colli-
sions with molecules

0 , = СТ. = —
? (z) v0

" ( 3 > 2 8 )

where Et (z) = E t (0) exp { - iktz } is the field of the
Ej wave in the plasma [kj = wVF/c = ш (n-iK)/c].
To simplify the formulas, the plasma is henceforth
consideredhomogeneous. When (w2 — 2a^) 2 «w 2 ,
a resonance increase takes place in the amplitudes
of and of; theirmaximumvalue (when w2 = 2wt)
is

a, = a, =
2 e*NE\ (z)

(3.29)

As usual, T is given here by Eq. (3.8). m the case of
a weak interfering wave, naturally, т = 1. It is impor-
tant that in a strong field the amplitudes of and of
are small compared with ст0, provided condition (1.16)
is satisfied, i.e., provided 6yo/wj « 1 (compare with
Sec. 3.1).t

Let us determine now the changes in the propagation
conditions of the E2 wave in the presence of high-fre-
quency disturbances in the conductivity of the plasma,
ш the case when these disturbances are quasi-station-
ary, i.e., constant or varying sufficiently slowly with
time (as occurs, for example, in the case of cross
modulation), the usual approximation of geometric
optics holds for the amplitude of an E2 wave propa-
gating in the disturbed region [see (3.19)]:

L
у e 2 (3.30)

*bi calculations of high-frequency plasma disturbances, and in
particular of af and cr~, it is necessary to take into account not
only the alternating disturbances of the symmetrical portion of the
distribution function f,, but also the asymmetrical function f2 (see
Sec. 2). In other words, the system of (2.7) and (2.20) is inadequate
in this case, and the more complete system (2.5) must be used.
This was not taken into account in references 57 and 127 and an
error, by a factor 1.8, in the calculation of the ampUtudes a* and
a~ resulted for an isotropic plasma (see reference 20). As far as
we know, no analysis of a magnetoactive plasma has been made
with allowance for the function f2.

tbi a weak field the ratio aJaa i s naturaUy even smaUer; thus,

we have — ~ 6 ( ~- ) —^— j^- when o>f y> vJ and

e*E\

where к2 = 27га/ш2Уе^ is the coefficient of absorption
of the E2 wave. It follows from (3.30) that the ampli-
tude of the "sideband" wave of frequency w2 + 2wt is,
in the quasi-stationary approximation,

2яа0
\O • O J.- 1

where a^ is the amplitude of the alternating disturb-
ances of the plasma conductivity, as determined above.

It is important, however, that when unmodulated
radio waves interact, the disturbances in the conduc-
tivity vary rapidly with time, generally speaking, and
the quasi-stationary approximation can frequently not
be employed. It is therefore necessary to investigate
the wave equation

dt
(3.32)

which describes the propagation of the E2 wave in the
general case. Li (3.32) it is assumed for simplicity
that the properties of the plasma change only in the z
direction and that the E2 wave propagates in the same
direction. We assume, furthermore, that the E2 wave
is of high frequency (w2 » v2), so that the alternating
disturbances of the e can be neglected, m this case

• S „2iM.' 1 - ^ ^ - (3.33)

Substituting (3.33) in the wave equation (3.32), we can
solve this equation by successive approximation (using
the fact that | af | « cr0). * This solution has the form

(3.34)5i(z)*f.+^'+^iWe""*-2^",

where

^W=-^^^(0)|e*f<, z d z

Z co

*i* ( [ al (z) e' <*i"*o>2 dz - \ a* (z) e-i(
4 о о

(3.35)

An analogous expression is obtained for the second
"sideband" wave E^ (z) (for more details see ref-
erence 15, Sec. 64, and references 57 and 20).t

Comparing now the exact solution of the wave equa-
tion (3.35) with the quasi-stationary approximation
(3.31), let us determine the conditions of applicability
of the quasi-stationary approximation:

*ia this problem the boundary conditions have the form E2

= E2 (0) exp!i<u,t} when z = 0 and E2 ^ E 2(t) exp | - i k z | as z ^ ~.
tWe note that in reference 15 the problem was formulated some-

what differently from the very outset: the field of the wave E, was
considered homogeneous in space (field in a capacitor).
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(3.36a)

(3.36b)

= ̂  div E. (3.38)

where c is the velocity of light and Дг are the di-
mensions of the region of interaction of the waves Ej
and E2 [in the last condition, (3.36b), we put for sim-
plicity e 3 1 ]. bi the ionosphere, the condition (3.36b)
is not satisfied for the radio band [in fact, if it is as-
sumed that Дг ~ 10 km, condition (3.36b) is satisfied
only when the frequency of the interfering wave is less
than 1 kcs]. Consequently, in analyzing the interaction
between unmodulated radio waves in the ionosphere it
is always necessary to use the exact solution (3.34) and
(3.35), and not the quasi-stationary approximation (3.31)
For cross modulation, the frequency 2wj must be re-
placed in the conditions (3.36) by the modulation fre-
quency U. m this case condition (3.36b) is not satisfied
only for high modulation frequencies, п k. 104, which
apparently causes the rapid fall-off in the depth of
cross modulation at high frequencies noted in Sec. 3.4b.

Estimates of the ratio of the amplitude of the "side-
band" wave (3.35) to the amplitude of the principal wave
E2 for radio waves in the ionosphere show that when
the interfering station has a power of 100 kw and when
wj и u>2 ~ 106 to 107,

T] = . ю-2 ,5-10-'tolO-8. (3.37)

Under resonance conditions, when w2 a 2wj, the value
of 7j increases by one-and-one-half or two orders of
magnitude. For example, when w2

 = %Ш1 = 4 x 106 we
have r\ a 3 x 10~5, whereas when wt = w2 = 2 x Ю6,
we have rj a 10"6. No "sideband" waves were experi-
mentally observed.

c) Nonlinear Effects Connected with Changes in the
Electron Concentration. The nonlinear phenomena pre-
viously considered were all due, in final analysis, to a
change in the electron velocity under the influence of
the field. Corresponding changes were produced, for
the same reason, in such quantities as T e, êff> a,
and e. The nonlinear interaction between waves in a
plasma (and, in general, the nonlinear dependence of
the current Ĵ  on the field E) may, however, have
also an entirely different nature — it may be due to a
change in the electron concentration (see reference
128). Actually,thetensor £ik=eik~i^T<Tik/w de-
pends on N; for example, for an isotropic plasma
eik = e'^ik' a n ^ e ' = e-i47ra/o) = 1 -47re2N/mco(w-iy).
Therefore under conditions when the electric field
causes a certain change AN in the electron concen-
tration, the properties of the plasma also begin to de-
pend on the field, i.e., the medium becomes nonlinear.

Assuming that the ions are immobile and merely
compensate for the equilibrium electron charge eN,
the value of eAN is obviously merely equal to the
density of the average microscopic charge p of the
plasma, m turn*

Thus, the nonlinear effect considered here always ex-
ists, disregarding the quantitative aspect of the matter
for the time being, whenever div E *• 0.

m a homogeneous field, naturally, div E = 0. The
same takes place in the propagation of transverse
(electromagnetic) waves in a homogeneous and iso-
tropic plasma. But even for plasma (longitudinal)
waves in a homogeneous and isotropic plasma, div E
* 0. The result is, for example, the scattering of elec-
tromagnetic waves by plasma waves and in general a
nonlinear interaction of waves of both types (see refer-
ences 129-132). bi an isotropic but inhomogeneous
plasma, div (e'E) = 0 [this follows, for example,
from the field equation curl H = (iw/c )(D - i47rj/w)
= (iw/c)e'E, where "sideband currents" are assumed
absent]. Therefore, considering also (3.38),

Egrad г'
Д Л Г = - -

4яее'
(3.39)

*The charge p is notequal to the density of the "free charge"
p = div D/4n-, usually introduced in electrodynamics. The charge p

bi a magnetoactive plasma div E is generally
speaking not equal to zero even for a homogeneous
medium. The point is that in an unisotropic medium
div (D-i4tfJ/w) = 9 (eJk Ek)/9xj = 0 and consequently,
div E = ЭЕ^/Эхк ^ 0 even when eJk = const, ш par-
ticular, for a plane electromagnetic wave in a homoge-
neous magnetoactive medium, whose general form is,
by virtue of its electric polarization, E = E o a cos q>
+ Eob sin 95, we have

A.N = ̂ - = — ^^- {EOa cos So sin ф + Еоъ cos бь cos ф}, (3.40)

where q> = c o t - к т , n = ck/w is the index of refrac-
tion for the considered ordinary or extraordinary wave
(we neglect absorption, for the sake of simplicity), and
0 a or 0fo a r e t n e angles between E o a or Еоь and k,
respectively. K the external magnetic field H0 is not
too weak, or if no exclusive propagation directions (for
example, alongthe field H0) are considered, then
cos 0 a and cos 0ь o n the order of unity (the angles
0 a and 0b can be readily calculated from known for-
mulas; see, for example, reference 15, Secs. 62 and
.75). bi such cases the effect of (3.40) is greater than
the effect of (3.39), if the length k = cn/w = \/2тг is
less than the characteristic length L on which the
properties of the plasma change significantly (in
other words, L ~ | e'/grad e' | ) .

Thus, a field Ej of frequency Wj changes e and
a in the plasma by amounts on the order of Да/а
Де/е ~ ДN/N~ Ej/4^eNL or Да^кЛ^к^1 ^ e ik/ e ik
~ wnEt/47recN (it is assumed for simplicity that e ~ ejj
~ 1). The frequency of these changes coincides, natu-
rally, with the field frequency w4. Ы another wave E2,

in a plasma can differ from-zero whenever, say, a charged body is
introduced, bi addition, it is clear from the continuity equation
др/dt + div j = 0 that p 4 0 when divj ^ 0 .

We arrive at (3.38) directly by averaging the equation div E m i c r o

= 4tfpmicro for the microfield, since in our case E is always pre-
cisely the average macroscopic field, E = E micro s 0 &at p" = ?micro
is obviously equal to eAN.
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of frequency w2, propagates in a medium disturbed by
Ej, "sideband" waves are produced with frequencies
w2 ± wj. fii the case discussed in Sec. 3.5b, the fre-
quency of the "sideband" waves was w2

 ± %Ш1- This is
obviously connected with the fact that the effect de-
scribed by(3.39) and (3.40) is linear in the field E 1 (

whereas the changes in the random electron velocities
and the resultant changes in veff, e, and cr depend
only on E\.

The ratio of the amplitude of the "sideband" waves,
produced by a change in the electron concentration, to
the amplitude of the sideband waves of (3.35) is of order
£ where

b се»Л£, (z) со*

here n is the index of refraction for the El wave,
w0 = V 47re2N/m is the plasma frequency, and Epi is
"plasma" field (1.23) for the Ex wave. K VkTe/6mc2

~ 10"2 (T e ~ 500°, 6 ~ 10"3), ы\/ш\~ 1 to 10, and
E p l /Ej (z) ~ 1, then the | ~ 10"1 to 10"2, i.e., this
effect is one or two orders of magnitude smaller in the
ionosphere than the effect discussed in Sec. 3.5b. bi
other words, the amplitude ofthe "sideband" harmonic
of frequency w2 ± ш4 will be from 10 to 100 times
weaker than the amplitude of the harmonic of frequency
w2 ± 2wj. At the same time, when £ > 1. the harmonic
w2 ± u>i is stronger; the condition £ ~ 1 corresponds
toaweakfield, E t(z) /E t ~ 10"1 to 10"2 (when
ш\/ш1 ~ 1 to 10 and VkTe/6mc2 ~ 10"2). Kthe Et

wave is amplitude modulated, then the additional cross
modulation of the wave E2, produced by the effect
(3.40), has a depth on the order of the ratio of the am-
plitude of the "sideband" wave of frequency ш2

 ± Ш1
to the amplitude of the E2 wave. It is easy to see that
even when Ej (z)/Epj ~ 1 this depth of cross modula-
tion is very small, on the order of 10"6 to 10"8 [д'
~ Tj-|, where r\ and i; aredefinedby (3.37) and
(3.41) respectively]. This result (the smallness of
n') is quite understandable, for the change of concen-
tration with the field, unlike the change in the electron
temperature, does not have a dc component or one
slowly varying with time.

CONCLUDING REMARKS

bi future research on nonlinear phenomena in a
plasma located in an electromagnetic field, it is ap-
propriate to note the following.

The problem of the behavior of a stationary plasma
in a homogeneous field of arbitrary frequency and in-
tensity can be considered, in general, as solved. Future
work should therefore be concentrated on nonstationary
processes. Even under stationary conditions, however,
it is necessary to investigate in more detail the behav-
ior of the electrons in a plasma, with allowance for in-
elastic processes. It is also desirable to obtain a
more exact form for the electron distribution function
in the region of high velocities, v » VkTe/m , and
to calculate the high-frequency corrections proportional

to 6 (these terms have been calculated only in the ab-
sence of a constant magnetic field). These latter prob-
lems are essentially connected with the same factor —
the need of going beyond the confines of the system of
equations (2.7) and (2.20), i.e., oftaking into account
the function f2 etc in the general expansion (2.5) .

The theory of propagation of waves in a plasma
with allowance for nonlinearity is, generally speaking,
in a less satisfactory state. The analysis has been
carried out here only in the approximation of geomet-
ric optics, whereas for many interesting cases (for
example, for the propagation of long waves in the iono-
sphere), geometric optics is inadequate or even utterly
inapplicable. Further study of nonlinear effects on the
propagation of radio waves in a plasma (ionosphere)
is hindered, however, by imperfections in the theory,
and by lack of sufficiently reliable and complete ex-
perimental data. It is necessary above all to investi-
gate the singularities in the propagation of strong
waves (stationpower w£300kw atfrequencies
ш & 5 x 106) for the purpose of measuring the demodu-
lation of waves and other self-interaction effects (see
Secs. 3.1 and 3.2). The cause of resonant demodulation
of waves near the gyro frequency still is unclear (see
Sec. 3.2d). As regards the nonlinear interaction of
radio waves in the ionosphere, particular interest at-
taches to pulse methods, which permit a detailed in-
vestigation of the effects of interaction and thus obtain
valuable information on the structure of the ionosphere
(see Sec. 3.5a); the same methods can also be used to
investigate the seK interaction of waves. It is also im-
portant to observe "sideband" waves with combination
frequencies w2 ± 2wj and w2 ± ш± (see Secs. 3.5b
and c).

m addition to the work on the ionosphere, the inves-
tigation and use of nonlinear phenomena in a plasma
produced under laboratory conditions assumes at the
present time an ever increasing significance. Experi-
ments in this field have been carried out only with
short pulses. It is clear, however, from the argument
in Sec. 3 that much broader possibilities exist here.
Finally, it is obvious that nonlinear phenomena, quite
analogous to those described above, could be investi-
gated also in semiconductors (see reference 7).

69Gershman, Ginzburg, and Denisov, Usp. Fiz. Nauk
61, 561 (1957).

70W. A. Bailey, Phil. Mag. 23, 929 (1937), 26, 425
(1938); J. Atm. and Terr. Phys. 14, 299 (1959).

n A. Sciacchitano, Scientia 91, 206 (1956).
72V. L. Ginzburgand G. P. Motulevich, Usp. Fiz.

Nauk 55, 469 (1955).
73V. L. Ginzburg, JETP 34, 1593 (1958), Soviet Phys.

JETP 7, 1096 (1958).
UA. V. Gurevich, Радиотехн. и электроника (Radio

Engineering and Electronics) 1, 706 (1956).
75A. V. Gurevich, Радиофизика (Изв. вузов) (Radio-

physics, News ofthe Colleges) 1, No.4, 21 (1958).
76V. P. Tselishchev, J. Tech. Phys. flJ.S.S.R.) 10,

1630 (1940).



194 V. L. G I N Z B U R G a n d A. V. G U R E V I C H

7 7 I . M. Vilenskii, Сб. памяти А. А. Андронова
(Memorial Anthology to A. A. Andronov) Acad. Sci.
Press, 582 (1955); Dokl. Akad. Nauk SSSR 92, 525
(1953).

n a I . M. Vilenskii and N. A. Zykova, loc. cit. ref. 75,
2, 543 (1959).

7 8 F . H. Hibberd, J. Atmos. Terr. Phys. 6, 268 (1955).
7 9 J . W. King, ibid. 14, 41 (1959).
8 0 S . A. Zhevakin and V. M. Fain, JETP 30, 518

(1956), Soviet Phys. JETP 3, 417 (1956).
8 1 F. H. Hibberd, J. Atmos. Terr. Phys. 11, 102

(1957).
8 2 G . J. Aitchinson, Austr. J. of Phys. 10, 204 (1957).
83W. A. Bailey, World Radio 25 Jan. 1935, Wireless

World 26, Feb. 1937.
8 4 F . H. Hibberd, J. Atmos. Terr. Phys. 8, 120 (1956).
8 5 J . W. King, ibid*. 10, 156 (1957).
86Ya. L. Al'pert and D. S. Fligel', loc. cit. ref. 74,

4, 202 (1959).
8 7Ya. L. Al'pert, Usp. Fiz. Nauk 60, 369 (1956).
8 8 M. Cutolo, Nature 167, 314 (195tf; Nuovo cimento

9, 687 (1952).
8 9 M. Cutolo, Nuovo cimento 10, 915 (1953).
9 0 S . N. Mitra, Proc. of the Conference on the Phys-

ics of Ionosphere, Cambridge, 1954, p. 71.
9 1 G . J. Aitchinson and G. L. Goodwin, Nuovo cimento

1, 722 (1955).
9 1 a G . L. Goodwin, Austr. Journ. Phys. 12, 157 (1959).

9 2 Cutolo, Bonghi, bnmirzi, and Cachon, Nuovo cim-
ento 4, 1450 (1956).

9 3 M. Cutolo, Ann. Telecommun. 12, No.5, 150 (1957).
9 4 M. Cutolo, Electrotechnica44, 226 (1957) (survey).
9 5 M. Carlevaro, Nuovo cimento 4, 1422 (1956);

Ricerca scient. 25, 521 (1955).
9 6 M. Boella, Nuovo cimento 12, 140 (1954).
9 7 M. Boella, Ricerca scient. 25, 1461 (1955).
9 8 M. I. Dolukhanov, IEST, No.8, 16 (1937); No.l0,

1 (1937).
" l . A. Ageev, Trudy SIFTI 6, 67 (1941).

1 0 0 D . Martyn and G. Munro, Nature 141, 159 (1938).
101V. A. Bailey, Nuovo cimento Suppl. 4, 1430 (1956)

(survey).
m V . A. Bailey and D. F. Martyn, Phil. Mag. 18, 369

(1934).
103V. A. Bailey, Nature 139, 68, 838 (1937).
1 0 4 L . G. H. Huxleyand J. Ratcliffe, Proc. uist. Elect.

Eng. III 96, 443 (1949) (survey).
1 0 5 L . G. H. Huxley, Nuovo cimento Suppl. 9, 59 (1952)

(survey).
106V. A. Bailey, Phil. Mag. 23, 774 (1937).

1 0 7 J . Ratcliffe and J. Shaw, Proc. Roy. Soc. A193, 311
(1948).

108Huxley, Foster, and Newton, Proc. Phys. Soc. B61,
134 (1948); Nature 159, 300 (1947).

1 0 9 L . G. H. Huxley, Proc. Roy. Soc. A200, 486 (1950).
1 1 0 J . Shaw, Proc. Phys. Soc. B64, 1 (1951).
l n P . A. Bell, Proc. Phys. Soc. B64, 1053 (1951).
1 1 2 L . G. H. Huxley, Proc. Roy. Soc. A218, 520 (1953).
1 1 3 M . Cutolo, Nature 166, 98 (1950).
1 1 4 Bailey, Smith, Landecker, Higgs, and Hibberd,

Nature 169, 911 (1952).
1 1 4 a F . H. Hibberd, Nuovo cimento 10, 380 (1953).

1 1 5 L . G. H. Huxley, Proc. Roy. Soc. A229, 405 (1955).
1 1 6 M . Carlevaro, Electronica42, 497 (1955).
1 1 7 L . G. H. Huxley, J. Atmos. Terr . Phys. 8, 118

(1956).
1 1 8 Bayet, Delcroix, and Denisse, Ann. Telecommun.

12, 140 (1957).
1 1 9 F . Lied, Elektrot. 70, 35, 469 (1957).
1 2 0A. V. Gurevich, loc. cit. ref. 75, 1, No.5 — 6, 17

(1958).
121V. V. Zheleznyakov, loc. cit. ref. 75, 1, No.5—6,

29 (1958).
1 2 2Andersen, Goldstein, and Clark, Phys. Rev. 90,

151, 485 (1953).
1 2 3 J . M. Andersen and L. Goldstein, Phys. Rev. 100,

1037 (1955).
1 2 4 L . Goldstein and A. Dougal, Phys. Rev. 109, 615

(1958).
1 2 5 J . A. Feyer, J. Atmos. Terr. Phys. 7, 322 (1955).

1 2 5 aBjelland, Holt, Landmark, and Lied, Nature 184,
973 (1959).

127 I. M. Vilenskii, JETP 26, 42 (1954).
128V. L. Ginzburg, JETP 35, 1573 (1958), Soviet Phys.

JETP 8, 1100 (1959).
1 2 9Akhiezer, Prokhoda, and Sitenko, JETP 33, 750

(1957), Soviet Phys. JETP 6, 576 (1958).
1 3 0 V. L. Ginzburg and V. V. Zheleznyakov,

Астрономический журнал (Astron. J . ) 35, 694 (1958)
and 36, 233 (1959), Soviet Astronomy 2, 653 (1959) and
3, 235 (1959).

1 3 1 P . A. Sturrock, Proc. Roy. Soc. A242, 277 (1957).
132 т_ p_ Volkov, "Физика плазмы и проблемы

управляемых термоядерных реакций"(Р1аэта Physics
and Problems of Controlled Thermonuclear Reactions),
Acad. Sci. Press, Vol. IV, p. 98, 1958.

1 3 3 I . M. Vilenskii, loc. cit. ref. 75, 3, No.3—4 (1960).

Translated by J. G. Adashko


