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Abstract. An overview of new directions in modern celestial
mechanics is given. The starting point is the Gaussian ring, the
gravitational potential of which is obtained in analytical form.
Instead of osculating Keplerian elements, a set of new variables
is introduced: these are the Laplace and Hamilton vectors, as
well as the vector of the orbital angular momentum of the body.
In the linear approximation, the evolution equations in new
variables are obtained, replacing the classical Lagrange equa-
tions. The method is tested on the exosystem HD 206893. The
problem of confinement of rings around small celestial bodies is
considered. Two new approaches based on two-dimensional (R-
disk) and three-dimensional (R-toroid) generalizations of pre-
cessing Gauss rings are presented. The methods are tested by
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solving problems on the dynamics of stellar rings in the Galaxy
and the secular evolution of orbits in various exoplanet systems.
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orbital orientation vectors, confinement of rings around
small celestial bodies, precession of Gauss rings: R-ring and
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blems, circumbinary exosystems

1. Introduction

The science of planetary motion has traveled a difficult path
from the astrological manipulations of the priests to the
inventive kinematic method of the epicycles of ancient
astronomers. Hipparchus, Eudoxus and Ptolemy developed
the theory of epicycles, discovered the precession of the
Earth’s rotation axis and the change in the longitude angle
in the motion of the Moon. Let’s note the fact connecting the
two epochs: it turns out that the point of Ptolemy’s equant
(from which the planet’s motion seems uniform) is nothing
more than the point of the second (empty) focus of the
Keplerian ellipse.

The theory of circular epicycles remained the core of
astronomical knowledge for over twenty centuries. But
Kepler’s three laws completely changed the picture of
planetary motion. Complex theoretical models based on
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combinations of uniform circular motions were replaced by the
simple and physically clear kinematics of planetary motion in
ellipses with the Sun at one focus. And although the revolution
in astronomy wrought by Copernicus and his followers
(Bruno, Kepler, Galileo) did not yet extend beyond the
kinematic approach, the foundation had been laid: Kepler’s
ellipses remain a test of one’s Homo Sapiens status today!
With the advent of the general dynamical method in the
works of Newton and Euler, the art of creating models based
on differential equations of motion arose and began to

improve in celestial mechanics. Gradually, a special field of

thought was formed in celestial mechanics, outside of which any
discovery cannot be made or properly understood.

Returning to the main topic, we emphasize that celestial
mechanics (in a broader sense, ‘dynamic astronomy’) studies
almost everything that moves and rotates in space: from dust
particles to comets and asteroids, from artificial satellites of
the Earth, from planets and their satellites to stars and
galaxies. The development of celestial mechanics [1-5] it
went through a rich practice of various applications, and the
range of tasks in it is exceptionally wide. The discovery of
exoplanetary systems around other stars has been a signifi-
cant stimulus for the development of astronomy. This
significantly expanded the range of new tasks and allowed
for a new approach to many problems of dynamic astronomy.

2. Inverse square law and the two-body problem
are the basis of celestial mechanics

The motion of two bodies in this problem is described by a
system of sixth-order differential equations [3]
r

Ptrk?—==0, k?=GM+m).

5= 2.1)

There are five independent first integrals of motion in this
problem:

2 .0 2K2 .
V*=1i"=—+h energy integral , (2.2)
P

C = [r x V] vector area integral (2.3)

L=[Vx(]—«? ’E Laplace vector integral
(+Runge—Lenz) , (2.4)

There are two additional relationships
[LxCl=0, L>=x*+nC>. (2.5)

Mathematically, the two-body problem has been solved,
but in its astronomical aspect, ample scope for creativity
remains. The two-body problem [2, 3] is not only an
unchanging beacon in a boundless sea of disturbed motion; it
also represents a vast complex of problems in dynamical
astronomy: here you can trace the chains of ideas from Kepler
orbits to osculating Lagrange ellipses, from Gaussian rings —
up to models based on precessing analogues of these rings.

3. Lagrange osculating ellipses
and perturbation theory

By the beginning of the 19th century, the baton had passed
from Kepler’s ellipses to osculating Lagrange ellipses, and on
their basis, through the efforts of many scientists (Laplace,
Delaunay, Encke, Hansen, Hill, Cowell), perturbation theory

appeared [2, 3, 6]. Using Lagrange’s five equations for
osculating ellipses [2, 3] (a— semi-major axis, e— eccentri-
city, i—inclination, w—argument of periapsis, Q—long-
itude of ascending node, R— disturbance function)

da 2 OR %_l—e2 8R7\/1—e267R

dr 71’1061 oM, Todr 61’10612 oM, el’l()a2 ow’

di cos i OR 1 OR

dr nga®V1—eZsin (i) 00 nya?V1 — e2sini 02’
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dt nya2V1 —e2?sini O

it has become possible to find answers to the most difficult
questions of celestial mechanics when Kepler’s laws are only
approximately fulfilled. Essentially, perturbation theory is
the idea that one can study something unknown starting from
a known quantity. One of its main methods is to take an
ellipse as an initial (intermediate or reference) orbit, and then
decompose the deviations between the actual and reference
orbits into a series. However, these series don’t always work
(due to the presence of terms with small denominators). In
this situation, Hansen cleverly proposed the idea of using a
more complex curve, rather than an ellipse, as the reference
orbit. Then, the series for the deviations of the actual orbit
from the adopted reference orbit won’t contain inconvenient
terms.

Perturbation theory now makes extensive use of methods
based on averaging orbits over ‘fast’ variables. Our review
examines various variants of averaging methods.

4. Laplace integral of motion
and its applications

First of all, the modulus of the vector integral (2.4) is equal
(up to k?) to the eccentricity of the Kepler ellipse [7]

L=x’. (4.1)
The Laplace vector L is directed toward the orbit’s pericenter.
Similarly, an auxiliary Hamilton vector H is introduced,
directed along the minor axis of the ellipse and having the
same modulus H = x2e.

But the Laplace vector is the integral of motion only for a
force inversely proportional to the square of the distances. In
practice, however, there are always additional forces
(perturbations). If the perturbing force is also central, the
Laplace vector slowly rotates, and apsidal precession of the
orbit occurs. Example: the effect of general relativity —
perturbation in accordance with the inverse cube law leads
to precession of the orbit of Mercury 43” for one hundred
years [8].

But in most cases (for example, in the two-planet problem)
the perturbation forces of the planets in orbits are not central,
and then the dynamics of the Laplace vector becomes more
complex.

Below, based on the Laplace vector and the angular
momentum vector, we will present a new method for study-
ing the secular evolution of the orbits of exoplanets with an
arbitrary orbital orientation relative to the plane of the
observer.
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4.1 Two methods of setting problems

for two-planet problems of extrasolar systems

With the discovery of planets around other stars [9], new
trends have also appeared in the two-planet problem. Here we
will consider exoplanetary systems for which the conditions
of small eccentricities and the angle of mutual inclination of the
orbits are fulfilled. In addition, for exoplanets there is another
important geometric parameter — the angle of orientation of
the orbit relative to the picture plane (the plane of the
observer), see, for example, [10]. Currently, orbital elements
for the overwhelming majority of exoplanets are found using
the transit method, when the observer sees the orbits almost
‘edge-on.” However, orbits more open relative to the
observer’s line of sight may also exist around stars, so when
analyzing observational data, one must consider the selection
effect: in the overwhelming majority of cases, it is the orbits
seen almost ‘edge-on’ that are represented in the database on
the NASA Exoplanet Archive service [9].

But with the improvement of observational methods,
two-planet systems will be discovered (and the first examples
already exist, see [11]) in which the angle of inclination of the
orbits to the picture plane is not necessarily close to n/2 but
can be arbitrary. And then the question inevitably arises:
what method can be used to study the secular evolution of a
system of two exoplanets with an arbitrary angle of
inclination relative to the picture plane? Note that indivi-
dual examples of two-planet systems with a large angle of
mutual inclination of the orbits to the plane of the sky are
sometimes discussed in the literature [12], but for such
systems the additional condition of quasi-coplanarity of
the orbits is not satisfied.

From a theoretical point of view, two-planet problems for
extrasolar systems can be posed and studied in two ways:

1. Either we first transform the coordinates of the orbit
elements from the image plane to the Laplace plane (or any
other main plane), find a classical solution for orbits relative
to the selected main plane, and then do the reverse coordinate
transformation for this solution in the image plane;

2. Or we directly derive the equations of the evolution of the
elements of the orbit relative to the image plane and solve them
already. The second method is attractive because it signifi-
cantly reduces the amount of numerical and theoretical
calculations.

Next, we give an example of setting and solving the
problem according to option 2.

4.2 Orbital orientation vectors

Let us consider the directional unit vectors of planetary
orbits [2, 3]: the first of them is the vector P;(j=1,2),
which is directed along the main axis of the ellipse to the
pericenter

P cos w; cos £2; — sin w; sin £; cos i
P,= 1| P | = cosw;sinQ; + sinw;cos Q;cosi; |,
P; sin w; sin i
(4.2)

the second vector

O« — Sin @; €os £2; — €cos w; sin £, Cos i;
Q=1 Oy | =| —sinw;sin€Q; + cosw;cos Q;cosi; |,
0j- Cosw; sinj;
(4.3)

perpendicular to the vector P; lies in the plane of the ellipse
and is directed along its minor axis; the third vector

Ry sin i;sin €;
Ri=| Rj, | =| —sinijcosQ; |, (4.4)
R cosj

is perpendicular to the orbital plane.

Based on the unit vectors (4.2)—(4.4), we construct a
system of three orientation vectors that determine the
orientation of an elliptical orbit. First, there is the Laplace
vector L; = ¢;P; whose absolute value is equal to the orbital
eccentricity. The second vector H; = ¢;Q; (the Hamilton
vector) is perpendicular to L; and has the same absolute
value. The third vectorl; = [1 — ¢ }1/2 R; is the specific orbital
angular momentum vector. This Vector I; is perpendicular to
the vectors L; and H; therefore, to the orbltal plane.

4.3 Secular evolution equations

for orbit orientation vectors

For the vectors of two orbits L;, H; and I;, using the Lagrange
equations (3.1), we find the differential equations of motion in
the linear approximation [12]:

dL; dH;
=AH BH —— = —(4,L; — BjL
“dr tHr = B, = (4L, 1La),
dl
— = Al L. 4.
ds 1[1>< 2] (5)
dL2 dH2
— = AH BH — AL, — B,L
ds 2H» M, (4,1, L)
dl,
—~— A, [ x1 4.6
3 = Azl >l (4.6)

Equations (4.5) and (4.6) represent two independent groups
of differential equations. For the coefficients, we use the
following notation:

nyn; nymy
A = A, By = B
Y VAR Y V.
namio namio
A = B, = B 4.7
T oM T TP o (4.7)

having the dimension of frequency of oscillations, where

bl G ()

2 {l—a2+a4E<2\/&)

mo(l+a) | (1 —a)? 1+o
—(1+a?)K (fﬁ)} oc:Z—T. (4.8)

4.4 Solving evolution equations
The solutions of the linear equations (4.5) and (4.6) have the
form [12]
= D( W cos (g11) + c! D sin (g11))
) cos (ga1) + C4 sin (g21)) ,
= Bz( 1(1 cos (g11) —|—C ) sin (g11))

Vcos (g21) + €L sin (g20)), (4.9)
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Hl(l)(l) =D(- C(l) sin (g 1) + Cz(l) cos (g11))
+Bi(— c!Vsin (g21) + €L cos (¢20))
Hz(l)(t) =B(— C(l) sin (g11) + C2 cos (g11))
— D(—C{sin (g21) + ;" cos (g21)) . (4.10)

117(1) = €0 + 4, (€LY cos (g1) + €V sin (g1))
LV (1) = €Y — 45 (CV cos (g1) + €V sin (g1)) . (4.11)

These solutions of the evolutionary equations include coeffi-
cients

= (4 — A’ +4B 1By, k=VK, 6=A + 41,

_0—K _o+K
81 = D) , &2 = 2 )
Ay — A +x
D:%:AZ—glz—(Al—g2)7
2
Ay — A
D2+B132:—K + ; 1)K:KD7
¢ _PLio+Biln 1) _ DHio+ BiHy
1 D ’ 2 KD ’
(1 _ _ DL20 BzL]() (1 DH20 - BZHIO
Cff == o =R (42

g= \/Alz(llo ’110) + A22(120 ’120) —+ 2A1A2(l]0 ’12()) . (413)

4.5 Application of the new method 2
to the two-planet exosystem HD 206893
The HD206893 system is interesting because its orbital
orientation (see the angle of inclination i in Table 1) differs
significantly from the orientation of the orbits of exoplanets
observed by the transit method. The data from [11] are
presented in Table 1.

The solutions for the Laplace vector components and the
specific orbital angular momentum are shown in Fig. 1 and 2.

The graphs of the Laplace vector hodograph can be seen
in Fig. 3.

The evolution of the orbital elements calculated based on
solutions (4.9)—(4.12) is shown in Fig. 4.

The oscillation periods in the HD 206893 system are
shown in Table 2.

5. Gaussian ring and its potential

Another important direction originates from the Kepler
ellipses —these are Gauss rings. In 1818, to calculate secular
perturbations, Gauss proposed averaging the motion of the
perturbing mass m along an orbital ellipse
P 2

A =a(l — 5.1

=l p=al =), (s.1)
where v is the angle of the true anomaly. With this averaging,
a material elliptical ring is formed with a density the greater
the longer the body is in motion on the corresponding arc

Table 1. Data from the article [11] on the extrasolar system HD 206893. The mass of the central staris M, = 1 .32:}?_‘857Me, component b is a brown dwarf,
component cis a hot Jupiter. The solutions for the components of the Laplace vector and the specific orbital angular momentum are shown in Fig. 1 and 2

[12].

Planet M, Myyp a, a.u. e i, deg w, deg Q, deg
HD206893¢ 12,742 3.531008 0.411003 150.9+2¢ 4678 89.1+69
HD206893b 28.0777 9.6704 0.14709 146.8 33 183519 73.5530
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Figure 1. Oscillations of the components of the Laplace vectors over an interval of 80 thousand years for the components of the HD 206893 system (b—in

gray, c—in black).
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Figure 2. Oscillations of the components of specific orbital angular momenta over an interval of 80 thousand years for the components of the HD 206893

system (b—in gray, c—in black).
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Figure 3. Hodograph of the Laplace vectors relative to the line of nodes in the plane perpendicular to the orbital angular momentum of the corresponding
orbit, for the components of the HD 206893 system (b—left, c—right) over an interval of 114 thousand years.
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Figure 4. Evolution of the eccentricities (a) and inclinations (b) of the orbits of the components in HD 206893.

Table 2. Periods of the main oscillation frequencies in the two-planet
problem for the HD 206893 system.

Tg1, yr1s Ty, yrs T, yrs T5, yrs Ty, yrs

28400 5400 6700 4600 4700

(Fig. 5). The mass element dm on the ring in the angular

interval dv is equal to

(1- 62)3/ 2
2n

dv

dm=m 5
(1 +ecosv)

As a result, the problem of calculating perturbations in the
first order is reduced to finding the gravitational influence of
the Gauss ring on the external body.

5.1 Gaussian ring potential

Knowledge of the Gaussian ring potential is of central
importance. In integral form, this potential is equal

G(1 — 2

m
¢, (x) = o

2n dv

X
Jo (I+ecosv) \/Ao +A; cosv+ A, sin v+A43 cos? v+A4 sinvcosv

(5.2)

(the coefficients 4; depend on the coordinates of the test
point). This integral cannot be taken in general form; Gauss
also did not find the potential of the ring. However, this
potential is now known in analytical form, and it was

Figure 5. Auxiliary geometric elements for constructing a generalized flat
homeoid with the homothetical center in focus O. The lower half of the
ring shows its heterogeneity. (Notes in the text.)

obtained using new methods of the potential theory [14].
The secret is that the Gauss ring can be represented as a
generalized two-dimensional homothetic layer.

Recall that a classical flat homeoid is a shell bounded by
two concentric similar ellipses, and its homothetic center is
located in the center of the ellipse. But in the generalized
homeoid, the homothetic center is already in the focus of the
ellipse O (Fig. 5).

According to the property of the generalized homeoid, the
thickness of the layer at a point B(x|,x;) must be propor-
tional to the length of the segment OA=L equal to the
shortest distance from the focal point to the tangent at the
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point B(xy,x;). Such a layer, as can be shown, is indeed
determined by the thickness

4 dm (1- e2)3/2 do
T=—=
(14 ecosv)?

m 2n (53)

characterizing exactly the Gaussian ring. Moreover, with this
approach, we come to another important conclusion: it turns
out that the potential of a Gaussian ring ¢, will be related to
the potential of the initial homogeneous elliptical disk ¢, by
equation [14]

0,(x) = 5 (9(x) ~xV0,)

—5 (a0~

According to the theory of equigravitating bodies [14], the
potential of a homogeneous elliptical disk ¢, is obtained
through the potential of an inhomogeneous ellipsoid ¢,, with
a density distribution

2 2 2

¥o ,  X{ Xy X3
r=———, m’==5+=5+—, 0<m<I1,

V1—m? aj ay daj

@ = 21Gpyararas
w\J1=x}/(a? +w)=x3/ (@3 +u)—x}/(a} + )
X J d
A

V(@ +u)(@3 +u)(a3 +u)

u.

(5.5)

This is proved using a special method of confocal ‘compres-
sion’ of the mass by hyperbolas: then a homogeneous
elliptical disk is obtained from an inhomogeneous triaxial
ellipsoid (Fig. 6). This inhomogeneous triaxial ellipsoid and a
homogeneous elliptical disk turn out to be equigravitating
(having the same potentials) in the external space. As a result,
through the potential of the ellipsoid (5.5), equal to (see [14])

4Goaiar | x| + ea; at +v
Dulx) = 9,(x) = { |-

Vi—v | at+v A—=v
ol e ] e
ay +v A—v v A—v
k= A <, (5.6)
A—v

we also find the potential of a homogeneous elliptical disk.
Substituting expression (5.6) into the right-hand side of
formula (5.4), we ultimately obtain the potential of the
Gaussian ring in analytical form [15]

(x1,x ,C)fZGim
(prmg 1y A2, A3 T[\/m
ea(x| + ea)
K(k) + ———= |II(n, k) — K(k

{0+ (0~ k00 .

a*+v u—v
R A <1. .
v—2" K A—v (57)

where m is the mass of the ring, @ and b —its major and minor
semi-axes, and e— its eccentricity. K(k) and I1(n, k) are the
standard complete elliptic Legendre integrals of the first and
third kind. Figure 7 shows the family of equipotentials of the
Gauss ring.

Figure 6. Scheme of confocal ‘mass compression’ of a nonuniform
ellipsoid along hyperbolas, transforming the ellipsoid into a uniform

elliptical disk (shown in bold).

N :

Figure 7. The system of internal and external equipotentials (shown by
continuous curves) in the plane of the Gaussian ring. The ring itself is
shown as a dotted line. At the point of the right focus (the center of the
homothetic ring, marked with a bold dot), the potential has a minimum
¢(0,0,0) = 2Gm/ainside the ring. On the ring itself, the potential diverges
logarithmically. (According to the article [15].)

5.2 Systems of two Gaussian rings.

The mutual gravitational energy of these rings

With the development of the averaging method, systems of
Gaussian rings began to be studied. A new approach to the
study of long-period and secular perturbations in some problems
of celestial mechanics was developed at the Sternberg Astronom-
ical Institute on the basis of ring systems [16, 17]. In this approach,
we rely not on the standard Lagrange perturbation function R
but on the mutual potential energy Wy, of Gauss rings

G170 =) [
42
dU1 dl)2

X 3 P
(14 ejcosvy)” (1+excosvy)

Wmut =

o Jo T2

: (5.8)

where r, is the distance between two points on the rings.
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Assuming that the eccentricities of the rings (e;,e;) and the
angle Ai of their mutual inclination are small, we decompose
the integral expression in (5.8) according to the powers of
these small parameters into a triple Taylor series up to terms
of the fourth degree. After integrating this series, the
expression for the mutual energy is represented as [16]

GWI]WZ2

W =— {W000+W200(€12 + e} — AiY)+ Wi erez

A,
4 3 2.2 3 4
+Waoo e +Wsigejea+Wagejes +Wizg ere; +Woao e,

+ Ai*[Wap ef + Won €3+ Wi erea] + Woos Ai“}. (5.9)

The coefficients Wiy, in expression (5.9) for the mutual
energy of Gauss rings were obtained in the final form using
Legendre elliptic integrals [16].

6. Problem of confinement
of rings around small bodies in the Solar system

6.1 Nonplanetary type rings around small bodies

Rings around celestial bodies have long attracted the attention
of researchers. For an overview of the history of this issue from
Newton to 1990, see the book by Friedman and Gorkavy [18],
where the rings around the four giant planets of the Solar
System were studied. The sharp edges of the rings were
explained there by the mechanism of particle collisions and
the resonance of particle orbits with shepherd satellites.

After the recent discovery of rings around small celestial
bodies (the asteroid Centaur Chariclo [19] and two Kuiper
Belt objects, Haumea [20, 21] and Quaoar [22]), interest in
ring dynamics has increased even more. These rings differ
from planetary-type rings: they are narrow, can be located
outside the Rocha boundary of the central celestial body, and
do not have shepherd satellites. It is also interesting that the
motion of ring particles around small bodies is often in spin-
orbit resonance 3:1 with the central body. Therefore, the
problem of describing the secular evolution of such rings and
creating new mechanisms for their stabilization is very acute
now. To solve the retention problem, we will consider the self-
gravity mechanism of the rings.

To implement the self-gravitation mechanism of the rings,
we apply the model of two Gaussian rings [23]. The
confinement problem of ring is complex and is solved here
in several stages. In the first stage, a model of a composite ring
is created, where a narrow 2D ring is represented by a system
of two close Gaussian rings. A necessary condition for
stabilizing the shape of the composite ring is to take into
account its self-gravitation through the mutual energy of the
boundary rings Wy The function Wy, is represented in
(5.9) by a series up to terms of the 4th degree of smallness.

In the problem with rings, it should also be taken into
account that the central ellipsoid with semi-axes a; > a; > a3
rapidly rotates around the minor axis, therefore, to study the
secular effects in the motion of ring particles, it is necessary to
average the ellipsoid potential over the azimuthal angle 4 in
the interval (0.27). After averaging, the potential will take the
form [23]

o= (5 00) )
cca(2) (s5(2) -2(2) +3)]. e

where z is the height of the test particle above the plane of the
conventional equator. The zonal coefficients Cyy and Cyg in
potential (6.1) are equal to:

2a} — at — a}
10R2 7
3(af +a3)+8ai+2aiai -8 (af + a3) a3
280R¢ '

Cy=

Cyp=3

(6.2)

6.2 Evolution equations for two rings

in collective variables in the central field

In collective variables [23], we obtain a system of 8 differential
equations ring evolutions in the central (index c) field:

dAw 3 R\’ 5. 5.
(T)C__E C20n<;) {20(c0s I —cos”ij)

A
e (5 (cos? iy + cos? iy) — 2)} , (6.3)
a
% 77§C 5 ? 5( 2. + 2-)
i) =% on| — cos” iy + cos” ij
35 Aa . ;
-2 7 (cos? iy —coszzl)] , (6.4)

dA 15 R\ . .
(78> - 7—C40n<—) (sm2 i1 sin 2y (7 cos? i —1)
dr J, a

X e — sin? iy sin 2w, (7cos’ iy — Des),

(6.5)

de 15 R\*
) e ) (sin? 7y sin 2 24 -1
(dt)(, 64C40n(a> (sm i1 sin 2wy (7 cos”ij—1)

X e) + sin? iy sin 2w, (7 cos? iy — es), (6.6)
dAQ 3 R\’ . .
(T)c =-3 Czo"(g) {4 (cosi] —cosia)
A
-7 761 (cosij + cos iz)} , (6.7)
ey _ 3C R 24(cos'—&-cos')
ar ). " 16 "\ 4 . ?
A
72 (cosi; — cos iz)} , (6.8)
a

dAi\ 15 R\'T. . .
(E) =21 C40n<g> [51n211 51n2w1(7coszzrl)el2

c
. . 11 A
— sin 2y sin 2w (7cos? iy — 1) €7 +Z ad

x (sin2i; sin 2wy (7cos? i) — 1) e}

+ sin 24y sin 2w, (7 cos? iy — 1) 622):| , (6.9)

di 15 R\ [. . . 5. 5
(E)f—mcmn(;) {sm211 sin 2w (7 cos”ij—1) e;
11 Aa

+ sin 2ip sin2co2(7cos2i2 —1)e; + 2
x (sin2i; sin 2w (7cos?i; — 1) e}

— sin 2i sin 2w, (7 cos? iy — 1) 922)} . (6.10)
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Figure 8. Precession of the nodes dQ/ds of the Haumea ring in the
equatorial plane of the central body depending on the difference in the
angles of inclination A/ of the boundaries of this ring. The horizontal
dashed line indicates the value of the angular velocity without taking into
account the self-gravity of the ring (which gives To = 12.9 £0.7 d).
Taking into account the self-gravity of the ring, the results of the
calculations are shown by the inclined line in the upper right rectangle.
(According to the work [23].)

For example, these equations were used to calculate the nodal
precession of the Haumea ring relative to the plane of its
equator [23]. The results of the calculations are shown in Fig. 8.
According to Fig. 8, taking into account self-gravity
actually reduces the time of nodal precession of the ring.

6.3 Ring stabilization conditions
For coplanar elliptical rings, neglecting the inclination of Haumea’s
ring to the equatorial plane, the confinement conditions are [23]:

dAe N dAe\ 0
dr /, e ),
dA® 4 dAow) 0
dr ), de ).
The stability criterion for coplanar elliptical rings is A = 0 that

is, the apsidal lines of the bordering rings must coincide. For
inclined rings, such a criterion is the coincidence of nodal lines.

(6.11)

6.4 Restriction on Haumea ring mass

According to equations (6.3)—(6.10), the reduced mass of the
ring should depend on the eccentricities of the boundary
ringlets (Fig. 9).

Figure 9. The dependence of the m/M ratio of the mass of the Haumea
ring to the mass of the Haumea planetoid on the difference Ae in the
eccentricities of the boundaries of this ring. (According to the article
[23])

As a result, we find that the normalized mass of the
Haumea ring must satisfy the inequalities

m4<%<m4. (6.12)

7. Two-dimensional generalization
of the precessing Gaussian ring (R-disk model)

According to the laws of celestial mechanics, external
disturbances and the effects of general relativity cause
apsidal precession of an elliptical Gaussian ring. As a result
[14, 24, 25], azimuthal averaging yields an R-disk (or R-ring).
Such R-disks are formed either: (a) from many single
Gaussian rings whose apsidal lines are uniformly distributed
over the azimuthal angle, (b) or by rosette-shaped orbits
precessing around a central mass (Fig. 10). The usefulness of
this model is determined by the fact that such R-rings can
naturally form in planetary systems and in the central regions
of flat galaxies.

7.1 The R-ring structure

We rely on the works [24, 25]. Classical integral in the two-
body problem is

(7.1)

r/ra

Figure 10. On the left is an R-ring filled with a rosette orbit; on the right is the density in the R-ring as a function of the normalized radius of the point.

(According to the article [25].)
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Figure 11. Equipotentials of the R-ring in the main plane. The cross-
section of the ring is shown by the thick line [14].
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Figure 12. The rotation curve of NGC 615 galaxy as a typical example of
the rotation profile of flat galaxies with a sharp local minimum.

Since the motion is planar V> = V2 + V7 we eliminate the
azimuthal component of the velocity using the angular

momentum of the particle ¥y = \/GMa (1 — e?). Then, the
radial component of the velocity is

e V@0
r="o .

r

(7.2)

In a narrow ring at a distance (r,r + dr) from the attracting
body, the body is in the time interval

rdr

dr = .
Vo /(@ =r)(r—q)

(7.3)

Therefore, the probability of finding a body in a narrow ring
is equal to

do =240 rdr . (7.4)
T ma\/(Q-r)(r—q)

The mass of the narrow ring is

dM = 2nre(r) dr, (7.5)
so that the density distribution in the R-ring will be

B C
©-nr—q)’
M
C=———-—. 7.6
(0 +q) 76

It can be seen that the density at the inner and outer circular
boundaries of the R-ring has a peculiarity.

7.2 R-ring potential
The 3D potential of the R-ring is given by the integral [14, 24,
25]

®2  R—v 4r(R—r)
o(r,x; :4GCJ — K| /5| dv,
() /2 [R? + x2 R? + x3
R:Qz_qsiny—Q—Q;—q—i—r. (7.7)

The results of calculation using formula (7.7) are shown in
Fig. 11.
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Figure 13. Potential of the R-disk in the principal plane. The vertical lines
mark the entrance and exit of the disk [25].

7.3 Applying the R-ring model
The R-ring model has been applied to several problems. We
will mention two of them here.

7.3.1 Explanation of sharp local minima on galaxy rotation
curves. In the first problem [25], the model allowed us to
explain the reason for the existence of sharp local minima on
the rotation curves of some flat galaxies (Fig. 12).

Rotation curve of the galaxy NGC 615 as a typical example
of the rotation profile of flat galaxies. Calculations have shown
that in the cavity of the R-ring— from the center to the inner
boundary—the potential increases (Fig. 13), and in this
interval, an additional ‘repulsive’ force acts from the center.
Then the potential decreases, and the additional force on the
particles is directed toward the center. If such an R-ring is
placed in the potential of a spherical (or spheroidal) bulge, this
property of the R-ring’s gravitational field can lead to a local
decrease in the rotational velocity of the gas near ¢.



April 2026

From Kepler’s ellipses —to R-toroids 401

Figure 14. Three-dimensional dependence of the normalized mutual
gravitational energy between the R-ring and the outer narrow circular
ring on the inclination angle « (in rad) and the radius r, (in arc seconds).
According to the article [26].

7.3.2 Dynamics of star disks in the central parsec of the Galaxy.
In another problem [26], the R-ring model was used to study
the characteristics of interacting stellar disks (‘clockwise’ and
‘anticlockwise’ disks) in the central parsec of the Galaxy. For
this purpose, the mutual gravitational energy of the R-ring
and the outer circular ring was found

16GM M, ™2 (€
Wmut(l’ya):—#J J -
@+ a9V lo Jg (Q-1r(r—9q)
1/4
le<2” >drd9, (7.8)
m m
where
[2 4 .2
n=sin’>0cos’u+cos’0, m= %+2\/ﬁ.
2
(7.9)

Knowing Wy, we find the moment of force between two
stellar rings

_ a Wmul
T o
The results of calculating the moment of forces between the
rings are shown in Fig. 15.
For the indicated stellar rings in the central parsec of the
Galaxy, the moment of forces is equal to

(7.10)

M = —0.447 (SGMIMZ) .

—— 7.11
"2\ (71

Taking into account (7.11), using the formulas obtained
earlier, we find the period of nodal precession of both stellar
disks [26]

7'[3\/ GMbha1r2 sin ﬁl
1.788G M,

Y = 1) = ~3.53 x 10° yrs,

(7.12)

where My, — the mass of the central black hole.

M
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Figure 15. Dependence of the normalized moment of forces
M = M/(-8GM M, /n*/air;) between the wide R-ring and the narrow
ring on the angle of mutual inclination «. The curve has a maximum at
o = 0.433(24.8°). The position of the real ‘disk 1-disk 2’ system in the
Galaxy o =~ 62° is indicated by bold strokes.

8. Three-dimensional generalization
of the precessing Gaussian ring
(R-toroid model)

8.1 Geometry of the R-toroid figure
The Gaussian ring and its two-dimensional generalization
(the R-ring) have already found application in modern
dynamical astronomy. However, in practice, problems arise
when the plane of the R-shaped ring itself precesses around a
certain direction; this allows for another (additional) azimuth
averaging of the satellite’s orbit. The method for obtaining a
new figure involves triple averaging of the motion of a material
point over ‘fast’ variables: the first averaging yields a 1D
Gaussian ring, the next step involves averaging the rotating
Gaussian ring over the precession angle of its apsidal line,
resulting in the R-ring; finally, the third step involves
azimuthal averaging of the precessing R-ring, which ulti-
mately yields a three-dimensional R-toroid [27-29]. The
R-toroid figure is shown in Figs 16 and 17.

In spherical coordinates (r,0,¢), the R-toroid figure is
described by the constraints

g<r<Q, —i<0<i. (8.1)
8.2 Density and potential distribution in R-toroid
The density distribution inside the R-toroid [27, 28] is given

by the formula

p(r,0) = 8.2)

M
2n3ary/sin? i —sin? 0,/(0 — r)(r — q)

According to (8.2), the surface of the R-toroid is a ‘shell” with
an anomalously high density. Indeed, for a given angle 0, the
density (8.2) goes to infinity as on the outer (at r = Q) ABC
and A’B’'C’ (see Fig. 17), as well as on the internal (at r = ¢)
abc and a'b’c’ frontal sections of the surface. The ‘shell’
appears not only due to the peculiarities of the density
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Figure 16. The figure of the R-toroid (a) and the dependence of its normalized potential in the equatorial plane (b). (According to the [27, 28].)
b
where
by =r*4r"?, by=2r"cos0’. (8.6)

Figure 17. R-Toroid: on the left is 3D image, on the right is meridional
section of the R-toroid (shown in blue). OT— the axis of symmetry. The
outer (ABC and A’B’C’) and inner (abc and a’b’c’) boundaries on the
right and left are parts of circles that are connected by straight line
segments (a4, cC) and (a’A’,¢’C"). The angle of inclination 7 of the flat
lateral sides is indicated.

distribution in the R-ring itself (see Fig. 10), but also due to
the vanishing of the term sin” i — sin’ 6 at points on the flat
sides of the R-toroid itself.

Under the density law (8.2), the spatial potential of the
R-toroid will be represented by a triple integral

LLL

r'cos0’dr’do’ de’

\/sm i—sin? 0\/(Q—r)(r—q)Vr+r?

GM

, (8.3)

—2rr'cos ¥

where ¥ is the angle between r and ' whose cosine is

cos @’ cos 0’
sin ¢’ cos 0’
sin 0’

cos g cosf
sin ¢ cos
sin 0

cosY =

=cos (¢’ — @) cos0' cos O+ sinf'sin0, (8.4)

The potential of the R-toroid in the equatorial plane is given
by the double integral

i

cos ' do’

1
XJ
—i \/sin2z'— sin? 6

r'dr’
(Q—-r)(r—q)

K (2b1)(b) + b))
Vb + by ’

GM
2n3ar

&(r,0) =

(8.5)

The potential of the R-toroid can also be represented in
the form of series [27, 28]. So, in spherical coordinates, the
expansion of the potential over small values of inverse
distances (a/r) with an accuracy of terms of the 4th order

has the form
2
s {1 (15 )riemrinn ()

% <1 + 5¢? +% e >P4(COS i) P4(sin 0) <%)4}

(8.7)

1

2

8.3 Mutual energy of the R-toroid

and the outer Gaussian ring.

Equations of secular evolution

of osculating orbits of bodies

The equations of the secular evolution of osculating orbits.
To apply the model, it is necessary to know the expression of
the mutual energy of the R-toroid and the outer Gauss ring

27, 28]
I 3,
{1 Tai—eny (1 T2¢ )

x Py(cosi)Ps(cosi’) < a

GMM’

a/

Wmut = -

s

: 9
a > * 64(1 —e)'2

15 4\ 5 !
X (1 + Se? +§ e4>P4(cosi)<§>

7

1 _
(1 +5 e/z)P4(cosi’) —i—%(Scoszi’ -1)

5¢2sin?i'sin? i’ sin’ '

4

(7cos?i —1)}}, (8.8)

where P(x) and P4(x) are Legendre polynomials of the 2nd
and 4th degree.
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Using (8.8) in [27, 28], a system of equations for the
secular evolution of osculating orbits in the gravitational field
of the R-toroid was obtained:

dery _1sn o, M (a)f
e ), 16 O\ a

y sin?i'(7cos2i'—1)e’ sinw’ cos '’
(1—e?)?

iﬂ :,lsn/cﬂﬂ ﬁ )
de /, 16 %M \a

sini’cosi’(7cos?i'—1)e” sinw’ cosw’
X

)

TR . (8.9)
dQ’ _Lﬂ o’ M (a 2 cosi’
de ), 2 M. \a' ) (1-e2)?’
dw’ —73—n/C” M (a 25c0os2i’ — 1
a ), 4 M \a (1—e?)® '

where M, is the mass of the central star, M is the mass of
the planet (R-toroid), and the coefficients of the zonal
harmonics of the R-toroid field at the normalization radius
R = a are

1 3 -
Ch = -3 (1 +3 ez) P5(cosi),

3 15 —
Cfo:§<1+562+§€4>P4(005i)- (8.10)

9. Application of the R-toroid model

In recent years, research into extrasolar planetary systems
has developed rapidly, and the constant influx of new data
poses new challenges. The models of interacting and
precessing Gauss rings provide a new interpretation of
complex problems in perturbation theory and simplify
calculations of the Lagrange perturbation function
method. Among exoplanets, the class of hot Jupiters with
large masses, orbits close to the central star, and relatively
short periods of node precession is of particular interest. To
solve these problems, the use of the R-toroid model is
promising.

9.1 Some limitations on the application

of the R-toroid model

It should be emphasized that the R-toroid model is intended
for studying the secular evolution of outer orbits whose
semimajor axes exceed a certain critical (minimum) value
amin. For a known period of nodal precession of the
disturbing body T, the value ap;, is calculated using the
formula [27]

3/2
amin%(£T9> L K2=G(M+m). (9.1)

2n

As an example, we will calculate ay,, for the giant planets
Jupiter and Saturn using formula (9.1). To do this, we need to
know two periods: the period of the planet’s motion around
the Sun (it is well known T, & 11.862 years) and the period
of precession of the node of Jupiter’s orbit 7q. According to

[30], in a linear approximation, the corresponding period of
nodal precession will be approximately equal to
Tjo ~ 20370.84 years. This is the characteristic time of the
creation of the R-toroid for Jupiter, since on smaller time
scales the figure of the R-toroid for Jupiter will not be
complete. The angle of inclination of Jupiter’s orbit to the
ecliptic is currently small and equal to i~ 1°.30327. The
width of the R-ring for Jupiter is 2ea ~ 0.50 a.u. It follows
that the secular influence of Jupiter’s R-toroid can be
considered only on those celestial bodies whose orbital semi-
major axes satisfy the inequality a > 747 a.u. Therefore, for
Jupiter amin ~ 747 a.u. Similar calculations for Saturn give
amin =~ 582 a.u. Thus, R-toroid models for Jupiter and Saturn
allow us to calculate secular effects not only in the motion of
the hypothetical Planet 9 (with the parameters a~
400—800 a.u. adopted for it), but also in the motion of
sednoids and some extreme trans-Neptunian objects
(eTNOs).

We also present calculations ay, for some exoplanets.

PTFO 8-8695b

According to [32], the exoplanet PTFO 8-8695b (hot
Jupiter) moves along a strongly inclined orbit around the
central star. For this exoplanet « = 0.0084 a.u. and
Torb =~ 10.76 h, therefore, PTFO 8-8695b is one of the
exoplanets closest to the star. The critical value of the semi-
major axis of the orbit ap;, for it is only @i, =~ 0.2 +0.7 a.u.
Thus, the R-toroid model for the planet PTFO 8-8695b
allows us to describe the evolution of the orbits of bodies
that are very close to the central star. It is noteworthy that the
second planet in this system, PTFO 8-8695c, is very far from
the central star ¢ = 662 a.u. and obviously falls into the zone
of gravitational influence of this R-toroid.

The exoplanet Kepler-413b

Consider the example of the Kepler-413b circumbinary
planet. According to [31], it orbits with the period Ty =~
66.262 d around a close pair of stars of classes K and M with
masses M; = 0.820 +0.015M, and M, = 0.542 4+ 0.008A1,.
The stars revolve around the center of mass in just
10.11615 £ 0.00001 d in almost circular orbits (¢ = 0.037+
0.002). The radius and mass of the exoplanet are equal
R~ 0.388R;, M ~ 0.2110M . According to these character-
istics, this planet is close to hot Saturns. The parameters of the
planet’s orbit are equal e = 0.118, ¢ = 0.3553 a.u., i ~ 30°
and the period of nodal precession is To~11 yrs [31].
Accordingly, for this planet T/ Ty ~ 60.83 using these data,
it is possible to calculate the critical value of the semimajor axis
of the orbit, which turns out to be equal @i, =~ 5.48 a.u. Thus,
for the Kepler-413 system, the R-toroid model allows us to
describe the evolution of test orbits located at moderate
(several astronomical units) distances from the central
star.

9.2 The two-planet problem (star + two planets)

The two-planet problem (star +two planets) is relevant for
extrasolar systems. In the article [27], the ratios of nodal and
apsidal precession periods for orbits were found

Tio _m + 2Km; Tro . 2my + knnp

9.2)

Tiw i +xmy  Thy My +knp
(m; and m, are the masses of the planets). For verification, we
note that applying formulas (9.2) to the ‘Sun—Jupiter—Saturn’
system gives Tjo/Tj, ~ 1.181 something close to an accurate
calculation Tjo/Tj, =~ 1.219.
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9.3 The ratio of nodal and apsidal precession periods

The ratio of the periods of nodal and apsidal precession of the
orbit in the R-toroid field is [27]

T, |a| Scos?i’—1 3., %

To_ ‘5' :7%(1_21 L03)). (93)

[0}

2cosi’

It follows from (9.3) that the ratio of the periods of the nodal
and apsidal precessions of the Gauss ring located in the
gravitational field of the R-toroid weakly depends on the
inclination of the ring and turns out to be slightly less than 2

~2 <o, (9.4)

If perturbations from the central body are considered only, in
particular i = 0 equation (9.3) gives Tq/T,, = 2. This result is
confirmed by numerical modeling of the dynamics of the
exoplanet KOI 120.01 [31].

9.4 Secular evolution of exoplanetary systems.

The three R-toroid method

To study the evolution of the orbits of circumbinary
exoplanets, an extended method was developed in [29] using
a system of three R-toroids; here, for each of the three bodies,
its own R-toroid is created, describing a binary star and an
exoplanet. Two tasks are considered. In the first one, the goal
is to investigate the precession of test orbits in the force field
of three R-toroids. The second problem uses the Gauss ring
method to study the secular evolution of the orbits of stars
and exoplanets in the circumbinary system itself.

In the first task, the apsidal and nodal precession of the
trial orbit are investigated in the gravitational field of three
R-toroids. To estimate the precession periods for the
circumbinary planet Kepler-413b, it is necessary to consider
the total contribution from three R-toroids: two R-toroids
corresponding to the stars and one R-toroid for the planet.
The necessary equations from (8.9) for each of the R-toroids
are written as:

(dQ> -o(la.u.>7/2 cosi

il =09 S

dt / a (1—e2)

(dw> ,0<la.u.)7/250052i—1
=) =) y
dr ) » a 4(1 — e2?)

where R={1,2,p} is an index denoting a specific R-toroid
(R = 1,2 refers to a double star, R = p refers to a planet). The
frequency coefficients in (9.5) are equal

9.5)

. 3 mpeg GMR
Qp =3 Cx e\ e R =20, (9.6)
R
v M3 o M} ©.7)
2 20 .
(M, + M>) (M, + M>)

and coefficients of zonal harmonics of R-toroids are

1 3 3cos?ig —1
Czlf):—z(l—&-ze,%)f,
ck :%(1 +5e,%+% e}é) 35C°S4iR_§0C052iR+3 .

9.8)

As a result, we have expressions for the frequencies and
periods of the trial planet
50 50 L A0 L HO0 40 50
Qp,=Q +Q,+Q,), 0, =-29,,
2n 12 1

12p — (T ) — _T12p
0 ) o /0 Q
’(dQ/dI)IZp 2

Q (9.9)

For the Kepler-413 system at @ = a.;, we have an estimate
of the apsidal precession period 7} = (102 + 1)10° yrs, and
for the grecession period of the longitude of the ascending
node 7,7 = (203 4 3) x 10° yrs.

The investigation of the secular evolution of orbits for a
large selection of circumbinary exoplanets (on the basis of
data from observations from [33]) according to the above
method of three R-toroids was carried out in the article [29].
For each system from the sample, we: (a) created a super-
position of three R-toroids, (b) estimated the angular
moments of the star pair and the planet relative to the
Laplace plane, (c) found the coefficients of the second and
fourth zonal harmonics, and (d) derived and solved equations
for the frequencies of both types of precession on the test
orbits. In the gravitational field of an R-toroid, the ratio of
the periods of apsidal and nodal precession on a Gaussian
ring with zero slope is (—2).

10. Conclusion

The article provides an overview of four new analytical
methods in modern dynamic astronomy: the method of
Gaussian rings (and systems of such rings), the method of
orbital orientation vectors, as well as methods based on
two-dimensional (R-disks) and three-dimensional (R-tor-
oids) calculations of models based on precessing Gaussian
rings.

The method of finding the potential of the Gauss ring in
analytical form is presented. To study the secular evolution of
orbits, instead of osculating Keplerian elements, a method of
new vector variables describing the shape and orientation of
orbits was developed. These are the Laplace vector L the
Hamilton vector H and the vector of the orbital angular
momentum of the body 1. If in the usual two-body problem
these are vector integrals of motion, then in the problem with
perturbations, instead of integrals of motion, we have
functions of time. Taking into account these new variables,
instead of the classical Lagrange equations, evolutionary
equations for the three indicated orbital orientation vectors
were obtained in the linear approximation. This new approach
is used to study the secular evolution of exoplanets with
arbitrary orbit orientation relative to the observation plane.
The method has been tested on the exosystem HD 206893.

The actual problem of stabilizing the shape (confinement)
of rings around small bodies of the Solar system is considered.
These rings differ from planetary-type rings: they are narrow,
typically located beyond the Roche limit of the central body,
and lack shepherd satellites. It is also interesting that the
motion of particles in the rings of small bodies is often in 3:1
spin-orbit resonance with the rotation of the central body.
Therefore, the description of the secular evolution of rings
and the development of mechanisms for preserving their
shape is an urgent problem. To solve the retention problem,
we examined the self-gravity mechanism of the rings. For this
purpose, a model of two interacting Gauss rings has been
developed.
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An important part of this work is also the creation of two
new models based on Gauss precessing rings—the R-ring
and the R-toroid. Their construction method involves double
and, respectively, triple averaging of the particle’s motion
over ‘fast’ variables. The structure of these new models and
their spatial potential are considered in detail. Applications of
these methods include studying the problem of precession of
interacting stellar disks in the central parsec of the Galaxy and
the secular evolution of orbits in two-planet and circumbin-
ary exoplanetary systems. To study the secular evolution of
exoplanet systems, a special method of three R-toroids was
developed. Methods known from the literature for studying
circumbinary systems turned out to be special cases of the
approach developed here; our method of R-toroids addition-
ally takes into account the eccentricities and inclinations of
the orbits of bodies to the Laplace plane, as well as
gravitational perturbation from the third body (planet).
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