
Abstract. The interaction of intense laser fields with matter is
accompanied by a multitude of phenomena, ranging from the
generation of coherent radiation across various spectral
ranges (from terahertz to soft X-rays) to the creation of
beams of accelerated charged particles and micromodifica-
tion of the volume and surface of various samples. To describe
this diversity of phenomena, several theoretical approaches
have been developed to date. These approaches utilize differ-
ent approximations to address this complex nonlinear pro-
blem, allowing for the explanation of specific aspects of such
interactions. The developed theoretical frameworks consider
the interaction at both microscopic and macroscopic levels; at
the microscopic level, they investigate the characteristics of
single atoms interacting with laser fields, while at the macro-
scopic level, they analyze nonlinear susceptibilities that de-
scribe the nonlinear polarization of the medium during the
propagation of laser radiation through it. This work presents
an overview of methods describing some of the most commonly
employed theoretical approaches to model the response of a

medium at a microscopic (quantum-mechanical) level, as well
as various methods for controlling the properties of generated
coherent radiation. A model for the gas medium is described
that accounts for both the response characteristics of indivi-
dual atoms and allows for consideration of phase and quasi-
phase matching effects during radiation generation. The influ-
ence of medium parameters on the efficiency of generation and
polarization properties of generated radiation is analyzed
under both phase and quasi-phase matching conditions. A
detailed description of an analytical method for calculating
the nonlinear susceptibility of a gas medium is provided. The
obtained values of nonlinear susceptibility for arbitrary orders
may be useful in numerical calculations concerning the propa-
gation of laser radiation in matter. Various channels for
radiation generation are analyzed as parameters of the laser
field are varied.

Keywords: interaction of intense laser radiation with matter,
high-order harmonic generation, phase synchronization, non-
perturbative theory, nonlinear susceptibility of the medium

1. Introduction

With the development of methods for generating intense laser
pulses [1], scientists have gained the ability to experimentally
study the nonlinear interaction of radiation with matter,
creating a powerful impetus for research in this area of
physics. The peak laser field strength of such pulses is no
longer small compared to the intra-atomic field strength
(Eat � e=a2B ' 5� 109 V cmÿ1), the response of the medium
becomes significantly nonlinear, and nonlinear polarization
can no longer be considered a small perturbation.
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Improvements in mode-locking techniques have led to the
production of ultrashort (femtosecond, attosecond) and
extremely short (single-cycle and half-cycle) laser pulses,
which have significantly expanded the practical applications
of laser physics, laying the foundation for attosecond spectro-
scopy of atoms, molecules, and solids [2], petahertz electro-
nics [3], and the creation of dynamic gratings and micro-
resonators in a medium [4]. The transition to ultrashort and
extremely short laser pulses requires abandoning the tradi-
tional method of slowly varying field amplitudes and phases
[5], calculating the evolution of the field itself in the medium
rather than its envelope, and accounting for the multilevel
structure of the medium. The spectrum of phenomena and
effects that must be considered in developing a modern
theoretical framework is extremely broad [6±10].

Infinitely short laser pulses can have intensities compar-
able to subatomic values. Therefore, there is need for
developing new methods for describing the interaction of
such radiation with matter that takes into account both the
strong dispersion of the medium and the significantly non-
linear interaction regime. Quantum-mechanical nonpertur-
bative methods, which consider the interaction of radiation
with matter at the microscopic level, have become widespread
[7, 8, 11±13].

Approaches to describing the transition region fromweak
to extremely strong light fields have been little studied
theoretically; however, the development of such an approach
is of interest from several perspectives. First, it will enable a
unified understanding of the phenomena occurring in an
atom during its interaction with an electromagnetic field.
Second, it will enable a qualitative understanding of experi-
mentally observed effects that cannot be explained by
theoretical approaches that have proven successfully in
describing interactions with weak and extremely strong
fields. Therefore, interest has remained strong for several
decades in studying the interaction of atoms with near-atom
laser fields. During this time, a huge number of papers have
been published. Their systematization is ongoing (see, for
example, books [12, 13, 14±21] and reviews [22±27]).

Among the phenomena accompanying the interaction of
matter with intense laser fields, the generation of terahertz
radiation [28±35] and the generation of high-order harmonics
[36±45] are intensively studied. Interest in the study of these
phenomena is driven not only by their fundamental nature,
but also by the possibility of creating compact and more
accessible (compared to such megascience-class setups as
synchrotrons and free-electron lasers) sources of coherent
radiation in the THz, ultraviolet, and X-ray spectral regions.
The ability to control the polarization state (from linear to
circular) of the radiation from such sources opens up an
additional `degree of freedom' in their application. Thus,
using circularly polarized radiation, it is possible to study the
chiral properties of molecules and nanoparticles, the mag-
netic properties of matter, and other properties [46±48].

High-order harmonic generation was first observed in
dense laser plasma, which emerges when focusing high-power
laser radiation of pico- and nanosecond duration onto a laser
target [49±51]. High-order harmonic generation is possible in
various media, each of which differs from the others by
process efficiency and experimental conditions. A classic
and still popular medium is an inert gas [40, 52, 53]. A
disadvantage of generation in gaseous media is low conver-
sion efficiency due to the low concentration of atoms in the
gas, while an undoubted advantage is the relatively simple

experimental setup. Another promising medium is plasma
specially prepared from solids [41, 54, 55]. In a number of
studies presented in the review [55], the target is preheated by
a laser pulse (laser ablation method), a plasma column is
formed above the target, through which the control laser
radiation is passed. A higher concentration of particles in the
plasma compared to a gas increases the efficiency of harmonic
generation. However, the complexity of controlling the
plasma parameters makes this method more labor-intensive
from an experimental point of view. Another method is the
generation of harmonics in the bulk of solids [56, 57] and on
their surface [58]. Generation in the bulk of a crystal up to the
25th harmonic was first observed in 2010 in a ZnO crystal
under the action of femtosecond laser pulses in the mid-IR
range [56]. A feature of generation in crystals is that the cutoff
frequency depends on the field strength not quadratically, but
linearly [56]. Compared to gases, the concentration of atoms
is significantly higher, which increases the efficiency of
harmonic generation. However, these advantages are offset
by a serious drawback: strong absorption of the generated
radiation, as well as a limitation on the laser intensity a crystal
can withstand without failure. Therefore, generation in
gaseous media and plasma appears to be the most promis-
ing.

The development of methods for increasing the spectrum
width of high-order harmonics opens up new areas of
application of such radiation for studying the structure of
matter. Thus, to study the inner shells of industrially
important materials (Fe, Co, Ni), it is necessary to use X-ray
radiation with a photon energy of � 1 keV [59]. To obtain it
by the method of generating high-order harmonics, it is
necessary to use laser systems with a lower radiation
frequency (for example, mid-IR range [60]), which increases
the cutoff frequency by increasing the maximum pondero-
motive energy, which is proportional to the square of the
wavelength of the laser source. However, this significantly
reduces the efficiency of the harmonic generation process,
which scales with the wavelength of the laser source (l) as
lÿ5:5 [61±63]. In addition, when using laser sources in themid-
and far-IR range, the influence of the magnetic field becomes
significant due to a decrease in the magnitude of the
relativistic intensity, which also limits the efficiency of high-
order harmonic generation [24, 64±68].

Adding the second harmonic to the fundamental laser
frequency improves the generation efficiencyÐa second set
of variable parameters appears (polarization, duration, and
intensity of the second harmonic), as well as the delay
between pulses and the angle between their polarization
vectors. For example, it has been shown that adjusting the
time delay between the fundamental and second harmonic
pulses can increase the intensity of the generated harmonics
by more than an order of magnitude [69]. The use of ion
and atomic resonances [41, 70, 71], additional laser fields
[72], and focusing the laser beam to a point slightly offset
from the jet center [73, 74] also improves the generation
efficiency.

Quasi-phase matching is an another mechanism of high-
order harmonic generation, which utilizes a periodic
structure in the medium for phase matching. The effects
of quasi-phase matching have been extensively studied in
waveguides [75], gas sequences [76], gas mixtures [77], gas
media with pressure gradients [78], and gas jets [79, 80].
Some recent advances in this field are systematized in the
review [81].
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The generation of harmonics with arbitrary, including
circular, polarization is of interest not only from a funda-
mental but also from a practical standpoint. For example, the
X-ray magnetic circular dichroism (XMCD) method, which
allows for the measurement of the magnetic moments of
atomic elements and the recording of the magnetization
dynamics of individual components of matter, requires
circularly polarized X-ray radiation [82, 83]. The study of
magnetization dynamics is also possible using linearly
polarized VUV or soft X-ray harmonic radiation using the
Faraday resonance effect [84]. This stimulated the develop-
ment of methods for generating high-order harmonics in
elliptically polarized laser fields and controlling the polariza-
tion characteristics of the generated radiation by adjusting the
degree of ellipticity of the laser field, both in monatomic inert
gases [85, 86], and in molecules [87, 88], and in solids [89]. The
dependence of the harmonic generation efficiency on the
magnitude of the laser field ellipticity has been extensively
studied by various researchers [90±95]. As a rule, this
dependence has a similar character regardless of the harmo-
nic number [90±92]. Although there are exceptions to this
rule, manifested in the detection of an anomalous dependence
for specific harmonics [93±95].

Another sub-direction, more important from the applied
point of view, is the stable production of harmonics with a
high degree of ellipticity. Currently, there are several effective
schemes for producing intense harmonics with a high degree
of ellipticity [82, 96, 97]. The first scheme uses two-frequency
elliptically polarized fields with opposite helicity (the polar-
ization vectors of the components of the two-frequency field
rotate towards each other) [96]. This scheme is distinguished
by complete control over the polarization of the harmonic
radiation and makes it possible to generate even circularly
polarized harmonics. Another approach, using atomic and
continuum resonances in a single-frequency elliptically
polarized field, makes it possible to produce low-order
quasi-circular harmonics, but does not have such good
control over the polarization as in the first scheme, and, in
addition, requires the use of only certain gases to obtain high
ellipticity [97]. The third method operates with a dual-
frequency laser field, with the laser carrier frequency and its
second harmonic having linear polarizations oriented ortho-
gonally with respect to each other [82]. It is simpler from an
experimental view, as it does not require a large number of
optical elements.

A consideration of the interaction of laser radiation with
matter is, generally speaking, incomplete until the effects of
radiation propagation in matter are also described. In this
case, the nonlinear properties of the medium are specified by
nonlinear susceptibility tensors of various ranks, which are
expansions of the nonlinear polarization in powers of the
laser field. For example, third harmonic generation is a
process of four-wave mixing:

Pi�3o� � w �3�i j kl �3o;o;o;o�Ej�o�Ek�o�El�o� :

The nonlinear susceptibility of a medium is typically
determined phenomenologically, by matching a theoretical
model with the experimental data obtained. For example,
[98±100] present values for the third-order nonlinear suscept-
ibility of atomic hydrogen, noble gases, and diatomic
molecules in various spectral ranges, obtained by measuring
the third harmonic signal, the spectral broadening of the
fundamental harmonic, and other experimental techniques.

In addition to purely experimental methods for determin-
ing nonlinear susceptibility, several theoretical approaches
have also been developed. The classical anharmonic oscillator
model was used in early fundamental studies [101±103].
However, its use also requires determining parameters such
as the relaxation time and oscillator strength in some other
ways. A similar idea of an anharmonic oscillator is used in
[103], where the inertialess nonlinear response of dielectric
media is calculated in the approximation of a three- and four-
level energy structure of the medium. The dispersion law for
the nonlinear refractive index is presented, and numerous
experimental data on the measurement of the nonlinear
refractive index of various dielectric media are collected. In
the terahertz spectral range, extremely high vibrational
contributions of molecules to the nonlinear refractive index
have been theoretically predicted and experimentally
recorded [104, 105].

By measuring two-photon absorption and using the
Kramers±Kronig relations, it is possible to determine the
dispersion of the nonlinear refractive index [106], which is in
full agreement with the experimental data.

A widely used method for calculating the nonlinear
susceptibility of free atoms is perturbation theory, where an
external electric field is considered as a perturbation. The
dispersion relations for H and He calculated using perturba-
tion theory are presented in [107] and [108], respectively.
However, the applicability limits of this approach and the
conditions for the convergence of perturbation theory
generally remain beyond the scope of research.

Furthermore, at laser radiation intensities comparable to
the atomic intensity, the series expansion of the nonlinear
polarization in powers of the laser field, the validity of which
was due to the smallness of the laser field, can be called into
question. Thus, in [109], the nonlinear susceptibility was
calculated using perturbation theory and by numerically
solving the nonstationary Schr�odinger equation. A signifi-
cantly nonperturbative regime of nonlinear susceptibility
formation was observed at laser radiation intensities higher
than 1±10 TW cmÿ2 (for the hydrogen atom). At laser
radiation intensities greater than 40 TW cmÿ2 (for the
hydrogen atom), saturation is first observed, followed by a
decrease in nonlinear susceptibility, which is confirmed by
experimental data [106]. This fact indicates the need to
abandon the series expansion of nonlinear polarization in
powers of the laser field and use more accurate
approaches.

Section 2 presents a more detailed discussion of the main,
frequently used theoretical approaches to describing the
interaction of atoms with a laser field, developed to date.
Their advantages, disadvantages, and applicability limits are
discussed. Section 3 presents the results of a study of the
characteristics of high-order harmonic generation in gaseous
media, obtained using a nonperturbative approach. This
study describes the properties of radiation (spectrum, polar-
ization) generated by both a single atom and a set of gas jets,
where the quasi-phase matching regime of harmonic radia-
tion is realized. Section 4 presents the results of applying the
nonperturbative theory of the single atom response to a laser
field to the analytical calculation of the nonlinear suscept-
ibility of a gaseous medium. Analytical formulas are derived
for the nonlinear susceptibility of an arbitrary order and the
value of the laser field intensity at which the series expansion
of the nonlinear polarization in powers of the laser field
becomes incorrect.
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2. General theoretical approaches to the study
of laser field interaction with an atom

Following numerous studies, we will consider the interaction
of an atom with a laser field in the single-electron approxima-
tion and focus on finding the wavefunction of a single
(valence) electron located in the Coulomb potential, as well
as in an external laser field. We will consider gaseous media in
which the influence of other atoms on electron movement can
be neglected due to their large distance from it. The
wavefunction c of a valence electron in an atom located in
the laser field is the solution of the nonstationary Schr�odinger
equation:

i�h
q
qt

c � Ĥc �
�

1

2m

�
p̂ÿ q

c
A

�2

� qj� V

�
c ; �1�

where Ĥ is the Hamiltonian, V is the Coulomb potential,
p � ÿi�hHH is the momentum operator, �h is the Plank constant,
c is the speed of light in vacuum, q and m are the electron
charge and the electron mass correspondingly, A and j are
the vector and scalar potential of the laser field fE;Bg.

Vector and scalar potentials are not uniquely defined,
since they satisfy the equalities:

E � ÿ 1

c

q
qt

Aÿ HHj ; B � HH� A ; �2�

and therefore can be simultaneously changed as follows:

A! A 0 �A�HHL �r; t�; j! j 0 �jÿ 1

c

q
qt

L �r; t� ; �3�

where L�r; t� is an arbitrary function of the coordinates and
time.

When transforming (3), the wavefunction satisfying (1)
changes in the following way:

c! c 0 � Ûc ; Û � exp

�
iqL�r; t�

�hc

�
: �4�

As a rule, when solving the Schr�odinger equation (1), the
full Hamiltonian of the problem is represented as the sum of
the Hamiltonian of the problem in the absence of the laser
field and the interaction Hamiltonian:

Ĥ � Ĥ0 � Ĥint ; Ĥ0 � p̂ 2

2m
� V ;

Ĥint � 1

2m

�
ÿ q

c
�p̂A� Ap̂� � q 2

c 2
A 2

�
� qj : �5�

Two different gauges of laser field potentials are most
commonly used. In the length gauge (LG), it is assumed that
A � 0, while in the velocity gauge (VG) j � 0, and therefore

ĤLG
int � qj; ĤVG

int �
1

2m

�
ÿ q

c
�p̂A� Ap̂� � q 2

c 2
A 2

�
: �6�

The total mechanical energy operator Ê �
�1=2m��p̂ÿ �q=c�A�2 � V, unlike the Hamiltonian Ĥ, is an
observable quantity, since this operator is gauge-invariant.
Also observable quantities are the total mechanical momen-
tum p̂ÿ �q=c�A and the radius vector r.

The wavefunction c, defined by equation (1), can be
determined at each instant of time through the evolution
operator Û: c�t� � Û�t; t 0�c�t 0�. In the long-wave approx-
imation �the vector potential is only a function of time
A � A�t��, there is a formal implicit solution for the

evolution operator [110], which is verified by direct substitu-
tion into equation (1):

Û�t; t 0�� Û1�t; t 0�ÿ i

�h

� t

t 0
dtÛ�t; t�q

�
j�t��r

c

qA�t�
qt

�
Û1�t; t 0�;

�7�

where Û1�t; t 0� is the evolution operator, defined as:

i�h
q
qt

Û1�t; t 0� �
�
Ê�t� ÿ qr

c

qA�t�
qt

�
Û1�t; t 0� : �8�

The solution given by formula (7) uses only the long-
wavelength and single-electron approximations and is gauge-
invariant. Note that in the length gauge (6), the interaction
Hamiltonian is represented as ĤLG

int � ÿqrE�t�, which means
that the atom-field interaction is taken into account in the
dipole approximation. This is precisely the case when the
long-wavelength approximation is used, which implies spatial
homogeneity of the field and the complete absence of any
multipole moments. Similarly, in the velocity gauge, the
problem of the atom-laser field interaction is solved in the
dipole approximation as soon as the long-wavelength
approximation is applied. A more detailed discussion of the
use of various gauges and approximations can be found in
[111]. Differences in the results obtained in different gauges
are explained solely by the use of additional approximations,
which destroy the gauge-invariance of expression (7).

The choice of a particular gauge is motivated by the
convenience of solving the problem. For example, when
studying the properties of radiation generated by an atom,
themicroscopic current density is simpler in the velocity gauge:
ĵ � q=m �p̂ÿ �q=c�A�. On the contrary, for the ionization
probability of an atom, it is more convenient to use the length
gauge, since in this case expressions (7) and (8) are significantly
simplified. When numerically solving the nonstationary
Schr�odinger equation (1), in addition to the convenience of
the analytical form of the equations, the computational
efficiency of the numerical methods used is also important. In
[112], it was shown that at high laser radiation intensities (more
than 3� 1014 W cmÿ2), it is more efficient (in terms of
computational complexity) to use the velocity gauge, while at
low intensities both gauges are comparable (Fig. 1).
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Figure 1. Processor time required to calculate the response of an atom to a

laser field of different intensities using length gauge (black curve with

squares) and velocity gauge (red curve with circles) [112].
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Below we present a brief summary of the main methods
for calculating the interaction of a laser fieldwith an atom and
the approximations used. Note that all approaches described
below are nonrelativistic, and therefore neglect the influence
of an external magnetic field on the atom. However, it is
worth noting that the transition from the nonrelativistic to the
relativistic regime is determined by the quantity
Il 2 �mm�=1:3� 1018 W cmÿ2 (I is the radiation intensity, l is
the wavelength inmicrons), whichmust bemuch less than 1 in
the nonrelativistic regime. Therefore, increasing the wave-
length of laser radiation can significantly reduce the limit on
the radiation intensity at which a relativistic approach to the
problem is required.

2.1 Analytical methods
Photoionization is one of the most important processes that
occurs during the interaction of a single atom with a laser
field, which has been studied for many decades. Pioneering
works in this field were primarily devoted to studying the
probability of tunneling through a potential barrier: both in
atoms [113, 114] and in semiconductors [115±117], as well as
issues of multiphoton ionization [118±120]. In a 1964 paper
[120], L.V.Keldysh succeeded in combining the tunneling and
multiphoton mechanisms of photoionization within a single
theory.

Keldysh's theory considers the ionization of an atom from
its hydrogen-like ground state

c0�r� �
1��������
pa 3

B

q exp

�
ÿ r

a

�
; �9�

where aB � �h 2=me 2 is the Bohr radius, into a free state
modulated by a harmonic electric field (Volkov state [121])

cp�r; t��exp

�
ir

h

�
pÿq

c
A�r; t�

�
ÿ i

2m�h

� t

0

�
pÿq

c
A�r; t 0�

�2

dt 0
�
:

�10�

The field's interaction with the atom is described in
the dipole approximation in the length gauge Ĥint �
qrE0 cos �ot�. The expression for the photoionization rate
wp�t� �

�
c �p �r; t�Ĥint c0�r� dr is averaged over the field

period and the free electron momentum, yielding the expres-
sion:

wK � 2p
�h

� ��L�p���2X
n

d
�
I0 � p 2

2m
� e 2E 2

0

4mo 2
ÿ n�ho

�
dp

�2p�h�3 ;

�11�
where I0 is the ionization potential of an atom, d is the Delta-
function,

L�p� � 1

2p

�
dxW

�
p� qE0

o
x

�
� exp

�
i

�ho

� x

0

�
I0 � 1

2m

�
p� qE0

o
u

�2�
du��������������

1ÿ u 2
p

�
; �12�

W �s� � q��������
pa 3
p

�
rE exp

�
ÿ r

a
ÿ isr

�h

�
dr ; �13�

and the integral in L�p� is calculated over the closed contour
surrounding a segment �ÿ1; 1�.

Since L�p� contains a rapidly oscillating exponential, the
main contribution to the integral in expression (11) is given by
the saddle points determined by the equation:

I0 � 1

2m

�
p� qE0

o
sin �ot�

�2

� 0 : �14�

By calculating the integral (12) using the saddle-point
method, one can obtain the Keldysh formula for the
photoionization rate:

wK � Q �g; I0;o� exp
�ÿ F�g; I0;o�

�
; �15�

where Q is a multiplier,

F�g; I0;o��2I0
�ho

�
1� 1

2g 2

� 
sinhÿ1gÿ g

�������������
1� g 2

p
1� 2g 2

!
; �16�

g � o
����������
2mI0
p
qE0

: �17�

The Keldysh parameter g determines the characteristic
photoionization regime: at g4 1, multiphoton ionization
predominates, while at g5 1, tunneling ionization does. It
also simultaneously measures the adiabatic nature of the
photoionization process [27] and is essentially the ratio of
the subbarrier transit time t � d=v (d � I0=qE0 is the
characteristic barrier width, v � �������������

2I0=m
p

is the particle
velocity) to the electric field period T � 2p=o.

Keldysh theory has found wide application in describing
the results of experiments on the interaction of atomswith laser
pulses. However, it only takes into account ionization from the
ground level, neglecting the influence of excited discrete levels.
Furthermore, it does not take into account the influence of the
Coulomb potential on the wavefunction of the free state.
Therefore, for many years, experimental verification of the
pre-exponential factor has been conducted, and the limits of
applicability of the Keldysh formula have been discussed [122±
125]. Another natural limitation of the applicability of the
Keldysh formula is related to the duration of the laser pulse.
Since the formula was derived by averaging over the laser field
period, the pulse must contain many field periods.

Subsequently, in the works of Nikishov and Ritus [126],
Perelomov, Popov, and Terentyev [127±129], and Ammosov,
Delone, and Krainov [130], analytical expressions for the
energy and momentum spectrum of photoelectrons, as well
as the exact form of the pre-exponential factor, were obtained.
The results presented in these works are valid for arbitrary
values of theKeldysh parameter g andpertain to the ionization
of a state bound by a short-range potential (e.g., in the case of
ionization of singly charged negative ions). For example, for
the tunnel ionization regime (g5 1), the following expression
was obtained for the pre-exponential factor for the case of
ionization from the statewith orbital angularmomentum l and
projection m by linearly polarized laser field:

Q � 2I0
�h

���
3

p

r
�2l� 1� �l�m�!

2mm!�lÿm�! C
2
kl 2

2n �ÿm

�
 

q�h����������������
m�2I0�3

q E0

!m�1:5ÿ2n �

; �18�

C 2
kl �

22n �ÿ2

n ��n � � l �!�n � ÿ lÿ 1�! ; �19�
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where n � � Z

�����������������������
mq 4=2I0�h

2
q

is the effective main quantum
number, Z is the charge of the remaining atom.

Further development of the theory of atomic ionization
by a strong electromagnetic field involved taking into account
the multiple valence states in the discrete spectrum, rather
than simply ionization from the ground state alone, and the
abandonment of the saddle-point method for calculating the
probability of transition from a bound to a free stateÐ the
Keldysh±Faisal±Rees (KFR) method in the strong-field
approximation [131±133]. In this case, the exact solution
given by formula (7) makes the assumption that the
wavefunction of the free state is the Volkov wavefunction
(10), which violates the gauge invariance of the solution. In
the length gauge, a simple expression for the photoionization
probability is obtained:

wKFR � iq

�1
ÿ1

dt
�
c �p �r; t� rE �t�c0�r; t� dr : �20�

The development of the Keldysh theory for the case of
ultrashort laser pulses is carried out in the work [27], in which
the integration over the momenta of the expression for the
photoionization rate within the framework of the Keldysh
theory is carried out, but averaging over the period of the laser
field is omitted. The ionization probability in the case of
ultrashort laser pulses with a duration of several half-periods
is presented in the work [134].

2.2 Semiclassical approach
When an atom (or gaseous medium) is exposed to high-
intensity (more than 1012±1013 W cmÿ2) laser radiation, two
nonlinear effects are clearly manifested: high-order harmonic
generation (HHG) and above-threshold ionization. Both
effects are associated with the absorption of a large number
of laser photons by the atom. In the first effect, the absorbed
energy is released as a quantum of harmonic radiation, while
in the second, the atom is ionized. A semiclassical model of
HHGgeneration was proposed in [36, 37, 39, 70, 135] andwas
subsequently called a three-stage model. In the first stage, the
atom is ionized, i.e., its valence electron is removed, under the
influence of laser radiation. In the second stage, the free
electron is accelerated by the laser field. Finally, in the third
stage, the electron recombines with the HHG radiation.

The maximum energy of the emitted photon �hoHHG is
equal to the sum of the maximum kinetic energy Kmax, which
an electron accelerated by an oscillating laser field
E�t� � E0 sin �o0t� will have upon collision with the parent
ion, and the ionization potential of the atom I0: �hoHHG �
Kmax � I0.

Consider an electron at the bound state which at time ti
transitioned to a free state with zero coordinates and velocity.
The electron's subsequent trajectory is found by solving
classical equation of motion for a free electron:

x�t� � qE0

mo 2
0

ÿ
sino0�tÿ ti� ÿ o0�tÿ ti�

�
: �21�

The electron's trajectory depends crucially on the phase of
the laser field f � o0ti at which the atom is ionized. If
04f4 p=2 or p4f4 3p=2, the electron will never pass
through the initial coordinate, i.e., it will not reach the parent
ion, while if p=24f4 p or 3p=24f4 2p, the electron
returns to the parent ion one or more times (Fig. 2a). The
moment of return tr and the time of free motion t � tr ÿ ti are

related as [26]:

tanf � o0tÿ sin �o0t�
cos �o0t� ÿ 1

; �22�

and the kinetic energy of the electron at the moment of return
is equal to:

K � 2Up
C 2o0t

o0tÿ sin �o0t� ÿ C
; �23�

where Up � q 2E 2
0 =4mo 2

0 is the ponderomotive (oscillatory)
energy, and C � sin �o0t� ÿ 2 �1ÿ cos �o0t�=o0t�. The max-
imum value of kinetic energy (23) is Kmax � 3:17Up, which
corresponds to the values f � 1:88, o0t � 4:09. Therefore,
the maximum energy of the HHG photon is:

�hoHHG � I0 � 3:17Up ; �24�

which is consistent with numerous experimental data on the
generation of HHG in gaseous media [26, 39, 52, 53]. In a
periodic laser field, the three-step process described above is
repeated at each half-period of the field, therefore the HHG
spectrum is discrete, and only odd harmonics are present.

The three-step model became a unique platform for the
development of a whole spectrum of semiclassical theories of
high-order harmonic generation. One of the first such
theories was the theory developed by Levenshtein et al.
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of the electron upon returning to the parent ion on the time of its free

motion. (The figure is taken from [136].)
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[137]. The main contribution to the generation of high-order
harmonics comes from electron transitions between free and
bound states, while the contribution of intermediate bound
states is neglected, which is justified in the tunnel ionization
regime. The electron wavefunction is represented as a super-
position of the ground bound state c0 and a set of free states
cp:

c�r; t� �
�
a�t�c0�r� �

�
b�p; t�cp�r� dp

�
exp �iI0t� ; �25�

where the population amplitude of the ground state is
considered to be approximately equal to unity a�t� � 1 (the
case of weak ionization is considered), and the free states are
written in the plane-wave approximation. In the indicated
approximations, the following expression was obtained for
the dipole moment of an atom [137]:

l�t� � i

� t

0

dt 0
�
dpE�t 0� d

�
pÿ q

c
A�t 0�

�

� exp

�
ÿ iS �p; t; t 0�

�h

�
d �
�
pÿ q

c
A�t 0�

�
� c:c: ;

�26�

where d�p� � ÿq � c �p rc0 d
3r is the dipole moment of the

transition between exited and ground states, and S �p; t; t 0� is
the quasiclassical action:

S �p; t; t 0� �
� t

t 0

�
1

2m

�
pÿ q

c
A�t 00�

�2

� I0

�
dt 00 : �27�

The largest contribution to integral (27) comes from
stationary action points, for which HpS �p; t; t 0� � 0. As is
readily apparent, this condition implies the equality of the
initial and final coordinates of the electron, i.e., its return to
the parent ion. Therefore, as in the semiclassical theory, the
largest contribution to the HHG comes from electrons that,
after tunneling away from the atom and moving in the
oscillating laser field, return to the parent ion.

The presented quantum-mechanical approach also allows
us to analyze the phase matching of the generated harmonics.
For a sufficiently large harmonic number, the main contribu-
tion to the harmonic signal comes from just two trajectories,
called `short' (electron return time t1 < 0:65T, where T is the
laser field period ) and `long' (electron return time
t1 > 0:65T ) [138]. Moreover, as detailed quantum-mechan-
ical calculations of the dipole moment spectrum (26) show,
for example, in [139, 140], the phase of the signal introduced
by the n-th trajectory, often called the `atomic phase,' is
proportional to the intensity I of the laser radiation:

Fn � ÿanI : �28�

Moreover, the dependence of the atomic phase on the
laser radiation intensity is several tens of times stronger for
the `long' trajectory compared to the `short:' a2=a1 � 27 [139].

The stationary phase method has also been used in other
studies that developed similar quantum mechanical
approaches [26, 36, 85, 141±143]. The response of an atom
at a given frequency is composed of various terms, each of
which has the meaning of a quantum trajectory (quantum
orbit) of an electron from the initial state to the final one. The
HHG spectrumwas also calculated in terms of Feynman path
integrals [144]. The probability of an electron transition from

the initial state to the final one can be represented as a sum:

M �
X
n

an exp

�
iS
ÿ
rn�t�

�
�h

�
; �29�

where rn�t� is the nth classical trajectory of the electron, an are
the trajectory amplitudes, S is the total action, consisting of
the sum of the action of the initial bound state Si; n � ÿI0ti
(I0 where is the energy of this state), the action of the free state
Sf; n (27), and the action of the final bound state
Sr; n � ��hos � I0�tr (where s is the harmonic number). In this
case, the quantities ti, p and tr are determined by the saddle-
point method, i.e., by solving the following equations:�

pÿ q

c
A�ti�

�2

� 2mI0 ; �30a�

p�tr ÿ ti� � q

c

� tr

ti

A�t 0� dt 0 ; �30b�

�
pÿ q

c
A�tr�

�2

� 2m��hos � I0� : �30c�

The three-step model was further developed in [145] as a
four-step model, which proposes dividing the electron
recombination step into two steps. In the first, the electron is
assumed to be captured by the autoionization state of the ion.
In the second, the electron transitions to the ground state with
the emission of light at the harmonic frequency. However,
during the `step' of the electron's motion in the laser pulse
field, classical equations are still used.

2.3 Numerical solution methods
The method of direct numerical solution (ab-initio) of the
nonstationary Schr�odinger equation was first used in [146] to
study the multiphoton ionization of the hydrogen atom by a
low-frequency laser field. In this work, only the ground state
of the discrete spectrum was taken into account and the
cylindrical symmetry of the Hamiltonian was used, so the
dimension of the numerical problem was equal to 2D� 1
(two spatial dimensions and time). Subsequently, the method
of direct numerical solution of the nonstationary Schr�odinger
equation was developed to solve three-dimensional problems
and was used to study the ionization of various quantum
systems (atoms, ions, etc.) during their interaction with fields
of both linear [147, 148] and circular polarization [149].
Subsequent work focused on studying the physics of interac-
tions between atoms and ions and intense laser fields: the
generation of high-order harmonics by molecular hydrogen
ions [150±152], the generation of harmonics by lithium and
rubidium in the field of elliptically polarized radiation [153];
and the improvement of numerical schemes: the suppression
of reflections at the boundary of the computational grid [154].

On of the widely used method is to represent the
wavefunction of an electron as an expansion in the basis of
eigenfunctions:

c�r; t� �
X
n

an�t�cn�r� : �31�

The resulting expansion is substituted into the nonsta-
tionary Schr�odinger equation (1), reducing the problem to
solving a system of equations for the expansion coefficients
an�t�.
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Among the expansion bases, various analytical bases have
been used, such as the Roothaan±Hartree±Fock basis [155],
which is convinient for atoms and ions of chemical elements
from H to Xe, or the B-spline basis [156], which was
successfully applied to calculate above-threshold ionization
[157]. In addition, numerical bases, calculated by preliminary
numerically solving the eigenvalue problem of the Hamilto-
nian operator unperturbed by the field, have become widely
used. As emphasized in [158], one of the advantages of the
numerical basis is the ability to take into account highly
excited bound states of the atom.

All of the above-mentioned studies used the Coulomb
potential of the electron-nucleus interaction. This imposed a
certain limitation on the spatial step of the numerical grid
both in the vicinity of r � 0 and at large values of r. In order to
overcome these limitations, a smoothed Coulomb potential
U�r��ÿq= ����������������

a 2 � r 2
p

was used in [159±161], which made it
possible to study the photoionization processes of both the
Rydberg states of the atom [161] and the effects of ionization
stabilization [160].

The analytical methods presented in the previous sections
often treat the interaction Hamiltonian Ĥint as a small
addition to the Hamiltonian in the absence of an external
field Ĥ0 and employ perturbation theory, retaining only the
first or second order of smallness, i.e., only the term linear in
the field (� E0) or, rather rarely, the quadratic term (� E 2

0 ).
Generally speaking, this approach is justified when the

external laser field is significantly smaller than the intra-
atomic field: E05Eat�e=a 2

B ' 5� 109 V cmÿ1, which cor-
responds to an intensity of I5 Iat ' 3:5� 1016 W cmÿ2.
However, for highly excited bound states, whose orbital
radii are several units or even tens of Bohr radii, the intra-
atomic field is reduced, and even at significantly lower
external field intensities, there is not sufficient to use only
the first-order perturbation theory. This is especially
evident when calculating the nonlinear susceptibility of an
atom, since its presence is determined, among other things,
by the form of the radial part of the wavefunction of excited
states.

Numerical methods for solving the nonstationary
Schr�odinger equation have the advantage of allowing one to
go beyond perturbation theory with relative ease and not
impose restrictions on the intensity of the laser field. The
authors of [109], by comparing the results of calculations
carried out using perturbation theory and those obtained by
directly solving the nonstationary Schr�odinger equation,
came to the conclusion that even at intensity
5� 1013 W cmÿ2, the series expansion in powers of the laser
field becomes incorrect, since terms of higher order become
comparable in value to terms of lower order (Fig. 3).

Another powerful method for calculating the response of
atoms to a high-intensity laser field, operating outside the
framework of perturbation theory, is an approach developed
at Lomonosov Moscow State University in the group of
A.V. Andreev [162]. This approach uses velocity gauge and
retains both terms in the interaction Hamiltonian ĤVG

int �
1=m �ÿ�q=c�Ap̂� �q 2=2c 2�A 2�. This approach has been
successfully applied to the analysis of polarization and
spectral features of coherent radiation generated by an atom
(both high-order harmonics and terahertz radiation) [163±
165], as well as to the search for new methods of phase
matching of high-order harmonic radiation in gas media
[166]. In the next section, the more detailed examination of
this approach is presented.

2.4 Nonperturbative approach
The wavefunction c�r; t� can be expanded in the basis of
eigenfunctions fun�r�g of the stationary Schr�odinger equa-
tion, written for an electron located in the Coulomb potential
(the `free atom' problem):

c�r; t� �
X
n

an�t� un�r� : �32�

Ĥ0un�r� �
�

p̂ 2

2m
ÿ q

r

�
un�r� � Enun�r� : �33�

Wavefunctions fun�r�g have a well-known analytical
form, presented, for example, in [167]. For atoms with high
atomic numbers, corrections to the atomic core potential are
required. In this case, wavefunctions fun�r�g and level
energies En can be calculated approximately (the Roothaan±
Hartree±Fock analytical basis [155], the numerical basis
[158]) or can be estimated from spectroscopic data [168].

Consider the operator

V̂�r; t� � exp

�
ÿ i

q

�hc
A�t�r

�
�34�

and the states jjni � V̂ÿ1juni. They are the solution of the
boundary-value problem `an atom in a field' of the form:�

1

2m

�
pÿ q

c
A�t�

�2

�U�r�
�
jn�r; t� � Enjn�r; t� �35�

with boundary conditions coinciding with the boundary
conditions of the problem (33) in the limit A�t� ! 0.

As noted above, the total energy operator Ê �
�1=2m��p̂ÿ �q=c�A�2 � V is gauge-invariant. In the velocity
gauge, it is a Hamiltonian Ĥ in the presence of a laser field,
and in the length gauge, it is a Hamiltonian Ĥ0 in the absence
of a laser field. Therefore,


jnjĤjjn

� � 
unjĤ0jun
� � En : �36�

Thus, the states jjni are eigenfunctions of the operator Ĥ
with the same eigenvalues En as the eigenvalues of the
operator Ĥ0. It is easy to show that the states jjni form the
orthogonal basis in Hilbert space. In the coordinate repre-
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Figure 3. Susceptibility of a gas medium as a function of the peak intensity

of an exciting 10-cycle laser pulse with the wavelength of 800 nm,

calculated using perturbation theory (solid line) and by numerically

solving the Schr�odinger equation [109].
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sentation, the wavefunctions fjn�r; t�g and fun�r�g are
related as follows:

jn�r; t� �
X
m

�Vÿ1�nm�t�um�r� ; �37a�

un�r� �
X
m

Vnm�t�jm�r; t� ; �37b�

Vnm�t� �
�
u �n �r� exp

�
ÿ i

q

�hc
A�t�r

�
um�r� d3r : �37c�

When solving equation (1) with the basis fjn�r; t�g the
terms c�r; t� will arise that are, generally speaking, no longer
orthogonal to the function jn�r; t�. Therefore, it is most
convenient to expand c�r; t� in the basis fun�r�g. After
setting in equation (1), we obtain a system of first-order
ordinary differential equations for the population ampli-
tudes:

dan
dt
� ÿ i

�h

X
m; p

Vÿ1nm �t�EmVmp�t� ap�t� : �38�

In the case of strong excitation of atoms, when it is
necessary to also take into account the transitions of
electrons to levels from the continuous spectrum, the
expansion of the wavefunction in the basis fun�r�g should be
supplemented by a linear combination of wavefunctions from
the continuous spectrum (l is the angular momentum):

c�r; t� �
X
n

an�t�un�r� �
X
l

�
a �k; l; t� u �k; l; r� dk : �39�

In this case, the systemof ordinarydifferential equations for
the population amplitudes an�t� becomes more complicated:

dan
dt
� ÿ i

�h

X
m; p

Vÿ1nm�t�EmVmp �t�ap�t�ÿ i

�h

X
m; l

�
dkVÿ1nm �t�

� EmVm�kl��t� a �k; l; t� ÿ i
X
p; l

�
dkVÿ1n �kl��t�

�hk 2

2me

� V�kl� p�t� ap�t� ÿ i
X
l1; l2

�
dk1

�
dk2V

ÿ1
n�k1l1��t�

�hk 2
1

2me

� V�k1l1��k2l2��t� a�k2; l2; t� : �40�

Here, various combinations of transitions are taken
into account (D is the discrete level, C is the continuum
level): D±D±D (the first term on the right-hand side), D±D±C
(the second term), D±C±D (the third term), D±C±C (the
fourth term). Similarly, the equations for the population
amplitudes a �k; l; t� of the continuum levels are written (the
transitions C±D±D, C±D±C, C±C±D, and C±C±C are taken
into account):

da �k; l; t�
dt

� ÿ i

�h

X
m; p

Vÿ1�kl�m�t�EmVmp�t�ap�t�

ÿ i

�h

X
m; l1

�
dk1V

ÿ1
�kl�m�t�EmVm�k1l1��t�a �k1; l1; t�

ÿ i
X
l1; p

�
dk1V

ÿ1
�kl��k1l1��t�

�hk 2
1

2me
V�k1l1�p�t� ap�t�

ÿ i
X
l1; l2

�
dk1

�
dk2V

ÿ1
�kl��k1l1��t�

�hk 2
1

2me
V�k1l1��k2l2��t�

� a�k2; l2; t� : �41�

Note that the system of equations (40) and (41) generally
contains an infinite number of equations defining the
dynamics of the population amplitudes of both the discrete
and continuum levels. Of course, to numerically solve the
resulting system, the number of equations must be limited.
The number of states that must be considered depends both
on the parameters of the laser field and on the energy
structure of the atom itself. Limiting the number of levels
naturally makes the basis fun�r�g incomplete. However, there
is a way to determine how complete the remaining, truncated
basis is.

Consider the quantity

S �N�n �
XN
m�1
jVnmj2 : �42�

If we consider the entire infinite set of eigenfunctions,
then, as follows from the definition of matrix elements Vnm,
the value of (42) must be equal to unity: S

�1�
n � 1.

Restricting the basis fun�r�g leads to a decrease in S
�N�
n .

Therefore, by adding additional levels to the analysis and
achieving a small deviation of S

�N�
n from unity for all levels

under consideration, we can consider the truncated basis
complete.

Note also that the quantum-mechanical approach
presented above makes it possible to take into account
the multi-quantum nature of the process of excitation of an
atom by a laser field. Indeed, series expansion of the
operator V̂�r; t� in powers of the field, we obtain an
infinite sum of increasing orders of multi-quantum nature
(for a small interaction between the electron and the laser
field):

V̂�r; t� � exp

�
ÿ i

q

�hc
A�t� r

�
�
X1
k�0

1

k!

�
ÿ i

q

�hc
A�t� r

�k

:

�43�
Consider the generation of radiation by an excited atom.

The dynamics of the population amplitudes of energy levels
forms the microscopic current density of the atom:

j �r; t� � q

2m

�
c ��r; t�

�
pÿ q

c
A�t�

�
c�r; t�

� c�r; t�
��

pÿ q

c
A�t�

�
c�r; t�

�� �
; �44�

which, taking into account (39) and (37), is reduced to a
quadruple sum (for simplicity, we will consider only bound
states):

j �r; t� � q

me

X
n; k; p;m

a �n �t�Vÿ1nk �t�u �k �r� pup�r�Vpm�t� am�t� :

�45�

The microscopic current of an atom is the source of
electric and magnetic fields. In the far zone, the spectral
density of the radiation intensity will be equal to [167]:

dI

do ds
�r� � o 2

4c 3

�����
� �

j �r 0;o� � r

r

�
exp �ÿikr� dV 0

�����
2

; �46�

where k is the wave vector of the radiation field. In the case
where ka0 5 1 (a0 is the amplitude of electron oscillations in
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the laser field) for all frequencies of the generated field, the
spectral intensity of the radiation is proportional to the
macroscopic current of the atom:

dI

do ds
�r� � o 2

4c 3

�����
�
J �o� � r

r

������
2

; �47�

J �o� �
�
dV

�
j �r; t� exp �iot� dt � q

m

X
n; k; p;m

pkp

�
�
a �n �t�Vÿ1nk �t�Vpm�t� am�t� exp �iot� dt : �48�

In the long-wave approximation, the matrix elements
pkp are linearly related to the matrix elements of the
coordinate operator [169]: pnm � imeonmrnm, where onm �
�En ÿ Em�=�h.

In addition to calculating the frequency spectrum of the
radiation generated by an atom, the approach presented also
allows for analyzing the angular spectrum of the radiation.
The exponential exp �i�q=�hc�A�t�r� can be expanded into a
series of spherical harmonics:

exp

�
i
q

�hc
A�t�r

�
�4p

X1
l�0

Xl

m�ÿl
i ljl

�
q

�hc
A�t�r

�
Y �lm
ÿ
e�t��Ylm�n�;

�49�
where e�t� � A�t�=A�t�, n � r=r, Ylm, is the spherical func-
tion, jl is the spherical Bessel function. Let us expand the
matrix elements Vÿ1�n1; l1 ;m1��n2; l2;m2� in a series of spherical
functions. Taking into account the rules for summing
angular momenta [167], one can obtain:

Vÿ1�n1 ; l1;m1��n2; l2;m2� �
Xl1�l2

l�jl1ÿl2j

�
n1l1

�������� jl� q

�hc
A�t�r

���������n2l2�

�
Xl

m�ÿl
Y �lm
ÿ
e�t��C�lm j l1m1; l2m2�; �50a�

�
n1l1

�������� jl� q

�hc
A�t�r

���������n2l2� � �1
0

Rn1l1�r� jl
�

q

�hc
A�t�r

�
� Rn2l2�r�r 2 dr ; �50b�

C
ÿ
lmjl1m1; l2m2

�
��ÿ1�m1 i 2lÿl1�l2

���������������������������������������������������
4p�2l�1��2l1�1��2l2�1�

p
� l1 l l2
ÿm1 m m2

� �
l1 l l2
0 0 0

� �
: �50c�

and Rn1l1�r� is the radial part of the hydrogen-like wavefunc-
tion.

Similarly, expand the matrix element r�n1; l1;m1��n2; l2 ;m2� in a
series of the spherical functions:

r�n1; l1 ;m1��n2; l2;m2� �


n1l1jjrjjn2l2

��ÿ1�m1 i l2ÿl1

�
������������������������������������
�2l1 � 1��2l2 � 1�

p X1
m�ÿ1

n �m�

� l1 1 l2
ÿm1 m m2

� �
l1 1 l2
0 0 0

� �
: �51�

After substituting expressions (50) and (51) into (48) one
can obtain the angular spectrum of the matrix element of the

current density:

J�n1; l1;m1��n2; l2;m2� � 4pqi 1ÿl1�l2
������������������������������������
�2l1 � 1��2l2 � 1�

p
�
X
n3l3

X
n4l4

�on3l3ÿon4l4��2l3�1��2l4�1�

�
Xl1�l3

l�jl1ÿl3j

Xl2�l4
l 0�jl2ÿl4j

���������������������������������
�2l� 1��2l 0 � 1�

p
� 
n1l1jj jljjn3l3�
n3l3jjrjjn4l4�
n4l4jj jl 0 jjn2l2�
� l1 l l3

0 0 0

� �
l3 1 l4
0 0 0

� �
l4 l 0 l2
0 0 0

� �

�
X1
m�ÿ1

Xl3
m3�ÿl3

�ÿ1�l 0ÿm2�m3Yl �m3ÿm1��e� n �m�

� Yl 0�m3ÿm2ÿm��e�

� l1 l l3
ÿm1 m1 ÿm3 m3

� �
l3 1 l4
ÿm3 m m4

� �

� l4 l l2
ÿm4 m2 ÿm3 �m m2

� �
; �52�

where it is used for brevity: jl � jl��q=�hc�A�t�r�.
Thus, the quantum-mechanical approach presented

above allows one to calculate the frequency-angular spec-
trum of radiation generated by an atom placed in a laser field.
This approach is beyond the scope of perturbation theory and
remains valid up to relativistic limit of laser field intensities
I5 1:3� 1018=l 2�mm� W cmÿ2. It utilizes the long-wave-
length approximation, i.e., the spatial inhomogeneity of the
beam intensity is not considered. The nonperturbative nature
of the approach and the possibility of studying the response of
atoms to high-intensity fields are due to the special choice of
the basis of the electron wavefunctions (35), (36). The matrix
elements Vnm�t� can be calculated analytically for the
hydrogen atom and hydrogen-like atoms, or numerically for
a model atom for any given vector potential A�t� of the laser
field, making the nonperturbative approach a unique analy-
tical and numerical method for studying the interaction of
atoms with laser radiation. The following sections present
results from some applications of this approach.

3. Harmonic generation in gases
as the atom response in the far-field

3.1 Excitation by a single-frequency laser field
It is appropriate to begin a discussion of the results of
numerical calculations obtained within the framework of
nonperturbative quantum mechanical theory [162] with a
description of the response of a single atom to a single-
frequency femtosecond laser pulse. We will describe the
influence of laser field parameters on the harmonic genera-
tion efficiency.

Consider the response of a hydrogen-like atom interacting
with a single-frequency Ti:Sa laser pulse (wavelength 800 nm,
Gaussian profile with a duration of 27 fs, transform-limited
pulse).
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For further consideration, it is convenient to introduce the
parameter m0, which relates the laser intensity and the
wavelength:

m0 �
qE0aB
�ho0

: �53�

The parameter m0 can be represented as the ratio of the
force acting on the electron from the external field, F0 � qE0,
and the `intra-atomic force' Fat � �ho0=aB. Note also that, as
follows from (17), for the hydrogen atom, the parameter m0 is
inversely proportional to the Keldysh parameter g: m0 � 1=g.

In fields of substantially subatomic strength m0 5 10ÿ4,
the spectrum of the response field contains only a component
at the frequency of the applied pulse; i.e., the atomic response
is linear and does not contain harmonics of the laser pulse
carrier frequency. As the laser pulse field strength increases,
odd harmonics of the laser pulse frequency appear in the
response spectrum, the amplitude of which drops sharply
with increasing harmonic numberÐa perturbative harmonic
generation regime. At the laser pulse field strength m0 � 10ÿ2,
the profile of the atomic response spectrum begins to change.
The width of the spectrum increases, and a plateau with a
pronounced cutoff frequency appears (Fig. 4a). A further
increase in field strength leads to an increasingly clear
manifestation of these trends: the width of the plateau

increases significantly, and the cutoff frequency becomes
more contrasting (Fig. 4b).

The dependence of the cutoff frequency on the laser
radiation intensity (i.e., actually m 2

0 ) is not a monotonically
increasing function, but saturates at an intensity of approxi-
mately 1014 W cmÿ2 (Fig. 5).

3.2 Excitation by a dual-frequency linearly-polarized
laser field
Let us now turn to a discussion of the response of a single
atom to a dual-frequency laser field represented by the
fundamental and second harmonics of a Ti:Sa laser with the
following parameters: intensity of the components m01 � 0:1,
m02 � 0:1, pulse duration t � t2 � 26:6 fs, angle between
components' polarization and pulse time delay t12 � 0. The
influence of the main parameters of such a field (component
intensity, duration, polarization angle, and pulse time delay)
on the atomic response spectrum is shown in Fig. 6. In each of
the presented comparative spectra, one field parameter is
varied while the other parameters remain constant.

Figure 6a shows the spectra calculated for three values of
the second harmonic amplitude: m02�0 (black curve with
squares), m02 � 0:01 (red curve with circles), and m02 � 0:1
(blue curve with triangles). The spectrum calculated m02 � 0
for consists of odd harmonics of the field. The even harmonics
of the spectrum calculated for m02 � 0:01 are smaller than the
odd harmonics. The intensities of the even and odd field
harmonics become comparable with further increase in the
field (see the blue curve with triangles in Fig. 6a). It is
important to note that the spectral width in the latter case is
larger (compared to the previous cases). This is due both to
the additional field symmetry violation, which typically
occurs in dual-frequency laser fields and is the cause of the
generation of even field harmonics, and to the increase in the
overall nonlinearity of the atomic response due to the higher
laser field energy. This dynamics of the relative intensities of
the even and odd harmonics is quite predictable.

The effect of the time delay between pulses on the atomic
response spectra is shown in Fig. 6b, which compares the
spectra obtained with a delay of t12 � 13:3 fs (red curve with
circles) and t12 � 0 fs (black curve with squares). Calcula-
tions show that the time delay between pulses changes the
shape of the spectrum only slightly if the delay time is less than
the pulse duration (there is only a small difference in the
region of high harmonics, N5 20).
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Figure 4. Spectrum of the hydrogen-like atom response (the Ag atom as an example) on the laser field: (a) m0 � 0:025, (b) m0 � 0:08. The frequency on the
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The effect of pulse duration on the atomic response spectra
is shown in Fig. 6c: the black curve with squares denotes the
response spectrum calculated for t1 � t2 � 26:6 fs, and the red
curve with circles denotes the response spectrum for
t1 � t2 � 13:3 fs. It can be seen that, due to the larger spectral
width at shorter pulse durations, the harmonicwidths calculated
for t1 � t2 � 13:3 fs are larger than those calculated for
t1 � t2 � 26:6 fs. Due to the large spectral width, even and
odd harmonics appear in the high-frequency part of the atomic
response spectra, forming a supercontinuum-like spectrum.
However, for longer laser pulses, even and odd harmonics can
be spectrally resolved over the entire spectral range observed.

The effect of chirp on the atomic response spectrum is
shown in Fig. 6d: the red curve with circles corresponds to a
positive chirp of the fundamental harmonic a1 � 1:02� 10ÿ5,
and the black curve with squaresÐ to a negative chirp
a1 � ÿ1:72� 10ÿ5. The second harmonic of the dual-
frequency field was assumed to be unchirped. Calculations
show that the effect of the field chirp is strongest in the high-
frequency part of the atomic response spectrum and consists
of a slight change in the harmonic frequency.

Figure 6e shows the atomic response spectra calculated
for two different angles between the polarization directions of
the incident fundamental and second harmonic laser pulses:
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Figure 6. Spectra of an argon atoms' response to the dual-frequency laser field generated by linearly polarized first and second harmonics of a Ti:Sa laser:

(a) m02 � 0 (black curve with squares), m02 � 0:01 (red curve with circles), m02 � 0:1 (blue curve with triangles); (b) t12 � 13:3 fs (red curve with circles) and

t12 � 0 fs (black curve with squares); (c) t1 � t2 � 26:6 fs (black curve with squares), t1 � t2 � 13:3 fs (red curve with circles); (d) a1 � 1:02� 10ÿ5 (red
curve with circles), a1 � ÿ1:72� 10ÿ5 (black curve with squares); (e) y � 5p=24 (black curve with squares), y � 21p=48 (red curve with circles). The

remaining parameters have the values: m01 � 0:1, m02 � 0:1, t1 � t2 � 26:6 fs, y � p=2, t12 � 0 fs, a1 � a2 � 0 [171].
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y � 5p=24 (black curve with squares) and y � 21p=48 (red
curve with circles). Both spectra contain both even and odd
harmonics of the laser field. It can be seen that the intensities
of the harmonics withN5 10 differ from each other by up to
several orders of magnitude. Thus, changing the orientation
of the incident pulse polarization vectors is one of the most
effective methods for controlling the parameters of high-
order harmonics. It is important to note that changing the
angle between the components of the dual-frequency field
does not change the total energy of the dual-frequency field,
but merely redistributes it in the plane of polarization. The
reason for such a significant change in the parameters is the
dependence of the matrix elements of the operator V̂ (50) and
thematrix elements of the atomic response current (52) on the
angle between the polarizations of the dual-frequency laser
field.

An additional illustration of the effectiveness of the
polarization control method is shown in Fig. 7, which
shows the dependence of the spectral intensity of the 6th
(black curve with squares), 9th (red curve with circles), and
10th (blue curve with asterisks) harmonics on the angle
between the polarization vectors of the components of a
dual-frequency laser field, the parameters of which are
similar to those for the results presented in Fig. 6. It is
evident that the harmonic intensities depend nonlinearly
and nonmonotonically on the angle between the polariza-
tion vectors. Consequently, by varying this angle, it is
possible to optimize the generation efficiency of selected
harmonics or harmonic groups.

As noted in the Section 1, the polarization state of the
generated high-order harmonics is of fundamental and
practical interest. A nonperturbative approach allows one to
obtain the spatial distribution of theHHGamplitude for each
harmonic. However, the results presented below assume that
the polarization of the fundamental harmonic and the
angular momentum of the atom coincide, and the laser field
is a plane wave. This means that the polarization of the
generated radiation is distributed in the plane xz: E �
Ex0 exp �idx� ex � Ez0 exp �idz� ez. Let us denote w �
Ex0=Ez0 exp �i�dx ÿ dz��, then the ellipticity e of the radiation
and the inclination angle of the ellipse can be calculated using

the following formulas:

e � tan

�
1

2
arcsin

�
2
Ex0

Ezo

sin �dx ÿ dz�
1� jEx0=Ez0j2

��
; �54�

tan �2y� � 2
Ex0

Ez0

cos �dx ÿ dz�
1ÿ jEx0=Ez0j2

: �55�

Let us present some results of numerical studies of the
polarization properties of high-order harmonics generated as
a result of interaction of the two-frequency orthogonally
polarized low-intensity laser field with a neon atom. The
corresponding experiment was performed in [172], in which
the low intensity of laser radiation ��I�o� � I�2o� �
1013 W cmÿ2�� was chosen so that the population of the
ground state (2p) of the atom did not change significantly
during the interaction with the laser field. The result of such
interaction should be the generation of harmonics, each of
which has a linear polarization (the ellipticity is close to zero),
with the polarization of the even harmonics coinciding with
the polarization of the second harmonic radiation, and the
polarization of the odd harmonics coinciding with the
polarization of the fundamental harmonic. The results of
numerical studies for the values of the parameters
t1 � t2 � 38 fs, y � p=2, t12 � 0 fs are presented in Fig. 8.
Even at the maximum of the laser field envelope, the
population of the ground state is much greater than the
population of all excited states (not shown in the figure).
The atomic response spectrum contains linearly polarized
odd and even harmonics. The results of numerical calcula-
tions demonstrate good agreement with experimental studies
[172].

Now we turn to intense dual-frequency (fundamental and
second harmonics of a Ti:Sa laser) orthogonally polarized
laser fields and study the generation of high-order harmonics
(spectral intensity and ellipticity) in this case. In the experi-
mental setup [165] corresponding to this numerical calcula-
tion, dual-frequency (fundamental and second harmonics of a
Ti:Sa laser) linearly polarized laser field with the pulse
duration t1 � t2 � 42 fs is used. Polarizations of the compo-
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nents form an angle y � p=2, possessing a phase shift
Dj � p=2 relative to each other and a nonzero time delay
t12 � 14 fs and t12 � 42 fs. The laser field was focused into a
5 mm long gas jet under a pressure of 40 mbar. A BBO crystal
(of two different thicknesses: 100 mmand 250 mm)was placed
directly within the laser beam after the lens. Different
thicknesses of the BBO crystal used lead to different absolute
and relative intensities of the fundamental and second
harmonic fields due to different nonlinear interaction
lengths: I�o� � 1:5� 1014 W cmÿ2 and I�2o� � 1:3�
1013 W cmÿ2 for 100 mm; and I�o� � 3� 1014 W cmÿ2 and
I�2o� � 0:4� 1014 W cmÿ2 for 250 mm.

Figure 9 shows the results of numerical calculations of the
response spectra of a neon atom (dots) and experimental
measurements of the main harmonic characteristics (lines).
For each characteristic, odd and even harmonics are pre-
sented separately for clarity. The solid black curves and black
squares correspond to a BBO crystal thickness of 100 mm,
while the dashed red lines and red dots correspond to a
thickness of 250 mm. It can be seen that the theoretically
calculated and experimentally measured values of the
ellipticity of high-order harmonics and their spectral inten-
sities are close to each other. When calculating the harmonic
intensities, the phase-matching conditions for the fundamen-
tal and second harmonics [173] were taken into account, as
well as the transmission of the generated harmonics through
the gas and filters 2� 10 nm Al2O3.

The example of studying the ellipticity of high-order
harmonic radiation above demonstrates good agreement
between simulation and experimental measurements. There-
fore, the nonperturbative theory of the interaction of a single
atom with a laser field provides a reliable description of the
observed phenomena and can be used to determine the nature
of the generation of elliptically polarized harmonics.

According to (52), the direction of the atomic current
depends on the orientation of the atom's dipole moment,
which is actually the quantum-mechanical average radius-
vector of an atomic electron. On the other hand, the matrix
elements Vnm�t� depend on the relative orientation of the
laser pulse field and the angular momentum of the atomic
electron. Consequently, the atomic current in tensor form
depends on the direction of the laser field polarization and
the angular momentum of the atom, the orientation of
which determines the orientation of the matrix elements
dnm.

In subatomic laser fields, the ground state j0i is the most
populated, so the atomic current can be approximately
written as follows:

J�t� � h0jjj0i � i
X
n1l1m1

X
n2l2m2

�on1l1m1
ÿ on2l2m2

�

� 
0jV̂ÿ1jn1l1m1

�

n1l1m1jd jn2l2m2

�

n2l2m2jV̂j0

�
;

�56�

where it is defined anlm � dn0dl0.
The ground state of the neon atom is 2p � j0i �

jn � 2; l � 1i, which has three sublevels corresponding to
different values of m � f0;�1g. We will explicitly identify in
(56) the dependence of the current on the magnetic quantum
number and, for brevity, denote the matrix elements of the
current as hm1jjjm2i:


0jjj0� �X
m1m2



2; 1;m1jjj2; 1;m2

� �X
m1m2



m1jjjm2

�
: �57�

In the subatomic region of the laser field strength, this
dependence has the form hn1l1jjjljjn2l2i � m jl1ÿl2 j0 . The rules for
selecting dipole matrix elements require that l1 ÿ l2 � �1. As
a result, even in the subatomic region of the laser field
strength, where the ground state is predominantly popu-
lated, the atomic current (56), due to summation over
�n1l1m1� and �n2l2m2�, includes the contributions of all other
atomic states. When calculating (56), there are taken into
account the contributions of the levels 3s � j1i and
3d � j2iÐthe lowest levels associated with the ground state
2p � j0i by dipole-allowed transitions.

The sum of the diagonal matrix elements of current (57) is
equal to:

X�1
m�ÿ1



mjjjm� � ÿ 2
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5o1d10
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�2o2d12
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ÿ
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264

375
0BBB@
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Figure 9.Measured (solid lines) and numerically calculated (squares and dots) ellipticity (a) and spectral intensity (b) of odd- and even-order harmonics

for a 100-mm-thick (black solid curves and black squares) and 250-mm-thick (red dashed curves and red dots) BBO crystal [165].
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where ea are the unit vectors in the atomic configuration
space, that is, in a Cartesian coordinate system in which the
axis z coincides with the direction of the atom's angular
momentum. The angles y and j determine the orientation of
the laser field polarization vector:

e�t� � A�t�
A�t� �ex cosj� ey sinj� sin y� ez cos y : �59�

Formulas (58) and (59) clearly show that the atomic
current and the harmonic polarization vectors follow the
laser field polarization during the laser pulse.

Thus, the polarization properties of the atomic current
(56), associated with the diagonal elements of matrix (57),
coincide with the polarization properties of the incident laser
field. For example, if the incident laser field is two-frequency
and consists of orthogonally polarized components o� 2o,
then the polarizations of the odd and even harmonics will be
mutually orthogonal. The polarization vector of the odd
(and, accordingly, even) harmonics will follow the polariza-
tion vector of the radiation at the fundamental harmonic
(and, accordingly, at the second harmonic). This is due to the
fact that the matrix elements of the dipole moment have a
nonzero value only for transitions between states of opposite
parity. Consequently, the matrix elements of the operator V̂
in formula (56), h0jV̂ÿ1jl1i and hl2jV̂ÿ1j0i, are the functions of
opposite parity with respect toA�t�. As a result, the right-hand
side of (56) is the product ofA�t� and an even function ofA�t�.
When A�t� � e1A1�t� cosot� e2A2�t� cos 2ot, e1 and e2 are
orthogonally polarized, the odd and even harmonics also
become orthogonally polarized with respect to each other.
Harmonics generated by atoms with the ground s-state
(hydrogen, silver, etc.) will have the same polarization
properties.

The sum of the matrix elements (57) with Dm ��1 gives a
zero contribution:


1jjj0�� 
0jjj ÿ 1
�� 
0jjj1�� 
ÿ 1jjj0� � 0 : �60�

It should be noted that, despite the fact that each term in
(60) is nonzero and has a polarization dependence different
from that presented in (58), their sum is zero. This is due to
symmetry reasons, and any symmetry violation, for example
by adding additional external fields, will lead to a nonzero
influence of the matrix elements with Dm � �1 and, conse-
quently, to the generation of radiation whose polarization
does not coincide with the polarization of the laser field.

The remaining components of matrix (57) have polariza-
tion properties that are fundamentally different from those of
the incident laser field. Even in the case of the Ne atom, the
expressions for these components are very complex, so only
the functional dependence of the projection of the sum of
these matrix elements onto the x axis in atomic configuration
space is presented below:

ex

�

1jjj ÿ 1

�� 
ÿ 1jjj1�ÿ X�1
m�ÿ1



mjjjm��

� sin y
hÿ

f1�t��f2�t� cos 2y
�
cosj�f3�t� cos 3j sin2 y

i
:

�61�
Expression (61) includes trigonometric functions of the

angles y, j, and their product. This leads to a sharp change in
the polarization state of the generated harmonics compared
to the laser field.

Thus, the above considerations provide a profound
understanding of the physics behind the high ellipticity of
the generated harmonics. Within the theory of the interaction
of light atoms with fields based on the dipole approximation,
the atomic response is determined by selection rules for dipole
transitions. However, within the framework of nonperturba-
tive theory, the atomic response is determined by the matrix
elements of the operator V̂, which includes all powers of
operator r (43). Therefore, the initial and final states of
cascade transitions do not obey specific selection rules. The
ellipticity of the harmonics is primarily due to the matrix
elements of the atomic current, which are most unusual for
the dipole approximation approach. For example, in the case
of the Ne atomic 2p-state, these matrix elements link the
sublevels m � �1 and m � ÿ1. This conclusion is an exact
analytical result obtained under the assumption anlm � dn0dl0.
At the same time, the numerical simulation results presented
above show that when this assumption is not met, harmonics
with high ellipticity are generated. Consequently, the nature
of harmonic generation in fields of moderate intensity is the
same as in subatomic laser fields. Note that the numerically
calculated atomic current (56) includes, for example, the
following term:

�o2; 1;ÿ1 ÿ o3; 0; 0�


3; 2;ÿ2jV̂ÿ1j2; 1;ÿ1�

� 
2; 1;ÿ1jdj3; 0; 0�
3; 0; 0jV̂j4; 1; 1� : �62�

On the one hand, the levels for which the matrix elements
of the operators V̂ and d are calculated, are related by dipole-
allowed transitions. On the other hand, the resulting matrix
element



m1jjjm2

�
is one with Dm � ÿ3. However, this does

not mean that other transitions (even dipole-forbidden ones)
are not taken into account when calculating the total atomic
response current. All transitions between all states are taken
into account with their own weight, which depends non-
linearly on the laser field strength.

We also note that the analysis above was performed for
plane waves. Taking into account focusing and the influence
of the magnetic field of the electromagnetic wave (especially
for intense mid-IR laser fields) can lead to an `imbalance' in
the contributions of the transitions with Dm � ÿ1 and
Dm � �1, leading to an increase in the ellipticity of the
generated radiation.

3.3 Excitation by a dual-frequency circular-polarized
laser field
One of the most frequently used experimental methods for
generating high-order elliptical harmonics is a method based
on the interaction of gas jets with dual-frequency laser fields
formed by circularly polarized harmonics at the fundamental
and the second harmonic of a Ti:Sa laser, possessing opposite
helicities [96].

Figure 10 shows the results of studies of the properties of
high-order harmonics generated by a single Ne atom
interacting with the laser field described above, the para-
meters of which were chosen as in [96]. Numerical calcula-
tions agree well with the experimentally observed features: the
atom response spectrum exhibits the alternation of one low-
intensity harmonic (3rd, 6th, 9th, etc.), followed by two more
intense ones.

To study the nature of the generation of low-intensity
harmonics, we examine the dependence of their spectral
intensity on the delay time between the pulses of the
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fundamental and second harmonics of the laser field (Fig. 11).
It is clearly seen that the efficiency of generating intense
harmonics is independent of the delay time (see the blue curve
with triangles in Fig. 11). This is an expected result, since for a
dual-frequency laser field formed by circularly polarized
fundamental and second harmonics, whose polarization
vector rotates in opposite directions, changing the delay
time leads to a simple rotation of the field, the polarization
vector of which describes a trefoil-shaped curve (see the insets
in Fig. 11). As a result, there is no change in the laser field
strength (in contrast to the case of a dual-frequency linearly
polarized laser field with a change in the delay time).
However, a strong dependence of the generation efficiency
of low-intensity harmonics is observed with a change in the
delay time between the components of the dual-frequency
field (see the black curve with squares and the red curve with
circles in Fig. 11). This feature is associated with a change in
the relative position of the -orbital (the ground state of the
neon atom) and the two-frequency field (see the left and right
panels in Fig. 11).

In Section 3.2, it was shown that elliptically polarized
radiation is generated by cascade transitions with Dm � �2,
and Dm � �1 that transitions with are very sensitive to the
field symmetry, so any modifications of the laser field (i.e.,
additional external fields, etc.) alter the properties of the
generated radiation. In the case of a two-frequency laser field
formed by circularly polarized fields whose polarization

vectors rotate in opposite directions, the generation of low-
intensity harmonics also occurs due to transitions of this kind.
This can be easily demonstrated within the framework of the
`single-level' approximation. Figure 12 shows the spectra of
the sums of two sets (57): the black curve with triangles shows
the sum of the components of the matrix (57) corresponding
to cascade transitions with Dm � �2, the red curve with
circles is the sum of the remaining seven components of the
matrix (57). The part of the current containing the seven
components of the matrix (57) has no signal at the location
of low-intensity harmonics, and the spectra of the sum of
the other two components contain a signal at the
frequencies of all harmonics. Therefore, the nature of the
generation of low-intensity harmonics lies in cascade
transitions with Dm � �2. The magnitude of low-intensity
harmonics can be changed due to the dynamics of the
probability amplitudes of atomic states. The latter is not
taken into account within the framework of the `single-
level' approximations, but was taken into account in the
calculations of the total atomic current (52) to obtain the
results presented in Figs 10 and 11.

The behavior of the two parts of the set (57) explains the
dependence of the low-intensity harmonic generation effi-
ciency and the independence of the high-intensity harmonic
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generation efficiency on the time delay between the funda-
mental and second harmonics, shown in Fig. 11. Indeed,
while low-intensity harmonics are generated only due to
transitions with Dm � �2, the magnitudes of the correspond-
ing components of the current (57) are very sensitive to the
symmetry of the laser field. Changes in the relative position of
the p-orbital and the field distribution in the polarization
plane with changes in the time delay between pulses are
`transferred' to the dependence of the intensity of low-
intensity harmonics. At the same time, the contribution of
transitions with Dm � �2 to the formation of intense
harmonics is significantly smaller than the sum of the
contributions of all other transitions. Consequently, the
generation of such harmonics is not as sensitive to changes
in the relative orientation of the wavefunction and the
distribution of the polarization vector of the dual-frequency
field in the plane of polarization. As a result, the intensity of
such harmonics does not change with variations in the time
delay between pulses of the dual-frequency field.

Consider also the generation of harmonics in dual-
frequency laser fields formed by elliptically polarized funda-
mental and second harmonics of a Ti:Sa laser with varying
ellipticity of the field components for the case of codirectional
(Fig. 13a, b) and counterdirectional (Fig. 13c, d) rotation of
the polarization vectors of the field components. In the
numerical calculations, the ellipticity of the field components
varied simultaneously. It is clearly seen that in the case of co-
rotating dual-frequency field components (Fig. 13a, b), the
maximum harmonic generation efficiency is achieved for
linearly polarized components. The ellipticities of the harmo-
nics follow the ellipticities of the component pulses. Circu-
larly polarized harmonics are generated for the case of

circularly polarized components of a dual-frequency laser
field, but the harmonic intensities are low.

In the case of counter-rotating fundamental and second
harmonics (Fig. 13c, d), it is clearly seen that the intensities
and ellipticities (the values of which are close to zero) of the
generated harmonics vary insignificantly over a wide range of
laser field component ellipticities (from ÿ 0.7 to 0.7). As the
range of laser field component ellipticities changes fromÿ1 to
ÿ 0.7 and from 0.7 to 1, the parameters of the generated
harmonics change significantly: the ellipticities of the two
intense harmonics vary from � 0 to �1, and their intensity
increases significantly. Meanwhile, the dynamics of the
intensities of the low-intensity harmonics is not as signifi-
cant. This difference in the nature of the dependence of
intense and low-intensity harmonics is associated with their
nature, i.e. with which transitions are `responsible' for their
generation.

3.4 High-order harmonic generation
in the dual-frequency cross-polarized laser fields
The results described above are presented for the case where
the propagation directions of the components of a multi-
frequency laser field coincide. In this case, in a nonperturba-
tive interaction regime, it is difficult to isolate a specific
harmonic generation channel (how many photons, and of
what type, participate in the generation of a given harmonic).
When generating a given harmonic, there are many compet-
ing channels of generation.

However, in certain cases, conditions exist where the
number of photons forming a harmonic can be reliably
determined. This occurs in noncollinear laser fields, when,
for example, the components of a two-frequency field
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propagate along crossed directions. In this case, the angular
distribution of the harmonics allows one to determine the
number of photons forming the harmonic [175], and the
polarization characteristics of the generated radiation can be
calculated without using a nonperturbative approach.

Consider the generation of harmonics in dual-frequency
laser fields formed by linearly polarized fundamental and
second harmonics of a Ti:Sa laser, the propagation directions
of which are noncollinear, and the polarization directions of
the linearly polarized field components form an angle y. We
assume that harmonics with a nonzero ellipticity are
generated in a gas interacting with such a field. Then the
polarization ellipse can be represented in the plane formed by
the polarization vectors of the field components (Fig. 14). We
assume that a given harmonic is formed by n photons of
radiation at the fundamental frequency o and m by photons
at twice the laser frequency 2o. Then the field strength of the
corresponding harmonic can be represented as the sum of
vectors nEo �mE2o, multiplied by a certain coefficient w,
which is associated with the component of the susceptibility
tensor at the corresponding harmonic frequency and corre-
sponds to the direction of harmonic propagation. Then, from
geometric considerations, one can calculate the inclination
angle of the harmonic polarization ellipse (P:A:) and its
ellipticity e:

P:A: � arcsin

�
sin y���

k
p

�
; �63�

e � tan

�
1

2
arcsin

�
2zk

z 2 � k 2

��
; �64�

where k � 1� 2 cos y=Z� 1=Z 2, z � sin y=Z, Z � w �n=m��
�jEoj=jE2oj�. When deriving these formulas, it was assumed
that the phase difference between the radiation at the
fundamental and second harmonics is p=2, which corre-

sponds to the conditions of ideal phase matching in the BBO
crystal.

It is useful to compare the above reasoning with the results
of an experiment on studying the polarization characteristics
of harmonics in crossed fields [175]. Figure 15 shows the
experimentally measured (indicated by lines) and numerically
calculated (indicated by dots) the inclination angle of the
polarization ellipse (Fig. 15a) and the ellipticity of the
harmonics (Fig. 15b) for y � 75�, 82.5�, 86�, 90�. Specific
values of n and m were obtained from the experiment. The
coupling coefficient w is set in such a way as to match the
calculations and the experiment: its value varies from 0.2 (for
y � 75�) to 1.5 (for y � 90�).

We also note that in this experiment, a dependence of the
harmonic parameters on the angle y between the polarization
directions of the field components is observed; this is an
experimental confirmation of the assumption made in [176]
regarding the effectiveness of this control parameter (see
Section 3.2).

3.5 Interference model of the medium nonlinear response
The spectral and polarization properties of the generated
harmonics discussed above relate to individual atoms placed
in a laser field. However, in reality, experiments always deal
with a medium containing multiple atoms. This raises a
number of important issues that complicate the comparison
of theoretical calculations with experimental observations.
First, since laser beams are confined in a direction perpendi-
cular to the propagation direction, different atoms in the
medium experience laser field of varying intensity (higher in
the near-axis region, lower at the periphery). However, the
nonlinear nature of the interaction between laser radiation
and atoms allows us to consider only the near-axis region of
the beam, since the interaction at the periphery is significantly
weaker (and the higher the order of the generated harmonic).
Second, the radiation generated by the atoms generally affects
surrounding atoms, altering the populations of their energy
states. However, such `secondary' effects are typically
neglected, since the harmonic generation efficiency remains
significantly less than unity, and the fixed-field approxima-
tion can be used. Third, the generated radiation, propagating
from sources (separately located atoms) in the medium, is

y
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njEoj
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Figure 14. Harmonic polarization ellipse and relative positions of the

polarizations of the field componentso� 2o. P:A: is the inclination angle

of the polarization ellipse, y is the angle between the polarizations of the

components, n is the number of photons of radiation at frequency o, m is

the number of photons of radiation at frequency 2o, participating in the

formation of a given harmonic n� 2m [175].
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In the numerical calculations, wwas chosen to be equal to 0.2, 0.3, 0.5, and

1.5 for y � 75�; 82,5�; 86� and 90�, respectively [175].
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subject to changes in its spectral properties due to thematerial
dispersion of the medium, as well as due to the interference of
radiation from different atoms.

Atoms of the medium, located at points ri and placed in
the laser field, create a distribution of electron density
ri�r 0; t 0i � and current density ji�r 0; t 0i � in the space around
them, the dynamics of which determine the electric field at the
point r [167]:

E�r; t��ÿ 1

4pe0c 2
X
i

� �
qji�r 0; t 0i �

qt
ÿ n 0i

�
qji�r 0; t 0i �

qt
n 0i

��

� dV 0

jrÿ ri ÿ r 0j �
1

4pe0c

X
i

�
n 0i
ÿ
ji �r 0; t 0i � n 0i

�
� dV 0

jrÿ ri ÿ r 0j2 �
1

4pe0

X
i

�
n 0i ri�r 0; t 0i �

� dV 0

jrÿ ri ÿ r 0j2 ; �65�

where n 0i � rÿ ri ÿ r 0=jrÿ ri ÿ r 0j, t 0i � tÿ jrÿ ri ÿ r 0j=c.
In the approximation of the point atom model

(jrÿ ri 4 aB), under the assumption of the identity of the
atoms �ri�r 0; t 0i � � r0�r 0; t 0�, ji�r 0; t 0i � � j0�r 0; t 0�� and the
constancy of the shape of the laser pulse, in the far-field
(jrÿ rij4 r 0) there is only a transverse electric field:

E�r;o� � ÿ io
c 2

X
i

exp �iojrÿ rij=c�
jrÿ rij

h
ni;
�
ni; J�o�

�i
; �66�

where J�o� is definded in (48), and ni � rÿ ri=jrÿ rij.
In the far-field, we can assume that the distance to the

observation point is much greater than the linear dimensions
of the atomic ensemble. Then, from (66) taking into account
jrj4 jrij, one can obtain:

E�r;o� � ÿ io
rc 2

exp

�
ior
c

�X
i

h
n;
�
n; Ji�o�

�i
exp �ikri� ;

�67�
where k � or=cr, n � r=r.

Formula (67) is used to calculate the response of extended
gaseous media within the interference model. This model is as
follows. The medium is a chain of atoms located on the pulse
propagation axis (under the assumption that the laser field
intensity rapidly decreases with distance from the axis, see
Fig. 16). The atomic response spectrum is calculated using the
nonperturbative theory presented above. The spectral com-
ponents of the radiation generated by single atoms are
`summed' using formula (67), which takes into account the
interference of contributions from different field sources in
the far field.

The interference model offers a combination of unique
advantages: it allows one to calculate the response of a
medium by taking into account the responses of single
atoms calculated quantum mechanically using a nonpertur-
bative theoretical approach. It makes possible to trace
modifications in the response spectra as the laser beam
propagates through the medium, while preserving the
features of the atomic response spectrum. This becomes
critically important in the study of high-order harmonic
generation, since the nature of the generation is considered
to lie in the response of a single atom. At the same time, the
interference model can serve as an alternative to models of

media that use nonlinear susceptibility tensors of the
medium, typically defined phenomenologically. The advan-
tage of the interference model of a medium is that the
nonlinearities of the medium are considered in a quantum-
mechanical way.

It should be noted that in extendedmedia, the assumption
of an invariant laser pulse shape is never strictly satisfied. In
the case of a single-frequency pump field, this is due to the
difference in the phase and group velocities of the pulse,
leading to a dependence of the pulse time delay on the
position of the atom in the ensemble. For example, for a
dual-frequency laser pulse generated by radiation at
frequencies o0 and 2o0 due to dispersion during propaga-
tion in the medium, additional phase shifts arise: j1 � k1r �
�o0=c�n1�o0�z and j2 � k2r � �2o0=c�n2�2o0�z, where n1; 2
are the refractive indices of the atomic medium at the
fundamental frequency of the laser pulse and at the second
harmonic frequency, respectively. This results in a phase
difference that depends on the coordinate in the medium:

Dj � 2j1 ÿ j2 �
2o0

c

ÿ
n1�o0� ÿ n2�2o0�

�
z : �68�

The atomic current becomes modulated along the length
of the medium with a spatial frequency:

L � pc
2o0

1

n1�o0� ÿ n2�2o0� : �69�

The response field of an extended atomic medium in the
far zone is determined by expression (67), in which J�o; k� �P

i Ji�o� exp �i�Dji ÿ kri��. Assuming that the density of
atoms within the ensemble is uniform, we obtain:

J�o; k� � J0�o�
�1
0

drr
� 2p

0

dj exp

�
ÿ r 2

d 2

�
� exp �iDk?q�

� L=2

ÿL=2
dz f �z� exp �iDkkz� ; �70�

where J0�o� is the response current of a single atom located
on the axis of the laser beam and with zero time delay of the
dual-frequency field, d is the transverse dimension of the laser
beam, L is the longitudinal dimension of the atomic medium.
Taking into account (68), for Dk we obtain:

Dk � 2k1 ÿ k2 ÿ k : �71�
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Figure 16. Schematic representation of a one-dimensional interference

model: a linearly polarized laser field propagates along a chain of atoms

(yellow circles) [177].
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The function f �z� in (70) describes a periodic spatial
profile of the response of an atomic medium with a spatial
period (69). This profile is well approximated by the following
expression:

f �z� � �� sin �Kz��� ; �72�

where K � 2p=L and L is the spatial period of the field.
Substituting (72) into (70) and integrating, we obtain:

J�o; k��J0
pd 2K

K 2ÿ Dk 2
k
exp

�
ÿ Dk 2

?d
2

4

�
sin
ÿ
DkkL�N�1�=2

�
sin �DkkL=2�

� exp

�
iDkkLN

2

��
1� exp

�
i
DkkL
2

��2
; �73�

where N � L=L.
Due to the transverse confinement of the incident laser

beam, the laser field in the region of the atomic medium is a
superposition of plane-wave components with a character-
istic transverse width Dk? � p=d. On the other hand, the
longitudinal projection of the wave vector due to the spatial
periodicity of the response field of the atomic medium is
k
�n�
k � k

�0�
k � 2pn=L, where k

�0�
k is the projection of the

wavevector of the incident field onto the direction of its
propagation. Thus, the resulting angular spectrum of the
generated radiation at frequency o � 2pc=l depends on the
ratio of the wavelength l and the parameters d, and L is, in
general, a superposition of nested cones. For a one-dimen-
sional chain of atoms, this superposition of nested cones
degenerates.

In conclusion of this section, we discuss the validity of the
one-dimensional interference model. To this end, we conduct
numerical studies of laser radiation propagation in argon
using the classical unidirectional propagation model [178], in
which the nonlinear properties of the medium are determined
by the nonlinear refractive index n2 � p� 10ÿ18 Wÿ1 cm2

[179] (where p is the gas pressure in bars), and the resulting
low-order harmonics are generated as a result of a cascade
process of four-wave mixing.

Figure 17 shows the angular spectra of the fifth harmonic
at the exit from an argon medium with a length of L�7 mm
at different gas pressures. The harmonic radiation has both a
collinear and a noncollinear component, with the energy of
the latter accounting for no more than 1% of the total

harmonic radiation energy. It is also worth noting that the
deflection angle of the noncollinear component from the
propagation direction increases with increasing gas jet
pressure: for p � 1 bar, the angle is 4.6�, and for p � 15 bar,
it is 11.9�. Since the collinear component of the 5th harmonic
contains about 99% of the total harmonic energy (over the
entire range of pressures studied), when using the quantum
mechanical approach to calculate harmonic signals, one can
consider only the near-axis region of radiation propagation
and use the interference model to calculate the total harmonic
signal on the detector located in the far-field zone.

3.6 Phase matching of high-order harmonic radiation
Consider the effects of phase matching of harmonic radiation
in gases using the example of atomic argon gas. For this, we
will use the interference model described in detail in the
previous section. The medium is a chain of atoms, the
number of which is determined by the pressure in the medium
and its length. Studies of the characteristics of the generated
field are conducted in the far-field (at a distance of 1.5 m from
the medium) in a plane perpendicular to the direction of
radiation propagation.

Refractive index dependences for various wavelengths are
available in specialized databases [180]. Figure 18 shows the
spatial distribution of electromagnetic radiation in a plane
perpendicular to the direction of radiation propagation (on a
virtual detector), generated by a gas medium consisting of a
chain of atoms of L � 1 cm long, calculated for the 5th (a)
and 35th (b) harmonics of the incident laser radiation. The
calculations were performed for laser radiation formed by the
fundamental and second harmonics of a Ti:Sa laser
(l � 800 nm), the intensity of the field components
m01 � 0:1, m02 � 0:1, pulse duration t � 30 fs, the angle
between the polarizations of the field components y � 0.
The figures show the dependences of the radiation intensity
on the distance from the detector axis (y). It is evident that at
low pressures, the spatial distribution of the harmonics is
GaussianÐ there is a peak in the center, the radiation
intensity decreases as the coordinate moves from the center
to the periphery. A similar distribution of the radiation
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The laser field consists of the fundamental and second harmonics of a

Ti:Sa laser, the intensity of the field components m01 � 0:1, m02 � 0:1,
pulse duration t � 30 fs, and the angle between the polarizations of the

field components y � 0 [177].
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intensity in space is characteristic of both low (Fig. 18a) and
high (Fig. 18b) harmonics. With increasing pressure, the
spatial distribution changes: radiation propagating at a zero
angle to the direction of the wavevector of the laser radiation
no longer forms the most intense peak, and conical emission
peaks appear in the frequency-angular spectra. Their pre-
sence is due to the interference of the contributions of
different atoms. A similar angular distribution of harmonics
was observed experimentally for both low [181] and high
harmonics [182]. The nature of the appearance of additional
peaks in the angular spectrum of the medium response is in
the constructive and destructive interference of the contribu-
tions of different atoms, which depends on the pressure
(number of atoms) [183±185].

To study the integral characteristic of the generated
radiation, we perform integration of the radial distribution.
This results in the dependence of the radiation generation
efficiency calculated for a given harmonic at fixed values of
the medium parameters. Figure 19 shows the integral
generation efficiency of the 5th and 35th harmonics for
various pressure of the gas medium. The dependencies show
the following features: (1) the spectral intensity of harmonics
at low pressures increases proportionally to the square of the
number of atoms in the chain that forms it (given the one-
dimensionality of the model, the spectral intensity is propor-
tional to the pressure of the gasmedium to the power of 2=3 or
to the square of the gas pressure in the capillary); the
quadratic increase in the efficiency of harmonic generation
indicates that the radiation of different atoms in the chain
interferes coherently; (2) with a further increase in pressure,
the dependences of the efficiency of harmonic generation are
saturated, and the spectral intensity of the harmonics
decreases, forming a region of `optimal' pressure for each
harmonic. The presence of `optimal' pressure popt has been
confirmed by numerous experiments, see, for example, [181].

Comparing Figs 18 and 19, it can be noted that the
harmonic generation efficiency ceases to increase when
additional components of the angular spectrum increase in
the spatial distribution, since the appearance of such ring
structures in the spatial distribution indicates destructive
interference of the contributions of different atoms, reducing

the overall intensity of the generated radiation. This is the
nature of the emergence of `optimal' gas pressure.

The results of numerical studies allow one to propose a
simple relationship linking the harmonic numberH, the length
of themediumL, and the `optimal' pressure in themedium popt
for the maximum spectral intensity of a given harmonic:

LHpopt � const : �74�

This formula agrees well with experimental data [186] and
can be used to `fine-tune' the generation efficiency of a given
harmonic (or groups of harmonics) in an experiment. The
studies were performed for unfocused beams. In the case of
focusing elements in the optical system, the parameterL is the
minimal between the total length of the medium and the waist
length.

3.7 Quasi-phase matching
of high-order harmonic radiation
Consider quasi-phase matching (QPM) effects arising in
periodic media, that is, media in which the spatial distribu-
tion of emitting particles is not uniform. There are several
ways to create such a media: a set of gas jets, a set of plasma
clouds, gas-cluster media, or gas mixtures. Density profiling
of the medium is the most effective way to create conditions
for quasi-phase matching of harmonics [81]. QPM effects can
also be observed in continuous gas media interacting with a
laser fieldwhose parameters (e.g., intensity) are nonuniformly
distributed within the medium.

At first, consider the QPM in a periodic gas medium. As
an example, consider a sequence of argon gas jets with width d
separated by vacuum gaps of the same length, forming a gas
medium of length L. This sequence of gas jets is located along
the axis of propagation of the laser radiation. Let us assume
that the total length of the medium L � 0:5 cm, d � 0:03 and
0:08 cm (the parameters of the mediumwere selected to fit the
experimental conditions in [187]). The laser radiation is dual-
frequency, consisting of linearly polarized fundamental and
second harmonics of a Ti:Sa laser, the angle between the
polarization of which y � 0. Figure 20a shows the
18th harmonic generation efficiency in the dependence of
pressure. It is evident that in the case of a spatially profiled
medium, after the `optimal' pressure popt, there is a pressure
region popt;QPM where the harmonic generation efficiency is
almost an order of magnitude higher. A similar increase in the
harmonic generation efficiency was experimentally observed
in [187]. This increase arises due to the QPM effect, in which
the condition of destructive interference of different atoms is
violated in the region of pressures greater than popt. As a
result, conditions are created for a new set of atoms
generating radiation of comparable phase. These conditions
arise in the region of high pressures (compared to the
`optimal' pressure region) and, consequently, for a larger
number of atoms, which leads to an increase in the harmonic
generation efficiency.

In the region of the new optimal pressure popt;QPM, the
spatial distribution of radiation generated in a set of gas jets
has a Gaussian structure (Fig. 20b, black curve with squares),
while the spatial distribution for a continuous gas medium
has a ring-shaped structure (Fig. 20b, red curve with dots). A
similar change in the spatial distribution was also observed
experimentally for a set of plasma plumes in [187]. Note that
the higher generation efficiency for a continuous medium,
which is observed in the region of low pressures, arises
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because a continuous medium, for a fixed length, contains
twice as many atoms as a medium consisting of a set of gas
jets. In this regard, in the region where constructive inter-
ference from various sources is observed, the generation
efficiency is higher.

For further research, it is convenient to introduce a
quantity f as the QPM gain, which is equal to the ratio of
the response magnitude of the medium to the maximum
response of a single atom, calculated for the given para-
meters of the laser field. The quantity f defined in such away is
close in value to the parameter that is used to study the effects
of the QPM in plasma media [188].

Figure 21 shows the QPM gain calculated for a part of the
spectrum of gas jets response at a pressure of p � 250 mbar
(at which the efficiency of generating the 18th harmonic is
maximal at d � 0:03 cm, see Fig. 20a) and for various values
of the jet widths d: from 0.025 to 0.08 cm while maintaining
the total length of the medium L � 0:5 cm. It is evident that
the quasi-phase matching conditions are satisfied not only for
a given harmonic, but also for a whole group of harmonics
with close numbers (for example, the 18th and 19th harmonics
in the case of d � 0:03 cm).Moreover, by changing d, one can
effectively control the region of harmonics for which the
quasi-phase matching conditions are satisfied: as the value of

d increases, the region of amplified harmonics shifts toward
their lower numbers. Such a dependence is also observed in
the experiment [189].

Figure 22 shows the spectral distribution of the QPMgain,
calculated for two gas jet widths: d � 100 mm (black curve)
and d � 50 mm (red curve), two wavelengths: (a) l � 800 nm
and (b) = 1310 nm, presented for convenience in eV. As the
width of the gas jets decreases, the spectral region forwhich the
QPM effect is manifested shifts toward the long-wavelength
region. This trend is also confirmed for other pump wave-
lengths (seeFig. 22b for l � 1310 nm).Numerical calculations
allow one to conclude that the number H of the harmonic
maximally amplified in the spectrum is inversely proportional
to the width d of the gas jet:

Hd � const : �75�
Thus, varying the jet width allows one to shift the spectral

position of the peak of the harmonic amplified by the QPM.
Furthermore, it's important to note that as the width of the
gas medium decreases, the amplification efficiency increases.
The rate of increase in the QPM gain:

f � dÿ1:5 : �76�
Note that the calculated spectrumof theQPMgain contains

several peaks (Fig. 22a), while in experiment only one peak is
usually observed [189]. This may be due to the influence of the
uncertainty of gas jet parameters. To test this hypothesis, the
study of the influence of the inaccuracy of determining the gas
jets width on the distributions of the QPM gain were
performed. The gas jets width was set as follows: d�d0 � d1g,
where d0 � 50 mm, the value d1 varies within the interval
(0; 0:1d0) and specifies the `amplitude' of the random variable
g, distributed in the interval (ÿ0:5, 0.5) and changing its value
during the formation of each jet. Figure 23a shows the spectra
of the QPMgain, calculated for d1 from 0 to 0:1d0. It is evident
that inaccurate specification of the gas jets width primarily
affects the gain of the higher-frequency QPM peaks. Thus, at
d1 � 0:01d0, the gain of the first QPM peak decreases by 5%,
while the gain of the second and third QPMpeaks decreases by
40% and 60%, respectively (Fig. 23b). A further increase in the
d1 leads to a more significant decrease in the gain of all QPM
peaks. Apparently, such a high sensitivity of the QPM gain to
the accuracy of determination and regularity of setting the
widths of gas jets is an obstacle to the experimental confirma-
tion of the presence of the gain of the high-frequency peaks.
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Consider inmore detail the influence of the laser radiation
wavelength on the magnitude of the harmonic gain. For this,
a series of numerical calculations of the response of an
extended gas medium to the action of a two-frequency
(fundamental and second harmonics) laser field of different
wavelengths were performed. The results are shown in
Fig. 24a. It can be seen that the photon energy of radiation
for which the QPM conditions are best satisfied does not

change with laser wavelength (the harmonic number for
which the QPM conditions are satisfied increases with laser
wavelength). At the same time, the QPM gain for a given
photon energy increases proportionally to the square of the
laser wavelength (Fig. 24b):

f � l 2 : �77�
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It appears that this is the most effective method of
compensating for the decrease in radiation efficiency with
increasing pump wavelength [61±63]. A comparative analysis
of experimentally measured harmonic gain factors [188]
located in the QPM region and generated in plasma plumes
shows that when the wavelength of the laser source changes,
the gain of the harmonic signal due to the QPM increases as
fexp � l 2:44, which is close to the discovered theoretical
dependence.

Another important control parameter of the problem is
the pressure in the gas jets. To investigate the influence of this
factor on the QPM gain, numerical studies of the generation
efficiency of the 45th, 95th and 195th harmonics were carried
out for different gas pressures from 0.01 mbar to 1 bar at a
fixed value of the gas jet width (d � 100 mm) and for two
wavelengths of the main component of the laser field:
l � 800 nm (Fig. 25a) and l � 6 mm (Fig. 25b). It is evident
that the dependences of the QPM gain on pressure have a
multi-peak structure. The first peak (wider, in the region of
low pressures) coincides with the peak of the unprofiled
medium. The second peak corresponds to the conditions of
the QPM. The pressure popt;QPM, at which this peak is
observed, the wavelength l of the laser radiation and the
harmonic numberH are related to each other as follows:

H

l
popt;QPM � const : �78�

Thus, the position of the peak of the QPM gain changes
inversely proportional to the pressure in the medium: by
decreasing the pressure, it is possible to shift the peak of the
QPM gain to the short-wavelength region of the spectrum.
This can be explained by the fact that the coherence length is
inversely proportional to the detuning of the wavevectors Dk,
which for a plane wave is proportional to pH [191]. As a
result, the QPM condition, the equality of the coherence
length and the width of the gas jets, is realized for harmonics
with a higher number at a lower gas pressure. At the same
time, calculations show that, along with the shift of the peak
of the QPM gain to the short-wavelength region, its
amplitude also increases. This counterintuitive result (as the
pressure decreases, the number of atoms that generate
harmonics decreases) can be explained by the dependence of
the refractive index on pressure: as the pressure decreases, the
oscillation period of the harmonic generation efficiency [177]
increases, which leads to an increase in the number of atoms
generating radiation and interfering constructively.

The QPM gain f appears to be inversely proportional to
the gas pressure p:

f � pÿ1 : �79�
Indeed, as the results of numerical studies carried out for

jets with d � 50 mm and shown in Fig. 26, with increasing
pressure both the number of the amplified harmonic and the
QPM gain decrease.
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Although for the laser field parameters used in the
numerical experiment (for a medium with d � 50 mm inter-
acting with a dual-frequency laser field generated by the
fundamental and second harmonics of a Ti:Sa laser), the
QPM-enhanced harmonics lie outside the cutoff frequency
[192]. The proposed optimization of the harmonic efficiency
may be useful, since the position of the QPM-enhanced
harmonics (in eV) does not depend on the laser wavelength
(Fig. 24a), and this enhanced harmonic may be located before
the cutoff frequency if, for example, the laser wavelength
increases [193].

Finally, we will clarify the effect of the number of jets on
the harmonic amplification efficiency with QPM. Numerical
studies (at l � 6 mm, 195th harmonic, d � 50 mm, popt;QPM �
1:1 bar) showed that changing the number of gas jets does not
affect the number of the maximally amplified harmonic, but
does affect the magnitude of the gain (Fig. 27). It is evident
that with a small number of jets, the QPM gain is propor-
tional to their number, since with an increase in this number,
the total length of the medium and the number of atoms
generating radiation increase. With a further increase in the
number of jets, saturation occurs in the dependence.

Let us separately consider the influence of theQPMon the
ellipticity of the generated harmonics. When a two-frequency

(fundamental and second harmonic) laser field acts on a
single atom, as shown in Fig. 28, the ellipticity of odd
harmonics depends significantly on the time delay between
the pulses acting on the atom and varies over a wide range
from 0 to 0.3 (using the example of the generation of the
5th harmonic in an argon atom from a Cr:Forsterite laser
source, laser wavelength l � 1:24 mm, pulse duration 120 fs,
intensity of the fundamental harmonic I1 � 1013 W cmÿ2,
intensity of the second one , angle between the polarization
vectors of the components y � p=4), whereas the ellipticity of
even harmonics remains low (for the 6th harmonicÐ less
than 0.03).

Spatial profiling of the medium can change the ellipticity
of the generated harmonics (Fig. 29a). When the components
of a dual-frequency laser field act on the medium synchro-
nously, with zero time delay, the ellipticities of both even and
odd harmonics do not exceed 0.01±0.02, i.e., radiation close
to linearly polarized is generated. To explore the possibility of
increasing the contribution of elliptical radiation from
individual atoms, we will calculate the responses of a profiled
medium to a dual-frequency laser field with a 0.33 fs time
delay between its components (see Fig. 29). It can be seen that
for odd harmonics (5th), the calculated radiation ellipticity
has increased significantly, while for even harmonics (6th),
the ellipticity remains virtually unchanged. This is due to the
low ellipticity of the even harmonics themselves, generated by
individual atoms. It is important to note that, under QPM
conditions, by adjusting the delay time between the compo-
nents of a dual-frequency laser field, it is possible to obtain
elliptically polarized harmonic radiation.

4. Nonlinear response of a medium
as the atom response in the near-field

4.1 Analytical calculation of the nonlinear susceptibility
of a medium
When studying the properties of harmonic radiation generated
in dense gases and condensed media, the use of an interference
modelÐ that is, representing the total field as the sum of fields
from different atomsÐbecomes difficult to implement for
numerical experiments, as it requires highly extensive compu-
tations. The most convenient approach in this case is the
concept of a continuous medium whose nonlinear properties
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are characterized by nonlinear susceptibilities of several ranks.
Using a nonperturbative approach, it becomes possible to
analytically calculate the nonlinear susceptibility of a gas
medium, which is the subject of this section.

The microscopic current j�r; t�, calculated using formula
(45), based on the solution of system of equations (40) for the
population amplitudes of energy levels, generates an electric
field Eresp�r; t� in the region of space outside the atom (in the
Lorentz gauge and in the SI system of units):

Eresp�r; t� � ÿ 1

4pe0c 2

� �
qj�r 0; t 0�

qt
ÿ n 0

�
qj�r 0; t 0�

qt
n 0
��

� dV 0

jrÿ r 0j �
1

4pe0c

�
n 0
ÿ
j�r 0; t 0�n 0� dV 0

jrÿ r 0j2

� 1

4pe0

�
n 0r�r 0; t 0� dV 0

jrÿ r 0j2 ; �80�

where n 0 � rÿ r 0=jrÿ r 0j, t 0 � tÿ jrÿ r 0j=c, r�r 0; t 0� is the
electron density:

r �r; t� � c ��r; t�c�r; t � �
X
n;m

a �n �t� u �n �r� um�r� am�t� ;

�81�

and the vector r is directed from the center of the atom to the
point where the response field value is determined. Denote
this vector as ri, and the radius vector of the atom's position as
Ri. The Fourier transform simplifies the calculation of the
electric field:
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To calculate the susceptibility of a medium, it is necessary
to sum the electric fields generated at a given point

r � �r; y;j� by all the atoms of a medium, and then average
over these points. The value of the response field of an atom
depends only on the position of the vector ri in the atom's
reference frame. Let us mentally transfer all the atoms to the
origin of coordinates; then the vectors ri will exactly coincide
with the position of the atoms in space in the original picture.
For the clarity of the subsequent presentation, we will align
the direction of propagation of the laser field with the unit
vector ez, the direction of polarization of the laser field with
the unit vector ex, and we will denote the vectors r � �r; y;j�
by ri, position the atom's reference frame fex 0 ; ey 0 ; ez 0 g so that
ez 0 �ex, and the unit vector ex 0 is rotated the angle jx 0 relative
to ey (Fig. 30). Then the averaged response field of the atoms
of the medium will be the result of summing the field (82),
firstly, over the vector r � �r; y;j�, and secondly, over the
angle jx 0 :


Eresp�o�
� � nat

�1
r0

r 2 exp �ÿgr� dr
� p

0

sin y dy

�
� 2p

0

dj
� 2p

0

djx 0

2p
Eresp�r;o� ; �83�

where nat � p=kBT is the concentration of atoms in the
medium, p is the pressure of the gas medium, kB is
Boltzmann's constant, T is the temperature, r0 �

�����������
1=nat

3
p

and is half the average distance between atoms. Since
integration over r is performed over infinitely large limits,
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the phase of the laser field exp �io0z=c� must be taken into
account in expression (83). The additional factor exp �ÿgr� is
due to the loss of coherence in the response fields of atoms
located at large distances r, and the value of the parameter g is
then insignificant.

Expression (45) for the microscopic current density
j�r 0;o� contains an operator p that, in the dipole approxima-
tion, can be represented through the coordinate operator r 0:
u �l �r 0� pup�r 0� � u �l �r 0��ime=�h��El ÿ Ep� r 0up�r 0�. Therefore,
the direction of the microscopic current density vector
coincides with the direction of the radius vector j�r 0;o� �
~j�r 0;o�r 0.Wewill average the response field over the variables
jx 0 , j, y, r.

In the approximation r 05 c=o � l and r 05 r, retaining
the terms up to the first power of r 0=r only, one can obtain the
following expressions included in (82):
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Averaging over the angle y is performed taking into
account the spatial phase of the laser field exp �io0z=c� �
exp �io0r cos y=c� along the direction of radiation propaga-
tion. Since the kth-order nonlinear susceptibility contains the
laser field to the kth power, the phase factor will also be to this
power. Then, to average the atomic response field over the
angle y, one can use the following expressions:� p

0

sin y exp �ib cos y� dy � 2
sin b

b
; �85a�

� p

0

sin 3 y exp �ib cos y� dy � 4

b 2

�
sin b

b
ÿ cos b

�
; �85b�

b � ko0r

c
: �85c�

The averaged electric field hEresp�o�i is essentially the
polarization P�o� � e0hEresp�o�i of the medium, which
determines the nonlinear susceptibility tensor of various
orders:


Eresp�o�
�
S
� 1

� ������2p
p �kÿ1

X1
k�1

� �1
ÿ1

do1; . . . ; dokÿ1

� w �k�S;S1S2...Sk
�o;o1; . . . ;okÿ1�ES1

�oÿ o1�
� ES2

�o1 ÿ o2�´ . . . ´ESk
�okÿ1� : �86�

Note that such an of the medium's response in powers
of the external field is, strictly speaking, only valid for low
values of the external field strength. Therefore, when
obtaining an analytical expansion of the current j�r 0;o� in
powers of the laser field, we will assume that the population
of the excited states is small compared to the population of
the ground state:

a0�t� � 1 ;

an�t� � 0; n > 0 :

�
�87�

Expand the exponent in (45) into the series:
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Consider the harmonic laser field E�t� �
Ea=2 �exp �io0t� � exp �ÿio0t��. Then the Fourier transform
is E �o� � � ������2p

p
=2�Ea�d�oÿ o0� � d�o� o0��, and the vec-

tor potential and its kth power read the following:
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Here and below Ck1
k � k!=�k1!�kÿ k1�!� is the number of

combinations. When solving the system of equations (40) for
the amplitudes of the energy level populations and calculating
the microscopic current density (45), it is necessary to
calculate factors of the form Vÿ1nl Vpm�t�. In this case, the
operator V̂, by its definition, is unitary. Furthermore, as
follows from the expansion (88), the matrix elements �r kz �nm
are real and symmetric with respect to the permutation of
indices. Then, taking into account (89), the factorsVÿ1nl Vpm�t�
are reduced to the form:

Vÿ1nl Vpm�t� �
X1
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z �nl�r kÿk1z �pm : �90b�

The matrix elements Rk
nl; pm are real numbers and, by

virtue of their structure, are antisymmetric with respect to
permutations of pairs of indices nl and pm: Rk

nl; pm �
�ÿ1�kRk

pm; nl. Due to the symmetry of the matrix elements
�r kz �nm with respect to permutations of indices, the matrix
elementsRk

nl; pm are symmetric with respect to permutations of
indices within pairs of indices: Rk

nl; pm � Rk
ln; pm � Rk

nl;mp.
In the first order of smallness in an=a0, assuming a0�t� �

exp �ÿiE0t=�h�, the equations for the population dynamics of
the levels, taking into account (89), are written as:
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The solution of these equations is:
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The conditions for the applicability of the presented
approach follow from the form of solutions (91). In order
for the population of all levels except the ground level to
be negligible, it is necessary to require that
qhrziEaE0=��ho0�2 5 1, where qhrzi is the characteristic
(maximum) value of the dipole moment of a pair of
atomic levels, Ea is the laser field strength, E0 is the
energy of the ground level, �ho0 and is the energy of a
laser field quantum.

Substitute the population amplitudes (91) and the factor
(90) into the expressions for the current density (45) and for
the electron density (81). They are naturally broken down into
three terms: (1) n � m � 0 and a0�t� � exp �ÿiE0t=�h�,
(2) n � m � 0 and a0�t� is calculated according to (91a),
(3) n � 0, m 6� 0 or n 6� 0, m � 0, and an�t�, am�t�, is
calculated according to (91b). Taking into account (82)±
(86), one can obtain the final expression for the nonlinear
susceptibility of an arbitrary order, which can be represented
as a product of a numerical factor, factors Bat determined by
the structure of the atomic levels, and factors Br determined
by averaging the responses of the atoms of the medium:
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where Ry��mee
4�=2�h 2�2:18�10ÿ18 J, aB�5:3�10ÿ11 m is

the Bohr radius, the term Bj
atB

j
r is due to the microscopic

current, the term B
r
atB

r
r is due to the electron density.

Moreover, Bat and Br are dimensionless quantities, and the
all matrix elements Rk

nl; pm and �r kz �nm are expressed in units of
ak
B.

The factors Bat have the form:
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The factor Br have the form:
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where the parameter x0 � o0=c
������
nat3
p

is determined by half the
average distance between atoms (since the average response
field of atoms is determined at points equidistant from the
atoms, so that the summation of the response fields begins
with atoms located at a distance equal to half the average
distance between atoms), and the factor exp �ÿgr� is due to
the loss of coherence in the response fields of atoms located at
greater distances from the observation point.

Expression (92) for the nonlinear susceptibility of a
gaseous medium has three notable features. First, it describes
the nonlinear properties of the medium, not isolated atoms.
Second, it contains an arbitrary order k and therefore allows
for the calculation of nonlinear effects, quadratic in the laser
field, cubic, etc. Third, it describes various nonlinear processes
realized on a nonlinear susceptibility of a certain order, for
example, the process o � o0 � o0 � o0 � 3o0 or o �
o0 ÿ o0 � o0 � o0 due to the nonlinear susceptibility w �3�.

Let us once again emphasize the approximations within
which expression (92) was derived. The long-wavelength
approximation r 05 c=o � l and the condition of sufficient
rarefaction of the gas medium were used: r 05 r, which can be
reformulated as r0 � 1=

������
nat3
p

4 aB. This condition is satisfied
up to gas medium pressures p � 1 bar, when k0=aB � 70 (at a
temperature of 300 K). The second approximation is the
condition of small excitation of atoms, such that the
populations of all excited levels are small compared to the
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population of the ground level. This condition is satisfied at
�qhrziEaE0�=��ho0�2 5 1. For example, for a hydrogen atom,
E0 � 13:6 eV, with a laser wavelength of 1 mm (the photon
energy is �ho0 � 1:2 eV) and hrzi � aB � 5� 10ÿ11 m, we
obtain the condition for the laser field strength:
Ea 5 2 GV mÿ1, which corresponds to an intensity of
I5 5� 1015 W mÿ2. In the case of strong excitation of
atoms by a laser field, including resonant excitation, an
analytical expression for the nonlinear susceptibility is
extremely difficult to obtain. However, in this case, numer-
ical calculations of the level population dynamics and the
spectrum of the averaged response field will allow one to
isolate the value of the nonlinear susceptibility of themedium.

Point out one important feature of the obtained expres-
sion (92). As is well known, in a homogeneous medium with
an inversion center, the signal of even harmonics should be
zero. Direct calculation using formulas (92)±(94) for even k
yields a zero signal at all frequencies o � �kÿ n�o0, where
n4 k is an even number. This agreement with the known
analytical fact confirms the validity of the obtained expres-
sions and can also serve as a measure of the accuracy of the
numerical calculation of the nonlinear susceptibility of the
medium. Indeed, to use expression (92), it is necessary to first
calculate the matrix elementsRk

nl; pm and �r kz �nm, which depend
significantly on the size and discretization of the spatial
computational grid. The fact that the signal of even
harmonics is zero can serve as a criterion for the sufficiency
of the grid size and discretization.

4.2 Nonlinear susceptibility of and harmonic generation
in argon gas
Consider argon as a gaseous medium. Choose a basis of
hydrogen-like wavefunctions unlm�r; y;j� with level energies
En (we neglect spin-orbit interactions, but take into account
the incomplete screening of the nuclear charge by inner-shell
electrons [167]):
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where Zeff is the effective charge of the remaining ion,
aB � �4pe0�h 2�=mee

2 is the Bohr radius, L�x� is the general-

ized Laguerre polynomial, Ylm�y;j� is the spherical function,
n; l;m and are the principal, orbital, and magnetic quantum
numbers, respectively. The value Zeff=n can be determined
from spectroscopic data on the energy levels of argon [168].
For the Ar atom, the values Zeff are collected in Table.

Note that the energy levels are approximate and do not
take into account fine and hyperfine level structure. There-
fore, the electronic structure defined in this way should be
considered a model, but one that approximates the actual
structure.

The values of the nonlinear susceptibilities w �3�, w �5� and
w �7� for the processes of generation of the 3rd, 5th, and 7th
harmonics, calculated using expression (92) under normal
conditions (pressure of 1 bar and temperature of 300 K), are
presented in Fig. 31 for the range of laser radiation
wavelengths from the visible to the mid-infrared. Note that
the resulting analytical expression (92) uses the assumption of
small amplitudes of the populations of the excited levels and,
thus, neglects the resonant transfer of population from one
excited level to another.

Nonlinear susceptibilities increasewith the laserwavelength
and differ severalfold for different frequency combinations:
w �3��o0�:w �3��3o0� � 3 :1, w �5��o0�:w �5��3o0�:w �5��5o0� �
10 :5 :1, w �7��o0�:w �7��3o0�:w �7��5o0�:w �7��7o0� � 30 :20 :6 :1
regardless of the laser wavelength.

A signal of a particular harmonic is generated through
several different channels. In the visible wavelength range, the
dominant contribution at frequency o � no0 is made by the
lowest-order susceptibility w �n�. However, the contribution of
higher-order susceptibilities is nonzero, although several
units or tens of times smaller. Figure 32a shows the
amplitude of the 3rd harmonic, normalized to the laser field
amplitude, for generation using nonlinear susceptibilities of
the 3rd, 5th, and 7th orders. These generation channels have
significantly different dependences on the laser intensity.
Therefore, at high laser radiation intensities, the efficiency

Table. Effective charge of the Ar remaining ion, determined from
spectroscopic data [168].

Level Zeff Level Zeff Level Zeff

3p 3.227 4f 1.005 5f 1.005

3d 1.123 5s 1.761 6s 1.559

4s 2.224 5p 1.545 6p 1.408

4p 1.830 5d 1.101 7s 1.445
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Figure 31.Nonlinear susceptibility of (a) the 3rd, (b) the 5th, and (c) the 7th orders in argon at the pressure of 1 bar and the temperature of 300 K [195].
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of the 3rd harmonic generation via the 5th- and the 7th-order
nonlinearities begins to exceed the efficiency of the generation
channel via the 3rd-order nonlinearity (circles in Fig. 32a).
This fact indicates the inconsistency of the series expansion of
the medium polarization in powers of the laser field and the
transition from the perturbative to the nonperturbative
regime of harmonic generation. In the visible wavelength
range, this occurs at laser radiation intensities
I > 1 TW cmÿ2, which is beyond the approximations used
in deriving the analytical expression (92). However, an
increase in the laser radiation wavelength leads to a decrease
in the intensity of this transition. The same trend ismanifested
in the case of 1st and 5th harmonic generation. A detailed
examination shows that the laser radiation intensity at which
this transition occurs scales with wavelength as lÿ4=3 for
channels w �3�=w �5�, as lÿ5=3 for channels w �5�=w �7� and as lÿ2

for channels w �3�=w �7� (Fig. 32b). Thus, the shift of the
wavelength to the mid-infrared range leads to the fact that
even at low laser radiation intensities (1010ÿ1012 Wcmÿ2) the
contributions of various nonlinear susceptibilities to the
harmonic signal become comparable.

Figure 33 compares the efficiency of 5th and 7th harmonic
generation for two different generation channels: the direct
channel on w �5� and w �7�, respectively, and the cascade channel
on w �3� (Fig. 33a). For any wavelength used from 500 nm to
8 mm, the direct channel is significantly stronger (by 5±6 orders
ofmagnitude in signal intensity) than the cascade channel. The
vast majority of models of laser radiation propagation in a
medium use only the nonlinear susceptibility w �3�, and higher-

order harmonics (greater than third) are generated via a
cascade channel. However, the result obtained indicates that
higher-order nonlinear susceptibilities cannot be omitted.

The approach proposed to calculating the nonlinear
susceptibilities of a medium can be combined with experi-
mental studies to identify promising gaseousmedia, including
synthetic ones, with increased high-order harmonic genera-
tion efficiency and a broader generated spectrum.

5. Conclusion

This review describes a nonperturbative approach to studying
the response of a single atom to an intense laser field, which
allows for the calculation of radiation-matter interactions at
the microscopic (quantum-mechanical) level. An interference
model is described that, taking into account the specific
interactions of radiation with atoms located in the medium,
allows for the calculation of the parameters of the generated
coherent radiation, taking into account both phase and quasi-
phase matching. A method for calculating the values of
nonlinear susceptibilities of arbitrary order in an extended
gaseous medium is described in detail. The resulting analy-
tical expressions can be used in modern programs for
calculating the propagation of high-power laser radiation in
matter. The influence of both the parameters of multi-
component arbitrarily polarized laser field and the para-
meters of the medium on the generation efficiency and
polarization properties of the generated coherent short-
wavelength radiation is analyzed.
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Experimentally oriented theoretical calculations carried
out using the described integrated approach showed good
qualitative, and in some cases quantitative, agreement with
the corresponding experimental results on the characteristics
of harmonic generation in gases (Ar, Ne, Xe, Xe� CO2)
[77, 82, 165], in plasma (Ag, In) [163, 170, 189, 196, 197], in
gas-cluster mixtures (Ar) [198], as well as on the generation of
terahertz radiation (CO2) [199].

The methods considered for controlling the properties of
the generated radiation open up new possibilities in the
creation of compact multispectral sources of coherent
radiation for various applications: for the spectroscopy of
macromolecular compounds; for the development of meth-
ods for real-time diagnostics of biological, pharmaceutical,
and composite materials in medical centers and industries; for
the creation of next-generation lithographic devices necessary
for micro- and nanoelectronics; for the development of
methods for conducting preliminary laboratory studies of
new materials with the subsequent use of mega-science class
facilities (synchrotron radiation sources, free-electron lasers);
for the development of methods for generating attosecond
laser pulses; and for the generation of `seed' radiation in
modern X-ray free-electron lasers, which allows for the
improvement of both the energy and coherence properties of
the generated radiation [200].
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