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Abstract. Although Kkinetic equations for various scattering pro-
cesses have proven their practical significance, the question about
their area of applicability and derivation from the initial dynamic
equations is satisfactorily solved only for the case of gases. This
question remains relevant for kinetic equations describing both
nonlinear wave processes and transport phenomena in semicon-
ductors. Using the simplest example of elastic scattering, we show
that the validity of the kinetic equation for the distribution function
ny implies the existence of an internal characteristic time scale 74
much smaller than standard scattering times such as the transport
time 7;. The time 7, corresponds to the rapid stochastization of the
phases of the waves (quasiparticles). As show our estimates, this
time satisfies the inequalities | < w; 7, < Wy Ty, Where wy = ¢ /7
is the characteristic frequency of the quasiparticles. This means
that over time 7, the density matrix p, \ ' relaxes to the diagonal
form 7 6,_y/, so that its contribution to transport phenomena is
small in the parameter 75/, compared to the contribution of 7.

Keywords: kinetic equations, scattering processes, density
matrix, stochastization time, transport time

1. Introduction

Kinetic equations for the distribution function ny (occupancy
numbers), where k is the quasi-momentum, have long proven
their significance and are widely used to describe a big
number of classical and quantum physical phenomena.
These include a variety of transport phenomena in gases and
solids [1-7], including photovoltaic phenomena [§—11], as well
as nonlinear wave phenomena in hydrodynamics and plasma
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[12-14]. A general property of kinetic equations (KE) is that
they are time irreversible (dissipative) and contain, in addition
to ny, only the first time derivative Ony/0t. The relative
simplicity of KE allows one to calculate such properties of
nonequilibrium statistical systems as relaxation times, ny
spectra, photocurrents, etc. A more general description
within the framework of the single-particle approximation is
the description of kinetic phenomena using the density matrix
Pk x> the diagonal elements of which give ny. The efficiency of
the KE method is due to the fact that, as a rule, the off-
diagonal elements of the density matrix (with k # k') can be
considered relatively small. The present scientific develop-
ment places steadily growing demands to the methods of
kinetic description.

Unfortunately, a consistent derivation of KE from the
initial conservative dynamic equations is known only for the
case of gases [1]. In the overwhelming majority of cases, the
KE are postulated using intuitive considerations about the
probabilities of elementary processes [1-7]. This can lead to
misunderstandings and elementary errors [15]. The question
about the nature and status of the relation py / ~ ngdy_y
does not arise in this case. In the literature, one can find only
indirect evidence that the smallness of the off-diagonal
elements p, |/ is associated with a rapid stochastization of
the quasiparticle phases (loss of coherence) [14, 16]. In
nonlinear optics, a phenomenological method for taking
kinetic effects into account in equations for the density
matrix is widely used [17]. In the framework of this method,
the relaxation times of diagonal and off-diagonal elements of
the density matrix are distinguished (but not calculated). A
similar phenomenological approach was recently used in a
study of the bulk photovoltaic effect [18], while the relaxation
times for ny and py - did not differ. Thus, the question about
the need to proceed beyond the KE remains open. Accord-
ingly, the question about the magnitude of the observed
effects also remains open.

The aim of this work is to show, with regard to elastic and
quasi-elastic scattering, that the phase stochastization time 74
(i.e., the relaxation time of the off-diagonal elements p, /) is
much shorter than the times associated with the relaxation of
nk, including the transport time 7. This not only substanti-
ates the validity of the corresponding quantum equations, but
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also proves the validity of the kinetic description of photo-
voltaic phenomena [8—11] and the smallness of the corrections
related to the off-diagonal elements of the density matrix. Our
approach is based on the classical Hamiltonian formalism for
normal wave (quasiparticle) amplitudes [12, 14], which is
easily transferred to the quantum case.

2. Derivation of the kinetic equation

The simplest and most important for the subsequent is the KE
for elastic scattering

aaitk = ;(Wk,k’nk' = Wi xm) (1)
where Wy = W_gs _y is the probability of transition per
unit time from state k’ to state k, proportional to the
concentration of scattering centers Ny and the energy delta
function d(ek — ). In this form, Eqn (1) is applicable to any
particles of the same type — electrons, phonons, etc.,—even
in the absence of central symmetry, when Wy \ # Wy . i.e.,
there is no detailed equilibrium [15]. In the Born approxima-
tion Wy x = Wy . The absence in KE of the quantum
factors (1Fnx) and (1 Fn) for fermions and bosons,
which appear erroneously in most books, corresponds to a
correct accounting of the occupation numbers in intermediate
states beyond the Born approximation. The presence of such
factors would lead to an obvious absurd: in the absence of
detailed equilibrium, the kinetic equation for phonons would
be nonlinear (quadratic) in ny in the classical limit zx > 1. The
simple form of KE simplifies the subsequent consideration.

To achieve the goal of this paper — the justification of a
rapid phase stochastization—we will first consider the
derivation of KE from conservative dynamic equations in
their simplest Hamiltonian formulation. Our derivation is an
adaptation (as applied to elastic scattering) of the method
presented in [12—-14], but does not repeat it. We assume that
the normal complex amplitudes of the waves ay, a,;, which are
independent, obey the classical Hamiltonian dynamic equa-
tions [12, 14]
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In the case of elastic scattering, the Hamiltonian H can be
chosen in the form

H:Z Wk, |ak1 |2+ Z (V‘l aklak*zbq 5k|*k2+q + C.C.) ) (3)
ki q.ki>

where wg = g/h is the frequency, Vyq = v, are coupling
coefficients with the frequency dimension, bq are static
complex amplitudes with random phases (relevant to ran-
dom positions of the scattering centers) and a unit modulus.
This corresponds to a nonzero statistic average
(b4bq’) = Sq—q'- In our approach, the distribution function
ng = (lax|*), and the density matrix is the correlation
function, py \» = (agay’).

In the standard transition from summation to integration
over k in Eqn (2), the partial derivative with respect to g has
to be understood as the variational derivative 6/da,. The
normal amplitudes ax,a; can be viewed as the classical
analogue of quantum creation and annihilation operators. A
slight generalization of Eqn (3) allows one to describe
electron-phonon scattering with phonon amplitudes bq(?)

and frequencies Q4. It is sometimes useful to add an infinitely
small wave damping O to the left-hand side of the conservative
dynamic equations (2), ensuring the correct choice of the time
direction.

Next, it is important to follow the assumptions by which
from the dynamic equation

. adk
IE = wgag + 2 %: Vk—klak]bk—kl s (4)

relevant to Hamiltonian (3), we obtain the kineticequation (1).
For the distribution function, we have from (4):

a\ak|2 ank %
< o1 >~ E = 411’1’1%: Vk—k1 <bk_k,akakl) . (5)

Replacement the average of the derivative with the derivative
of the average on the left-hand side is a common practice in
deriving various KE in [12-14]. This replacement requires a
justification, which, however, is outlined only in [14]. This
justification is the possibility of averaging on a time scale
which is much shorter than the characteristic time of the
change of ny. This small time is associated with the time of
phase stochastization g, i.e., the loss of coherence. In the
absence of such a small time scale, the transition to the KE
would be impossible. In the presence of the small scale s,
replacing the average of the derivative by the derivative of the
average is analogous to that in deriving, for example,
Maxwell’s macroscopic equations from microscopic ones. In
contrast to [14], we do not assume that t; ~ w, '. Such an
assumption appears unnatural in the case of elastic scattering.
Moreover, it would imply that the irreversibility of the kinetic
process is due to the conservative dispersion effect. Below, we
relate 7, directly to the properties of the random scattering
process.

The triple average (bx_k,ayax,) appearing in Eqn (5)
depends on the wave phases. Owing to the rapid phase
relaxation, this average adiabatically follows relatively slow
changes in nx (7). This means that when taking the average
from the equation for bx_y, @y ax, , which follows from Eqn (4),
we must neglect the time derivative. In addition, one should
take into account the obvious relationship (bybgaxaw) =
nkdq—q' O _k'- As a result we obtain

Vltfkl (nk] - nk)
Wk, — Wk — 210 ’

(6)

(bx—x, ax ax,) =

Keeping the seed decay 0 in the denominator is crucial even
though its magnitude is negligible compared to wy. When
substituting Eqn (6) into (5), this denominator yields a delta
function according to the relation Im (wg, — wi —i0)~" =
no(wk — wx, ). As a result, we obtain the desired kinetic
equation (1), in which W = 41t|Vk,kr|2 x 0wk — wy).
The symmetry property W\ = W) is associated with the
use of the Born approximation; this approximation is
sufficient for the purpose of our work.

3. Stochastization time

Now we consider the question about the rate of phase
stochastization, i.e. the inverse stochastization time t;l. To
do this, we select the random part of the phase
@y = argag + okt and obtain, using the statistical properties
of the amplitudes bq, from the dynamic equation (4) for the
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quadratic average of the time derivative:
(py =2
q

The initial distribution @, can be considered coherent or
partially coherent. It is noteworthy that the obtained
expression does not contain the frequency delta function.
Note also that the absolute value of the ratio in Eqn (7) tends
to 1 as ¢ — 0. The stochastization rate can be defined as
Po=1,1 = [(q)k>]1/2 It should be compared with the stan-
dard relaxation rates (inverse times) defined using the kinetic
equation (1). This is the inverse escape time y5 = > _,» Wy
and the inverse transport time y, =71,
> k' Wi k(1 —cos0), where 0 is the scattering angle [3]; the
time 7, determines such an important characteristic as the
mobility of charge carriers at constant current. It should be
kept in mind that the used approximation of nearly free
particles makes sense only under the condition y (, ; < k.
Violation of this condition most likely leads to localization
effects.

The fundamental difference between the expressions for
0. and yg is noteworthy While the rates 7y,  can be roughly
estimated as \V | /wx, the rate y is roughly estimated as
|Vy. |, where q, is some characteristic value of q. In this case,
the ratio 7, ./ys is roughly estimated as |V |/wk, which is a
small parameter within the concept of almost free particles.
Moreover, it is important to keep in mind that the probability
of elastic electron scattering Wy \ usually increases sharply as

2
Adk—
==Vl (7)

0 — 0 (ie., for forward scattering). This is especially
important for scattering by charged defects; here
Wi k' o 0~* as 0 — 0, necessitating a ‘cutoff’ at small angles

[2, 3]. The presence of the factor (1 — cos §) ~ 62 /2 for  — 0
should lead to an additional decrease in the ratio y,, /7.

4. Quantitative estimates

To make more accurate estimates, we consider the case of
electrons, switch in the standard way from summation to
integration over k or ¢, and adopt the assumptions of
isotropic scattering, Vq = V(g), and a quadratic dispersion
law, wy = fik? /2m, where m is the effective mass. In addition,
we restrict ourselves to the case of scattering by charged
defects. Under the assumptions made, the summation is
replaced by the integration over dk with |V \ replaced by
(No 712 J4mm?) ¢(0), the differential scattering cross section
a(0) = 1/4sin*(0/2)k*a}, Bohr radius ag = €o/i*/me?, and
the static permittivity ¢ [3]. Note that sin(0/2) = ¢/2k, and
the exact expression for (0) used above coincides with that
calculated in the Born approximation. When calculating 7y,,,
the integral over 6 diverges logarithmically at the lower limit.
This divergence can be resolved by ‘cut off” in 0. Taking into
account the decrease of the scattering angle wrth increasing
impact parameter, we obtain that Oy, = 4N /a]g,k2 this
corresponds to an impact parameter equal to half the average
distance between scattering centers [3]. As a result,
Ve & 8nwy X ANy/agk?, where A = In (2/0min). The dimen-
sionless parameter 1 = Ny/agk® has to be very small to
ensure the inequality y,. < wy. Note also the useful relation
03. = 64n/kag; it emphasizes the importance of small values
of n and sufficiently large values of kag.
When estrmatlng ys from Eqn (7), we assume that the
function |ay_ q/ak| decreases in qrapld enough for ¢ = k, such
that the singularity |V(g)]* o< 1/¢* for ¢ — 0 is of prime

importance. In this case, it is easy to obtain that

s 2\/7601( x 0 1/2 1/2 (8)

min
The factor GI;IH/ 2 > 1 comes from our ‘cut off’ procedure. A
necessary condition for the applicability of Eqn (8) is
obviously the inequality /7 < 1, it is stronger than the
condition for the validity of the above estimate for y,,. For
the ratio y,,/y,, we obtain up to a numerical coefficient:

Vi 12 2
T 021 (=),
oo () o)

Both factors on the right-hand side are small, and the
smallness of /i is of a more fundamental nature. The
smallness of the product 9;1{11 In (2/0min) is due to the
Coulomb divergence of the scattering cross section. If we
ignore the influence of this factor, then the estimate (9) can be
rewritten as y,. /7, ~ 7,/wr < 1, emphasizing the importance
of the condition for the applicability of the concept of nearly
free electrons. The analysis performed confirms the estimate
made above from general considerations and indicates that
the phase stochastization time is always much shorter than
the transport time.

At a sufficiently low concentration Ny, scattering by
phonons can become the dominant scattering mechanism.
The derived kinetic equation can be easily generalized to this
case as well. To do this, it is necessary to consider by as the
phonon amplitude, add the phonon contribution
>y Qqlby* to the Hamiltonian (3), and include the
dynamic equation i0,by = 0H/0b,, see also [12, 14]. The
phonon distribution function Ng = (bybe) can then be
considered thermodynamic equilibrium (Rayleigh) function.
The main conclusions about the status of the stochastization
time are naturally transferred to this case.

It is also important to touch upon the quantum mechanic
derivation of the kinetic equations. In this case, it is necessary
to use the commutation dynamic equation for the density
matrix py v = (a4, ), in which 4, and d, are the creation
and annihilation operators. The quantum approach leads to
some complication of the derivation procedure because of the
use of quantum commutation relations, but leads to the same
conclusions, see [15]. The relation (7) in this case corresponds
to the probability amplitudes of scattered electrons.

5. Discussion

In essence, the above discussion suggests the existence of a
simple alternative: If the kinetic equation for scattering
processes is valid, then there is a rapid stochastization of the
phases, 75 < 7+ and py v = nkdy_y. If such a rapid stochas-
tization is absent, then the KE for ny is not applicable. Thus,
the validity of the KE implies that the response of the system
at times ¢ <15 (and, accordingly, at frequencies w 2 2m/75) is
controlled not by the transport time ty,, but by 7.

The same is applicable to the recent work [18]. In this
work, the photocurrent for transitions from the valence to
conduction band in a noncentrosymmetric cubic crystal of
class T, was calculated not as previously [9, 19-21] using the
KE for the electron and hole distribution functions ng and n,
but using the electron-hole density matrix pk v~ This was
motivated by the presence of significant off-diagonal ele-
ments of the velocity operator ve‘}:, in the basis of Coulomb

K, ¢
wave functions. In this case, the momentum relaxation was
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phenomenologically described by a single relaxation time 7.
In the case of a discrepancy with the previous kinetic
approach, the work [18] would have claimed a significant
revision of the theory. However, the results of current
calculations within the framework of a single-band model
with and without taking into account off-diagonal effects
coincided. Leaving aside the reasons for this coincidence, it
can be argued that there is no reason to revise the theory by
taking into account the off-diagonal elements of the density
matrix. This result is important in the context of the ongoing
discussion about the ratio of contributions to the photo-
current caused by the asymmetry of the n]‘:’h distributions and
those not associated with this asymmetry —the so-called
ballistic and shift currents, see [11, 22-24].

What are possible manifestations of the short stochastic
time 7?7 Most probably, the simplest of them is the spectral
dependence of radiation absorption by free charge carriers,
accessible to experiment. We are talking about the linear
response of the system. For a parabolic zone and radiation
frequency w < kgT/h, when the classical kinetic description
is valid, the imaginary part of the permittivity responsible for
absorption is traditionally expressed in terms of 7!
¢ =—tpo)/o(o’t; + 1), where @, is the plasma fre-
quency [4, 5]. Accordingly, the absorption coefficient propor-
tional to we) should have a Lorentzian spectrum and be
proportional to the concentration of free carriers. In the
context of our consideration, the given expression for ¢ is
valid only for v < 2m/7s. At higher frequencies, the modifica-
tion of the Lorentzian dependence associated with the
stochasticization of the carrier phases can become impor-
tant. Experimental data conducted at different carrier
concentrations show significant deviations from the pre-
dicted Lorentzian dependence [5]. This effect deserves
attention, but consideration of its theoretical and experi-
mental details is beyond the scope of this work.

In addition to the KE for scattering by impurities and
phonons, there is an important class of classical kinetic
equations describing the interaction (decay and merge) of
waves owing to various conservative three- and four-wave
nonlinear processes [12—14]. These kinetic equations cover a
wide range of observable phenomena in plasma and hydro-
dynamics. Unlike the KE considered above, they do not
explicitly contain elements responsible for the violation of
time reversal invariance, such as scattering by randomly
located impurities or thermal phonons. Instead, they incor-
porate various kinds of instabilities leading to spatiotemporal
amplification of waves from noise and, thus, to phase
stochastization. The question of the value of time t, for such
equations is not fully resolved, although the role of dispersion
seems to be important [14].

It should be noted that elementary mechanisms illustrat-
ing the transition to chaos in dynamic systems have been
actively considered in the literature, see, for example, [16, 25].
However, they do not reveal a direct connection with the
properties of kinetic equations.

6. Conclusions

We have shown that the condition for the applicability of the
kinetic equations describing the scattering of quasiparticles
on impurities and phonons is the smallness of the phase
stochastization time 7, compared to the transport time 7
dictated by the KE itself. The ratio t, /7y, in this case turns out
to be small with respect to the main parameter of the theory

(rsw)_l < 1. Because of this, the density matrix py y+ quickly
relaxes to the diagonal form nydy_y ', such that the contribu-
tion of the off-diagonal elements to the observable quantities
turns out to be small compared to the contribution from the
distribution function. This circumstance not only clarifies the
status of the KE, but is also important for the analysis of the
actual photovoltaic effects.
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