
Abstract. The main ideas and the most important results of the
spherically symmetric self-consistent approach and a number of
related theoretical algorithms are presented. Thesemethods make
it possible to study low-dimensional Heisenberg-type spin models,

including frustrated ones, with careful consideration of the theore-
tic (Mermin±Wagner and Marshall) theorems, as well as the site
spin constraint. Thus, the difficulties that may arise in the tradi-
tional analysis of low-dimensional magnetic systems are avoided.
The approach can also be applied to the spin-pseudospin model,
and is also embedded in more complex constructions when con-
sidering spinmodels with free carriers, such as the basic and three-
band Hubbard models, tÿJ and sÿd models, and the Kondo
lattice.

Keywords: low-dimensional magnetism, multi-exchange
Heisenberg model, frustration, spherically symmetric ap-
proach

1. Introduction

In low-dimensional systems, includingmagnetic ones, the role
of quantum fluctuations is significant. Frustration serves as
an additional disruptive factor. Frustration in compounds
with localized magnetic moments can lead to interesting and
often nonintuitive effects. For example, it can lead to the
formation of a nontrivial spin configuration or the loss of spin
ordering even at zero temperature. Like the role of quantum
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fluctuations, frustration effects are particularly strong in low-
dimensional, particularly two-dimensional, systems.

The description of these effects within the framework of
traditional methods of magnetism theory can be difficult,
which prompts the search for alternative algorithms. One
such approach is the spherically symmetric self-consistent
approach (SSCA) (or, in Western terminology, rotation-
invariant Green's function method (RGM)).

Kondo andYamaji [1] proposed the RGM idea for the 1D
Heisenbergmodel half a century ago in their pioneering work.
The idea is conceptually simple: in the chain of equations for
two-time retarded spin-spin Green's functions, decoupling is
performed not at the first step (as is traditionally done [2]), but
at the second step. This scheme allows the spin state to be
described not through the average spin, which can now be
zero, but through spin-spin correlators. 1

The next impetus for the development was given after the
advent of high-temperature superconducting cuprates: in
almost simultaneously published papers [4] and [5], the
Kondo±Yamaji method was extended to the two-dimen-
sional square Heisenberg lattice, which is relevant for
cuprates. Almost immediately, a version for a frustrated
lattice was developed with exchanges on the first and second
neighbors [6, 7].

Subsequently, the RGM was repeatedly modified and
supplemented, and was also extended to more complex
models. Initially, of course, all these developments were
driven by the search for a theory of high-temperature
superconductivity (HTSC). Later, this self-limitation was
lifted, and now this area of research can be considered quite
independent and fully formed.

Below, the main ideas and some of the most important
results of the RGM are presented, primarily using the
example of a two-dimensional square lattice.

2. Preliminary remarks

2.1 Space dimensionality
2.1.1 3D and 1D.TheRGMprovides a reasonable description
of the paramagnetic state of a magnetic system (the average
spin at a site is zero, hŜii � 0) with strong spin-spin
correlations. Therefore, it is applicable, for example, in the
three-dimensional case at temperatures slightly above the
Curie or Ne�el temperature, of course, outside the fluctuation
region. 2

In the opposite (one-dimensional) limit, the use of the
RGM ismeaningless due to the existence of an exact solution.
However, the RGM can be used for frustrated or so-called
decorated one-dimensional systems and for several weakly
coupled chains, where there is no exact solution [8±12]. The
same applies to several weakly coupled planes [13±15].

2.1.2 2D. A natural domain of application for the RGM is
purely two-dimensional systems. Here, two lines of research
have traditionally existed: the `line of exact theorems' and the
`line of weak three-dimensionality.'

In the first case, the basic thesis is as follows: theMermin±
Wagner theorem [16] in 2D forbids spontaneous symmetry

breaking at T > 0; i.e., the familiar picture of a magnet with
an average spin hŜii 6� 0, directed either in one or in
alternating directions, is inadequate. Furthermore, the Mar-
shall theorem [17] requires a singlet ground state for the
antiferromagnetic phase. Accordingly, standard analytical
methods applicable in 3D must be modified to account for
these constraints.

The second approach is based on the thesis: ``strictly two-
dimensional systems do not exist.'' Weak three-dimension-
ality effects are always present, which automatically rules out
2D restrictions. In the worst case, we are dealing not with
long-range order, but with an exponentially large correlation
length. The Marshall theorem, which is only valid at zero
temperature, can be neglected entirely. Therefore, standard
methods need only be modified to the extent required by the
specific geometry (number of nearest neighbors, filling of
coordination spheres, etc.).

The debate between these two concepts, which was quite
heated during the early HTSC boom, subsequently died
down, and now they peacefully coexist. Some of the basic
properties of a 2D magnetic system, calculated within the
framework of either concept, coincide qualitatively and semi-
quantitatively. However, there are also significant differ-
ences. An analysis of these differences would take too much
space and is not the purpose of this paper.

The RGMbelongs to the first approach. In this approach,
the state of the magnetic systemÐfor any number and any
sign of exchange interactions, at any temperature T5 0Ð is
singlet, all sites are equivalent, the average spin at a site is zero
hŜii � 0, and the spin (long-range or short-range) order is
described by spin-spin correlators.

Thus, in the RGM, neither of spin nor lattice symmetry is
broken.

2.2 Lattice geometry
Thus, a natural application area of the RGM is the 2D spin
lattice. The next issue concerns the specific geometry of this
lattice.

Lattices with geometric frustration occupy a special place,
i.e., those in which the antiferromagnetic checkerboard
pattern is impossible (triangular lattices, Kagome lattices,
and in 3D, these are pyrochlore and hyper-Kagome lattices,
etc.). In systems of this kind, the concept of chirality (the
difference between right and left) and a host of other striking
effects, including skyrmions, naturally arise. Research in this
area is extensive and of considerable interest (see, for
example, reviews [18±20] and the references therein). Here,
the RGM has proven itself to be a quite effective method
(triangular lattices [21±26]; Kagome lattices, including quasi-
three-dimensional ones [13, 27±29]; hexagonal lattices,
including quasi-three-dimensional ones [30, 31]; and pyro-
chlore lattices [32, 33]).

However, we will focus on another caseÐa square
lattice (note that frustration also arises in this lattice, but
for different reasons). Numerous compounds with weakly
coupled square (or reducible to square planes via super-
exchange) magnetic planes have been experimentally stu-
died. The best-known and best-studied are the HTSC
cuprates, but, we repeat, they are by no means the only
ones.

As for lattices with geometric frustration, this area
deserves separate consideration, and even a brief analysis
would increase the scope of this review to an unacceptable
level.

1 The idea of extracting spin-spin correlators from the Green's function

was proposed in [3] long before Kondo and Yamaji, but there it was done

at the first step after algebraic manipulations.
2 In fact, the RGM in 3D works over a wide temperature range; for more

details, see Section 12.
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2.3 Spin magnitude
Thus, below we consider the application of HTSC using the
example of a 2D square spin lattice. A final preliminary
remark concerns the spin magnitude.

In principle, the method works for any spin (see, for
example, [29, 32, 34, 35]). However, as can be shown, for the
most interesting antiferromagnetic case, calculations within
the RGM framework for spin S > 1 lead to the following: the
gap in the spin excitation spectrum at the antiferromagnetic
point of the Brillouin zone Q � �p; p� is exponentially small
up to temperatures on the order of the exchange interaction.
Accordingly, the correlation length is exponentially large.
Although the state of the system in the RGM in this case
remains singlet, all calculated quantitiesÐ the spectrum of
spin excitations, the structure factor, and the magnetic
susceptibilityÐare almost identical to those obtained using
the standard spin-wave approach or approaches close to it.
Thus, for large spins, the RGM, although applicable, appears
to be redundant.

The case ofS � 1 is intermediate and is also studied within
the RGM framework for various lattices [24±26, 29, 32, 35,
36] (in some lattices, the case of arbitrary spin is also analyzed
[29, 32]). However, the vast majority of studies consider
S � 1=2, where the differences between the RGM results
and those of the spin-wave approach (or approaches close to
it) are often significant.

3. J1ÿJ2ÿJ3 model, a sequence of complications

3.1 Hamiltonian
Thus, we consider a two-dimensional square lattice, with each
site assigned a spin of S � 1=2 (exceptions will be discussed in
Sections 10±12).

The Hamiltonian has the standard Heisenberg form, and
three cases are examined: interactions between nearest
neighbors only, nearest neighbors and next-nearest, neigh-
bors on the third coordination sphere (Fig. 1a). Thus, the
Hamiltonian has the form:

Ĥ � J1
X
hi; ji

ŜiŜj � J2
X
�i; j�

ŜiŜj � J3
X
fi; jg

ŜiŜj : �1�

Here hi; ji, �i; j�, and fi; jg denote summations over pairs
(bonds) of nearest-neighbor sites, second-neighbor sites,
third-neighbor sites, respectively; as already mentioned,
�Ŝi�2 � 3=4.

3.2 Sequence of complications
The choice of a model with three exchanges is not random. At
each subsequent step of increasing the complexity of the
model, qualitatively new effects arise. Looking ahead, we
will describe them briefly (details and references will be
presented in Sections 7.1±7.3).

Model J1. A two-dimensional antiferromagnet (AFM)
and ferromagnet (FM) are described in exact accordance
with the Marshall [17] and Mermin±Wagner [16] theorems.
The state of the system at T5 0 is a singlet with zero average
spin per site. There is no spontaneous symmetry breaking in
spin space. In direct space, translational invariance and lattice
symmetry are preserved.

At T � 0, long-range order arises: the modulus of the
spin-spin correlator at infinity hŜ0ŜRi�R!1� reaches a
nonzero asymptotic value, the sign of the correlator is
constant for the FM case and alternates in a checkerboard
pattern in the AFM case.

Spin constraint condition hŜ 2
i i � 3=4 is satisfied at each

site exactly. 3 Note that in the standard spin-wave approach
and similar approaches, the need to satisfy this condition is
usually simply ignored; in some other approaches, for
example, in the auxiliary boson method [37], the constraint
is satisfied only on average over the entire system.

Model J1ÿJ2. All of the above mechanisms are valid. At
T � 0, three phases with long-range order are realized: AFM,
FM, and stripe phase, as well as two disordered spin-liquid
phases. The loss of long-range order upon transition to a spin-
liquid state is a canonical example of a quantum phase
transition [38]. At T > 0 and for any J1 and J2, long-range
order is absent; short-range order evolves in accordance with
the structure of the zero-temperature phase.

Model J1ÿJ2ÿJ3. In addition to the phases listed above,
three different helical spin phases appear. It is significant that
the helices arise without the Dzyaloshinsky±Moriya interac-
tion ([39±42], see also the recent review [43]).

Furthermore, within a certain range of parameters, a state
with two interpenetrating long-range orders is realized.

Finally, a model with more than three exchanges is
difficult to justify physically. For the three previous cases
considered above, physical realizations do exist.

Let us emphasize once again that the different phases and,
accordingly, the phase transitions between them in the RGM
occur only atT � 0. AtT > 0, the state of the system is always
paramagnetic, although strong correlations remain, and their
structure depends on the exchange parameters.

As a side remark, note that in a triangular lattice, despite
its completely different geometry, the effects arising with an
increase in the number of exchanges are qualitatively similar.
At T � 0, the inclusion of J2 leads to new long-range-order
structures as well as disordered regions; at T > 0, the number
of distinct short-range-order structures increases. The third
exchange J3 generates incommensurate helicoidal structures
[24±26].

4. Magnetic order in the classical limit

4.1 Emergence of new phases
with increasing number of exchanges
Beforemoving to the ultraquantum limitS � 1=2, it is natural
to consider the opposite (classical) limit S4 1.

3 The term constraint has become commonly used in the RGM literature.

J1
J2

J3
C X

X Qa
b

Figure 1. (a) First, second, and third nearest neighbors for a 2D square
lattice and the corresponding exchange parameters. (b) Standard
notations for symmetric points in the Brillouin zone of a square
lattice: C � �0; 0� is the zero (FM) point, X � �0; p�; �p; 0� are stripe
points, and Q � �p; p� is the AFM point. A quarter of the full zone is
shown.
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In this limit, on a 2D square lattice, any long-range
orderÐcommensurate or incommensurateÐ is described
by the standard ansatz (planar helix) [44, 45]

Sr � e1 cos �q0r� � e2 sin �q0r� ; �2�

where e1 and e2 are in-plane orthogonal unit vectors (the spin
length is normalized to unity here), and r is the radius vector
of a lattice site. The point q0 in the Brillouin zone, which
determines the magnetic order, is sometimes called the
control point. A quarter of the Brillouin zone of a square
lattice with the accepted notations for symmetric points is
shown in Fig. 1b.

For given values of the exchange parameters J1, J2,
and J3, the spin structure is found by substituting (2)
into (1), where the spin operators are replaced by
classical vectors of unit length, and minimizing the
classical energy with respect to the position of the
control point q0.

For the J1 model, with a unit normalization of the
exchange parameter jJ1j � 1, the set of exchange parameter
values represents two points J1 � �1. Substitution (2) yields a
trivial result: for J1 > 0, the AFM phase is realized �control
point q0 � Q � �p; p��, 4 and for J1 < 0, the FM phase is
realized �control point q0 � C � �0; 0��.

For the J1ÿJ2, it is natural to use the parameterization

J1 � cosj; J2 � sinj; 04j4 2p;
����������������
J 2
1 � J 2

2

q
� 1 :

�3�
Then the set of exchange parameter values represents a
circle of unit radius. Substitution (2) leads to slightly more
complex equations, whose solution reveals that, in addi-
tion to the AFM and FM phases, a stripe phase also
appears. It is represented by alternating stripes with spin
up and spin down. This state is doubly degenerate with
respect to the two possible stripe directions. The control
points for the stripe phase are q0 � X � �0; p�; �p; 0�. The
regions of existence of the three phases are shown in
Fig. 2a.

The J1ÿJ2ÿJ3 model. Here, a `spherical' parameteriza-
tion is convenient 5

J1 � cos �c� cos �j�; J2 � cos �c� sin �j�; J3 � sin �c�;

04j4 2p; ÿp=24c4 p=2;
������������������������
J 2
1�J 2

2�J 2
3

q
� 1 :

�4�
The set of values of the exchange parameters represents a
sphere of unit radius.

Substitution (2) yields rather cumbersome equations,
whose solution leads to the appearance of three more
phases. All possible control point positions and the corre-
sponding values of their classical energy are listed below:

q0 E �q0�
1 �0; 0� 4�J1 � J2 � J3�
2 �p; p� ÿ 4�J1 ÿ J2 ÿ J3�
3 �0; p�; �p; 0� ÿ 4�J2 ÿ J3�

4 �0; q1�; �q1; 0� 2J1 ÿ �J1 � 2J2�2
4J3

; �5�

5 �p; q2�; �q2; p� ÿ 2J1 ÿ �J1 ÿ 2J2�2
4J3

6 �q3; q3� ÿ 4J3 ÿ J 2
1

J2 � 2J3

where the following notation is used:

q1 � arccos

�
ÿ J1 � 2J2

4J3

�
; q2 � arccos

�
ÿ J1 ÿ 2J2

4J3

�
;

q3 � arccos

�
ÿ J1
2J2 � 4J3

�
: �6�

In expressions (5), the first three phases are the already
mentioned FM, AFM, and stripe structures. The remaining
three phases 4±6 are spin helices (helical phases), the spins
rotate from site to site, and the period of the spin structure is
generally incommensurate with the lattice period.

4 Sometimes, the notation M is used for this point in the literature.

J1

J2

FM AFM

Stripe

a

45

c

j

30

15

0 45 90 135 180

X Q

XQ

(q; q) (q; q)

(q,0)

(0,0)(p; p�

(p,q)

(p; 0�

b

Figure 2. (a) Phase diagram of the J1ÿJ2 circle for a square lattice in the classical limit. AFM, stripe, and FMphases are realized. Transitions to the stripe
phase occur at 0 < J2 � �J1=2. (b) Flat scan of a portion of the phase diagram of the classical J1ÿJ2ÿJ3 sphere, 04j4 p, 04c4 p=2. The control
point positions are shown. The inset shows a quarter of the Brillouin zone.

5When studying local sections of the parameter domain, parameteriza-

tions other than (3) and (4) are often convenient. However, in the complete

exchange domains, (3) and (4) seem to be the most adequate.
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Figure 2b shows a flat scan of the most interesting quarter
of the full sphereÐ the phase diagram 04j4 p, 04c4
p=2, i.e. 15 J1 5 ÿ 1, 04 J2 4 1, 04 J3 4 1 (angles are
shown in degrees. 6 All experimental data on quasi-two-
dimensional compounds known to the authors fall within
this region.

4.2 Features of the classical phase diagram
The following features of the phase diagram are noteworthy.

1. For FM, AFM, and stripe phases, the control point is
stationary throughout the entire region of existence of the
corresponding phase and abruptly changes position upon
transition to another phase. For helicoids, however, as the
exchange parameters change, point q0 moves along the
symmetric lines of the Brillouin zone in accordance with (6).
For helicoids Nos 4±5 from expressions (5), this movement is
along the sides of the Brillouin zone, while for helicoid No. 6,
it is diagonal. Thus, helicoids with a varying pitch perform a
continuous transition between symmetric points.

We emphasize that, as mentioned above, in the J1ÿJ2ÿJ3
model, spin helices arise already in the classical limit, without
breaking inversion symmetry and without invoking the
Dzyaloshinsky±Moriya interaction.

2. The entire region of exchange parameters can be
divided into frustrated and nonfrustrated ones. In the
nonfrustrated region, all exchanges operate in one direction,
and all bonds are fully saturated. The simplest case is
J1; J2; J3 < 0, when all three exchanges favor the FM phase.
Another example is J1 > 0, J2 < 0, J3 > 0, with all bonds in
the AFM configuration being saturated.

The literature discusses the types and extent of frustration
[45] and (in the quantum case) its connection with entangle-
ment [46±48], but we will not pursue this direction further
here.

The quadrant of the full phase diagram shown in Fig. 2b is
maximally frustratedÐ in the sense that if at least two
exchanges are nonzero, then all bonds in Hamiltonian (1)
cannot be simultaneously saturated. In the remaining three
quadrants, this is not true for at least one of the bonds.
Frustration leads to the appearance of an intermediate stripe
phase between the AFM and FM phases, and, for J3 > 0,
frustration also leads to the appearance of helicoids. In the
quantum case, the consequences of frustration are even more
profound (see below).

3. The question of the experimental feasibility or funda-
mental nonfeasibility of specific states can be discussed. It is
clear, for example, that the case J3 4 J1; J2 is unlikely to ever
be observed experimentally. In this sense, it is significant that
some helicoids arise even at small J3 values. In general,
however, this question does not admit a definitive answer.

4.3 On the quantum phase diagram
Thus, in the classical limit of the J1ÿJ2ÿJ3 model, six spin
configurations are possible: FM, AFM, stripe, and three
different helices.

Within the framework of the RGM, in the ultraquantum
limit ofS � 1=2 atT � 0, the situation is qualitatively similar:
all these long-range-order phases are possible (although the
long-range order itself is described not by the average site
spin, but by spin-spin correlators). However, even at T � 0,
states without long-range order (spin liquids) may also occur.

In the phase diagram, they arise between long-range-order
phases in the presence of frustration.

At T 6� 0, long-range order is impossible; short-range
order evolves with changing exchange parameters in accor-
dance with the structure of zero-temperature phases. A
detailed description is given below in Section 7.

5. Algorithm of the spherically symmetric
self-consistent approach

5.1. Calculation scheme
Let us return toHamiltonian (1). The primary calculated quantity
in the RGM is the double-time retarded Green's function [49]

Gzz
nm�



Sz
n jSz

m

�
o�id�ÿi

�1
0

dt exp �iot�
�Sz
n �t�;Sz

m

��
: �7�

Since a spherically symmetric state is considered, only the
diagonal Green's functions Gzz � Gxx � Gyy in the compo-
nents a � x; y; z are nonzero (and equal to each other); there
are three branches of spin excitations degenerate in a, and the
average spin at the site is zero hS a

n i � 0.
The main idea of the RGM algorithm is to close the chain

of equations of motion for the Green's function (7) at the
second step. The first equation of motion in the frequency
representation has the form

oGzz
nm �


�Sz
n ;S

z
m�
�� 
�Sz

n ; Ĥ�jSz
m

�
o�id : �8�

Since

�Sz

n ;S
z
m�
� � 0, closure according to the traditional

Tyablikov scheme at the first step [2], with the extraction of
the average spin from the two-site Green's function, is
impossible. 7

The nonzero term on the right-hand side of (8) is the sum
of several two-site Green's functions. Without revealing the
specific form for now, we write the equation of motion for it:

o

�Sz

n ; Ĥ �jSz
m

�
o�id �


��Sz
n ; Ĥ �;Sz

m�
��
��Sz

n ; Ĥ �; Ĥ �jSz
m

�
o�id :

�9�

Here, the first term on the right-hand side is already
nonzero, and the second term is the sum of different three-
site Green's functions. From these, spin-spin correlators are
extracted with closure to the original Green's function (7) (see
(16) below for more details). The calculations take into
account the relations arising from spherical symmetry:
hSx

n S
x
n�ri � hSy

nS
y
n�ri � hSz

nS
z
n�ri � cr � cjrj, where cr is the

spin-spin correlator 8 at distance r.
After the Fourier transform

Sz
q �

1����
N
p

X
r

exp �ÿiqr�Sz
r �10�

the solution to the system of equations (8)±(9) yields the final
expression for function (7):

Gz�q;o� � 
Sz
q jSz
ÿq
�
o � ÿw�q;o� �

Fq

o 2 ÿ o 2
q

�11�

6 Parametric angles are shown in degrees to avoid confusion with

coordinates (radians) in the Brillouin zone.

7 Instead of hSz
n jSz

mi, one can also consider the Green's function hS�n jSÿm i,
which is common for spin problems; then the requirement that the first

term on the right-hand side of (8) h�S�;Sÿ�i � 2hSzi be zero is imposed by

default.
8 To avoidmisunderstanding, spherical symmetry is in spin space; in direct

space, the geometry can be very different.
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(hereafter, the second superscript z in the Green's function is
omitted, and w�q;o� denotes the susceptibility).

The final expressions for the numerator Fq and the
spectrum of spin excitations o 2

q depend on the lattice
geometry and the form of the Hamiltonian. But in any case,
they contain spin-spin correlators on the first few coordina-
tion spheres. From simple geometric considerations, it is clear
that for a square lattice in the J1, J1ÿJ2, and J1ÿJ2ÿJ3
models, there are three, five, and eight such coordination
spheres. Explicit (and cumbersome) expressions forFq ando 2

q

in the most general case are given in Section 15.
These correlators are expressed in the standard way

through Gz�q;o�

cr �


Sz
nS

z
n�r
� � 1

N

X
q

cq exp �iqr� ; �12�

cq�


Sz
qS

z
ÿq
� �ÿ 1

p

�1
0

do
ÿ
2m�o��1� Im Gz�q;o�; �13�

where m�o� is the Bose function at a given temperature.
Recall that the Bose function automatically arises in the
equations for the commutator Green's function, which in
itself does not imply the presence of Bose-like excitations.

The function also includes the intrasite correlator cr � 0,
which is the spin constraint condition cr � 0 � hSz

nS
z
n i � 1=4.

The resulting system of self-consistent equations is then
solved numerically. Note that the required computational
resources are incomparably smaller than those needed for the
initial first-principles numerical solution, even for a small
lattice segment.

A necessary clarification to avoid misunderstandings. In the
RGM, at any temperature, any number, and any sign of
exchanges (including for FM), the state of the system is
spherically symmetric, a singlet one. Strictly speaking, there
is no mathematically impeccable proof of singletism in the
RGM, since the state is not explicitly constructed. However,
for any other state, it is difficult to expect the conditions for
equality of correlators along the three axes, given after
formula (9), to be satisfied.

5.2 Case T � 0
In the RGM, the zero-temperature case requires separate
consideration. We will demonstrate this using the example of
the AFM phase (the details vary for different phases).

At T � 0, long-range order arises in the system. Mathe-
matically, this is because atT! 0, a d-shaped peak appears in
the structure factor cq (13) at the corresponding symmetric
point of the Brillouin zone, in this case at the AFM point Q.
On the right-hand side of expression (13), the contribution
without the Bose function is insufficient to satisfy the
constraint condition. The correlator cr necessarily takes the
form

cr � 1

N

X
q

cq exp �iqr� � c afmcond exp �iQr� : �14�

Here, c afmcond is the modulus of the spin-spin correlator at
infinity (the so-called spin condensate), and the correlator
itself changes sign in a checkerboard pattern

hS a
0S

a
r i afmr!1�c afmcond�ÿ1� nx�ny ; a�x; y; z; r�nxgx�nygy :

�15�

Otherwise, the calculation scheme remains the same; c afmcond

becomes an additional self-consistency parameter.
The above reasoning may seem insufficiently rigorous.

A more accurate justification can be found, for example, in
[50].

Generally speaking, a detailed consideration of the T � 0
case is necessary primarily for completeness, to demonstrate
that the method also works at zero temperature, where ``Bose
condensation of spin excitations'' occurs, or to solve specific
problems, such as those concerning quantum phase transi-
tions.Most essential conclusions, including phase boundaries
with long-range order, can be obtained by extrapolating low-
temperature results. Therefore, in what follows, the zero-
temperature case will be occasionally omitted.

5.3 Vertex corrections
In the RGM, beginning with the pioneering papers [1, 4±7],
so-called vertex corrections have been introduced (the term is
not directly related to diagrammatic technique). The intro-
duction of the correction leads to renormalization of the spin-
spin correlator when extracting it from the three-site Green's
function


S a
l S

a
l�rS

z
n j . . .

�! ar


S a
l S

a
l�r
�

Sz
n j . . .

� � arcr


Sz
n j . . .

�
� ~cr



Sz
n j . . .

�
: �16�

In all expressions where such extraction occurs, the renorma-
lized correlators ~cr are used (details can be found in the
literature cited above).

Vertex corrections depend on the lattice vector r, and, in
principle, each coordination sphere can have its own ar (three,
five, or eight, respectively, for the J1, J1ÿJ2 and J1ÿJ2ÿJ3
models). The simplest single-vertex configuration (all vertices
coincide) is sufficient to satisfy the constraint condition, and
even in this case, all the main results are reproduced.

More complex adjustments are made based on various
reasonable physical considerations; details can be found in
the aforementioned papers. With increasing temperature,
all corrections a! 1. At low temperatures, in most studies,
the vertex corrections do not deviate far from unity, and
a4 1:5.

The presence of vertex corrections should be kept in mind
when comparing results from different studies. For the same
model, calculated quantities always agree qualitatively and
semiquantitatively, but may differ strictly quantitatively due
to different vertex selection.

6. Advantages and disadvantages
of the spherically symmetric
self-consistent approach

The previous sections described the spherically symmetric
self-consistent approach for double-time retarded spin
Green's functions, whose main application is low-dimen-
sional magnetic systems. We now list the main advantages
and disadvantages of the RGM. Let us start with the
disadvantages.

Disadvantages.
1. Despite some sophistication and cumbersomeness, the

RGM is still a mean-field approach. It does not allow one to
determine the damping of spin excitations within its basic
formulation. Progress in this direction is only possible
through semi-phenomenological renormalizations or other
complications.
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2. The RGM is a method with uncontrollable accuracy.
Although the error can often be estimated using various
secondary considerations, such estimates are not intrinsic to
the method. As a rule, there is no small parameter (however,
this situation is common for magnetic problems).

3. The method includes one or more tuning parameters
(vertex correction).

4. The studied state is not structurally constructed; it is
described via the Green's function, spin correlators, structure
factor, and excitation spectrum. Although, strictly speaking,
this can hardly be considered a significant drawback.

5. A local limitation arises in the spin-liquid region
[generally, there are several of them, but the one located
between the AFM and stripe phases has been better studied
(see Fig. 3)].Methods based on resonating valence bond (RVB)
concept, depending on the exchange parameters, reveal multi-
ple structures here, differing in higher-order correlators (see,
for example, reviews [19, 51] and the references therein),
whereas the RGM describes this region as a single phase
without long-range order with evolving short-range order.

Advantages.
1. The RGM satisfies the Mermin±Wagner and Marshall

theorems, as well as the exact spin constraint at each site.
2. At T � 0, the method allows one to analyze states with

and without long-range order.
3. Over a wide temperature range T > 0, a single

approach reproduces all possible short-range-order struc-
tures in the system.

4. The RGM allows one to calculate the spin excitation
spectrum oq, the dynamic susceptibility w�q;o;T �, the
structure factor cq, energy, and heat capacity. Crucially, no
initial assumptions are made about the form of the spin
excitation spectrum; the spectrum is determined through
self-consistency.

5. The method can be embedded into more complex
constructions when considering spin models with free
carriers, such as the basic and three-band Hubbard models,
the tÿ Jandsÿ dmodels,andtheKondolattice(seeSection11
and references therein).

6. In many local regions of the phase diagram, the RGM
results agree with numerical simulations (see Section 7.2.3
and references therein).

7. Results for a square lattice

The basic ideas and the standard computational algorithm of
the RGM were outlined above using a two-dimensional
square lattice as an example. This section presents the main
RGM results for three versions of the Heisenberg model on a
square lattice: J1, J1ÿJ2 and J1ÿJ2ÿJ3 (with spin S � 1=2
throughout this section).

The focus in this section is placed primarily on the results
concerning the spin structure: the structure factor, short- and
long-range magnetic order, the spin excitation spectrum, and
the evolution of all these quantities with temperature and
exchange parameters.

Magnetization, magnetic susceptibility, and heat capacity
are discussed only insofar as necessary to demonstrate the
applicability of the method. Analytically tractable limits or,
conversely, the fitting of numerical data to simple functional
relationships are not be systematized, as these topics are
extensively covered in the cited literature. A detailed discus-
sion would shift the focus of this review and significantly
increase its length.

7.1 J1 model
Themost important result of the RGM for themodel with the
nearest-neighbor exchange [4, 5] is the very possibility of
describing the spin structure in terms of a singlet space for
both the FM and AFM cases at temperatures T5 0. In both
cases, the average spin at each site is zero, and the constraint
condition hŜii � 0, hŜ 2

i i � 3=4 is exactly satisfied. The spin-
spin correlator hS a

0S
a
r i is independent of a, i.e.,

hSx
0 S

x
r i � hSy

0S
y
r i � hSz

0S
z
r i, and the three branches of spin

excitations are degenerate.
FM exchange J � ÿ1.
At T � 0, the structure factor cq exhibits a d-shaped peak

at the zero point of the Brillouin zone C � �0; 0�. The spin-
spin correlator hS a

0S
a
r i is positive and approaches a constant

value as r!1 (the FM correlation length is infinite)

T � 0; hS a
0S

a
r ir!1 ! const; a � x; y; z : �17�

For the studied state with zero average spin, the constant
in (17), the so-called effective magnetization m, characterizes
the spin structure:

m �
�

lim
r!1

��hS0Sri
���1=2

; �18�

within the RGM for the FM case, one obtains m � 1=2, as
expected.

The spin excitation spectrum is close to the standard spin-
wave spectrum (small differences depend on the choice of
vertex corrections), and the gap is closed only at point C.

At T > 0, the spectrum evolves, but no qualitative
changes are observed. However, the height of the peak cq
becomes finite, and its width now defines a finite correlation
length. The spin-spin correlator decreases to zero asymptotics
with increasing r

T > 0; hS a
0S

a
r ir!1 ! 0; a � x; y; z : �19�

Thus, the RGM provides a description of a singlet state
with a finite correlation length and strong FM correlations.

AFM exchange J � �1.
At T � 0, the d-shaped peak of the structure factor cq is

located at the AFM point of the Brillouin zone Q � �p; p�.
The spin-spin correlator alternates in sign (checkboard
pattern), and its modulus becomes constant as r!1 (the
AFM correlation length is infinite)

T � 0;
��hS a

0S
a
r i
��
r!1 ! const; a � x; y; z : �20�

The effective magnetization in (20) for the AFM case is
nonzero and equal to m � 0:3, in agreement with the results
obtained using many alternative analytical and numerical
approaches, including two-sublattice approaches [52]. This
agreement provides additional support for the validity of the
RGM.

As in the FM case, the spin excitation spectrum is close to
the standard spin-wave spectrum (minor differences depend
on the choice of vertex corrections), with the gap closed at the
zero point C � �0; 0� and at the AFM pointQ � �p; p�.

At T > 0, the peak height of cq becomes finite, the spin-
spin correlator decreases to zero asymptotics with increasing
r, and the correlation length becomes finite

T > 0; hS a
0S

a
r ir!1 ! 0; a � x; y; z : �21�
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However, unlike the FM case, the spectrum undergoes a
qualitative change at finite temperature. Specifically, the gap
opens and increases with increasing temperature at the AFM
pointQ � �p; p�.

This is one of the key differences between the RGM and
the spin-wave and related approaches. The spherically
symmetric approach makes it possible to describe the singlet
state of a system with strong AFM correlations.

The mathematical reason for this is as follows: transla-
tional symmetry is not broken In the RGM, and no lattice
doubling occurs in the AFM case. The analysis is carried out
in the full (not reduced magnetic) Brillouin zone, where the
points Q � �p; p� and C � �0; 0� are inequivalent.

7.2 J1ÿJ2 model
The J1ÿJ2 model has been extensively studied in the literature
[6, 7, 53±62] (early reviews of some ideas in this area can be
found in [63, 64]).

The initial motivation for investigating this model was, of
course, related to HTSC cuprates, in which the spin sub-
system is quasi-two-dimensional and possesses square sym-
metry. More than fifteen compounds have been identified in
which experiments indicate frustrated J1ÿJ2 magnetism [65±
82]. In addition to the HTSC cuprates, these include, for
example, Pb2VO(PO4)2, (CuCl)LaNb2O7, SrZnVO(PO4)2,
BaCdVO(PO4)2, K2CuF4, Cs2CuF4, Cs2AgF4, La2BaCuO5,
Rb2CrCl4, and others.

These compounds fill the entire upper half of the J1ÿJ2
circle [59, 60, 62, 83]. Moreover, many of them are character-
ized by frustration leading to suppression of long-range order
[71, 72, 74±79].

Two further clarifications are necessary.
First. Early work on the J1ÿJ2 model was motivated by

the idea of reproducing the magnetic properties of HTSC
cuprates. Some of these attempts were made to describe the
experimentally observed `subtle properties' of the spin
spectrum of HTSC cuprates, such as the so-called `reso-
nance mode' or `hour-glass spectrum' (see [84] for details).
To this end, additional parameters and considerations were
introduced into the standard scheme.Wewill not go into such
details here, and below we will present the basic, fundamental
properties of the spin spectra in the J1ÿJ2 model. 9

Second. For the same reasonÐ the description of HTSC,
many studies considered theoretical models containing both a
magnetic background and charge carriers (interacting with
it). This area is beyond the scope of this review and will be
only briefly mentioned in Section 11.

Before proceeding to a systematic description of the
possible spin structures in the J1ÿJ2 model, several general
introductory remarks are necessary.

At T � 0, the structure factor cq can either contain a d-
shaped contribution or be finite throughout the Brillouin
zone. In the former case, this is a phase with long-range order,
the structure of which is determined by the peak position. In
the latter case, it is a spin-liquid phase without long-range
order, with the short-range order being determined by the
structure factor profile.

At T 6� 0, long-range order is impossible in the RGM
under any exchange conditions, and cq is finite everywhere.
The point q0 Ð the position of the maximum of the structure
factor in the Brillouin zoneÐdetermines the structure of the

short-range order, and the half-width of the cq peak defines
the correlation length relative to the corresponding order
(ignoring equivalent points in the full Brillouin zone). Thus,
the point q0 is the quantum analogue of the control point in
the classical model.

7.2.1 Spin order at zero temperature. At T � 0, depending on
the ratio of exchange interactions, five distinct spin structures
are realized: three phases with long-range order (AFM, stripe,
and FM) and two spin-liquid regions (Fig. 3). As one moves
along the J1ÿJ2 circle, a cascade of quantum phase transi-
tions occurs.

The evolution of spin-spin correlators over the entire
J1ÿJ2 circle is shown in Fig. 4. Gaps in the spin excitation
spectrum at symmetric points of the Brillouin zone are
presented in Fig. 5. The trigonometric parameterization of
the exchanges introduced in Section 4.1 is used: J1 � cosj,
J2 � sinj, 04j4 2p, �J 2

1 � J 2
2 �1=2 � 1. 10

Upper half of the J1ÿJ2 circle.
0! SL1. On the upper semicircle, between j � 0 and the

lower boundary of the spin-liquid phase SL1, the AFM phase
with long-range order is realized. The structure factor cq has a
d-shaped peak at the AFM point of the Brillouin zone
Q � �p; p�. The gap in the spin excitation spectrum at point
Q is closed11. The spin-spin correlator modulus at infinity
becomes constant, and its sign changes in a checkerboard
pattern

hS a
0S

a
r i afmr!1�c afmcond�ÿ1� nx�ny ; a�x; y; z; r�nxgx � nygy :

�22�

As j increases, the spin condensate c afmcond decreases, and a
quantum phase transition to a spin liquid without long-range
order occurs at point SL1.

10 All energy quantities in this section (except Fig. 7) are normalized to

�J 2
1 � J 2

2 �1=2.
11 As in the J1 model, the gap at the zero pointC � �0; 0� in J1ÿJ2 is closed
at any temperature and any exchanges.

9Most of the quantitative results in this section correspond to the standard

implementation of the RGM in the single-vertex approximation.

J1

J2

FM

SL SL

AFM

Stripe

Figure 3. Schematic of the quantum S � 1=2 J1ÿJ2 model at T � 0. A
disordered spin-liquid (SL) phase is realized between the AFM and stripe
phases with long-range order. A second spin-liquid region appears
between the FM and stripe long-range orders. The spin-liquid boundaries
are shown tentatively, without exact correspondence to the calculated
data.
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SL1 ! SL2. In a spin liquid, the peak in the structure
factor at point Q becomes finite, with its width determining
the correlation length. The gap in the spectrum at point Q is
open, but small. Short-range order retains the AFM structure
(see Fig. 4); the nearest-neighbor correlator is cg < 0, and the
next-nearest and third-neighbor correlators are cd > 0 and
c2g > 0, respectively.

With increasing j when moving from SL1 to the upper
boundary of the spin liquid SL2, the gaps decrease, and the
maxima of the structure factor at the stripe points of the
Brillouin zone X � �0; p�; �p; 0� increase. At the AFM point,
on the contrary, the gap increases, and the peak of cq
decreases. Thus, short-range order evolves towards the stripe
structure. At the upper boundary of the spin liquid SL2, a
quantum phase transition to the stripe phase with long-range
order occurs.

SL2 ! SL3. This is the stripe phase region. The structure
factor exhibits a d-shaped peak at the stripe points of the
Brillouin zone X � �0; p�; �p; 0�. The gap in the spectrum of
spin excitations at the points X is closed. The modulus of the
spin-spin correlator at infinity approaches a constant value.
In the RGM, the stripe phase is a quantum superposition of
horizontal and vertical stripes, and the correlator at infinity
has the form

hS a
0S

a
r i striper!1 � c stripecond

1

2

��ÿ1� nx � �ÿ1� ny� ; a � x; y; z;

r � nxgx � nygy : �23�

The point j � p=2 of the J1ÿJ2 circle is highlighted. It
corresponds to J1 � 0, J2 � 1. From geometric considera-
tions, it is obvious that during such exchanges, the lattice
splits into two diagonally shifted, noninteracting sublattices.
This leads, for example, to a divergence of the magnetic
susceptibility. An arbitrarily small value of J1 6� 0 eliminates
the divergence. 12

Asj increases, themagnitude of the spin condensate c condstripe

decreases, and the next quantum phase transition occurs at
point SL3 Ð to the second spin-liquid region without long-
range order.

SL3 ! SL4. In the second spin liquid region, the peaks of
the structure factor at the stripe points of the Brillouin zone
become finite, as does the correlation length. The gaps at the
X points are open. Short-range order retains the stripe
structure (see Fig. 4), characterized by cd < 0, c2g > 0 and
the sign of cg can change.

With further increase in j, whenmoving from SL3 to SL4,
the maximum of the structure factor at the zero point of the
Brillouin zone C � �0; 0� increases (the gap in the spectrum at
this point is always closed). Short-range order evolves toward
the FM structure.

At point SL4, another quantum phase transition
occursÐ to the long-range-order FM region.

SL4 ! p. FM region. The d-shaped peak of the structure
factor at the zero point of the Brillouin zone C � �0; 0� (the
gap is also closed there). All spin-spin correlators are positive.
The correlator at infinity approaches a constant sign of c condfm .

Lower half of the J1ÿJ2 circle.
The lower semicircle is of no experimental interestÐno

known materials correspond to the regions J1 < 0, J2 < 0
(third quadrant, p < j < 3p=2) or J1 > 0, J2 < 0 (fourth
quadrant, 3p=2 < j < 2p) were detected.

From a theoretical perspective, this region is also not very
interesting due to the absence of frustration: in the third
quadrant, both exchanges favor the FM phase, while in the
fourth quadrant, they favor the AFM phase. The only
noteworthy feature is the transition at j � 3p=2, when the
correlator at the nearest neighbors changes its sign in a jump-
like manner.

7.2.2 Spin structure at finite temperature.At T > 0, there is no
long-range order in the RGM for any exchanges. The spin-
spin correlators are zero at infinity. The gaps in the spectrum
at the symmetric points of the Brillouin zone are open [except
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p=2 p 3p=2 3pj

Figure 4. J1ÿJ2 model. Spinëspin correlators at the nearest neighbors
(cg, blue), second nearest neighbors (cd, green), and third nearest
neighbors (c2g, red) as functions of parametric angle j (J1 � cosj,
J2 � sinj). The thick solid lines correspond to the temperature T � 0;
the thin solid lines, to T � 0:3, 0.4, and 0.5; the dashed lines, to T � 0:6,
and 0.7; and the dotted lines, toT � 0:8 and 0.9. The spin condensate ccond
(on a different scale) is shown by the solid black line. The trigonometric
parameterization of the exchanges is J1 � cosj, J2 � sinj, j4 2p,
�J 2

1 � J 2
2 �1=2 � 1. (Data from [62].)

4

3

2

1

0 p=2 p 3p=2 2pj

DQ

DX

Figure 5.Gaps in the spectrum of spin excitationsDQ (blue) andDX (green)
at symmetric points of the Brillouin zoneQ � �p; p� and X � �0; p�; �p; 0�
as functions of parametric anglej (J1 � cosj, J2 � sinj). The thick solid
lines correspond to temperature T � 0; the thin solid lines, to T � 0:3, 0.4,
and 0.5; the dashed lines, to T � 0:6 and 0.7; and the dotted lines, to
T � 0:8 and 0.9. The spin condensate ccond (on a different scale) is shown
as a solid black line. (Data from [62].)

12 Moreover, at the point j � p=2 and the opposite point j � 3p=2, the
gap DQ is closed for any T (see Fig. 5). Formally, this follows from the

analytical expression forDQ. The physical explanation is that the system of

two noninteracting sublattices is degenerate with respect to their mutual

rotation. Therefore, the transfer of spin excitation to an adjacent site does

not require any energy.
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at the point C � �0; 0�, where the gap is always closed], and
the peaks of the structure factor have a finite height.

Nevertheless, short-range order retains the structure of
the corresponding zero-temperature phase up to high
temperatures T � 1. For example, for the region lying above
the AFM phase, short-range order still preserves a checker-
board pattern (cg < 0, cd > 0, c2g > 0) (see Fig. 4).

The appearance of the spin excitation spectrum also
resembles that at T � 0, with the difference that the gaps at
the corresponding symmetric points of the Brillouin zone are
now nonzero.

Figure 6 shows examples of the spin spectrum at T � 0:3
for a wide range of exchanges along the upper semicircle.
Figure 6a corresponds to j � 0, the region of the zero-
temperature AFM phase with long-range order; here, the
gap at the AFM point DQ is small (recall that the gap at the
zero point DC is closed for any exchange and temperature).
Figure 6b, j � p=4, is above the spin-liquid region; the gaps
at the symmetric points are comparable. Figure 6c, j � p=2,
is above the stripe phase with long-range order; the gaps at the
stripe points DX are small (the gap DQ is always zero for the
exact equality j � p=2; for more details, see Footnote 12).
Figure 6d, j � 3p=4, is also above the spin-liquid region; the
gaps at the pointsDX are somewhat larger than in the previous
graph.

An example of the evolution of the spectrum in a local
regionÐasj increases fromj � 0Ð is shown in Fig. 7. It can
be seen that the gap at the AFMpoint increases, while the gaps
at the stripe points decrease (although both remain nonzero);
i.e., the spectrum transforms from AFM-like to stripe-like.
Simultaneously, the (final) maximum of the structure factor
decreases at the AFM point and increases at the stripe point.

In the lower semicircle at T > 0, as noted above,
frustration is absent; both exchanges operate in the same
direction. This leads to `antifrustration;' in the third sector,
J1 < 0; J2 < 0, a `superferromagnet' emerges, while in the
fourth sector, J1 > 0; J2 < 0, a `superantiferromagnet' is
realized. In these regions, at T > 0, the correlation length is
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Figure 6. Spin excitation spectra atT � 0:3 in the upper half of the J1ÿJ2-circle. (a)j � 0 corresponds to the AFM zero-temperature phase, the gapDQ is
small. (b) j � p=4 corresponds to the region above the spin-liquid phase, the gaps at symmetric points are comparable. (c) j � p=2 corresponds to the
zero-temperature stripe phase, the gapsDX are small (forDQ atj � p=2, see text). (d)j � 3p=4 corresponds to the region also above the spin-liquid phase,
the gaps DX are somewhat larger than in the previous graph. The gap at the zero point DX is closed for any exchange and temperature. A quarter of the
Brillouin zone is shown [60].
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Figure 7. Evolution of the spin excitation spectrum at a énite temperature
in the érst quadrant of the J1ÿJ2 circle with increasing j from j � 0. In
this égure from [50], the standard frustration parameter for the érst
quadrant is used: p � J2=J, J � J1 � J2 (an increase in p corresponds to an
increase in j) and an alternative notation for the AFM point
M � Q � �p; p�. It is seen that with increasing p (i.e., with increasing j),
the gap at the AFM point increases, and the gaps at the stripe points X
decrease. The nearest order transforms from the AFM- to stripe-like
order. Here the temperature is T � 0:1 in units of J � J1 � J2, and the
spectrum is in the same units.
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exponentially large up to temperatures T � 1, i.e., on the
order of J � �J 2

1 � J 2
2 �1=2.

Susceptibility and heat capacity. As noted at the beginning
of this section, the focus is placed primarily on results
concerning the spin structure. However, we will mention
some other quantities calculated in the RGM.

A significant portion of the studies cited above also
determined the behavior of the spin susceptibility (usually
static) and heat capacity.

At T � const, the dependence of the static susceptibility
w�q;o � 0� on the exchange parameters is expected: on the
J1ÿJ2 circle, w�q;o � 0�, calculated at a specific symmetric
point q0 of the Brillouin zone, a maximum is observed in the
region of the corresponding spin structure. The temperature
behavior of the susceptibility w�q;o;T �, at least for static
susceptibility, exhibits a greater variety of regimes depending
on the exchange parameters. Some studies have also analyzed
the `local spin susceptibility' w2D�o;T � �

�
dq Imw �q;o;T �,

which has a scaling property (see more details at the end of
Section 9). We will avoid a full systematization of these
results.

The heat capacity CV displays a simpler behavior on the
J1ÿJ2 circle. For any exchanges, CV has a standard
temperature dependence: CV ! 0 at T! 0 and a single
maximum at a finite temperature, the position of which
depends on the exchanges. An exception occurs in the region
near the stripe$FM transition, where an additional low-
temperature maximum appears (first observed in [57]). In the
literature, this transition is commonly attributed to frustra-
tion.

At any fixed temperature, CV exhibits local minima in
regions above ordered phases and in regions above transitions
between phases. Both cases correspond to local energy
extrema at T � const: the first case corresponds to maxima;
and the second case, to minima [62].

7.2.3 Comparison with experiment and numerical methods.
Numerous studies on the J1ÿJ2 model using the spherically
symmetric approach (variations of the method are discussed
in Section 8) compare the results with numerical simulations.
Without going into numerous details, the agreement with the
numerical results is at least satisfactory and often qualita-
tively good. For completeness, related models in the spheri-
cally symmetric approach are also mentioned below.

Comparisons with numerical results were carried out not
only for variants of the Heisenberg model on a square lattice
[23, 34, 36, 85, 86], but also for a triangular lattice [21, 23, 26],
the Kagome lattice, and pyrochlore [29, 32]. Numerous
comparisons with variants of a one-dimensional chain are
made [8±12, 23, 86]. Finally, a similar procedure was carried
out for the tÿJ model, the most common model with a
magnetic background and charge carriers (see Section 11)
[53, 87, 88].

Among numerical techniques, the most common is, of
course, exact diagonalization, typically in the Lanczos
algorithm [8±12, 21, 23, 26, 36, 53, 86±88]. However, other
methods were also used: the quantum Monte Carlo simula-
tion [23, 34, 87], coupled cluster methods [85], and high-
temperature expansions [12, 29, 32]. For one-dimensional
systems, the Bethe ansatz serves as a natural benchmark [23,
86].

In summary, it can be said that the available numerical
methods confirm the complete adequacy of the RGM and
related approaches.

Comparison with experiment. In the early stages of
theoretical development, motivated by the emergence of
HTSC cuprates, comparison with experiment was essentially
a mandatory requirement for papers on the topic. Almost
every paper compared the fundamental characteristics of the
spin excitation spectrum, fine details of the spectrum (e.g., the
`hour-glass spectrum'), the correlation length, the position of
the structure factor maximum, the spin susceptibility, and
other magnetic and thermodynamic characteristics with
experiment. A detailed analysis of this data set, especially in
the context of several differentHTSC theories, is a formidable
task, far beyond the scope of this review, and will not be
presented here.

7.3 J1ÿJ2ÿJ3 model
We now turn to the J1ÿJ2ÿJ3 model.

The Hamiltonian has the form (1) with three exchanges.
Recall that for a square lattice, J1 is the exchange along the
side of the square, J2 is along the diagonal, and J2 is along
twice the side (see Fig. 1).

The calculation scheme remains the same as that
described in Section 5.1, although the expressions for the
Green's function become quite cumbersome (given in Sec-
tion 15).

Below, the `spherical' exchange parameterization men-
tioned in Section 4.1 is used

J1 � cos �c� cos �j�; J2 � cos �c� sin �j�; J3 � sin �c�;
04j4 2p; ÿ p

2
4c4

p
2
;

���������������������������
J 2
1 � J 2

2 � J 2
3

q
� 1 : �24�

This section considers the case of low but nonzero
temperatures. This is quite sufficient to detect all types of
emerging magnetic structures.

Figure 8 shows a section of the most interesting, fully
frustrated quarter of the phase diagram, indicating the
various short-range order structures. The following types of
short-range order are realized: AFM, stripe, FM, and three
types of quantum helices. As in the classical limit (see
expressions (5)), they correspond to the positions of the
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ÿ1
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(p; p)

(p; 0)

(p; q)

(q; q)

(q, 0)

(0, 0)

45 90 135 180
j

Figure 8. Phase plane regions corresponding to different short-range order
structures (axis angles in degrees). The positions of themaximum structure
factor are indicated. �p; p�ìAFM; �p; 0�ìstripe; and �0; 0�ìFM.
�p; q�, �q; 0� and �q; q�ìthree types of helicoids. Solid boundaries
correspond to T � 0:4, and dashed boundaries correspond to T � 0:2.
At lower temperatures, the boundaries stabilize. (Data from [89, 90].)
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control point (maximum of the structure factor), respectively:
C � �0; 0�, X��0; p�; �p; 0�, and Q � �p; p�. For helices, this
corresponds to its motion along one side or the other of the
Brillouin zone, as well as along its diagonal �helicoids �0; q�,
�q; 0�, and �q; q��.

Figure 8 corresponds to finite temperatures, and so only
short-range order is detected everywhere. The picture remains
qualitatively unchanged down to extremely low tempera-
tures. At T � 0, regions of long-range order arise, separated
by a spin-liquid phase. The issue of spin-liquid boundaries has
been studied in detail for J3 � 0 (see references in Section 7.2)
and remains largely unexplored for J3 6� 0, particularly for
J3 > 0.

7.3.1 Frustrated helices. The most important new property
that arises with the addition of J3 is the possibility of helical
spin structures, both commensurate and incommensurate.
This effect is nontrivial, since helices (see, e.g., [43]), including
those in 2D, are usually associated with the Dzyaloshinsky±
Moriya interaction (DMI) [39±42]; references to recent works
can be found in [91, 92], and for a general classification of
helices, see [93]. For the realization of a DMI helix, in
particular, the breaking of symmetry with respect to inver-
sion is necessary.

In the J1ÿJ2ÿJ3 model, helices arise without breaking
this symmetry, without DMI interaction. The reason for their
appearance here is frustration. Therefore, such helices are
sometimes called frustrated, and in DMI, they are called
nonfrustrated [94].

Frustrated helicesÐ in the classical limit S4 1Ðhave
been known since the middle of the last century. Here, the
ultraquantum case S � 1=2 is considered in the RGM
interpretation.

It is important to keep the following in mind. Quantum
helical states in the RGM should not be thought of in a
semiclassical manner as a lattice of spin arrows changing
direction from site to site. Any spin state, including a helix,
is singlet, with the average spin at a site equal to zero. The
helix structure can be identified in one of three ways: by the
pattern of correlators, by the position of the structure
factor maximum, or by features of the spin excitation
spectrum.

The first method seems obvious, but it is less intuitive. It is
necessary to construct a picture of the correlators for the
classical analogue of the desired quantum helix and compare
it with the correlators in the quantum case (see examples in
[89]). This procedure is complicated by two circumstances.
First, the correlation length at T > 0 is finite, and the
correlators decay with distance. Second, since none of the
initial symmetries are broken in theRGM, the helical state is a
superposition of quantum helices defined by equivalent
points in the full Brillouin zone.

The second and third criteria (already mentioned in
Section 7.3) are closely related. At moderate temperatures,
the structure factor has a local maximum at the control point
of the Brillouin zone, which determines the structure of the
helix (and equivalents). At the same point, the spin excitation
spectrum has a local minimum. At T � 0 and in the presence
of long-range order, the structure factor maximum is
d-shaped, and the spin spectrum has a zero gap [the exception
is the point C � �0; 0�, where the spectrum is always gapless].
Figure 9 shows an example of a structure factor maximum, in
this case on the diagonal of the Brillouin zone, corresponding
to a helicoid �q; q�.

It turns out that, as in the classical limit, at S � 1=2, in
addition to the AFM, FM, and stripe spin structures, three
types of helices are realized. They correspond to the position
of the cq maximum on one of the sides or diagonals of the
Brillouin zone (see Fig. 8).

The J1ÿJ2ÿJ3 model exhibits another nontrivial feature
that is not realized in the J1ÿJ2 and J1 models. Since the
transition from one spin order motif to another occurs
continuously, the most bizarre structures, in particular
those with near-circular symmetry, can arise in the transi-
tion region due to their interference. An example of an
isotropic helicoid is shown in Fig. 10. The structure factor
acquires a nearly isotropic form as the sharp maximum in
Fig. 9 spreads out, when the control point �q; q�moves along
the diagonal toward the ferromagnetic point C � �0; 0�. A
similar effect is observed as the control point approaches the
ferromagnetic point C � �0; 0� along the diagonal. Such spin
structures can be viewed as quantum helices `propagating in
all directions.'

In the J1ÿJ2 model, a truncated analog of this effect is the
gradual flow of the structure factor from one symmetric point
to another as it moves along the J1ÿJ2 circle (see previous
Section 7.3).
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Figure 9.Example of a structure factor for a helicoid. The sharpmaximum
cq on the diagonal of the Brillouin zone �helicoid �q; q�� at low temperature
indicates short-range order. The peak width determines the correlation
length. T � 0:02, j � 160�, and c � 10�. (Data from [89].)
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Figure 10. Structure factor with almost perfect circular symmetry.
T � 0:02, j � 160�, and c � 10�. The control point �q; q� is close to that
determined in Fig. 9 but is shifted closer to the FM point C � �0; 0�. With
this shift, the spreading of the sharp peak in Fig. 9 leads to a nearly circular
structure. Unlike Fig. 9, the full Brillouin zone is shown here for clarity.
(Data from [90].)
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Susceptibility and heat capacity. Let us briefly discuss the
behavior of the spin susceptibility and specific heat in the
J1ÿJ2ÿJ3 model.

The addition of a third exchange does not qualitatively
change the behavior of CV and w�q;o � 0� at all. The specific
heat exhibits a standard temperature curveÐa single max-
imum and zero asymptotics at T! 0 (the exception is an
additional low-temperature maximum in the region of the
stripe$FM transition).

The static susceptibility w�q;o � 0�, calculated at a
specific symmetric point q0 of the Brillouin zone, exhibits a
maximum in the region of the exchange parameters corre-
sponding to the corresponding spin structure.

An entirely nontrivial effect can be mentioned: the
susceptibility w�q;o � 0�, calculated on the diagonal of the
Brillouin zone, i.e., at any point with coordinates q � �q0; q0�,
in addition to a maximum in the region of this point, also
exhibits a smaller but comparable maximum in the region of
the point q � �pÿ q0; pÿ q0�. The latter corresponds to a
helicoid of `similar' structure.

7.3.2 Coexistence of two long-range orders. In the two-
dimensional quantum model J1ÿJ2ÿJ3, another nontrivial
effect is possible: the coexistence of two different long-range
orders at T � 0 [95]. Simple geometric considerations already
indicate this possibility. As can be seen from Fig. 11, on a
square lattice, the negative third exchange J3 favors both
antiferromagnetic and stripe orders simultaneously.

In the RGM, in the quantum case S � 1=2, this leads to
the appearance of a state with two coexisting long-range
ordersÐantiferromagnetic and stripeÐat J1; J2 > 0, and a
sufficiently large absolute value of J3 < 0 in a certain range of
the parameter J2=J1 (Fig. 12).

The structure factor cq of this state exhibits d-shaped
peaks both at the AFM point of the Brillouin zoneQ��p; p�
and at the stripe points X � �0; p�; �p; 0�. Spin condensates of
both symmetries are present (see Section 7.2 for details). The
intensity of the AFM condensate decreases, while that of the
stripe condensate increases, with increasing J2=J1 from one
side of the region with two condensates to the other. The spin
excitation spectrum has zero gaps at all four highly symmetric
points: C � �0; 0�, X � �0; p�; �p; 0�, andQ � �p; p�.

Thus, the transition from the AFM phase to the stripe
phase at positive and small negative J3 occurs through the
spin-liquid phase, and at large negative J3, through a phase
with two long-range orders.

In the classical limit, the described effect is impossible.
This is intuitively obvious, but a rigorous proof, i.e.,
substituting ansatz (2) into the classical expression for the
energy followed byminimization, also yields the same answer.

The coexistence of different spin orders in the RGM was
already mentioned in Sections 7.2 and 7.3.1. In particular, at
T � 0, the stripe phase is a quantum superposition of two
long-range orders. The case described here differs in that two
long-range orders of different symmetries coexist.

7.3.3 J1ÿJ2ÿJ3 and experiment. The above may seem like
beautiful, but merely model speculation, since it is difficult to
expect the exchange relation J3 � J1; J2 to be realized in
experiment. This can only be achieved with a suitable
quantum simulator (textbook reviews [96±99] and a recent
forecast review [99]).

Note that in some areas of the phase diagram, helicoids
arise even at small J3 values. This makes the experimental

realization of the J1ÿJ2ÿJ3 helix realistic. One possible
example is �CuBr�Sr2Nb3O10, a quasi-two-dimensional com-
pound with a square lattice in the plane. A neutron
experiment [100±103] reveals a peak in the structure factor
at the position �3p=4; 0�, which corresponds to a commensu-
rate spin helix. There is no symmetry breaking with respect to
inversion, which makes the DMI scenario impossible.

The standard implementation of the RGM for the J1 ±
J2 ± J3 model allows one to obtain the peak position at the
point �3p=4; 0� for low temperatures at a sufficiently small J3
(J1 � ÿ0:81, J2 � 0:56, J3 � 0:17) [95]. In this case, the
experimentally observed heat capacity and spin susceptibil-
ity of the system are reproduced with good accuracy.

8. Relationship to other spherically
symmetric approaches

In addition to the above-described approach, there exist other
spherically symmetric methods that differ from the RGM.
However, they are based on the same ideaÐdescription of a
state with zero mean spin at a site by extracting spin-spin
correlators from the Green's function. All these methods
employ double-time retarded Green's functions, for which
several canonical analysis algorithms are available. Essen-
tially, each method represents an adaptation of a canonical
algorithm to the constrains of spherical symmetry and zero
on-site spin. All approaches, despite some mathematical
differences, are conceptually close to one another, and it is
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Figure 11. Negative, i.e., ferromagnetic, exchange J3 (at twice the lattice
constant) favors both antiferromagnetic and stripe phase. In the érst case,
AFM coupling is realized between the nearest neighbors; in the second,
between the second nearest neighbors. In both cases, coupling between the
third-nearest neighbors is antiferromagnetic.
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Figure 12. Section of the phase diagram of the J1ÿJ2ÿJ3 model at T � 0;
an exchange parameterization different from form (4) is used. The red lines
are the boundaries of quantum phases: at the top is the diagonal helicoid
q � �q; q�, in the center is the spin liquid, at the bottom left is the AFM, at
the bottom right is the long-range stripe order, and at the bottom center is
the phase with two orders. The dotted lines correspond to the boundaries
of classical phases: at the bottom is theAFMand stripe, and above are two
helicoids. (Data from [95].)
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often difficult to draw a strict boundary between them. Their
results agree qualitatively, and often quantitatively, with high
accuracy. The key dependences are essentially the same. In
simplified terms, we can ascertain that the differences in the
numerical results reduces to manipulating the vertex correc-
tions. 13

The approach described in the previous sections repre-
sents an adaptation of one of the standard algorithms:
successive differentiation with respect to the `second' time
and chain closure with the extraction of spin-spin correlators.
Some approaches related to the RGM are briefly described
below.

8.1 Matrix projection method
In principle, the Zwanzig±Mori±Tserkovnikov projection
method [104±111] is universal, in the sense that its
corresponding version can be used for states with both
zero and nonzero average spin at the site. A possible
adaptation of the scheme to the spherically symmetric case
is presented below [61]. This variant is closest to the RGM,
and with some simplifications, it directly transforms into the
RGM. Therefore, it is described below in somewhat greater
detail.

First, we present the basic equations of the method in
general form.

Let us calculate the double-time retarded Green's func-
tions for a set of operators Âi, (i � 1ÿn)

Gi j �


ÂijÂj

�
o�id�ÿi

�1
0

dt exp �iot�
�Âi�t�; Â�j �
�
: �25�

Here, i is not the site index, as above, but the operator
number. The operators Âi form a vector A � fÂ1 . . . Âng.

Let us introduce matrix notation. We denote the n� n
matrix of Green's functions Gi j by G, the overlap matrix
Ki j � h�Âi; Â

�
j �i by K � h�A;A��i, and the frequency matrix

by o � oI, �I�i j � di j.
We now introduce the vectorB � B̂1 . . . B̂n of operators B̂i

arising in the chain of equations for the Green's functions
B � �A; Ĥ � (Ĥ is the Hamiltonian), as well as the energy
matrix X� h�B;A��i, determined by the commutator means
Oi j � h�B̂i; Â

�
j �i.

Then it can be shown that the analog of the Dyson
equation for G has the form

G� �oÿ Kÿ1Xÿ Kÿ1L irr� � K ; �26�
where the matrix of irreducible parts is expressed as

L irr � 
BjB��ÿ 
BjA��Gÿ1
AjB�� ; �27�

and its elements have the form

L irr
i j �



B̂ijB̂�j

�ÿ 
B̂ijÂ�s
��Ĝÿ1�st
ÂtjB̂�j

�
: �28�

Wenow return to the spherically symmetric approach.We
introduce notations for successive commutators

Dz
n � �Sz

n ; Ĥ �; Wz
n �

��Sz
n ; Ĥ �; Ĥ � � �Dz

n ; Ĥ � : �29�

Then the first two steps in the chain of equations for the
Green's function (8) and (9) can be written in a compact

form

o


Sz
n jSz

m

� � 
Dz
n jSz

m

�
; �30�

o


Dz

n jSz
m

� � 
�Dz
n ;S

z
m�
�� 
Wz

n jSz
m

�
: �31�

Here, the frequency indices are omitted for simplicity.
Next, in the standard RGM algorithm (described in

Section 5), spin-spin correlation functions with vertex
corrections are extracted from the three-site terms on the
right-hand side of (31). The projection method implements a
slightly different approach. After the Fourier transform, the
system of equations (30) and (31) takes the form

o


Sz
q j�Sz

q ��
� � 
Dz

q j�Sz
q ��

�
; �32�

o


Dz

q j�Sz
q ��

� � Fq �


Wz

q j�Sz
q ��

�
: �33�

The specific expressions forDz
q , Fq andWz

q depend on the
model (J1, J1ÿJ2 or J1ÿJ2ÿJ3), and we will not present them
here. In particular, Fq is the numerator of the Green's
function (11). We emphasize that equations (32) and (33) are
exact at this stage.

Let us now move on to implementing the projection
method. We will limit ourselves to a basis of two operators;
then, their choice is obvious: Â1 � Sz

q , Â2 � Dz
q . In this basis,

the quantities in (26) take the form

K � 0 Fq

Fq 0

���� ���� ; �34�

Kÿ1X� 0 o 2
q

1 0

���� ���� ; �35�

where o 2
q � Fÿ1q hWz

q j�Dz
q ��i, and the matrix of irreducible

parts is expressed as

L irr � 0 0

0


Wz

q j�Wz
q ��
�irr���� ���� : �36�

Then, the left-hand side of (26) becomes

�oÿ Kÿ1Xÿ Kÿ1L irr�� o ÿo 2
q ÿ Fÿ1q



Wz

q j�Wz
q ��
� irr

ÿ1 o

�����
����� :

�37�
And finally, equation (26) takes the form�����G11 G12

G21 G22

����� o ÿo 2
q ÿ Fÿ1q



Wz

q j�Wz
q ��
� irr

ÿ1 o

�����
������
����� 0 Fq

Fq 0

�����:
�38�

The solution of the pair of equations related to the top row of
the matrix G

oG11 ÿ G12 � 0 ; �39�
ÿG11

��o 2
q � Fÿ1q hWz

q j�Wz
q ��i irr�

� � Fq �40�
yields the Green's function G11 � Gzz�o; q� 14

G11 � Gzz�o; q� � Fq

o 2 ÿ ��o 2
q � Fÿ1q hWz

q j�Wz
q ��i irr�

� : �41�
This is the Green's function of interest.

13 Since this section is devoted not to specific results, but to methods

analogous to the RGM, we will mention works related not only to the

square lattice, but also to other geometries.

14 Here, for clarity, both superscripts of the Green's function Gzz are

preserved.
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Two remarks should be made here. First, in deriving
relations (34)±(41), the constraints of the RGM are strictly
observed, i.e., the requirements of spherical symmetry and
zero mean spin at the site. And, secondly, all the indicated
relations are still exact.

In expression (41), the quantity oq corresponds to the
mean-field spectrum of spin excitations, and taking
hWz

q j�Wz
q ��i irr into account leads to going beyond the mean

field, in particular, to the occurrence of damping.
It can be shown [61] that if some simplifications are made in

the successive calculation of oq, then the resulting expression is
reduced to the standard spectrumof the spin-field spin excitation
(with vertex corrections). Attempting to go further, however,
inevitably leads to the conclusion about the q-dependence of the
vertex corrections. However, a direct determination of its form
faces significant mathematical difficulties.

These difficulties can be partially overcome using a semi-
phenomenological approach by assuming a physically nat-
ural q-dependence of the vertices (details in [61]) and taking it
into account in the full self-consistency procedure. Even this
simplest version significantly improves the quantitative
results of the RGM.

This applies, in particular, to the zero-temperature limit in
the single-exchange model, i.e., the point J2 � J3 � 0, T � 0,
which has been studied in detail by alternative, primarily
numerical, methods. Here, the basic version of the RGM,
depending on the choice of vertices, provides good agreement
with the numerical data either only for energy (i.e., for the
first correlator) or only for the effective magnetization (for
the correlator at infinity). Taking the q-dependence of the
vertices into account eliminates this problem.

Some other methods for `fine-tuning' the RGM are
described in Section 9.

8.2 Continued fraction method and others
The continued fraction method is based on the Mori
projection operator technique [108, 109] for double-time
retarded Green's functions of form (7) (similar to Sections 5
and 8.1). This method has been applied within the tÿJmodel
on triangular [22] and square [87, 112] lattices, as well as for
various variations of the Heisenberg model on a triangular
lattice (S�1=2 J1 [21], S�1 J1ÿJ2 [24] and S�1 J1ÿJ3 [25]).

Within this method, the spin Green's function can be
represented in continued-fraction form (see, e.g., [87]):

Gzz�o; q� � Fq

oÿ E0 ÿ V0

oÿ E1 ÿ V1

. .
.

; �42�

where, in the general case, the elements Ei and Vi are
calculated using the recursive procedure:

�An;H � � EnAn � An�1 � Vnÿ1Anÿ1 ; �43�

En �
ÿ�An;H �;A yn

�ÿ
An;A

y
n

�ÿ1
; �44�

Vnÿ1 �
ÿ
An;A

y
n

�ÿ
Anÿ1;A

y
nÿ1
�ÿ1

: �45�

The operators Ai form an orthogonal set satisfying the
condition �Ai;A

y
j � / di j, where the notation

�A;B� � i

�1
0

dt

�A�t�;B�� : �46�

is introduced.

For spin models, the starting point of the recursion is
chosen as

Vÿ1 � 0; A0 � Sz
q ; n � 0; 1; 2; . . . �47�

In the cited works, further calculations are performed by
terminating the fraction at the second step, i.e., choosing the
approximation V1 � 0. This approximation is effectively
equivalent to neglecting four-site (and higher) Green's
functions. The resulting three-site Green's functions of the
form Sz

l S
�
mS

ÿ
n are decoupled in the usual way for the

RGMÐby introducing vertex corrections. The method
strictly satisfies the requirements of spin-correlator theory
by taking into account the requirement of zero magnetization
at the site:


Sz
n

� � 1

2
ÿ 
Sÿn S�n � � 0 : �48�

As can readily be shown, this constraint is equivalent to the
constraint condition (in particular, for S � 1=2 hS 2

n i � 3=4).
The system of equations for the spin correlators, together

with the constraint requirement (48), is solved self-consis-
tently. If only one vertex correction is selected, the system of
equations is closed, and its solution is possible without
additional conditions. However, if two vertex corrections
are used, additional freedom arises: the number of variables
exceeds the number of equations. In this case, additional
constraints on the solution must be introduced, for example,
the requirement to reproduce the results of calculations by the
exact diagonalization method for the value of the correlator
cg [21].

The literature also contains references to the method of
differentiating theGreen's function with respect to both times
and the method of formally exact solution (for general
reviews, see [113, 114]), modified to take into account
spherical symmetry. These approaches (not discussed in
detail here) ultimately lead to similar decouplings and the
same expression for the Green's function as everywhere
above.

9. ``Fine-tuning'' of the calculations

As noted in Section 6, the RGM, although sophisticated and
cumbersome, allowing many effects in low-dimensional
magnets to be described, is still a mean-field approach. In its
basic version, it is impossible to determine the damping of
spin excitations.

This limitation can only be corrected phenomenologically
[50, 54, 55, 115] (or, more accurately, semi-phenomenologi-
cally; see explanations below). One such approach was
discussed above in Section 8.1. Another possible approach is
described below.

Real and imaginary renormalizations are introduced into
the expression for the Green's function (11), which takes the
form

Gz�q;o� � Fq

o 2 ÿ o 2
q ÿM�q;o� ;

M�q;o� � ReM� i ImM :
�49�

The form of Eqn (49) seems intuitively obvious. However,
this is a formally exact expression for the Green's function
hSz

q jSz
ÿqio and can be obtained using the method of

irreducible Green's functions (see Section 8 for details).
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Here, M�q;o� is the Fourier transform of a new complex
Green's function, whose analytical properties are the same as
those of Gz�q;o� [116]. The functionM�q;o� corresponds to
a three-site irreducible retarded Green's function and
describes the decay of a spin excitation.

Direct calculation of M�q;o�, even for the simplest
models, presents a significant mathematical challenge, and
so one must resort to a semi-phenomenological analysis.

Let us rewrite Eqn (49) in a slightly different form

Gz�q;o� � Fq

o 2 ÿ eo 2
q � iog�q;o� : �50�

In Eqn (50), eo 2
q � o 2

q ÿReMq gives an effective renor-
malized spectrum of spin waves (if the dependence of ReMq

ono is neglected). The imaginary part of the renormalization
is an odd function of o, and Eqn (50) is written with
ImM � ÿog�q;o�, which is convenient for specific calcula-
tions (thus, g�q;o�) is an even function of o).

Explanatory remarks. The term `semi-phenomenological'
is used in the following sense. On the one hand, the functional
form of the real and imaginary renormalizations and their
coefficients are not calculated directly, but are introduced
`from the outside' and determined taking into account
additional considerations and constraints. However, on the
other hand, the contributions from the renormalizations are
generally included in the full self-consistency procedure.

The introduction of renormalizations allows one to
improve the quantitative results of the RGM and sometimes
to describe effects that are in principle inaccessible with the
original Green's function (11). Omitting technical details and
limiting ourselves to basic references, we present two
examples, both related to the J1ÿJ2 model.

Width of the spin-liquid region.At T � 0, the basic version
of the RGM correctly determines the sequence of phases with
and without long-range order over the entire J1ÿJ2 circle (see
Fig. 3).

This is also true for the first quarter of the circle: J1 > 0,
J2 > 0. At J1 4 J2, J1 � J2, and J1 5 J2, the RGM predicts
an AFM phase with long-range order, a spin-liquid (SL)
phase without long-range order, and a stripe phase with long-
range order, respectively.

The AFM±SL and SL±stripe transitions on a square
lattice are canonical, textbook examples of quantum phase
transitions [38], and have therefore been studied in detail
using various analytical and numerical methods. The transi-
tion points, and therefore the width of the spin-liquid region,
are considered reliably established. The RGM with the
Green's function (11) overestimates the width of this region.

However, even the simplest renormalization of the form
of Eqn (50) with ReM � 0, g�q;o� � const at moderate
values of g returns the SL region to consensus values.

Spin susceptibility scaling. Even in the early stages of
HTSC research in quasi-two-dimensional cuprates, suscept-
ibility scaling was discovered ([117], see also the relevant
section [118]).

The scaling law concerns the so-called `local spin suscept-
ibility' w2D�o;T �, i.e., the imaginary part of the susceptibility
integrated over the quasi-momentum.

w2D�o;T � �
�
dq Imw �q;o;T � : �51�

It turns out that the dependence of w2D on o and T over a
wide range of doping values is well described by the

expression

w2D�o;T �
w2D�o;T! 0� � f

�
o
T

�
; �52�

where the scaling function f is usually approximated by the
arctangent of a cubic polynomial with coefficients dependent
on the doping.

It is easy to show that in the basic version of the RGM,
without damping of spin excitations, this effect cannot in
principle be described. However, even a simple renormaliza-
tion of Eqn (50), where ReM � 0 and the damping parameter
depends only on temperature (and linearly), reproduces the
scaling. Moreover, in this case, the problem can even be
solved analytically for fixed exchange values. The actual
renormalization, meanwhile, allows a more quantitatively
accurate description of the experiment for w2D.

Note that in more complex cases, the linear dependence of
g on temperature, which necessarily follows from scaling,
serves as an additional constraint when choosing renormali-
zations.

10. Spherically symmetric self-consistent
approach and quantum entanglement

TheRGM can be applied not only to theHeisenberg model in
its various variants but also to more complex structures with
localized spins. This includes, in particular, the spin-orbit
model (spin-pseudospin, the Kugel'±Khomskii model [119,
120]).

Research on this model, proposed back in the 1970s, has
recently experienced a surge in interest, which is due to two
factors.

First, the orbital waves predicted by the model have
finally been experimentally detected in this century [121±124].

Second, the spin-orbit model has proven to be an
extremely convenient testing ground for studying multi-
particle quantum entanglement [125±132]. Analytical pro-
gress in this area is nearly impossible. Obtaining a numerical
result is also difficult, since it is necessary to determine the
density matrix of the macroscopic system. The features of the
spin-pseudospin modelÐa natural division into two sub-
systems, themathematical identity of the spin and pseudospin
operators, and the availability of high-level spin computa-
tional packagesÐ simplify this work. However, resource
consumption also limits the system size to a small one.

Analysis with the RGM, although it makes it impossible
to rigorously determine the degree of entanglement, allows
one to identify `suspicious regions' and qualitatively predict
expected results [133, 134]. It is even more suitable for
describing the standard magnetic and thermodynamic prop-
erties of the model.

The Hamiltonian of the spin-pseudospin model has the
form [119, 120]

Ĥ � J
X
hi; ji

ŜiŜj � I
X
hi; ji

T̂iT̂j � K
X
hi; ji
�ŜiŜj��T̂iT̂j� : �53�

At each lattice site, the spin S � 1=2 and pseudospin T � 1=2
are fixed. The internal interactions in the spin and pseudospin
subsystems have a Heisenberg form, and the interaction
between the subsystems is the last term in Eqn (53). As in
Hamiltonian (1), hi; ji denotes summation over pairs of
nearest neighbor sites.
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Expression (53) represents the most symmetric,
SU�2� � SU�2�, form of the model; in other variants, the
pseudospin part may be different.

Let us consider low-dimensional (1D chain and 2D
square) lattices at T > 0. According to the Mermin±Wagner
theorem [16], long-range order is impossible for uncoupled
subsystems (K � 0). It is natural to assume that with the
inclusion of intersubsystem interactions K 6� 0, the role of
temperature and quantum fluctuations only increases, and
long-range order is absent. This justifies the use of the RGM
scheme.

Thus, the initial assumptions are conceptually the same as
those in the Heisenberg model: the single-site mean for spin
and pseudospin is zero hŜii � hT̂ii � 0, and the correlation
functions hŜ a

i Ŝ
b
j i, hT̂ a

i T̂
b
j i, and hŜ a

i T̂
b
j i are zero at a 6� b and

do not depend on a at a � b.
It is necessary to consider three interconnected Green's

functions: spin-spin hSz
q jSz
ÿqio, spin-pseudospin hTz

q jSz
ÿqio,

and pseudospin-pseudospin hTz
q jTz

ÿqio. It can be shown [135]
that the effects of the interaction of spin and orbital degrees of
freedom, including entanglement [126, 136], are expressed
most clearly and vividly at J � I > 0 and K < 0. At J � I,
obviously, hSz

q jSz
ÿqio�hTz

q jTz
ÿqio, and twoGreen's functions

remain.
However, even with these simplifications, calculations

according to scheme (8)±(9) cannot be carried out, since
commutation of the spin (pseudospin) operator with the last
term in Eqn (53) will lead too far, and it will not be possible to
close the chain of equations of motion. Nevertheless,
simplifying the term of the intersubsystem interaction in
terms of the mean field (with conservation of intrasite spin-
pseudospin interactions, for details see [133]), one can obtain
a closed system, the solution of which leads to nontrivial
results.

Taking into account the interaction of subsystems, the
spin-spin Green's function Gz�q;o� � hSz

q jSz
ÿqio and the

spin-pseudospin Green's function take the form

Gz�q;o� � hSz
q jSz
ÿqio �

Fac�q�
o 2 ÿ o 2

ac�q�
� Fopt�q�
o 2 ÿ o 2

opt�q�
; �54�

Rz�q;o� � 
Tz
q jSz
ÿq
�
o �

Fac�q�
o 2 ÿ o 2

ac�q�
ÿ Fopt�q�
o 2 ÿ o 2

opt�q�
: �55�

Specific expressions for the numerators and spectra in (54)
and (55), which are not essential for the further presentation,
can be found in [133].

The main results of the RGM for low-dimensional spin-
pseudospin models are as follows. At a fixed temperature
T > 0, with an increase in the modulus of the intersubsystem
interaction jK j (recall that K < 0), starting from a certain
boundary value Kc, nonzero spin-pseudospin correlators
appearÐ intrasite m0�hSz

i T
z
i i and intersite mg�hSz

i T
z
igiÐ

for 2D (Fig. 13a).
The boundaries of the regions with zero and nonzero spin-

pseudospin correlators in 1D and 2D are shown in Fig. 13b.
Noteworthy is the counterintuitive behavior of the boundary
in the one-dimensional case: in a certain range of intersubsys-
tem interactions, a reversible transition is observed with
increasing temperature.

Simultaneously with the appearance of intersubsystem
correlators, the excitation spectrum splits into acoustic and
optical branches (Fig. 14a) (2D). For small jK j, the splitting is
noticeable mainly at the symmetric points of the Brillouin
zone C and Q. For large jK j, the upper sections of the
spectrum branches form an almost dispersion-free region
(see Fig. 14a).

At the transition point, the heat capacity of the system
also experiences a jump. The greater the jump, the greater the
critical value of jK j (Fig. 14b) (2D). Both susceptibilities
undergo simultaneous jumps: spin-spin wss�q;o�� ÿGz�q;o�
and spin-pseudospin wst�q;o� � ÿRz�q;o�.

The indicators mentioned above can apparently be
considered entanglement witnesses, although the theory of
entanglement witnesses in condensed matter is still far from
complete (see recent review [137]).

With an exact numerical solution of the problem for a
small one-dimensional chain [131, 132], the conclusions
obtained in the RGM, including those with respect to
intersubsystem entanglement, are confirmed. In 2D, the
available computational resources, even with a minimally
reasonable number of particles, do not allow the evolution of
entanglement to be determined.

Concluding remark. The spin-pseudospin model for a
square lattice is qualitatively similar to the Heisenberg
model for two interacting planes. Spins are localized on one
plane, and pseudospins are localized on the other. However,
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the one-dimensional case are noteworthy (see text). (Data from [133, 134].)
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the interaction between them is not of the Heisenberg type,
but has a more complex nature (the last term in Eqn (53)).
Nevertheless, some effects in these twomodels are similar (see
Section 12).

11. Doping models and spin polaron

During the quarter-century `struggle for a true theory of
HTSC,' many scenarios for nonphonon pairing have been
proposed. A detailed description of these scenarios is a
Herculean task (a brief recent review with an extensive list of
references can be found in [138]). Here, we will briefly discuss
only one aspect of the issue relevant to the subject of this
paper, namely, the concept of the spin polaron and spin-
polaron pairing (earlier reviews can be found in [139±141], a
recent review with numerous references can be found in [142];
see also the relevant section of the comprehensive book on
HTSC [118]).

Thus, let us consider a theoreticalmodel inwhich there is a
magnetic background and charge carriers strongly interact
with it. This could be the pÿdmodel [142], the Kondo lattice
[139, 140], various variants of the Hubbard model [143±147],
the basic tÿJmodel and its variants [22, 31, 87, 88, 112, 148±
151], and others. The tÿJ model is the most frequently
discussed model in the literature.

A charge carrier perturbs the AFM background, thereby
increasing the energy (the effect was considered as far back as
the 1960s [152]). This is easier to demonstrate with a hole as an
example. Imagine a chessboard with one square removed. As
the resulting hole moves along the board, the chessboard
order is obviously disrupted, and the number of adjacent
squares of the same color increases (for FM, such an analysis
is obviously meaningless).

Of course, in advanced models, the picture is much more
complex;moreover, the so-called Tragman loops15 weaken the
presented arguments [153].However, the basic idea remains the
same: a carrier moving above an AFM background signifi-
cantly distorts it. The carrier plus the background perturbation
form a `good' quasiparticleÐa spin polaron.

The idea of spin-polaron pairing, implemented in a wide
variety of models and using numerous theoretical methods, is

also fundamentally simple. Two polarons located close to
each other will introduce a smaller perturbation into the
magnetic background than when they are far apart. This
effect can overcome the Coulomb repulsion (unlike Bardeen±
Cooper±Schrieffer theory, the pair in this case is local). We
emphasize once again that the above is only an extremely
simplified, primitivized description.

The properties of a spin-polaron system depend on the
bare spectrum of carriers, the type of their interactionwith the
background, andÐ important for this workÐ the structure
of the magnetic subsystem. It is clear that a charge carrier
living on a checkboard, Ne�el AFM background and the same
carrier living on a singlet state with strong AFM correlations
form significantly different polarons.

And here we encounter a new field of application of the
RGM and similar methods. The studies mentioned above
specifically use a spherically symmetric approach for the spin
subsystem.

Within the framework of a rough classification, we can
identify three algorithms on which these studies are based.

The first algorithm is the most complex (see, for example,
[87, 142]). Expressions are written for both conventional
charge and spin Green's functions (in some models, these
may beGreen's functions inHubbard operators). Then, using
some approach (always approximate), these Green's func-
tions are calculated taking into account the interaction of the
subsystems and the constraints imposed on the spin sub-
system by the spherically symmetric approach. The result is a
rather cumbersome system of self-consistent equations,
solved numerically.

The second algorithm is as follows (see, for example, [139±
141]). Only the charge subsystem is considered in detail, but
with its interactionwith the spin subsystem taken into account.
This requires the use of spin-spin correlators. The latter are
borrowed from calculations for the undoped but frustrated
J1ÿJ2 model. The connecting bridge is the assumption of an
analogy between (small) doping in free-carrier models and
frustration in the purely spin model. This idea is physically
natural: a moving hole destroys magnetic order, and the same
happens with increasing frustration in the spin model. More-
over, it is based on the long-discovered similarity in the
behavior of spin correlators depending on doping and
frustration [154]. Although this assumption has not been
rigorously proven, it is considered sufficiently justified.
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15 After several traverses of the square, the hole moves diagonally, leaving

behind an unperturbed magnetic configuration.
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And finally, the third algorithm is as follows (see, for
example, [147, 150]). It is similar to the second in that only the
most essential elements of the spin problem are retained. The
degree of mathematical detail in these most essential elements
may vary, but the underlying principle is always a simple
physical idea. At T > 0, unlike the two-sublattice antiferro-
magnetic state, in the singlet state with AFM correlations, the
gap at the pointQ � �p; p� of the Brillouin zone is open, and,
accordingly, the AFM correlation length is finite.

Note that the above-cited references are not intended to be
exhaustive, but merely serve as illustrations of the use of
spherically symmetric approaches in the spin polaron con-
cept.

12. Transition to 3D

In principle, the RGM provides a reasonable description of
the three-dimensional case for both the J1 [155] and J1ÿJ2
[156] models. However, for obvious reasons, this approach
has not been further developedÐ the Mermin±Wagner
theorem does not impose limitations in 3D, and standard
methods are simpler and more convenient.

In the RGM, the transition from the two-dimensional to
the three-dimensional case, i.e., from a square lattice to a
cubic one, is of interest. In this case, it is more correct to speak
of a transition to a stack of square lattices.

The first step in this direction was made in [15, 50], where
two interacting planes were considered. The Hamiltonian of
such a problem has the form of Eqn (56) given below for the
case n � 1; 2.

In [15, 50], the stated goal was to quantitatively describe
neutron experiments for HTSC cuprates with two closely
spaced magnetic planes. Therefore, a detailed presentation of
its results in the context of this review does not seem
necessary. We will, however, mention one important, albeit
intuitively obvious, result: when interplane interaction is
included, the spin excitation spectrum splits into optical and
acoustic branches. Qualitatively, this effect is similar to that
observed in the spin-pseudospin model (Section 10). Of
course, there is no quantitative agreement, because of the
different types of interplane interaction.

The 2D! 3D transition was studied in detail in [14],
where a three-dimensional stack of planar square lattices
with controlled interactions was considered. In each plane,
the first and second nearest neighbor AFM exchanges are
taken into account; i.e., frustration is present.

Thus, the Hamiltonian of the model has the form

Ĥ�
X
n

�
J1
X
hi; ji

Ŝi; nŜj; n�J2
X
�i; j�

Ŝi; nŜj; n

�
� J?

X
i; n

Ŝi; nŜj; n�1:

�56�
Here, the subscript n numbers the different square planes. In
each plane, as in the base Hamiltonian (1), hi; ji denotes the
summation over pairs of nearest neighbor sites, and �i; j�
denotes the summation over pairs of next-nearest neighbors.
The exchange J? is the interplanar interaction. We consider
the first quarter of the J1ÿJ2 circle (see Fig. 3); i.e., the first
and second exchanges are antiferromagnetic: J1 > 0 (herein-
after, J1 � 1) and J2 > 0. The interlayer exchange J? is also
assumed to be nonnegative, J?5 0.

For such parameters on one plane, i.e., at J? � 0, a spin-
liquid phase without long-range order is realized at T � 0 in
the region J2 ' 1=2. On the side of small J2 < 1=2, it borders

on the AFM phase, and on the side of large J2 > 1=2, it
boarders on the stripe phase. 16 In a purely three-dimensional
situation, the spin-liquid phase is absent. Therefore, the
disappearance of the spin-liquid region with increasing J?
serves as a natural criterion for `true three-dimensionality'.

Omitting the technical details that make it possible to
implement a spherically symmetric approach for a stack of
square lattices (including the algorithm for determining
vertex corrections), Fig. 15 presents the most significant
result of paper [14]. One can see from the figure that with
increasing J?, the width of the spin-liquid region decreases
(first rapidly, then somewhat more slowly) and at J? � 0:3J1,
no spin liquid remains.

Thus, even with a sufficiently weak interaction between
the planes, the effect characteristic of a purely two-dimen-
sional system completely disappears.

13. Effect of anisotropy

The use of the RGM is not limited to the study of the isotropic
Heisenberg Hamiltonian; it also allows for the consideration
of various types of anisotropy.However, it should be acknowl-
edged that the influence of anisotropy has not yet been fully
studied. Below, we discuss the main results concerning some
anisotropic contributions to Hamiltonian (1).

13.1 Magnetic field
In the J1 model within the RGM, the influence of the
magnetic field Ĥ � h

P
i Ŝ

z
i is taken into account for both

the FM [34, 86] and AFM [157] cases.
In the presence of a magnetic field, the condition for the

equality of the three correlators is clearly violated and
becomes hSx

n S
x
n�ri � hSy

nS
y
n�ri 6� hSz

nS
z
n�ri.

This results in the appearance of two different Green's
functions Gzz and Gxx � Gyy and, accordingly, increases the
number of vertex corrections.
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Figure 15. Phase diagram for a stack of square planes in the J?, J2 (J1 � 1)
from [14]. Here, Ne�el LRO is the AFM phase, quantum para is the spin
liquid, and collinear LRO is the stripe phase. The RGM label in the upper
right corner indicates the calculation method. For J?5 0:3J1, no spin
liquid remains. (Data from [14].)

16 Recall that J2 � 1=2 is theAFMÐstripe transition point in the classical

limit.
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After the standard RGM separation of correlators, the
Green's functions take the form

Gxx
q �o� �

Fxx
1q

oÿ o�q �h�
� Fxx

2q

oÿ oÿq �h�
; �57�

Gzz
q �o� �

Fzz
q

o 2 ÿ �o z
q �2

: �58�

Explicit expressions for the numerators of the Green's
functions and the spin excitation spectra are given in [34, 86,
157]. The magnetic field completely removes the degeneracy of
the spin excitation branches, forming three branches: one
branch, oz

q , depends on the magnetic field indirectly, through
correlators renormalizedwith themagnetic field, while the other
two,o�q �h� andoÿq �h�, depend explicitly on the field. Evidence
for such a splitting is observed in a neutron experiment [158].

In the FM case, for the 2D and 1D models, spin S � 1=2,
S5 1, the dependences of thermodynamic quantities (mag-
netization, magnetic susceptibility, and specific heat) on
magnetic field and temperature were obtained [34, 86].
Power laws were found for the position and height of the
maximum of magnetic susceptibility, and the presence of two
maxima in the temperature dependence of the heat capacity
was shown for S � 1=2 and S � 1; for S > 1, as in 2D, the
maximum is one. The results are consistent with calculations
by the exact diagonalization method [159] and the quantum
Monte Carlo simulations [34].

13.2 Single-ion anisotropy
Single-ion anisotropy (the addition to the Hamiltonian
ĤD � D

P
i�Ŝ z

i �2, where D is the single-ion anisotropy
constant) was studied within the framework of the single-ion
anisotropy model [36] for the 1D ferromagnetic case.

For the calculations, a version [160, 161] of the matrix
projection method described in Section 8.1 was used in the
two-operator basis A n � �Ŝ n

q ; i
_̂S
n
q ��n � �; z�. When closing

the chains of equations for the Green's functions, four vertex
corrections appear in the second differentiation step.

The spin excitation spectrum splits into two branches: one
dependent on the anisotropy parameter o�ÿq �D� and o zz

q one
dependent on D indirectly through correlators.

The results for the thermodynamic properties (longitudinal
and transverse susceptibilities, specific heat capacity) over a wide
temperature range are consistent with the exact diagonalization
data for finite chains.Note that the temperature dependence of the
heat capacity exhibits two maxima if the ratio of the anisotropy
parameterD to the exchange interaction J1 exceeds the character-
istic valueD=J1 > 7:4, and only one maximum atD=J1 < 7:4.

13.3 Exotic anisotropies: tetragonal lattice
and the compass model
The successful application of the RGM is not limited to two-
dimensional systems and classical problems related to
magnetic fields and single-ion anisotropy. For example, in
[162], this method was used to describe the magnetism of iron
pnictides, which have a three-dimensional tetragonal crystal
lattice. In [162], the Heisenberg Hamiltonian on a tetragonal
lattice was studied

Ĥ � 1

2

X
i; j

Ji j Si Sj ; �59�

Ji j � JxdRj;Ri�ax � JydRj;Ri�ay � JzdRj;Ri�az � J2dRj ;Ri�dxy ;
�60�

where Jx, Jy, and Jz are the exchange interactions between
nearest neighbors along the corresponding directions, and J2
is the exchange interaction between the second-nearest
neighbors in the xy plane.

As a result, the two-spin correlation functions, the spin
excitation spectrum, the Ne�el temperature, and the magnetiza-
tion were self-consistently calculated for model (59)±(60) as
functions of temperature and spin. In this study, the temperature
dependence of the static magnetic susceptibility was obtained,
including a linear increase over a wide temperature range, which
is in good agreement with experimental data from inelastic
neutron scattering. This effect is explained by the presence of
strong antiferromagnetic short-range order in the xy plane.
However, it was found that model (59)±(60), which takes into
account interplane interactions basedonneutron scattering data,
cannot correctly describe antiferromagnetic long-range order in
iron pnictides: the calculated Ne�el temperatures were approxi-
mately five times higher than the measured ones. For a more
accurate description, the model must be extended to account for
the interaction of localized spins and free electrons.

Another example of the application of the spherically
symmetric approach to models with pronounced anisotropy
is presented in the study of the compass model [163] on a
square lattice [164]. This is a Heisenberg-type model, in which
the exchanges along the x axis are not equal to the exchanges
along the y axis. In [164], the thermodynamic characteristics
of a two-dimensional antiferromagnetic Heisenberg model
with compass interaction were calculated, and the depen-
dence of the Ne�el temperature on the exchange parameters of
the model was investigated. It was found that the Ne�el
temperature remains finite even for symmetric interaction in
the compass model. Furthermore, the influence of short-
range magnetic order on the temperature dependences of
static magnetic susceptibilities was explained.

14. Conclusions

The spherically symmetric self-consistent approach, which
emerged half a century ago and received a significant boost in
the 1990s, remains a fully functionalmethod for studying low-
dimensional spin and dopedmodels while accurately account-
ing for theorem-based constraints.

This in no way contradicts the use of alternative analytical
approaches: spin-wave, auxiliary bosons or fermions, and
other approaches. Depending on the conditions of a parti-
cular problem, any of them may prove more effective.

Acknowledgments. The authors thank K.I. Kugel',
P.A. Alekseev, R.O. Kuzyan, and A.M. Belemuk for helpful
comments and detailed discussions.

15. Appendix. Green's function
and spectrum in the spherically
symmetric self-consistent approach

In the standard version of the RGMÐthe closure of the
chain of equations of motion at the second stepÐ the Fourier
transform of the spin-spin Green's function has the form

Gz�q;o� � Fq

o 2 ÿ o 2
q

: �61�

In the J1 ± J2 ± J3 model, the expressions for the numerator
Fq and for the spin excitation spectrum oq include the spin-
spin correlation functions cjrj � hSz

nS
z
n�ri on the first three

February 2026 Spherically symmetric approaches in the low-dimensional magnetism theory 135



and the first eight coordination spheres, respectively,

Fq � 8
X

r2fg; d; 2gg
Jr�gr ÿ 1�cr ; �62�

o 2
q � 2

X12
i�1

Gi Ki ; �63�

where g, d and 2g are the vectors of the first, second,
and third nearest neighbors; Jg, Jd, and J2g are J1, J2,
and J3, respectively; gg � 1=2 �cos �qx� � cos �qy��, gd �
cos �qx� cos �qy�, g2g � 1=2�cos �2qx� � cos �2qy��.

The lattice sums Ki included in the expression for the
spectrum oq (63) have the form:

K1 � J1J2Kgd � J1J3Kg; 2g

� J 2
1 �zg�zg ÿ 1�~cg � zgc0 � Kgg� ;

K2 � J2J1Kdg � J2J3Kd; 2g

� J 2
2 �zd�zd ÿ 1�~cd � zdc0 � Kdd� ;

K3 � ÿJ 2
1 z

2
g ~cg ; K4 � ÿJ 2

2 z
2
d ~cd ;

K5 � ÿJ1J2zgzd~cg ; K6 � ÿJ1J2zgzd~cd ;

K7 � J3J1K2g; g � J3J2K2g; d

� J 2
3 �z2g�z2g ÿ 1�~c2g � z2gc0 � K2g;2g� ;

K8 � ÿJ 2
3 z

2
2g~c2g ; K9 � ÿJ1J3zgz2g~cg ;

K10 � ÿJ3J1z2gzg~cd ; K11 � ÿJ2J3zdz2g~cd ;

K12 � ÿJ3J2z2gzd~c2g ; �64�
here,

Kr1; r2 �
X

r1; r2; r1 6�ÿr2
~cr1�r2 ; r1; r2 2 fg; d; 2gg : �65�

The dependence of the spectrum oq on the quasi-momentum
is determined by the factors Gi

G1 � 1ÿ gg; G2 � 1ÿ gd ;

G3 � 1ÿ g 2g ; G4 � 1ÿ g 2d ;

G5 � �1ÿ gg�gd ; G6 � �1ÿ gd�gg ;

G7 � 1ÿ g2g ; G8 � 1ÿ g 22g ;

G9 � �1ÿ gg�g2g; G10 � �1ÿ g2g�gg ;

G11 � �1ÿ gd�g2g ; G12 � �1ÿ g2g�gd : �66�

In (62) and (66), gn � �1=zn�
P

i exp �iqni�, where the sum
is taken over the zn sites of the corresponding coordination
sphere. For a 2D square lattice, zg � zd � z2g � 4. In (64) and
(65), ~cr corresponds to the correlators cr renormalized by the
vertex corrections ar, i.e., ~cr � arcr. Note that the RGM also
uses an alternative nomenclature for the grouping of the term
in (63) (see, for example, [57, 58]).

The results for the J1 ± J2 and J1 models are obtained from
the above by setting the corresponding terms to zero.
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