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Abstract. In recent years, there has been a significant effort to
investigate the impact of nontrivial electronic topology on the
thermoelectric properties of materials. Topological insulators
(TIs) and two-dimensional semimetals, in particular, have
emerged as an efficient class of thermoelectric materials. When
the Fermi level lies within the insulating gap, thermoelectric
transport in two-dimensional (2D) topological insulators is pri-
marily determined by the one-dimensional helical states, while in
three-dimensional TIs, the transport is driven by the 2D states that
exist on the material’s surfaces. Here, we review existing results on
HgTe quantum wells, which are exemplary in combining the
optimal features of topological insulators and the best-perform-
ing thermoelectric materials. In addition, we also cover thermo-
electric phenomena in two-dimensional semimetals. These
materials have overlapping electron and hole bands in the energy
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space, resulting in a strong mutual friction between them that
affects thermoelectric transport and leads to temperature-depend-
ent resistivity. Our review focuses on the thermopower phenomena
observed in HgTe-based semimetals, taking into account diffusive
and phonon drag effects. Furthermore, we also discuss Weyl two-
dimensional semimetals with gapless cone spectra and their ther-
moelectric properties. We highlight the impact of the coexistence
of Dirac and heavy holes in the valence band on the thermoelectric
properties of the material and their potential for application in
thermoelectric devices.

Keywords: topological insulators, thermopower, quantum
transport, HgTe quantum wells

1. Introduction

Thermoelectric effects in solids belong to the class of
fundamental kinetic phenomena [1]. They provide supple-
mentary insight into electron transport in metals and
semiconductors, which makes them a valuable tool for
identifying the charge carriers and transport mechanisms at
play. These effects also have a significant application value,
being related to the transformation of the thermal form of
energy into the electrical [2]. The recent discovery of
topological insulators (TIs) and 2D classical and Weyl
semimetals opens new prospects in this field, owing to their
unconventional electronic structure and unique properties.
TIs exhibit unique transport properties that stem from the
gapless linear spectrum of their helical surface or edge states
[3—12]. For instance, the edge states of two-dimensional TIs
are theoretically expected to have an extremely large mean
free path and mobility due to their protection against
backscattering [3-5, 13—15]. In 2D TIs, the transport is
determined by the edge states, when the Fermi level stays
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within the insulating gap. The position of the Fermi level in
the gap is stabilized by the bulk states present in the gap,
arising from random spatial inhomogeneity or disorder.
These states are typically localized, but electron transitions
between the edge and bulk states are possible and may affect
transport properties in 2D TIs. The mixing of edge and bulk
states is thought to strongly enhance the diffusive thermo-
power in 2D TIs. 2D classical and Weyl semimetals are also
novel and interesting kinds of 2D and 3D electron systems
[16-20]. Two-component (electron-hole) classical and quan-
tum transport, Landau electron-hole scattering, the quantum
Hall effect in an electron-hole liquid, 2D networks of helical
edge states— this is just an incomplete list of new physical
phenomena discovered in these systems during the last two
decades [17, 21].

It is necessary to note that, to date, HgTe has been the
only semiconductor on whose basis 2D TI and 3D TI, 2D
classical and Weyl semimetals, have been experimentally
realized in the most reliable way. Therefore, there is no
doubt that the investigation of their thermoelectric proper-
ties is a very important task of modern condensed matter
physics.

Some recent review articles, including [22-25], are mostly
focused on three-dimensional topological insulators and
semimetals. They offer valuable insights into the latest
research in the field and help to guide future research efforts
aimed at developing more efficient energy conversion technol-
ogies. In contrast to them, this review article provides a
comprehensive summary of the latest research on the thermo-
electric properties of 2D topological insulators and semimetals
based on HgTe material. It covers a range of topics, including
the theoretical underpinnings concerning these materials,
experimental methods of measuring their thermoelectric
properties, and analysis of scattering mechanisms.

2. Energy spectrum of HgTe-based topological
insulators and two-dimensional semimetals

In this section, we describe the energy spectrum of a quantum
well (QW) and films based on HgTe in more detail. Figure 1
shows a qualitative view of the energies of the main
dimensional-quantization subbands in such a well as a

function of its thickness [26-28]. As can be seen, the behavior
of the spectrum fundamentally depends on the well thickness,
and it can be conventionally divided into four regions. The
first is dy < d., where a direct-band-gap 2D insulator is
realized. Its band gap decreases as the thickness increases, to
collapse at a critical well thickness d., which is equal to 6.3—
6.5 nm, depending on the QW orientation and deformation.
As dy increases further, the second region appears, which
contains a 2D insulator but with inverse bands. Then, if
14 < dy, < 30 nm, a 2D semimetal state emerges due to the
overlap of hole-like bands H; (conduction band) and H,
(valence band). Finally, if d,, > 60 nm, we have a three-
dimensional topological insulator.

Let us consider the energy spectrum of some of these
systems in more detail, starting with a 2D TI. The energy
spectrum of such a TI calculated in [29] for (100) and (013)
surface orientations is shown in Fig. 2a. As can be seen, the
basic characteristics of this spectrum depend only weakly on
the surface orientation. The critical thickness in both cases is
6.3 nm, and the 2D TI state with the largest band gap,
corresponding to simple band inversion, is realized at a QW
thickness of 8.2-8.5 nm. The band gap width is in this case
approximately 30 meV. The dispersion law for edge and bulk
states for a QW with a thickness of 8.5 nm and orientation
(013) is shown in Fig. 2b, which illustrates well all the features
of the spectrum of a 2D TI based on the HgTe QW: the linear
Dirac spectrum of edge current states and a parabolic band-
gap spectrum of bulk states. We note that the edge states exist
not only in the band gap but also at energies that correspond
to the allowed bulk bands. Fig. 2b also clearly shows the
anticrossing of the edge states with the bulk states in the lower
part of the band gap due to lower surface symmetry (013).

Figure 2¢ presents the energy spectrum of an HgTe QW
with critical thickness dy, = 6.3—6.5 nm at which a Weyl-like
2D semimetal emerges. According to the calculation carried
out in many papers, the spectrum of an HgTe QW with d = d
represents a symmetric Dirac cone with the dispersion
E = hvpp k (vpr = 7—8 x 107 cm s~!) in the vicinity of the
Dirac point only, at energies lower than 20-30 meV. Some
way down from the Dirac point, an additional extremum of
heavy 2D holes appears at some point away from the center of
the Brillouin zone.
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Figure 1. Qualitative view of energy spectrum of HgTe-based topological insulators and two-dimensional semimetal (£, and E, are energies of electron

subband, Hy, H,, and H; are energies of hole subband).
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Figure 2. (a) Subband bottom energy as function of QW thickness in range of 5.5-11 nm (solid curves for surface orientation (100), dashed curves for
orientation (013)). (b) Dispersion law of bulk and edge states for HgTe QWs with orientation (013). (Figure taken from [29].) (c) Qualitative view of

energy spectrum in HgTe QW of critical width d,, = 6.3—6.5 nm.
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Figure 3. (a) Energy spectrum of 2D semimetal in HgTe QW (d,, = 22 nm). Symbols— experimental data obtained from cyclotron mass, solid lines —
calculation by means of k£ x p model. (Figure taken from [30].) (b) Band structure of 3D topological insulator on basis of strained 80-nm HgTe film. Solid
lines— bulk state energy dispersion, dashed lines—energy dispersion of surface Dirac fermions from top (TS) and bottom (BS) surfaces. Approximate
energy window where surface electrons and bulk holes coexist is marked by yellow shading. (Figure taken from [31].)

Figure 3a shows the typical energy spectrum of a 2D
semimetal in a QW with a thickness of 22 nm. It can be seen
that we have a 2D semimetal with an overlap of about 10 meV
between the CB minimum at the center of the Brillouin band
and two valence band valleys in the [03-1] direction. The
electron effective mass is m, = 0.025—0.03my and the hole
mass my = 0.25—0.3my is about ten times larger [30].

It is necessary to note that bulk mercury telluride, despite
the inverted nature of its spectrum, cannot be classified asa TI
because it is a gapless semiconductor. However, a transfor-
mation into a 3D TI state can occur if a uniaxial compression
deformation is applied to HgTe that results in the bulk gap
opening. A similar but not identical situation occurs in the
case of HgTe films grown on CdTe substrates due to the
difference in the lattice constants of HgTe (angre = 0.646 nm)
and CdTe (acgre = 0.648 nm). The critical thickness of
pseudomorphic growth that corresponds to this difference in
the lattice constants is more than 100 nm, and thus films
whose thickness is less than this critical value reproduce the
lattice constant of the CdTe substrate. As a result, tensile
deformation occurring in such films leads to the emergence of
a gap. However, the Dirac point in a TI created in this way is
located not inside the band gap but deep in the valence band.
Due to hybridization with the valence band, the spectrum of
surface states contains only the electron branch, which, when

approaching the valence band bottom, deviates from the
linear law to become quasiparabolic. Figure 3b demonstrates
the energy spectrum of a 3D topological insulator, realized in
80-nm HgTe [31]. It is clear that, as the energy increases, an
indirect band gap of approximately 15 meV emerges in the
bulk of the film, in which there are surface bands of
delocalized electron states. Because the thickness of the film
is finite, its spectrum in the allowed bulk bands consists of a
sequence of dimensionally quantized subbands with a small
(1 meV) distance between them in the valence band and with
an order of magnitude larger separation in the conduction
band.

3. Experimental setup

Quantum wells Cdg¢sHgo35Te/HgTe/Cdg¢sHgo3sTe with
(013) surface orientations and a different nominal well
thickness were prepared by molecular beam epitaxy. As
shown in previous publications (see review [11]), the use of
substrates inclined to singular orientations facilitates the
growth of more perfect films. Therefore, the growth of alloys
is performed predominantly on substrates with a surface
orientation (013), which deviates from the singular orienta-
tion by approximately 19°. The original wafer containing the
HgTe quantum well was patterned into experimental samples
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Table 1. Sample parameters and configuration of Hall bar used for
transport measurements.

Sample d, nm Hall bridge
2D topological insulator 8.1-8.3 Mesoscopic
3D topological insulator 80 Macroscopic
2D semimetal 21 Macroscopic
2D Weil semimetal 6.3-6.4 Macroscopic

of different configurations and sizes. Macroscopic samples
with a 4 x 3-mm rectangular shape bore on top an ordinary
Hall structure with L x W = 100 x 50 um and 250 x 50-pm
segments between the voltage probes prepared by photolitho-
graphy and chemical etching. The mesoscopic structure was a
long Hall bar consisting of three consecutive segments of
different lengths (3, 9, and 35 pm) and seven voltage probes.
The fabrication of an ohmic contact to an HgTe
quantum well is similar to that for other 2D systems, such
as GaAs quantum wells: the contacts were formed by the
burning-in of indium directly on the surface of large contact
pads. Modulation-doped HgTe/CdHgTe quantum wells are
typically grown at 7= 180° C, which is relatively low
compared to Ay—By compounds. On each contact pad,
the indium diffuses vertically down, providing ohmic
contact to the underlying quantum well, with contact
resistance in the range of 0.1-1 kQ. During AC measure-
ments, we made sure that the Y-component of the
impedance did not exceed 5% of the total impedance,
which is an indication of good ohmicity of the contacts. A
dielectric layer was deposited (100 nm of SiO; and 100 nm of
Si3Niy) on the sample surface and then covered by a TiAu
gate. The density variation with the gate voltage was
10! cm™2 V~!. The magnetotransport measurements were
performed at a temperature of 4.2 K using a standard four
point circuit with a 1-13-Hz AC current of 1-10 nA through
the sample, which is sufficiently low to avoid overheating
effects. The thermoelectric power was measured as follows.
At one end of the sample, close to one of the Hall bar
current contacts, there was a heater, a thin metal strip with a
resistance of ~ 50 Q. The opposite cold end of the sample
was indium soldered to a 5-mm?® copper piece, which, in
turn, was brought in thermal contact with the massive
copper sample holder. To create a temperature gradient
along the Hall bar, an alternating current not exceeding
60 mA and with a frequency of 0.4—1 Hz was passed through
the heater. For the current range specified, the heater
functioned in a linear regime. A schematic of sample form
thermopower measurements is depicted in Fig. 4.

Heater

Substrate GaAs

Thermometer 1
4 mm

Thermometer i

Figure 4. Schematic of sample for thermopower measurements.

To control the temperature gradient along the sample,
two calibrated thermistors were used —one located at the
heater end and the other at the cold end of the sample. For
example, the temperature difference thus determined between
the voltage contacts 100 pm apart at ambient temperature
T=42K and V)4 =6 V was AT ~ 0.023 K or, equiva-
lently, VT = 230 K m~!. In the operating temperature range
(~ 2.2 — 4.2 K), the thermal conductivity of liquid helium is
negligible compared to phonon thermal conductivity of the
wafer substrate. In these conditions, it is the thermal
conductivity of the substrate that determines the tempera-
ture gradient along the sample. The thermopower signal was
measured at a double frequency using available voltage
contacts. The experimentally measured quantities for macro-
scopic Hall bars were the longitudinal thermovoltage
Vie=8wVT x L, where L =450 or 100 um is the distance
between the voltage probes along the temperature gradient
VT, and the transverse thermovoltage V,, = S, VT x W,
where W =50 um is the sample width normal to the
temperature gradient. From V', and V, thus obtained, the
Seebeck S, coefficient could be evaluated for comparison
with theory. For mesoscopic samples, we did not directly
measure the temperature difference between the voltage
probes due to the small distance, but we estimated the
gradient VT ~ 160—230 K m~! for the heater power used in
our experiment.

4. Thermopower 2D topological insulator

4.1 Theoretical model

In the 2D band transport, phonon drag in HgTe wells appears
to be much less important than in GaAs wells because of the
relative smallness of deformation-potential and piezoelectric
constants in HgTe, and also because of the smallness of the
density of states of the 2D carriers (in other words, the
smallness of the effective mass, as the drag thermopower is
proportional to the square of this mass). By order of value, the
phonon drag thermopower in HgTe can be comparable to
diffusive thermopower in the temperature range of 2-4.2 K.
However, calculations show that, for this mechanism, the
density and temperature dependences of thermopower are
different from those observed in experiment. One can assume
that the phonon drag thermopower increases with V', — Venp
up to high densities of 10'2 cm ~2; therefore, it can be
important in 2D semimetals and 3D HgTe-based topological
insulators. We consider this contribution in other chapters
devoted to HgTe semimetal.

Phonon drag for edge states is not considered, because
large momentum transfer from phonons to electrons requires
spin-flip phonon-assisted backscattering between edge states
propagating in opposite directions. This scattering has a very
low probability. Therefore, below, we focus on the diffusive
thermopower.

In paper [32], the authors suggest that an extremely high
ZT > 2 can be realized in a 2D topological insulator. Such
enhancement of ZT is mainly due to the dramatic difference
in the relaxation time between the backscattering-free in-gap
topological edge states and the highly scattering 2D bulk
states. Assuming that the Fermi level is situated near the
bottom of the conduction band, as illustrated in Fig. 5a, the
relaxation time of high-energy electrons decreases due to the
scattering into the bulk conduction band. Moreover, it is
expected that the scattering between edge states is forbidden
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Figure 5. (a) Schematic of topological edge states and bulk bands. Conduction and valence band edges are marked by E; and E,. When Fermi level is
located near bottom of conduction band, electrons with energy ¢ > E. can be scattered into bulk states. (b) Relaxation rate of edge state electrons as

function of energy. (c) Seebeck coefticient as function of energy.

due to time inverse symmetry protection. If there is a
significant difference between the relaxation times of Dirac
fermions occupying edge states above and below the Fermi
level (Fig. 5b), then the thermoelectric power of the system
can change sign and become positive (anomalous sign), as
shown in Fig. 5c. Furthermore, the magnitude of this effect
can be much larger than that observed in the absence of
selective scattering.

However, note that this mechanism requires the complete
suppression of scattering between the edge states, which is not
observed in realistic structures. The quantized conductance of
HgTe-based quantum wells exhibits significant deviation
from the value //e? in the long samples [11, 33] predicted by
the Landauer—Buttiker formalism. This deviation from the
theoretical predictions has been attributed to various factors,
such as disorder, the presence of charge puddles, and
numerous sources of inelastic scattering [34-53].

When the regime deviates from the ballistic one, it is
reasonable to assume that the scattering of edge states into the
bulk must be taken into account, in addition to backscatter-
ing between them. In such cases, the Landauer—Buttiker
formalism is inadequate for quantitative analysis. To address
this problem, two phenomenological parameters, y and g, can
be introduced to represent the rate of scattering between edge
states and between edge states and the bulk. The scattering
between the edge and bulk states becomes significant when
the Fermi level lies within the conduction or valence bands
(see Fig. 5a), while it can be negligible when the Fermi level
crosses the band gap. In order to determine the bulk
conductivity, electron and hole bulk densities, and to study
transport properties, it is crucial to consider the density of
states. One can argue here that the conduction and valence
bands have Gaussian tails that stretch into the band gap due
to the random potential. Although the electrons and holes in
the band tails should be localized according to the generally
accepted theory, for simplicity, we assume a finite residual
conductivity in the band tails to explain the reduction of
nonlocal transport near the charge neutrality point (CNP).

The local and nonlocal transport coefficients depend on
the contribution of the edge states and the short-circuiting of

the edge transport by the bulk contribution, with the latter
being more significant away from the CNP. A comparison of
local conductance and nonlocal resistance [54] demonstrates
the range of voltages where edge state transport dominates.
The nonlocal signal is zero when the Fermi level lies within the
conduction or valence bands, far away from the CNP, or
when the classical model predicts negligible nonlocal resis-
tance. As the gate voltage sweeps through the CNP,
transitions occur between the edge states and the electron
and hole bulk states, allowing us to study the intermediate
situation that corresponds to a mixture of the edge and bulk
contributions to the conductance.

Papers [55, 56] present the edge+bulk model, which
accounts for the mixing between the edge and bulk states
when the Fermi level crosses the energy gap. This model has
been developed to describe the behavior of conductivity and
thermopower [56] in two-dimensional topological insulators.

For simplicity, we considered that the 2D band model
with a Dirac Hamiltonian leads to a symmetric energy
spectrum of electrons and holes separated by the gap 4,
e = +ter, e = [A2/4+A42k*]"?, where A =360 meV x nm and
A=36 meV. In a realistic case, the spectrum is not symmetric
[29]: the electron and hole effective masses have been obtained
from cyclotron resonance experiments. The values are
me =~ 0.02my and my, ~ 0.2my, respectively, and found to be
energy dependent due to non parabolicity. Therefore, the
bulk conductivity o}, can be expressed by the equation

e?vit(e)D(e)

O'b(g) = 5 ) (1)

where D(¢) is the density of states, and vg is the Fermi
velocity. We introduce & = oy, /(e?/h). Assuming that the
scattering of carriers is caused by impurities or other
inhomogeneities with short-range potentials described by
the momentum-independent correlator d, the scattering rate
is found as

fa () @
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The edge+bulk model for thermopower predicts the
following contributions to the conductance and thermo-
power [56]:

2 ~
e’ ., (L/w)egL
— =1+9L+ 7" 3
o P e e (3)
Tl?2 kB ‘7:/
Se =—— (kgT)—, 4
S0 =D () B 5
>7 3 e Gy '
while the total conductance and thermopower are
SeGe + SpG
Giot =2(Ge + Gp), Stot =————F7—, 6
tot (Ge + Gy) tot G. + Gy (6)

where Gy, = ow/L = (e?/h)(w/L)& is the bulk conductance
per spin, and kp is a Boltzmann constant. Though the theory
leading to Eqns (3)—(5) initially assumes gL > 1, these
equations remain formally valid in the opposite limit
gL < 1, when the edge state contribution to the conductance
is not influenced by the bulk-edge currents and G. =
e?/h(1 + yL)fl. This means that Eqns (3)—(5) can be used as
a reasonable approximation for arbitrary gL.

The main results of our theoretical model are given by
Equations (3)—(5), which show that the function F
contains two terms: the first depends on the scattering
between edges, while the second describes the edge-to-bulk
leakage.

Two cases can be considered:

(1) The Fermi level lies within the energy gap. In this case,
if the bulk transport is suppressed by localization, the
backscattering between the edge states governs the behavior
of the conductance and thermopower.

(2) The Fermi level crosses the conduction (or valence)
band. The edge state conductance and thermopower are
determined by Equations (3) and (4). If (L/w)é < gL, the
presence of the edge to bulk scattering does not strongly affect
either the resistance or the thermopower, because

L
F=l+yL+ 5.

This also means that, even when energy dependence of g is
strong, the thermopower sign alteration considered in model
[32] does not occur. For a long narrow sample and for high
mobility bulk carriers (high conductivity), if (L/w)¢ > gL,
the edge state contribution to function F should be propor-
tional to gL, and the conductance and thermopower should
be given by

G = h(1+yL+g)1,

) +¢g’
l+yL+gL’

N

7TB
— — (kT
3 e B)

where y’ and g’ stand for the derivatives of y and g with
respect to energy. Note that, for the limiting case y’ < g’ < 0,
the thermopower is large and has a positive anomalous sign
for electrons (for conventional 2D and 3D systems, the
Seebeck coefficient is always negative for electrons). This
mechanism was predicted in model [32].

In the case of ballistic transport, the contribution of
edge states to thermopower is expected to be absent.
Typically, the backscattering rate 7y is expected to be a
smooth function of the chemical potential, decreasing
monotonically away from the CNP. This is because the
CNP corresponds to the crossing point in the edge-state
spectrum, where the transferred momentum is zero and the
elastic scattering rate usually decreases with increasing
transferred momentum. As a result, the resistance
decreases with gate voltage V, — Venp, and the thermo-
power has a negative slope near the CNP, as observed in
experiments. If we count the energy from the Dirac point,
the transferred momentum is given by

w(e) = Y0
y(e) Tr /)

One can find y'/y = —(2¢/ed)/[1 + (¢/e0)*], where 7, is the
scattering rate at zero energy and g is a characteristic
parameter for energy smoothing. In the region near the
CNP, where the transport is dominated by the edge states,
the thermopower is a linear function of the Fermi energy. It is
negative in the electron part and positive in the hole part.
Therefore, the slope of the thermopower near the CNP is
entirely determined by the energy dependence of the back-
scattering rate.

Our findings suggest that bulk transport plays an essential
role in our samples, even in the vicinity of the CNP. Although
we observed a considerable nonlocal resistance indicating
edge transport, the persistence of bulk electron transport
suggests that our samples have a high level of disorder. As a
result, the bulk component of conductance persists through-
out the gate voltage range, even within the gap region. These
results highlight the importance of considering bulk transport
in the analysis of our samples, despite the presence of edge
transport. As we already mentioned above, one would expect
a significant increase in the edge-to-bulk scattering rate near
E. or E, (Fig. 3b). We assume

() = 8o

Cexp [ — (e — 4/2)/2¢] +1+gb’

where go and g, are the scattering rates at infinite and zero
energy.

As previously mentioned, when the sample is narrow and
long and (L/w)d > gL, both y" and g’ contribute equally to
the transport properties. However, the observation of
nonlocal resistance [15, 54, 57] provides clear evidence of
edge state transport within the mobility gap
(—=1.5V < Vs < 1.5V). Assuming gL ~ yL ~ 1, the mixing
between edge states and the bulk becomes significant for
probes 3-2 (L/w=10) when the bulk conductivity is
6> 0.1e?/h. According to our model (Ref. [55]), the
estimated value of the bulk conductivity is ~ 0.08¢2/A.

The qualitative dependence of the thermopower
observed in experiments is reproduced by any physically
reasonable model of the density of states. For instance, the
use of a Lorentzian spectral function to account for the
broadening of electron states leads to the following
equation:

8+5A/2+ 5G|, (7)

1 —A/2
D, = stanla 5/

A2 + fetan
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parameter y, is fixed, while edge-to-bulk scattering parameter gy is varied.

where

(e E 402N (et E) 0
=l ((S—A/2)2+52>+] <(8+A/2)2+52>’ ®

J is the broadening energy, and E; is a large cutoff energy. In
the hole region (¢ < 0), the extra coefficient f§ ~ 6 is added,
and the density of band states is larger.

Figure 6a shows the thermopower calculated from
equations (3)—(8) taking into account the Lorentzian energy
dependence of the backscattering rate for different para-
meters y, with the following parameters: E. = 150 meV,
d=6meV, f=6, gob=0.1 um~', ¢ = 10 meV. Edge-to-
bulk scattering is fixed. One can see the peak in the thermo-
power signal, when the chemical potential approaches the
valence and conductance band edges. The thermopower has
an anomalous signal: negative for holes and positive for
electrons, as predicted in model [32]. Figure 6b displays the
thermopower for various values of g¢, with fixed edge-to-edge
scattering. It is evident from the figure that the thermopower
within the gap remains constant, since the scattering between
the edges remains unchanged.

The Wiedemann—Franz law dictates that the electronic
thermal conductivity of the quantum well should be
relatively high, while the lattice thermal conductivity can
be reduced due to phonon scattering. As a result, rough
estimates can be performed by ignoring the lattice thermal
conductivity. We can express the dimensionless figure of

merit:

S% 3/ 8\
zr=""1="(-2_) .
K n2 <kB/e>

In edge state heating experiments [58], the validity of the
Lorentz ratio has been tested and it has been found that the
Wiedmann—Franz law applies to both the edge states and
bulk transport regime. It’s important to note that, in our
current analysis, we haven’t considered the thermal conduc-
tivity of the substrate. However, in real-world scenarios, the
substrate can have a significant impact on the overall
thermoelectric conductivity. Figure 6 ¢, d displays the figure
of merit for various values of y, (c) and gy (d), consequently,
with fixed edge-to-bulk (edge to edge) scattering. It can be
seen that ZT can be dramatically enhanced up to ~ 1.6 due to
strong energy dependence of the parameter y(¢). This is a
reasonable assumption, supported by recent studies that have
reviewed various backscattering mechanisms invoked to
explain the scattering between topologically protected states
[33]. Tt should be noted that the energy dependence of the
parameter g(¢) (which accounts for edge-to-bulk scattering)
can significantly enhance the thermoelectric efficiency. By
fine-tuning this dependence, it is possible to achieve similar
values of ZT. Figure 7a,b depicts the thermopower (a) and
figure of merit (b) for various sample lengths while keeping
the parameters y, (c) and gy (d) fixed. To minimize the
anomalous Seebeck effect resulting from extensive mixing
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figure of merit Z7T as function of Fermi energy for different sample length,7 = 4.2 K.

between the edge and bulk, we opted for a small edge-to-bulk
scattering parameter. The saturation of the thermopower
signal with device length can be seen. To summarize, the
Seebeck coefficient changes sign due to strong selective
scattering. This results in partial thermoelectric powers due
to edge-to-edge and edge-to-bulk scattering having different
signs and largely offsetting each other. Additionally, the
maximum thermoelectric figures of merit differ when only
edge-to-edge and edge-to-bulk scattering are present, and are
reached at different chemical potential values. If there are
multiple scattering channels with varying thermoelectric
properties, the efficiency of the entire electronic system may
be less than the largest partial efficiency.

4.2 Discussion and comparison with experiment

The experimental setup and methods for the resistance and
the thermopower measurements have been described in the
previous section. Four different mesoscopic devices were
studied, and the results obtained in two representative
samples (A and B) are presented.

The variation in resistance with gate voltage and lattice
(bath) temperature for two different samples (samples A and
B) is shown in Fig. 8. The shortest segment of sample A
exhibits a broad peak in resistance, with an amplitude larger
than the expected value of /1/2¢? in the ballistic case. As the
sample length increases, the resistance also increases, con-
sistent with the diffusive case. In the case of sample B, we

Ti/Au gate, 20 nm a

Si0,/Si3Ny, 100/200 nm

CdTe, 40 nm

Cdo7Hgo 3Te, 20 nm .
HgTe, 8.1 nm [

Cdo.7Hgo 3Te, 20 nm

CdTe, 4 pm

.

Substrate GaAs

R,Q

100,000

Figure 8. (a) Schematic of transistor and top view of sample. (b) Resistance at 7= 4.2 K as function of gate voltage V', for different configurations of

measurements and for different devices (Samples A (c) and B (d)).
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Figure 10. (a) Thermopower for different temperatures (Sample A). (b) Temperature dependence of thermopower at Vy — Venp = —1.2 V.

observe ballistic behavior for the resistance between contacts
2-3 (9-8), with the resistance approaching the quantized
value of /1/2e? (see Fig. 8d). However, it is important to note
that the resistance increases with probe distance, indicating
strong edge-to-edge scattering. We have also measured the
temperature dependence of the curves R(V;) and observed
that the resistance decreases sharply for temperatures above
15 K and saturates below 10 K [59]. The profile of the
resistance-temperature dependences at 7 > 15 K fits well
with the activation law R ~ exp (4/2kT), where A4 is the
activation gap. The thermally activated behavior of resistance
above 15 K corresponds to a gap of 10 meV between the
conduction and valence bands in the HgTe well. The mobility
gap can be smaller than the energy gap due to disorder.
Figure 9a, b shows the resistance and thermovoltage as a
function of the gate voltage measured between probes 4 and 5
at T=4.2 K for both samples. We find that the thermo-
voltage increases almost linearly with heater power, indicat-

ing that we measured the longitudinal (Seebeck) thermo-
electric effect. The signal exhibits an ambipolar behavior
similar to other electron-hole systems such as graphene. It
changes sign at the CNP and decreases with increasing carrier
density. The voltage interval between the electron-like and
hole-like regimes (A}, ~ 1 V)isabout one half the half-width
of the resistance peak. Figure 10a displays the traces of
thermopower versus V, at different temperatures, while
Fig. 10b shows the temperature dependence of the thermo-
power measured across a longer bridge at a selected gate
voltage V, — Vene = —1.2 V (hole side) where the thermo-
power approaches its maximum. It is worth noting that the
temperature interval 2.2 < T'< 4.2 K was selected because
resistance becomes temperature dependent at 7> 10 K, and
the metallic approximation for thermopower is no longer
valid. The signal grows almost linearly with temperature in
this interval, with S~ T!3*%1 (Fig. 10b). Prior to the
thermoelectric measurements, the thermal conductance of
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the sample was determined, and it was found that the
thermoconductance is dominated by phonon transport in
the substrate, with the contribution from the diffusive heat
transfer by electrons being negligibly small. The thermal
conductivity of the GaAs substrate is usually determined by
the boundary scattering at low temperatures and can be
calculated using following equation:

22 kA (kTN

TS v§h< h) ’
where A is the phonon mean-free path, and
vph = 3300 m s~! is the appropriate mean acoustic phonon
velocity. We determined the value of x to be approximately
600 W m~'K-! at a temperature of 4.2 K, which is
consistent with the previously measured thermal conductiv-
ity of pure GaAs substrate. To calculate the thermopower
of our system, we employ Eqns (2)-(6) based on the
bulk +edge model. However, it is important to note that
we cannot simply translate the energy dependence to the
density dependence, because the Fermi energy does not
vary linearly with the number of states in the bulk gap
region (ns). Without any disorder, the chemical potential u
would jump from the conduction to the valence band,
resulting in a sharp resistance peak rather than the broad
maximum observed in the experiment. To account for this,
we need to calculate the dependence of u on ng and pg using
the equations

o[ o ()
Ds = Jom Dg(((:)(l + exp (—Sk_T'u>>l de.

Equations (7)—(8) provide us with the density of states, D,(¢).
To calculate the thermopower, we use these equations along
with the parameters y, = 1.3 um~! and gy = 0.03 um~!, as
shown in Fig. 7. Parameters for the density of states are
E.=150meV, d=6meV, =6, gob,=0.1um™!, ¢ =
10 meV. In the hole region (¢ <0), we add an extra
coefficient ¢y = 16 meV for energy smoothing in the hole
region. This calculation is in reasonable agreement with
experiment in the region close to the CNP. It is evident that
the calculated thermopower for bulk electrons exceeds the
experimental values. This overestimation is attributed to the
assumption of a linear energy dependence of the density of
states, which is likely inaccurate far from the charge neutrality
point.

Figure 11 presents a summary of the diffusive thermo-
power as a function of density for different proposals
considered by the theory. The aim of this figure is to
demonstrate how different features of the model affect the
Seebeck coefficient. Figure 1la depicts the anomalous
Seebeck effect proposed for the ideal case of helical
topologically protected edge states, where a significant
increase in the edge-to-bulk scattering rate near E. or E,
occurs [32]. One can observe an anomalous opposite sign for
electronand hole thermopowernear theband edges. Figure 10b
shows the Seebeck effect calculated with the assumption of
the presence of strong helical states mixing and the absence of
edge-to-bulk scattering. In this case, the thermopower
demonstrates ambipolar behavior, which is similar to our
observations. Figure 10c displays a more realistic case where

both mechanisms of scattering (helical state mixing and
leaking from the edge to the bulk) are considered. One can
see that the edge + bulk model successfully reproduces the key
features of the thermopower. This is significant, because it
provides a theoretical framework for understanding the
behavior of the thermopower in this system. However, it
should be noted that our model relies on a strong energy
dependence of the edge-to-edge scattering, which may not be
present in a purely ballistic case.

As we already mentioned in the previous sections, the
HgTe samples exhibit a nonlocal resistance, indicating the
presence of edge transport, but bulk transport also appears to
be important, even in the vicinity of the CNP. This suggests
that our samples have a significant disorder level, resulting in
the persistence of bulk electron transport even inside the gap,
such that the bulk component of the conductance exists in the
entire gate voltage range. Although the bulk transport may
be of the hopping variety near the center of the gap, we do
not see an exponential temperature dependence like
R ~exp [(TC/T)1/3], which corresponds to the Mott law for
2D carriers, because the bulk conductivity is short-circuited
by the edge states.

However, the temperature behavior of the bulk thermo-
power is not expected to change significantly upon transition
from band transport to hopping transport. For the band
transport, Sy, ~ T, whereas, for hopping transport, the
thermopower was calculated in [60]. Applied to 2D elec-
trons, the result of [60] can be written as

_75 n—2 ) 1/3 2£ dll’lDS(S)
Sp = e (T°T)" + 3 T —a ) 9)

Equation (9) describes the behavior of the thermopower
Sp in a disordered system. The first term in the equation
represents the contribution from the Mott law, which
depends on a numerical constant A, the density of states
1/D.(¢e)a?, and a characteristic temperature 7, that scales
inversely with the product of the density of states, the carrier
mobility u, and the square of the localization length aq of the
electron wavefunction. The second term accounts for the
weak localization correction to the Mott law, which becomes
dominant in the regime close to the onset of band transport
when the localization length becomes large and T is of the
same order or smaller than 7. Therefore, in this regime, the
second term is the only relevant contribution to the thermo-
power, and Sy, is proportional to 7.

By using Eqn (9) with a scaling constant / approximately
equal to 1, it is possible to generate a graph of the thermo-
power in the hopping transport regime, which is depicted in
Fig. 11d. This computation reasonably agrees with experi-
mental results in the vicinity of the CNP. However, the
numerical constant is closer to that of the metallic case. It is
worth noting that neither hopping nor metallic transport
models are expected to be reliable in this intermediate regime.
Nonetheless, it is essential to gain insight into how the
thermopower can vary with the electron density around the
CNP. Moreover, to achieve a better match between the
experimental outcomes and Eqn (9), it is necessary to have
precise knowledge of the bulk conductivity behavior in both
the gap and hole-side regions. It should be noted that the
thermopower coefficient calculated for both the edge and
edge + bulk models (Fig. 11a, b, and ¢) shows a dependence
on the sample length, which is also observed in the experiment
(Fig. 11e). However, the pure bulk model does not exhibit this
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behavior. It is important to note that our samples only exhibit
ballistic behavior for small distances between probes, so the
observed length dependence could be due to the transition
between different transport regimes.

To summarize, when the Fermi level falls within the
energy gap near the CNP, the resistance of the sample is
typically comparable to or greater than //2e2. At this point,
the sample is likely to be localized, with edge transport being
the dominant factor influencing resistance. Conversely, when
the Fermi level is away from the CNP, bulk diffusive
transport tends to be the primary mechanism at play.

Interestingly, the thermopower of the sample appears to
be largely determined by bulk properties, regardless of the
position of the Fermi level. However, recent theoretical
studies have suggested that there may be strong enhance-
ments and sign variations in the thermopower as the system
transitions from a localized state to a conducting one. Our
theory of a thermoelectric response in 2D T1Is accounts for the
absence of such anomalies and supports the idea that the
observed thermopower is primarily of bulk origin.

4.3 Conclusion

Currently, there is no definitive experimental evidence
to support the claim that topological edge states sig-
nificantly enhance the efficiency of thermoelectric mate-
rials. While theoretical calculations of the dimensionless
thermoelectric efficiency have produced results ranging
from values of ZT less than unity to values that are
about an order of magnitude larger than those of
ordinary bulk thermoelectrics, these results are based
on several assumptions, such as a strong dependence of
the edge-to-edge or edge-to-bulk leak on the energy.
Therefore, it is doubtful whether the contribution of
topological helical states of TIs can indeed multiply the
thermoelectric efficiency as claimed. After analyzing the
experimental data and conducting theoretical analysis,
we have concluded that the observed thermopower is
primarily of bulk origin or results from a strong energy
dependence of the edge-to-edge leak. On the other hand,
both edge and bulk transport contribute to the resis-
tance.
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5. Thermopower in 3D topological insulator

5.1 Introduction

A three-dimensional topological insulator (3D TI) is char-
acterized by having gapless surface states inside the bulk band
gap [3-5]. These surface states have a Dirac cone energy
spectrum, which supports massless particles. Remarkably,
the spin of surface Dirac electrons is locked perpendicular to
the wave vector k in the 2D plane, leading to the suppression
of'electron scattering on impurities. Among the host materials
for 3D TTIs, wide strain HgTe films are considered some of the
best, achieving a high mobility of 2D surface electrons
u~ 100 m?> V-1 s71 12, 61-65].

Thermoelectric measurements provide valuable infor-
mation about charge carrier sign and transport mechan-
isms in metals and semiconductors. The value of the
thermoelectric coefficient is strongly influenced by the
energy spectrum and time relaxation mechanism via the
Mott relation.

In the previous section discussing 2D topological insula-
tors, we mentioned that anomalously large thermopower has
been predicted in this system based on the Mott relation [32].
A 2D TI features a pair of counterpropagating gapless edge
modes inside the bulk gap with helical spin properties,
proposed to be robust to backscattering [3-5, 11]. When the
Fermi level approaches the conductance or valence band
edge, the scattering rate of electrons in these helical one-
dimensional modes is suggested to increase significantly due
to 1D-2D scattering, leading to anomalous growth of the
amplitude of the Seebeck signal and a change of its sign.
However, this mechanism requires the complete suppression
of scattering between edge states, which is not observed in
realistic structures [11]. Experimental evidence has demon-
strated that the observed thermopower is mostly due to the
bulk contribution, while the resistance is determined by both
edge and bulk transport [56].

In a 3D topological insulator, a comparable scenario is
anticipated when the Fermi level intersects the boundary
of the bulk bands. Figure 3b in Section 2 serves to
exemplify this. Within the energy range indicated by the
grey shading, the energy spectra of both the quasi-three
dimensional holes and the topological surface electronic
states overlap. Consequently, this spectrum results in addi-
tional 2D-3D scattering, which potentially enhances the
thermoelectric power coefficients. Such mutual scattering
has been directly detected in the resistance behavior [63, 64].
Recently, 2D electron—3D hole scattering has been deduced
from nonmonotonic differential resistance of narrow 3D TI
HgTe channels [66].

Another system, where the coexistence of the two distinct
types of carriers with a different charge sign affects the
transport properties, is a 2D semimetalic HgTe well of
intermediate well width (~ 20 nm) [16, 67]. In this system,
2D electron—2D hole scattering directly results in temperature
dependent resistivity p, which increases with temperature as
p ~ T? in accordance with the prediction for electron-hole
friction coefficient behavior [68]. We describe this situation in
Section 6.

Thus, thermoelectric power is a very important tool to
study the mechanism of scattering between carriers of
different signs and even between carriers of different dimen-
sions, as for example 1D-2D (2D topological insulators [32])
and 2D electron—2D holes (2D semimetals [69]).

5.2 Results

We measured the resistance and themopower in macroscopic
samples by methods described in detail in the corresponding
Section 3. Samples have the sandwich structure shown in 12a,
and devices are macroscopic Hall bars, shown in Fig. 12b.
Figure 12c, d displays the zero-magnetic-field resistances for
two samples (marked as A and B) at different temperatures.
The current I flows between contacts 1 and 6, while the
voltage V' is measured between the short-distance probes 2
and 3,and theresistanceiscalculated as R = R{? (Figure 12b).
The temperature-dependent behavior R(V,, T) reveals the
diverse transport characteristics in distinct regions of the
energy spectrum and has been previously examined in [63,
54]. Figure 3b indicates the specific characteristics of the
energy spectrum of the strained HgTe layer, schematically
reproduced in Fig. 12a. When the gate voltage shifts from
negative to positive values, the electrochemical potential i
moves from the conductance band (i > E.) through the bulk
gap (Ey < [t < E;) to the valence band (z < Ey), as shown in
Fig. 12¢,d. The resistance in the bulk gap region stems from
the helical surface electron states, with different densities in
the top and bottom surfaces [63]. In the region Epr < i < Ey,
two-dimensional surface electrons and 3D bulk holes coexist,
and we observe a nonmonotonic temperature dependence of
resistance: R(7T') increases below 15 K and decreases above
20 K. We attribute this behavior to 2D electron—3D hole
scattering, similar to 2D electron-2D hole scattering in
HgTe semimetal wells [67, 68]. In the region u < Epp,
transport is dominated by 3D bulk holes, and we don’t
anticipate any peculiarities in resistance or thermopower
behavior.

After determining the gate voltage and density interval
with different transport properties, we investigated the
thermoelectric response in our films. We measured the
longitudinal thermovoltage Vy, = S.\VTL, where L=
450 pm is the distance between probes 1 and 6 along the
temperature gradient V7T (as shown in Fig. 12b). To
examine the homogeneity of the temperature gradient, we
also measured the longitudinal thermovoltage between
probes 2-3 and 2-5, and found a reasonable proportion-
ality to L.

Figure 13a, b displays the gate voltage dependences of the
Seebeck coefficient Sy, at different temperatures in a zero
magnetic field for two samples. One can see similar beha-
viours. The thermopower is negative in the region E, < fi. As
the gate voltage decreases towards the hole contribution, the
Seebeck coefficient changes sign, crossing zero at the voltage
corresponding to the transition from the electron-dominant
to hole-dominant contribution. This transition is not coin-
cident with the charge neutrality point, which was determined
from the zero Hall resistance measurement in a magnetic field
([64, 65]), or with the positions of energies E, or Epg. The
value of the Seebeck coefficientislarger for holes. Figure 13a, b
shows the traces of S, versus V, for different temperatures
and for two samples. The temperature dependence of the
Seebeck coefficient module is shown in Fig. 13c for selected
gate voltages 'y =6 and —6 V, corresponding to the electron-
and hole-dominant regions. We found that S, grows linearly
with temperature as Sy, ~ T'in the interval 10 < T < 25 K.

In the region Epr < u < E,, where 2D electrons and 3D
bulk holes coexist, we are unable to distinguish the thermo-
power mechanism due to electron-hole scattering, which can
modify the temperature dependence of Sy (7). A comparison
between theory and experiment in this case requires a more
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advanced theory. We should note that previous research on
3D TIs did not reveal semimetallic behavior and features in
the resistivity and thermopower due to electron-hole frictions,
since the samples had lower mobility [70]. To further
investigate the features observed in the resistance and
thermopower measurements, we measured the derivative of
resistance dR/d Vg, as shown in Fig. 14. The features in points
E. and E, are clearly visible in both samples. Interestingly,
these features coincide with a local minimum in the thermo-
power measurements.

Based on these observations, we attribute the local minima
in the thermopower to the beginning of 2D-3D scattering. We
expect this scattering to increase the absolute value of thermo-
power due to the differences in the thermoelectric properties of
the 2D and 3D carriers. Further, we describe a more detailed
analysis in order to fully understand the contribution of 2D-3D
scattering to the thermopower in our samples.

In the region it < Epp, the transport is determined by 3D
bulk holes, and we do not expect peculiarities in resistance
and thermopower behavior.
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5.3 Discussions

Detailed calculations of thermopower in 2D semimetals have
been performed in papers [69, 71], where both contributions
(diffusion and phonon drag) have been taken into account.
The Seebeck coefficient in a zero magnetic field is given by

Ay

X =5 s 1
Swe =" (10)

(11)

2
Z = [menhfh + Mmpnete + (ne - nh)znrefh} )

1
A, = S { [A Temy — Athme + (A5 +A") (ne — ) nretn)

(12)

X [mytene + metymy + (e — ny) ntety] } ,

where 45" = Aji‘fh + A:hl_ldr are the electron and hole terms
corresponding to the diffusion and phonon-drag contribu-
tions to the Seebeck coefficient, respectively, . and ny, are the
electron and hole densities, m. = 0.03m, and my, = 0.3m are
the electron and hole effective mass, g. = 1 and g, = 2 are the
electron and hole valley degeneracy, 7. and 1y, are the electron
and hole transport scattering time, determined from the
electron and hole mobilities, respectively, k is the Boltzmann
constant, and y§ = @T? is the electron-hole friction coeffi-
cient.

The diffusion contribution does not contain any adjust-
able parameters and is given by

e, h T 2
Adif =——k Tmeyhge,h.

3K? (13)

The phonon drag contribution depends on the material
specific phonon relaxation rate and the temperature regime.
The system enters into the Bloch—Gruneisen (BG) regime at a
very low temperature 7" when the acoustic phonon wave
vector ¢ = 2kg, where kg is the Fermi wave vector. In our
HgTe system, we found that, for the densities #g ~ 10> cm™2,
the characteristic temperature Tpg = 2kgsfi/k (s is the sound
velocity) is around 4-6 K (Fig. 13d). If we propose that
Tph = const, then, for temperatures 7 > Tgg, we obtain

e, h

1
Aph—dr = - F kfph Wléh sp}%e_hge,hBe,h(qT) ) (14)

where gt = kT/hs is the thermal phonon wave vector, and,
for acoustic phonons in cubic crystals, the function Be y(gr)
reads

Ag,th
20s

Ben(qr) = (15)

where /. are the deformation potential constants, and ¢ is
the crystal density. The data for the deformation potential
Ae = —4.8 eV and A, = —-0.92 ¢V, for 6 and s, we have
§=82gcem™3, s=3.2x 10 cm s~'. One can see that, in
the temperature regime 7 > Tgg, both contributions Aji’fh
and A;er linearly depend on temperature. Note that, in the
monopolar limit in the regions g < Epf, where the transport
is determined by 3D bulk holes, we obtain the following
equations for diffusive and drag contributions (using sub-
script h):

e, h
Adif, ph—dr
enen

(16)

e,h _
Sdifﬂ ph—dr —

In the conduction band, where ji > E, bulk and surface
carriers coexist. However, for simplicity, we assume that they
are described by a single density n., and use Eqn (16)
(subscript n) to calculate the Seebeck coefficient. Since the
HgTe layer is not thick, we can consider the bulk carriers a
quasi-two-dimensional system. Figure 15(a) shows a compar-
ison of the theoretical Seebeck coefficients calculated using
equations (10)—(16) for different values of the parameter &
and the experimental curve measured at 7= 10.8 K as a
function of V. The parameter @ is related to the electron-
hole friction coefficient n and is responsible for the features of
the thermoelectromotive force in the region Epr < i < E,
where surface electrons and bulk holes coexist. Figure 15(b)
shows a comparison of the theoretical Seebeck coefficients
calculated using equations (10)—(16) for different tempera-
tures as a function of V,. Good quantitative and qualitative
agreement with the theory is observed.

To calculate the diffusion and phonon drag contributions
to the monopolar regions, we use equations (13)—(16) for the
sample parameters determined from conductivity measure-
ments. We do not use any adjustable parameters in our
calculations of the diffusive thermo e.m.f. For the phonon
drag contribution, we assume a constant phonon relaxation
time T, = 0.6 X 1077 s, which corresponds to a relaxation
length /,n = stph = 0.2 mm, close to the sample size. We
argue that the phonon relaxation length is determined by
phonon scattering on the substrate boundaries. Since we
found that S S{'fl} < S[ff]l—ldr’ we conclude that the phonon drag
contribution dominates at high temperatures 7> 4.2 K. We
also note that the temperature dependence of the Seebeck
coefficient is linear for temperatures above Tpg for both
contributions.

In the bipolar region Epg < i < E., where both surface
electrons and bulk holes coexist, we calculated the thermo-
power using Eqns (10)—(15). However, our simplified model
assumed a constant electron-hole friction coefficient # that
does not depend on the electron and hole densities. This
model is too simplistic to adequately describe the shape of the
thermopower behavior in this region. Figure 15a demon-
strates that the shape of the curve S(V,) is closer to the
experimental one for a smaller @ = 1.0 x 1073 J s K2,
which is smaller than the friction coefficient for a 2D electron
and 2D hole system, @ = 4.8 x 1073 J s K=2 [68]. The inset
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shows the Seebeck coefficient zoomed in on the voltage
interval E, < p < E. for T=4.2 K. We observe that the
thermopower is enhanced near the point g ~ E,, which we
attribute to the 2D Dirac electron-3D bulk hole scattering.
However, the feature near E, is smeared out at higher
temperatures.

Itis important to note that the equations in the monopolar
regime (16) cannot be obtained from Eqn (11), (12) by
transitioning to the monopolar case, because they are derived
under the assumption that the Fermi gases are degenerate.
The transition to the monopolar limit at low temperatures
occurs in a relatively narrow range of the chemical potential
Api ~ T (see Fig. 15b), which may lead to discontinuity in the
calculated thermopower around transition points. While our
experiment offers an interesting outlook on thermopower in
this region, more experimental and theoretical work is
required to understand the behavior of the friction between
2D electrons and 3D holes in a 3D topological insulator.

We conducted a comparison between experiments and the
monopolar model (Eqn (16)), which only considers indepen-
dent contributions from 2D electrons and 3D holes to thermo-
power (not shown here). However, we found significant
disagreement between the theory and experiments, further
supporting the presence of mutual electron-hole friction in
our system, as reported in previous studies [12, 63, 66].

In Figure 15b, we present the temperature dependence of
the theoretical curves S(V;). As expected, in the monopolar
region, S(V,) is proportional to temperature, in agreement
with experimental observations (Fig. 13c). On the other hand,
in the bipolar region Epg < u < E., the Seebeck coefficient
S(Vg) grows faster with temperature due to the mutual
friction coefficient n having a temperature dependence of
n = @ x T?. It should be noted that the model is valid only
for degenerate Fermi gases and cannot be applied at high
temperatures near the charge neutrality points. Therefore, a
more advanced theoretical approach is required to accurately
describe this behavior, which is beyond the scope of our

experimental study.

5.4 Conclusions

In summary, we present a comprehensive study of the
thermoelectric properties of a three-dimensional topological
insulator based on an HgTe film. The experimental results are
compared with a theoretical model, and the behavior of the
thermoelectric coefficients is analyzed in both the monopolar
and bipolar regimes. In the monopolar regimes, we show that
the drag contribution dominates over diffusion thermo-
power, and we determine the phonon relaxation length by
taking this contribution into account. The results reveal that
phonon scattering at the structure boundaries plays a
significant role, and the phonon relaxation length is tempera-
ture independent. In the bipolar region, we observe modifica-
tion of the Seebeck coefficient due to 2D electron—3D hole
scattering, and the theoretical analysis shows good agreement
with the experimental data. However, a more detailed under-
standing of the mutual friction behavior is necessary to fully
comprehend the thermopower in this nontrivial regime.
Overall, this work sheds light on the fundamental thermo-
electric properties of topological insulators and provides
valuable insights for the development of future thermo-
electric devices.

6. Thermopower in two-dimensional semimetal
in HgTe quantum well

The coexistence of two distinct carrier types of opposite sign
in a 2D semimetal in an HgTe QW creates quite an interesting
situation as regards the effect of their interaction on various
transport phenomena. In particular, one would expect the
effect of binary collisions between different type of quasipar-
ticles. According to the Pauli exclusion principle, only carriers
in the energy interval of the order of k7 around the Fermi
energy may participate in such collisions, which would
supposedly result in a ~ T2 scaling of resistivity. The
resistance of a single component system is unaffected by the
binary collisions, unless Umclapp processes, involving the
presence of the reciprocal lattice vector in the momentum
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Figure 15. (a) The Seebeck coefficient as a function of the gate voltage calculated from Eqns (10)—(16) with the parameters given in the text and for
different values of @: 0.1; 0.25; 0.5; 1; 2 (x4.8 x 1073 J s K~2). The black curve is the Seebeck coefficient measured at 7= 10.8 K. The range of V,, in
which surface electrons and bulk holes coexist, is marked with a gray background. The inset shows the experimental dependence of the Seebeck coefficient
at T'= 4.2 K in the range E, < u < E., where topological surface states (TSS) dominate the transport. (b) The Seebeck coefficient as a function of gate
voltage calculated from Eqns (10)-(16) with the parameters given in the text and for various temperatures. The energy range ¢ ~ k7', in which the concept
of degenerate electrons and holes no longer holds, is marked with a red background. Equations (10)—(16) cannot be applied to this region. The dotted

curve corresponds to the Seebeck coefficient measured at 10.8 K.
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conservation equation, are allowed. This is due to the fact
that, in a single component system, all carriers have the same
effective mass, and the momentum conservation automati-
cally implies the conservation of the total current. However, if
carriers of more than one type are present in the system, the
momentum conservation in the acts of binary scattering
involving particles of different types no longer ensures
conservation of electrical current. In this case, the resistance
should become sensitive to binary collisions between different
types of particles [72-77].

The expected experimental evidence of such sensitivity is
the ~ T2 scaling of resistivity, observed for the first time in a
2D semimetal (electron-hole system) on the basis of an HgTe
quantum well and successfully described by a theory [67, 68]
where the binary collisions were included in the form of an
interparticle friction coefficient proportional to 72 (Fig. 16a).
Numerous theoretical papers have examined the thermo-
electric properties of semimetals, with a particular focus on
the effect of inelastic electron-hole scattering on deviations
from the Wiedemann—Franz law [78-80]. Recent research has
revealed that electron-hole scattering has a significant impact
on thermopower, resulting in a critical suppression of the
Lorenz ratio.

The thermopower in a 2D electron-hole system in an
HgTe quantum well has been experimentally investigated
[69]. A corresponding theory has been developed that takes
into account the interparticle scattering playing an important
role in the two principal contributions to thermopower. A
comparison between theory and experiment has revealed that

the thermo e.m.f. in a 2D electron-hole system is determined
by two contributions: the diffusion and the phonon drag, with
the latter mechanism of thermopower prevailing over the first
one. Conclusions have been drawn about the important role
of electron-hole scattering in the formation of both thermo-
electric power mechanisms.

6.1 Resistance and mobility in 2D semimetals
The transport and thermoelectric measurements discussed in
this section were performed using macroscopic types of
samples with a quantum well width of 21 nm and the
methods described in detail in the corresponding Section 3.

Figure 16a shows the typical dependence of a 2D
semimetal resistance on gate voltage and temperature. At
V, = —0.6 V, there is a transition between a two-dimensional
metal and two-dimensional semimetal accompanied by a
sharp change in the character of the temperature dependence
of the resistance. To the right of the transition, the p(7) is
weak and represents a typical temperature dependence of a
two-dimensional metal at kg/ > 1 (kg and / are the wave
vector and mean free path of the electron) and low
temperatures when the phonon scattering is almost absent
and the temperature dependence is determined by weak-
localization effects. A noticeable change in p(7') is observed
to the left of the transition to the semimetal state. Here, p(7T')
is due to electron-hole scattering and is thereby proportional
to the temperature squared (Fig. 16b).

The gate voltage dependence of such parameters as
electron density n¢(Vy), hole density ny(Vy), electron mobil-
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Figure 16. (a) Resistance versus gate voltage at various temperatures in range 7' = 2.1 -6 K. (b) Temperature dependence of resistance at Vy = =5 V.

Inset shows structure under study and direction of temperature gradient created by heater (on right) and heat sink (on left). (c) Electron and hole density
and (d) electron and hole mobility versus gate voltage. Parameters determined by fitting two-component Drude model to low field classical

magnetoresistance dependences of p,(B) and p,,(B).
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ity u.(V,), and hole mobility yu;, (V) can be determined from
fitting the two-component Drude model to low field classical
magnetoresistance dependences of p, (B) and p.(B).
O(V,) —the coefficient characterizing the strength of the
electron-hole friction is found by fitting the experimental
R(T) dependence in the region of the band overlap to the
theoretical model that takes into account the friction between
holes and electrons [67, 68].

The parameters thus found are summarized in Fig. 16c¢, d,
from which the following conclusions can be made: (1) the
semimetallic state begins at V, ~ —1V, (2) at the charge
neutrality point, Py = Ny ~ 10" cm™2, (3) the conduction
and valence band overlap region is about 10 meV, in
agreement with earlier studies of HgTe 20 nm QWs [16, 67],
(4) for all negative biases in Fig. 16a, the Fermi level never
completely leaves the conduction band, being pinned there by
a very high hole density of states in the valence band.

6.2 Thermopower in two-dimensional semimetal

Figure 17a shows the gate voltage dependences of the
temperature-gradient-induced potential difference Vy,
between the potentiometric contacts of the bar with length
L = 100 um. The inset of this figure shows the dependence of
the thermopower signal on the power applied to the heater. It
is clearly seen that the measured signal is proportional to this
power, which indirectly indicates that the measured signal is
indeed due to the thermopower rather than possible pickups.
We now qualitatively analyze the behavior of the thermo-
power shown in Fig. 17a. We begin with the dependence on
the gate voltage. At gate voltages corresponding to the
electron metal, the thermopower is relatively low and

decreases with an increase in the density according to the
Mott formula for the thermopower of metals. The thermo-
power changes sign near the transition point and begins to
increase almost linearly with the development of the semi-
metal state (with anincrease in the density of holes). Figure 17b
shows the gate voltage dependences of the Seebeck coefficient
S = Vin/AT (AT is the temperature difference between
potential contacts on which the V7, signal is measured) at
different temperatures. It is seen that the Seebeck coefficient
increases with the temperature of the sample.

To more accurately describe the experimental results
obtained in this work, we developed a theory of the diffusion
component of the thermopower for a two-dimensional
electron-hole system consisting of two types of degenerate
particles, electrons and holes. In the presence of the
temperature gradient, chemical potential, and electron-hole
friction, the average velocities in the subsystems satisfy the
equation

myn,

V, = nnyny(V, — Vi)

nT
ne,E — g.m, W VT — (17)

Y

Here, the subscript v = (e, h) specifies quantities referring to
electrons (e) and holes (h); n. (1) is the density of electrons
(holes); g, is the number of valleys (g. = 1, gn = 2); V,, m,, e,
are the average velocity, effective mass, and charge of
particles of type v (e.,n = Fe, e is the charge of the hole),
respectively; 7, is the relaxation transport time on impurities;
n is the friction coefficient; and 7 'is the temperature in energy
units. The friction coefficient # = @T? is determined by
electron-hole scattering through the Landau mechanism.
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Figure 17. (a) Thermopower versus gate voltage for heater voltages Vyeat increasing (as shown by arrow) from 2 to 6.5 V with step of 0.5 V, at temperature
T = 4.2 K. Inset shows thermopower versus heater power at V', = —5 V. (b) Seebeck coefficient versus gate voltage for temperatures 7' = 2.4; 2.8; 3.1;
3.3;and 4.2 K. Venp = —1.1 V. (¢) Seebeck coefficient versus gate voltage at temperatures, 7 = 2.4; 3.1; 4.2 K according to (lines) experiments and (balls)
calculations by Eqns (18) and (19) to left and right of charge neutrality point, respectively, with parameters obtained from transport measurements.
(d) Temperature dependence of Seebeck coefficient in two-dimensional semimetal: (balls) experiment for V, = —5 V; lower red line is diffusion
contribution that corresponds to indicated gate voltage and calculated by Eqn (18); (solid blue line) represents calculated phonon drag contribution as
explained in text; dashed blue line is sum of phonon drag shown by solid blue line and diffusion contribution shown by red line.
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Equation (17) is a generalization of equations presented in
[68, 81] to the case of the existence of a temperature gradient.

From the condition that the total current density j=
e(—n.Ve +nyVy) vanishes, the Seebeck coefficient is
obtained in the form

T

S=—-———
3eh?

% memh(gefe - gh'fh) + nTeTh(geme + ghmh)(ne - nh)

2
MpNeTe + MelnTy + (He — Hp) HTeTh

(18)

It is noteworthy that the contribution to the current from any
type of charge carrier in Eqn (18) is nonzero even at zero
carrier density; i.e., this formula does not have any mono-
polar limit:

T Me h Ze,h
——n 19
3€h2 Ne, h ( )

In contrast to Eqn (18), there are no terms corresponding to
the second type of carriers, in particular, its relaxation time
and friction. The reason formulas (18) and (19) are different is
because they are obtained under the assumption that Fermi
gases are degenerate. Indeed, the transition to the monopolar
case at low temperatures occurs in a relatively narrow range
of the chemical potential Au ~ T. The friction between
different types of carriers distorts the linear temperature
dependence of S. In the low-temperature limit, 5 oc T2,
which leads to third-order temperature corrections to the
linear dependence.

The friction can become a prevailing mechanism of
scattering (1 — oo) at higher temperatures. In this case,
Eqn (18) becomes independent of all relaxation constants:

S(O]i =F

e

N Y Mege + Mngh
3€h2 (ne - nh)

S = (20)

This formula is valid far from the CNP. The Seebeck
coefficient S changes sign near this point (more precisely, at
the point where the numerator of Eqn (18) changes sign). The
Seebeck coefficient in the region of applicability of Eqn (20)
also has a linear temperature dependence similar to that at
low temperatures but with a larger slope. As a result, the
dependence can be close to a quadratic law in the intermediate
temperature range.

Figure 17c shows the Seebeck coefficients S(V7;) calcu-
lated by Eqns (18) and (19) in comparison with experimental
data. All parameters necessary for the calculation by
Eqns (18) and (20) (mobilities and densities of electrons and
holes and the friction coefficient) and their dependence on the
gate voltage were obtained previously from transport
measurements [68] and from the cyclotron resonance
(effective masses of electrons and holes) [63]. The tempera-
ture gradient necessary for the determination of the Seebeck
coefficient was measured experimentally according to the
method described at the beginning of this paper. Thus, the
comparison of the theory and experiment in Fig. 17c is free of
fitting parameters.

The qualitative behavior of the Seebeck coefficient to the
right of the charge neutrality point, where the electron metal
exists, corresponds to the Mott theory for metals, which
predicts a decrease in the Seebeck coefficient with an increase
in the carrier density. For comparison with experimental data

in this range of gate voltages, we used the monopolar formula
(19) for electrons, which is the Mott formula under the
assumption that 7(¢) = const (z is the pulse relaxation time
and ¢ is the energy). As is seen, the Seebeck coefficients
calculated by Eqn (19) are in satisfactory agreement with
experimental points (Fig. 17c).

On the contrary, to the left of the charge neutrality point
in Fig. 17¢, i.e., in the region of gate voltages corresponding to
the formation of the two-dimensional semimetal, agreement
between experiment and theory (Eqn (18)) is much worse. In
this range of gate voltages, the theory gives Seebeck
coefficients about one-fourth those of experimental values
(see Fig. 17¢). This discrepancy apparently appears because
Eqn (18) describes only the diffusion contribution to the
thermopower of the semimetal. However, the measured
thermopower can include not only the diffusion contribution
but also the phonon drag contribution [82], which is
disregarded in our theory. As is known, the phonon drag is
proportional to the mass squared of charge carriers. The
masses of electrons and holes in the 20-nm HgTe quantum
well are m, = 0.025my and my, = 0.15my, respectively. For
this reason, the phonon drag contribution on the left of the
charge neutrality point (i.e., in the region where holes
dominate) is significant, whereas this contribution on the
right of the charge neutrality point, where the two-dimen-
sional metal exists, is negligible.

Figure 17d shows the experimental points for the
temperature dependence of the Seebeck coefficient at
Ve = =5V when the holes predominate. The experimental
dependence S(T') is linear and extrapolates to S=0 at
To ~ 1.5 K. We compare this data with the theoretical
formulae for different assumptions [83]. Theoretical curves
in Fig. 17d correspond to the calculated diffusion and phonon
drag contributions to Sy, respectively. We use the following
values of parameters at Vy = —5 V: n. = 3.3 x 10! cm~2,
np = 4.57 x 10" em™2, m.=0.025my, mu=0.15my, e =
12m?> Vs =21m> V'1s 1, 0=48x10"3% JsK2.
The phonon drag contribution was found for the phonon
relaxation mechanism with a constant mean free path. We
used the literature data for the deformation potential:
Ae = —4.6 eV [84] and Ay = —0.92 eV [85]; for the HgTe
density and sound velocity, we have p=28.2g cm™3,
s =3.2x10° cm s~!. According to Fig. 17d, the experimen-
tal behavior contradicts the diffusion contribution, which is
not linear. The diffusion contribution value is smaller than
the one in the experiment. Moreover, the temperature
dependence substantially differs from the experimental one:
a gradually growing slope in the theory, instead of a linear
experimental dependence, extrapolatingtoOat 7= 1.5 K. In
calculating the phonon drag contribution, we ignored the
Herring phonon relaxation mechanism: this one yields too
large a value, exceeding by many orders the experimental
data. In addition, it has too strong (and inverse, compared
with the experiment) a temperature dependence. Therefore,
we calculated the phonon drag contribution for a constant
mean free path of phonons. The phonon drag for a constant
mean free path of phonons gives a result most in agreement
with the experimental curve. The coefficient 1 weakly
influences the dependence and can be disregarded. To
produce a large enough drag contribution, the phonon mean
free path /,, should also be large. However, it is limited from
above by the sample size of ~ 0.1 cm. The other stronger
limitation by a transversal sample width of ~ 1075 cm is
not pertinent, because phonons can penetrate beyond the
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metallic gate. Thus, the permitted domain of /[ is
1073 em < [y < 0.1 cm. The satisfactory fitting to the experi-
mental curve is reached for /,, = 0.06 cm. This value getsinto
the admissible range. One can see that the linear dependence
on the temperature at a relatively high temperature is replaced
by the strong power-like behavior at a low temperature. This
corresponds to the experimental finding. Hence, we should
conclude that the drag prevails, but the temperature depen-
dence is linear, because the mean free path is limited. The
ballistic phonon drag, which has a nonlinear temperature
dependence, fits the experiment worse.

6.3 Conclusion

In conclusion, the behavior of the thermo e.m.f. of a two-
dimensional semimetal in an HgTe quantum well has been
studied in a zero magnetic field. Experimental gate voltage
dependences of the thermo e.m.f. were analyzed at different
temperatures. The obtained experimental dependences were
compared with the theory, in which the behavior of the
corresponding transport coefficients is explained taking into
account the mutual friction of two groups of carriers of
opposite sign, present in the quantum well. It is shown that
the calculated values of the transport coefficients correspond-
ing to the diffusion contribution are approximately an order
of magnitude smaller than those obtained in the experiment.
Thus, the thermo e.m.f. of the two-dimensional semimetal in
the HgTe quantum well is determined mainly by the
contribution from the phonon drag. Taking this contribu-
tion into account makes it possible to determine the phonon
relaxation length, which turns out to be temperature
independent and caused by phonon scattering at the struc-
ture boundaries.

7. Thermopower in 2D Weyl semimetal

7.1 Introduction

Recent theoretical and experimental studies suggest that
6.3-nm HgTe quantum wells can host a two-dimensional
Weyl semimetal, which is a topological phase of matter that
exhibits Weyl fermions as its elementary excitations. A two-
dimensional Weyl semimetal is a type of material that exhibits
a nontrivial electronic band structure in two dimensions,
leading to the emergence of Weyl points in the Brillouin
zone. Weyl points are those in the momentum space where the
valence and conduction bands touch each other, leading to a
nonzero Berry curvature and topologically protected surface
states.

In contrast to three-dimensional Weyl semimetals, two-
dimensional Weyl semimetals do not have a bulk bandgap.
Instead, they have a topologically nontrivial band structure
with a Dirac-like dispersion relation near the Weyl points.

We present an experimental study of the transport
properties of a gapless HgTe quantum well with a thickness
of 6.3-6.5 nm. Figure 18a shows a schematic of the energy
spectrum of this system. The well energy exhibits a single
valley cone in the energy spectrum, describing unusual
electron transport properties [12, 18, 63, 86]. However, the
valence band also contains a local valley formed by heavy
holes, in addition to the Dirac-like holes in the center of the
Brillouin zone. The energy minimum of heavy holes is marked
by E,. The coexistence of 2D electrons and holes has been
observed previously in single wide HgTe-based quantum
wells in the semimetallic regime, with the spectrum modifica-

tion depending on the well thickness [12]. As we discussed in
Section 2 at the critical thickness d., equal to 6.3—6.5 nm, the
band gap collapses, and a second region begins where a 2D
topological insulator with an inverted energy spectrum exists,
with a third region emerging for d > 12 nm, where local
valleys with heavy holes overlapping electrons in the conduc-
tion band create a 2D semimetal state [67, 68]. Even thicker
films of strained HgTe (d ~ 50—60 nm) have been identified
as three-dimensional topological insulators and studied [61,
64, 71]. The evolution of the spectrum is shown in the Fig. 1 in
Section 2.

The coexistence of 2D electrons and holes in HgTe
semimetals leads to a number of unusual properties, includ-
ing a quadratic temperature dependence of the resistivity at
low temperatures due to electron-hole scattering [67, 68]. This
effect is a result of the momentum-conserving normal
interparticle scattering, which has a negligible effect on the
resistivity in the absence of the Umklapp process. In three-
dimensional topological insulators, the overlap between a 2D
topological surface state and 3D bulk holes leads to an
unusual temperature dependence of the resistivity due to
electron-hole scattering [56, 64]. The coexistence of Dirac-
like holes and heavy holes at finite wave vector k leads to an
increase in the resistance with temperature, as the low-
mobility heavy holes absorb momentum during a collision
[68]. Thus, the gapless HgTe well offers a new platform to
study the scattering between conventional and Dirac parti-
cles.

The thermoelectric properties of materials are very
sensitive to the scattering mechanism and can be used to
obtain complementary information on intercarrier collisions.
Previous studies of resistivity and thermoelectric transport
properties in HgTe semimetals [56, 67] and 3D HgTe films
[71], described in the previous sections, have extracted carrier-
carrier scattering parameters.

Moreover, unlike previous systems, Weyl semimetals have
a linear spectrum and are expected to exhibit an enhancement
in the Seebeck coefficient due to the energy dependence of the
density of states. The Bethe-Sommerfeld expansion for the
Seebeck coefficient can be expressed as

ko

dD.(e) 1
5= 3 ?(kBT) D,(e) de +

(&)

dz(e)
de |’
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where D, is the density of states, 7 is the relaxation time, and
both are energy dependent. Therefore, the Seebek coefficient
depends on the terms related to the density of states and
mobility.

Graphene is a well-known example of a material with a
Dirac spectrum. The thermoelectric response in materials
can arise from two mechanisms: diffusion-driven and
phonon drag. Due to weak electron-phonon coupling in
graphene, the phonon drag contribution to the thermo-
electric response is assumed to be negligible, and the
diffusion mechanism dominates at low temperatures.
Several studies have analyzed the thermopower of gra-
phene within the temperature range of 10-300 K, including
those in paper [87].

7.2 Experimental results and discussion

The resistivity p(V,) in a zero magnetic field for five samples,
each fabricated from different wafers and at different times, is
depicted in Fig. 18b. Typical parameters of the devices,
including the well width d, gate voltage Venp at the Dirac
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Figure 18. Schematic of energy spectrum of 6.3-nm-wide HgTe quantum well. (b) Resistance as function of gate voltage for different samples, 7= 4.2 K.

Red line—sample A, blue line—sample B, black line—sample C.

Table 2. Some typical parameters of electron system in gapless HgTe
quantum well at 7=4.2 K.

Sample d, nm Venes Vo | Puax (B/€2) |1, cm? V7! 571
A 6.3 —1.8 0.28 56,000
B 6.4 —1.28 0.27 90,000
C 6.3 —1.16 0.15 59,600

point position, resistivity value p,,, at the CNP, and electron
mobility u = o/nse for density ng = 10'! cm™2, are listed in
Table 2.

When the chemical potential crosses from the electron to the
hole side of the spectrum, the resistivity exhibits a narrow peak.
Near the Dirac point (DP), it is expected that the resistivity
value is close to the universal value /1/2.5¢* predicted for
transport in this system in terms of percolation through a
network of one-dimensional conducting channels [21, 88, 89].
For the electron side at higher electron densities, the electron
energy spectrum becomes linear, and the pulse relaxation time
and conductivity can be calculated from equations (1) and (2),
leading to a conductivity o(ns) that is nearly linear with electron
density. However, fluctuations in the gap due to roughness may
lead to additional scattering far from the charge neutrality
point. This nontrivial mechanism of scattering is considered in
[90]. The behavior of conductivity on the hole side is complex
due to the nonmonotonic dependence of the Fermi energy. In a
two-dimensional system, the behavior of the Fermi level is
strongly influenced by the density of states. In a conventional
2D electron gas, the Fermi level is directly proportional to the
charge concentration, since the density of states remains
constant. However, in a system with a linear Dirac-like
spectrum, the Fermi level (er) is proportional to the square
root of the charge density. When the chemical potential
approaches energy E, ~ 15—20 meV, it gets trapped by the

heavy holes and its dependence on density becomes almost
negligible.

The density of states for a particle with a linear spectrum is
directly proportional to its energy. However, in order to
address any peculiarities at the DP, we incorporated a
Gaussian distribution to smooth out any potential inhomo-
geneities that may have been present. Finally the density of
states is given by

+\ﬁ% exp [ 5
e P 2 ’

The density of states for heavy holes remains constant across
different energy levels, but it is affected by disorder. As a
result of the disorder, the density of states for heavy holes near
the valence band edge becomes broadened, which is quanti-
fied by the parameter §. Note that, due to the heavy mass
value of heavy holes, their density of states is almost ten times
larger than that of Dirac charge carriers. The conductivity of
the Dirac particle is given by Eqn (1), while the conductivity
and mobility of the heavy holes may be obtained from the
conventional transport equations.

Using the experimentally determined total conductivity,
we can distinguish between the conductivity of Dirac particles
and heavy holes by applying Eqn (1) and Eqn (22). The
outcomes of this separation are presented in Fig. 19a. We
calculated the relaxation time for electrons and holes
separately and plotted the results in Fig. 19b. The figure
shows the relaxation time for each carrier type, providing
insight into their behavior with the chemical potential
variation. A nonmonotonic dependence with energy (i) can
be seen, which indeed can affect the Seebeck coefficient in
accordance with Eqn (21).

(22)
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different parameters of density of states, ¢ = 3 meV (22), T = 4.2 K.

Figure 20a illustrates the thermopower of three samples
plotted against density. The plot shows a bipolar behavior
that is similar to semimetals discussed in the previous
sections. This is expected, since the gate voltage sweeps from
the conduction to the valence band, causing the sign of the
Seebeck coefficient to change from negative (electrons) to
positive (holes), passing through the Dirac point. The inset
shows the temperature dependence at a selected density for
the hole side. The thermo signal follows ~ T3, which is close

to the expected behavior for diffusive thermopower. Near the
charge neutrality point, one can observe fluctuating behavior
that is not reproducible from sample to sample. This behavior
is likely due to the strong variation in the density of states near
this point and the mobility with energy. One can expect that
these fluctuations are sample dependent due to disorder.
Before comparing our experimental results with Mott
relations, it is important to note that our system is highly
unusual. The hole band is composed of two very different
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types of carriers: one is the Dirac particle with a very small
effective mass that strongly varies with energy, while the other
represents holes with a large effective mass. This unique
combination is responsible for different transport peculiar-
ities, which can be harnessed to enhance the thermoelectric
performance of our system.

First, the variation in the density of states with energy as
the chemical potential approaches the heavy hole band results
in an enhancement of the Seebeck coefficient. Second, under
these conditions, inter-band and intersubband scattering
make an essential contribution to the thermopower. Unfortu-
nately, the presence of disorder can greatly affect all these
advantages and smooth out the effects. However, further
improvement in the quality of the material holds great
promise for its thermoelectric potential.

Figure 20a shows a comparison with the Mott equation.
The simple model demonstrates a strong enhancement of the
thermopower signal in the valence band, where transport
peculiarities are expected in the energy spectrum. Moreover,
the theoretical curve exhibits additional features near the
CNP, where transport characteristics rapidly vary with
energy. Figure 20b shows theoretical curves calculated from
the Mott ratio for different broadening parameters (J). The
curves demonstrate that smaller values of ¢ lead to higher
derivatives of the density of states and relaxation time,
resulting in an increase in thermopower.

It should be noted that obtaining a more precise
description and fit of the experiment requires a more exact
knowledge of the density of states in this system. However, as
of yet, obtaining such exact knowledge of the density of states
in this system has not been possible.

To simplify the model, we did not include inelastic
scattering between Dirac and heavy holes, which can
significantly modify the thermopower, as demonstrated in
2D semimetals, particularly in the valence band at high
temperatures (7 > 5 K). However, we acknowledge that this
is an important aspect that will be studied in future research at
high temperatures.

Another important contribution is phonon drag, which
dominates at temperatures above 4.2 K, as has been demon-
strated in Sections 5 and 6. At lower temperatures, it is
comparable to the diffusion contribution. However, it
should be noted that the theory for phonon drag in a gapless
HgTe quantum well for particles with a Dirac spectrum has
not yet been developed, and thus, this problem will be left for
future research.

7.3 Conclusion
There are several features that make the 2D Weyl semimetal
in a gapless HgTe quantum well an attractive system for
thermoelectricity studies. The single Dirac cone responsible
for several important consequences can be derived from the
Mott relation and can enhance the Seebeck coefficient. In
contrast to conventional 2D systems, the density of states
varies with energy, and the transport time has a strong energy
dependence. The coexistence of Dirac and heavy holes creates
an unusual situation for manipulating the band degeneracy.
Converging different electronic bands by aligning their band
extrema within the energy difference of a few kg7 can also
increase the thermoelectric efficiency.

In this study, we have measured the Seebeck coefficient in
a 6.3-nm HgTe well and demonstrated that some of these
possibilities can be developed in this system. The behavior of
the Seebeck coefficient is explained based on the Mott

relation. However, it should be noted that such a description
is dependent on the model of the density of states, especially
broadening due to disorder and inhomogeneities.

8. Concluding remarks

To sum up, this article uses the thermopower of 2D, 3D
topological insulators and 2D semimetals hosted in HgTe-
based materials as a research platform to discuss the most
basic physical issues of the mechanism of scattering in
semiconductors and metals. Compared with the past, we
have a certain understanding of the conduction mechanism
of two-dimensional topological insulators. However, there is
a long way to go, and there are still many problems in the
study of the scattering mechanism of 2D and 3D topological
insulators, but this can also point out the need for further
research related to two-dimensional materials. Here are some
issues that need to be considered:

(1) The mechanism responsible for the scattering between
helical edge states needs to be investigated. Elastic back-
scattering is expected to be suppressed due to time reversal
symmetry. However, the thermopower due to edge states
requires a strong energy-dependent scattering mechanism.

(2) It is crucial to have accurate knowledge of the
behavior of the bulk conductivity and density of states in
both the bulk band gap and the conduction and valence bands
in two-dimensional topological insulators.

(3) In three-dimensional TIs, it is necessary to have
accurate knowledge of 2D-3D scattering. In the region
where 2D electrons and 3D bulk holes coexist, it is challeng-
ing to distinguish the thermopower mechanism due to
electron-hole scattering. This scattering can modify the
temperature dependence of Sy (7).

(4) Detailed investigations are necessary to understand
the transport properties near the CNP in 2D Weyl semimetals
in gapless HgTe quantum wells. Percolation along zero
energy channels may lead to peculiarities in the thermopower
coefficient.

(5) In 2D Weyl semimetals hosted in an HgTe 6.3-nm
quantum well, hole-hole scattering in the valence band is
much stronger than impurity scattering. This leads to
dominant interaction behavior in transport and can signifi-
cantly modify thermoelectric effects at high temperatures.

Based on current progress and existing challenges, there is
still much work that needs to be done in the future. Previous
theoretical work has mainly focused on ideal TI structures for
thermoelectricity, with little attention given to the complex
scattering mechanism between helical or surface states and
the bulk.

Moreover, various ways of controlling TI helical and
surface states, such as through topological phase transitions
(e.g., applying an electric field or strain) or symmetry
breaking (e.g., applying a magnetic field to break time
reversal symmetry), remain to be explored for designing new
thermoelectric devices.

To further enhance the efficiency of thermoelectricity in
TI nanostructures and to manifest the advantage of the high
mobility of TI helical or surface states due to the strong
energy dependence of the scattering mechanism, it is desirable
to develop new techniques to introduce disorders and defects
into TI materials.

In addition, more systematic measurements, including the
influence of electron-electron scattering, are needed in order to
amplify the Seebeck effect for thermoelectricity applications.
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