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¡ÓÐÑÎßÆ ©ÑÏÏÇÓ×ÇÎßÆ

1. £ÄÇÆÇÐËÇ

²ÑÄÐÑ ÔÕÑÎÇÕËÇ ÐÂÊÂÆ Ä ¡ÓÑÊÇ (ºÄÇÌÙÂÓËâ) ÓÑÆËÎÂÔß
ÄÑÎÐÑÄÂâ ÍÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ. ¿ÓÄËÐ ºÓÈÆËÐÅÇÓ ÑÕÆÞ-
ØÂÎ Ä àÕÑÏ ÍÎÂÔÔËÚÇÔÍÑÏ ÂÎßÒËÌÔÍÑÏ ÅÑÓÑÆÍÇ ÐÂ ²ÑÉÆÇ-
ÔÕÄÑ 1925 ÅÑÆÂ, ÍÑÅÆÂ Ë ÔÑÄÇÓÛËÎ ÔÄÑÈ àÒÑØÂÎßÐÑÇ
ÑÕÍÓÞÕËÇ ì ÄÑÎÐÑÄÑÇ ÖÓÂÄÐÇÐËÇ ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍË,
ÑÒÖÃÎËÍÑÄÂÐÐÑÇ Ä 1926 Å. (ÔÏ. [1]).

¥ÇÕÂÎßÐÞÌ ÂÐÂÎËÊ ËÊÎÖÚÇÐËâ ÚÈÓÐÑÅÑ ÕÇÎÂ Ë ÒÑÔÎÇÆÑ-
ÄÂÄÛÂâ ÊÂ àÕËÏ ÍÄÂÐÕÑÄÂâ ÕÇÑÓËâ ÊÂÎÑÉËÎË ÑÔÐÑÄÖ ÆÎâ
ÏÑÆÇÎË ÂÕÑÏÂ ¢ÑÓÂ, ÒÓÇÆÔÕÂÄÎâáÜÇÌ ÔÑÃÑÌ ×ÖÐÆÂÏÇÐ-
ÕÂÎßÐÞÌ ÛÂÅ Ä ÒÑÐËÏÂÐËË ÔÕÓÖÍÕÖÓÞ ÂÕÑÏÂ, ÔÆÇÎÂÐÐÞÌ
ÃÑÎÇÇ ÔÕÑÎÇÕËâ ÐÂÊÂÆ. ±ÓËÊÐÂÄÂâ ÍÄÂÐÕÑÄÖá ÒÓËÓÑÆÖ
àÐÇÓÅËË Ë ÆËÔÍÓÇÕÐÑÔÕß àÐÇÓÅÇÕËÚÇÔÍËØ ÖÓÑÄÐÇÌ àÎÇÍÕÓÑ-
ÐÑÄ, ±ÎÂÐÍ [2], ¿ÌÐÛÕÇÌÐ [3], ²ÇÊÇÓ×ÑÓÆ [4] Ë ¢ÑÓ [5]
ÔÏÑÅÎË ÑÃÝâÔÐËÕß ÒÑÄÇÆÇÐËÇ ÔÄÇÕÂ Ë ÄÇÜÇÔÕÄÂ ÐÂ ÂÕÑÏ-
ÐÞØ ÏÂÔÛÕÂÃÂØ Ë ÒÑÆÅÑÕÑÄËÎË ÕÇÏ ÔÂÏÞÏ ÒÖÕß Í ÓÂÊ-
ÄËÕËá ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍË. ³ÓÇÆË ÑÔÐÑÄÐÞØ ËÔÕÑÚÐËÍÑÄ
ÒÑ ÕÂÍ ÐÂÊÞÄÂÇÏÑÌ "ÔÕÂÓÑÌ ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍÇ" ¢ÑÓÂ Ë
©ÑÏÏÇÓ×ÇÎßÆÂ ÏÑÉÐÑ ÖÒÑÏâÐÖÕß ÍÎÂÔÔËÚÇÔÍËÇ ÒÖÃÎËÍÂ-
ÙËË [6 ë 20], ËÔÕÑÚÐËÍË, ÙËÕËÓÖÇÏÞÇ Ä ÖÍÂÊÂÐÐÞØ ÓÂÃÑÕÂØ,
Ë ÐÇÔÍÑÎßÍÑ ÑÃÜÇÑÃÓÂÊÑÄÂÕÇÎßÐÞØ ÄËÆÇÑ×ËÎßÏÑÄ [21].

¬ÓÂÕÍÂâ ËÔÕÑÓËâ.±ÇÓÄÞÇ ÐÂÃÎáÆÇÐËâ ÕÑÐÍÑÌ ÔÕÓÖÍ-
ÕÖÓÞ ÔÒÇÍÕÓÂÎßÐÞØ ÎËÐËÌ ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ ÃÞÎË ÄÞÒÑÎ-
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ÐÇÐÞ ¡.¡. ®ÂÌÍÇÎßÔÑÐÑÏ Ä 1887 Å. [22, 23]. ±ÑÔÎÇ
ÑÕÓËÙÂÕÇÎßÐÑÅÑ ÓÇÊÖÎßÕÂÕÂ Ä ÇÅÑ àÍÔÒÇÓËÏÇÐÕÂØ ÒÑ
à×ËÓÐÑÏÖ ÄÇÕÓÖ ÑÐ ÑÃÓÂÕËÎÔâ Í ÔÒÇÍÕÓÑÔÍÑÒËË Ë ÑÃÐÂÓÖ-
ÉËÎ, ÚÕÑ ØÑÓÑÛÑ ÊÂÏÇÕÐÂâ ÍÓÂÔÐÂâ ÎËÐËâ ÔÇÓËË ¢ÂÎß-
ÏÇÓÂ Ha ÃÞÎÂ ÐÂ ÔÂÏÑÏ ÆÇÎÇ ÆÖÃÎÇÕÑÏ [16, 24, 25].
¿ÎÇÍÕÓÑÐ ÃÞÎ ÑÕÍÓÞÕ ¥É.¥É. ´ÑÏÒÔÑÐÑÏ Ä 1897 Å. [26],
Ë ­ÑÓÆ ²ÇÊÇÓ×ÑÓÆ ÒÓÇÆÎÑÉËÎ ÒÎÂÐÇÕÂÓÐÖá ÏÑÆÇÎß ÂÕÑ-
ÏÂ Ä 1911 Å. ¯ËÎßÔ ¢ÑÓ Ô×ÑÓÏÖÎËÓÑÄÂÎ ÔÄÑá ÕÇÑÓËá
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÔËÔÕÇÏ Ä 1913 Å. [6, 7, 9, 12, 15, 16] Ë Ä
1916 Å. ¡. ©ÑÏÏÇÓ×ÇÎßÆ ÑÃÑÃÜËÎ ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ
¢ÑÓÂ ÐÂ ÓÇÎâÕËÄËÔÕÔÍËÌ ÂÕÑÏ ÄÑÆÑÓÑÆÂ [18] (ÔÏ. ÕÂÍÉÇ
[25, 27, 28]). ´ÑÚÐÑÇ ÓÇÛÇÐËÇ ÃÞÎÑ ÄÒÑÔÎÇÆÔÕÄËË ÒÑÎÖÚÇÐÑ
¹.¤. ¥ÂÓÄËÐÑÏ [29] Ë £. ¤ÑÓÆÑÐÑÏ [30] ÄÔÎÇÆ ÊÂ ÑÕÍÓÞ-
ÕËÇÏ ÖÓÂÄÐÇÐËâ ¥ËÓÂÍÂ [31, 32] Ä 1928 Å. ±ÓËÏÇÚÂÕÇÎßÐÑ,
ÚÕÑ ËØ ÓÇÊÖÎßÕÂÕÞ Ä ÕÑÚÐÑÔÕË ÔÑÄÒÂÆÂÎË ÔÑ "ÔÕÂÓÑÌ"
×ÑÓÏÖÎÑÌ ©ÑÏÏÇÓ×ÇÎßÆÂ ì ×ÇÐÑÏÇÐ, ÔÇÌÚÂÔ ËÊÄÇÔÕÐÞÌ
ÍÂÍ "ÊÂÅÂÆÍÂ ©ÑÏÏÇÓ×ÇÎßÆÂ" [24], ÍÑÕÑÓÞÌ ÆÂÎÇÇ ÑÃÔÖÉ-
ÆÂÇÕÔâ Ä [8, Ô. 426 ë 429].

¯ÂÛÂ ÙÇÎß Ä ÐÂÔÕÑâÜÇÌ ÓÂÃÑÕÇ ÔÑÔÕÑËÕ Ä ÆÇÕÂÎßÐÑÏ
ÂÐÂÎËÊÇ Ô ÔÑÄÓÇÏÇÐÐÑÌ ÏÂÕÇÏÂÕËÚÇÔÍÑÌ ÕÑÚÍË ÊÓÇÐËâ
ÔÎÇÆÖáÜËØ ÄÑÒÓÑÔÑÄ:

1. ®ÑÆÇÎß ¢ÑÓÂ: ÍÓÖÅÑÄÞÇ ÑÓÃËÕÞ àÎÇÍÕÓÑÐÑÄ Ä ÄÑ-
ÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÂÕÑÏÂØ Ë ÄÞÄÑÆ ×ÑÓÏÖÎÞ ¢ÑÓÂ (¯Ñ-
ÃÇÎÇÄÔÍÂâ ÒÓÇÏËâ ÒÑ ×ËÊËÍÇ 1922 Å. [5]).

2. £ËÎßÔÑÐ Ë ©ÑÏÏÇÓ×ÇÎßÆ: ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ
ÆÎâ ÏÐÑÅÑÏÇÓÐÞØ ÒÇÓËÑÆËÚÇÔÍËØ ÔËÔÕÇÏ, ÑÔÐÑÄÂÐÐÞÇ ÐÂ
ÍÎÂÔÔËÚÇÔÍÑÏ ÆÇÌÔÕÄËË; ÄÞÄÑÆ ÓÇÎâÕËÄËÔÕÔÍÑÌ ×ÑÓÏÖÎÞ
©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ àÎËÒÕËÚÇÔÍËØ ÑÓÃËÕ Ä ÍÎÂÔÔËÚÇÔÍÑÌ Ë
ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ.

3. ¿ÎÇÏÇÐÕÂÓÐÑÇ ÄÞÚËÔÎÇÐËÇ ËÐÕÇÅÓÂÎÑÄ ©ÑÏÏÇÓ-
×ÇÎßÆÂ.

4. ¥ÑÒÑÎÐËÕÇÎßÐÞÇ ÒÓËÏÇÓÞ Ë ÓÂÊÓÇÛÇÐËÇ "ÊÂÅÂÆÍË
©ÑÏÏÇÓ×ÇÎßÆÂ"; ÑÛËÃÍÂ, ÐÇ ÔÆÇÎÂÐÐÂâ ºÓÈÆËÐÅÇÓÑÏ.

5. ±ÓËÎÑÉÇÐËÇ A. ®ÇÕÑÆÞ ÄÇÍÕÑÓÐÑÅÑ ÂÐÂÎËÊÂ ÆÎâ
ÍÓÖÅÑÄÑÅÑ ÆÄËÉÇÐËâ.

6. ±ÓËÎÑÉÇÐËÇ ¢. ¯ÇÖÔÕÑÌÚËÄÑÔÕß ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ Ä
ÍÎÂÔÔËÚÇÔÍÑÌ ×ËÊËÍÇ, ÑÃÖÔÎÑÄÎÇÐÐÂâ ÒÂÆÇÐËÇÏ àÎÇÍÕÓÑÐÂ
ÐÂ âÆÓÑ, ÒÓÇÆÔÍÂÊÂÐÐÞÏ Ä ÏÑÆÇÎË ²ÇÊÇÓ×ÑÓÆÂ.

7. ±ÓËÎÑÉÇÐËÇ £. ¯ÇÊÂÄËÔËÏÑÇ ÄÞÚËÔÎÇÐËÇ ËÐÕÇÅÓÂ-
ÎÑÄ ©ÑÏÏÇÓ×ÇÎßÆÂ ÒÑÔÓÇÆÔÕÄÑÏ ÆË××ÇÓÇÐÙËÓÑÄÂÐËâ ÒÑ
ÒÂÓÂÏÇÕÓÖ.

8. ±ÓËÎÑÉÇÐËÇ ¤. ±ËÔßÏÑ ºÓÈÆËÐÅÇÓÂ ©ÑÏÏÇÓ-
×ÇÎßÆÖ ÑÕ 29 âÐÄÂÓâ 1926 Å.

9. ±ÓËÎÑÉÇÐËÇ ¥. ªÔÒÑÎßÊÑÄÂÐËÇ ÔËÔÕÇÏÞ ÍÑÏÒßá-
ÕÇÓÐÑÌ ÂÎÅÇÃÓÞ ®ÂÕÇÏÂÕËÍÂ.

10. ±ÓËÎÑÉÇÐËÇ ¦. µÓÂÐ ÒÓÑÕËÄ ÑÅÂÐÇÔÔÑÐÂ Ë ÆÂÎÇÇ Ä
"ÔÕÂÓÑÌ ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍÇ".

´ÓÂÆËÙËÑÐÐÞÇ ÍÖÓÔÞ ×ËÊËÍË ËÊÃÇÅÂáÕ ÑÃÔÖÉÆÇÐËâ
ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÅÑ ÄÞÄÑÆÂ ×ÑÓÏÖÎÞ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ
©ÑÏÏÇÓ×ÇÎßÆÂ ËÊ-ÊÂ ÇÅÑ ÔÎÑÉÐÑÔÕË Ë ÄÄËÆÖ ÕÑÅÑ, ÚÕÑ
ÕÑÚÐÑÇ Ë àÎÇÅÂÐÕÐÑÇ ÓÇÛÇÐËÇ ÔÖÜÇÔÕÄÖÇÕ ÕÑÎßÍÑ Ä
ÓÂÏÍÂØ ÓÇÎâÕËÄËÔÕÔÍÑÌ ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍË. ¯ÇÔÏÑÕÓâ
ÐÂ ÕÑ ÚÕÑ ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÇ ÒÓËÃÎËÉÇÐËÇ ÒÓÇÆÎÂÅÂÇÕ
ÄÂÉÐÞÌ ÍÑÐÙÇÒÕÖÂÎßÐÞÌ ÄÊÅÎâÆ, ÑÐÑ ÕÂÍÉÇ ÄÎÇÚÈÕ ÊÂ
ÔÑÃÑÌ ÕÓÖÆÑÈÏÍËÌ Ë ÊÂÚÂÔÕÖá ËÊÑÜÓÈÐÐÞÌ ÂÐÂÎËÊ, ÆÇÎÂâ
ÇÅÑ ÏÇÐÇÇ ÒÓËÅÑÆÐÞÏ ÆÎâ ÄÄÑÆÐÞØ ÍÖÓÔÑÄ.

¯ÂÛÂ ÙÇÎß Ë ÏÑÕËÄÂÙËâ. ¯ÂÔÕÑâÜËÇ ÊÂÏÇÕÍË ÒÓÇÆ-
ÐÂÊÐÂÚÇÐÞ Ä ÍÂÚÇÔÕÄÇ ÆÑÒÑÎÐÇÐËâ Í ÕÓÂÆËÙËÑÐÐÞÏ
ÍÖÓÔÂÏ [33 ë 38] Ë ÐÂÛÇÌ ÐÇÆÂÄÐÇÌ ÔÕÂÕßÇ [39]. ©ÆÇÔß
ÏÞ ËÊÎÂÅÂÇÏ ÔÄÑË ÔÑÑÃÓÂÉÇÐËâ, ÑÃÔÖÉÆÂÇÏ ËÔÕÑÓËÚÇ-
ÔÍËÇ ÆÇÕÂÎË Ë ÄÇÆÈÏ ÓÂÔÛËÓÇÐÐÖá ÆËÔÍÖÔÔËá ÒÑ
ËÊÃÓÂÐÐÞÏ ÄÑÒÓÑÔÂÏ. ´ÂÍÑÇ ÓÂÔÔÏÑÕÓÇÐËÇ ÏÑÉÇÕ
ÒÑÔÎÖÉËÕß ÙÇÐÐÞÏ ÓÇÔÖÓÔÑÏ ÆÎâ ÒÓÇÒÑÆÂÄÂÐËâ Ë
ËÊÖÚÇÐËâ ÍÄÂÐÕÑÄÑÌ ×ËÊËÍË, Â ÕÂÍÉÇ ÏÑÉÇÕ ËÔÒÑÎßÊÑ-

ÄÂÕßÔâ ÆÎâ ÍÖÓÔÑÄÞØ ÒÓÑÇÍÕÑÄ ÐÂ ÎáÃÑÏ ÖÓÑÄÐÇ, ÑÕ
ÐÂÚÂÎßÐÑÅÑ ÆÑ ÄÞÒÖÔÍÐÑÅÑ. £ ÔÄâÊË Ô àÕËÏ ÐÂÛÇ ËÊ-
ÎÑÉÇÐËÇ âÄÎâÇÕÔâ ÔÂÏÑÆÑÔÕÂÕÑÚÐÞÏ Ä ÕÑÌ ÔÕÇÒÇÐË,
ÐÂÔÍÑÎßÍÑ ÄÑÊÏÑÉÐÑ. ®ÑÕËÄÂÙËÇÌ ÆÎâ ÆÂÐÐÑÌ ÓÂÃÑ-
ÕÞ ÒÑÔÎÖÉËÎ ÍÖÓÔ ÎÇÍÙËÌ ÒÑ ÏÂÕÇÏÂÕËÍÇ ÍÄÂÐÕÑÄÑÌ
ÏÇØÂÐËÍË, ÚËÕÂÇÏÞÌ ÔÕÖÆÇÐÕÂÏ ÖÐËÄÇÓÔËÕÇÕÂ ÛÕÂÕÂ
¡ÓËÊÑÐÂ (Arizona State University) ÑÆÐËÏ ËÊ ÂÄÕÑÓÑÄ
(³¬³) Ä ÕÇÚÇÐËÇ ÃÑÎÇÇ ÚÇÏ 20 ÎÇÕ [39 ë 46] (ÔÏ. ÕÂÍÉÇ
ÔÔÞÎÍË, ÒÓËÄÇÆÈÐÐÞÇ Ä ÖÍÂÊÂÐÐÞØ ÓÂÃÑÕÂØ Ë [47]).

2. ®ÑÆÇÎß ÂÕÑÏÂ ¢ÑÓÂ

£ÕÑÓÑÌ ÊÂÍÑÐ ¯ßáÕÑÐÂ ÆÎâ ÍÓÖÅÑÄÑÅÑ ÆÄËÉÇÐËâ ÊÂÓâ-
ÉÇÐÐÑÌ ÚÂÔÕËÙÞ, ÕÂÍÑÌ ÍÂÍ àÎÇÍÕÓÑÐ, Ä ÔÕÂÕËÚÇÔÍÑÏ
ÍÖÎÑÐÑÄÔÍÑÏ ÒÑÎÇ ÕâÉÈÎÑÅÑ ËÑÐÂ Ô ÒÑÎÑÉËÕÇÎßÐÞÏ
ÊÂÓâÆÑÏ Ze ÏÑÉÐÑ ÊÂÒËÔÂÕß Ä ÄËÆÇ

ma � F � Ze 2

r 2
; a � v

2

r
�2:1�

ÔÑÅÎÂÔÐÑ (¡.1) ËÊ ÒÓËÎÑÉÇÐËâ ¡. (©ÆÇÔß m � 9;1094�
� 10ÿ28 Å Ë e � 4;8032� 10ÿ10 ÔÕÂÕÍÖÎÑÐÑÄ ì ÏÂÔÔÂ
àÎÇÍÕÓÑÐÂ Ë ÂÃÔÑÎáÕÐÂâ ÄÇÎËÚËÐÂ ÇÅÑ àÎÇÍÕÓËÚÇÔÍÑÅÑ
ÊÂÓâÆÂ ÔÑÑÕÄÇÕÔÕÄÇÐÐÑ Ä ³¤³ ÇÆËÐËÙÂØ.) ¥Îâ ËÏÒÖÎßÔÂ
àÎÇÍÕÓÑÐÂ p � mv ËÏÇÇÏ

p 2 � mZe 2

r
; �2:2�

Ë ÒÑÎÐÂâ àÐÇÓÅËâ ÆÂÈÕÔâ ÄÇÎËÚËÐÑÌ

E � p 2

2m
ÿ Ze 2

r
� ÿZe 2

2r
; �2:3�

ÚÕÑ ÔÑÔÕÂÄÎâÇÕ Ä ÕÑÚÐÑÔÕË ÒÑÎÑÄËÐÖ ÒÑÕÇÐÙËÂÎßÐÑÌ
àÐÇÓÅËË ÔÑÅÎÂÔÐÑ ÕÇÑÓÇÏÇ ÄËÓËÂÎÂ.

¯ËÎßÔ ¢ÑÓ [6, 7, 12], ÔÎÇÆÖâ àÍÔÒÇÓËÏÇÐÕÂÏ¯ËÍÑÎÔÑÐÂ
[48], ÒÓÇÆÎÑÉËÎ ÒÓÑÍÄÂÐÕÑÄÂÕß ÔÑÑÕÄÇÕÔÕÄÖáÜËÌ ÖÅÎÑ-
ÄÑÌ ÏÑÏÇÐÕ àÎÇÍÕÓÑÐÂ

L � r� p ; pr � �hn �n � 1; 2; . . .� �2:4�

Ä ÕÇÓÏËÐÂØ ÒÓËÄÇÆÈÐÐÑÌ ÒÑÔÕÑâÐÐÑÌ ±ÎÂÐÍÂ �h � 1;0546�
� 10ÿ27 ÔÏ2 Å Ôÿ1 Ä ³¤³ ÇÆËÐËÙÂØ. ¥Îâ ÓÂÄÐÑÏÇÓÐÑÅÑ
ÍÓÖÅÑÄÑÅÑ ÆÄËÉÇÐËâ ÄÇÍÕÑÓÞ r Ë p ÒÇÓÒÇÐÆËÍÖÎâÓÐÞ ÆÓÖÅ
ÆÓÖÅÖ (¡.3) (ÓËÔ. 1). £ ÓÇÊÖÎßÕÂÕÇ ¢ÑÓ ÄÞÄÇÎ ÕÂÍ ÐÂ-
ÊÞÄÂÇÏÞÇ ÃÑÓÑÄÔÍËÇ ÑÓÃËÕÞ 2:

r � rn � �h 2n 2

mZe 2
�2:5�

Ë ÔÑÑÕÄÇÕÔÕÄÖáÜËÇ ÆËÔÍÓÇÕÐÞÇ ÖÓÑÄÐË àÐÇÓÅËË àÎÇÍÕ-
ÓÑÐÂ:

En � ÿmZ 2e 4

2�h 2n 2
; �2:6�

ÅÆÇ n � 1; 2; 3; . . . ì ÅÎÂÄÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ.
¥ÇÌÔÕÄËÕÇÎßÐÑ, ËÔÒÑÎßÊÖâ (2.2) Ë (2.4), ÒÑÎÖÚËÏ:

mZe 2

r
� p 2 �

�
�hn

r

�2

; �2:7�

2 £ ÕÇÓÏËÐÂØ ÆÎËÐÞ ÄÑÎÐÞ ÆÇ ¢ÓÑÌÎâ l ÒÓÂÄËÎÑ ÍÄÂÐÕÑÄÂÐËâ
ÖÕÄÇÓÉÆÂÇÕ, ÚÕÑ ÆÎËÐÂ ÑÓÃËÕÞ ÓÂÄÐÂ 2prn � nl, ÅÆÇ l � h=p � 2p�h=p.
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ÚÕÑ ÒÓËÄÑÆËÕ Í (2.5). ¡ÐÂÎÑÅËÚÐÑ, ËÊ (2.3) Ë (2.5) ÔÎÇÆÖÇÕ

En � ÿZe 2

2rn
� ÿmZ 2e 4

2�h 2n 2
; �2:8�

ÚÕÑ ÊÂÄÇÓÛÂÇÕ ÄÞÄÑÆ ×ÑÓÏÖÎÞ ¢ÑÓÂ ÆÎâ ÆËÔÍÓÇÕÐÞØ
àÐÇÓÅËÌ (2.6).

£ ÏÑÆÇÎË ÂÕÑÏÂ ¢ÑÓÂ àÎÇÍÕÓÑÐÞ ÆÄËÉÖÕÔâ ÒÑ ÔÕÂ-
ÙËÑÐÂÓÐÞÏ ÑÓÃËÕÂÏ (2.5) Ë ÐÇ ËÊÎÖÚÂáÕ àÐÇÓÅËË (ÐÇ-
ÖÔÕÑÌÚËÄÑÔÕß ÍÎÂÔÔËÚÇÔÍÑÅÑ ÂÕÑÏÂ ²ÇÊÇÓ×ÑÓÆÂ ÑÃÔÖÉÆÂ-
ÇÕÔâ Ä ÒÓËÎÑÉÇÐËË ¢). ¿ÎÇÍÕÓÑÐÞ ÏÑÅÖÕ ÒÇÓÇØÑÆËÕß
ÏÇÉÆÖ ÓÂÊÎËÚÐÞÏË ÖÓÑÄÐâÏË àÐÇÓÅËË (2.6), ÒÑÅÎÑÜÂâ
ËÎË ËÊÎÖÚÂâ ×ÑÕÑÐÞ (ÍÄÂÐÕÞ ÔÄÇÕÂ) Ô ÑÒÓÇÆÇÎÈÐÐÞÏË
ÊÐÂÚÇÐËâÏË àÐÇÓÅËË. ¿ÐÇÓÅËâ ×ÑÕÑÐÂ ÔÑÑÕÄÇÕÔÕÄÖÇÕ ÓÂÊ-
ÐËÙÇÏÇÉÆÖÐÂÚÂÎßÐÞÏËÍÑÐÇÚÐÞÏÖÓÑÄÐâÏË [12] (ÓËÔ. 2).
¡ÎßÃÇÓÕ ¿ÌÐÛÕÇÌÐ ÒËÔÂÎ ÑÃ àÕÑÌ ÏÑÆÇÎË ÍÂÍ Ñ "ÄÞÔÛÇÌ
ÏÖÊÞÍÂÎßÐÑÔÕË Ä ÑÃÎÂÔÕË ÏÞÔÎË" [49].

±ÇÓËÑÆËÚÇÔÍÂâ ÕÂÃÎËÙÂ®ÇÐÆÇÎÇÇÄÂ ËÏÑÆÇÎß¢ÑÓÂì
àÕÑ ÆÄÇ ÄÂÉÐÞÇ ÔÕÖÒÇÐË Ä ÐÂÛÇÏ ÒÑÐËÏÂÐËË ÔÕÓÖÍÕÖÓÞ
ÂÕÑÏÂ Ë àÎÇÏÇÐÕÑÄ. ´ÂÃÎËÙÂ ®ÇÐÆÇÎÇÇÄÂ, ÒÓÇÆÎÑÉÇÐÐÂâ
Ä 1869 Å., ÓÂÔÒÑÎÑÉËÎÂ àÎÇÏÇÐÕÞ Ä ÒÑÓâÆÍÇ ÄÑÊÓÂÔÕÂÐËâ
ÂÕÑÏÐÑÅÑ ÄÇÔÂ Ë ÒÑÄÕÑÓâáÜËØÔâ ØËÏËÚÇÔÍËØ ÔÄÑÌÔÕÄ [17,
Ô. 2, 3]. ®ÑÆÇÎß ¢ÑÓÂ, Ô×ÑÓÏÖÎËÓÑÄÂÐÐÂâ Ä 1913 Å. [7],
ÖÔÕÂÐÑÄËÎÂ ÕÇÑÓÇÕËÚÇÔÍÖá ÍÑÐÙÇÒÙËá ÂÕÑÏÐÑÌ ÔÕÓÖÍ-
ÕÖÓÞ, Ä ÓÂÏÍÂØ ÍÑÕÑÓÑÌ ÄÓÂÜÂáÜËÇÔâ ÄÑÍÓÖÅ âÆÓÂ àÎÇÍ-
ÕÓÑÐÞ ÐÂØÑÆâÕÔâ ÐÂ ×ËÍÔËÓÑÄÂÐÐÞØ ÍÄÂÐÕÑÄÞØ àÐÇÓÅÇ-
ÕËÚÇÔÍËØ ÖÓÑÄÐâØ. ´ÂÍÑÇ ÖÒÓÑÜÈÐÐÑÇ ÒÓÇÆÔÕÂÄÎÇÐËÇ ÑÃ
àÎÇÍÕÓÑÐÐÑÌ ÔÕÓÖÍÕÖÓÇ ÂÕÑÏÂ ÇÔÕÇÔÕÄÇÐÐÞÏ ÑÃÓÂÊÑÏ
ÎÇÉËÕ Ä ÑÔÐÑÄÇ ÒÇÓËÑÆËÚÇÔÍÑÅÑ ÓÂÔÒÑÎÑÉÇÐËâ àÎÇÏÇÐ-
ÕÑÄ Ä ÔÑÄÓÇÏÇÐÐÑÌ ÕÂÃÎËÙÇ ®ÇÐÆÇÎÇÇÄÂ [28].

3. ±ÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ £ËÎßÔÑÐÂ
Ë ©ÑÏÏÇÓ×ÇÎßÆÂ Ä ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ

´ÇÏÞ ÆÎâ ÑÃÔÖÉÆÇÐËâ: ÊÂÆÂÚÂ ¬ÇÒÎÇÓÂ Ä ÍÎÂÔÔËÚÇÔÍÑÌ
ÏÇØÂÐËÍÇ [24; 28, Ô. 84 ë 90, 109 ë 119, 251 ë 258; 50, Ô. 146 ë
148; 51, Ô. 92 ë 102, 466 ë 477, 481, 482]; Ô×ÇÓËÚÇÔÍËÇ
ÅÂÓÏÑÐËÍË [36, 40, 52, 53]; ÖÓÂÄÐÇÐËÇ ºÓÈÆËÐÅÇÓÂ [35, 36,
38, 54], ÓÇÎâÕËÄËÔÕÔÍÑÇ ÖÓÂÄÐÇÐËÇ ºÓÈÆËÐÅÇÓÂ Ë ÖÓÂÄ-
ÐÇÐËÇ ¥ËÓÂÍÂ [33 ë 35, 38, 39, 46]; ÔÒËÐÑÓÐÞÇ Ô×ÇÓËÚÇÔÍËÇ
ÅÂÓÏÑÐËÍË [33, 34, 37, 45, 46, 53] Ë ÓÂÊÆÇÎÇÐËÇ ÒÇÓÇÏÇÐÐÞØ

ÆÎâ ÖÓÂÄÐÇÐËâ ¥ËÓÂÍÂ Ä ÙÇÐÕÓÂÎßÐÑÏ ÒÑÎÇ; ÍÄÂÊËÍÎÂÔÔË-
ÚÇÔÍÑÇ ÒÓËÃÎËÉÇÐËÇ [38, 52, 55, 56].

¬ÓÂÕÍÂâ ËÔÕÑÓËâ: Ä ÍÂÚÇÔÕÄÇ ÑÃÑÃÜÇÐËâ ÒÓÂÄËÎ ¢ÑÓÂ
£ËÎßÔÑÐ [20] Ë ©ÑÏÏÇÓ×ÇÎßÆ [18] ÐÇÊÂÄËÔËÏÑ ÒÓÇÆÎÑÉËÎË
ÏÇÕÑÆ ÆÎâ ÍÄÂÐÕÑÄÂÐËâ ËÐÕÇÅÓÂÎÑÄ ÆÇÌÔÕÄËâ Ä ÍÎÂÔÔËÚÇ-
ÔÍÑÌ ÏÇØÂÐËÍÇ ÐÂ ÒÇÓËÑÆÇ ÆÄËÉÇÐËâ ÆÎâ ÏÐÑÅÑÏÇÓÐÞØ
ÒÇÓËÑÆËÚÇÔÍËØ ÔËÔÕÇÏ (ÔÏ. ÕÂÍÉÇ [28, ÊÂÏÇÚÂÐËÇÐÂ Ô. 111]).

3.1. ¶ÑÓÏÖÎÂ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ©ÑÏÏÇÓ×ÇÎßÆÂ
®Þ ÔÎÇÆÖÇÏ [24; 28, Ô. 251 ë 258] ÒÓË ÆÂÎßÐÇÌÛÇÏ ËÊÎÑÉÇ-
ÐËË, ÑÒËÓÂâÔß ÐÂ ÊÂÍÑÐÞ ÔÑØÓÂÐÇÐËâ àÐÇÓÅËË Ë ÖÅÎÑÄÑÅÑ
ÏÑÏÇÐÕÂ Ë ÒÓÑÄÑÆâ ÄÔÇ ÐÇÑÃØÑÆËÏÞÇ ÄÞÚËÔÎÇÐËâ. ¬ÎÂÔ-
ÔËÚÇÔÍËÌ ÓÇÎâÕËÄËÔÕÔÍËÌ ÅÂÏËÎßÕÑÐËÂÐ, ËÎË ÒÑÎÐÂâ
àÐÇÓÅËâ E ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÔËÔÕÇÏ Ô ÒÓËÕâÅËÄÂáÜËÏ
ÍÖÎÑÐÑÄÔÍËÏ ÒÑÕÇÐÙËÂÎÑÏ, ËÏÇÇÕ ÍÄÂÆÓÂÕËÚÐÖá ×ÑÓÏÖ:�

E� Ze 2

r

�2

� p2c 2 �m 2c 4 : �3:1�

£ ÒÑÎâÓÐÞØ ÍÑÑÓÆËÐÂÕÂØ

p2 � �pr�2 � 1

r 2
�py�2 ; �3:2�

ÅÆÇ pr � gm _r � gm�dr=dt� (ÓÂÆËÂÎßÐÞÌ ËÏÒÖÎßÔ) Ë
py � gmr 2 _y � gmr 2�dy=dt� (ÖÅÎÑÄÑÌ ÏÑÏÇÐÕ). £ ÓÇÎâÕË-
ÄËÔÕÔÍÑÏ ÔÎÖÚÂÇ g � �1ÿ v 2=c 2�ÿ1=2 ì àÕÑ ÊÐÂÍÑÏÞÌ
ÏÐÑÉËÕÇÎß ­ÑÓÇÐÙÂ (ÔÏ. ÒÓËÎÑÉÇÐËÇ ¡ ÒÑ ÒÑÄÑÆÖ
ÆÂÎßÐÇÌÛËØ ÆÇÕÂÎÇÌ).

ªÊ-ÊÂ ÔÑØÓÂÐÇÐËâ ÖÅÎÑÄÑÅÑ ÏÑÏÇÐÕÂ py ÐÇ ËÊÏÇÐâÇÕÔâ.
£ÄÑÆâ ÐÑÄÖá ÒÇÓÇÏÇÐÐÖá s � 1=r, ÏÞ ÊÂÏÇÕËÏ, ÚÕÑ

ds

dy
� ÿ pr

py
: �3:3�

x1 x2

x3

r

­ËÐÇÌÐÞÌ
ÏÑÏÇÐÕ

µÅ
ÎÑ
ÄÑ
Ì Ï

ÑÏ
ÇÐ
Õ

p �
m
v

L
� r
� p

²ËÔ. 1. ¡ÕÑÏ ¢ÑÓÂ.

²Â
ÆË
ÖÔ
(r 2
)

°
ÓÃ
ËÕ
Â

°
ÓÃ
ËÕ
Â

àÎ
ÇÍ
ÕÓ
ÑÐ
Â

àÎ
ÇÍ
ÕÓ
ÑÐ
Â

²ÂÆËÖÔ (r
1 )

2p+2n

n0

n0

p� p�E2 E1

eÿ

²ËÔ. 2.ªÊÏÇÐÇÐËÇ àÎÇÍÕÓÑÐÐÞØ ÑÓÃËÕ Ë àÐÇÓÅËÌ, r2 ! r1 Ë E2 ! E1, Ä
ËÑÐÇ ÅÇÎËâ He� ÒÑÔÎÇ ËÊÎÖÚÇÐËâ ×ÑÕÑÐÂ Ä ÏÑÆÇÎË ¢ÑÓÂ. ¥Îâ ÅÇÎËâ
Z � 2, ÒÑàÕÑÏÖ, ÔÑÅÎÂÔÐÑ (2.5), (2.6): r1 � 0;2646� 10ÿ8 ÔÏ,
r2 � 4r1 � 1;0584� 10ÿ8 ÔÏ Ë E1 � ÿ8;719� 10ÿ11 àÓÅ � ÿ54;424 à£,
E2 � E1=4 � ÿ2;1798� 10ÿ11 àÓÅ � ÿ13;606 à£ ÔÑÑÕÄÇÕÔÕÄÇÐÐÑ. ªÊ-
ÎÖÚÈÐÐÞÌ ×ÑÕÑÐ ËÏÇÇÕ ÆÎËÐÖ ÄÑÎÐÞ l � 30;379 ÐÏ, ÐÂØÑÆâÜÖáÔâ
ÄÐÖÕÓË ÖÎßÕÓÂ×ËÑÎÇÕÑÄÑÌ ÑÃÎÂÔÕË àÎÇÍÕÓÑÏÂÅÐËÕÐÑÅÑ ÔÒÇÍÕÓÂ.
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£ àÕËØ ÑÃÑÊÐÂÚÇÐËâØ ÖÓÂÄÐÇÐËÇ (3.1) ÊÂÒËÔÞÄÂÇÕÔâ ÔÎÇ-
ÆÖáÜËÏ ÑÃÓÂÊÑÏ:�

E

mc 2
� Ze 2

mc 2
s

�2

� 1�
�
py
mc

�2��
ds

dy

�2

� s 2
�
: �3:4�

¥Ë××ÇÓÇÐÙËÓÑÄÂÐËÇ ÑÕÐÑÔËÕÇÎßÐÑ y ÒÓËÄÑÆËÕ Í ÑÃÞÍÐÑ-
ÄÇÐÐÑÏÖ ÆË××ÇÓÇÐÙËÂÎßÐÑÏÖ ÖÓÂÄÐÇÐËá:

d2s

dy 2
� o2�sÿD� � 0 : �3:5�

©ÆÇÔß, ÒÑ ÑÒÓÇÆÇÎÇÐËá,

o2 � 1ÿ Z 2e 4

c 2p 2
y

; D � Ze 2E

o2c 2p 2
y

: �3:6�

²ÇÛÇÐËÇ ÖÓÂÄÐÇÐËâ (3.5) ÆÂÈÕ ÓÇÎâÕËÄËÔÕÔÍËÇ ÑÓÃËÕÞ
¬ÇÒÎÇÓÂ Ä ÄËÆÇ

s � 1

r
� C1 cos �oy� � C2 sin �oy� �D ; �3:7�

ÅÆÇ C1 Ë C2 ì ÐÇÍÑÕÑÓÞÇ ÒÑÔÕÑâÐÐÞÇ. ´ÑÚÍÂ ÐÂËÃÑÎß-
ÛÇÅÑ ÔÃÎËÉÇÐËâ (ÒÇÓËÅÇÎËÌ) ÄÑÊÐËÍÂÇÕ ÒÓË y � 0, ÍÑÅÆÂ
C2 � 0:

1

r
� C1 cos �oy� �D : �3:8�

¬ÎÂÔÔËÚÇÔÍËÇ ÓÇÎâÕËÄËÔÕÔÍËÇ ÍÇÒÎÇÓÑÄÔÍËÇ ÑÓÃËÕÞ
ËÏÇáÕ ×ÑÓÏÖ ÍÑÐËÚÇÔÍËØ ÔÇÚÇÐËÌ, ÍÂÍ Ë Ä ÐÇÓÇÎâÕËÄËÔÕ-
ÔÍÑÏ ÔÎÖÚÂÇ [24, 28], ÐÑ Ô ÐÑÄÑÌ ÖÅÎÑÄÑÌ ÒÇÓÇÏÇÐÐÑÌ
f � oy: ´ÂÍËÏ ÑÃÓÂÊÑÏ, ÆÎâ àÎÎËÒÕËÚÇÔÍËØ ÑÓÃËÕ (ÔÄâ-
ÊÂÐÐÞÇ ÔÑÔÕÑâÐËâ) ÆÄËÉÇÐËÇ ÑÕ ÑÆÐÑÅÑ ÒÇÓËÅÇÎËâ (f � 0)
Í ÔÎÇÆÖáÜÇÏÖ (f � 2p) ÕÓÇÃÖÇÕ ÊÐÂÚÇÐËâ y � 2p=o , ÔÑ
ÔÏÇÜÇÐËÇÏDy � 2p=oÿ 2p ÊÂ ÍÂÉÆÞÌ ÑÃÑÓÑÕ 3 (ÔÏ. ÓËÔ. 3
Ë ÐÂÛ ÃÎÑÍÐÑÕ, Õ.Ç. ÆÑÒÑÎÐËÕÇÎßÐÖá ÍÑÏÒßáÕÇÓÐÖá
ÒÓÑÅÓÂÏÏÖ ÔËÔÕÇÏÞ Mathematica, EllipsesAnimateAu.nb
[57], ÆÎâ ÒÑÔÎÇÆÖáÜÇÅÑ ÚËÔÎÇÐÐÑÅÑ ÏÑÆÇÎËÓÑÄÂÐËâ.)

£ÄÇÆâ àÍÔÙÇÐÕÓËÔËÕÇÕ E, ÏÞ ÒÑÎÖÚËÏ ÒÓË f � 0
ÓÂÔÔÕÑâÐËÇ ÆÑ ÒÇÓËÅÇÎËâ rmin � a�1ÿ E� Ë ÒÓË f � p ì
ÓÂÔÔÕÑâÐËÇ ÆÑ Â×ÇÎËâ rmax � a�1� E�. £ ÑÃÞÚÐÞØ ÅÇÑÏÇÕ-
ÓËÚÇÔÍËØ ÑÃÑÊÐÂÚÇÐËâØ ÖÓÂÄÐÇÐËÇ ÑÓÃËÕÞ ÔÕÂÐÑÄËÕÔâ

1

r
� 1� E cos �oy�

a�1ÿ E 2� : �3:9�

´ÇÒÇÓß ÏÑÉÐÑ ÒÓËÏÇÐËÕß ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ £ËÎß-
ÔÑÐÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ:� y�2p

y�0
py dy � h ny �~to da+t py � �h ny� ; �3:10�� y�2p=o

y�0
pr dr � h nr : �3:11�

¹ÕÑÃÞ ÄÞÚËÔÎËÕß ÒÑÔÎÇÆÐËÌ ËÐÕÇÅÓÂÎ, ÏÞ ÒÓÇÑÃÓÂ-
ÊÖÇÏ ÓÂÆËÂÎßÐÞÌ ËÏÒÖÎßÔ ÔÎÇÆÖáÜËÏ ÑÃÓÂÊÑÏ:

pr � gm _r � gm
�
dr

dy

�
_y � py

r 2

�
dr

dy

�
: �3:12�

±ÑàÕÑÏÖ

pr dr � py

�
1

r

dr

dy

�2

dy � pyE 2o
sin2 f

�1� E cosf�2 df ; �3:13�

ÅÆÇ ËÔÒÑÎßÊÑÄÂÐÑ ÖÓÂÄÐÇÐËÇ ÑÓÃËÕÞ (3.9). ´ÑÅÆÂ ÖÔÎÑÄËÇ
ÓÂÆËÂÎßÐÑÅÑ ÍÄÂÐÕÑÄÂÐËâ (3.11) ÒÓËÑÃÓÇÕÂÇÕ ÄËÆ

1

2p

� f�2p

f�0

E 2 sin2 f df

�1� E cosf�2 �
nr
ony

: �3:14�

¥Îâ ÄÞÚËÔÎÇÐËâ ËÐÕÇÅÓÂÎÂ,

1

2p

� f�2p

f�0

E 2 sin2 f df

�1� E cosf�2 � �1ÿ E 2�ÿ1=2 ÿ 1 ; �3:15�

ÔÏ. [28, pp. 476, 477, ÐÇÏÇÙÍÑÇ ËÊÆ.] Ë ÐÂÛ ÆÑÒÑÎÐËÕÇÎß-
ÐÞÌ ÃÎÑÍÐÑÕ ÔËÔÕÇÏÞ Mathematica BohrAtomMathema-
tica.nb [57].

£ ÓÇÊÖÎßÕÂÕÇ ÒÑÎÖÚÂÇÏ

1

1ÿ E 2
�
�
1� nr

ony

�2

; �3:16�

D � aZE
n 2
y o

2�hc
� 1

a�1ÿ E 2� ; �3:17�

ÅÆÇ a � e 2=��hc� ì ÒÑÔÕÑâÐÐÂâ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ. ¯ÂÍÑ-
ÐÇÙ, ËÔÒÑÎßÊÖâ ÆÄÂ ÒÑÔÎÇÆÐËØ ÄÞÓÂÉÇÐËâ ÔÑÄÏÇÔÕÐÑ Ô
ÖÓÂÄÐÇÐËâÏË ÆÎâ ÑÓÃËÕÞ (3.9) Ë àÐÇÓÅËË (3.4), ÒÑÔÎÇ
ÆÎËÐÐÞØ, ÐÑ ÐÇÔÎÑÉÐÞØ ÄÞÚËÔÎÇÐËÌ ÒÑÎÖÚÂÇÏ ÕÖ ÔÂÏÖá
×ÑÓÏÖÎÖ, ÐÂÌÆÇÐÐÖá ©ÑÏÏÇÓ×ÇÎßÆÑÏ:

Enr; ny

mc 2
�
�
1� a 2Z 2ÿ

nr � �n 2
y ÿ a 2Z 2�1=2�2

�ÿ1=2
; �3:18�

ÅÆÇ nr (ÓÂÆËÂÎßÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ) Ë ny (ÂÊËÏÖÕÂÎßÐÑÇ
ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ) ì ÒÑÎÑÉËÕÇÎßÐÞÇ ÙÇÎÞÇ ÚËÔÎÂ. ¿ÕÑÕ

3 £ ÕÇÓÏËÐÑÎÑÅËË ÍÎÂÔÔËÚÇÔÍÑÌ ÓÂÃÑÕÞ [28], ÅÆÇ ÑÃÔÖÉÆÂáÕÔâ ÕÑÎßÍÑ
ÔÖÜÇÔÕÄÇÐÐÑ ÏÂÎÞÇ Dy. £ ÐÂÔÕÑâÜÇÌ ÓÂÃÑÕÇ ÏÞ ÔÑØÓÂÐâÇÏ ÑÓËÅË-
ÐÂÎßÐÑÇ ÐÂÊÄÂÐËÇ "àÎÎËÒÕËÚÇÔÍÑÌ" ÍÓËÄÑÌ, ØÑÕâ ÆÎâ ÐÇÍÑÕÑÓÞØ ÊÐÂ-
ÚÇÐËÌ o ÏÑÉÇÕ ÄÑÊÐËÍÂÕß ÆÓÖÅÂâ ÕÑÒÑÎÑÅËÚÇÔÍÂâ ÔÕÓÖÍÕÖÓÂ, ÕÂÍÂâ
ÍÂÍÑÓÃËÕÞÔÏÐÑÅÑÚËÔÎÇÐÐÞÏËÕÑÚÍÂÏËÔÂÏÑÒÇÓÇÔÇÚÇÐËâ (ÔÏ. ÓËÔ. 10
Ë 11 ÆÂÎÇÇ).

O P

Dy

}

²ËÔ. 3. ²ÇÎâÕËÄËÔÕÔÍÑÇ ÍÇÒÎÇÓÑÄÔÍÑÇ ÆÄËÉÇÐËÇ [28, Ô. 254]. (©ÆÇÔß Oì
×ËÍÔËÓÑÄÂÐÐÞÌ ×ÑÍÖÔ, Ä ÍÑÕÑÓÑÏ ÓÂÔÒÑÎÑÉÇÐÑ âÆÓÑ; Pì ÐÂÚÂÎßÐÑÇ
ÒÑÎÑÉÇÐËÇ ÒÇÓËÅÇÎËâ.) ±ÇÓËÅÇÎËÌ Ë Â×ÇÎËÌ ÆÄËÉÖÕÔâ ÄÑÍÓÖÅ âÆÓÂ Ä
ÕÑÚÍÇ O ÒÑ ÆÄÖÏ ÍÑÐÙÇÐÕÓËÚÇÔÍËÏ ÍÓÖÅÂÏ.
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ÓÇÊÖÎßÕÂÕ ÒÑÊÄÑÎËÎ ÄÒÇÓÄÞÇ ÑÃÝâÔÐËÕß ÕÑÐÍÖá ÔÕÓÖÍ-
ÕÖÓÖ ÔÒÇÍÕÓÂÎßÐÞØ ÎËÐËÌ. (¥ÂÎßÐÇÌÛËÇ ÓÂÊÝâÔÐÇÐËâ
ÏÑÉÐÑ ÐÂÌÕË Ä [24; 28, Ô. 251 ë 258] Ë Ä ÒÓËÎÑÉÇÐËË ¥
ÄÏÇÔÕÇ Ô ÆÑÒÑÎÐËÕÇÎßÐÑÌ ÒÓÑÅÓÂÏÏÑÌ ÔËÔÕÇÏÞ ®ÂÕÇÏÂ-
ÕËÍÂ.)

©ÂÏÇÚÂÐËÇ. µÓÂÄÐÇÐËâ (3.6), (3.10) Ë (3.16) ë (3.18) ÒÑ-
ÊÄÑÎâáÕ ÑÒÓÇÆÇÎËÕß ÍÄÂÐÕÑÄÞÇ ÊÐÂÚÇÐËâ ÒÂÓÂÏÇÕÓÑÄ
àÎÎËÒÕËÚÇÔÍÑÌ ÑÓÃËÕÞ àÎÇÍÕÓÑÐÂ (3.9) ÔÎÇÆÖáÜËÏ ÑÃÓÂ-
ÊÑÏ:

onyny � �n 2
y ÿ a 2Z 2�1=2 ; �3:19�

Enr; ny �
����
nr
p

ÿ
nr � 2

����������������������
n 2
y ÿ a 2Z 2

q �1=2
nr �

����������������������
n 2
y ÿ a 2Z 2

q ; �3:20�

anr; ny �
a0
Z

�
nr �

����������������������
n 2
y ÿ a 2Z 2

q �
�

�
��������������������������������������������������������������
a 2Z 2 �

�
nr �

����������������������
n 2
y ÿ a 2Z 2

q �2
s

; �3:21�

ÅÆÇ a0 � �h 2=�me 2� ì ÖÉÇ ÊÐÂÍÑÏÞÌ ÓÂÆËÖÔ ¢ÑÓÂ. ¿ÕË
×ÑÓÏÖÎÞ ÑÃÑÃÜÂáÕ ÍÓÖÅÑÄÞÇ ÑÓÃËÕÞ. (¥ÂÎßÐÇÌÛËÇ
ÆÇÕÂÎË ÏÑÉÐÑ ÐÂÌÕË Ä ÐÂÛÇÌ ÆÑÒÑÎÐËÕÇÎßÐÑÌ ÒÓÑ-
ÅÓÂÏÏÇ ÔËÔÕÇÏÞ Mathematica [57]; ÔÏ. ÒÓËÎÑÉÇÐËÇ ¥.) 4

£ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÏ ÒÓÇÆÇÎÇ ÒÑÎÖÚËÏ

ony � 1ÿ a 2Z 2

2n 2
y

ÿ a 4Z 4

8n 4
y

�O�a 6� ; �3:22�

Enr; ny �
����
nr
p �nr � 2ny�1=2

nr � ny
�

����
nr
p

a 2Z 2

2�nr � ny�2�nr � 2ny�1=2
�

�
����
nr
p �3nr � 5ny�a 4Z 4

8ny�nr � ny�3�nr � 2ny�3=2
�O�a 6� ; �3:23�

Zanr; ny
a0

� �nr � ny�2 ÿ a 2Z 2�2nr � ny�
2ny

ÿ

ÿ a 4Z 4

8

�
2nr

n 3
y

� 1

�nr � ny�2
�
�O�a 6� ; �3:24�

Enr; ny

mc 2
� 1ÿ a 2Z 2

2�nr � ny�2
ÿ a 4Z 4�4nr � ny�

8ny�nr � ny�4
�O�a 6� ; �3:25�

ÅÆÇ a � e 2=��hc� Ë c!1 (ÔÏ. ÐÂÛ ÃÎÑÍÐÑÕ ÔËÔÕÇÏÞ
Mathematica, BohrAtomMathematica.nb [57]). (¿ÕÑ ÂÔËÏÒ-
ÕÑÕËÚÇÔÍÑÇ ÓÂÊÎÑÉÇÐËÇ ÃÖÆÇÕ ÂÐÂÎËÊËÓÑÄÂÕßÔâ ÐËÉÇ
(3.49).) £ ÆÂÐÐÑÏ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÏ ÒÓÇÆÇÎÇ ÏÞ ÒÓËØÑ-
ÆËÏ Í àÎÎËÒÕËÚÇÔÍËÏ ÑÓÃËÕÂÏ ©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ ÄÑÆÑ-
ÓÑÆÑÒÑÆÑÃÐÞØ ÔËÔÕÇÏ [28, pp. 109 ë 119] (ÓËÔ. 4). ¬ÂÍ
ÔÎÇÆÖÇÕ ËÊ (3.20) Ë (3.23), ÍÓÖÅÑÄÞÇ ÑÓÃËÕÞ ¢ÑÓÂ ÄÑÊÐË-
ÍÂáÕ ÕÑÎßÍÑ ÒÓË nr � 0.

£ ÔÄÑÇÌ ÍÎÂÔÔËÚÇÔÍÑÌ ÍÐËÅÇ, "¢ËÃÎËË" ÂÕÑÏÐÑÌ ÕÇÑ-
ÓËË, ©ÑÏÏÇÓ×ÇÎßÆ ÊÂÍÎáÚÂÇÕ [28, Ô. 258]: "£ÞÚËÔÎÇÐÐÞÇ
ÄÞÛÇ ÖÓÑÄÐË àÐÇÓÅËË Ë ÔÑÑÕÄÇÕÔÕÄÖáÜÂâ ËÏ ÍÂÓÕËÐÂ
ÓÂÔÒÑÎÑÉÇÐËâ ÎËÐËÌ Ä ÕÑÚÐÑÔÕË ÔÑØÓÂÐâáÕÔâ Ë ÒÓË
ÄÑÎÐÑÄÑÏ ÓÂÔÔÏÑÕÓÇÐËË. ³ÒÑÔÑÃ, ÍÑÕÑÓÞÏ ÑÐË ÄÞÄÑÆâÕ-
Ôâ Ä ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ, ÐÇ ÕÑÎßÍÑ ÐÂÏÐÑÅÑ ÏÇÐÇÇ ÐÂÅÎâÆÇÐ
�anschaulich�, ÐÑ Ë ÃÑÎÇÇ ÕÓÖÆÑÈÏÑÍ, ÚÇÏ ÔÒÑÔÑÃ, ÑÒËÔÂÐÐÞÌ
ÊÆÇÔß. ±ÑàÕÑÏÖ Ë ÃÞÎÑ ÐÇÑÃØÑÆËÏÑ ÄÞÒÑÎÐËÕß ÄÞÚËÔÎÇ-
ÐËâ, ÐÂÔÍÑÎßÍÑ ÄÑÊÏÑÉÐÑ, Ä ÔÑÑÕÄÇÕÔÕÄËË Ô ÏÇÕÑÆÑÏ
ÔÕÂÓÑÌ ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË. £ ÆÂÎßÐÇÌÛÇÏ ÄÔÇ ÒÑÎÖÚÂÇÏÞÇ

ËÊ àÕËØ ÓÇÊÖÎßÕÂÕÑÄ ÔÎÇÆÔÕÄËâ ÏÑÉÐÑ ÃÖÆÇÕ ÐÇÒÑÔÓÇÆ-
ÔÕÄÇÐÐÑ ÒÇÓÇÐÑÔËÕß Ë Ä ÄÑÎÐÑÄÖá ÏÇØÂÐËÍÖ".

¥ÇÌÔÕÄËÕÇÎßÐÑ, Ä ÔÄÑÇÌ ÔÎÇÆÖáÜÇÌ ÍÐËÅÇ ÒÑ ÑÔÐÑÄÂÏ
ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍË ©ÑÏÏÇÓ×ÇÎßÆ ÑÃÔÖÉÆÂÎ ÍÄÂÐÕÑÄÂÐËÇ
ÒÓÑÃÎÇÏÞ ¬ÇÒÎÇÓÂ ÆÎâ ÓÇÎâÕËÄËÔÕÔÍËØ ÖÓÂÄÐÇÐËÌ ºÓÈ-
ÆËÐÅÇÓÂ Ë ¥ËÓÂÍÂ [59, Ô. 100 ë 104, 112 ë 118, 282 ë 286] (ÔÏ.
ÕÂÍÉÇ [19]).

3.2. ¶ÑÓÏÖÎÂ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ Ä ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ
£Ñ ÄÓÇÏâ ÔÕÂÐÑÄÎÇÐËâ ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË ÒÓÂÄËÎÂ ÍÄÂÐ-
ÕÑÄÂÐËâ ¢ÑÓÂ ë (£ËÎßÔÑÐÂ) ë ©ÑÏÏÇÓ×ÇÎßÆÂ ÔÎÖÉËÎË
ÐÇÍËÏ "ÏÑÔÕÑÏ" ÏÇÉÆÖ ÍÎÂÔÔËÚÇÔÍÑÌ Ë ÍÄÂÐÕÑÄÑÌ ÏÇØÂ-
ÐËÍÑÌ (ËÔÕÑÓËÚÇÔÍËÇ ÆÇÕÂÎË ÏÑÉÐÑ ÐÂÌÕË Ä [13, 15, 16, 18,
20, 28, 48]). £ ÐÂÔÕÑâÜÇÇ ÄÓÇÏâ ÆÎâ ÓÇÛÇÐËâ ÔÑÑÕÄÇÕ-
ÔÕÄÖáÜËØ ÊÂÆÂÚ ¬ÇÒÎÇÓÂ ËÔÒÑÎßÊÖáÕÔâ ÄÑÎÐÑÄÞÇ ÖÓÂÄ-
ÐÇÐËâ ºÓÈÆËÐÅÇÓÂ [60] Ë ¥ËÓÂÍÂ [61]. ¬ÂÍ ÉÇ ºÓÈÆËÐÅÇÓ
ÄÞÄÇÎ ÔÄÑÈ ÊÐÂÏÇÐËÕÑÇ ÖÓÂÄÐÇÐËÇ Ë ÊÂÕÇÏ ÒÓËÏÇÐËÎ ÇÅÑ Í
ÂÕÑÏÖ ÄÑÆÑÓÑÆÂ? ³ÑÅÎÂÔÐÑ ÇÅÑ ÔÑÃÔÕÄÇÐÐÑÏÖ ÔÄËÆÇÕÇÎß-
ÔÕÄÖ [1, 62, 63] Ë [64, 030y Ô. 141 ë 143] 5, ÑÔÐÑÄÑÒÑÎÂÅÂáÜÂâ
ÓÂÃÑÕÂ ÆÇ ¢ÓÑÌÎâ Ñ ÄÑÎÐÑÄÑÌ ÕÇÑÓËË ÄÇÜÇÔÕÄÂ (1923 ë
1924 ÅÅ.) [65] Ë ÓÂÃÑÕÞ ¿ÌÐÛÕÇÌÐÂ ÒÑ ËÆÇÂÎßÐÞÏ ÃÑÊÇ-
ÅÂÊÂÏ (1924 ë 1925 ÅÅ.) ÊÂÎÑÉËÎË ÑÔÐÑÄÖ ÆÎâ ÑÕÍÓÞÕËâ
ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍË (ÔÏ. ÕÂÍÉÇ [39, 66, 67]).

¶ÇÐÑÏÇÐÑÎÑÅËÚÇÔÍËÇ ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ "ÔÕÂÓÑÌ"
ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË [18, 20] Ä ÔÑÄÓÇÏÇÐÐÑÌ ×ËÊËÍÇ ÄÞÄÑ-

4 ¬ÎÂÔÔËÚÇÔÍËÇ ÓÇÛÇÐËâ ÓÇÎâÕËÄËÔÕÔÍÑÌ ÊÂÆÂÚË ¬ÇÒÎÇÓÂ ÑÃÔÖÉÆÂ-
áÕÔâ ÕÂÍÉÇ Ä [51, Ô. 481, 482] Ë [58, Ô. 100 ë 102].

²ËÔ. 4. ¿ÎÎËÒÕËÚÇÔÍËÇ ÑÓÃËÕÞ ©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ
[28, Ô. 116].

5 £ ÔÄÑÈÏ ÒËÔßÏÇ ¿ÌÐÛÕÇÌÐÖ ÑÕ 3 ÐÑâÃÓâ 1925 Å. ÑÐ ÒËÛÇÕ:
"¯ÇÔÍÑÎßÍÑ ÆÐÇÌ ÕÑÏÖ ÐÂÊÂÆ â ÒÓÑÚËÕÂÎ Ô ÃÑÎßÛËÏ ËÐÕÇÓÇÔÑÏ
ÅÇÐËÂÎßÐÖá ÆËÔÔÇÓÕÂÙËá ­ÖË ÆÇ ¢ÓÑÌÎâ, ÍÑÕÑÓÖá â ÐÂÍÑÐÇÙ ÒÑÎÖÚËÎ
Ä ÔÄÑÈ ÓÂÔÒÑÓâÉÇÐËÇ...".

´. 196, å 1 ³´¡²¡Á ¬£¡¯´°£¡Á ®¦·¡¯ª¬¡ ¢°²¡ ª ©°®®¦²¶¦­¾¥¡ ³ ³°£²¦®¦¯¯°« ´°¹¬ª ©²¦¯ªÁ 87



ÆâÕÔâ ËÊ ÔÑÑÕÄÇÕÔÕÄÖáÜËØ ÄÑÎÐÑÄÞØ ÖÓÂÄÐÇÐËÌ ÒÓË
ÒÑÏÑÜË ÕÂÍ ÐÂÊÞÄÂÇÏÑÅÑ ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÅÑ ÒÓËÃÎËÉÇ-
ÐËâ, ËÊÄÇÔÕÐÑÅÑ ÕÂÍÉÇ ÍÂÍ ÏÇÕÑÆ £ÇÐÕÙÇÎâ ë¬ÓÂÏÇÓÔÂ ë
¢ÓËÎÎáàÐÂ (£¬¢), ÑÒËÔÂÐËÇ ÓÂÊÄËÕËâ ÍÑÕÑÓÑÅÑ ËÏÇÇÕÔâ
Ä [36, 52, 55, 68 ë 70].

¿ÕÑ ÒÓËÃÎËÉÇÐËÇ ÖÕÑÚÐâÇÕ ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ
¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ Ä ÓÂÏÍÂØ ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍË.
®ÇÕÑÆ £¬¢, ÆÂáÜËÌ ÒÓËÃÎËÉÈÐÐÞÇ ÓÇÛÇÐËâ ÄÑÎÐÑÄÞØ
ÖÓÂÄÐÇÐËÌ, ÒÓËÄÑÆËÕ Í ÒÓÂÄËÎÂÏ ÍÄÂÐÕÑÄÂÐËâ ÆÎâ àÐÇÓ-
ÅËË, ÒÑØÑÉËÏ ÐÂ ÒÓÂÄËÎÑ ¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ, ÐÑ Ô
ÄÂÉÐÑÌ ÒÑÒÓÂÄÍÑÌ ×ÂÊÞ.

±ÓË ÓÂÊÆÇÎÇÐËË ÒÇÓÇÏÇÐÐÞØ Ä Ô×ÇÓËÚÇÔÍËØ ÍÑÑÓÆË-
ÐÂÕÂØ ÍÄÂÐÕÑÄÂÐËÇ ÆÎâ ÖÅÎÑÄÑÅÑ ÏÑÏÇÐÕÂ Ë ÔÒËÐÂ ÑÔÕÂ-
ÈÕÔâ ÕÑÚÐÞÏ, ÒÑÔÍÑÎßÍÖ ÍÑÐÙÇÒÙËâ ÔÒËÐÂ ÐÇÑÕÆÇÎËÏÂ ÑÕ
ÔÕÓÖÍÕÖÓÞ ÄÑÎÐÑÄÑÅÑ ÖÓÂÄÐÇÐËâ¥ËÓÂÍÂ [42]. ±ÑÔÎÇ àÕÑÅÑ
ÂÐÂÎËÊ ÔÄÑÆËÕÔâ Í ÓÇÛÇÐËá ÓÂÆËÂÎßÐÞØ ÖÓÂÄÐÇÐËÌ.

®Þ ÔÎÇÆÖÇÏ [39, Ô. 95, 96], ÐÑ Ô ÐÇÔÍÑÎßÍÑ ËÐÞÏË
ÆÇÕÂÎâÏË. £ÔÒÑÏÐËÏ ÑÆÐÑÏÇÓÐÑÇ ÔÕÂÙËÑÐÂÓÐÑÇ ÖÓÂÄÐÇ-
ÐËÇ ºÓÈÆËÐÅÇÓÂ:

u 00 � 2m

�h 2

�
EÿU�x��u � 0 : �3:26�

¥Îâ ÚÂÔÕËÙÞ Ä ÙÇÐÕÓÂÎßÐÑÏ ÒÑÎÇ ÔÑÑÕÄÇÕÔÕÄÖáÜËÇ 3D
ÄÑÎÐÑÄÞÇ ÖÓÂÄÐÇÐËâ ÏÑÅÖÕ ÃÞÕß ÓÂÊÆÇÎÇÐÞ Ä Ô×ÇÓËÚÇ-
ÔÍËØ ÍÑÑÓÆËÐÂÕÂØ, ÚÕÑ ÒÓËÄÑÆËÕ Í ÓÂÆËÂÎßÐÞÏ ÖÓÂÄÐÇ-
ÐËâÏ, ÍÑÕÑÓÞÇ Ä ÑÃÜÇÏ ÄËÆÇÏÑÉÐÑ ÊÂÒËÔÂÕß ÔÎÇÆÖáÜËÏ
ÑÃÓÂÊÑÏ:

u 00�x� � q�x� u�x� � 0 ; �3:27�

ÅÆÇ x 2q�x� ÄÏÇÔÕÇ Ô ÒÇÓÄÑÌ ÒÓÑËÊÄÑÆÐÑÌ ÐÇÒÓÇÓÞÄÐÞ ÒÓË
04 x4 b <1. ¿ÕË ÖÓÂÄÐÇÐËâ ÏÑÅÖÕ ÃÞÕß ÒÓËÃÎËÉÈÐÐÑ
ÓÇÛÇÐÞ ÒÓË ÒÑÏÑÜË £¬¢-ÏÇÕÑÆÂ.

¥ÂÎßÐÇÌÛËÌÏÂÕÇÓËÂÎ ÆÎâ ÒÑÄÕÑÓÇÐËâ: £¬¢ ÄÑÎÐÑÄÞÇ
×ÖÐÍÙËË, ËØ ÔÑÑÕÐÑÛÇÐËÇ Ô ×ÖÐÍÙËâÏË ¿ÌÓË [71], ÄÞÄÑÆ
ÒÓÂÄËÎ ÍÄÂÐÕÑÄÂÐËâ Ë ÆÂÎßÐÇÌÛËÇ ÕÇØÐËÚÇÔÍËÇ ÆÇÕÂÎË
ÑÃÔÖÉÆÂáÕÔâ Ä [38, 52] Ë Ä ÆÓÖÅËØ ËÊÆÂÐËâØ. ¹ÕÑ ÍÂÔÂÇÕÔâ
ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÅÑ ÒÓËÃÎËÉÇÐËâ, ÏÞ ÓÇÍÑÏÇÐÆÖÇÏ ÒÓÑ-
ÔÏÑÕÓÇÕß ÏÂÕÇÓËÂÎ Ä [52, æ 19, Ô. 235 ë 251; 38, æ 28, Ô. 178 ë
188], Â ÕÂÍÉÇ [72, Ô. 380 ë 390] Ë ÅÎÂÄÖ 9 Ä [71] ÑÕÐÑÔËÕÇÎßÐÑ
×ÖÐÍÙËÌ ¿ÌÓË.

·ÑÓÑÛÑ ËÊÄÇÔÕÐÑ, ÚÕÑ ÕÓÂÆËÙËÑÐÐÑÇ ÍÄÂÊËÍÎÂÔÔËÚÇ-
ÔÍÑÇ ÒÓËÃÎËÉÇÐËÇ ÐÂÓÖÛÂÇÕÔâ ÑÍÑÎÑ x � 0 ÆÎâ ÙÇÐÕÓÂÎß-
ÐÞØ ÒÑÎÇÌ. °ÆÐÂÍÑ ÒÖÕÈÏ ÊÂÏÇÐÞ ÒÇÓÇÏÇÐÐÑÌ x � e z Ë
×ÖÐÍÙËË u � e z=2v�z� ÓÂÆËÂÎßÐÑÇ ÖÓÂÄÐÇÐËÇ ÒÓËÄÑÆËÕÔâ Í
ÐÑÄÑÏÖ ÄËÆÖ:

v 00�z� � q1�z� v�z� � 0 ; �3:28�
ÅÆÇ

q1�z� � ÿ 1

4
� ÿx 2q�x��

x�e z : �3:29�

¿ÕÂ ÒÑÆÔÕÂÐÑÄÍÂ ËÊÄÇÔÕÐÂ ÍÂÍ ÒÓÇÑÃÓÂÊÑÄÂÐËÇ (ËÎË
ÏÑÆË×ËÍÂÙËâ) ­ÂÐÅÇÓÂ [55, 73, 74]. ±ÓË z! ÿ1 (Õ.Ç.
x! 0), ×ÖÐÍÙËâ q1�z� ÔÕÓÇÏËÕÔâ Í ÒÑÔÕÑâÐÐÑÌ:

ÿ 1

4
� lim

x!0
x 2q�x� i lim

z!ÿ1 q
�k�
1 �z� � 0 �k � 1; 2� :

´ÂÍËÏ ÑÃÓÂÊÑÏ, q1�z� Ë ÇÈ ÒÇÓÄÞÇ ÒÓÑËÊÄÑÆÐÞÇ ËÊÏÇ-
ÐâáÕÔâ ÏÇÆÎÇÐÐÑ ÒÓË ÃÑÎßÛËØ ÑÕÓËÙÂÕÇÎßÐÞØ z [72,
Ô. 387].

®ÇÕÑÆ £¬¢ ÏÑÉÇÕ ÃÞÕß, ÔÎÇÆÑÄÂÕÇÎßÐÑ, ÒÓËÏÇÐÈÐ Í
àÕÑÏÖ ÒÓÇÑÃÓÂÊÑÄÂÐÐÑÏÖ ÖÓÂÄÐÇÐËá, Â Ä ÒÇÓÄÑÐÂÚÂÎß-

ÐÑÏ ÖÓÂÄÐÇÐËË ÏÞ ÊÂÏÇÐâÇÏ q�x� ÐÂ ÍÄÂÆÓÂÕ à××ÇÍÕËÄ-
ÐÑÅÑ ËÏÒÖÎßÔÂ:

q�x� ÿ 1

4x 2
� p 2

effective�x� �3:30�

(ÒÑÆÓÑÃÐÑÔÕË ÔÏ. Ä [52, 55, 73, 74]).
±ÓÂÄËÎÑ ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ, ÄÞÄÇ-

ÆÇÐÐÑÇ, ÐÂÒÓËÏÇÓ, Ä [38] Ë [52], ÒÓËÐËÏÂÇÕ ÄËÆ� r2

r1

p�r� dr � p
�
nr � 1

2

�
�3:31�

ÒÓË ÖÔÎÑÄËË p�r1� � p�r2� � 0. �©ÆÇÔß nr � 0; 1; 2; . . . ì
ÓÂÆËÂÎßÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ.)

¥Îâ ÄÔÇØ ÓÂÔÔÏÂÕÓËÄÂÇÏÞØ ÍÖÎÑÐÑÄÔÍËØ ÒÓÑÃÎÇÏ ÏÞ
ËÔÒÑÎßÊÖÇÏ ÑÃÜËÌ ËÐÕÇÅÓÂÎ, ËÊÐÂÚÂÎßÐÑ ÒÑÎÖÚÇÐÐÞÌ
©ÑÏÏÇÓ×ÇÎßÆÑÏ [28, Ô. 611, 612] Ô ÒÑÏÑÜßá ÍÑÏÒÎÇÍÔ-
ÐÑÅÑ ÂÐÂÎËÊÂ: ÇÔÎË

p�r� �
���������������������������
ÿA� B

r
ÿ C

r 2

r
�A;C > 0� ; �3:32�

ÕÑ � r2

r1

p�r� dr � p
�

B

2
����
A
p ÿ

����
C
p �

�3:33�

ÒÓË p�r1� � p�r2� � 0 (ÔÏ. ÕÂÍÉÇ [51, Ô. 468 ë 470]). £
ÓÂÊÆÇÎÇ 4 Ë ÒÓËÎÑÉÇÐËË £ ÏÞ ÒÓËÄÑÆËÏ ÆÄÂ ÐÇÊÂÄËÔË-
ÏÞØ àÎÇÏÇÐÕÂÓÐÞØ ÔÒÑÔÑÃÂ ÄÞÚËÔÎÇÐËâ àÕÑÅÑ ËÐÕÇÅÓÂÎÂ.

£ ÓÇÊÖÎßÕÂÕÇ ÒÑÎÖÚÂÇÏ ÔÎÇÆÖáÜÇÇ ÑÃÜÇÇ ÄÞÓÂÉÇÐËÇ
ÆÎâ ÐÂØÑÉÆÇÐËâ ÆËÔÍÓÇÕÐÞØ ÖÓÑÄÐÇÌ àÐÇÓÅËË:

B

2
����
A
p ÿ

����
C
p
� nr � 1

2
; �3:34�

ÍÑÕÑÓÑÇ ÒÓËÅÑÆÐÑ ÆÎâ ÄÔÇØ ÓÂÔÔÏÂÕÓËÄÂÇÏÞØ ÊÂÆÂÚ
ÍÖÎÑÐÑÄÔÍÑÅÑ ÕËÒÂ (Ë ÐÇ ÕÑÎßÍÑ ÆÎâ ÐËØ [44, 59]).

±ÓÑÃÎÇÏÞ ¬ÇÒÎÇÓÂ Ä ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ. ¥Îâ ØÑÓÑÛÑ
ËÊÄÇÔÕÐÑÅÑ ÔÎÖÚÂâ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÌ ÍÖÎÑÐÑÄÔÍÑÌ ÊÂÆÂÚË
ÓÂÆËÂÎßÐÑÇ ÖÓÂÄÐÇÐËÇ ÊÂÒËÔÞÄÂÇÕÔâ Ä ÃÇÊÓÂÊÏÇÓÐÞØ
ÇÆËÐËÙÂØ ÔÎÇÆÖáÜËÏ ÑÃÓÂÊÑÏ [1, 36, 38]:

u 00 �
�
2

�
e0 � Z

x

�
ÿ l�l� 1�

x 2

�
u � 0 �3:35��

e0 � E

E0
; E0 � e 2

a0
; a0 � �h 2

me 2
; x � r

a0

�
;

ÅÆÇ l � 0; 1; 2; . . . ìÒÓÑÍÄÂÐÕÑÄÂÐÐÞÌ ÑÓÃËÕÂÎßÐÞÌ ÖÅÎÑ-
ÄÑÌ ÏÑÏÇÐÕ.

±ÓËÏÇÐââ ÒÓÂÄËÎÑ ¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ, ÐÇÑÃØÑÆË-
ÏÑ, Ä ÔÑÑÕÄÇÕÔÕÄËË Ô (3.30), ËÔÒÑÎßÊÑÄÂÕß ÄÞÓÂÉÇÐËÇ:

p�r� �
�
2

�
e0 � Z

r

�
ÿ �l� 1=2�2

r 2

�1=2
; p�r1� � p�r2� � 0 ;

�3:36�

ÏÑÆË×ËÙËÓÑÄÂÐÐÑÇ ÒÑÆÔÕÂÐÑÄÍÑÌ ­ÂÐÅÇÓÂ, ÚÕÑ, Ä ÚÂÔÕ-
ÐÑÔÕË, ÒÑÆÓÑÃÐÑ ÑÃÔÖÉÆÂÇÕÔâ Ä [39, 44, 52, 55].

°ÒÓÇÆÇÎââ ÒÂÓÂÏÇÕÓÞ Ä ÑÃÜÇÏ ËÐÕÇÅÓÂÎÇ (3.32), ÏÞ
ËÏÇÇÏ:

A � ÿ2e0 ; B � 2Z ; C �
�
l� 1

2

�2

:
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±ÑÆÔÕÂÄÎââ àÕË ÊÐÂÚÇÐËâ Ä ÑÃßÇÆËÐÈÐÐÑÇ ÒÓÂÄËÎÑ ÍÄÂÐ-
ÕÑÄÂÐËâ (3.34), ÐÂØÑÆËÏ:

Z����������ÿ2e0
p ÿ lÿ 1

2
� nr � 1

2
: �3:37�

²ÇÛÂâ ÆÎâ e0, ÒÑÎÖÚÂÇÏ ÕÑÚÐÞÇ ÖÓÑÄÐË àÐÇÓÅËË ÆÎâ
ÐÇÓÇÎâÕËÄËÔÕÔÍÑÅÑ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÅÑ ÂÕÑÏÂ:

e0 � E

E0
� ÿ Z 2

2�nr � l� 1�2 : �3:38�

©ÆÇÔß n � nr � l� 1 ì ÅÎÂÄÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ, Ë ÏÞ
ÒÓËØÑÆËÏ Í ËÊÄÇÔÕÐÑÌ ×ÑÓÏÖÎÇ ¢ÑÓÂ ÆÎâ ÆËÔÍÓÇÕÐÞØ
ÖÓÑÄÐÇÌ àÐÇÓÅËË (2.6) Ä ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÏ ÒÓËÃÎËÉÇ-
ÐËË. (³ÇÌÚÂÔ £¬¢-ÏÇÕÑÆ Ä ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍÇ ÑÃÞÚÐÑ
ËÊÎÂÅÂÇÕÔâ ÕÑÎßÍÑ ÒÑÔÎÇ ÕÑÅÑ, ÍÂÍ ÖÉÇ ÒÑÎÖÚÇÐÑ ÕÑÚÐÑÇ
ÓÇÛÇÐËÇ [36].)

¯ÂÛÇÌ ÅÎÂÄÐÑÌ ÊÂÆÂÚÇÌ Ä ÆÂÐÐÑÏ ÓÂÊÆÇÎÇ ÃÖÆÇÕ ÂÐÂ-
ÎËÊ ÔÑÑÕÄÇÕÔÕÄÖáÜËØ ÓÇÎâÕËÄËÔÕÔÍËØ ÒÓÑÃÎÇÏ. ¥Îâ ÓÇ-
ÎâÕËÄËÔÕÔÍÑÅÑ ÖÓÂÄÐÇÐËâ ºÓÈÆËÐÅÇÓÂ ÊÂÒËÛÇÏ [39]:

u 00 �
��

e� m
x

�2

ÿ 1ÿ l�l� 1�
x 2

�
u � 0 ; �3:39�

(ÑÓËÅËÐÂÎßÐÂâ ÄÇÓÔËâ ÒÓËÄÇÆÇÐÂ ÐÂ ÓËÔ. 5 6) Ë ÒÓËÏÇÐâÇÏ
ÒÓÇÑÃÓÂÊÑÄÂÐËÇ ­ÂÐÅÇÓÂ, ÚÕÑÃÞ ÑÒÓÇÆÇÎËÕß à××ÇÍÕËÄ-

ÐÞÌ ËÏÒÖÎßÔ:

p�x� �
��

e� m
x

�2

ÿ 1ÿ �l� 1=2�2
x 2

�1=2
: �3:40�

±ÂÓÂÏÇÕÓÞ ÊÂÆÂÐÞ ÔÎÇÆÖáÜËÏ ÑÃÓÂÊÑÏ:

A � 1ÿ e 2 ; B � 2me ; C �
�
l� 1

2

�2

ÿ m2 :

±ÓËÏÇÐÇÐËÇ ÖÔÎÑÄËÇ ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ
(3.34) ÆÂÈÕ:

me�������������
1ÿ e 2
p � nr � n� 1 ; e � E

mc 2
; �3:41�

ÚÕÑ ÒÓËÄÑÆËÕ Í ÕÑÚÐÞÏ ÓÇÎâÕËÄËÔÕÔÍËÏ ÖÓÑÄÐâÏ àÐÇÓ-
ÅËË:

E � Enr �
mc 2��������������������������������������������

1� ÿm=�nr � n� 1��2q �nr � 0; 1; 2; . . .� ;
�3:42�

ÅÆÇ

m � Ze 2

�hc
; n � nSchr�odinger � ÿ 1

2
�

������������������������������
l� 1

2

�2

ÿ m2

s
:

�3:43�
£ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÏ ÒÓÇÆÇÎÇ c!1 (ËÎË m! 0),

ÒÑÎÖÚÂÇÏ [35, 38]:

Enr; l

mc 2
� 1��������������������������������������������������������������������

1� m 2�
nr � 1

2
�

������������������������������
l� 1

2

�2

ÿ m2

s �2
vuuuut

�

� 1ÿ m2

2n 2
ÿ m 4

2n 4

�
n

l� 1=2
ÿ 3

4

�
�O�m6� ; m! 0 ;

�3:44�
ÅÆÇ n � nr � l� 1 ì ÔÑÑÕÄÇÕÔÕÄÖáÜÇÇ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÇ
ÅÎÂÄÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ (ÔÏ. ÕÂÍÉÇ ÐÂÛÖ ÆÑÒÑÎÐËÕÇÎß-
ÐÖá ÒÓÑÅÓÂÏÏÖ ÔËÔÕÇÏÞ Mathematica, BohrAtomMathe-
matica.nb [57]).

£ àÕÑÏ ÓÂÊÎÑÉÇÐËË ´ÇÌÎÑÓÂ:
� ÒÇÓÄÑÇ ÔÎÂÅÂÇÏÑÇ ÔÑÑÕÄÇÕÔÕÄÖÇÕ àÐÇÓÅËË ÒÑÍÑâ

E0 � mc 2;
� ÄÕÑÓÑÌ ÚÎÇÐ ÆÂÈÕ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÇ ÔÑÃÔÕÄÇÐÐÑÇ

ÊÐÂÚÇÐËÇ àÐÇÓÅËË ºÓÈÆËÐÅÇÓÂ;
� ÕÓÇÕËÌ ÚÎÇÐ ÑÒËÔÞÄÂÇÕ ÕÑÐÍÖá ÔÕÓÖÍÕÖÓÖ, ÔÐËÏÂâ

ÄÞÓÑÉÆÇÐËÇ ÔÑÔÕÑâÐËÌ Ô ÑÆËÐÂÍÑÄÞÏË n, ÐÑ ÓÂÊÐÞÏË l.
¶ÑÓÏÖÎÂ ©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ Ä

ÓÇÎâÕËÄËÔÕÔÍÑÌ ÍÖÎÑÐÑÄÔÍÑÌ ÊÂÆÂÚÇ ÒÓÇÆÔÕÂÄÎâÇÕ ÔÑÃÑÌ
ÑÆÐÑ ËÊ ÐÂËÃÑÎÇÇ ÊÐÂÚËÕÇÎßÐÞØ ÆÑÔÕËÉÇÐËÌ "ÔÕÂÓÑÌ"
ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍË [28, Ô. 251 ë 258]. ©ÆÇÔß ÏÞ ÄÞÄÇÆÇÏ
àÕÑÕ ÓÇÊÖÎßÕÂÕ Ä ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÏ ÒÓËÃÎËÉÇÐËË, ËÔ-
ÒÑÎßÊÖâ ÓÂÆËÂÎßÐÞÇ ÖÓÂÄÐÇÐËâ ¥ËÓÂÍÂ (ÓÂÊÆÇÎÇÐËÇ ÒÇÓÇ-
ÏÇÐÐÞØ Ä Ô×ÇÓËÚÇÔÍËØ ÍÑÑÓÆËÐÂÕÂØ ÆÇÕÂÎßÐÑ ÑÃÔÖÉÆÂ-
ÇÕÔâ Ä ÓÂÃÑÕax [37, 45, 46, 52, 78]).

£ ÃÇÊÓÂÊÏÇÓÐÞØ ÇÆËÐËÙÂØ ÑÆÐÑ ËÊ ÆË××ÇÓÇÐÙËÂÎßÐÞØ
ÖÓÂÄÐÇÐËÌ ÄÕÑÓÑÅÑ ÒÑÓâÆÍÂ ÆÎâ ÆËÓÂÍÑÄÔÍÑÌ ÔÒËÐÑÓÐÑÌ
ÍÑÏÒÑÐÇÐÕÞ ÒÓËÐËÏÂÇÕ ÄËÆ

v 001 �
�e 2 ÿ 1�x 2 � 2emxÿ n�n� 1�

x 2
v1 � 0 ; �3:45�

6 ©ÂÒËÔÐÞÇ ÍÐËÉÍË ºÓÈÆËÐÅÇÓÂ ÄÑÔÒÓÑËÊÄÇÆÇÐÞ Ä ¡ÓØËÄÇ ËÔÕÑÓËË
ÍÄÂÐÕÑÄÑÌ ×ËÊËÍË (Archive for the History of Quantum Physics,
AHQP); ÆÂÎßÐÇÌÛËÇ ÆÇÕÂÎË ÒÓËÄÇÆÇÐÞ Ä [66, 77].

²ËÔ. 5. ³ÕÓÂÐËÚÍÂ ËÊ ÊÂÒËÔÐÑÌ ÍÐËÉÍË ºÓÈÆËÐÅÇÓÂ å 1, ÒÑÍÂÊÞÄÂá-
ÜÂâ ÔÂÏÖá ÒÇÓÄÖá ÊÂÒËÔß ÄÑÎÐÑÄÑÅÑ ÖÓÂÄÐÇÐËâ [17, 67, 75, 76]
(ÄÇÓÑâÕÐÑ, ÔÆÇÎÂÐÂ ÄÑ ÄÓÇÏâ ÍÂÕÑÎËÚÇÔÍÑÅÑ ²ÑÉÆÇÔÕÄÂ 1925 Å.).

´. 196, å 1 ³´¡²¡Á ¬£¡¯´°£¡Á ®¦·¡¯ª¬¡ ¢°²¡ ª ©°®®¦²¶¦­¾¥¡ ³ ³°£²¦®¦¯¯°« ´°¹¬ª ©²¦¯ªÁ 89



ÕÑÅÆÂ ÍÂÍ ÄÕÑÓÑÇ ÖÓÂÄÐÇÐËÇ ÒÑÎÖÚÂÇÕÔâ ÒÑÆÔÕÂÐÑÄÍÑÌ
n! ÿn (ÔÏ. ÖÓÂÄÐÇÐËâ (6.58), (6.59) Ä ÓÂÃÑÕÇ [45] Ë/ËÎË
ÖÓÂÄÐÇÐËâ (3.81), (3.82) Ä ÓÂÃÑÕÇ [46]).

©ÂÏÇÚÂÐËÇ. ³ÎÇÆÖÇÕ ÒÑÆÚÇÓÍÐÖÕß, ÚÕÑ ÒÓËÄÇÆÈÐÐÂâ
ÄÞÛÇ ×ÑÓÏÂ (ÛÓÈÆËÐÅÇÓÑÄÔÍÑÅÑ ÕËÒÂ) ÆÎâ ÓÂÆËÂÎßÐÞØ
ÖÓÂÄÐÇÐËÌ ì ÒÓÑÄÇÓâÇÏÂâ ÒÓË ÒÑÏÑÜË ÔËÔÕÇÏÞ ÍÑÏ-
ÒßáÕÇÓÐÑÌ ÂÎÅÇÃÓÞ [40] ì âÄÎâÇÕÔâ ÄÂÉÐÑÌ ÆÎâ ÖÔÒÇÛ-
ÐÑÅÑ ÒÓËÏÇÐÇÐËâ £¬¢-ÒÓËÃÎËÉÇÐËâ Í ÓÇÎâÕËÄËÔÕÔÍÑÌ
ÍÖÎÑÐÑÄÔÍÑÌ ÒÓÑÃÎÇÏÇ [39]. (¡ÎßÕÇÓÐÂÕËÄÐÞÌ ÄÂÓËÂÐÕ
ÏÑÉÇÕ ÃÞÕß ÐÂÌÆÇÐ, ÐÂÒÓËÏÇÓ, Ä [79, 80].)

±ÓËÏÇÐââ ÒÓÇÑÃÓÂÊÑÄÂÐËÇ ­ÂÐÅÇÓÂ, ÐÂØÑÆËÏ à××ÇÍ-
ÕËÄÐÖá ×ÖÐÍÙËá ËÏÒÖÎßÔÂ:

p�x� �
��

e� m
x

�2

ÿ 1ÿ �n� 1=2�2 � m2

x 2

�1=2
: �3:46�

´ÂÍËÏ ÑÃÓÂÊÑÏ, ÆÎâ ÖÓÂÄÐÇÐËâ ¥ËÓÂÍÂ ÒÑÎÖÚÂÇÏ:

A � 1ÿ e2 ; B � 2me ; C �
�
n� 1

2

�2

:

³ ÒÑÏÑÜßá ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ
(3.34) ÏÞ ÑÒâÕß ÒÓËØÑÆËÏ Í ÖÓÂÄÐÇÐËá (3.41), ÍÑÕÑÓÑÇ
ÆÂÈÕ ÔÑÑÕÄÇÕÔÕÄÖáÜËÌ ÔÒÇÍÕÓ àÐÇÓÅËË:

E � Enr; j �
mc 2���������������������������������

1� m2=�nr � n�2
q �nr � 0 ; 1; 2; . . .� �3:47�

Ô ÊÂÏÇÐÑÌ nr ! nr ÿ 1, ÍÂÍ ÑÃÔÖÉÆÂÇÕÔâ Ä [45, 46, 52]. ©ÆÇÔß
ÑÒâÕß m � Ze 2=��hc� Ë Ä ÕÇÑÓËË ¥ËÓÂÍÂ:

n � nDirac �
�������������������������������
j� 1

2

�2

ÿ m2

s
; �3:48�

ÅÆÇ j � 1=2; 3=2; 5=2; . . . ì ÒÑÎÐÞÌ ÖÅÎÑÄÑÌ ÏÑÏÇÐÕ
(ÄÍÎáÚÂáÜËÌ ÔÒËÐ àÎÇÍÕÓÑÐÂ). (©ÂÏÇÕËÏ, ÚÕÑ ÕÑÎßÍÑ ÐÂ
àÕÑÌ ÔÕÂÆËË ÏÞ ÏÑÉÇÏ ËÆÇÐÕË×ËÙËÓÑÄÂÕß ÂÊËÏÖÕÂÎßÐÑÇ
ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ, ny, ÍÂÍ ny � j� 1=2 Ä "ÔÕÂÓÑÌ" ×ÑÓÏÖÎÇ
©ÑÏÏÇÓ×ÇÎßÆÂ (3.18).)

£ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÏ ÒÓÇÆÇÎÇ (m! 0) ×ÑÓÏÖÎÂ ¥ËÓÂ-
ÍÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ ÆÂÈÕ [35, 38, 46, 78]:

Enr; j

mc 2
� 1ÿ m2

2n 2
ÿ m4

2n 4

�
n

j� 1=2
ÿ 3

4

�
�O�m6� ; �3:49�

ÅÆÇ n � nr � j� 1=2 ì ÅÎÂÄÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ ÆÎâ
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÂÕÑÏÑÄ (ÔÏ. ÕÂÍÉÇ [57]).

£ àÕÑÏ ÓÂÊÎÑÉÇÐËË:
� ÒÇÓÄÑÇ ÔÎÂÅÂÇÏÑÇ ì àÐÇÓÅËâ ÒÑÍÑâ àÎÇÍÕÓÑÐÂ,

E0 � mc 2;
� ÄÕÑÓÑÇ ÔÎÂÅÂÇÏÑÇ ÆÂÈÕ ÐÇÓÇÎâÕËÄËÔÕÔÍÖá àÐÇÓÅËá

ºÓÈÆËÐÅÇÓÂ;
� ÕÓÇÕßÇ ÔÎÂÅÂÇÏÑÇ ÆÂÈÕ ÒÑÒÓÂÄÍÖ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ,

ÒÓÑËÔØÑÆâÜÖá ÑÕ ÔÒËÐ-ÑÓÃËÕÂÎßÐÑÅÑ ÄÊÂËÏÑÆÇÌÔÕÄËâ Ä
ÒÓËÃÎËÉÇÐËË ±ÂÖÎË.

´ÂÍÑÇ ÒÓÇÆÔÍÂÊÂÐËÇ ÔÑÅÎÂÔÖÇÕÔâ Ô àÍÔÒÇÓËÏÇÐÕÂÎß-
ÐÞÏË ÆÂÐÐÞÏË ÒÑ ÓÂÔÜÇÒÎÇÐËá ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ Ä
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÔËÔÕÇÏÂØ. ¯ÂÒÓÑÕËÄ, ÓÇÎâÕËÄËÔÕ-
ÔÍÂâ ×ÑÓÏÖÎËÓÑÄÍÂ ºÓÈÆËÐÅÇÓÂ ÐÇ ÔÏÑÅÎÂ ÕÑÚÐÑ ÑÒË-
ÔÂÕß ÕÑÐÍÖá ÔÕÓÖÍÕÖÓÖ ÆÎâ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÂÕÑ-
ÏÑÄ (ÕÂÍËØ ÍÂÍ ÄÑÆÑÓÑÆ, ËÑÐËÊÑÄÂÐÐÞÌ ÅÇÎËÌ, ÆÄÂÉÆÞ
ËÑÐËÊËÓÑÄÂÐÐÞÌ ÎËÕËÌ). ¯ÂÒÓËÏÇÓ, ÒÑÎÐÑÇ ÓÂÔÜÇÒ-
ÎÇÐËÇ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ÒÓË n � 2 ÃÞÎÑ ÒÇÓÇÑÙÇÐÇÐÑ
ÏÐÑÉËÕÇÎÇÏ 8=3 ÑÕÐÑÔËÕÇÎßÐÑ ÒÓÇÆÔÍÂÊÂÐËâ ©ÑÏÏÇÓ-

×ÇÎßÆÂ, ÍÑÕÑÓÑÇ ØÑÓÑÛÑ ÔÑÅÎÂÔÖÇÕÔâ Ô àÍÔÒÇÓËÏÇÐ-
ÕÑÏ.

¥ÇÌÔÕÄËÕÇÎßÐÑ, ÏÂÍÔËÏÂÎßÐÑÇ ÓÂÔÜÇÒÎÇÐËÇ ÆÎâ ÖÓÑÄ-
ÐÇÌ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ÄÑÊÐËÍÂÇÕ ÒÓË ÊÐÂÚÇÐËâØ ÑÓÃË-
ÕÂÎßÐÑÅÑ ÏÑÏÇÐÕÂ l � 0 Ë l � nÿ 1 ÒÑ ºÓÈÆËÐÅÇÓÖ, ÒÑ
ÔÓÂÄÐÇÐËá ÔÑ ÊÐÂÚÇÐËâÏË ÒÑÎÐÑÅÑ ÖÅÎÑÄÑÅÑ ÏÑÏÇÐÕÂ
j � 1=2 Ë j � nÿ 1=2 ÒÑ ©ÑÏÏÇÓ×ÇÎßÆÖ, ÍÂÍ ÄËÆÐÑ ËÊ
ÖÓÂÄÐÇÐËÌ (3.44) Ë (3.49) ÔÑÑÕÄÇÕÔÕÄÇÐÐÑ [35, 38]. °ÕÐÑ-
ÛÇÐËÇ àÕËØ ÓÂÔÜÇÒÎÇÐËÌ ÔÑÔÕÂÄÎâÇÕ:

DESchr�odinger

DESommerfeld
� 4n

2nÿ 1
�n � 2; 3; . . .� : �3:50�

£ ÔÎÖÚÂÇ n � 2 ÒÑÎÖÚÂÇÏ DESchr�odinger � �8=3�DESommerfeld.
©ÂÏÇÚÂÐËÇ. ³ ÒÑÏÑÜßá ÒÓÑÅÓÂÏÏÞ Mathematica ÏÞ

ÒÑÎÖÚËÎË ÆÄÂ ÔÎÇÆÖáÜËØ ÚÎÇÐÂ Ä ÓÂÊÎÑÉÇÐËË (3.49) (ÔÏ.
ÃÎÑÍÐÑÕ BohrAtomMathematica.nb [28, 57]):

ÿ m6

4n 6

�
5

4
ÿ 3n

j� 1=2
� 3n 2

2� j� 1=2�2 �
n 3

2� j� 1=2�3
�
; �3:51�

m8

16n 8

�
35

8
ÿ 15n

j� 1=2
� 15n 2

� j� 1=2�2 ÿ
n 3

� j� 1=2�3 ÿ

ÿ 3n 4

� j� 1=2�4 ÿ
n 5

� j� 1=2�5
�
: �3:52�

ªÕÂÍ, ×ÑÓÏÖÎÂ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ©ÑÏÏÇÓ×ÇÎßÆÂ
ÔÇÌÚÂÔ ÏÑÉÇÕ ÃÞÕß ÄÞÄÇÆÇÐÂ ÍÄÂÊËÍÎÂÔÔËÚÇÔÍË ËÊ ÓÂÆË-
ÂÎßÐÞØ ÖÓÂÄÐÇÐËÌ ¥ËÓÂÍÂ. ¿ÕÑÕ ÄÞÄÑÆ ÐÇ ÕÑÎßÍÑ ÄÇÆÈÕ Í
ÒÓÂÄËÎÂÏ ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ Ë ©ÑÏÏÇÓ×ÇÎßÆÂ [28, 59] ì
ÒÓÇÆÎÑÉÇÐÐÞÏ ÒÑÚÕË ÊÂ ÆÇÔâÕß ÎÇÕ ÆÑ ÒÑâÄÎÇÐËâ ÍÑÐÙÇÒ-
ÙËË ÔÒËÐÂ 7 ì ÐÑ ÕÂÍÉÇ ÔÄâÊÞÄÂÇÕ ËØ Ô ÔÑÄÓÇÏÇÐÐÑÌ
ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËÇÌ. ¥ÇÌÔÕÄËÕÇÎßÐÑ, ÍÎÂÔÔËÚÇÔÍËÌ ÓÇÎâ-
ÕËÄËÔÕÔÍËÌ ÅÂÏËÎßÕÑÐËÂÐ ÐÇ ÔÑÆÇÓÉËÕ ÔÒËÐÂ, ÚÕÑ âÄÎâ-
ÇÕÔâ ÒÓËÚËÐÑÌ ÐÇÑÆÐÑÊÐÂÚÐÑÔÕË, ÒÓËÔÖÜÇÌ ËÊÐÂÚÂÎß-
ÐÑÏÖ ÍÄÂÐÕÑÄÂÐËá ¢ÑÓÂ Ë ©ÑÏÏÇÓ×ÇÎßÆÂ (ÔÏ. [27, 83]).
¶ÂÍÕËÚÇÔÍË ÏÞ ÆÑÄÇÎË ÆÑ ÍÑÐÙÂ £¬¢-ÂÓÅÖÏÇÐÕÞ ÔÂÏÑÅÑ
©ÑÏÏÇÓ×ÇÎßÆÂ [59, Ô. 134 ë 143] ÐÂ ÑÔÐÑÄÇ ÔÑÄÓÇÏÇÐÐÑÅÑ
ÏÂÕÇÏÂÕËÚÇÔÍÑÅÑ ÒÑÆØÑÆÂ.

±ÑÎÐÂâ ÂÐÂÎËÕËÚÇÔÍÂâ ÕÓÂÍÕÑÄÍÂ ÓÇÎâÕËÄËÔÕÔÍÑÌ ÍÖ-
ÎÑÐÑÄÔÍÑÌ ÊÂÆÂÚË, ÄÍÎáÚÂáÜÂâ ÐÇÓÇÎâÕËÄËÔÕÔÍËÌ ÒÓÇ-
ÆÇÎ, ÏÑÉÇÕ ÃÞÕß ÐÂÌÆÇÐÂ Ä ÓÂÃÑÕÂØ [40, 45, 46, 52] (ÑÔÐÑ-
ÄÂÐÐÞØ ÐÂ ÏÇÕÑÆÇ ¯ËÍË×ÑÓÑÄÂ Ë µÄÂÓÑÄÂ), Â ÕÂÍÉÇ Ë Ä
ÔÕÂÐÆÂÓÕÐÞØ ÍÖÓÔÂØ [33 ë 35, 37, 38].

ªÕÑÅ. ¶ÖÐÆÂÏÇÐÕÂÎßÐÞÌ ÓÇÊÖÎßÕÂÕ ÕÇÑÓËË ÕÑÐÍÑÌ
ÔÕÓÖÍÕÖÓÞ ©ÑÏÏÇÓ×ÇÎßÆÂ, ËÏÇÐÐÑ, ×ÑÓÏÖÎÞ (3.47),
(3,48), ÆÂÈÕ ÒÓÂÄËÎßÐÞÇ ÄÞÓÂÉÇÐËâ ÆÎâ ÖÓÑÄÐÇÌ àÐÇÓÅËË
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÔËÔÕÇÏ Ä ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ. ±Ñ
ÊÂÅÂÆÑÚÐÑÏÖ ÔÕÇÚÇÐËá ËÔÕÑÓËÚÇÔÍËØ ÑÃÔÕÑâÕÇÎßÔÕÄ ©ÑÏ-
ÏÇÓ×ÇÎßÆÖ ÖÆÂÎÑÔß Ä 1916 Å. ÄÞÄÇÔÕË ÄÇÓÐÖá ×ÑÓÏÖÎÖ ËÊ
ÕÑÅÑ, ÚÕÑ Ä ÍÑÐÙÇ ÍÑÐÙÑÄ ÑÍÂÊÂÎÑÔß ÐÇÂÆÇÍÄÂÕÐÞÏ ÕÇÑ-
ÓÇÕËÚÇÔÍËÏ ÒÑÆØÑÆÑÏ. ¯ÇÑÃØÑÆËÏÑ ÐÂÒÑÏÐËÕß, ÚÕÑ Ä ÕÑ
ÄÓÇÏâ Ë ÍÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ, Ë ÍÑÐÙÇÒÙËâ ÔÒËÐÂ ÃÞÎË
ÇÜÈ ÆÂÎÇÍË ÑÕ ÔÄÑÇÅÑ ÒÑâÄÎÇÐËâ, ÍÑÕÑÓÑÇ ÒÓÑËÊÑÛÎÑ
ÒÑÚÕË ÚÇÓÇÊ ÆÇÔâÕß ÎÇÕ. ´ÂÍËÏ ÑÃÓÂÊÑÏ, "ÄÑÊÏÑÉÐÑ,
ÔÂÏÑÇ ÖÆËÄËÕÇÎßÐÑÇ ÚËÔÎÇÐÐÑÇ ÔÑÄÒÂÆÇÐËÇ Ä ËÔÕÑÓËË

7 ±ÑÐâÕËÇ ÔÒËÐÂ àÎÇÍÕÓÑÐÂ ÃÞÎÑ ÄÄÇÆÇÐÑ ¥É.À. µÎÇÐÃÇÍÑÏ Ë
³. ¤ÂÖÆÔÏËÕÑÏ Ä ÒËÔßÏÇ, ÑÒÖÃÎËÍÑÄÂÐÐÑÏ Ä Die Naturwissenschaften,
ÄÞÒÖÔÍ ÑÕ 20 ÐÑâÃÓâ 1925 Å. (ÔÏ. ÆÇÕÂÎË Ä [81]). ¬ÑÐÙÇÒÙËâ ÔÒËÐÂ
ÑÃÝâÔÐËÎÂ, ÒÑÚÇÏÖ ÊÐÂÏÇÐËÕÞÌ àÍÔÒÇÓËÏÇÐÕ ºÕÇÓÐÂ Ë ¤ÇÓÎÂØÂ [28,
Ô. 124 ë 126, 505 ë 507] ÒÓËÄÑÆËÕ Í ÆÄÖÏ ÑÕÆÇÎßÐÞÏ ÒÖÚÍÂÏ ÂÕÑÏÑÄ
ÔÇÓÇÃÓÂ, Ä ÑÕÎËÚËÇ ÑÕ ÒÓÇÆÔÍÂÊÂÐËâ "ÔÕÂÓÑÌ" ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË ÃÇÊ
ÔÒËÐÂ, ÍÑÕÑÓÂâ ÒÓËÄÑÆËÎÂ ÃÞ Í ÒÓÇÆÔÍÂÊÂÐËá ÕÓÈØ ÑÕÆÇÎßÐÞØ ÒÖÚÍÑÄ
ÂÕÑÏÑÄ ÔÇÓÇÃÓÂ [82].
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×ËÊËÍË", ÒÑ ÊÂÏÇÚÂÐËá ¬ÓÑÐËÅÂ, ËÎÎáÔÕÓËÓÖÇÕ ÕÑÕ
ÎáÃÑÒÞÕÐÞÌ ×ÂÍÕ, ÚÕÑ ÐÇÔÑÄÇÓÛÇÐÐÞÇ ×ËÊËÚÇÔÍËÇ ÏÑÆÇ-
ÎË ÏÑÅÖÕ, ÕÇÏ ÐÇ ÏÇÐÇÇ, ÆÂÄÂÕß ÒÓÂÄËÎßÐÞÇ ÍÑÎËÚÇÔÕÄÇÐ-
ÐÞÇ ÒÓÇÆÔÍÂÊÂÐËâ (ÔÏ. [25, Ô. 84, 85] Ë ÖÒÑÏâÐÖÕÞÇ ÕÂÏ
ÓÂÃÑÕÞ).

4. £ÞÚËÔÎÇÐËÇ ËÐÕÇÅÓÂÎÑÄ ©ÑÏÏÇÓ×ÇÎßÆÂ

°ÃÖÚÇÐËÇ ÏÂÕÇÏÂÕËÚÇÔÍÑÏÖ ÂÐÂÎËÊÖ Ä ³ÑÇÆËÐÈÐÐÞØ
ºÕÂÕÂØ ÄÞÓÂÃÑÕÂÎÑ "ÔÑÄÓÇÏÇÐÐÞÌ ÒÑÆØÑÆ" Ä ÒÑÎßÊÖ
ÕÂÍ ÐÂÊÞÄÂÇÏÞØ "ÒÓÂÍÕËÚÇÔÍËØ ÊÂÆÂÚ" ì Ë ÆÇÌÔÕÄË-
ÕÇÎßÐÑ, ËÐÕÇÅÓÂÎ, ÐÇÑÃØÑÆËÏÞÌ ÆÎâ ÄÞÄÑÆÂ ÑÆÐÑÌ ËÊ
ÄÞÆÂáÜËØÔâ ×ÑÓÏÖÎ ÒÑÔÎÇÆÐÇÅÑ ÔÕÑÎÇÕËâ ì ×ÑÓÏÖÎÞ
©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ, ÒÓÇÆÔÕÂÄÎâÇÕ
ÔÑÃÑÌ ÕÑÕ ÔÂÏÞÌ ÍÎÂÔÔËÚÇÔÍËÌ ÒÓËÏÇÓ ËÊ ÍÄÂÐÕÑÄÑÌ
×ËÊËÍË.

¥Îâ ÄÔÇØ ÓÂÔÔÏÂÕÓËÄÂÇÏÞØ ÒÓÑÃÎÇÏ ÏÞ ËÔÒÑÎßÊÖÇÏ
ÑÃÜËÌ ËÐÕÇÅÓÂÎ (3.32), (3.33), ËÊÐÂÚÂÎßÐÑ ÐÂÌÆÇÐÐÞÌ
©ÑÏÏÇÓ×ÇÎßÆÑÏ ÒÓË ÒÑÏÑÜË ÍÑÏÒÎÇÍÔÐÑÅÑ ËÐÕÇÅÓËÓÑ-
ÄÂÐËâ [28, Ô. 611, 612] (ÓËÔ. 6). ¯ÂÒÓÑÕËÄ, àÎÇÏÇÐÕÂÓÐÞÌ
ÄÞÄÑÆ àÕÑÅÑ ËÐÕÇÅÓÂÎÂ ÃÞÎ ÒÓÇÆÎÑÉÇÐ Ä [39]. ªÐÕÇÅÓËÓÖâ
ÒÑ ÚÂÔÕâÏ ÎÇÄÖá ÚÂÔÕß (3.33), ÒÑÎÖÚÂÇÏ:� r2

r1
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¥Îâ ÒÓÇÆÒÑÔÎÇÆÐÇÅÑ ËÐÕÇÅÓÂÎÂ ÊÂÒËÛÇÏ:� r2
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¥ÂÎÇÇ, ÒÑÆÔÕÂÄÎââ r � 1=x Ä ÒÑÔÎÇÆÐËÌ ËÐÕÇÅÓÂÎ (4.1),
ÐÂØÑÆËÏ:
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ÅÆÇ ÏÞ ÆÑÒÑÎÐËÎË ÆÑ ÍÄÂÆÓÂÕÂ Ë ËÔÒÑÎßÊÑÄÂÎË ÔÕÂÐÆÂÓÕ-
ÐÞÌ ÑÒÓÇÆÇÎÈÐÐÞÌ ËÐÕÇÅÓÂÎ. (´ÂÍÉÇ ÏÑÉÐÑ ÃÞÎÑ ÃÞ
ÒÑÏÇÐâÕß ÏÇÔÕÂÏË A Ë C Ë ÄÑÔÒÑÎßÊÑÄÂÕßÔâ ÒÓÇÆÞÆÖ-
ÜËÏ ÄÞÚËÔÎÇÐËÇÏ.) °ÃßÇÆËÐÇÐËÇ ÆÄÖØ ÒÑÔÎÇÆÐËØ ÓÇÊÖÎß-
ÕÂÕÑÄ ÊÂÄÇÓÛÂÇÕ ÆÑÍÂÊÂÕÇÎßÔÕÄÑ.

¦ÜÈ ÑÆÐÑ ÐÇÊÂÄËÔËÏÑÇ ÄÞÚËÔÎÇÐËÇ àÕÑÅÑ ËÐÕÇÅÓÂÎÂ
ÒÓËÄÇÆÇÐÑ Ä ÒÓËÎÑÉÇÐËË £.

5. ¥ÂÎßÐÇÌÛËÇ ÒÓËÏÇÓÞ
Ë ÓÂÊÓÇÛÇÐËÇ "ÊÂÅÂÆÍË ©ÑÏÏÇÓ×ÇÎßÆÂ"

¬ÂÍ ØÑÓÑÛÑ ËÊÄÇÔÕÐÑ, ¢ÑÓ ÄÞÄÇÎ ÍÄÂÊËÍÎÂÔÔËÚÇÔÍËÇ
ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ ÆÎâ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ÂÕÑÏÑÄ,
ÑÔÐÑÄÞÄÂâÔß ÐÂ ÍÎÂÔÔËÚÇÔÍÑÏ ÍÓÖÅÑÄÑÏ ÆÄËÉÇÐËË, ÕÑÅÆÂ
ÍÂÍ ©ÑÏÏÇÓ×ÇÎßÆ ÑÃÑÃÜËÎ àÕË ËÆÇË ÐÂ ÓÇÎâÕËÄËÔÕÔÍËÇ

àÎÎËÒÕËÚÇÔÍËÇ ÑÓÃËÕÞ [28]. ªÊÏÇÓÇÐËâ ±ÂÛÇÐÑÏ ÓÂÔÜÇ-
ÒÎÇÐËâ ÏÇÉÆÖ ÖÓÑÄÐâÏË ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ÃÞÎË ËÐÕÇÓ-
ÒÓÇÕËÓÑÄÂÐÞ ÍÂÍ àÍÔÒÇÓËÏÇÐÕÂÎßÐÂâ ÒÓÑÄÇÓÍÂ ÔÒÇÙËÂÎß-
ÐÑÌ ÕÇÑÓËË ÑÕÐÑÔËÕÇÎßÐÑÔÕË [19, 24, 25, 28]. ´ÑÚÐÑÇ
ÓÇÛÇÐËÇ ÃÞÎÑ ÄÒÇÓÄÞÇ ÒÑÎÖÚÇÐÑ ¹.¤. ¥ÂÓÄËÐÑÏ [29] Ë
£. ¤ÑÓÆÑÐÑÏ [30], ÐÑ ÕÑÎßÍÑ ÒÑÔÎÇ ÑÕÍÓÞÕËâ ÖÓÂÄÐÇÐËâ
¥ËÓÂÍÂ [31, 32] ì Ë ÒÓËÏÇÚÂÕÇÎßÐÑ, ÚÕÑ ÐÑÄÞÌ ÓÇÊÖÎßÕÂÕ
ÄÑÔÒÓÑËÊÄÈÎ "ÔÕÂÓÖá" ×ÑÓÏÖÎÖ ©ÑÏÏÇÓ×ÇÎßÆÂ (3.47)!

£ÇÓÐÇÓ ¤ÇÌÊÇÐÃÇÓÅ [84] ÔÔÞÎÂÎÔâ ÐÂ ÆÂÐÐÑÇ ÑÃÔÕÑâ-
ÕÇÎßÔÕÄÑ ÍÂÍ ÐÂ "ÚÖÆÑ" Ë ÒËÔÂÎ: "¢ÞÎÑ ÃÞ ÎáÃÑÒÞÕÐÑ
ÒÓÑâÔÐËÕß, ËÆÈÕ ÎË ÊÆÇÔß ÓÇÚß Ñ ÚÖÆÇ ËÎË ÉÇ àÕÂ ×ÑÓ-
ÏÖÎÂ ì ÄÑÊÏÑÉÐÞÌ ÓÇÊÖÎßÕÂÕ ÕÇÑÓÇÕËÍÑ-ÅÓÖÒÒÑÄÑÅÑ
ÒÑÆØÑÆÂ" [85]. £ ÒËÔßÏÇ ÑÕ 1956 ÅÑÆÂ ¿ÓÄËÐ ºÓÈÆËÐÅÇÓ
ÒÓÑÍÑÏÏÇÐÕËÓÑÄÂÎ: "¿ÕÑ ÔÎÖÚÂÌÐÑÇ ÔÑÄÒÂÆÇÐËÇ" [86]. ¬ÂÍ
ÐÇÆÂÄÐÑ ÃÞÎÑ ÒÑÍÂÊÂÐÑ [44], ºÓÈÆËÐÅÇÓ ÑÍÂÊÂÎÔâ ÒÓÂÄ ì
"ÊÂÅÂÆÍÂ ©ÑÏÏÇÓ×ÇÎßÆÂ" [24] ÔÇÌÚÂÔ ÓÂÊÓÇÛÇÐÂ Ë ÑÃÑÃ-
ÜÇÐÂ ÐÂ ÍÎÂÔÔ ÏÐÑÅÑÏÇÓÐÞØ ÊÂÆÂÚ, ÑÃÎÂÆÂáÜËØ ÓÂÊÎËÚ-
ÐÞÏË ÅÓÖÒÒÂÏË ÔËÏÏÇÕÓËË.

´ÇÏÂ ÆÎâ ÒÓÑÔÏÑÕÓÂ: ±ÑÆØÑÆ ¯ËÍË×ÑÓÑÄÂ Ë µÄÂÓÑÄÂ
[39, Ô. 97, 98; 40, Ô. 44 ë 47; 72, Ô. 339 ë 347] Ë [52].

¥Îâ ÒÑÎÖÚÇÐËâ ÕÑÚÐÞØ ÓÇÛÇÐËÌ ÊÂÒËÛÇÏ ÑÃÜÇÇ
ÖÓÂÄÐÇÐËÇ ÅËÒÇÓÅÇÑÏÇÕÓËÚÇÔÍÑÅÑ ÕËÒÂ [52] Ä ÄËÆÇ
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²ËÔ. 6. ±ÑÎÑÄËÐÍÂ ÔÕÓÂÐËÙÞ ËÊ ÍÐËÅË ©ÑÏÏÇÓ×ÇÎßÆÂ, ÒÑÍÂÊÞÄÂá-
ÜÂâ ÍÑÐÕÖÓ ËÐÕÇÅÓËÓÑÄÂÐËâ. https://archive.org/details/atom-
bauundspekt00sommgoog/page/478/mode/2up (¥ÂÎßÐÇÌÛËÇ ÆÇÕÂÎË
ÔÏ. Ä [51, Ô. 468 ë 470] Ë [28, Ô. 611 ë 612].)
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ÆÑÎÉÐÑ ÔÄÑÆËÕßÔâ Í ÎËÐÇÌÐÑÌ ×ÖÐÍÙËË [52]. ¦ÔÎË
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£ ÓÇÊÖÎßÕÂÕÇ ÆÎâ ÄÔÇØ ÒÑÕÇÐÙËÂÎÑÄ ÊÑÏÏÇÓ×ÇÎßÆÑÄ-
ÔÍÑÅÑ ÕËÒÂ ÒÓÂÄËÎÑ ÍÄÂÐÕÑÄÂÐËâ ¯ËÍË×ÑÓÑÄÂ Ë µÄÂÓÑÄÂ
[52]
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ÍÂÍ ÑÃÜÖá ×ÑÓÏÖÎÖ ÆÎâ ÐÂØÑÉÆÇÐËâ ÕÑÚÐÞØ ÖÓÑÄÐÇÌ
àÐÇÓÅËË ÒÓË n � nr. (³ÎÇÆÖÇÕ ÑÕÏÇÕËÕß, ÚÕÑ ©ÑÏÏÇÓ-
×ÇÎßÆ ÖÉÇ ÒÑÎÖÚÂÎ ÒÑÆÑÃÐÑÇ ÔÑÑÕÐÑÛÇÐËÇ Ä ÔÒÇÙËÂÎß-
ÐÞØ ÔÎÖÚÂâØ [59].)

²ÂÊÓÇÛÇÐËÇ ÊÂÅÂÆÍË. ³ÓÂÄÐËÄÂâ (3.34) Ë (5.7), ÏÞ
ÒÓËØÑÆËÏ Í ÔÎÇÆÖáÜÇÏÖ ÓÇÊÖÎßÕÂÕÖ [44]:

´ÇÑÓÇÏÂ

a � A ; b � B ; c � C : �5:8�

¥ÇÌÔÕÄËÕÇÎßÐÑ, ÑÃÜÇÇ (ÑÔÐÑÄÂÐÐÑÇ ÐÂ £¬¢) ÒÓÂÄËÎÑ
(3.34) ÑÆÐÑÄÓÇÏÇÐÐÑ ÔÒÓÂÄÇÆÎËÄÑ Ë ÆÎâ ÕÑÚÐÞØ ÖÓÑÄÐÇÌ
àÐÇÓÅËË (5.7), ÒÑÎÖÚÇÐÐÞØ ÐÂ ÑÔÐÑÄÇ ÒÑÆØÑÆÂ ¯ËÍË×Ñ-
ÓÑÄÂ Ë µÄÂÓÑÄÂ [40, 44] ÆÎâ ÄÔÇØ ÓÂÔÔÏÂÕÓËÄÂÇÏÞØ
ÍÖÎÑÐÑÄÔÍËØ ÒÓÑÃÎÇÏ. ¥ÓÖÅËÇ ÒÓËÏÇÓÞ ÄÍÎáÚÂáÕ ÍÄÂÐ-
ÕÑÄÞÇ ÅÂÓÏÑÐËÚÇÔÍËÇ ÑÔÙËÎÎâÕÑÓÞ, Â ÕÂÍÉÇ ÔËÔÕÇÏÞ Ô
ÒÑÕÇÐÙËÂÎÂÏË ¬ÓÂÕÙÇÓÂ Ë ±ÈÛÎâ ë´ÇÎÎÇÓÂ [40]. (³Ï.
ÕÂÍÉÇ [43] ÆÎâ ÑÃÑÃÜÇÐËâ ÍÑÅÇÓÇÐÕÐÞØ ÔÑÔÕÑâÐËÌ ºÓÈ-
ÆËÐÅÇÓÂ [62].)

£ ÔÄâÊË Ô ×ÑÓÏÖÎÑÌ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ©ÑÏÏÇÓ×ÇÎßÆÂ
¿ÓÄËÐ ºÓÈÆËÐÅÇÓ ÔÄËÆÇÕÇÎßÔÕÄÑÄÂÎ, ÔÓÇÆË ÒÓÑÚÇÅÑ, Ä
ÒËÔßÏÇ ÑÕ 29 ×ÇÄÓÂÎâ 1956 Å. [86]: "...£Þ, ÇÔÕÇÔÕÄÇÐÐÑ, Ä
ÍÖÓÔÇ ÕÑÅÑ, ÚÕÑ ÄÞÄÑÆ ©ÑÏÏÇÓ×ÇÎßÆÑÏ ×ÑÓÏÖÎÞ ÕÑÐÍÑÌ
ÔÕÓÖÍÕÖÓÞ ÕÑÎßÍÑ ÒÑ ÄÑÎÇ ÔÎÖÚÂâ ÆÂÈÕ ÓÇÊÖÎßÕÂÕ,
ÔÑÅÎÂÔÖáÜËÌÔâ Ô àÍÔÒÇÓËÏÇÐÕÑÏ. ªÊ àÕÑÅÑ ÍÑÐÍÓÇÕÐÑÅÑ
ÒÓËÏÇÓÂ ÏÑÉÐÑ ÊÂÏÇÕËÕß, ÚÕÑ ÐÑÄÂâ ×ÑÓÏÂ ÍÄÂÐÕÑÄÑÌ
ÕÇÑÓËË (Õ.Ç. ÍÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ) ÐË Ä ÍÑÇÏ ÔÎÖÚÂÇ ÐÇ
âÄÎâÇÕÔâ ÕÂÍËÏ ÖÉ ÐÇËÊÃÇÉÐÞÏ ÒÓÑÆÑÎÉÇÐËÇÏ ÔÕÂÓÑÌ
ÕÇÑÓËË, ÍÂÍ ÑÃÞÚÐÑ ÒÓÇÆÒÑÎÂÅÂÇÕÔâ. ±ÓË àÕÑÏ ÕÇÑÓËâ
ºÓÈÆËÐÅÇÓÂ, ÏÑÆË×ËÙËÓÑÄÂÐÐÂâ ÓÇÎâÕËÄËÔÕÔÍËÏ ÑÃÓÂ-
ÊÑÏ �ÃÇÊ ÔÒËÐÂ�, ÆÂÈÕ ×ÑÓÏÂÎßÐÑÇ ÄÞÓÂÉÇÐËÇ ÆÎâ ×ÑÓ-
ÏÖÎÞ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ©ÑÏÏÇÓ×ÇÎßÆÂ, ÐÑ ÑÐÑ ÐÇÄÇÓÐÑ
ËÊ-ÊÂ ÒÑâÄÎÇÐËâ ÒÑÎÖÙÇÎÞØ ÚËÔÇÎ ÄÏÇÔÕÑ ÙÇÎÞØ. ®Ñâ
ÔÕÂÕßâ, ÅÆÇ àÕÑ ÒÑÍÂÊÂÐÑ, ÐÇ ÃÞÎÂ... ÑÒÖÃÎËÍÑÄÂÐÂ; ÑÐÂ
ÃÞÎÂ ÑÕÑÊÄÂÐÂ ÏÐÑá Ë ÊÂÏÇÐÇÐÂ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÌ ÕÓÂÍ-
ÕÑÄÍÑÌ... £ÞÚËÔÎÇÐËâ �ÓÇÎâÕËÄËÔÕÔÍËÏ ÏÇÕÑÆÑÏ � ÔÎËÛ-
ÍÑÏÏÂÎÑËÊÄÇÔÕÐÞ. ¿ÕÑ ÒÑÍÂÊÞÄÂÇÕ, Ô ÑÆÐÑÌ ÔÕÑÓÑÐÞ, ÍÂÍ
ÐÇÑÃØÑÆËÏÑ ÃÞÎÑ ÑÕÍÓÞÕËÇ �ÖÓÂÄÐÇÐËâ� ¥ËÓÂÍÂ, Ë, Ô ÆÓÖ-
ÅÑÌ ÔÕÑÓÑÐÞ, ÍÂÍ ÑÛËÃÑÚÐÑ ÃÞÎÑ ÃÞ ÒÓÇÆÒÑÎÑÉËÕß, ÚÕÑ
ÔÕÂÓÂâ ×ÑÓÏÂ ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË ÐÂØÑÆËÕÔâ "ÒÓËÏÇÓÐÑ" Ä
ÔÑÑÕÄÇÕÔÕÄËË Ô ÃÑÎÇÇ ÐÑÄÑÌ ×ÑÓÏÑÌ." (³Ï. ÕÂÍÉÇ [39,
ÒÓËÎÑÉÇÐËÇ ¤, Ô. 110] Ë [87] ÑÃ ÑÕÍÓÞÕËË ÓÇÎâÕËÄËÔÕ-
ÔÍÑÅÑ ÖÓÂÄÐÇÐËâ ºÓÈÆËÐÅÇÓÂ.)

®ÇÕÑÆÑÎÑÅËÚÇÔÍÑÇ ÊÂÏÇÚÂÐËÇ. ³ÇÌÚÂÔ ÆÑÎÉÐÑ ÃÞÕß
âÔÐÑ, ÚÕÑ ÐÇÑÆÐÑÊÐÂÚÐÑÔÕß Ä ÍÄÂÐÕÑÄÂÐËË ÊÂÆÂÚË ¬ÇÒ-
ÎÇÓÂ Ä "ÔÕÂÓÑÌ ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍÇ" [27, 83] ÏÑÅÎÂ ÃÞÕß
ÓÂÊÓÇÛÇÐÂ ÕÑÎßÍÑ ÒÑÔÎÇ "ÆÄÖØ ÍÄÂÐÕÑÄÞØ ÓÇÄÑÎáÙËÌ" ì
ËÏÇÐÐÑ, ÍÑÅÆÂ Ô×ÇÓËÚÇÔÍÂâ ÔËÏÏÇÕÓËâ ÃÞÎÂ âÄÐÑ ÒÓË-
ÐâÕÂ ÄÑ ÄÐËÏÂÐËÇ ÒÓË ÓÂÊÆÇÎÇÐËË ÒÇÓÇÏÇÐÐÞØ Ë ÔÑÑÕÄÇÕ-
ÔÕÄÖáÜËÇ ÓÂÆËÂÎßÐÞÇ ÖÓÂÄÐÇÐËâ ÃÞÎË ÄÞÄÇÆÇÐÞ ÕÑÚ-
ÐÑ, ÃÇÊ ÒÓËÃÎËÉÇÐËÌ, Ë ÎËÛß ÊÂÕÇÏ ËÊÖÚÇÐÞ Ä £¬¢-
ÒÓËÃÎËÉÇÐËË Ô ÒÑÒÓÂÄÍÑÌ ­ÂÐÅÇÓÂ.

ºÓÈÆËÐÅÇÓ, ÒÑ-ÄËÆËÏÑÏÖ, ÒÇÓÄÞÏ ÒÑÔÎÇÆÑÄÂÎ ÒÑ ÕÂ-
ÍÑÏÖ ÒÖÕË Ä 1925 Å. (ËÎË ÃÞÎ ÃÎËÊÑÍ Í àÕÑÏÖ, ÐÑ ËÊÃÇÉÂÎ
ÐÇÄÇÓÐÑÅÑ ÛÂÅÂ, ÒÇÓÇÌÆâ Í ÕÑÚÐÑÏÖ ÓÇÛÇÐËá?) Ä ÇÅÑ
ÐÇÑÒÖÃÎËÍÑÄÂÐÐÞØ ÊÂÏÇÕÍÂØ. °Ð ËÔÒÑÎßÊÑÄÂÎ ÖÓÂÄÐÇÐËÇ
(3.39), ÍÑÕÑÓÑÇ ÔÑÑÕÄÇÕÔÕÄÖÇÕ ÚÂÔÕËÙÇ Ô ÐÖÎÇÄÞÏ ÔÒËÐÑÏ
(ÔÏ. [39], ÓËÔ. 5, ÅÆÇ ÄÑÔÒÓÑËÊÄÇÆÇÐÞ ÇÅÑ ÑÓËÅËÐÂÎßÐÞÇ
ÊÂÒËÔË, Â ÕÂÍÉÇ ÓÂÃÑÕÖ [42], ÅÆÇ ÔÑÆÇÓÉËÕÔâ ÆÂÎßÐÇÌÛÇÇ
ÑÃÔÖÉÆÇÐËÇ ÍÑÐÙÇÒÙËË ÔÒËÐÂ Ë ÄÑÎÐÑÄÞØ ÖÓÂÄÐÇÐËÌ). ±Ñ
ÔÄËÆÇÕÇÎßÔÕÄÖ, ÔÆÇÎÂÐÐÑÏÖ ÄÒÑÔÎÇÆÔÕÄËË, ËÏÇÐÐÑ ËÊ-ÊÂ
ÓÂÔØÑÉÆÇÐËâ Ô àÍÔÒÇÓËÏÇÐÕÑÏ ºÓÈÆËÐÅÇÓ Ë ÐÇ ÑÒÖÃÎË-
ÍÑÄÂÎ ÔÄÑá ÒÇÓÄÑÐÂÚÂÎßÐÖá ÓÂÃÑÕÖ (ÔÏ. ÕÂÍÉÇ ÇÅÑ
ÒËÔßÏÑ Í £ÇÌÎá Ä [39, ÒÓËÎÑÉÇÐËÇ ¤]).

6. °ÛËÃÍÂ, ÍÑÕÑÓÑÌ ºÓÈÆËÐÅÇÓ ÐÇ ÔÆÇÎÂÎ

ªÐÕÇÓÇÔÐÑ ÑÕÏÇÕËÕß, ÚÕÑ ÐËÉÐââ ÎÇÄÂâ ÚÂÔÕß ÐÂ ÓËÔ. 5
ÒÓËÄÑÆËÕ "ÔÕÂÓÑÇ" ÒÓÂÄËÎÑ ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ ë ©ÑÏÏÇÓ-
×ÇÎßÆÂ, ÄÍÎáÚÂáÜÇÇ ÕÑ, ÚÕÑ ÔÇÌÚÂÔ ÐÂÊÞÄÂÇÕÔâ ÒÑÒÓÂÄ-
ÍÑÌ ­ÂÐÅÇÓÂ [55], Â ËÏÇÐÐÑ 8, n�n� 1� ! �n� 1=2�2, ÐÑ Ô
ÙÇÎÞÏ l, Â ÐÇ Ô ÒÑÎÖÙÇÎÞÏ l� 1=2 Ä ÒÓÂÄÑÌ ÚÂÔÕË, ÍÂÍ
ÆÑÎÉÐÑ ÃÞÕß Ä £¬¢-ÒÓËÃÎËÉÇÐËË (3.31) (ÏÑÉÐÑ ÃÞÎÑ ÃÞ
ËÊÏÇÐËÕß ÑÃÑÊÐÂÚÇÐËâºÓÈÆËÐÅÇÓÂ, ÒÇÓÇÔÕÂÄËÄ n$ l, ÍÂÍ
ÒÓËÐâÕÑ ÔÇÌÚÂÔ; ÔÏ. ÕÂÍÉÇ ÔÐÑÔÍË 16; 17 ÆÂÎÇÇ). ¬ÂÍ ÏÞ
ÔÇÌÚÂÔ ØÑÓÑÛÑ ÒÑÐËÏÂÇÏ, àÕÂ ×ÑÓÏÂ ÒÓËÄÇÎÂ ÃÞ Í
ÐÇÒÓÂÄËÎßÐÑÏÖ ÔÒÇÍÕÓÖ Ä ÇÅÑ ÓÇÎâÕËÄËÔÕÔÍÑÏ ÖÓÂÄÐÇ-
ÐËË ì Ä ÚÂÔÕÐÑÔÕË, ÅÎÂÄÐÑÇ ÍÄÂÐÕÑÄÑÇ ÚËÔÎÑ Ä ÐÇÓÇÎâÕË-
ÄËÔÕÔÍÑÌ ÊÂÆÂÚÇ ¬ÇÒÎÇÓÂ ÒÑÎÖÚËÎÑ ÃÞ ÒÑÎÖÙÇÎÞÇ ÊÐÂÚÇ-
ÐËâ ÄÏÇÔÕÑ ÙÇÎÞØ (ÆÂÎßÐÇÌÛËÇ ÆÇÕÂÎË ÒÓËÄÇÆÇÐÞ Ä
ÐÂÛÇÌ ÆÑÒÑÎÐËÕÇÎßÐÑÌ ÍÑÏÒßáÕÇÓÐÑÌ ÒÓÑÅÓÂÏÏÇ ÆÎâ
ÔËÔÕÇÏÞ Mathematica [57]).

8 £ àÕÑÏ ÔÎÖÚÂÇ ÒÑÎÖÚÂÇÕÔâ
����
C
p � n� 1=2.

²ËÔ. 7.¡ÓÐÑÎßÆ ©ÑÏÏÇÓ×ÇÎßÆ Ë ¯ËÎßÔ ¢ÑÓ Ä ­ÖÐÆÇ, ÔÇÐÕâÃÓß 1919 Å.,
ÄÑ ÄÓÇÏâ ÇÅÑ ÄÒÇÚÂÕÎâáÜÇÅÑ ÎÇÍÙËÑÐÐÑÅÑ ÕÖÓÐÇ ÒÑ ³ÍÂÐÆËÐÂÄËË
ÒÑÔÎÇ ÒÇÓÄÑÌ ÏËÓÑÄÑÌ ÄÑÌÐÞ: "...ÄÐÇÊÂÒÐÞÌ ÄÑÊÄÓÂÕ Í ÆÑÃÓÑÏÖ
ÒÓÇÆÄÑÇÐÐÑÏÖ ÄÓÇÏÇÐË" [8, Ô. 240 ë 246] ì ×ÑÕÑ ËÊ ¯ÇÏÇÙÍÑÅÑ ÏÖÊÇâ,
®áÐØÇÐ.
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°ÆÐÂÍÑ ºÓÈÆËÐÅÇÓ ÕÂÍÑÌ ÑÛËÃÍË ÐÇ ÔÆÇÎÂÎ. £ÏÇÔÕÑ
àÕÑÅÑ ÑÐ ÖÍÂÊÂÎ, "...(ØÑÕâ ÎËÛß ÔÎÑÄÂÏË)..." [39, ÒÓËÎÑ-
ÉÇÐËÇ ¤, Ô. 111]; ÔÏ. ÕÂÍÉÇ [64, 184y Ô. 484, 485], ÕÑÚÐÑÇ
ÓÇÛÇÐËÇ ÒÓË ÒÑÏÑÜË ÏÇÕÑÆÂ ­ÂÒÎÂÔÂ, ÄÞÓÂÉÇÐÐÑÇ Ä
ÄËÆÇ ÍÑÐÕÖÓÐÑÅÑ ËÐÕÇÅÓÂÎÂ [39, ÒÓËÎÑÉÇÐËÇ £]!

ºÓÈÆËÐÅÇÓ ÆÇÕÂÎßÐÑ ÊÐÂÎ ËÐÕÇÅÓÂÎÞ, ÄÄÇÆÈÐÐÞÇ ©ÑÏ-
ÏÇÓ×ÇÎßÆÑÏ. ¯ÂÒÓËÏÇÓ, àÕÑ âÄÐÑ ÖÒÑÏâÐÖÕÑ Ä ÇÅÑ ÒËÔßÏÇ
©ÑÏÏÇÓ×ÇÎßÆÖ ÑÕ 29 âÐÄÂÓâ 1926 Å. [66, Ô. 462] (ÔÏ. ÕÂÍÉÇ
[64, 041y Ô. 170 ë 172]): "...¯ÂÍÑÐÇÙ, â ØÑÕÇÎ ÃÞ ÆÑÃÂÄËÕß,
ÚÕÑ ÑÕÍÓÞÕËÇ ÄÔÇÌ ÔÄâÊË �ÏÇÉÆÖ ÄÑÎÐÑÄÞÏ ÖÓÂÄÐÇÐËÇÏ Ë
ÍÄÂÐÕÑÄÂÐËÇÏ ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ� ÄÑÔØÑÆËÕ Í £ÂÛÇÏÖ ËÊâÜ-
ÐÑÏÖ ÏÇÕÑÆÖ ËÐÕÇÅÓËÓÑÄÂÐËâ ÆÎâ ÑÙÇÐÍË ÓÂÆËÂÎßÐÑÅÑ ÍÄÂÐ-
ÕÑÄÑÅÑ ËÐÕÇÅÓÂÎÂ. ¿ÕÑ ØÂÓÂÍÕÇÓÐÂâ Ë ÊÐÂÍÑÏÂâ ÍÑÏÃË-
ÐÂÙËâ ÿ�B= ����

A
p � � ������

C 0
p

, ÍÑÕÑÓÂâ ÄÐÇÊÂÒÐÑ, ÍÂÍ ³ÄâÕÑÌ
¤ÓÂÂÎß, ÒÑâÄÎâÇÕÔâ ËÊ ÒÑÍÂÊÂÕÇÎÇÌ ÔÕÇÒÇÐÇÌ a1 Ë a2".

£ àÕÑÏ ÒËÔßÏÇºÓÈÆËÐÅÇÓ ÄÒÇÓÄÞÇ ÊÂâÄÎâÇÕ ÑÃ ÖÔÒÇØÇ
ÄÑÎÐÑÄÑÌ ÕÇÑÓËË ÒÓËÏÇÐËÕÇÎßÐÑ Í ÍÄÂÐÕÑÄÑÏÖ ÑÔÙËÎÎâ-
ÕÑÓÖ, ÓÑÕÂÕÑÓÖ, ÐÇÓÇÎâÕËÄËÔÕÔÍÑÏÖ (Ë ÚÂÔÕËÚÐÑ ÓÇÎâÕË-
ÄËÔÕÔÍÑÏÖ) ÂÕÑÏÖ ÄÑÆÑÓÑÆÂ (ÊÂÆÂÚÂ ¬ÇÒÎÇÓÂ) Ë ÔÄÑÃÑÆ-
ÐÑÏÖ ÆÄËÉÇÐËá ÕÑÚÇÚÐÑÌ ÏÂÔÔÞ Ä ÃÇÊÅÓÂÐËÚÐÑÏ ÒÓÑ-
ÔÕÓÂÐÔÕÄÇ Ë Ä âÜËÍÇ, ÆÑ ÒÑÔÎÇÆÖáÜËØ ÒÖÃÎËÍÂÙËÌ [1, 88].
°Ð ÕÂÍÉÇ Ô×ÑÓÏÖÎËÓÑÄÂÎ ÒÓÑÅÓÂÏÏÖ ÆÎâ ÆÂÎßÐÇÌÛËØ
ËÔÔÎÇÆÑÄÂÐËÌ. ¥Îâ ÖÆÑÃÔÕÄÂ ÚËÕÂÕÇÎâ ÇÅÑ ÒÑÎÐÑÇ ÒËÔßÏÑ
ÆÂÈÕÔâ Ä ÒÇÓÇÄÑÆÇ Ô ÐÇÏÇÙÍÑÅÑ Ä ÒÓËÎÑÉÇÐËË ¤.

©ÑÏÏÇÓ×ÇÎßÆ ÑÕÄÇÕËÎ Ô àÐÕÖÊËÂÊÏÑÏ Ä ÒËÔßÏÇ ÑÕ
3 ×ÇÄÓÂÎâ 1926 Å. [64, 042y Ô. 173 ë 175]: "´Ñ, ÚÕÑ £Þ ÒË-
ÛÇÕÇ Ä £ÂÛÇÏ àÔÔÇ Ë ÒËÔßÏÇ, ÚÓÇÊÄÞÚÂÌÐÑ ËÐÕÇÓÇÔÐÑ. ®ÑÈ
ÎËÚÐÑÇ ÏÐÇÐËÇ Ñ ÏËÔÕËÍÇ ÙÇÎÞØ ÚËÔÇÎ ÆÑÎÉÐÑ ÑÔÕÂÕßÔâ Ä
ÕÂÌÐÇ, ÍÂÍ Ë ÏÑÇ ÎËÚÐÑÇ ÖÆÑÃÔÕÄÑ... ®ÑÈ ÄÒÇÚÂÕÎÇÐËÇ
ÕÂÍÑÄÑ: £ÂÛ ÏÇÕÑÆ ÏÑÉÇÕ ÊÂÏÇÐËÕß ÐÑÄÖá ÍÄÂÐÕÑÄÖá
ÏÇØÂÐËÍÖ ¤ÇÌÊÇÐÃÇÓÅÂ, ¢ÑÓÐÂ, ¥ËÓÂÍÂ... ´ÂÍ ÍÂÍ £ÂÛË
ÓÇÊÖÎßÕÂÕÞ ÒÑÎÐÑÔÕßá ÔÑÅÎÂÔÖáÕÔâ Ô ËØ ÓÇÊÖÎßÕÂ-
ÕÂÏË..." ¿ÕÑ ÃÞÎÑ ÐÂÚÂÎÑÏ ÕÓËÖÏ×Â ÄÑÎÐÑÄÑÌ ÏÇØÂ-
ÐËÍË ºÓÈÆËÐÅÇÓÂ [66, Ô. 617 ë 636] (ÔÏ. ÕÂÍÉÇ [89] Ë [90]).

£ÓÇÏÇÐÐ�aâ ÎËÐËâ. ´ÑÚÐÞÇ ÆÂÕÞ ×ÖÐÆÂÏÇÐÕÂÎßÐÞØ
ÑÕÍÓÞÕËÌ ºÓÈÆËÐÅÇÓÂ, ÒÓËÄÇÆÛËØ Í ÇÅÑ ÒÇÓÄÞÏ ÒÖÃÎË-
ÍÂÙËâÏ [1, 88], ÆÑÔÕÑÄÇÓÐÑ ÐÇËÊÄÇÔÕÐÞ [75, 76, 91] Ë [66,
pp. 459 ë 465]. °ÆÐÂÍÑ ÏÑÉÐÑ ÑÙÇÐËÕß ËØ ÄÓÇÏÇÐÐÖá
ÎËÐËá, ÑÔÐÑÄÞÄÂâÔß ÐÂ ÒËÔßÏÇ ºÓÈÆËÐÅÇÓÂ Í ¿ÌÐ-
ÛÕÇÌÐÖ [64, 030y Ô. 141 ë 143] ÑÕ 3 ÐÑâÃÓâ 1925 Å.; ÐÂ
ÄÑÔÒÑÏËÐÂÐËâØ ¢ÎÑØÂ Ñ ÆÄÖØ ÍÑÎÎÑÍÄËÖÏÂØ Ä ¸áÓËØÇ
[92], ÒÓÇÆÒÑÎÑÉËÕÇÎßÐÑ ËÏÇÄÛËØ ÏÇÔÕÑ Ä ÍÑÐÙÇ ÐÑâÃÓâ
Ë/ËÎË ÐÂÚÂÎÇ ÆÇÍÂÃÓâ 1925 Å. [66, Ô. 419 ë 423]; ÒËÔßÏÇ £ËÐÖ
[64, 037y Ô. 162 ë 165] ËÊ ¡ÓÑÊÞ ÑÕ 27 ÆÇÍÂÃÓâ 1925 Å. Ë ÐÂ
ÒËÔßÏÇ Í ©ÑÏÏÇÓ×ÇÎßÆÖ [64, 041y Ô. 170 ë 172] ËÊ ¸áÓËØÂ
ÑÕ 29 âÐÄÂÓâ 1926 Å. £ ÓÇÊÖÎßÕÂÕÇ ÏÞ ÒÓËØÑÆËÏ Í
ÒÓÂÄÆÑÒÑÆÑÃÐÑÌ ÑÙÇÐÍÇ àÕÑÅÑ ÒÇÓËÑÆÂ ì ÑÕ ÐÂÚÂÎÂ
ÐÑâÃÓâ 1925 Å. ÆÑ ÍÑÐÙÂ âÐÄÂÓâ 1926 Å.

£ ÕÑ ÉÇ ÄÓÇÏâ, Ä âÐÄÂÓÇ 1926 Å., ¢ÑÓ ÑÕÊÞÄÂÎÔâ Ñ
ÓÂÊÄËÕËË "ÔÕÂÓÑÌ" ÕÇÑÓËË Ä ÒËÔßÏÇ Í ÔÄÑÇÏÖ ÆÓÖÅÖ,

ÛÄÇÆÔÍÑÏÖ ×ËÊËÍÖ ¬ÂÓÎÖ °ÊÇÇÐÖ [25, Ô. 85] (ÙËÕËÓÖÇÕÔâ
ËÊ [93, Ô. 73]), ÔÎÇÆÖáÜËÏ ÑÃÓÂÊÑÏ: "¯Â ÐÞÐÇÛÐÇÏ àÕÂÒÇ
ÓÂÊÄËÕËâ ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË ÏÞ ÇÆÄÂ ÎË ÏÑÉÇÏ ÔÍÂÊÂÕß,
ÃÞÎÑ ÎË ÖÆÂÚÇÌ ËÎË ÐÇÖÆÂÚÇÌ ÕÑ, ÚÕÑ ÔÄÑÌÔÕÄÂ ÍÇÒÎÇÓÑÄÂ
ÆÄËÉÇÐËâ ÏÑÉÐÑ ÃÞÎÑ ÕÂÍ ÒÓÑÔÕÑ ÔÑÑÕÐÇÔÕË ÔÑ ÔÒÇÍÕ-
ÓÑÏ ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ, ÍÂÍ àÕÑ ÒÑÎÂÅÂÎÑÔß ÄÑÊÏÑÉÐÞÏ ÄÕÑ
ÄÓÇÏâ. ¦ÔÎË ÃÞ àÕÂ ÔÄâÊß ËÏÇÎÂ ÎËÛß ÕÑÕ ÂÔËÏÒÕÑÕËÚÇ-
ÔÍËÌ ØÂÓÂÍÕÇÓ, ÍÑÕÑÓÑÅÑ ÏÑÉÐÑ ÑÉËÆÂÕß ËÊ ÒÓËÐÙËÒÂ
ÔÑÑÕÄÇÕÔÕÄËâ, ÕÑ ÏÞ ÐÇ ÆÑÎÉÐÞ ÃÞÎË ÒÑÆÆÂÄÂÕßÔâ
ËÔÍÖÛÇÐËá ÒÓËÏÇÐâÕß ÏÇØÂÐËÍÖ ÕÂÍ ÅÓÖÃÑ, ÍÂÍ ÏÞ ÒÑ-
ÎÂÅÂÎË ÄÑÊÏÑÉÐÞÏ Ä ÕÇÚÇÐËÇ ÐÇÍÑÕÑÓÑÅÑ ÄÓÇÏÇÐË. ³
ÆÓÖÅÑÌ ÔÕÑÓÑÐÞ, ËÏÇÐÐÑ àÕË ÏÇØÂÐËÚÇÔÍËÇ ÔÑÑÃÓÂÉÇÐËâ
ÃÞÎË ÒÑÎÇÊÐÞ Ä ÒÑÔÕÓÑÇÐËË ÂÐÂÎËÊÂ ÑÒÕËÚÇÔÍËØ âÄÎÇÐËÌ,
ÍÑÕÑÓÞÌ ÒÑÔÕÇÒÇÐÐÑ ÒÓËÄÇÎ Í ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍÇ".ìªÄ
ÔÂÏÑÏ ÆÇÎÇ, ÃÞÎÑ ÕÓÖÆÐÑ ÒÓÇÆÔÍÂÊÂÕß!

7. ©ÂÍÎáÚÇÐËÇ

´ÓÂÆËÙËÑÐÐÞÇ ÍÖÓÔÞ [33 ë 36, 38, 54] ÐÇ ÓÂÔÔÏÂÕÓËÄÂáÕ
ÄÞÄÑÆ ×ÑÓÏÖÎÞ ©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ Ä
ÍÄÂÊËÍÎÂÔÔËÚÇÔÍÑÏ ÒÓËÃÎËÉÇÐËË ì Ë ÚËÕÂÕÇÎß ÔÇÌÚÂÔ
ÏÑÉÇÕ ÒÑÐâÕß ÒÑÚÇÏÖ. ¥ÇÌÔÕÄËÕÇÎßÐÑ, ×ÂÍÕËÚÇÔÍË
ËÏÇÇÕÔâ ÕÓË ÓÂÊÎËÚÐÞØ ÖÓÑÄÐâ ÔÎÑÉÐÑÔÕË, ÑÕÓÂÉÂáÜËØ
ËÔÕÑÓËá "ÕÓÈØ ÍÄÂÐÕÑÄÞØ ÓÇÄÑÎáÙËÌ" Ä ÓÂÊÄËÕËË ÍÄÂÐ-
ÕÑÄÑÌ ×ËÊËÍË:

ì àÎÇÏÇÐÕÂÓÐÞÌ ÖÓÑÄÇÐß ÍÎÂÔÔËÚÇÔÍÑÌ ÏÇØÂÐËÍË [50,
51] Ä ÏÑÆÇÎË ÂÕÑÏÂ ¢ÑÓÂ (ÔÏ. ÓËÔ. 1);

ì ÐÂÚÂÎßÐÂâ ÍÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ [36, 54], ÄÍÎáÚÂá-
ÜÂâ ÐÇÓÇÎâÕËÄËÔÕÔÍËÌ (Ë, ÃÇÊÖÔÒÇÛÐÑ, ÓÇÎâÕËÄËÔÕÔÍËÌ)
ÂÕÑÏ ÄÑÆÑÓÑÆÂ;

ì Ë ÐÂÍÑÐÇÙ, ÓÇÎâÕËÄËÔÕÔÍÂâ ÍÄÂÐÕÑÄÂâ ÕÇÑÓËâ [33 ë
35, 37, 38], ÄÍÎáÚÂáÜÂâ ÖÓÂÄÐÇÐËÇ ¥ËÓÂÍÂ Ë ×ÑÓÏÖÎÖ
©ÑÏÏÇÓ×ÇÎßÆÂ ÆÎâ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ.

¿ÕÂ ËÔÕÑÓËÚÇÔÍÂâ ÙÇÒß ÔÑÃÞÕËÌ ÔØÇÏÂÕËÚÇÔÍË ÒÓÇÆ-
ÔÕÂÄÎÇÐÂ Ä ÕÂÃÎ. 1.

£¬¢-ÏÇÕÑÆ ÏÑÉÇÕ ÒÓËÏÇÐâÕßÔâ ÕÑÎßÍÑ ÒÑÔÎÇ ÄÐËÏÂ-
ÕÇÎßÐÑÅÑ ËÊÖÚÇÐËâ ÑÔÐÑÄÐÞØ ÔÄÑÌÔÕÄ ÖÓÂÄÐÇÐËâ ¥ËÓÂÍÂ,
ÄÍÎáÚÂâ ÒÑÔÕÓÑÇÐËÇ ÔÒËÐÑÓÐÞØ Ô×ÇÓËÚÇÔÍËØ ÅÂÓÏÑÐËÍ
[33, 34, 37, 45, 46, 53] Ë ÐÇÕÓËÄËÂÎßÐÑÇ ÓÂÊÆÇÎÇÐËÇ ÒÇÓÇ-
ÏÇÐÐÞØ Ä Ô×ÇÓËÚÇÔÍËØ ÍÑÑÓÆËÐÂÕÂØ. ¿ÕÑ, ÇÔÕÇÔÕÄÇÐÐÑ,
ÕÓÇÃÖÇÕ ÑÒÓÇÆÇÎÈÐÐÑÅÑ "ÒÇÆÂÅÑÅËÚÇÔÍÑÅÑ ÏÂÔÕÇÓÔÕÄÂ" Ë
ÔÖÜÇÔÕÄÇÐÐÞØ ÊÂÕÓÂÕ ÄÓÇÏÇÐË ÍÂÍ ÒÓË ÒÓÇÒÑÆÂÄÂÐËË,
ÕÂÍ Ë ÒÓË ËÊÖÚÇÐËË ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍË. ¯ÂÔÕÑâÜËÇ
ÊÂÏÇÕÍË ì ËÊÐÂÚÂÎßÐÑ ÑÃÖÔÎÑÄÎÇÐÐÞÇ ÄÄÑÆÐÞÏË ÍÖÓ-
ÔÂÏË ÒÑ ÏÂÕÇÏÂÕËÍÇ ÍÄÂÐÕÑÄÑÌ ÏÇØÂÐËÍË Ä µÐËÄÇÓÔË-
ÕÇÕÇ ÛÕÂÕÂ ¡ÓËÊÑÐÂ (Arizona State University) [39 ë 46,
94] Ë Ä ´ÇØÐËÚÇÔÍÑÏ ÖÐËÄÇÓÔËÕÇÕÇ ®áÐØÇÐÂ (Technische
Universit�at M�unchen) [47] ì ØÑÕâ Ë ÐÇ ËÔÚÇÓÒÞÄÂáÜËÇ,
ÐÑ ÏÑÅÖÕ ÒÑÏÑÚß ÎÇÍÕÑÓÂÏ ÄÑÔÒÑÎÐËÕß ÖÍÂÊÂÐÐÞÌ
ÒÓÑÃÇÎ.

´ÂÃÎËÙÂ 1

±ÇÓËÑÆ ÄÓÇÏÇÐË (ÔÐËÊÖ ÄÄÇÓØ) ¤ÎÂÄÐÞÇ ÓÇÊÖÎßÕÂÕÞ

£ÑÎÐÑÄÂâ ÏÇØÂÐËÍÂ ¥ËÓÂÍÂ:
1928 Å.

²ÇÎâÕËÄËÔÕÔÍÑÇ ÖÓÂÄÐÇÐËÇ ¥ËÓÂÍÂ;
×ÑÓÏÖÎÂ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ (3.47), (3.48);

ÏÞ ÄÞÄÑÆËÏ àÕÑÕ ÓÇÊÖÎßÕÂÕ Ä £¬¢-ÒÓËÃÎËÉÇÐËË.

£ÑÎÐÑÄÂâ ÏÇØÂÐËÍÂ ºÓÈÆËÐÅÇÓÂ:
1925 ë 1926 ÅÅ.

¯ÇÓÇÎâÕËÄËÔÕÔÍÑÇ Ë ÓÇÎâÕËÄËÔÕÔÍÑÇ ÖÓÂÄÐÇÐËâ ºÓÈÆËÐÅÇÓÂ:
×ÑÓÏÖÎÂ ¢ÑÓÂ (3.38),

×ÑÓÏÖÎÂ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ ºÓÈÆËÐÅÇÓÂ (3.42) ë (3.44);
ÏÞ ÄÞÄÑÆËÏ (3.38) Ë (3.42) ë (3.44) Ä £¬¢-ÒÓËÃÎËÉÇÐËË.

"³ÕÂÓÂâ" ÍÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ:
1911 ë 1916 ÅÅ.

±ÎÂÐÇÕÂÓÐÂâ ÏÑÆÇÎß ÂÕÑÏÂ ²ÇÊÇÓ×ÑÓÆÂ;
ÒÓÂÄËÎÂ ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ ë (£ËÎßÔÑÐÂ) ë ©ÑÏÏÇÓ×ÇÎßÆÂ:
×ÑÓÏÖÎÂ ¢ÑÓÂ (2.6) Ë ×ÑÓÏÖÎÂ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ (3.18)
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²ÂÊÓÇÛÇÐËÇ "ÊÂÅÂÆÍË ©ÑÏÏÇÓ×ÇÎßÆÂ" ÆÑ ÔËØ ÒÑÓ
ÒÓÇÆÔÕÂÄÎâÇÕ ÕÇÑÓÇÕËÚÇÔÍËÌ Ë ÒÇÆÂÅÑÅËÚÇÔÍËÌ ËÐÕÇÓÇÔ
[44]. ´ÑÎßÍÑ Ä ÕÇÑÓËË ¥ËÓÂÍÂ, ÍÑÕÑÓÂâ ÆÂÈÕ ÒÑÎÐÑÇ
ÓÇÎâÕËÄËÔÕÔÍÑÇ ÍÄÂÐÕÑÄÑ-ÏÇØÂÐËÚÇÔÍÑÇ ÑÒËÔÂÐËÇ ÂÕÑÏÂ
ÄÑÆÑÓÑÆÂ Ë ÂÍÍÖÓÂÕÐÑ ÒÓÇÆÔÍÂÊÞÄÂÇÕ ÇÅÑ ÕÑÐÍÖá ÔÕÓÖÍ-
ÕÖÓÖ, ÆÂÐÐÞÌ ÄÑÒÓÑÔ ÏÑÉÇÕ ÃÞÕß ÓÂÔÔÏÑÕÓÇÐ ÔÕÓÑÅÑ. ª
ÕÑÎßÍÑ ÐÂ àÕÑÏ ÖÓÑÄÐÇ ÏÞ ÒÓËØÑÆËÏ ÄÏÇÔÕÑ "ÊÂÅÂÆÍË" Í
ÏÂÕÇÏÂÕËÚÇÔÍË ÍÑÓÓÇÍÕÐÑ ÑÒÓÇÆÇÎÈÐÐÑÏÖ ÖÕÄÇÓÉÆÇÐËá,
ÕÂÍÑÏÖ ÍÂÍ ÅËÒÑÕÇÊÂ ËÎË ÕÇÑÓÇÏÂ.

³ËÔÕÇÏÞ ÍÑÏÒßáÕÇÓÐÑÌ ÂÎÅÇÃÓÞ, ÕÂÍËÇ ÍÂÍ Maple
Ë Mathematica, âÄÎâáÕÔâ ÙÇÐÐÞÏË ÄÔÒÑÏÑÅÂÕÇÎßÐÞÏË
ÔÓÇÆÔÕÄÂÏË ÒÓË ÒÓÇÒÑÆÂÄÂÐËË Ë ËÊÖÚÇÐËË ÍÄÂÐÕÑÄÑÌ
ÏÇØÂÐËÍË, ÑÔÑÃÇÐÐÑ ÆÎâ ÐÂÚËÐÂáÜËØ. ¿ÕË ÔËÔÕÇÏÞ ÏÑ-
ÅÖÕ ÑÔÖÜÇÔÕÄÎâÕß ÔÎÑÉÐÞÇ ÏÂÕÇÏÂÕËÚÇÔÍËÇ ÄÞÚËÔÎÇÐËâ,
ÒÑÊÄÑÎââ ÔÕÖÆÇÐÕÂÏ ÔÍÑÐÙÇÐÕÓËÓÑÄÂÕßÔâ ÐÂ ÃÑÎÇÇ ÅÎÖÃÑ-
ÍÑÏ ËÊÖÚÇÐËË ÑÔÐÑÄÐÞØ ÒÑÐâÕËÌ Ë ÏÇÕÑÆÂØ ÓÇÛÇÐËâ
ÊÂÆÂÚ ÄÏÇÔÕÑ ÒÑÅÓÖÉÇÐËâ Ä ÖÕÑÏËÕÇÎßÐÞÇ ÄÞÚËÔÎÇÐËâ.
³ÎÇÆÖÇÕ ÒÓËÊÐÂÕß, ÚÕÑ ÍÂÉÆÂâ ËÊ ÓÂÔÔÏÂÕÓËÄÂÇÏÞØ
ÍÄÂÐÕÑÄÑ-ÏÇØÂÐËÚÇÔÍËØ ÊÂÆÂÚ, ÊÂ ËÔÍÎáÚÇÐËÇÏ ÐÇÔÍÑÎß-
ÍËØ ÕÓËÄËÂÎßÐÞØ, ÑÃÞÚÐÑ ÕÓÇÃÖÇÕ ÑÕÆÇÎßÐÑÅÑ ÂÐÂÎËÊÂ Ô
ÏÐÑÅÑÚËÔÎÇÐÐÞÏË ÔÒÇÙË×ËÚÇÔÍËÏË ÆÇÕÂÎâÏË, ÍÑÕÑÓÞÇ
ÆÇÎÂáÕ ×ÑÓÏÂÎßÐÑÇ ÒÓËÏÇÐÇÐËÇ ÄÞÃÓÂÐÐÑÌ ÔËÔÕÇÏÞ
ÍÑÏÒßáÕÇÓÐÑÌ ÂÎÅÇÃÓÞ ÆÇÎÑÏ ÆÑÄÑÎßÐÑ ÐÇ ÒÓÑÔÕÞÏ,
ÍÂÍ ÏÑÅÎÑ ÃÞ ÒÑÍÂÊÂÕßÔâ ÐÂ ÒÇÓÄÞÌ ÄÊÅÎâÆ (ÔÏ., ÐÂÒÓË-
ÏÇÓ, [40, 41, 94]).

£ ÍÑÐÇÚÐÑÏ ËÕÑÅÇ ÒÓÂÍÕËÚÇÔÍÑÇ ËÔÒÑÎßÊÑÄÂÐËÇ ÔËÔ-
ÕÇÏÞ Mathematica Ä ÐÂÔÕÑâÜÇÌ ÓÂÃÑÕÇ [57] ÕÂÍÉÇ ÏÑÉÇÕ
ÒÑÏÑÚß ÔÕÖÆÇÐÕÂÏ Ä ÒÓÑÄÇÆÇÐËË ÔÎÑÉÐÞØ ÄÞÚËÔÎÇÐËÌ Ë Ä
ÎÖÚÛÇÏ ÒÑÐËÏÂÐËË ÍÄÂÐÕÑÄÑÌ ×ËÊËÍË. £ÞÚËÔÎÇÐËâ,
ÑÔÐÑÄÂÐÐÞÇ ÐÂ ËÔÍÖÔÔÕÄÇÐÐÑÏ ËÐÕÇÎÎÇÍÕÇ Ô ÇÅÑ ÎËÐÇÌ-
ÐÞÏË ×ÖÐÍÙËâÏË Ë ÒÓÑÔÕÞÏË ×ÖÐÍÙËâÏË ÂÍÕËÄÂÙËË,
ÑÚÇÄËÆÐÑ, ÐÇ ÏÑÅÖÕ ÆÂÉÇ ÑÕÆÂÎÈÐÐÑ ÆÑÔÕËÚß ÖÓÑÄÐâ
ÔÕÓÑÅÑÅÑ ÏÂÕÇÏÂÕËÚÇÔÍÑÅÑ ÄÞÄÑÆÂ, ÔÍÂÉÇÏ, ÖÓÂÄÐÇÐËÌ
(3.18) ë (3.21), ÒÓËÄÇÆÈÐÐÑÅÑ Ä ÒÓËÎÑÉÇÐËË ¥.

¢ÎÂÅÑÆÂÓÐÑÔÕË
®Þ ÃÎÂÅÑÆÂÓËÏ ².¡. ¡ÃÂÅâÐÂ, ³.ª. ¬ÓáÚÍÑÄÂ,
¯.A. ­ÂÐ×ÇÓÂ, ³.£. ±ÇÕÓÑÄÂ Ë ¦.£. ³ÕÇÒÂÐÑÄÂ ÊÂ ËØ
ÒÑÏÑÜß Ë ÒÑÎÇÊÐÞÇ ÍÑÏÏÇÐÕÂÓËË. °ÔÑÃÖá ÃÎÂÅÑÆÂÓ-
ÐÑÔÕß ÏÞ ÒÓËÐÑÔËÏ ®.³. ¡ÍÔÇÐÕßÇÄÑÌ ÊÂ ÙÇÐÐÞÇ ÔÑÄÇÕÞ
ÒÑ ÖÎÖÚÛÇÐËá ËÊÎÑÉÇÐËâ, Â ÕÂÍÉÇ ³.¥. ¥ÂÐËÎÑÄÖ ÊÂ
ÒÇÓÇÄÑÆ ÐÂÛÇÌ ÔÕÂÕßË Ô ÂÐÅÎËÌÔÍÑÅÑ Ë ¯.¬. ¥ÑÓÑÐËÐÑÌ
ÊÂ ÓÇÆÂÍÕËÓÑÄÂÐËÇ ÑÍÑÐÚÂÕÇÎßÐÑÌ ÄÇÓÔËË. ®Þ ÅÎÖÃÑÍÑ
ÒÓËÊÐÂÕÇÎßÐÞ ´.¢. ¡ÍÔÇÐÕßÇÄÑÌ ÊÂ ÍÑÐÔÖÎßÕËÓÑÄÂÐËÇ Ë
ÄÂÉÐÞÇ ÖÕÑÚÐÇÐËâ ÒÑ ÒÇÓÇÄÑÆÖ Ô ÐÇÏÇÙÍÑÅÑ âÊÞÍÂ ÒËÔßÏÂ
ºÓÈÆËÐÅÇÓÂ ©ÑÏÏÇÓ×ÇÎßÆÖ.

8. ±ÓËÎÑÉÇÐËâ

¡. ³ÍÑÓÑÔÕß, ÖÔÍÑÓÇÐËÇ Ë ÏÑÏÇÐÕ ËÏÒÖÎßÔÂ
ÒÓË ÍÓÖÅÑÄÑÏ ÆÄËÉÇÐËË
¥Îâ ÑÆÐÑÓÑÆÐÑÅÑ ÍÓÖÅÑÄÑÅÑ ÆÄËÉÇÐËâ ÒÑÎÖÚÂÇÏ

a � v
2

r
: �A:1�

¥ÇÌÔÕÄËÕÇÎßÐÑ, ÇÔÎË

r � r�t� � r cos �ot�e1 � r sin �ot�e2 ; r�0� � re1 ; �A:2�

ÅÆÇ e1 Ë e2 ìÆÄÂ ÑÓÕÑÐÑÓÏËÓÑÄÂÐÐÞØ ÄÇÍÕÑÓÂ (ÓËÔ. 8), ÕÑ

v � dr

dt
� ro

ÿÿ sin �ot�e1 � cos �ot�e2
�
; r v � 0 ; �A:3�

a � dv

dt
� ÿro2

ÿ
cos �ot�e1 � sin �ot�e2

� � ÿo2r : �A:4�
´ÂÍËÏ ÑÃÓÂÊÑÏ,

v 2 � v v � r 2o2
ÿ
sin2 �ot� � cos2 �ot�� � r 2o2 � v 2 ; v � or :

�A:5�

±ÑÆÑÃÐÞÏ ÑÃÓÂÊÑÏ,

a 2 � a a � o 4r 2 ; a � o2r : �A:6�

³ÑÑÕÐÑÛÇÐËÇ (A.1) ÔÎÇÆÖÇÕ ËÊ ÆÄÖØ ÒÑÔÎÇÆÐËØ ÄÞÓÂÉÇ-
ÐËÌ: a � o2r Ë o � v=r:

¢ÑÎÇÇ ÕÑÅÑ,

r� v � r 2o
e1 e2 e3

cos �ot� sin �ot� 0

ÿ sin �ot� cos �ot� 0

������
������ �

� r 2o
ÿ
cos2 �ot� � sin2 �ot��e3 � rve3 �A:7�

(ÔÏ. ÓËÔ. 1).
µÓÂÄÐÇÐËÇ (3.2) ÏÑÉÇÕ ÃÞÕß ÄÞÄÇÆÇÐÑ ÂÐÂÎÑÅËÚÐÞÏ

ÔÒÑÔÑÃÑÏ. £ ÔÂÏÑÏ ÆÇÎÇ, Ä ÒÑÎâÓÐÞØ ÍÑÑÓÆËÐÂÕÂØ

r � r cos y e1 � r sin y e2 �A:8�

ÒÑÎÖÚÂÇÏ:

v � dr

dt
� � _r cos yÿ r sin y _y� e1 � � _r sin y� r cos y _y� e2 ;

v 2 � � _r�2 � r 2� _y�2 ; �A:9�

ÚÕÑ ÑÊÐÂÚÂÇÕ (3.2).
¥Îâ ÓÇÎâÕËÄËÔÕÔÍÑÌ ÚÂÔÕËÙÞ:

dp

dt
� F ; p � gmv � mv���������������������

1ÿ v 2=c 2
p �A:10�

Ë Ä ÙÇÐÕÓÂÎßÐÑÏ ÒÑÎÇ U � U�r�:

F � ÿHU � ÿ dU

dr

r

r
: �A:11�

x2

e2

e1

ot

r

x1

²ËÔ. 8. °ÆÐÑÓÑÆÐÑÇ ÍÓÖÅÑÄÑÇ ÆÄËÉÇÐËÇ.
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³ÑÑÕÄÇÕÔÕÄÖáÜËÌ ÖÅÎÑÄÑÌ ÏÑÏÇÐÕ ËÏÒÖÎßÔÂ, L � r� p,
âÄÎâÇÕÔâ ËÐÕÇÅÓÂÎÑÏ ÆÄËÉÇÐËâ:

d

dt
L � d

dt
�r� p� � v� p� r� dp

dt
�

� mg�v� v� ÿ dU

dr

1

r
�r� r� � 0 ; �A:12�

ËÎË L � const.
£ ÒÑÎâÓÐÞØ ÍÑÑÓÆËÐÂÕÂØ (A.8) ÒÑÎÖÚÂÇÏ

L � r� p � gmr 2 _y e3 : �A:13�

¢. ¯ÇÖÔÕÑÌÚËÄÑÔÕß ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ
Ä ÍÎÂÔÔËÚÇÔÍÑÌ ×ËÊËÍÇ
¬ÂÍ ËÊÄÇÔÕÐÑ [15 ë 17, 21], ÄÓÂÜÂáÜËÌÔâ àÎÇÍÕÓÑÐ Ä
ÒÎÂÐÇÕÂÓÐÑÌ ÏÑÆÇÎË ²ÇÊÇÓ×ÑÓÆÂ ÆÑÎÉÇÐ ÖÒÂÔÕß ÐÂ
âÆÓÑ, ÆÄËÅÂâÔß ÒÑ ÔÒËÓÂÎË, ÔÑÅÎÂÔÐÑ ÊÂÍÑÐÂÏ ÍÎÂÔÔËÚÇ-
ÔÍÑÌ ÏÇØÂÐËÍË Ë àÎÇÍÕÓÑÆËÐÂÏËÍË. ¥ÇÌÔÕÄËÕÇÎßÐÑ, ÒÑÎ-
ÐÂâ ÏÅÐÑÄÇÐÐÂâ ÏÑÜÐÑÔÕß, ËÊÎÖÚÈÐÐÂâ ÒÑ ÄÔÇÏ ÕÇÎÇÔÐÞÏ
ÖÅÎÂÏ, ÆÂÈÕÔâ ØÑÓÑÛÑ ËÊÄÇÔÕÐÑÌ ×ÑÓÏÖÎÑÌ­ÂÓÏÑÓÂ [95]:

dE

dt
� ÿ 2e 2a 2

3c 3
; �B:1�

ÅÆÇ c � 2;9979� 1010 ÔÏ Ôÿ1 ì ÔÍÑÓÑÔÕß ÔÄÇÕÂ Ä ³¤³
ÇÆËÐËÙÂØ. ©ÆÇÔß, ÔÑÅÎÂÔÐÑ (2.1) ë (2.3),

a � v
2

r
� e 2

mr 2
; �B:2�

Ë ÕÂÍËÏ ÑÃÓÂÊÑÏ,

dE

dt
� ÿ 2e 2

3c 3

�
e 2

mr 2

�2

� ÿ 2e 6

3c 3m 2r 4
: �B:3�

³ ÆÓÖÅÑÌ ÔÕÑÓÑÐÞ, ÒÑ ÕÇÑÓÇÏÇ ÄËÓËÂÎÂ (2.3) ÐÂØÑÆËÏ:

dE

dt
� e 2

2r 2
dr

dt
: �B:4�

±ÓËÓÂÄÐËÄÂâ (¢.3) Ë (¢.4), ÏÞ ÒÑÎÖÚËÏ:

r 2
dr

dt
� ÿ 4e 4

3m 2c 3
ili 3r 2 dr � ÿ 4e 4

m 2c 3
dt : �B:5�

ªÐÕÇÅÓËÓÑÄÂÐËÇ ÑÃÇËØ ÔÕÑÓÑÐ ÆÂÈÕ

ÿr 31 � r 3
���0
r1
�
� 0

r�r1
3r 2 dr � ÿ 4e 4

m 2c 3

� t

t�0
dt � ÿ 4e 4

m 2c 3
t ;

�B:6�

ÅÆÇ r1 � 0;52921� 10ÿ8 ÔÏ ì ÒÇÓÄÞÌ ÓÂÆËÖÔ ¢ÑÓÂ ÆÎâ
ÂÕÑÏÂ ÄÑÆÑÓÑÆÂ, ÍÂÍ ÔÎÇÆÖÇÕ ËÊ (2.5). ±ÑàÕÑÏÖ àÎÇÍÕÓÑÐ Ä
ÏÑÆÇÎË ²ÇÊÇÓ×ÑÓÆÂ ÖÒÂÆÈÕ ÐÂ âÆÓÑ ÏÇÐÇÇ ÚÇÏ ÚÇÓÇÊ 1 ÐÔ:

t � m 2c 3

4e 4
r 31 �

�9;1094� 10ÿ28�2�2;9979� 1010�3
4�4;8032� 10ÿ10�4 �

� �0;52921� 10ÿ8�3 � 1;5564� 10ÿ11 c : �B:7�

(³ÑÅÎÂÔÐÑ [15], àÕÂ ÑÙÇÐÍÂ ÃÞÎÂ ÒÑÎÖÚÇÐÂ Ä 1904 Å.
¤.¡. ºÑÕÕÑÏ.)

³ÍÑÓÑÔÕß àÎÇÍÕÓÑÐÂ ÐÂ ÒÇÓÄÑÌ ÃÑÓÑÄÔÍÑÌ ÑÓÃËÕÇ
ÏÑÉÇÕ ÃÞÕß ÑÙÇÐÇÐÂ ÔÎÇÆÖáÜËÏ ÑÃÓÂÊÑÏ:

v1 � e��������
mr1
p � 4;8032� 10ÿ10

�0;52921� 10ÿ8 � 9;1094� 10ÿ28�1=2
�

� 2;1876� 108 sm cÿ1 � 0;7297� 10ÿ2c �B:8�

(ÐÇÓÇÎâÕËÄËÔÕÔÍÑÇ ÆÄËÉÇÐËÇ) Ë ÄÓÇÏâ ÑÆÐÑÅÑ ÑÃÑÓÑÕÂ
ÔÑÔÕÂÄÎâÇÕ:

trot � 2pr1
v1
� 2� 3;1415

0;52921� 10ÿ8

2;1876� 108
� 1;5199� 10ÿ16 c :

�B:9�
±ÑàÕÑÏÖ ÒÑÎÐÑÇ ÍÑÎËÚÇÔÕÄÑ ÑÃÑÓÑÕÑÄ ÆÑ ÒÂÆÇÐËâ ÐÂ
ÙÇÐÕÓ ÏÑÉÇÕ ÃÞÕß ÑÙÇÐÇÐÑ ÔÎÇÆÖáÜËÏ ÑÃÓÂÊÑÏ:

Ntotal � t
trot
� 1;5564� 10ÿ11

1;5199� 10ÿ16
� 102400 : �B:10�

£ÓÇÏâ ÆÄËÉÇÐËâ ÒÑ ÔÒËÓÂÎË, t, ÐÂÏÐÑÅÑ ÒÓÇÄÑÔØÑÆËÕ
ÑÓÃËÕÂÎßÐÑÇ ÄÓÇÏâ, trot, ÒÑàÕÑÏÖ ÕÓÂÍÕÑÄÍÂ ÆÄËÉÇÐËâ ÒÑ
ÔÒËÓÂÎË ÍÂÍ ÒÑÔÎÇÆÑÄÂÕÇÎßÐÑÔÕË ÍÓÖÅÑÄÞØ ÑÓÃËÕ Ä ÂÕÑÏÇ
ÄÑÆÑÓÑÆÂ ÄÒÑÎÐÇ ÖÏÇÔÕÐÂ (ÆÂÎßÐÇÌÛËÇ ÆÇÕÂÎË ÏÑÉÐÑ
ÐÂÌÕË Ä [16, 17]).

£. ¯ÇÊÂÄËÔËÏÑÇ ÓÂÔÔÏÑÕÓÇÐËÇ
ËÐÕÇÅÓÂÎÑÄ ©ÑÏÏÇÓ×ÇÎßÆÂ
¥Îâ ÄÞÚËÔÎÇÐËâ ËÐÕÇÅÓÂÎÑÄ, ÒÓËÄÑÆâÜËØ Í ÒÓÂÄËÎÖ
ÍÄÂÐÕÑÄÂÐËâ ¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ, ÏÑÉÐÑ ÄÑÔÒÑÎßÊÑ-
ÄÂÕßÔâ ÏÇÕÑÆÑÏ ÆË××ÇÓÇÐÙËÓÑÄÂÐËâ ÒÑ ÒÂÓÂÏÇÕÓÖ [28,
59]. ¬ÂÍ ØÑÓÑÛÑ ËÊÄÇÔÕÐÑ, ÇÔÎË

J�x� �
� g�x�

f�x�
F�x; y� dy ; �B:1�

ÕÑ

dJ

dx
�
� g�x�

f�x�

qF�x; y�
qx

dy� F
ÿ
x; g�x�� dg

dx
ÿ F

ÿ
x; f �x�� df

dx
:

�B:2�

£ ÔÎÖÚÂÇ £¬¢-ÒÓËÃÎËÉÇÐËâ ÆÄÂ ÒÑÔÎÇÆÐËØ ÔÎÂÅÂÇÏÞØ
ËÔÚÇÊÂáÕ, ÕÂÍ ÍÂÍ ÒÓÇÆÇÎÞ ËÐÕÇÅÓËÓÑÄÂÐËâ ì àÕÑ ÕÑÚÍË
ÒÑÄÑÓÑÕÂ, ÅÆÇ ÒÑÆÞÐÕÇÅÓÂÎßÐÂâ ×ÖÐÍÙËâ ÑÃÓÂÜÂÇÕÔâ Ä
ÐÖÎß [56].

®Þ ÒÓËÏÇÐËÏ àÕÑÕ ÏÇÕÑÆ ÆÎâ ÐÇÊÂÄËÔËÏÑÅÑ ÄÞÚË-
ÔÎÇÐËâ ËÐÕÇÅÓÂÎÑÄ ©ÑÏÏÇÓ×ÇÎßÆÂ, ÑÃÔÖÉÆÂÇÏÞØ Ä ÔÕÂÕßÇ
[44]. ©ÂÒËÔÞÄÂâ

I �
� r2

r1

p�r� dr ; p�r� �
���������������������������
ÿA� B

r
ÿ C

r 2

r
�A;C > 0� ; �B:3�

ÒÓË ÖÔÎÑÄËË p�r1� � p�r2� � 0, ÐÂØÑÆËÏ:

dI

dB
� 1

2

� r2

r1

dr��������������������������������ÿAr 2 � Brÿ C
p �

� 1

2
����
A
p

� r2

r1

dr��������������������������������������������������������������������������
�B 2 ÿ 4AC�=�4A2� ÿ ÿrÿ B=�2A��2q �

� 1

2
����
A
p arcsin

�
2Arÿ B���������������������
B 2 ÿ 4AC
p

�����r2
r1

� p

2
����
A
p : �B:4�
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£ ÓÇÊÖÎßÕÂÕÇ

dI

dB
� p

2
����
A
p ; I�B0 � 2

�������
AC
p

� � 0 �B:5�

Ë ÒÑÔÎÇ ËÐÕÇÅÓËÓÑÄÂÐËâ:

I � p
�

B

2
����
A
p ÿ

����
C
p �

: �B:6�

¿ÕÑ, ÒÑ-ÄËÆËÏÑÏÖ, ÔÂÏÞÌ ÒÓÑÔÕÑÌ ÔÒÑÔÑÃ ÄÞÚËÔÎÇ-
ÐËâ ÕÂÍËØ ËÐÕÇÅÓÂÎÑÄ.

¤. ±ËÔßÏÑ ºÓÈÆËÐÅÇÓÂ ©ÑÏÏÇÓ×ÇÎßÆÖ 9

¸áÓËØ, 29 âÐÄÂÓâ 1926 Å.

¥ÑÔÕÑÒÑÚÕÇÐÐÞÌ ÅÑÔÒÑÆËÐ ÒÓÑ×ÇÔÔÑÓ!
Á ÐÂÔÕÑÎßÍÑ ÆÑÎÅÑ ÐÇ ÆÂÄÂÎ £ÂÏ Ñ ÔÇÃÇ ÊÐÂÕß 10, ÚÕÑ
ÕÇÒÇÓß ÚÖÄÔÕÄÖá ÐÇÑÃØÑÆËÏÑÔÕß ÐÂÒËÔÂÕß £ÂÏ ÍÂÍ
ÏÑÉÐÑ ÔÍÑÓÇÇ, ÚÕÑÃÞ £Þ ÄÆÓÖÅ ÐÇ ÐÂÒËÔÂÎË ÏÐÇ ÓÂÐÇÇ,
ÇÔÎË ÖÉÇ ÖÔÒÇÎË ÒÑÔÏÑÕÓÇÕß ÏÑá ÓÂÃÑÕÖ, ÒÑÔÄâÜÈÐÐÖá
ÍÄÂÐÕÂÏ, ÍÑÕÑÓÖá â ÓÂÐÇÇ ÐÂÒÓÂÄËÎ ÅÑÔÒÑÆËÐÖ ÕÂÌÐÑÏÖ
ÔÑÄÇÕÐËÍÖ £ËÐÖ ÆÎâ ÒÖÃÎËÍÂÙËË Ä Annalen der Physik, Ô
ÒÓÑÔßÃÑÌ ÒÓÇÉÆÇ ÄÔÇÅÑ ÒÑÍÂÊÂÕß ÇÈ £ÂÏ 11. ²ÂÊÖÏÇÇÕÔâ,
ÐËÚßÈ ÏÐÇÐËÇ â ÕÂÍ ÔËÎßÐÑ ÐÇ ÒÓÇÆÄÑÔØËÜÂá, ÍÂÍ £ÂÛÇ:
ÓÂÊÆÇÎËÕÇ ÎË £Þ ÓÂÆÖÉÐÞÇ ÐÂÆÇÉÆÞ, ÍÑÕÑÓÞÇ â ÔÄâÊÞ-
ÄÂá Ô ÍÄÂÐÕÑÄÞÏË ÖÓÂÄÐÇÐËâÏË, ÒÑÎÖÚÇÐÐÞÏË ËÊ ÒÓËÐ-
ÙËÒÂ ¤ÂÏËÎßÕÑÐÂ 12.

®ÐÇ ÖÆÂÎÑÔß Í ÐÂÔÕÑâÜÇÏÖ ÄÓÇÏÇÐË ÒÓÇÆÔÕÂÄËÕß ÇÜÈ
ÐÇÍÑÕÑÓÞÇ ÒÓÑÃÎÇÏÞ ÏÇØÂÐËÍË Ä ÐÑÄÑÏ ÒÑÆØÑÆÇ. £ ÒÓÇ-
ÆÇÎÂØ ÏÑËØ ÏÂÕÇÏÂÕËÚÇÔÍËØ ÄÑÊÏÑÉÐÑÔÕÇÌ ÄÔÈ ÑÃÓÂÊÖ-
ÇÕÔâ ÐÂËÍÓÂÔËÄÇÌÛËÏ ÑÃÓÂÊÑÏ ì ÚÕÑ ÒÓËÏÇÚÂÕÇÎßÐÑ,
àÕÑ ÐÇ ÍÂÎßÍÂ ÔÕÂÓÞØ ÒÓÂÄËÎ ÍÄÂÐÕÑÄÂÐËâ, Â ÇÔÕß ÔÖÜÇ-
ÔÕÄÇÐÐÞÇ ÓÂÊÎËÚËâ ÒÑ ØÂÓÂÍÕÇÓÐÞÏ ÒÖÐÍÕÂÏ 13.

¤ÂÓÏÑÐËÚÇÔÍËÌ ÑÔÙËÎÎâÕÑÓ ÐÇÑÃØÑÆËÏÑ ÓÂÔÔÏÂÕÓË-
ÄÂÕß ÒÓË ÒÑÏÑÜË ÕÇØ ÉÇ ÂÐÂÎËÕËÚÇÔÍËØ ÒÓËÈÏÑÄ, ÚÕÑ Ë
ÊÂÆÂÚÖ ¬ÇÒÎÇÓÂ* (Ä ÖÓÂÄÐÇÐËÇ ÑÔÙËÎÎâÙËÌ, ÒÑÎÖÚÂÇÏÑÇ
ÆÎâ ×ÖÐÍÙËË c, ÔÎÇÆÖÇÕ ÄÄÇÔÕË ÍÄÂÆÓÂÕ ÂÃÔÙËÔÔÞ Ä
ÍÂÚÇÔÕÄÇ ÐÇÊÂÄËÔËÏÑÌ ÒÇÓÇÏÇÐÐÑÌ) 14. ª ÕÖÕ ÏÞ ÄÐÑÄß
ÔÕÂÎÍËÄÂÇÏÔâ ÔÑ ÔÕÓÂÐÐÞÏ ÔÎÖÚÂÇÏ ÕÑÅÑ, ÍÂÍ ÖÓÂÄÐÇÐËÇ,
ÍÑÕÑÓÑÇ ÐÇ ÏÑÉÇÕ ÃÞÕß ÒÓÑËÐÕÇÅÓËÓÑÄÂÐÑ Ä ÑÃÞÚÐÞØ
ÍÄÂÆÓÂÕÖÓÂØ, ËÐÕÇÅÓËÓÖÇÕÔâ ÍÂÍ ÓÂÊ ÕÂÍË Ä ÚÂÔÕÐÑÏ
ÔÎÖÚÂÇ, Ä àÎÇÏÇÐÕÂÓÐÞØ ×ÖÐÍÙËâØ ì ÑÚÇÓÇÆÐÑÇ ÆÑÍÂÊÂ-

ÕÇÎßÔÕÄÑ ÕÑÅÑ, ÍÂÍ ÎáÃÇÊÐÑ ±ÓËÓÑÆÂ ÔÕÓÇÏËÕÔâ ÑÃÎÇÅ-
ÚËÕß ÐÂÏ ÒÑÐËÏÂÐËÇ ÇÈ ÊÂÍÑÐÑÄ. ±ÑÎÖÚÇÐÐÞÇ ÔÑÃÔÕÄÇÐ-
ÐÞÇ ÊÐÂÚÇÐËâ (àÐÇÓÅÇÕËÚÇÔÍËÇ ÖÓÑÄÐË): 2n�1

2
hn; ÕÑ ÇÔÕß ÕÂÍ

ÐÂÊÞÄÂÇÏÑÇ ÒÑÎÖÙÇÎÑÇ ÍÄÂÐÕÑÄÂÐËÇ 15. ·ÑÕâ ÊÆÇÔß ÍÄÂÐ-
ÕÑÄÞÇ ÓÂÊÐÑÔÕË ÑÔÕÂáÕÔâ ÐÇËÊÏÇÐÐÂÏË, ÕÑ Ä àÕÑÏ ÏÐÇ
ÄËÆËÕÔâ ØÑÓÑÛÇÇ ÒÓÇÆÊÐÂÏÇÐÑÄÂÐËÇ, ÄÇÆß 2n�1

2 âÄÎâÇÕÔâ
ÂÓË×ÏÇÕËÚÇÔÍËÏ ÔÓÇÆÐËÏ ËÊ n Ë n� 1:

²ÑÕÂÕÑÓ (dumbbell, Ô×ÇÓËÚÇÔÍËÌ ÄÑÎÚÑÍ) Ä ÕÓÈØÏÇÓ-
ÐÑÏ ÔÎÖÚÂÇ (Õ.Ç. Ô ÆÄÖÏâ ÒÇÓÇÏÇÐÐÞÏË #;j) ÑÚÇÐß ÒÓÑÔÕ,
ÔÑÃÔÕÄÇÐÐÞÇ ×ÖÐÍÙËË ÃÖÆÖÕ ÔÑÑÕÄÇÕÔÕÄÑÄÂÕß ÔÕÂÐÆÂÓÕ-
ÐÞÏ Ô×ÇÓËÚÇÔÍËÏ ×ÖÐÍÙËâÏ, Â ÔÑÃÔÕÄÇÐÐÞÇ ÊÐÂÚÇÐËâ
(ÖÓÑÄÐË àÐÇÓÅËË) ÒÑÎÖÚÂáÕÔâ ÍÂÍ n�n� 1� h2

8p2J : ·ÂÓÂÍÕÇÓ-
ÐÑÇ ÄÞÓÂÉÇÐËÇ n�n� 1� ÐÂØÑÆËÏ ËÊ ÆË××ÇÓÇÐÙËÂÎßÐÑÅÑ
ÖÓÂÄÐÇÐËâ ÆÎâ Ô×ÇÓËÚÇÔÍËØ ÅÂÓÏÑÐËÍ. ®ÇÐâ àÕÑ ÐÇÔÍÂ-
ÊÂÐÐÑ ÓÂÆÖÇÕ, ÐÇ ÔÕÑÎß ËÊ-ÊÂ ÄÞÛÇÒÓËÄÇÆÈÐÐÑÅÑ ÔÎÖÚÂâ, Â
ËÊ-ÊÂ ÄÑÊÏÑÉÐÑÔÕË ÐÂÆÇâÕßÔâ, ÚÕÑ Ë Ä ÆÂÎßÐÇÌÛÇÏ ÕÂÏ,
ÅÆÇ àÕÑ ÐÖÉÐÑ, ÃÖÆÖÕ ÒÑÎÖÚÂÕßÔâ n�n� 1� ÄÏÇÔÕÑ n 2 16 (Ä
£ÂÛËØ ×ÑÓÏÖÎÂØ ËÐÕÇÐÔËÄÐÑÔÕË Ë Ä ×ÑÓÏÖÎÂØ ÂÐÑÏÂÎß-
ÐÑÅÑ ÓÂÔÜÇÒÎÇÐËâ ©ÇÇÏÂÐÂ) 17. ¡ Ä ÔÎÖÚÂÇ ÓÑÕÂÕÑÓÂ,

9 ±ÇÓÇÄÑÆ ÒÑ [64, c. 170 ë 173]. ¿ÕÑ ÒËÔßÏÑ ÕÂÍÉÇ ÑÒÖÃÎËÍÑÄÂÐÑ Ä
ËÊÆÂÐËË: Arnold Sommerfeld, Wissenschaftlicher Briefwechsel, Band 2,
S. 236 ë 238.
10 ±ÓÇÆÞÆÖÜÇÇ (ËÊÄÇÔÕÐÑÇ) ÒËÔßÏÑ ºÓÈÆËÐÅÇÓÂ [64, Ô. 132 ë 135]
©ÑÏÏÇÓ×ÇÎßÆÖ ÃÞÎÑ ÐÂÒËÔÂÐÑ Ä ËáÎÇ 1925 Å.
11 ¿ÕÑ ÃÞÎÑ ÒÇÓÄÑÇ ÔÑÑÃÜÇÐËÇºÓÈÆËÐÅÇÓÂ ÒÑ ÄÑÎÐÑÄÑÌÏÇØÂÐËÍÇ [1],
ÒÑÔÎÂÐÐÑÇ ÊÂ ÐÇÔÍÑÎßÍÑ ÆÐÇÌ ÆÑ àÕÑÅÑ £ËÎßÅÇÎßÏÖ £ËÐÖ, ÑÆÐÑÏÖ ËÊ
ÓÇÆÂÍÕÑÓÑÄ Annalen der Physik (ÔÏ. ÕÂÍÉÇ ÑÕÄÇÕ £ËÐÂ [64, Ô. 177]).
12 ³Ó. [50, 51]. ³Ï. ÕÂÍÉÇ ÑÕÄÇÕ ©ÑÏÏÇÓ×ÇÎßÆÂ [64, Ô. 173 ë 175].
13 ³ÑÅÎÂÔÐÑ ÍÑÎÎÇÅÇºÓÈÆËÐÅÇÓÂ ÒÑ ÒÓÇÆÛÇÔÕÄÖáÜÇÌ ÓÂÃÑÕÇ ±ÇÕÇÓÖ
±ÂÖÎá ¿ÄÂÎßÆÖ [96, p. 385], ×ÖÐÆÂÏÇÐÕÂÎßÐÞÌ ÕÓÖÆ ¬ÖÓÂÐÕÂ Ë
¤ËÎßÃÇÓÕÂ 1924 Å. ÒÑ ÏÇÕÑÆÂÏ ÏÂÕÇÏÂÕËÚÇÔÍÑÌ ×ËÊËÍË [97] "ÒÑÊÄÑ-
ÎËÎ ×ËÊËÍÂÏ ÄÒËÕÂÕß ÆÖØ ÇÆËÐÑÅÑ ÏÂÕÇÏÂÕËÚÇÔÍÑÅÑ ÏÇÕÑÆÂ Ä ÑÔÑ-
ÃÇÐÐÑ ÄÂÉÐÑÌ ÑÃÎÂÔÕË, ÔÄâÊÂÐÐÑÌ Ô ÍÎáÚÇÄÞÏË ÒÑÐâÕËâÏË: ÔÑÃ-
ÔÕÄÇÐÐÞÇ ÊÐÂÚÇÐËâ, ÔÑÃÔÕÄÇÐÐÞÇ ×ÖÐÍÙËË. ³ÑÑÕÄÇÕÔÕÄÖáÜËÇ ÒÓÑ-
ÃÎÇÏÞ... ÄÑÊÐËÍÂáÕ Ä ×ËÊËÍÇ ÚÇÓÇÊ ÑÔÙËÎÎâÙËË ÄÔâÍÑÅÑ ÓÑÆÂ." ³
ÃÑÎßÛÑÌ ÔÕÇÒÇÐßá ÖÄÇÓÇÐÐÑÔÕË ÏÑÉÐÑ ÒÑÎÂÅÂÕß, ÚÕÑ ºÓÈÆËÐÅÇÓ ÐÇ
ËÏÇÎ àÕÑÌ ÍÐËÅË Ä ¡ÓÑÊÇ [39]. ´ÑÎßÍÑ Ä ÔÄÑÇÌ ÄÕÑÓÑÌ ÔÕÂÕßÇ ºÓÈ-
ÆËÐÅÇÓ ÃÎÂÅÑÆÂÓËÕ ÔÄÑÇÅÑ ÂÔÔËÔÕÇÐÕÂ ¿. ¶ÖÇÔÂ (E. Fues) ÊÂ ÖÍÂÊÂÐËÇ
ÔÄâÊË ÊÂÆÂÚË Ñ ÅÂÓÏÑÐËÚÇÔÍÑÏ ÑÔÙËÎÎâÕÑÓÇ Ô ÒÑÎËÐÑÏÂÏË ¿ÓÏËÕÂ Ë
ÖÍÂÊÞÄÂÇÕ ÐÂ ÔÄâÊß ÔÄÑÇÌ ÄÑÎÐÑÄÑÌ ×ÖÐÍÙËË Ä "ÒÓÑÃÎÇÏÇ ¬ÇÒÎÇÓÂ" Ô
ÒÑÎËÐÑÏÂÏË ­ÂÅÇÓÓÂ [88].
14 "°ÔÙËÎÎâÕÑÓ ±ÎÂÐÍÂ" ÓÂÔÔÏÂÕÓËÄÂÇÕÔâ ÄÑ ÄÕÑÓÑÌ ÔÕÂÕßÇ ºÓÈÆËÐ-
ÅÇÓÂ [88] ÍÂÍ ÒÇÓÄÞÌ ÒÓËÏÇÓ.

15 ³Ó. [88]. ±ÑÎÖÙÇÎÞÇ ÍÄÂÐÕÑÄÞÇ ÚËÔÎÂ ÃÞÎË ÕÂÍÉÇ ÄÄÇÆÇÐÞ ¤ÇÌÊÇÐ-
ÃÇÓÅÑÏ Ä ÇÅÑ ÓÂÐÐËØ ÒÑÒÞÕÍÂØ ÑÒËÔÂÕß ÂÐÑÏÂÎßÐÞÌ à××ÇÍÕ ©ÇÇÏÂÐÂ.
16 £Ñ ÄÄÇÆÇÐËË Í ÔÄÑÇÌ ÍÐËÅÇ, ÆÑÒÑÎÐËÕÇÎßÐÑÏÖ ÏÂÕÇÓËÂÎÖ ÒÑ ÄÑÎ-
ÐÑÄÑÌ ÏÇØÂÐËÍÇ [59, Ô. 2], ©ÑÏÏÇÓ×ÇÎßÆ ÖÍÂÊÞÄÂÇÕ, ÚÕÑ àÕË ÕÓÖÆÐÑÔÕË
ÔÕÂÓÑÌ ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË ÐÂÛÎË ÔÇÌÚÂÔ ÔÄÑÈ ÇÔÕÇÔÕÄÇÐÐÑÇ ÑÃÝâÔÐÇÐËÇ
Ä ÐÑÄÑÌ ÄÑÎÐÑÄÑÌ ÏÇØÂÐËÍÇ.
17 ¬ÂÍ ÑÕÏÇÚÂÎ ©ÑÏÏÇÓ×ÇÎßÆ Ä [28, Ô. 333, 476], ÒÑâÄÎÇÐËÇ j�j� 1�
ÄÏÇÔÕÑ j 2 Ä g-×ÂÍÕÑÓÇ ­ÂÐÆÇ "ÒÓÇÆÒÑÎÂÅÂÇÕ, ÚÕÑ ÆÄÂ ÔÑÔÇÆÐËØ ÔÑ-
ÔÕÑâÐËâ j Ë j� 1 ×ËÊËÚÇÔÍË ÖÏÇÔÕÐÞ ÄÏÇÔÕÑ ÑÆÐÑÅÑ ÔÑÔÕÑâÐËâ j.

¯ÂÆÒËÔß ÐÂ ÑÃÑÓÑÕÇ ×ÑÕÑÅÓÂ×ËË:
±ÓÑ×ÇÔÔÑÓ ¿. ºÓÈÆËÐÅÇÓ, ÆÇÍÂÃÓß 1926 Å.

(ÔÏ. https://search.library.wisc.edu/digital/AHDIU5YGAIRZOW8N).
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ÐÂÒÓÑÕËÄ, ÐÖÉÐÑ ÃÖÆÇÕ ÔÒÇÓÄÂ ÒÑÆÖÏÂÕß, ÐÇ ÐÂÐÇÔÈÕ ÎË
àÕÑ ÖÜÇÓÃÂ ÑÃÝâÔÐÇÐËá ÒÑÎÑÔÂÕÞØ ÔÒÇÍÕÓÑÄ. °ÆÐÂÍÑ, â Ä
àÕÑÏ ÔÑÏÐÇÄÂáÔß. ­ÇÅÍÑ ÊÂÏÇÕËÕß, ÚÕÑ àÕÑÕ à××ÇÍÕ âÄ-
ÎâÇÕÔâ ÎËÛß ÔÑÄÔÇÏ ÐÇÃÑÎßÛÑÌ ÓÂÊÐËÙÇÌ ÎËÐÇÌÐÞØ
ÔÎÂÅÂÇÏÞØ ÒÑÎÑÉËÕÇÎßÐÑÌ Ë ÑÕÓËÙÂÕÇÎßÐÑÌ ÄÇÕÄÇÌ, Â
àÕÑ ÑÕÎËÚËÇ, ÇÔÎË â ÒÓÂÄËÎßÐÑ ÒÑÏÐá, Ë ÃÇÊ ÕÑÅÑ ÆÇÌ-
ÔÕÄËÕÇÎßÐÑ ÒÓÑâÄÎâÇÕÔâ (ËÎË ÚÕÑ-ÕÑ ÇÏÖ ÒÑÆÑÃÐÑÇ, â
ÒÓÑÄÈÎ ÄÔÇ àÕË ÓÂÔÚÈÕÞ ÕÑÎßÍÑ ÄÚÇÓÂ, Ô ÕÑÅÑ ÏÑÏÇÐÕÂ
ÇÜÈ ÐÇ ÃÞÎÑ ÄÓÇÏÇÐË ÒÇÓÇÒÓÑÄÇÓËÕß).

¥Îâ ÔÄÑÃÑÆÐÑÅÑ ÆÄËÉÇÐËâ ÏÂÕÇÓËÂÎßÐÑÌ ÕÑÚÍË ÒÑÎÖ-
ÚÂÇÏ, ÚÕÑ ÄÑÊÏÑÉÐÑ ÎáÃÑÇ ÊÐÂÚÇÐËÇ àÐÇÓÅËË, ÒÓË ÖÔÎÑ-
ÄËË, ÚÕÑ ÏÂÕÇÓËÂÎßÐÂâ ÕÑÚÍÂ ÐÂØÑÆËÕÔâ Ä ÃÇÔÍÑÐÇÚÐÑÏ
ÒÓÑÔÕÓÂÐÔÕÄÇ. ¦ÔÎË ÉÇ ÑÐÂ ÐÂØÑÆËÕÔâ Ä âÜËÍÇ, ÍÑÕÑÓÞÌ
ÏÞ ÖÍÂÊÞÄÂÇÏ ÍÂÍ ÅÓÂÐËÚÐÞÇ ÖÔÎÑÄËâ ÆÎâ c-×ÖÐÍÙËË,
ÒÑÎÖÚÂÇÏ ÆËÔÍÓÇÕÐÞÇ ÖÓÑÄÐË àÐÇÓÅËË, ÒÓËÏÇÓÐÑ ÔÑÑÕ-
ÄÇÕÔÕÄÖáÜËÇ ÍÄÂÐÕÑÄÂÐËá ÊËÅÊÂÅÑÑÃÓÂÊÐÑÅÑ ÆÄËÉÇÐËâ.
¦ÔÎË ÒÓÑÄÑÆËÕß ÄÞÚËÔÎÇÐËâ ÓÇÎâÕËÄËÔÕÔÍËÏ ÏÇÕÑÆÑÏ,
ÕÑ ÆÎâ ÔÄÑÃÑÆÐÑÌ ÏÂÕÇÓËÂÎßÐÑÌ ÕÑÚÍË ÔÑÃÔÕÄÇÐÐÞÇ
×ÖÐÍÙËË ÃÖÆÖÕ ÔÑÑÕÄÇÕÔÕÄÑÄÂÕß ×ÂÊÑÄÞÏ ÄÑÎÐÂÏ ÆÇ
¢ÓÑÌÎâ18, Â Ä ÔÎÖÚÂÇ ÏÂÕÇÓËÂÎßÐÑÌ ÕÑÚÍË Ä âÜËÍÇ àÕÑ
ÃÖÆÖÕ ÔÑÃÔÕÄÇÐÐÞÇ ÍÑÎÇÃÂÐËâ ÑÃÝÈÏÂ âÜËÍÂ Ô ÖÚÈÕÑÏ
ÆËÔÒÇÓÔËÑÐÐÑÅÑ ÊÂÍÑÐÂ ×ÂÊÑÄÞØ ÄÑÎÐ ÆÇ ¢ÓÑÌÎâ.

±ÑÏËÏÑ ÄÞÚËÔÎÇÐËâ ÑÔÑÃÞØ ÚÂÔÕÐÞØ ÔÎÖÚÂÇÄ, ÕÂÍËØ
ÍÂÍ à××ÇÍÕÞ ºÕÂÓÍÂ, ©ÇÇÏÂÐÂ Ë ÓÇÎâÕËÄËÔÕÔÍÑÇ ÆÄËÉÇ-
ÐËÇ ¬ÇÒÎÇÓÂ, ÔÎÇÆÖáÜÇÌ ÄÂÉÐÑÌ ÊÂÆÂÚÇÌ ÄËÆËÕÔâ ×ÑÓÏÖ-
ÎËÓÑÄÍÂ ÊÂÍÑÐÂ ÆÎâ ËÐÕÇÐÔËÄÐÑÔÕË Ë ÒÑÎâÓËÊÂÙËË, ÍÑÕÑ-
ÓÞÌ ÆÑÎÉÇÐ ÊÂÏÇÐËÕß ÒÓËÐÙËÒ ÔÑÑÕÄÇÕÔÕÄËâ 19. ´ÂÍ ÍÂÍ â
ÒÑÎÂÅÂá, ÚÕÑ c-×ÖÐÍÙËâ ÆÇÌÔÕÄËÕÇÎßÐÑ ÑÒËÔÞÄÂÇÕ ÄÐÖÕ-
ÓËÂÕÑÏÐÞÇ ÒÓÑÙÇÔÔÞ, ÒÓËÄÑÆâÜËÇ Í ËÊÎÖÚÇÐËá ÔÄÇÕÂ,
ÑÐÂ ÆÑÎÉÐÂ ÐÇÔÕË ËÐ×ÑÓÏÂÙËá ÑÃ àÕÑÏ. ¯ÇÑÃØÑÆËÏÑ
ËÔÔÎÇÆÑÄÂÕß ÍÑÎÇÃÂÐËâ ËÐÕÇÐÔËÄÐÑÔÕË ÏÇÉÆÖ ÆÄÖÏâ
ÑÆÐÑÄÓÇÏÇÐÐÑ ÄÑÊÃÖÉÆÇÐÐÞÏË ÔÑÃÔÕÄÇÐÐÞÏË ÍÑÎÇÃÂ-
ÐËâÏË, Â ÕÂÍÉÇ ËØ ÓÂÔÒÓÇÆÇÎÇÐËÇ Ä ÒÓÑÔÕÓÂÐÔÕÄÇ. ¯ÂÄÇÓ-
ÐâÍÂ Ä ÕÂÍÑÏ ÔÎÖÚÂÇ ÃÑÅÂÕÂâ ÏÂÕÇÏÂÕËÚÇÔÍÂâ ÕÇÑÓËâ
(ÑÓÕÑÅÑÐÂÎßÐÑÔÕß ÔÑÃÔÕÄÇÐÐÞØ ×ÖÐÍÙËÌ, ÒÑÐËÏÂÐËÇ ÔÑÃ-
ÔÕÄÇÐÐÞØ ÊÐÂÚÇÐËÌ ÍÂÍ àÍÔÕÓÇÏÂÎßÐÞØ ÆÎâ ËÐÕÇÅÓÂÎÑÄ
¤ÂÏËÎßÕÑÐÂ Ë ÕÂÍ ÆÂÎÇÇ) ÒÓËÄÇÆÈÕ Í ÒÓÑÔÕÞÏ ÓÇÊÖÎßÕÂ-
ÕÂÏ.

®ÇÐâ ÃÇÔÒÑÍÑËÕ ÓÇÎâÕËÄËÔÕÔÍÂâ ÒÓÑÃÎÇÏÂ¬ÇÒÎÇÓÂ 20.
Á ÐÇ ÔÑÄÔÇÏ ÖÄÇÓÇÐ Ä ÒÓÂÄÆËÄÑÔÕË ÏÑÇÅÑ ÖÕÄÇÓÉÆÇÐËâ Ä
ÔÕÂÕßÇ, ÚÕÑ ÔÑÒÖÕÔÕÄÖáÜÇÇ ÆÄËÉÇÐËÇ âÆÓÂ ÔÕÑÎß ÊÐÂÚË-
ÕÇÎßÐÑ ÒÓË ÐÑÄÑÏ ÒÑÆØÑÆÇ. ¦ÜÈ ÏÇÐÇÇ â ÖÄÇÓÇÐ Ä ÔÄÑÈÏ
ÊÂÏÇÚÂÐËË, ÚÕÑ Ë ÒÓË ÔÕÂÓÑÏ ÒÑÆØÑÆÇ àÕÑ ÏÑÉÇÕ ÃÞÕß
ÕÂÍ, ÒÑàÕÑÏÖ ØÑÕÇÎ ÃÞ £ÂÔ ÒÑÒÓÑÔËÕß ÊÂÚÇÓÍÐÖÕß àÕÑ
ÊÂÏÇÚÂÐËÇ, ÇÔÎË ÔÑÚÕÈÕÇ ÇÅÑ ÃÇÔÔÏÞÔÎËÙÇÌ 21.

¯Ñ, ÓÂÊÖÏÇÇÕÔâ, ÐÂ ÏÑÌ ÄÊÅÎâÆ, ÒÑÏÑÜß ÏÑÉÇÕ
ÒÑÆÑÔÒÇÕß ÕÑÎßÍÑ ÑÕ ÆÄËÉÇÐËâ âÆÇÓ, ËÐÂÚÇ ÒÑÎÖÚÂáÕÔâ
ÚÂÔÕËÚÐÞÇ (ÆÓÑÃÐÞÇ) ÍÄÂÐÕÞ, ÚÕÑ ÒÓÑÕËÄÑÓÇÚËÕ ÓÇÊÖÎß-
ÕÂÕÂÏ ÐÂÃÎáÆÇÐËÌ. ª ËÏÇÐÐÑ àÕË ÒÑÎÑÄËÐÚÂÕÞÇ ÍÄÂÐÕÞ
ÒÑÎÖÚÂáÕÔâ ËÊ ÕÇØ ÔÂÏÞØ n�n� 1�, ÔÄâÊÂÐÐÞØ ÔÑ Ô×ÇÓËÚÇ-
ÔÍËÏË ×ÖÐÍÙËâÏË, ÚÕÑ, Ä ÔÄÑá ÑÚÇÓÇÆß, ÍÓÂÌÐÇ ÓÂÆÖÇÕ.

£ ÍÑÐÇÚÐÑÏ ËÕÑÅÇ ØÑÕÇÎ ÃÞ ÇÜÈ ÑÕÏÇÕËÕß, ÚÕÑ
ÐÂØÑÉÆÇÐËÇ ÄÔÇÌ ÄÊÂËÏÑÔÄâÊË, ÆÂÉÇ ÇÔÎË àÕÑ ÔØÑÆÖ ÐÇ
ÑÚÇÄËÆÐÑ, ÑÒËÓÂÇÕÔâ ÐÂ £ÂÛ ËÊâÜÐÞÌ ÏÇÕÑÆ ËÐÕÇÅÓËÓÑ-
ÄÂÐËâ ÆÎâ ÑÙÇÐÍË ÓÂÆËÂÎßÐÑÅÑ ÍÄÂÐÕÑÄÑÅÑ ËÐÕÇÅÓÂÎÂ.
ªÏÇÐÐÑ, ØÂÓÂÍÕÇÓÐÑÇ Ë ÊÐÂÍÑÏÑÇ ÊÐÂÚÇÐËÇ ÿ B���

A
p � ������

C 0
p

;
ÄÐÇÊÂÒÐÑ, ÍÂÍ ÔÄâÕÑÌ ¤ÓÂÂÎß, ÊÂÔËâÎÑ ËÊ ÒÑÍÂÊÂÕÇÎÇÌ
ÔÕÇÒÇÐÇÌ a1 Ë a2 22.

¯ÂÆÇáÔß, ÚÕÑ £Þ, ÆÑÔÕÑÒÑÚÕÇÐÐÞÌ ÅÑÔÒÑÆËÐ ±ÓÑ×ÇÔ-
ÔÑÓ, Â ÕÂÍÉÇ ÄÔÇ £ÂÛË ÒÓÇÃÞÄÂÇÕÇ Ä ÆÑÃÓÑÏ ÊÆÓÂÄËË.

³ ÐÂËÎÖÚÛËÏË Ë ÒÑÚÕÇÐÐÇÌÛËÏË ÒÑÉÇÎÂÐËâÏË ÑÕ
ÏÑÇÅÑ ÆÑÏÂ £ÂÛÇÏÖ, ÒÓÇËÔÒÑÎÐÇÐÐÞÌ ÃÎÂÅÑÆÂÓÐÑÔÕË,
ÑÔÕÂáÔß ÄÔÇÅÆÂ ÒÓÇÆÂÐÐÞÌ £ÂÏ,

¿. ºÓÈÆËÐÅÇÓ

P.S. °×ËÙËÂÎßÐÑÅÑ ÓÇÛÇÐËâ ÒÑ ªÐÔÃÓÖÍÖ ÒÑÍÂ ÇÜÈ ÐÇÕ 23.
°ÆÐÂÍÑ, ÒÑÎÂÅÂá, ÚÕÑ ÑÔÕÂÐÖÔß ÊÆÇÔß. ¯Â ÏÑÈ ÓÇÛÇÐËÇ, Ä
ÒÇÓÄÖá ÑÚÇÓÇÆß, ÄÎËâÇÕ ÒÇÓÇÇÊÆ ºÄÂÌÆÎÇÓÂ Ä £ÇÐÖ 24.
±ÑÔÎÇ ÓÂÊÅÑÄÑÓÂ Ô £ÂÏË (â ÐÇ ÊÐÂá, £ÂÛÇ ÎË àÕÑ
ÐÇÒÑÔÓÇÆÔÕÄÇÐÐÑÇ ÏÐÇÐËÇ) ÏÐÇ ÐÂÒËÔÂÎ ¤ÇÓÙ×ÇÎßÆ, ÚÕÑ
ÔÎÇÆÖÇÕ ÒÑÒÞÕÂÕßÔâ ÒÑÆÆÇÓÉÂÕß ³ÏÇÍÂÎÂ 25. ¥ÖÏÂá, àÕÑ
ÃÖÆÇÕ ÊÂÕÓÖÆÐËÕÇÎßÐÑ, ÄÇÆß ®ÂÓØ ÐÂÊÄÂÐ �aque loco Ë
ÊÂÆÇÌÔÕÄÑÄÂÐ ÖÉÇ Ä ÕÇÚÇÐËÇ ÍÂÍÑÅÑ-ÕÑ ÄÓÇÏÇÐË. °ÆÐÂÍÑ
´ËÓÓËÐÅ ÔÆÇÎÂÇÕ àÕÑ Ä ÎáÃÑÏ ÔÎÖÚÂÇ, ÑÐ ÐÂÒËÔÂÎ ÏÐÇ
ÓÂÐÇÇ, ÒÓÑÔËÎ ÔÑÑÃÜËÕß ÑÃ Ñ×ËÙËÂÎßÐÑÏ ÓÇÛÇÐËË.
±ÑÉÂÎÖÌÔÕÂ, ÒÓË ÔÎÖÚÂÇ ÐÇ ÔÑÑÃÜÂÌÕÇ Ñ ÏÑÈÏ ÓÇÛÇÐËË,
ÍÂÍ ÖÉÇ Ñ ÔÄÇÓÛËÄÛÇÏÔâ. ±Ñ ÑÕÐÑÛÇÐËá Í ÑÃÑËÏ
ÖÚÓÇÉÆÇÐËâÏ àÕÑ ÃÞÎÑ ÃÞ Ô ÏÑÇÌ ÔÕÑÓÑÐÞ ÐÇÍÓÂÔËÄÑ. ª,
Ô ÆÓÖÅÑÌ ÔÕÑÓÑÐÞ, ÕÂÍÂâ ÊÂÆÇÓÉÍÂ ÏÇÐâ ÄÒÑÎÐÇ ÓÂÆÖÇÕ,
ÕÂÍ ÍÂÍ ÕÇÒÇÓß, ÒÑÔÎÇ ÃÑÎßÛËØ ÖÔËÎËÌ, â ÊÆÇÔß ÄÔÈ ÉÇ ÍÑÇ-
ÍÂÍÖá ÏÇÎÑÚß ÒÑÎÖÚÖ, Â ËÏÇÐÐÑ: ÐÑÄÖá ÆÑÔÍÖ ÆÎâ
ÎÇÍÙËÑÐÐÑÅÑ ÊÂÎÂ Ë, ÐÂÆÇáÔß, ÐÇÏÐÑÉÇÚÍÑ ÃÑÎßÛÇ ÆÇÐÇÅ
Ä ÃáÆÉÇÕ ÆÎâ ÔÇÏËÐÂÓÔÍÑÌ ÃËÃÎËÑÕÇÍË.

¥. £ÞÄÑÆ ÖÓÂÄÐÇÐËÌ (3.18) ë (3.21)
ÒÓË ÒÑÏÑÜË ÔËÔÕÇÏÞ Mathematica
¿ÕÂ ÚÂÔÕß ÐÂÛÇÌ ÔÕÂÕßË ÄÞÐÇÔÇÐÂ Ä ÑÕÆÇÎßÐÞÌ ÆÑÍÖÏÇÐÕ
AppendixE.pdf, ÍÑÕÑÓÞÌ ÚËÕÂÕÇÎß ÏÑÉÇÕ ÐÂÌÕË ÐÂ ÄÇÃ-
ÔÕÓÂÐËÙÇ ÉÖÓÐÂÎÂ µ¶¯ www.ufn.ru Ä ÓÖÔÔÍÑÏ (DOI:
https://doi.org/10.3367/UFNr.2025.08.040014) Ë ÂÐÅÎËÌ-
ÔÍÑÏ (DOI: https://doi.org/10.3367/UFNe.2025.08.040014)
ÄÂÓËÂÐÕÇ ÄÏÇÔÕÇ Ô ÆÑÒÑÎÐËÕÇÎßÐÞÏË ÒÓÑÅÓÂÏÏÂÏË. ªÊ
ÐÂÛÇÅÑ ÄÔÒÑÏÑÅÂÕÇÎßÐÑÅÑ ÃÎÑÍÐÑÕÂ ÔËÔÕÇÏÞ Mathema-
tica, AppendixE.pdf [57]: "¹ËÕÂÕÇÎß ÏÑÉÇÕ ÔÍÑÒËÓÑÄÂÕß
ÄÔÇ ÄÄÑÆÐÞÇ ÔÇÍÙËË àÕÑÌ ÆÑÒÑÎÐËÕÇÎßÓÑÌ ÒÓÑÅÓÂÏÏÞ
ÔËÔÕÇÏÞ Mathematica, ÑÃÑÊÐÂÚÇÐÐÞÇ In[#]:=, ËÊ
ÐÂÛÇÅÑ PDF-ÆÑÍÖÏÇÐÕÂ ÒÓâÏÑ Ä ÐÑÄÞÌ ÃÎÑÍÐÑÕ ®ÂÕÇ-
ÏÂÕËÍË Ë ÄÞÒÑÎÐËÕß ÑÆÐÖ ÊÂ ÆÓÖÅÑÌ, ÒÑ ÒÑÓâÆÍÖ, ÄÔÇ
ÍÑÏÂÐÆÞ, ÚÕÑÃÞ ÒÑÄÕÑÓËÕß ÐÂÛË ÄÞÚËÔÎÇÐËâ".

¥ÂÎßÐÇÌÛÂâ ÒÑÆÆÇÓÉÍÂ Ô ÔËÔÕÇÏÑÌ Mathematica: ¥Ñ-
ÒÑÎÐËÕÇÎßÐÑ Í ÃÎÑÍÐÑÕÖAppendixE.nb, ÒÓÇÆÔÕÂÄÎÇÐÐÑÏÖ

18 ¬ÂÍ ÏÞ ÄËÆËÏ ËÊ ÇÅÑ ÒËÔßÏÂ ¿ÌÐÛÕÇÌÐÖ [64, Ô. 141 ë 143], Ä ÔÄÑÇÌ
ÓÂÃÑÕÇ ºÓÈÆËÐÅÇÓ ÃÞÎ ÄÑÑÆÖÛÇÄÎÈÐ "ÊÂÏÇÚÂÕÇÎßÐÞÏË ÕÇÊËÔÂÏË"
(1925 Å.) ­ÖË ÆÇ ¢ÓÑÌÎâ Ñ ×ÂÊÑÄÞØ ÄÑÎÐÂØ àÎÇÍÕÓÑÐÑÄ, Ô ÍÑÕÑÓÞÏË ÑÐ
ÄÒÇÓÄÞÇ ÑÊÐÂÍÑÏËÎÔâ Ä ÐÂÚÂÎÇ ÐÑâÃÓâ 1925 Å.
19 ³Ï. ÕÂÍÉÇ ÊÂÏÇÚÂÐËâ Ä ÇÅÑ ÒËÔßÏÂØ ­ÑÓÇÐÙÖ [64, Ô. 203 ë 205] Ë
£ÇÐÕÙÇÎá [64, Ô. 226 ë 228].
20 ºÓÈÆËÐÅÇÓ, ÍÂÍ ÔÎÇÆÖÇÕ ËÊ ÇÅÑ ÊÂÏÇÕÑÍ (ÓËÔ. 5), ÔÐÂÚÂÎÂ ÒÓÇÆÎÑÉËÎ
ÓÇÎâÕËÄËÔÕÔÍÑÇ ÄÑÎÐÑÄÑÇ ÖÓÂÄÐÇÐËÇ, ÒÓÇÉÆÇ ÚÇÏ ÒÓËÌÕË Í ØÑÓÑÛÑ
ËÊÄÇÔÕÐÑÏÖ ÐÇÓÇÎâÕËÄËÔÕÔÍÑÏÖ ÖÓÂÄÐÇÐËá [39]. (³Ï. ÕÂÍÉÇ ÇÅÑ ÒËÔß-
ÏÂ ©ÑÏÏÇÓ×ÇÎßÆÖ [64, Ô. 178 ë 184] Ë ­ÑÓÇÐÙÖ [64, Ô. 252 ë 261] Ë
ËÔÕÑÓËÚÇÔÍËÇ ËÔÔÎÇÆÑÄÂÐËâ [66, 76, 77].)
21 ©ÑÏÏÇÓ×ÇÎßÆ ÑÃÔÖÉÆÂÇÕ àÕÑÕ ÄÑÒÓÑÔ Ä ÔÄÑÈÏ ÔÎÇÆÖáÜÇÏ ÒËÔßÏÇ
[64, Ô. 173 ë 175].

22 ³Ï. [28, Ô. 611 ë 612].
23 ºÓÈÆËÐÅÇÓ ÕÂÍÉÇ ÒÑÎÖÚËÎ ÒÓÇÆÎÑÉÇÐËÇ ËÊ ªÐÔÃÓÖÍÂ (ÔÓ. ÕÂÍÉÇ Ô
ÇÅÑ ÒËÔßÏÑÏ ©ÑÏÏÇÓ×ÇÎßÆÖ [64, Ô. 132 ë 135]), ÍÑÕÑÓÑÇ ÑÐ ÑÕÍÎÑÐËÎ Ä
ÔÇÓÇÆËÐÇ ÏÂÓÕÂ (ÔÓ. ÇÅÑ ÒËÔßÏÑ [64, Ô. 197 ë 200] ÑÕ 17 ÏÂÓÕÂ 1926 Å.
´ËÓÓËÐÅÖ).
24 ±ÓÇÆÞÆÖÜËÌ ÊÂÄÇÆÖáÜËÌ ÍÂ×ÇÆÓÑÌ ÄªÐÔÃÓÖÍÇ, ¿ÅÑÐ ×ÑÐºÄÂÌÆ-
ÎÇÓ (1873 ë 1948), ÕÑÎßÍÑ ÚÕÑ ÒÑÎÖÚËÎ ÐÂÊÐÂÚÇÐËÇ Ä ¶ËÊËÚÇÔÍËÌ
ËÐÔÕËÕÖÕ £ÇÐÔÍÑÅÑ ÖÐËÄÇÓÔËÕÇÕÂ. ¦ÅÑ ÒÓÇÇÏÐËÍÑÏ Ä ªÐÔÃÓÖÍÇ, ÒÑÔÎÇ
ÕÑÅÑ ÍÂÍ ÒÑÊËÙËâ ÃÞÎÂ ÔÄÇÆÇÐÂ Í ÒÑÊËÙËË ÎÇÍÕÑÓÂ (ÔÓ. [64, Ô. 178 ë
184]), ÔÕÂÎ ÆÓÖÅ ºÓÈÆËÐÅÇÓÂ ¡ÓÕÖÓ ®ÂÓØ (1891 ë 1957).
25 ¡ÆÑÎß× ³ÏÇÍÂÎ (1895 ë 1959) ÐÇ ÒÑÎÖÚËÎ ÒÑÊËÙËË àÍÔÕÓÂÑÓÆËÐÂÓ-
ÐÑÅÑ ÒÓÑ×ÇÔÔÑÓÂ Ä £ÇÐÇ ÆÑ 1927 Å. Ë ÒÓËÐâÎ ÒÓËÅÎÂÛÇÐËÇ Ä ·ÂÎÎÇ Ä
1928 Å. ¤ÇÓÙ×ÇÎßÆ Ä ÕÑ ÄÓÇÏâ ÔÑÃËÓÂÎÔâ ÒÓËÐâÕß ÒÑÊËÙËá ÒÓÑ×ÇÔÔÑ-
ÓÂ Ä ÖÐËÄÇÓÔËÕÇÕÇ ¥ÉÑÐÂ ·ÑÒÍËÐÔÂ Ä ¢ÂÎÕËÏÑÓÇ.
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ÄÞÛÇ, ÐÂÛË ÍÑÏÒßáÕÇÓÐÞÇ ÒÓÑÅÓÂÏÏÞ ÔËÔÕÇÏÞ Mathe-
matica ÕÂÍÉÇ ÄÍÎáÚÂáÕ BohrAtomMathematica.nb Ë
EllipsesAnimateAu.nb, ÑÃÇ ÐÂ ÐÂÚÂÎßÐÑÏ ÖÓÑÄÐÇ.

±ÓÑÅÓÂÏÏÂ EllipsesAnimateSoésticated.nb ÓÂÊÓÂÃÑÕÂ-
ÐÂ ÆÎâ ÔÑÊÆÂÐËâ ÃÑÎÇÇ ÔÎÑÉÐÑÌ ÂÐËÏÂÙËË, ÚËÔÎÇÐÐÑÅÑ
ÏÑÆÇÎËÓÑÄÂÐËâ, ÓÇÎâÕËÄËÔÕÔÍÑÅÑ ÍÇÒÎÇÓÑÄÂ ÆÄËÉÇÐËâ
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞØ ËÑÐÑÄ ÒÑ ÄÔÇÌ ÒÇÓËÑÆËÚÇÔÍÑÌ ÔËÔ-
ÕÇÏÇ àÎÇÏÇÐÕÑÄ. (±ÑÆÓÑÃÐÑÔÕË ÏÑÉÐÑ ÐÂÌÕË Ä [57].)

¦. ²ÇÎâÕËÄËÔÕÔÍËÌ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÞÌ ËÑÐ ÖÓÂÐÂ
(uranium, Z � 92) Ä ÔÓÂÄÐÇÐËË Ô ÅËÒÑÕÇÕËÚÇÔÍËÏ ËÑÐÑÏ
ÑÅÂÐÇÔÔÑÐÂ (oganesson, Z � 118) Ë ÆÂÎÇÇ
±ÑÒÓÑÃÖÇÏ ÔÓÂÄÐËÕß, ÑÔÕÂÄÂâÔß Ä ÓÂÏÍÂØ ÏÑÆÇÎË ÂÕÑÏÂ
¢ÑÓÂ ë ©ÑÏÏÇÓ×ÇÎßÆÂ, ÓÇÎâÕËÄËÔÕÔÍËÇ ÄÑÆÑÓÑÆÑÒÑÆÑÃ-
ÐÞÇ ËÑÐÞ ÖÓÂÐÂ �Z � 92�, ÅËÒÑÕÇÕËÚÇÔÍÑÅÑ ÑÅÂÐÇÔÔÑÐÂ
�Z � 118� Ë ÃÑÎÇÇ ÕâÉÈÎÞØ àÎÇÏÇÐÕÑÄ. ³ÖÜÇÔÕÄÑÄÂÐËÇ
ÔÂÏÑÒÇÓÇÔÇÍÂáÜËØÔâ ÑÓÃËÕ Ä ÔÄÇÓØÔËÎßÐÑÏ ÔÕÂÕËÚÇÔÍÑÏ
ÍÖÎÑÐÑÄÔÍÑÏ ÒÑÎÇ ÆÇÏÑÐÔÕÓËÓÖÇÕÔâ ÒÓË ÒÑÏÑÜË ÍÑÏ-
ÒßáÕÇÓÐÑÌ ÔËÔÕÇÏÞMathematica. £ ÚÂÔÕÐÑÔÕË, ÄÑÊÐËÍÐÑ-
ÄÇÐËÇ ÏÐÑÅÑÍÓÂÕÐÑ ÔÂÏÑÒÇÓÇÔÇÍÂáÜËØÔâ ÕÓÂÇÍÕÑÓËÌ
ÃÖÆÇÕ ÒÑÍÂÊÂÐÑ ÆÎâ ÒÑÎâ ÅËÒÑÕÇÕËÚÇÔÍÑÅÑ ËÑÐÂ ÖÐÃË-
ÃËÖÏÂ (unbibium), àÎÇÏÇÐÕÂ Ô Z � 122.

®Þ ÒÑÎÂÅÂÇÏ, ÚÕÑ ËÔÒÑÎßÊÑÄÂÐËÇ ÏÑÆÇÎË ¢ÑÓÂ ë ©ÑÏ-
ÏÇÓ×ÇÎßÆÂ, ÚÕÑÃÞ ÒÓÑÕËÄÑÒÑÔÕÂÄËÕß ÄÑÆÑÓÑÆÑÒÑÆÑÃ-
ÐÞÇ ËÑÐÞU91� Ë Og117�, Â ÕÂÍÉÇ ÂÐÂÎËÊ ÅËÒÑÕÇÕËÚÇÔÍÑÅÑ
ËÑÐÂ Ubb121� ÒÓÇÆÎÂÅÂÇÕ ÐÑÄÞÌ ÒÇÆÂÅÑÅËÚÇÔÍËÌ Ë ËÔÕÑ-
ÓËÚÇÔÍËÌ ÄÊÅÎâÆ, ÍÑÕÑÓÞÌ ÔÄâÊÞÄÂÇÕ ÓÂÐÐáá ÍÄÂÐÕÑÄÖá
ÕÇÑÓËá [18, 28] Ô ÔÑÄÓÇÏÇÐÐÞÏË ÔÖÒÇÓÕâÉÈÎÞÏË ÕÓÂÐÔ-
ÖÓÂÐÑÄÞÏË ÓÇÎâÕËÄËÔÕÔÍËÏË ÔËÔÕÇÏÂÏË [98] Ä ÍÄÂÊË-
ÍÎÂÔÔËÚÇÔÍÑÏ ÒÓËÃÎËÉÇÐËË (Ô ÄÑÊÏÑÉÐÞÏ ÒÓËÏÇÐÇÐËÇÏ
ÖÓÂÄÐÇÐËâ ¥ËÓÂÍÂ ÐÂ ÔÎÇÆÖáÜÇÏ àÕÂÒÇ [99]).

E.1. µÓÂÐ: Z � 92
µÓÂÐ (U) ì àÕÑ ÄÔÕÓÇÚÂáÜËÌÔâ ÇÔÕÇÔÕÄÇÐÐÞÏ ÑÃÓÂÊÑÏ Ä
ÒÓËÓÑÆÇ ÓÂÆËÑÂÍÕËÄÐÞÌ ÕâÉÈÎÞÌ ÏÇÕÂÎÎ Ô ÂÕÑÏÐÞÏ
ÐÑÏÇÓÑÏ Z � 92, ËÊÄÇÔÕÐÞÌ ËÊ-ÊÂ ÔÄÑÇÌ ÔÒÑÔÑÃÐÑÔÕË
ÄÞÆÇÎâÕß ÊÐÂÚËÕÇÎßÐÖá àÐÇÓÅËá Ä ÒÓÑÙÇÔÔÇ âÆÇÓÐÑÅÑ
ÓÂÔÒÂÆÂ, ÚÕÑ âÄÎâÇÕÔâ ËÔÕÑÚÐËÍÑÏ àÐÇÓÅËË Ä âÆÇÓÐÞØ
ÓÇÂÍÕÑÓÂØ Ë ÑÓÖÉËË. ¬ÄÂÐÕÑÄÂâ àÎÇÍÕÓÑÆËÐÂÏËÍÂ ÄÑÆÑ-
ÓÑÆÑÒÑÆÑÃÐÑÅÑ ËÑÐÂ ÖÓÂÐÂ ÃÞÎÂ ËÊÖÚÇÐÂ Ä [100, 101] (ÔÏ.
ÕÂÍÉÇ [98, 102 ë 106] Ë ÒÓËÄÇÆÈÐÐÞÇ ÕÂÏ ÔÔÞÎÍË). ®Þ
ËÔÒÑÎßÊÖÇÏ ÍÑÏÒßáÕÇÓÐÖá ÔËÔÕÇÏÖ Mathematica ÆÎâ
ÚËÔÎÇÐÐÑÅÑ ÏÑÆÇÎËÓÑÄÂÐËâ [57].

£ ÓÂÔÔÏÂÕÓËÄÂÇÏÑÌ ÏÑÆÇÎË ÂÕÑÏÂ ¢ÑÓÂ ë ©ÑÏÏÇÓ-
×ÇÎßÆÂ, ÆÂÉÇ Ä ÔÎÖÚÂÇ ÔËÎßÐÑÅÑ àÎÇÍÕÓËÚÇÔÍÑÅÑ ÒÑÎâ
âÆÓÂ ÖÓÂÐÂ, ÑÆËÐÑÚÐÞÌ àÎÇÍÕÓÑÐ ÑÔÕÂÈÕÔâ ÐÂ ÍÎÂÔÔËÚÇ-
ÔÍÑÌ ÓÇÎâÕËÄËÔÕÔÍÑÌ àÎÎËÒÕËÚÇÔÍÑÌ ÑÓÃËÕÇ ÔÑ ÔÏÇÜÂá-
ÜËÏÔâ ÒÇÓËÅÇÎËÇÏ, Ä ×ÑÓÏÇ ÑÕÍÓÞÕÞØ "ÓÑÊÇÕÑÍ" [24, 28,
58] (ÔÓ. ÓËÔ. 3 Ë ÓËÔ. 9, ÅÆÇ ÒÓËÄÇÆÇÐÂ ÔÕÂÐÆÂÓÕÐÂâ ÑÓÃËÕÂ Ô
"ÄËÐÕÑÄÞÏ ÐÑÏÇÓÑÏ", ËÎË ÚËÔÎÑÏ ÒÑÄÑÓÑÕÑÄ, ÓÂÄÐÞÏ
ÇÆËÐËÙÇ).

¯Â ÒÓÇÆÔÕÂÄÎÇÐÐÑÏ ÍÑÏÒßáÕÇÓÐÑÏ ÏÑÆÇÎËÓÑÄÂÐËË
ÓÇÎâÕËÄËÔÕÔÍÑÅÑ ÍÇÒÎÇÓÑÄÔÍÑÅÑ ÆÄËÉÇÐËâ àÎÇÍÕÓÑÐÂ Ä
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÏ ËÑÐÇ ÖÓÂÐÂ U91� ÒÓË Z � 92 âÆÓÑ
ÐÂØÑÆËÕÔâ Ä ÐÇÒÑÆÄËÉÐÑÏ ×ÑÍÖÔÇ Ä ÐÂÚÂÎÇ ÍÑÑÓÆËÐÂÕ.
¥Îâ ÆÂÐÐÑÅÑ ÍÄÂÐÕÑÄÑÅÑ ÔÑÔÕÑâÐËâ ÏÞ ÄÞÃÓÂÎË nr �
=ny � 1 Ä ×ÑÓÏÖÎÇ ÕÑÐÍÑÌ ÔÕÓÖÍÕÖÓÞ (3.18). ³ ÖÚÈÕÑÏ
(3.19) ë (3.21) ÒÑÎÖÚÂÇÏ: o � 0;741135, E � 0;904882 Ë a �
� 0;0353163 Ä ÂÕÑÏÐÞØ ÇÆËÐËÙÂØ ¢ÑÓÂ. ±ÇÓËÅÇÎËÌ Ë Â×Ç-
ÎËÌ ÆÄËÉÖÕÔâ ÒÑ ÆÄÖÏ ÍÑÐÙÇÐÕÓËÚÇÔÍËÏ ÑÍÓÖÉÐÑÔÕâÏ
ÄÑÍÓÖÅ âÆÓÂ Ô ÓÂÆËÖÔÂÏË: rmin � a�1ÿ E� � 0;003359209 Ë
rmax � a�1� E� � 0;067273472 ÔÑÑÕÄÇÕÔÕÄÇÐÐÑ. ¯Â ÅÓÂ-
×ËÍÇ ÅÇÑÏÇÕÓËÚÇÔÍËÇ ÏÇÔÕÂ ÒÑÔÎÇÆÑÄÂÕÇÎßÐÞØ ÒÑÎÑÉÇ-
ÐËÌ ÒÇÓËÅÇÎËÇÄ Ë Â×ÇÎËÇÄ, ËØ ÄÐÇÛÐââ Ë ÄÐÖÕÓÇÐÐââ

ÑÅËÃÂáÜËÇ ÑÓÃËÕ ÆÎâ ÒÓÑÔÕÑÕÞ ÐÇ ÒÑÍÂÊÂÐÞ. ±ÑÎÐÑÇ
ÔÏÇÜÇÐËÇ ÒÇÓËÅÇÎËâ àÎÎËÒÔÂ ÒÓÑÕËÄ ÚÂÔÑÄÑÌ ÔÕÓÇÎÍË
ÊÂ ÑÆËÐ ÒÇÓËÑÆ ÊÂÆÂÈÕÔâ ×ÑÓÏÖÎÑÌ Dy � 2p�1=oÿ 1� �
� 2;19461.

E.2. °ÅÂÐÇÔÔÑÐ: Z � 118
°ÅÂÐÇÔÔÑÐ (Og) ì ÐÂËÃÑÎÇÇ ÕâÉÈÎÞÌ ÔËÐÕÇÕËÚÇÔÍËÌ
àÎÇÏÇÐÕ ÒÇÓËÑÆËÚÇÔÍÑÌ ÕÂÃÎËÙÞ Ô ÂÕÑÏÐÞÏ ÐÑÏÇÓÑÏ
Z � 118. °ÕÍÓÞÕÞÌ ÖÚÈÐÞÏË ËÊ °ÃÝÇÆËÐÈÐÐÑÅÑ ËÐÔÕË-
ÕÖÕÂ âÆÇÓÐÞØ ËÔÔÎÇÆÑÄÂÐËÌ (JINR) (²ÑÔÔËâ) Ë ¯ÂÙËÑ-
ÐÂÎßÐÑÌ ÎÂÃÑÓÂÕÑÓËË ËÏ. ­ÑÖÓÇÐÙÂ ­ËÄÇÓÏÑÓÂ (LLNL)
(³º¡) Ä 2006 Å. [98], ÑÐ ÐÂÊÄÂÐ ÒÑ ËÏÇÐË ×ËÊËÍÂ
À.¸. °ÅÂÐÇÔâÐÂ (ÔÏ. [107 ë 112] Ë ÒÓËÄÇÆÈÐÐÞÇ ÕÂÏ
ÔÔÞÎÍË).

¯ÂÛÇ ÏÑÆÇÎËÓÑÄÂÐËÇ ÒÓË ÒÑÏÑÜË ÔËÔÕÇÏÞ Mathe-
matica ÒÑÍÂÊÂÎÑ, ÚÕÑ Ä ÔÄÇÓØÔËÎßÐÑÏ àÎÇÍÕÓËÚÇÔÍÑÏ ÒÑÎÇ
âÆÓÂ ÑÅÂÐÇÔÔÑÐÂ ÍÎÂÔÔËÚÇÔÍËÇ, ÑÅÓÂÐËÚÇÐÐÞÇ Ä ÒÓÑÔÕÓÂÐ-
ÔÕÄÇ ÍÇÒÎÇÓÑÄÞ ÑÓÃËÕÞ ÑÆËÐÑÚÐÑÅÑ àÎÇÍÕÓÑÐÂ ÏÑÅÖÕ
ÏÇÐâÕß ÔÄÑá ÕÑÒÑÎÑÅËá (ÓËÔ. 10, ÆÇÏÑÐÔÕÓËÓÖáÜËÌ
ÑÓÃËÕÖ Ô "ÄËÐÕÑÄÞÏ ÐÑÏÇÓÑÏ", ËÎË ÚËÔÎÑÏ ÒÑÄÑÓÑÕÑÄ,
ÑÍÑÎÑ ÆÄÖØ 26).

¯Â ÅÓÂ×ËÍÇ ÓÇÎâÕËÄËÔÕÔÍÑÅÑ ÍÇÒÎÇÓÑÄÂ ÆÄËÉÇÐËâ
àÎÇÍÕÓÑÐÂ Ä ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÏ ËÑÐÇ ÑÅÂÐÇÔÔÑÐÂ Og117�,
ÍÑÅÆÂ Z � 118, âÆÓÑ ÓÂÔÒÑÎÑÉÇÐÑ Ä ×ËÍÔËÓÑÄÂÐÐÑÏ
×ÑÍÖÔÇ Ä ÐÂÚÂÎÇ ÍÑÑÓÆËÐÂÕ. ¥Îâ àÕÑÅÑ ÍÄÂÐÕÑÄÑÅÑ
ÔÑÔÕÑâÐËâ ÏÞ ÄÞÃËÓÂÇÏ nr � ny � 1 Ä ×ÑÓÏÖÎÇ ÕÑÐÍÑÌ
ÔÕÓÖÍÕÖÓÞ (3.18). ªÔÒÑÎßÊÖâ (3.19) ë (3.21), ÒÑÎÖÚÂÇÏ:
o � 0;508457, E � 0;941479 Ë a � 0;0222041 Ä ÂÕÑÏÐÞØ
ÇÆËÐËÙÂØ ¢ÑÓÂ. ±ÇÓËÅÇÎËÌ Ë Â×ÇÎËÌ ÆÄËÉÖÕÔâ ÄÑÍÓÖÅ
âÆÓÂ ÄÆÑÎß ÆÄÖØ ÍÑÐÙÇÐÕÓËÚÇÔÍËØ ÍÓÖÅÑÄ Ô ÓÂÆËÖÔÂÏË:
rmin � a�1ÿ E� � 0;0012994 Ë rmax � a�1� E� � 0;0431087
ÔÑÑÕÄÇÕÔÕÄÇÐÐÑ. ¤ÇÑÏÇÕÓËÚÇÔÍËÇ ÏÇÔÕÂ ÕÑÚÇÍ, ÒÓÑØÑÆË-
ÏÞØ ÒÇÓËÅÇÎËÇÏ Ë Â×ÇÎËÇÏ, ËØ ÄÐÇÛÐââ Ë ÄÐÖÕÓÇÐÐââ
ÑÅËÃÂáÜËÇ ÆÎâ ÒÓÑÔÕÑÕÞ ÐÇ ÒÑÍÂÊÂÐÞ.±ÑÎÐÑÇ ÔÏÇÜÇÐËÇ
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ÿ0,06

ÿ0,04
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y

0,04

0,04

²ÇÎâÕËÄËÔÕÔÍÂâ àÎÎËÒÕËÚÇÔÍÂâ ÑÓÃËÕÂ: 1 ÑÃÑÓÑÕ ÊÂ ÒÇÓËÑÆ

0,02

0,02

²ËÔ. 9.¬ÇÒÎÇÓÑÄÑ àÎÎËÒÕËÚÇÔÍÑÇ ÆÄËÉÇÐËÇ ÒÓÑÕËÄ ÚÂÔÑÄÑÌ ÔÕÓÇÎÍË Ä
ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÏ ËÑÐÇ ÖÓÂÐÂU91� Ô ny � nr � 1. "£ËÐÕÑÄÑÌ ÐÑÏÇÓ"
ÓÂÄÇÐ ÇÆËÐËÙÇ.

26 ¿ÕÑ ÒÓËÏÇÓ ÕÂÍ ÐÂÊÞÄÂÇÏÑÌ "ØËÏËÚÇÔÍÑÌ ÑÓÃËÕÞ", ËÎË "ÆÄÑÌÐÑÅÑ
ÑÉÇÓÇÎßâ", Ä ÕÇÓÏËÐÑÎÑÅËË ÂÏÇÓËÍÂÐÔÍÑÅÑ ÍÑÔÏÑÎÑÅÂ ¥ÉÑÐÂ ¡ÓÚË-
ÃÂÎßÆÂ µËÎÇÓÂ [113 ë 115].
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ÒÇÓËÅÇÎËâ ÔÂÏÑÒÇÓÇÔÇÍÂáÜÇÅÑÔâ "àÎÎËÒÔÂ" Ä ÕÇÚÇÐËÇ
ÒÇÓËÑÆÂ ÔÑÔÕÂÄÎâÇÕ Dy � 2p�1=oÿ 1� � 6;07418.

£ ÕÑÚÍÇ ÔÂÏÑÒÇÓÇÔÇÚÇÐËâ Ô ÒÑÏÑÜßá ÒÓÑÅÓÂÏÏÞ
Mathematica ÒÓËÃÎËÊËÕÇÎßÐÑ ÒÑÎÖÚÂÇÏ:

r�3;074037420536865� � r�9;283329709624294� �
� 0;0025044 :

±ÓË àÕÑÏ

r�9;283329709624294� ÿ r�3;074037420536865� �
� 4;33681� 10ÿ19 ;

o� 9;283329709624294� 3;074037420536865

2
�

� 3;141592653589793 � p :

¦.3. µÐÃËÃËÖÏ: Z � 122
£ ÍÂÚÇÔÕÄÇ ÆÓÖÅÑÅÑ ÒÓËÏÇÓÂ ÓÂÔÔÏÑÕÓËÏ ÅËÒÑÕÇÕËÚÇÔÍËÌ
àÎÇÏÇÐÕ Ô Z � 122, ÍÑÕÑÓÞÌ ÄÓÇÏÇÐÐÑ ÐÂÊÄÂÐ ÖÐÃËÃËÖ-
ÏÑÏ (Ubb). ¿ÕÑ ÔÖÒÇÓÕâÉÈÎÞÌ àÎÇÏÇÐÕ Ä ÍÑÐÙÇ ÒÇÓËÑ-
ÆËÚÇÔÍÑÌ ÔËÔÕÇÏÞ, ÍÑÕÑÓÞÌ ÇÜÈ ÒÓÇÆÔÕÑËÕ ÑÕÍÓÞÕß.

£ ÒÓËÄÇÆÈÐÐÑÏ ÍÑÏÒßáÕÇÓÐÑÏ ÏÑÆÇÎËÓÑÄÂÐËË ÓÇÎâ-
ÕËÄËÔÕÔÍÑÅÑ ÍÇÒÎÇÓÑÄÂ ÆÄËÉÇÐËâ àÎÇÍÕÓÑÐÂ Ä ÅËÒÑÕÇÕË-
ÚÇÔÍÑÏ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÏ ËÑÐÇ ÖÐÃËÃËÖÏÂ, Ubb121�,
ÍÑÅÆÂ Z � 122, âÆÓÑ, ÍÂÍ ÄÔÇÅÆÂ, ÓÂÔÒÑÎÑÉÇÐÑ Ä ×ËÍÔËÓÑ-
ÄÂÐÐÑÏ ×ÑÍÖÔÇ Ä ÐÂÚÂÎÇ ÍÑÑÓÆËÐÂÕ. ¥Îâ àÕÑÅÑ ÍÄÂÐÕÑ-
ÄÑÅÑ ÔÑÔÕÑâÐËâ ÏÞ ÄÊâÎË nr � ny � 1 Ä ×ÑÓÏÖÎÇ ÕÑÐÍÑÌ
ÔÕÓÖÍÕÖÓÞ (3.18). ªÔÒÑÎßÊÖâ (3.19) ë (3.21), ÒÑÎÖÚÂÇÏ:
o � 0;455419, E � 0;949782 Ë a � 0;0203534 Ä ÂÕÑÏÐÞØ
ÇÆËÐËÙÂØ ¢ÑÓÂ.

±ÇÓËÅÇÎËÌ Ë Â×ÇÎËÌ ÆÄËÉÖÕÔâ ÄÑÍÓÖÅ âÆÓÂ ÄÆÑÎß ÆÄÖØ
ÍÑÐÙÇÐÕÓËÚÇÔÍËØ ÍÓÖÅÑÄ Ô ÓÂÆËÖÔÂÏË: rmin � a�1ÿ E� �
� 0;00102211 Ë rmax � a�1� E� � 0;0396847 ÔÑÑÕÄÇÕÔÕÄÇÐ-
ÐÑ. ¤ÇÑÏÇÕÓËÚÇÔÍËÇ ÏÇÔÕÂ ÕÑÚÇÍ, ÒÓÑØÑÆËÏÞØ ÒÇÓËÅÇÎËÇÏ
Ë Â×ÇÎËÇÏ, ËØ ÄÐÇÛÐââ Ë ÄÐÖÕÓÇÐÐââ ÑÅËÃÂáÜËÇ ÆÎâ
ÒÓÑÔÕÑÕÞ ÐÇ ÒÑÍÂÊÂÐÞ. ³ÏÇÜÇÐËÇ ÒÇÓËÅÇÎËâ "àÎÎËÒÔÂ"
Ä ÕÇÚÇÐËÇ ÑÆÐÑÅÑ ÒÇÓËÑÆÂ ÒÓËÐËÏÂÇÕ ÊÐÂÚÇÐËÇ Dy �
� 2p�1=oÿ 1� � 7;5133. "£ËÐÕÑÄÑÌ ÐÑÏÇÓ", ËÎË ÚËÔÎÑ
ÒÑÄÑÓÑÕÑÄ, ÒÑÚÕË ÓÂÄÐÑ ÕÓÈÏ.

£ ÕÑÚÍÇ ÒÇÓÄÑÅÑ ÔÂÏÑÒÇÓÇÔÇÚÇÐËâ ÒÓËÃÎËÊËÕÇÎßÐÑ
ÒÑÎÖÚÂÇÏ:

r�10;002448573515926� � r�3;7940322175405243� �
� 0;00234067 ;

ÅÆÇ

r�10;002448573515926� ÿ r�3;7940322175405243� � 0 :

©ÆÇÔß

o� 10;002448573515926� 3;794032217540524

2
�

� 3;14159 � p :

£ ÕÑÚÍÇ ÄÕÑÓÑÅÑ ÔÂÏÑÒÇÓÇÔÇÚÇÐËâ ÒÓËÃÎËÊËÕÇÎßÐÑ ÐÂØÑ-
ÆËÏ:

r�13;18142570270781� � r�0;6150550883486369� �
� 0;00104189

Ë

r�13;18142570270781� ÿ r�0;6150550883486369� �
� 4;33681� 10ÿ19 :

©ÆÇÔß

o� 13;18142570270781� 0;6150550883486369

2
�

� 3;14159 � p :

ªÏÇáÕÔâ ÇÜÈ ÆÄÂ ÒÑÔÎÇÆÑÄÂÕÇÎßÐÞØ ÔÂÏÑÒÇÓÇÔÇÚÇÐËâ:

r�16;9329615821129� � r�10;66� � 0;0017562 ;

ÅÆÇ

r�16;9329615821129� ÿ r�10;660000000000002� �
� ÿ8;67362� 10ÿ19
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²ÇÎâÕËÄËÔÕÔÍÂâ "àÎÎËÒÕËÚÇÔÍÂâ" ÑÓÃËÕÂ: 3 ÑÃÑÓÑÕÂ ÊÂ ÒÇÓËÑÆ

²ËÔ. 11.¬ÇÒÎÇÓÑÄÑ "àÎÎËÒÕËÚÇÔÍÑÇ" ÆÄËÉÇÐËÇ ÒÓÑÕËÄ ÚÂÔÑÄÑÌ ÔÕÓÇÎ-
ÍË Ô ÚÇÕÞÓßÏâ ÔÂÏÑÒÇÓÇÔÇÚÇÐËâÏË Ä ÅËÒÑÕÇÕËÚÇÔÍÑÏ ÄÑÆÑÓÑÆÑÒÑ-
ÆÑÃÐÑÏ ËÑÐÇ ÖÐÃËÃËÖÏÂ Ubb121� Ô ny � nr � 1. "£ËÐÕÑÄÑÌ" ÐÑÏÇÓ
ÑÍÑÎÑ ÕÓÈØ.
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²ÇÎâÕËÄËÔÕÔÍÂâ "àÎÎËÒÕËÚÇÔÍÂâ" ÑÓÃËÕÂ:
2 ÑÃÑÓÑÕÂ ÊÂ ÒÇÓËÑÆ Ë ÑÔÐÑÄÐÑÇ ÔÑÔÕÑâÐËÇ

²ËÔ. 10. ¬ÇÒÎÇÓÑÄÑ "àÎÎËÒÕËÚÇÔÍÑÇ" ÆÄËÉÇÐËÇ ÒÑ ÚÂÔÑÄÑÌ ÔÕÓÇÎÍÇ Ô
ÔÂÏÑÒÇÓÇÔÇÚÇÐËÇÏ Ä ÅËÒÑÕÇÕËÚÇÔÍÑÏ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÏ ËÑÐÇ ÑÅÂ-
ÐÇÔÔÑÐÂ Og117� Ô ny � nr � 1, Ä ÔÓÂÄÐÇÐËË Ô ÑÔÐÑÄÐÞÏ ÔÑÔÕÑâÐËÇÏ,
ÍÑÅÆÂ ny � 1 Ë nr � 0. "£ËÐÕÑÄÑÌ ÐÑÏÇÓ" ÓÂÄÇÐ ÆÄÖÏ.
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Ë

o� 16;9329615821129� 10;66

2
� 6;28319 � 2p :

A ÕÂÍÉÇ

r�20;07966609823604� � r�7;513295483876864� � 0;022845 ;

ÅÆÇ

r�20;07966609823604� ÿ r�7;513295483876864� �
� 2;77556� 10ÿ17 :

£ ÆÂÐÐÑÏ ÔÎÖÚÂÇ

o� 20;07966609823604� 7;513295483876864

2
�

� 6;28319 � 2p :

±ÂÓÂÏÇÕÓÞ ÓÂÔÔÏÂÕÓËÄÂÇÏÞØ ÑÓÃËÕ ÔÓÂÄÐËÄÂáÕÔâ Ä
ÕÂÃÎ. 2 ÆÎâ ÖÆÑÃÔÕÄÂ ÚËÕÂÕÇÎâ. ¥ÂÎßÐÇÌÛÂâ ËÐ×ÑÓÏÂÙËâ
ÏÑÉÇÕ ÃÞÕß ÐÂÌÆÇÐÂ Ä ÐÂÛËØ ÆÑÒÑÎÐËÕÇÎßÐÞØ ÃÎÑÍÐÑÕÂØ,
ÍÑÏÒßáÕÇÓÐÞØ ÒÓÑÅÓÂÏÏÂØ ÔËÔÕÇÏÞMathematica [57].

®Þ ÒÓÑÆÇÏÑÐÔÕÓËÓÑÄÂÎË, ÚÕÑ Ä ÔÄÇÓØÔËÎßÐÑÏ ÔÕÂÕË-
ÚÇÔÍÑÏ àÎÇÍÕÓËÚÇÔÍÑÏ ÒÑÎÇ, ÂÐÂÎÑÅËÚÐÑÏ ÒÑÎá ÅËÒÑÕÇ-
ÕËÚÇÔÍÑÅÑ ÄÑÆÑÓÑÆÑÒÑÆÑÃÐÑÅÑ ËÑÐÂ ÑÅÂÐÇÔÔÑÐÂ, ÒÑâÄ-
ÎâÇÕÔâ ÄÑÊÏÑÉÐÑÔÕß ÄÑÊÐËÍÐÑÄÇÐËâ ÔÂÏÑÒÇÓÇÔÇÍÂáÜËØ-
Ôâ ÕÓÂÇÍÕÑÓËÌ, ÚÕÑ ÄÇÆÈÕ Í ÔÖÜÇÔÕÄÇÐÐÑÏÖ ÑÕÎËÚËá ÑÕ
ÔÕÂÐÆÂÓÕÐÞØ ÍÎÂÔÔËÚÇÔÍËØ ÑÓÃËÕ.±ÑÆÑÃÐÞÏÉÇ ÑÃÓÂÊÑÏ
ÐÖÉÐÑ ËÔÔÎÇÆÑÄÂÕß ÄÑÊÏÑÉÐÑÇ ÏÐÑÅÑÍÓÂÕÐÑÇ ÄÓÂÜÇÐËÇ
ÐÂÎÇÕÂáÜÇÅÑ àÎÇÍÕÓÑÐÂ ÄÑÍÓÖÅ âÆÓÂ ÑÅÂÐÇÔÔÑÐÂ Ä ÒÓÑ-
ÙÇÔÔÇ ÓÂÔÔÇâÐËâ [18]. ¢ÞÎÑ ÃÞ ËÐÕÇÓÇÔÐÑ ÒÓÑÂÐÂÎËÊËÓÑ-
ÄÂÕß ÄÑÊÏÑÉÐÑÔÕß ÒÑØÑÉÇÅÑ à××ÇÍÕÂ "ÕËÒÂ ÑÅÂÐÇÔÔÑÐÂ" Ä
ÕÇÑÓËË ÅÓÂÄËÕÂÙËË [58], Â ÕÂÍÉÇ ËÊÖÚËÕß ÄÑÊÏÑÉÐÞÇ
ÐÇÔÕÂÐÆÂÓÕÐÞÇ ÔÎÇÆÔÕÄËâ Ä ÍÄÂÐÕÑÄÑÌ àÎÇÍÕÓÑÆËÐÂÏËÍÇ
Ä ÔËÎßÐÑÏ (U) ÒÑ ÔÓÂÄÐÇÐËá Ô ÔÄÇÓØÔËÎßÐÞÏ (Og) ÍÖÎÑ-
ÐÑÄÔÍËÏ ÒÑÎÇÏ [33, 98, 100 ë 105, 108, 109, 116].

¯ÂÒÓËÏÇÓ, ÒÓË ÓÑÉÆÇÐËË àÎÇÍÕÓÑÐ-ÒÑÊËÕÓÑÐÐÑÌ
ÒÂÓÞ Ä ÓÇÊÖÎßÕÂÕÇ ÔÕÑÎÍÐÑÄÇÐËâ âÆÓÂ ÑÅÂÐÇÔÔÑÐÂ Ô ÆÓÖ-
ÅËÏ ÕâÉÈÎÞÏ ËÑÐÑÏ àÎÇÍÕÓÑÐ ÏÑÉÇÕ ÃÞÕß ÐÂÒÓâÏÖá
ÊÂØÄÂÚÇÐ àÕËÏ âÆÓÑÏ Ô ÄÐÖÕÓÇÐÐÇÌ ÑÓÃËÕÞ. ¥ÂÎßÐÇÌÛÂâ
âÆÇÓÐÂâ ÓÇÂÍÙËâ Ô ÑÆÐËÏ ËÊ ÒÓÑÕÑÐÑÄ ÑÅÂÐÇÔÔÑÐÂ ÏÑÉÇÕ
ÒÓËÄÑÆËÕß Í ÑÃÓÂÊÑÄÂÐËá ÐÇÌÕÓÑÐÂ Ë ÐÇÌÕÓËÐÑ, ÕÂÍËÏ
ÑÃÓÂÊÑÏ ÄÐÑÔâ ÄÍÎÂÆ Ä ÐÇÖÔÕÑÌÚËÄÑÔÕß àÕÑÅÑ ÔÄÇÓØÕâÉÈ-
ÎÑÅÑ àÎÇÏÇÐÕÂ ÄÄËÆÖ ÔÑØÓÂÐÇÐËâ àÎÇÍÕÓËÚÇÔÍÑÅÑ ÊÂÓâÆÂ.

£ ÅËÒÑÕÇÕËÚÇÔÍÑÏ ÖÐÃËÃËÖÏÇ, àÎÇÏÇÐÕÇ Ô Z � 122,
ÔÖÜÇÔÕÄÖÇÕ ÄÑÊÏÑÉÐÑÔÕß ÒÑâÄÎÇÐËâ ÏÐÑÅÑÍÓÂÕÐÑ ÔÂÏÑ-
ÒÇÓÇÔÇÍÂáÜËØÔâ ÕÓÂÇÍÕÑÓËÌ, ÚÕÑ ÆÑÎÉÐÑ ÄÐÑÔËÕß ÇÜÈ
ÃÑÎßÛËÌ ÄÍÎÂÆ Ä ÊÂØÄÂÕ àÎÇÍÕÓÑÐÂ Ô ÑÓÃËÕÞ Ë, ÍÂÍ
ÓÇÊÖÎßÕÂÕ, ÒÑÔÎÇÆÖáÜÇÇ ËÊÏÇÐÇÐËÇ âÆÓÂ Ubb.

±ÇÓÇÄÑÆ Ô ÂÐÅÎËÌÔÍÑÅÑ Ë ÐÇÏÇÙÍÑÅÑ: ³.¥. ¥ÂÐËÎÑÄ

³ÒËÔÑÍ ÎËÕÇÓÂÕÖÓÞ

1. Schr�odinger E "Quantisierung als Eigenwertproblem" Ann. Physik
79 361 (1926) Vol. 384 ÒÑ ÐÑÄÑÌ ÐÖÏÇÓÂÙËË ÕÑÏÑÄ ÐÂ ÔÂÌÕÇ Wiley
Online Library,DOI:10.1002/andp.19263840404;±ÇÓ. ÐÂ ÂÐÅÎ. âÊ.:
Schr�odingerE "Quantisation as a problemof proper values �Part I�",
in Collected Papers on Wave Mechanics (AMS Chelsea Publishing,
Vol. 302) (Providence, RI: Chelsea Publ. Co., 1982) pp. 1ë12;
https://bookstore.ams.org/chel-302

2. Planck M, The Nobel Prize in Physics 1918 was awarded to Max
Karl Ernst Ludwig Planck "in recognition of the services he
rendered to the advancement of Physics by his discovery of energy
quanta", https://www.nobelprize.org/prizes/physics/1918/sum-
mary/

3. Einstein A, The Nobel Prize in Physics 1921 was awarded to Albert
Einstein "for his services to Theoretical Physics, and especially for
his discovery of the law of the photoelectric effect", https://
www.nobelprize.org/prizes/physics/1921/summary/

4. Rutherford E, The Nobel Prize in Chemistry 1908 was awarded to
Ernest Rutherford "for his investigations into the disintegration of
the elements, and the chemistry of radioactive substances", https://
www.nobelprize.org/prizes/chemistry/1908/summary/

5. Bohr N, The Nobel Prize in Physics 1922 was awarded to Niels
Henrik David Bohr "for his services in the investigation of the
structure of atoms and of the radiation emanating from them",
https://www.nobelprize.org/prizes/physics/1922/summary/

6. Aaserud F, Heilbron J L Love, Literature, and the Quantum Atom:
Niels Bohr's 1913 Trilogy Revisited (Oxford: Oxford Univ. Press,
2013) DOI:10.1093/acprof:oso/9780199680283.001.0001; https://
academic.oup.com/book/6847

7. Bohr N Niels Bohr Collected Works (Ed. L Rosenfeld) Vol. 2 Work
on Atomic Physics (1912ë1917) (Ed. U Hoyer) (Amsterdam: North-
Holland Publ. Co., 1981) DOI:10.1016/S1876-0503(08)70031-8

8. Eckert M Arnold Sommerfeld: Science, Life and Turbulent Times.

1868±1951 (New York: Springer, 2013) DOI:10.1007/978-1-4614-
7461-6

9. ¦ÎßâÛÇÄËÚ ® ¡ "²ÂÊÄËÕËÇ ¯ËÎßÔÑÏ ¢ÑÓÑÏ ÍÄÂÐÕÑÄÑÌ ÕÇÑÓËË
ÂÕÑÏÂ Ë ÒÓËÐÙËÒÂ ÔÑÑÕÄÇÕÔÕÄËâ (²ÂÃÑÕÞ ¯. ¢ÑÓÂ 1912ë1923 ÅÅ.
ÒÑ ÂÕÑÏÐÑÌ ×ËÊËÍÇ Ë ËØ ÊÐÂÚÇÐËÇ) µ¶¯ 147 253±301 (1985);

El'yashevichMA"Niels Bohr's development of the quantum theory

of the atom and the correspondence principle (his 1912±1923 work

in atomic physics and its significance)" Sov. Phys. Usp. 28 879ë909
(1985)

10. Firme C L Quantum Mechanics: Detailed Historical, Mathematical

and Computational Approaches (Boca Raton, FL: CRC Press,
Taylor and Francis Group, 2022)

11. Kragh H Niels Bohr and the Quantum Atom: The Bohr Model of

Atomic Structure 1913±1925 (Oxford: Oxford Univ. Press, 2012)
DOI:10.1093/acprof:oso/9780199654987.001.0001

12. Kragh H (Ed.) Niels Bohr: On the Constitution of Atoms and

Molecules (Classic Texts in the Sciences) (Cham: Birkh�auser,
Springer Nature Switzerland AG, 2022) DOI:10.1007/978-3-030-
97664-4

13. Mehra J, Rechenberg H The Quantum Theory of Planck, Einstein,
Bohr and Sommerfeld: Its Foundation and the Rise of Its Difficulties

1900±1925 1st ed. (The Historical Development of Quantum Theo-
ry, Vol. 1, Pt. 2) (New York: Springer-Verlag, 1982); https://
link.springer.com/book/9780387951751

14. ®ËÅÆÂÎ¡¢ "¯ËÎßÔ ¢ÑÓ Ë ÍÄÂÐÕÑÄÂâ ×ËÊËÍÂ"µ¶¯ 147 303±342

(1985); Migdal A B "Niels Bohr and quantum physics" Sov. Phys.
Usp. 28 910ë934 (1985)

15. ®ËÎÂÐÕßÇÄ £ ± "³ÑÊÆÂÐËÇ ÕÇÑÓËË ¢ÑÓÂ Ë ÇÇ ÓÂÊÄËÕËÇ (Í
90-ÎÇÕËá ÃÑÓÑÄÔÍÑÌ ÕÇÑÓËË ÂÕÑÏÂ)" µ¶¯ 174 209±215 (2004);

Milant'ev V P "Creation and development of Bohr's theory (on the

90th anniversary of the Bohr theory of the atom)" Phys. Usp. 47 197

(2004)

16. Reed B C The Bohr Atom: A Guide (Bristol: IOP Publ., 2020)
DOI:10.1088/978-0-7503-3611-6

17. Steinhauser M O Quantenmechanik f�ur Naturwissenschaftler: Ein
Lehr- und �Ubungsbuch mit zahlreichen Aufgaben und L�osungen

(Berlin: Springer, 2022) DOI:10.1007/978-3-662-62610-8

18. Sommerfeld A "Zur Quantentheorie der Spektrallinien" Ann.
Physik 356 1ë94 (1916) DOI:10.1002/andp.19163561702

´ÂÃÎËÙÂ 2

±ÂÓÂÏÇÕÓÞ ªÑÐ U91� ªÑÐ Og117� ªÑÐ Ubb121�

o

E

a=a0

rmin

rmax

Dy

"£ËÐÕÑÄÑÌ ÐÑÏÇÓ"

0,741135

0,904882

0,0353163

0,003359209

0,067273472

2,19461

1

0,508457

0,941479

0,0222041

0,0012994

0,0431087

6,07418

2

0,455419

0,949782

0,0203534

0,00102211

0,0396847

7,5133

3

100 ¬. ¢¡²­ª, ¡. ²µ¶¶ª¯¤, ³.¬. ³µ³­°£ µ¶¯ 2026



19. Sommerfeld A "Zur Feinstruktur der Wasserstofêinien. Geschichte
und gegenw�artiger Stand der Theorie" Naturwissenschaften 28 417ë
423 (1940) DOI:10.1007/BF01490583

20. Wilson W "LXXXIII. The quantum-theory of radiation and line
spectra" London Edinburgh Dublin Philos. Mag. J. Sci. 29 795ë802
(1915) DOI:10.1080/14786440608635362

21. £ËÆÇÑÓÑÎËÍË ÓÂÊÎËÚÐÞØ ÒÓÇÒÑÆÂÄÂÕÇÎÇÌ ÑÃ ÂÕÑÏÇ ¢ÑÓÂ: "Bohr
Model in Brief: The planetary model, its connection to emission
spectra and quantized electrons", https://www.youtube.com/
watch?v=xytRf3fs_gY; "What is the Bohr model of the atom?",
https://www.youtube.com/watch?v=_Gt7mo8SNkA; "How Niels
Bohr created the quantum atom", https://www.youtube.com/
watch?v=xINR4MoqYVc; "This star almost broke Bohr's atomic
model", https://www.youtube.com/watch?v=BcX1aYrLct4;
"Sommerfeld and the éne structure of the atom", https://
www.youtube.com/watch?v=H4ZnVpiQTDw; ÑÃÓÂÊÑÄÂÕÇÎßÐÞÇ
ÄËÆÇÑÓÑÎËÍË, ÒÑÔÄâÜÈÐÐÞÇ ÂÕÑÏÐÑÌ ÏÑÆÇÎË ¢ÑÓÂ Ë ÔÄâÊÂÐÐÞÏ
Ô ÐÇÌ ÍÑÐÙÇÒÙËâÏ: "Why don't electrons fall onto the nucleus?",
https://www.youtube.com/watch?v=cf7t-tZnNuE

22. Michelson A A, The Nobel Prize in Physics 1907 was awarded to
Albert Abraham Michelson "for his optical precision instruments
and the spectroscopic and metrological investigations carried out
with their aid", https://www.nobelprize.org/prizes/physics/1907/
summary/

23. Albert A Michelson, Wikipedia, online accessed 29 May 2025,
h t t p s : / / e n . w i k i p e d i a . o r g / w / i n -
dex.php?title=Albert_A._Michelson&oldid=1293056736

24. Biedenharn L C "The ``Sommerfeld Puzzle'' revisited and resolved"
Found. Phys. 13 13ë34 (1983) DOI:10.1007/BF01889408

25. Kragh H "The éne structure of hydrogen and the gross structure of
the physics community, 1916-26" Hist. Stud. Phys. Sci. 15 67ë125
(1985) DOI:10.2307/27757550

26. Thomson J J, The Nobel Prize in Physics 1906 was awarded to
Joseph John Thomson "in recognition of the great merits of his
theoretical and experimental investigations on the conduction of
electricity by gases", https://www.nobelprize.org/prizes/physics/
1906/summary/

27. ¤ÓÂÐÑÄÔÍËÌ Á ª "¶ÑÓÏÖÎÂ ©ÑÏÏÇÓ×ÇÎßÆÂ Ë ÕÇÑÓËâ ¥ËÓÂÍÂ"
µ¶¯ 174 577 (2004); Granovskii Ya I "Sommerfeld formula and

Dirac's theory" Phys. Usp. 47 523 (2004)
28. Sommerfeld A Atomic Structure and Spectral Lines (New York:

Dutton, 1923) translated from the 3rd German ed.; https://archive.
org/details/atomicstructures0000somm/page/n7/mode/2up; in Ger-
man: Sommerfeld A Atombau und Spektrallinien Bd. 1, 2. Auê.
(Braunschweig: F. Vieweg and Sons, 1921); https://archive.org/
details/atombauundspekt00sommgoog/page/478/mode/2up

29. Darwin C G "The wave equations of the electron" Proc. R. Soc.
London A 118 654ë680 (1928) DOI:10.1098/rspa.1928.0076

30. Gordon W "Die Energieniveaus des Wasserstoffatoms nach der
DiracschenQuantentheorie des Elektrons"Z. Phys. 48 11ë14 (1928)
DOI:10.1007/BF01351570

31. Dirac P A M "The quantum theory of the electron" Proc. R. Soc.
London A 117 610 (1928) DOI:10.1098/rspa.1928.0023

32. Dirac PAM "The evolution of the physicist's picture of nature" Sci.
Am. 208 (5) 45 (1963) DOI:10.1038/scientificamerican0563-45

33. Akhiezer A I, Berestetskii V B Quantum Electrodynamics (Inter-
science Monographs and Texts in Physics and Astronomy, Vol. 11)
(NewYork:IntersciencePubl.,1965);±ÇÓ.ÔÓÖÔÔÍ.âÊ.:¡ØËÇÊÇÓ¡ª,
¢ÇÓÇÔÕÇÙÍËÌ £ ¢ ¬ÄÂÐÕÑÄÂâ àÎÇÍÕÓÑÆËÐÂÏËÍÂ (®.: ¶ËÊÏÂÕÅËÊ,
1959)

34. Berestetskii V B, Lifshitz E M, Pitaevskii L P Relativistic Quantum

Theory (Oxford: Pergamon Press, 1971); ±ÇÓ. Ô ÓÖÔÔÍ. âÊ.: ¢ÇÓÇÔ-
ÕÇÙÍËÌ £ ¢, ­Ë×ÛËÙ ¦ ®, ±ËÕÂÇÄÔÍËÌ ­ ± ²ÇÎâÕËÄËÔÕÔÍÂâ
ÍÄÂÐÕÑÄÂâ ÕÇÑÓËâ (®.: ¶ËÊÏÂÕÅËÊ, 1968)

35. Davydov A SQuantumMechanics (Oxford: Pergamon Press, 1965);
±ÇÓ. Ô ÓÖÔÔÍ. âÊ.: ¥ÂÄÞÆÑÄ ¡ ³ ¬ÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ (®.:
¶ËÊÏÂÕÅËÊ, 1963)

36. Landau L D, Lifshitz E M Quantum Mechanics: Non-Relativistic
Theory 3rd ed. (Oxford: Pergamon Press, 1977) DOI:10.1016/
C2013-0-02793-4; ±ÇÓ. Ô ÓÖÔÔÍ. âÊ.: ­ÂÐÆÂÖ ­ ¥, ­Ë×ÛËÙ ¦ ®
¬ÄÂÐÕÑÄÂâ ÏÇØÂÐËÍÂ. ¯ÇÓÇÎâÕËÄËÔÕÔÍÂâ ÕÇÑÓËâ 3-Ç ËÊÆ., ÒÇÓÇ-
ÓÂÃ. Ë ÆÑÒ. (®.: ¯ÂÖÍÂ, 1974)

37. Rose M E Relativistic Electron Theory (New York: JohnWiley and
Sons, 1961); https://ia801405.us.archive.org/22/items/in.ernet.dli.
2015.148057/2015.148057.Relativistic-Electron-Thoery.pdf

38. Schiff L I Quantum Mechanics 3rd ed. (International Ser. in Pure
and Applied Physics) (New York: McGraw-Hill Book Co., 1968);
https://physicsgg.éles.wordpress.com/2021/01/schiff-l.i.-quantum-
mechanics-mgh-1949t417s.pdf

39. ¢ÂÓÎË ¬, £ÇÅÂ-¤ÖÊÏÂÐ ·, ²Ö××ËÐÅ ¡, ³ÖÔÎÑÄ ³ ¬ "°ÕÍÓÞÕËÇ
ÓÇÎâÕËÄËÔÕÔÍÑÅÑ ÖÓÂÄÐÇÐËâ ºÓÈÆËÐÅÇÓÂ" µ¶¯ 192 100 (2022);

Barley K, Vega-Guzm�an J, Ruffing A, Suslov SK "Discovery of the

relativistic Schr�odinger equation" Phys. Usp. 65 90 (2022)
40. Ellis L, Ellis I, Koutschan C, Suslov S K "On potentials integrated

by the Nikiforov ëUvarov method", in Applications and q-Exten-
sions of Hypergeometric Functions (Contemporary Mathematics,
Vol. 819, EdsHSCohl, R SCostas-Santos, R SMaier) (Providence,
RI: AmericanMathematical Society, 2025) p. 43; https://bookstore.
ams.org/view?ProductCode=CONM/819

41. Goren B, Barley K, Suslov S K "Matrix approach to helicity states
of Dirac free particles", in Proc. of the Second Intern. Workshop on
Quantum Nonstationary Systems (Eds A Dodonov, C C H Ribeiro)
(S~ao Paulo: LF Editorial, 2024) pp. 333ë384, Ch. 19; http://
www.cif.unb.br/eventos/proceedings-qns2

42. Kryuchkov S I, Lanfear N A, Suslov S K "The role of the Paulië
Luba�nski vector for the Dirac, Weyl, Proca, Maxwell and Fierzë
Pauli equations" Phys. Scr. 91 035301 (2016) DOI:10.1088/0031-
8949/91/3/035301; arXiv:1510.05164

43. Kryuchkov S I, Suslov S K, Vega-Guzm�an J M "The minimum-
uncertainty squeezed states for atoms and photons in a cavity"
J. Phys. B 46 104007 (2013) DOI:10.1088/0953-4075/46/10/104007

44. Suslov SK "The `Someréeld's Puzzle' and its extensions", inProc. of
the Second Intern. Workshop on Quantum Nonstationary Systems
(Eds A Dodonov, C C H Ribeiro) (S~ao Paulo: LF Editorial, 2024)
pp. 43ë59; https://lfeditorial.com.br/produto/proceedings-of-the-
second-international-workshop-on-quantum-nonstationary-sys-
tems/

45. Suslov S K, Trey B "The Hahn polynomials in the nonrelativistic
and relativistic Coulomb problems" J.Math. Phys. 49 012104 (2008)
DOI:10.1063/1.2830804

46. Suslov S K, Vega-Guzm�an J M, Barley K "An introduction to
special functions with some applications to quantummechanics", in
Orthogonal Polynomials. 2nd AIMSëVolkswagen Stiftung Work-
shop, Douala, Cameroon, 5ë12 October, 2018. Conf. Proc. (Tutor-
ials, Schools, and Workshops in the Mathematical Sciences, Eds
M Foupouagnigni, W Koepf) (Cham: Birkh�auser, 2020) pp. 517ë
628, DOI:10.1007/978-3-030-36744-2_21

47. Ruféng A "Mathematische Methoden der Quantenmechanik",
­ÇÍÙËË, ÒÓÑÚËÕÂÐÐÞÇ Ä ®áÐØÇÐÔÍÑÏ ÕÇØÐËÚÇÔÍÑÏ ÖÐ-ÕÇ (Tech-
nische Univ. M�unchen) Ä 2001ë2014

48. Mehra J, Rechenberg H The Historical Development of Quantum

Theory Vol. 1, Pt. 1 The Quantum Theory of Planck, Einstein, Bohr
and Sommerfeld: Its Foundation and the Rise of Its Diféculties 1900ë
1925 (New York: Springer-Verlag, 1982); https://link.springer.com
/book/9780387951744

49. EinsteinA "Autobiographical note", inAlbert Einstein:Philosopher-
Scientist (Library of Living Philosophers, Vol. 7) (Ed. P A Schilpp)
Vol. 1 (La Salle, IL: Open Court Publ. Co., 1970) pp. 46ë47

50. Gantmacher F Lectures in Analytical Mechanics (Moscow: Mir
Publ., 1975); ±ÇÓ. Ô ÓÖÔÔÍ. âÊ.: ¤ÂÐÕÏÂØÇÓ ¶ ² ­ÇÍÙËË ÒÑ
ÂÐÂÎËÕËÚÇÔÍÑÌ ÏÇØÂÐËÍÇ (®.: ¯ÂÖÍÂ, 1966)

51. Goldstein H, Poole C, Safko J Classical Mechanics (San Francisco,
CA: Addison Wesley, 2002)

52. Nikiforov A F, Uvarov V B Special Functions of Mathematical
Physics. AUniéed Introduction with Applications (Basel: Birkh�auser,
1988)

53. Varshalovich D A, Moskalev A N, Khersonskii V K Quantum
Theory of Angular Momentum (Singapore: World Scientiéc, 1988)
DOI:10.1142/0270

54. Merzbacher EQuantumMechanics 3rd ed. (New York: JohnWilley
and Sons, 1998)

55. Berry M V, Mount K E "Semiclassical approximations in wave
mechanics"Rep. Prog. Phys. 35 315 (1972)DOI:10.1088/0034-4885/
35/1/306

´. 196, å 1 ³´¡²¡Á ¬£¡¯´°£¡Á ®¦·¡¯ª¬¡ ¢°²¡ ª ©°®®¦²¶¦­¾¥¡ ³ ³°£²¦®¦¯¯°« ´°¹¬ª ©²¦¯ªÁ 101



56. Ghatak A K, Gallawa R L, Goyal I C Modiéed Airy Function and
WKB Solutions to the Wave Equation (NIST Monograph, Vol. 176)
(Boulder, CO: National Institute of Standards and Technology,
1991)

57. Barley K K, Ruféng A, Suslov S K "Old quantum mechanics by
Bohr and Sommerfeld from modern perspective: Supplementary
éles" DOI: https://doi.org/10.3367/UFNr.2025.08.040014

58. Landau L D, Lifshitz E M The Classical Theory of Fields 4th ed.
(Oxford: Pergamon Press, 1975) DOI:10.1016/B978-0-08-025072-
4.50001-0; ±ÇÓ. Ô ÓÖÔÔÍ. âÊ.: ­ÂÐÆÂÖ ­ ¥, ­Ë×ÛËÙ ¦ ® ´ÇÑÓËâ
ÒÑÎâ (®.: ¯ÂÖÍÂ, 1973)

59. Sommerfeld A Wave-Mechanics 2nd ed. (New York: E.P. Dutton
and Co. Inc., 1938) Suppl. Vol. to "Atomic Structure and Spectral
Lines"

60. Schr�odinger E, TheNobel Prize in Physics 1933 was awarded jointly
to Erwin Schr�odinger and Paul Adrien Maurice Dirac "for the
discovery of new productive forms of atomic theory", https://
www.nobelprize.org/prizes/physics/1933/summary/

61. Dirac P A M, The Nobel Prize in Physics 1933 was awarded jointly
to Erwin Schr�odinger and Paul Adrien Maurice Dirac "for the
discovery of new productive forms of atomic theory", https://
www.nobelprize.org/prizes/physics/1933/dirac/facts/

62. Schr�odinger E "The continuous transition from micro- to macro-
mechanics", in Collected Papers on Wave Mechanics (Providence,
RI: Chelsea Publ. Co.: AMS Chelsea Publ., 2010) pp. 41ë44;
Translated from German: Naturwissenschaften 28 664±666 (1926)

DOI:10.1007/BF01507634

63. Schr�odinger E "An undulatory theory of the mechanics of atoms
and molecules" Phys. Rev. 28 1049ë1070 (1926) 27 DOI:10.1103/
PhysRev.28.1049

64. von Meyenn K (Ed.) Eine Entdeckung von ganz auûerordentlicher
Tragweite: Schr�odingers Briefwechsel zur Wellenmechanik und zum

Katzenparadoxon (Berlin: Springer, 2011) DOI:10.1007/978-3-642-
04335-2

65. de Broglie L, TheNobel Prize in Physics 1929 was awarded to Prince
Louis-Victor Pierre Raymond de Broglie "for his discovery of the
wave nature of electrons", https://www.nobelprize.org/prizes/
physics/1929/summary/

66. Mehra J, Rechenberg H Erwin Schr�odinger and the Rise of Wave
Mechanics Pt. 2 The Creation of Wave Mechanics; Early Response

and Applications 1925±1926 (The Historical Development of Quan-

tum Theory , Vol. 5/2) 1st ed. (New York: Springer-Verlag, 1987);

https://link.springer.com/book/9780387951805

67. Moore W Schr�odinger: Life and Thought (Ser. Canto Classics)
(Cambridge: Cambridge Univ. Press, 2015) DOI:10.1017/
CBO9781316424056

68. Brillouin L "Lam�ecanique ondulatoire de Schr�odinger unem�ethode
g�en�erale de r�esolution par approximations successives" C. R. Acad.
Sci. 183 24ë26 (1926); https://gallica.bnf.fr/ark:/12148/bpt6k3136h/
f24

69. Kramers H A "Wellenmechanik und halbzahlige Quantisierung"
Z. Phys. 39 828ë840 (1926) DOI:10.1007/BF01451751

70. Wentzel G "Eine Verallgemeinerung der Quantenbedingungen f�ur
die Zwecke der Wellenmechanik" Z. Phys. 38 518ë529 (1926)
DOI:10.1007/BF01397171

71. Olver F, Daalhuis A, Lozier D, Schneider B, Boisvert R, Clark C,
Mille B, Cohl H, McClain M, NIST Digital Library of Mathema-
tical Functions (2025), release 1.2.4 of 2025-03-15, https://
dlmf.nist.gov/

72. Nikiforov A F, Novikov V G, Uvarov V B Quantum-Statistical
Models of Hot Dense Matter. Methods for Computation Opacity and
Equation of State (Progress in Mathematical Physics, Vol. 37)
(Basel: Birkh�auser, 2005) DOI:10.1007/b137687

73. Langer R E "On the asymptotic solutions of ordinary differential
equations, with an application to the Bessel functions of large order"
Trans. Am. Math. Soc. 33 23ë64 (1931) DOI:10.1090/S0002-9947-
1931-1501574-0

74. Langer R E "On the connection formulas and the solutions of the
wave equation" Phys. Rev. 51 669ë676 (1937) DOI:10.1103/
PhysRev.51.669

75. Kragh H "Erwin Schr�odinger and the wave equation: The crucial
phase" Centaurus 26 154ë197 (1982) DOI:10.1111/j.1600-
0498.1982.tb00659.x

76. Kragh H "Equation with the many fathers. The KleinëGordon
equation in 1926" Am. J. Phys. 52 1024ë1033 (1984) DOI:10.1119/
1.13782

77. Joas C, Lehner C "The classical roots of wave mechanics: Schr�odin-
ger's transformations of the optical-mechanical analogy"Stud.Hist.
Philos. Sci. B 40 338ë351 (2009) DOI:10.1016/j.shpsb.2009.06.007

78. Bethe H A, Salpeter E Quantum Mechanics of One- and Two-
Electron Atoms (Mineola, NY: Dover Publ., 2008)

79. Good R H (Jr.) "The generalization of the WKB method to radial
wave equations" Phys. Rev. 90 131ë137 (1953) DOI:10.1103/
PhysRev.90.131

80. Lu P "Derivation of SommerfeldëDirac éne-structure formula by
WKB method" Phys. Rev. A 1 1283ë1285 (1970) DOI:10.1103/
PhysRevA.1.1283

81. Mehra J (Ed.) The Discovery of Electron Spin Vol. 1 (Singapore:
World Scientiéc, 2001) Ch. 17, pp. 585ë611 DOI:10.1142/
9789812810588_0017

82. Stern O, TheNobel Prize in Physics 1943 was awarded to Otto Stern
"for his contribution to the development of the molecular ray
method and his discovery of the magnetic moment of the proton",
https://www.nobelprize.org/prizes/physics/1943/summary/

83. ±ÇÕÓÑÄ ³ £ "°ÛËÃÂÎÔâ ÎË ©ÑÏÏÇÓ×ÇÎßÆ? (¬ ËÔÕÑÓËË ÒÑâÄÎÇ-
ÐËâ ÔÒËÐÂ Ä ÓÇÎâÕËÄËÔÕÔÍËØ ÄÑÎÐÑÄÞØ ÖÓÂÄÐÇÐËâØ)" 190 777

(2020); Petrov S V "Was Sommerfeld wrong? (To the history of the

appearance of spin in relativistic wave equations)"Phys. Usp. 63 721
(2020)

84. Heisenberg W, The Nobel Prize in Physics 1932 was awarded to
Werner Karl Heisenberg "for the creation of quantum mechanics,
the application of which has, inter alia, led to the discovery of the
allotropic forms of hydrogen", https://www.nobelprize.org/prizes/
physics/1932/summary/

85. Heisenberg W "Ausstrahlung von Sommerfelds Werk in der
Gegenwart" Phys. Bl�atter 24 530ë537 (1968) DOI:10.1002/
phbl.19680241203

86. Yourgrau W,Mandelstam S Variational Principles in Dynamics and
Quantum Theory 3rd ed. (Philadelphia, PA: W.B. Saunders Co.,
1968)

87. Schr�odinger E "Preface", in Collected Papers on Wave Mechanics
3rd ed. (Montr�eal: Minkowski Institute Press, 2021) pp. ixëxiii

88. Schr�odinger E "Quantisation as a problem of proper values"
Collected Papers on Wave Mechanics (AMS Chelsea Publishing
Ser., Vol. 302) (Providence, RI: Chelsea Publ. Co., 2010) Pt. II,
pp. 13ë40; https://bookstore.ams.org/chel-302

89. Einstein A Letters on Wave Mechanics: Correspondence with

H.A. Lorentz, Max Planck, and Erwin Schr�odinger (New York:
Philosophical Library, Open Road, 2011)

90. Fock V "Zur Schr�odingerschen Wellenmechanik" Z. Phys. 38 242ë
250 (1926) DOI:10.1007/BF01399113

91. Wessels L "Schr�odinger's route to wave mechanics" Stud. Hist. Phil.
Sci. A 10 311ë340 (1979) DOI:10.1016/0039-3681(79)90018-9

92. Bloch F "Heisenberg and the early days of quantum mechanics"
Phys. Today 29 (12) 23ë27 (1976) DOI:10.1063/1.3024633

93. Rozental S (Ed.) Niels Bohr: His Life and Work as Seen by His

Friends and Colleagues (Amsterdam: North-Holland Publ. Co.,
1968) p. 73

94. Koutschan C, Suazo E, Suslov S K "Fundamental laser modes in
paraxial optics: from computer algebra and simulations to experi-
mental observation" Appl. Phys. B 121 315ë336 (2015)
DOI:10.1007/s00340-015-6231-9

95. Jackson J D Classical Electrodynamics 2nd ed. (New York: John
Wiley and Sons, 1975)

96. Ewald P P "Ein Buch �uber mathematische Physik: Courantë
Hilbert" Naturwissenschaften 13 384ë387 (1925) DOI:10.1007/
BF01559098

97. Courant R, Hilbert D Methoden der Mathematischen Physik
(Grundlehren der mathematischen Wissenschaften, Vol. 12) (Ber-
lin: Springer, 1924) DOI:10.1007/978-3-662-36445-1

98. Oganessian Y "Discovery of the island of stability for super heavy
elements", in IPAC2017:Proc. of the 8th Intern. Particle Accelerator

27 ±ÑÔÎÇÆÐââ ÔÕÂÕßâ ¿. ºÓÈÆËÐÅÇÓÂ Ä 1926 Å.

102 ¬. ¢¡²­ª, ¡. ²µ¶¶ª¯¤, ³.¬. ³µ³­°£ µ¶¯ 2026



Conf., Copenhagen, Denmark, 14±19 May, 2017 (Eds G Arduini,
M Lindroos, J Pranke, V R W Schaa, M Seidel) (Copenhagen,
Denmark: Eur. Spallation Source (ESS), MAXIV and Aarhus
Univ., 2017) pp. 4848ë4851; https://proceedings.jacow.org/
ipac2017/

99. Barley K, Ruféng A, Suslov S K "Oganesson versus uranium
hydrogen-like ions from the viewpoint of old quantum me-
chanics", arXiv:2509.06249, DOI:10.48550/arXiv.2509.06249

100. GumberidzeA,St�ohlkerTh,Bana�sD,BeckertK,BellerP,BeyerHF,
Bosch F, Hagmann S, Kozhuharov C, Liesen D, Nolden F, Ma X,
Mokler P H, Steck M, Sierpowski D, Tashenov S "Quantum
electrodynamics in strong electric éelds: The ground-state Lamb
shift in hydrogenlike uranium" Phys. Rev. Lett. 94 223001 (2005)
DOI:10.1103/PhysRevLett.94.223001

101. Gumberidze A, St�ohlker Th, Bana�s D, Beckert K, Beller P,
Beyer H F, Bosch F, Cai X, Hagmann S, Kozhuharov C, Liesen D,
Nolden F, Ma X, Mokler P H, SteckM, Sierpowski D, Tashenov S,
Warczak A, Zou Y "Precision tests of QED in strong éelds:
experiments on hydrogen- and helium-like uranium" J. Phys. Conf.
Ser. 58 87ë92 (2007) DOI:10.1088/1742-6596/58/1/013

102. Flerov G N, Karamian S A "The search for superheavy elements in
nature: foundations and prospects", in Atti del ConvegnoMendelee-
viano, Periodicit�a e simmetrie nella struttura elementare della
materia. Torino-Roma, 15ë21 settembre, 1969/Convegno Mendelee-
viano. Torino-Roma, 1969 (Ed. M Verde) (TorinoëRoma, 1971)
pp. 73ë96

103. Mohr P J, Plunien G, Soff G "QED corrections in heavy atoms"
Phys. Rep. 293 227ë369 (1998) DOI:10.1016/S0370-1573(97)00046-
X

104. Shabaev V M "Two-time Green's function method in quantum
electrodynamics of high-Z few-electron atoms" Phys. Rep. 356 119ë
228 (2002) DOI:10.1016/S0370-1573(01)00024-2; physics/0009018,
DOI:10.48550/arXiv.physics/0009018

105. ºÂÃÂÇÄ £ ® "¬ÄÂÐÕÑÄÂâ àÎÇÍÕÓÑÆËÐÂÏËÍÂ ÕâÉÇÎÞØ ËÑÐÑÄ Ë
ÂÕÑÏÑÄ: ÔÕÂÕÖÔ Ë ÒÇÓÔÒÇÍÕËÄÞ" µ¶¯ 178 1220 (2008); Sha-

baev V M "Quantum electrodynamics of heavy ions and atoms:

current status and prospects" Phys. Usp. 51 1175 (2008)
DOI:10.1070/PU2008v051n11ABEH006801

106. Suslov S K "Expectation values in relativistic Coulomb problems"
J. Phys. B 42 185003 (2009) DOI:10.1088/0953-4075/42/18/185003

107. Chapman K "The oganesson odyssey" Nature Chem. 10 796 (2018)
DOI:10.1038/s41557-018-0098-4

108. Giuliani S A, Matheson Z, Nazarewicz W, Olsen E, Reinhard P-G,
Sadhukhan J, Schuetrumpf B, Schunck N, Schwerdtfeger P
"Colloquium: Superheavy elements: Oganesson and beyond" Rev.
Mod. Phys. 91 011001 (2019)DOI:10.1103/RevModPhys.91.011001

109. Kaygorodov M Y, Skripnikov L V, Tupitsyn I I, Eliav E,
Kozhedub Y S, Malyshev A V, Oleynichenko A V, Shabaev V M,
Titov A V, Zaitsevskii A V "Electron afénity of oganesson" Phys.
Rev. A 104 012819 (2021) DOI:10.1103/PhysRevA.104.012819

110. Kragh H From Transuranic to Superheavy Elements: A Story of
Dispute and Creation (SpringerBriefs in History of Science and
Technology) (Cham: Springer, 2018) DOI:10.1007/978-3-319-
75813-8

111. Oganessian Yu Ts, Utyonkov V K, Lobanov Yu V, Abdullin F Sh,
Polyakov A N, Sagaidak R N, Shirokovsky I V, Tsyganov Yu S,
Voinov A A,Moody K J, Patin J B, Shaughnessy D A, Stoyer MA,
Stoyer N J, Wilk P A, Kenneally J M, Landrum J H, Wild J F,
GulbekianGG, Bogomolov SL,Gikal BN,MezentsevAN, Iliev S,
SubbotinVG,SukhovAM,SuboticK,ZagrebaevVI,VostokinGK,
ItkisMG, Lougheed RW"Synthesis of the isotopes of elements 118
and 116 in the 249Cf and 245Cm� 48Ca fusion reactions" Phys. Rev.
C 74 44602 (2006) DOI:10.1103/PhysRevC.74.044602

112. Oganessian Yu Ts, Abdullin F Sh, Alexander C, Binder J, Boll R A,
Dmitriev S N, Ezold J, Felker K, Gostic J M, Grzywacz R K,
Hamilton J H, Henderson R A, Itkis M G, Miernik K, Miller D,
Moody K J, Polyakov A N, Ramayya A V, Roberto J B, Ryabi-
nin M A, Rykaczewski K P, Sagaidak R N, Shaughnessy D A,
Shirokovsky I V, Shumeiko M V, Stoyer M A, Stoyer N J, Subbo-
tin VG, Sukhov AM, Tsyganov Yu S, Utyonkov VK, Voinov AA,
Vostokin G K "Production and decay of the heaviest nuclei
293; 294117 and 294118" Phys. Rev. Lett. 109 162501 (2012)
DOI:10.1103/PhysRevLett.109.162501

113. Ceulemans A, Thyssen P "The `chemical mechanics' of the periodic
table", in Mendeleev to Oganesson: A Multidisciplinary Perspective

on the Periodic Table (Eds E Scerri, G Restrepo) (New York:
Oxford Univ. Press, 2018) pp. 104ë121, https://doi.org/10.1093/
oso/9780190668532.003.0008

114. Powers R T "Frequencies of Radial Oscillation and Revolution as
Affected by Features of a Central Potential", in Atti del Convegno
Mendeleeviano, Periodicit�a e simmetrie nella struttura elementare
della materia. TorinoëRoma, 15ë21 settembre, 1969/Convegno Men-
deleeviano. TorinoëRoma, 1969 (Ed. M Verde) (Turin, Italy:

Vincenzo Bona, 1971) pp. 235±242

115. Wheeler J A "From Mendel�eev's atom to the collapsing star", in
Philosophical Foundations of Science: Proc. of Section L, 1969,
American Association for the Advancement of Science (Boston
Studies in the Philosophy of Science, Vol. 11, Eds R J Seeger,
R S Cohen) (Dordrecht: Springer, 1974) Ch. 15, pp. 257ë301,
DOI:10.1007/978-94-010-2126-5_15

116. Pomeranchuk I, Smorodinsky J "On the energy levels of systems
withZ > 137" J. Phys. USSR 9 97ë100 (1945); https://ufn.ru/ufn13/
ufn13_4/Russian/pomeranchuk.pdf

Old quantum mechanics by Bohr and Sommerfeld from modern perspective

K. Barley �1; a�, A. Ruffing �2; b�, S.K. Suslov �3; c�
�1� Department of Mathematics, College of Arts and Sciences,

Howard University, 2141 6th St NW, Washington, DC 20059, USA
�2� Landeshauptstadt M�unchen, Seminar TMG Universit�at,

Referat f�ur Bildung und Sport, Marienplatz 8, 80331 M�unchen, Germany
�3� School of Mathematical and Statistical Sciences,

Arizona State University, Tempe, AZ 85287±1804, USA
E-mail: �a� Kamal.Barley@howard.edu, �b� alruffing@web.de, �c� sks@asu.edu

We reviewBohr's atomicmodel and its extension by Sommerfeld from amathematical perspective of wavemechanics. The derivation of
quantization rules and energy levels is revisited using semiclassical methods. Sommerfeld-type integrals are evaluated by elementary
techniques, and connections with the Schr�odinger and Dirac equations are established. Historical developments and key transitions
from classical to quantum theory are discussed to clarify the structure and signiécance of the old quantum mechanics.

Keywords: Bohr's atomic model, BohrëSommerfeld quantization rule, Schr�odinger equation, Dirac equation, WKB method, éne
structure formula, Sommerfeld puzzle, computer algebra system: Mathematica, transuranic elements

PACS numbers: 01.65.+g, 02.70. ± c, 03.65. ± w

Bibliography ì 116 references Received 3 July 2025
Uspekhi Fizicheskikh Nauk 196 (1) 83 ± 103 (2026) Physics ±Uspekhi 69 (1) (2026)
DOI: https://doi.org/10.3367/UFNr.2025.08.040014 DOI: https://doi.org/10.3367/UFNe.2025.08.040014

´. 196, å 1 ³´¡²¡Á ¬£¡¯´°£¡Á ®¦·¡¯ª¬¡ ¢°²¡ ª ©°®®¦²¶¦­¾¥¡ ³ ³°£²¦®¦¯¯°« ´°¹¬ª ©²¦¯ªÁ 103


	1. Ââåäåíèå
	2. Ìîäåëü àòîìà Áîðà
	3. Ïðàâèëà êâàíòîâàíèÿ Âèëüñîíà è Çîììåðôåëüäà â âîëíîâîé ìåõàíèêå
	3.1. Ôîðìóëà òîíêîé ñòðóêòóðû Çîììåðôåëüäà
	3.2. Ôîðìóëà òîíêîé ñòðóêòóðû â âîëíîâîé ìåõàíèêå

	4. Âû÷èñëåíèå èíòåãðàëîâ Çîììåðôåëüäà
	5. Äàëüíåéøèå ïðèìåðû è ðàçðåøåíèå "çàãàäêè Çîììåðôåëüäà"
	6. Îøèáêà, êîòîðîé Øð¸äèíãåð íå ñäåëàë
	7. Çàêëþ÷åíèå
	8. Ïðèëîæåíèÿ
	 À. Ñêîðîñòü, óñêîðåíèå è ìîìåíò èìïóëüñà ïðè êðóãîâîì äâèæåíèè
	 Á. Íåóñòîé÷èâîñòü àòîìà âîäîðîäà â êëàññè÷åñêîé ôèçèêå
	 Â. Íåçàâèñèìîå ðàññìîòðåíèå èíòåãðàëîâ Çîììåðôåëüäà
	 Ã. Ïèñüìî Øð¸äèíãåðà Çîììåðôåëüäó
	 Ä. Âûâîä óðàâíåíèé (3.18)--(3.21) ïðè ïîìîùè ñèñòåìû Mathematica
	 Å. Ðåëÿòèâèñòñêèé âîäîðîäîïîäîáíûé èîí óðàíà (uranium, Z=92) â ñðàâíåíèè ñ ãèïîòåòè÷åñêèì èîíîì...

	 Ñïèñîê ëèòåðàòóðû

