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Ïðèëîæåíèå Ä. Âûâîä óðàâíåíèé (3.18)�(3.21) ïðè ïîìîùè ñèñòåìû Mathematica

Èç íàøåãî âñïîìîãàòåëüíîãî áëîêíîòà ñèñòåìû Mathematica, AppendixErus.pdf [57]:

×èòàòåëü ìîæåò ñêîïèðîâàòü âñå ââîäíûå ñåêöèè ýòîé äîïîëíèòåëüðîé ïðîãðàììû ñèñòåìû
Mathematica, ïîñëå îáîçíà÷åíèÿ In[#]:=, èç íàøåãî PDF äîêóìåíòà ïðÿìî â íîâûé áëîêíîò
Ìàòåìàòèêè è âûïîëíèòü îäíó çà äðóãîé, ïî ïîðÿäêó, âñå êîìàíäû ÷òîáû ïîâòîðèòü íàøè
âû÷èñëåíèÿ.

Ââåäåì ôóíêöèþ s(θ) =
1

r
èç (3.9):

In[ 1]:= s[\[Theta]_] := (1 + \[Epsilon]*Cos[\[Omega]*\[Theta]])/(a*(1 - \[Epsilon]^2))

In[ 2]:= s[\[Theta]]

Out[ 2]=
1 + ϵ cos(θω)

a(1− ϵ2)

è âû÷èñëèì åå ïðîèçâîäíóþ:

In[ 3]:= D[s[\[Theta]], \[Theta]]

Out[ 3]= − ϵω sin(θω)

a(1− ϵ2)

Â ïðàâîé ÷àñòè (3.4) îöåíèì:

In[ 4]:= (D[s[\[Theta]], \[Theta]])^2 + (s[\[Theta]])^2

Out[ 4]=
(1 + ϵ cos(θω))2 + ϵ2ω2 sin2(θω)

a2(1− ϵ2)2

è ïîäñòàâèì:

In[ 5]:= % /. Sin[\[Theta] \[Omega]]^2 -> 1 - (Cos[\[Theta] \[Omega]])^2

Out[ 5]=
(1 + ϵ cos(θω))2 + ϵ2ω2(1− cos2(θω))

a2(1− ϵ2)2

Ââåäåì S è èñêëþ÷èì êîñèíóñ:

In[ 6]:= Solve[S == (1 + \[Epsilon] Cos[\[Theta] \[Omega]])/(a (1 - \[Epsilon]^2)), Cos[\[

Theta] \[Omega]]]

Out[ 6]=

{
cos(θω) → −1 + aS − aSϵ2

ϵ

}
In[ 7]:= FullSimplify[%% /. Cos[\[Theta] \[Omega]] -> (-1 + a S - a S \[Epsilon]^2)/\[Epsilon

]]

Out[ 7]=
ω2 + aS

(
−2ω2 − aS(−1 + ϵ2)(−1 + ω2)

)
a2(1− ϵ2)

Â ðåçóëüòàòå äàííîå âûðàæåíèå çàïèñûâàåòñÿ äëÿ ïåðåìåííîé S ñëåäóþùèì îáðàçîì:

In[ 8]:= Collect[%, S]

Out[ 8]=
ω2

a2(1− ϵ2)
− 2Sω2

a(1− ϵ2)
− S2(−1 + ω2)

Óðàâíåíèå (3.4), îïðåäåëèì ðàçíèöó ìåæäó ïðàâîé è ëåâîé ÷àñòÿìè:

In[ 9]:= P = (En/(m c^2) + (Z (e^2) S )/(m c^2))^2 -

1 - ((\[HBar] Subscript[n, \[Theta]])/(

m c))^2*(\[Omega]^2/(a^2 (-1 + \[Epsilon]^2)) - (2 S \[Omega]^2)/(

a (-1 + \[Epsilon]^2)) - S^2 (-1 + \[Omega]^2))

Out[ 9]= −1 +

(
En

c2m
+

e2SZ

c2m

)2

−
(

ω2

a2(1− ϵ2)
− 2Sω2

a(1− ϵ2)
− S2(−1 + ω2)

)
ℏ2n2

θ

c2m2

è óïðîñòèì:

In[ 10]:= % /. e^2 -> \[Alpha]*\[HBar]*c ;

In[ 11]:= Collect[%, S]

Out[ 11]=

−1 +
En2

c4m2
− ω2ℏ2n2

θ

a2c2m2(1− ϵ2)
+ S

(
2EnZαℏ
c3m2

+
2ω2ℏ2n2

θ

ac2m2(1− ϵ2)

)
+ S2

(
Z2α2ℏ2

c2m2
+

(−1 + ω2)ℏ2n2
θ

c2m2

)
×òîáû óäîâëåòâîðèòü (3.4), âñå êîýôôèöèåíòû ýòîãî êâàäðàòíîãî ìíîãî÷ëåíà äîëæíû áûòü
ðàâíû íóëþ:
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In[ 12]:= {Subscript[C,

0] = (Z^2 \[Alpha]^2 \[HBar]^2)/(c^2 m^2) + ((-1 + \[Omega]^2) \[HBar]^2

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\))/(c^2 m^2),

Subscript[C,

1] = (2 En Z \[Alpha] \[HBar])/(c^3 m^2) + (2 \[Omega]^2 \[HBar]^2

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\))/(

a c^2 m^2 (-1 + \[Epsilon]^2)),

Subscript[C, 2] = -1 + En^2/(c^4 m^2) - (\[Omega]^2 \[HBar]^2

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\))/(

a^2 c^2 m^2 (-1 + \[Epsilon]^2))}

Out[ 12]=
{

Z2α2ℏ2
c2m2 +

(−1+ω2)ℏ2n2
θ

c2m2 , 2EnZαℏ
c3m2 +

2ω2ℏ2n2
θ

ac2m2(1−ϵ2)
, −1 + En2

c4m2 − ω2ℏ2n2
θ

a2c2m2(1−ϵ2)

}
Èç óñëîâèÿ èñ÷åçàþùåãî ãëàâíîãî ÷ëåíà âûáåðåì ïîëîæèòåëüíîå ðåøåíèå:

In[ 13]:= Solve[Subscript[C, 0] == 0, \[Omega]]

Out[ 13]=

{
ω → −

√
−Z2α2+n2

θ
nθ

, ω →
√

−Z2α2+n2
θ

nθ

}
Èç íóëåâîãî ëèíåéíîãî ÷ëåíà íàéäåì ýíåðãèþ â òåðìèíàõ a:

In[ 14]:= Solve[Subscript[C, 1] == 0, En]

Out[ 14]=
{
En → − c ω2 ℏn2

θ
aZα(1−ϵ2)

}
Èëè æå, èç (3.17):

In[ 15]:= Solve[(En Z \[Alpha])/(\!\(

\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]*c*\[HBar]*

\*SuperscriptBox[\(\[Omega]\), \(2\)]\)) == 1/(a (1 - \[Epsilon]^2)), En]

Out[ 15]=
{
En → − c ω2 ℏn2

θ
aZα(1−ϵ2)

}
Ïðîâåðèì, ÷òî ëèíåéíûé ÷ëåí ðàâåí íóëþ:

In[ 16]:= Subscript[C, 1] /. En -> -((c \[Omega]^2 \[HBar]

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\))/(

a Z \[Alpha] (-1 + \[Epsilon]^2)))

Out[ 16]= 0

Ïîñòîÿííûé ÷ëåí ìîæåò áûòü óïðîùåí ââèäó (3.16):

In[ 17]:= Subscript[C, 2] /.

1/(-1 + \[Epsilon]^2) -> -((Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2/(\[Omega]^2

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)))

Out[ 17]= −1 +
En2

c4m2
+

ℏ2(nr +
√

−Z2α2 + n2
θ)

2

a2c2m2

Òî æå ñàìîå äëÿ ëèíåéíîãî ÷ëåíà äëÿ òîãî, ÷òîáû èñêëþ÷èòü epsilon èç âûðàæåíèÿ äëÿ
ýíåðãèè:

In[ 18]:= Subscript[C, 1] /.

1/(-1 + \[Epsilon]^2) -> -((Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2/(\[Omega]^2

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)))

Out[ 18]=
2EnZαℏ
c3m2

−
2ℏ2(nr +

√
−Z2α2 + n2

θ)
2

ac2m2

In[ 19]:= Solve[% == 0, En]

Out[ 19]=

{
En →

cℏ(nr +
√

−Z2α2 + n2
θ)

2

aZα

}
Èñêëþ÷èì ýíåðãèþ èç ïîñòîÿííîãî ÷ëåíà:

In[ 20]:= -1 + En^2/(c^4 m^2) + (\[HBar]^2 (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)/(a^2 c^2 m^2) /.

En -> (c \[HBar] (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)/(a Z \[Alpha])

Out[ 20]= −1 +
ℏ2

(
nr +

√
−Z2α2 + n2

θ

)2

a2c2m2
+

ℏ2
(
nr +

√
−Z2α2 + n2

θ

)4

a2c2m2Z2α2
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Ñåé÷àñ ðåøèì ìîäèôèöèðîâàííîå óðàâíåíèå äëÿ A = a2:

In[ 21]:= Solve[(\[HBar]^2 (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)/(

c^2 m^2) + (\[HBar]^2 (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^4)/(

c^2 m^2 Z^2 \[Alpha]^2) == A, A]

Out[ 21]=

{
A →

ℏ2
(
nr+

√
−Z2α2+n2

θ

)2

c2m2 +
ℏ2

(
nr+

√
−Z2α2+n2

θ

)4

c2m2Z2α2

}
Ïðåîáðàçóåì ðåçóëüòàò ñëåäóþùèì îáðàçîì:

In[ 22]:= Factor[(\[HBar]^2 (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)/(

c^2 m^2) + (\[HBar]^2 (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^4)/(

c^2 m^2 Z^2 \[Alpha]^2)]

Out[ 22]=
ℏ2

(
nr +

√
−Z2α2 + n2

θ

)2 (
n2
r + n2

θ + 2nr

√
−Z2α2 + n2

θ

)
c2m2Z2α2

Ýêâèâàëåíòíîå âûðàæåíèå:

In[ 23]:= (\[HBar]^2 (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2*((Subscript[n, r] +

Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2 +

Z^2 \[Alpha]^2))/(c^2 m^2 Z^2 \[Alpha]^2)

Out[ 23]=

ℏ2
(
nr +

√
−Z2α2 + n2

θ

)2
((

nr +
√

−Z2α2 + n2
θ

)2

+ Z2α2

)
c2m2Z2α2

Ïðîâåðêà:

In[ 24]:= Simplify[% - %%]

Out[ 24]= 0

Íàêîíåö, ïîäñòàâèì ïàðàìåòð a â ðàíåå íàéäåííîå âûðàæåíèå äëÿ ýíåðãèè:

In[ 25]:= (c \[HBar] (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)/(a Z \[Alpha]) /.

a -> (\[HBar] (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)]) Sqrt[

Z^2 \[Alpha]^2 + (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2])/(c m Z \[Alpha])

Out[ 25]=
c2m

(
nr +

√
−Z2α2 + n2

θ

)
√

Z2α2 +
(
nr +

√
−Z2α2 + n2

θ

)2

Ñðàâíèì êâàäðàò ýòîãî âûðàæåíèÿ ñ êâàäðàòîì óðàâíåíèÿ (3.18):

In[ 26]:= Simplify[(Z^2 \[Alpha]^2 + (Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)/(Subscript[n, r] +

Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2 - (1 + (

Z^2 \[Alpha]^2)/(Subscript[n, r] + Sqrt[-Z^2 \[Alpha]^2 +

\!\(\*SubsuperscriptBox[\(n\), \(\[Theta]\), \(2\)]\)])^2)]

Out[ 26]= 0

Òàêèì îáðàçîì, ìû âûâåëè óðàâíåíèÿ (3.18)− (3.21) ñ ïîìîùüþ ñèñòåìû êîìïüþòåðíîé
àëãåáðû Mathematica.

Êîíåö ñåññèè ñ ñèñòåìîé Mathematica. (Ïîäðîáíîñòè ìîæíî íàéòè â [57].)

Äàëüíåéøàÿ ïîääåðæêà ñ ñèñòåìîé Mathematica: Äîïîëíèòåëüíî ê áëîêíîòó
AppendixErus.nb, ïðåäñòàâëåííîìó âûøå, íàøè êîìïüþòåðíûå ïðîãðàììû ñèñòåìû
Mathematica òàêæå âêëþ÷àþò BohrAtomMathematica.nb è EllipsesAnimateAu.nb, îáà íà
íà÷àëüíîì óðîâíå.

Ïðîãðàììà EllipsesAnimateSo�sticated.nb ðàçðàáîòàíà äëÿ ñîçäàíèÿ áîëåå ñëîæíîé
àíèìàöèè, ÷èñëåííîãî ìîäåëèðîâàíèÿ, ðåëÿòèâèñòñêîãî êåïëåðîâà äâèæåíèÿ
âîäîðîäî-ïîäîáíûõ èîíîâ ïî âñåé ïåðèîäè÷åñêîé ñèñòåìå ýëåìåíòîâ (äåòàëè ñì. â [57]).
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