
Abstract. Based on various representations of the potential of
point basis sources of an electrostatic field, we report the solu-
tion to the problem of their interaction energy. The obtained
results can be used to approximate the electric field by point
multipole fields using the variational principle.
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1. Introduction

The authors of this paper have demonstrated the efficiency of
approximating the electric field of conductors by fields of
point charges [1] and point multipoles [2]. This approxima-
tion is based on a variational principle associated with
minimizing the electrostatic energy by the values of charges
and multipoles, as well as by the coordinates of their
localization points.

In implementing this principle, it was necessary to find, in
particular, the interaction energy of point multipoles. Note
that the potentials of point multipoles of all orders are present
in the expansions of potentials in characteristic multipoles of
a sphere [3±6]. Representing these potentials in a spherical
coordinate system markedly complicates the calculation of
the interaction energy of point multipoles. It is also worth
noting that the concept of point multipoles was introduced by
Maxwell [7].

A complex representation has proven convenient for
describing electric potentials and fields on a plane [8]. The

magnitude of a point electric charge on a plane (the linear
charge density of a uniformly charged straight line) is
determined by the real number l0, while the nth-order
multipole moment of a point multipole is determined by a
complex number ln � lnr � ilni �lnr � Re ln; lni � Im ln�.

If the charge and multipoles are located at points with
complex coordinates z0 and zn, then their complex potentials
and electric fields will be defined by the formulas

P0�z; z0� � ÿ l0
2pe0

ln

�
zÿ z0
R

�
;

Pn�z; zn� � ÿ ln
2pe0n

1

�zÿ zn�n ;

E �0 �z; z0� � ÿP 00�z; z0� � E0x ÿ iE0y � l0
2pe0�zÿ z0� ;

E �n �z; zn� � ÿP 0n�z; zn� � Enx ÿ iEny � ln
2pe0�zÿ z0�n�1

;

where the subscripts x and y denote the projections of the
electric field strength onto the corresponding axes, and the
prime denotes the derivative with respect to z. The choice of
the positive normalization constant R is described in mono-
graph [8].

Complex potential energies of interaction of a point
charge l �p�0 with a point charge l �q�0 and point multipole l �q�m

can be found from the relations

U00 �z �p�0 ; z
�q�
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2pe0
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�p�
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�
;
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2pe0n
ÿ
z
�p�
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�q�
n

�n :
The complex potential energy of interaction of two point

multipoles is described by the formula [8]
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The actual potential energies of interaction will coincide with
the real parts of the corresponding complex energies.

Note that the relative simplicity of the formulas for
interaction energies of point multipoles is explained by their
complex representation.

In this paper, based on the representation of the potentials
of spatial point multipoles in various forms, we will derive
formulas for their interaction energies.

2. Point electric multipoles
and their representations in various forms

The concepts of pointmultipoles were introduced byMaxwell
[7]. He defined the electric potential of amultipole of the order
k, located at the origin of coordinates, as

j �k��r� � 1

4pe0
Ak
�ÿ1�k
k!

P k
m�1�nmH�

1

r
; n 2

m � 1 : �1�

According to Maxwell, Ak is the magnitude of the multipole
moment, and the direct product n1n2 . . . nk is its `direction.'

The advantage of such a definition is its invariance with
respect to rotations of the coordinate system, as well as the
fact that the subsequent multipole moment, the mth one, is
constructed as two previousmoments, identical inmagnitude,
but opposite in `direction,' spaced a small distance in the
direction nm, with a subsequent limiting transition to a point
multipole. This method of constructing a point multipole
allows an expression to be immediately written for its energy
in an external electric field with a potential jout�r�:

W �k� � Ak

k!
P k

m�1 �nmH�jout�r�
����
r�0

: �2�

Expression (1) for the electric potential of a point multi-
pole can be reduced to the form

j �k��r� � 1

4pe0

Qk�x; y; z�
r 2k�1

� 1

4pe0

Yk�r=r�
r k�1

: �3�

Here, Qk�x; y; z� is a homogeneous harmonic polynomial of
the degree k of the Cartesian coordinates of point r, and
Yk�r=r� � Yk�y; a� is the direction function of the radius
vector determined, for example, by the angular spherical
coordinates. Maxwell called the direction function Yk�y; a� a
spherical harmonic of the order k and showed that the
number of linearly independent polynomials Qk�x; y; z� and
spherical harmonicsYk�y; a� is equal to 2k� 1; i.e., they form
a linear space of dimension 2k� 1. Note that spherical
coordinates are related to Cartesian coordinates by the
formula

r � �x; y; z� � �r sin y cos a; r sin y sin a; r cos y� :
As basis functions in the space of spherical harmonics

Yk�y; a�, it is convenient to choose functions

y
�n�
0 �y; a� � Pn�cos y� ;

y �n�mr �y; a� � �ÿ1�m
���������������������
2
�nÿm�!
�n�m�!

s
P �m�n �cos y� cos �ma� ; �4�

y
�n�
mi �y; a� � �ÿ1�m

���������������������
2
�nÿm�!
�n�m�!

s
P �m�n �cos y� sin �ma� ;

where

Pn�x� � �ÿ1�
n

2 nn!

d n

dxn
�1ÿ x 2�n ;

P �m�n �x� � �1ÿ x 2�m=2 �ÿ1�
n�m

2 nn!

d n�m

dxn�m �1ÿ x 2�n

are polynomials and associated Legendre functions.
Basic spherical harmonics are orthogonal in the sense of

the scalar product of functions of points of the sphere:

� f; g� �
�
fg dO �

� p

0

� 2p

0
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y
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y �n�mr �y; a�

�2
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�
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y
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Electric potentials of pointmultipoles located at the origin
of coordinates are defined by the functions

q
�n�
0 j �n�0 � q

�n�
0

4pe0

y
�n�
0 �y; a�
r n�1

; q �n�mr j
�n�
mr �

q
�n�
mr

4pe0

y
�n�
mr �y; a�
r n�1

;

�6�

q
�n�
mi j

�n�
mi �

q
�n�
mi

4pe0

y
�n�
mi �y; a�
r n�1

:

The quantities q
�n�
0 , q

�n�
mr , and q

�n�
mi are the values of the

moments of point multipoles of the corresponding orders.
Note that the charge distributions over the sphere r � a

with surface densities

q
�n�
0 s �n�0 �y; a� � q

�n�
0

2n� 1

4pan�2 y
�n�
0 �y; a� ;

�7�
q �n�mr s

�n�
mg �y; a� � q �n�mr

2n� 1

4pan�2 y �n�mg �y; a� �g � r; i�

will serve as sources of potentials (6) both outside the sphere
and

q
�n�
0 p �n�0 � q

�n�
0

4pe0

r ny
�n�
0 �y; a�
a 2n�1 ; q

�n�
0 p �n�mg �

q
�n�
0

4pe0

r ny
�n�
mg �y; a�
a 2n�1

inside it. Kazantsev [9] proposed calling the set of distributions
with basic charge densities s �n�0 �y; a� and s �n�mg �y; a� the character-
istic multipoles of the sphere. In this case, point multipoles can be
considered to arise by `sweeping' charges from the surface of the
sphere into the region of a ball bounded by the sphere.

The energies of interaction can be conveniently calculated
by representing the basic homogeneous harmonic polyno-
mials in a Cartesian coordinate system:

r ny
�n�
0 �y; a� �

X�n=2�
j�0

a
�n0�
j �Z�Z� jz nÿ2j ;

r ny �n�mr �y; a� �
1

2
�Zm � �Zm�

X��nÿm�=2�
j�0

a
�nm�
j �Z�Z� j z nÿmÿ2j ;

�8�

r ny
�n�
mi �y; a� �

1

2i
�Zm ÿ �Zm�

X��nÿm�=2�
j�0

a
�nm�
j �Z�Z� j z nÿmÿ2j ;
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where Z � x� iy; �Z � xÿ iy;

a
�n0�
j � �ÿ1� jn!

22j� j !�2�nÿ 2j �! ; 04 j4
�
n

2

�
;

�9�

a
�nm�
j � �ÿ1� j ���������������������������������������

2�n�m�!�nÿm�!�p
22j�m j ! �m� j �!�nÿmÿ 2j �! ;

m5 1 ; 04 j4
�
nÿm

2

�
:

We will now determine the electric potentials of point
multipoles using differential operators

T̂
�n�
0 �r 0��

q n
z 0

n!
; T̂ �n�mr �r 0��

�������������������������������
22mÿ1

�n�m�!�nÿm�!

s
q nÿm
z 0 �qm

Z 0 �qm
�Z 0 �;

�10�

T̂
�n�
mi �r 0� �

����������������������������������
22mÿ1

�n�m�!�nÿm�!

s
q nÿm
z 0

1

i
�qm

�Z 0 ÿ qm
Z 0 �

from the formulas

q
�n�
0 j �n�0 �r; r 0� �

q
�n�
0

4pe0
T̂
�n�
0 �r0�

1�������������������������������������������������
�zÿz 0�2��ZÿZ 0���Zÿ�Z 0�

q ;

q �n�mr j
�n�
mr �r; r 0� �

q
�n�
mr

4pe0
T̂ �n�mr �r0�

1�������������������������������������������������
�zÿz 0�2��ZÿZ 0���Zÿ�Z 0�

q ;

q
�n�
mi j

�n�
mi �r; r 0� �

q
�n�
mi

4pe0
T̂
�n�
mi �r0�

1�������������������������������������������������
�zÿz 0�2��ZÿZ 0���Zÿ�Z 0�

q :

�11�

It is assumed here that point multipoles are located at a point
with radius vector r 0. This form of derivation is due to the fact
that the Laplace operator has the form

D � 4qZq�Z � q 2
z ;

as a result, the harmonic functions vanish. This follows from
the equalities

qx � qZ � q�Z � T̂
�1�
1r �r� ; qy � i �qZ ÿ q�Z� � T̂

�1�
1i �r� ;

qz � T̂
�1�
0 �r� : �12�

The electric field strengths of pointmultipoles can be found
by the action of operators (11) on potentials (10). For example,

E
�n�
0x � ÿT̂ �1�1r �r�j �n�0 �r; r 0� � T̂

�1�
1r �r 0�T̂ �n�0 �r 0�j �0�0 �r; r 0�

�
�������������
�n�1�
2n

r
T̂
�n�1�
1r �r 0�j �0�0 �r; r 0� �

��������������
�n�1�
2n

r
j �n�1�1r �r; r 0� ;

E
�n�
0y � ÿT̂ �1�1i �r�j �n�0 �r; r 0� � T̂

�1�
1i �r 0�T̂ �n�0 �r 0�j �0�0 �r; r 0�

�
�������������
�n�1�
2n

r
T̂
�n�1�
1i �r 0�j �0�0 �r; r 0� �

�������������
�n�1�
2n

r
j �n�1�1i �r; r 0� ;

E
�n�
0z � ÿT̂ �1�0 �r�j �n�0 �r; r 0� � T̂

�1�
0 �r 0�T̂ �n�0 �r 0�j �0�0 �r; r 0�

� �n� 1�T̂ �n�1�0 �r 0�j �0�0 �r; r 0� � �n� 1�j �n�1�0 �r; r 0� :

Note that the calculation of the energy of a point
multipole in an external electric field will be based on
relations (8)±(11).

3. Energy of point multipoles
in external electric field

Let us find an expression for the energy of interaction of a
point multipole with an external electric field.We assume that
a point multipole with moment q

�n�
mg is located at a point with

radius vector r 0; then, the electric potential of this multipole at
a point with radius vector r can be found using formulas (9)
and (10). The interaction energy of a multipole with a charge
distribution dq�r� can be found using the formula

W �
�
j �n�mg �r; r 0� dq �r� �

q
�n�
mg

4pe0
T �n�mg �r 0�

�
dq �r�
jrÿ r 0j :

�13�
Taking into account the fact that the potential of an external
electric field is defined as

jout�r� �
1

4pe0

�
dq �r 0�
jrÿ r 0j ;

we obtain

W
�n�
0 �

�
j �n�0 �r� dq �r� � q

�n�
0 T̂

�n�
0 �r�jout�r�

��
r�r 0

� q
�n�
0

1

n!
q n
z jout�r�

��
r�r 0 ;

W �n�
mr �

�
j �n�mr �r� dq �r� � q �n�mr T̂

�n�
mr �r�jout�r�

��
r�r 0

� q �n�mr

�������������������������������
22mÿ1

�n�m�!�nÿm�!

s
q nÿm
z �qm

Z �qm
�Z �jout�r�

��
r�r 0 ;

�14�
W
�n�
mi �

�
j �n�mi �r� dq �r� � q

�n�
mi T̂

�n�
mi �r�jout�r�

��
r�r 0

� q
�n�
mi

i

�������������������������������
22mÿ1

�n�m�!�nÿm�!

s
q nÿm
z �qm

�Z ÿqm
Z �jout�r�

��
r�r 0

for the energies of point multipoles in an external electric field
with a potential jout�r�. Note that relations (14) for calculat-
ing the energy of point multipoles in an external electric field,
in fact, extend Maxwell's formula (2) to basic point multi-
poles.

It is assumed in formulas (14) that jout�r� should be
represented as a function of z; Z; �Z:

jout�r� � jout�z; Z; �Z� :
For example, the harmonic function

jout�r� � A exp �pr� cos �qr� ;
where A is a constant value, and p and q are constant
orthogonal vectors with the same modulus, should first be
written in the form

jout�r� � A exp �p��Z� pÿZ� pzz� cos �q��Z� qÿZ� qzz�;

p� � px � ipy
2

; pÿ � px ÿ ipy
2

;

q� � qx � iqy
2

; qÿ � qx ÿ iqy
2

:

Then, formulas (14) should be used to calculate the energy of
a point multipole in an external electric field.
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4. Interaction energy of point multipoles

Let us find the interaction energy of two basic pointmultipoles
using relations (8)±(11) and (14). We choose a coordinate
system so that its z-axis connects the first multipole with the
second one. We also assume that the axes of this coordinate
system will be parallel to the corresponding axes of the
accompanying coordinate systems for these multipoles. Then,
for the electric potentials of suchmultipoles of possible orders,
we can write

j �1n1�0 �r� � �ÿ1�
n1

4pe0
q
�1n1�
0 T̂

�n1�
0 �r� 1�����������������������������

�zÿ z1�2 � Z�Z
q ;

j �1n1�m1g �r� �
�ÿ1� n1
4pe0

q �1n1�m1g T̂ �n1�m1g �r�
1�����������������������������

�zÿ z1�2 � Z�Z
q ;

�15�
j �2n2�0 �r� � �ÿ1�

n2

4pe0
q
�2n2�
0 T̂

�n2�
0 �r� 1�����������������������������

�zÿ z2�2 � Z�Z
q ;

j �2n2�m2g �r� �
�ÿ1� n2
4pe0

q �2n2�m2g T̂ �n2�m2g �r�
1�����������������������������

�zÿ z2�2 � Z�Z
q :

This takes into account that the coordinates of the point
multipoles are Z1 � Z2 � 0.

One can see from relations (8)±(11) and (14) that the
interaction energies of the point multipoles in question will be
different from zero formultipoles with the same values of g and
m2 � m1 � m4 max�n1; n2�. In particular, form � 0, we find

W
�2n21n1�
00 � �ÿ1�

n1

4pe0
q
�n1�
0 q

�n2�
0 T̂

�n1�
0 �r� T̂ �n2�0 �r�

� 1�����������������������������
�zÿ z1�2 � Z�Z

q �����
r�r2
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n1

4pe0
q
�1n1�
0 q

�2n2�
0

� 1

n1!n2!
q n1�n2
z

1�����������������������������
�zÿ z1�2 � Z�Z

q �����
r�r2

� q
�1n1�
0 q

�2n2�
0

4pZ0

�ÿ1�n2�n1 � n2�!
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� q
�1n1�
0 q

�2n2�
0

4pe0
Q
�1n12n2�
0 �z2 ÿ z1� : �16�

At max �n1; n2�5m > 0, for the interaction energy of
point multipoles we have

W �2n21n1�
mgmg � �ÿ1�

n1

4pe0
q �n1�m q �n2�m T̂ �n1�mg �r� T̂ �n2�mg �r�

� 1���������������������������
�zÿz1�2 � Z�Z

q �����
r�r2

:

Noting that

T̂ �n1�mg �r� T̂ �n2�mg �r� � Aq n1�n2ÿ2m
z

ÿ� �qm
Z � qm

�Z �2
�

� Aq n1�n2ÿ2m
z

ÿ� �q 2m
Z � q 2m

�Z � 2qm
Z q

m
�Z �
�

� Aq n1�n2ÿ2m
z

�
�
�
q 2m
Z �q 2m

�Z �
�ÿ1�m
22mÿ1 q

2m
z

��
� �BT̂

�n1�n2�
2mr � �ÿ1�

mA

22mÿ1 q n1�n2
z ;

and taking into account the equalities

A� 22mÿ1�����������������������������������������������������������������������n1�m�!�n1ÿm�!�n2�m�!�n2ÿm�!
p ; B � const ;

T̂
�n1�n2�
2mr

1�����������������������������
�zÿ z1�2 � Z�Z

q ����
r�r2
� 0 ;

q n1�n2
z

1�����������������������������
�zÿ z1�2 � Z�Z

q ����
r�r2
� �ÿ1�n1�n2�n1 � n2�!
�z2 ÿ z1� n1�n2 jz2 ÿ z1j

;

we obtain

W �2n21n1�
mgmg � q

�1n1�
mg q

�2n2�
mg

4pe0
Q �1n12n2�m �z2 ÿ z1� ;

�17�

Q �1n12n2�m �z2ÿz1� � �ÿ1� n2�m�n1 � n2�!������������������������������������������������������������������������n1�m�!�n1ÿm�!�n2�m�!�n2ÿm�!�
p

� 1

�z2 ÿ z1�n1�n2 jz2 ÿ z1j
:

Now, let each of the multipoles be basic in the accom-
panying coordinate system. The orientation of the axes of the
accompanying coordinate systems relative to the systems
introduced at the beginning of this section is characterized
by the Euler angles �a1; b1; g1� and �a2; b2; g2� for the first and
second multipoles, respectively. Note that the choice of Euler
angles here is the same as those in book [11]; therefore, the
unit vectors directed from the points of location of the
multipoles along the third axes of the accompanying
coordinate systems will be

kp � �sin bp cos ap; sin bp sin ap; cos bp� ; p � 1; 2 :

The angles formed by the radius vectors drawn from the point
multipoles to the observation point with the z-axis will be
denoted by y �p�, and the angles formed by the projections of
these radius vectors on the xy plane with the x-axis will be
denoted by c.

In the accompanying coordinate systems, the electric
potentials of point multipoles of different orders will have
the form

j �np�0 � q
�np�
0

4pe0

y
�n�
0 �yp;cp�
r n�1p

; j �np�mr �
q
�np�
mr

4pe0

y
�n�
mg �yp;cp�
r n�1p

;

g � r; i ; p � 1; 2 : �18�

The spherical functions y
�n�
0 �yp;cp� and y �n�mg �yp;cp� can be

expressed through the spherical functions y
�n�
0 �y �p�;c� and

y
�n�
mg �y �p�;c� by means of linear relations

y
�n�
0 �yp;cp� � y

�n�
0 �bp; ap�y �n�0 �y �p�;c�

�
Xn
m�1

Xi
g�r

y �n�mg �bp; ap�y �n�mg �y �p�;c� ;

�19�
y
�n�
md �yp;cp� � H

�n�
md0�ap; bp; gp�y �n�0 �y �p�;c�

�
Xn
l�1

Xi
e�r

H
�n�
mdle�ap; bp; gp�y �n�le �y �p�;c� :
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The first equality here expresses the theorem of addition of
spherical functions in a form convenient for electrostatics.
The functions H

�n�
md0�ap; bp; gp� and H

�n�
mdle�ap; bp; gp� can be

expressed through the Wigner functions [11]. The corre-
sponding formulas are given below.

It is evident from equality (18) and the first equality (19)
that the problem of the interaction energy of two arbitrarily
oriented point multipoles with moments q

�n1�
0 and q

�k2�
0 is

equivalent to the problem of the interaction of two systems of
point multipoles with moments

~q
�n1�
0 �q

�n1�
0 y

�n�
0 �b1; a1� ; ~q �n1�mg �q

�n1�
0 y �n�mg �b1; a1� ; m�1; . . . n ;

�20�
~q
�k2�
0 �q

�k2�
0 y

�k�
0 �b2; a2� ; ~q �k2�mg �q

�k2�
0 y �k�mg �b2; a2�_; m�1; . . . k :

The first and second systems of point multipoles are located,
respectively, at points z1 and z2 of the z-axis. Moreover, the
axes of the accompanying coordinate systems for all multi-
poles are parallel, and one of these axes is the z-axis.

It follows from relations (16), (17), and (20) that the
interaction energy of point multipoles with different sub-
scripts m will be equal to zero. Therefore, the interaction
energy of the studied two pointmultipoles withmoments q

�n1�
0

and q
�k2�
0 can be written in the form

Wn1k2
00 �a1; b1; g1; a2; b2; g2; z2 ÿ z1� � q

�n1�
0 q

�k2�
0

4pe0

�
�
Qn1k2

0 �z2 ÿ z1�y �n�0 �b1; a1�y �k�0 �b2; a2�

�
Xmin �n; k�

m�1
Qn1k2

m �z2 ÿ z1�
Xi
g�r

y �n�mg �b1; a1�y �k�mg �b2; a2�
�
: �21�

Similarly, we find the interaction energy of point multi-
poles with moments q

�n1�
0 and q

�k2�
mg :

Wn1k2
0mg �a1; b1; g1; a2; b2; g2; z2 ÿ z1� � q

�n1�
0 q

�k2�
mg

4pe0

�
�
Qn1k2

0 �z2 ÿ z1�y �n�0 �b1; a1�H �k�mg0�a2; b2; g2�

�
Xmin �n; k�

l�1
Qn1k2

l �z2 ÿ z1�
Xi
e�r

y
�n�
le �b1; a1�H �k�mgle�a2; b2; g2�

�
:

�22�

Finally, for the interaction energy of pointmultipoles with
moments q

�n1�
md and q

�k2�
pt , we have

Wnk
md pt�a1; b1; g1; a2; b2; g2; z2 ÿ z1� � q

�n1�
md q

�k2�
pt

4pe0

�
�
Qn1k2

0 �z2 ÿ z1�H �n�md0�a1; b1; g1�H �k�pt0�a2; b2; g2�

�
Xmin �n; k�

l�1
Qn1k2

l �z2ÿz1�
Xi
e�r

H
�n�
mdle�a1; b1; g1�H �k�ptle�a2; b2; g2�

�
:

�23�

Formulas (22) and (23) take into account that the
interaction energy of two point multipoles with moments
q
�n1�
md and q

�k2�
pt in the accompanying coordinate systems will be

equal to the interaction energy of two systems of point
multipoles located at points z1 and z2 of the z-axis in the

accompanying coordinate system, possessing moments

q
�n1�
md H

�k�
md0�a1; b1; g1� ; q

�n1�
md H

�n�
mdle�a1; b1; g1� ;

l � 1; . . . n ; e � r; i ;

�24�
q �k2�pt H

�k�
pt0�a2; b2; g2� ; q �k2�pt H

�k�
ptle�a2; b2; g2� ;

l � 1; . . . k ; e � r; i :

We now present expressions for the Euler angle functions
H
�n�
mr0�a; b; g� and H

�n�
mg ld�a; b; g�:

H
�n�
mr 0�a; b; g� �

���
2
p

cos �mg� dn
m0�b� ;

H
�n�
mi 0�a; b; g� � ÿ

���
2
p

sin �mg� dn
m0�b� ;

H
�n�
mr lr�a; b; g���ÿ1�l cos �mgÿla� dn

mÿl�b��cos �mg�la� dn
ml�b�;

H
�n�
mr li�a; b; g���ÿ1�l sin �laÿmg� dn

mÿl�b��sin �mg�la� dn
ml�b�;
�25�

H
�n�
mi lr�a; b; g���ÿ1�l sin �laÿmg� dn

mÿl�b�ÿsin �mg�la� dn
ml�b�;

H
�n�
mi li�a; b; g��cos �mg�la� dn

ml�b�ÿ�ÿ1�l cos �mgÿla� dn
mÿl�b�:

In monograph [11], several methods are proposed for
calculating the coefficients dn

ml�b�. In particular, they can be
expressed through the Jacobi polynomials P

�m;n�
s �cos b�:

dn
ml�b��xml

�
s!�s�m�n�!
�s�m�!�s�n�!

�1=2
sinm

�
b
2

�
cosn

�
b
2

�
P �m;n�s �cos b�;

�26�
m � jmÿ l j ; n � jm� l j ; s � nÿ 1

2
�m� n� ;

xml �
1 at l5m ;

�ÿ1�lÿm at l < m :

�
Note also that

P �m;n�s �x�� �ÿ1�
s

2ss!
�1ÿx�ÿm�1�x�ÿn ds

dxs

��1ÿx�s�m�1�x� s�n � :
Here, the parameters m and n take nonnegative integer

values. In this case, when calculatingP
�m;n�
s �x�, it is convenient

to use the formula

P �m;n�s �x� � �s� m�!�s� n�!
s!2s

Xs
k�0

Ck
s �xÿ 1�sÿk�1� x�k
�sÿ k� m�!�k� n�! :

�27�

Specific expressions for the transformation coefficients
(25) are rather cumbersome. Let us give as an example the
formulas that determine these coefficients for n � 0; 1; 2; 3:

H
�0�
00 �a; b; g� � 1 ;

H
�1�
00 �a; b; g� � cos b ; H

�1�
01r�a; b; g� � sin b cos a ;

H
�1�
01 i�a; b; g� � sin b sin a ;

H
�1�
1r 0�a; b; g� � ÿ sin b cos g ;

H
�1�
1r 1r�a; b; g� � cos a cos b cos gÿ sin a sin g ;

H
�1�
1r 1i�a; b; g� � sin a cos b cos g� cos a sin g ;

H
�1�
1i 0�a; b; g� � sin b sin g ;

H
�1�
1i 1r�a; b; g� � ÿ cos a cos b sin gÿ sin a cos g ;

H
�1�
1i 1i�a; b; g� � cos a cos gÿ sin a cos b sin g :
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5. Interaction energy
of charge systems distributed
over two nonintersecting balls

As an application of the obtained results, we calculate the
interaction energy of two charge distributions over the
regions of two nonintersecting balls.

We find the interaction energy of charges dq �r�,
distributed over the region of the ball r < a, with an
external electric field with a potential jout�r�, represented
in the region of the ball by a harmonic function. It can
be written inside the ball as a series of harmonic
polynomials

jout�r��
X1
n�0

r n
�
d �n�0 y

�n�
0 �y; a��

Xn
m�1

ÿ
d �n�mr y

�n�
mr �y; a��d �n�mn y

�n�
mi �y; a�

��

with coefficients

d �n�0 �
ÿ
jout�r�; r n y �n�0 �y; a�

�ÿ
r n y

�n�
0 �y; a�; r n y �n�0 �y; a�

� ;
d �n�mg �

ÿ
jout�r�; r n y �n�mg �y; a�

�ÿ
r n y

�n�
mg �y; a�; r n y �n�mg �y; a�

� :
Here, we use the notationÿ

f �r�; g�r�� � �
r<a

f �r� g�r� dV :

Then, for the interaction energy of the charges of the ball
with the external field, we will have

W �
�
jout�r� dq�r�

�
X1
n�0

�
d �n�0 q

�n�
0 �

Xn
m�1

ÿ
d �n�mr q

�n�
mr � d �n�mi q

�n�
mi

��
:

To calculate the coefficients d �n�0 and q
�n�
mg , we note that the

quantities

r �n�0 � r n y
�n�
0 �y; a�ÿ

r n y
�n�
0 �y; a�; r n y �n�0 �y; a�

� ;
r �n�mg �

r n y
�n�
mg �y; a�ÿ

r n y
�n�
mg �y; a�; r n y �n�mg �y; a�

�
can be interpreted as the densities of charges that generate
potentials of point multipoles outside the ball, localized in
the center of the ball with unit moments, which interact
with the external field. When calculating their interaction
energies, relations (14) should be used.

If jout�r� is the potential of the charges of another
ball, represented outside the ball by the sum of the
potentials of point multipoles localized at its center, then
the interaction energy of the charges of two nonintersect-
ing balls will be equal to the sum of the interaction
energies of point multipoles localized at the centers of
the balls with moments determined by the conventional
method.

6. Example

As an example of using the interaction energies of point
multipoles, we present a variational solution to the problem
of two conducting balls with identical potentials in a uniform
electric field directed along the line connecting their centers.

Let the centers of the balls lie on the z-axis. The center of
the first ball of radius a1 coincides with the origin of
coordinates, and the center of the second ball of radius a2 is
shifted along the z-axis by a distance b5 a1 � a2.We consider
each ball in spherical coordinate systems with polar and
azimuthal angles �yk;j� k � 1; 2.

Let E be the value of the external electric field directed
along the z-axis. The potentials of charges induced on the
balls by an external field are approximated by a super-
position of the potentials of the characteristic multipoles of
the balls:

jN�r� �
X2
k�1

XN
n�0

q
�n�
k0 p �n�0 �yk� : �28�

For the intrinsic energies of the charges of the balls, we
have

Wk � 1

8pe0ak

XN
n�0

�
q
�n�
k0

an
k

�2n

: �29�

For the interaction energy of the charges of the balls, we
use relation (17) to find that

W12 � 1

4pe0b

XN
n1�0

XN
n2�0
�ÿ1�n2 �n1 � n2�!

n1!n2!

an1
1 an2

2

bn1�n2
q
�n1�
10

an1
1

q
�n2�
20

an2
2

:

�30�
The interaction energy of the charges of the balls with the

external field will be equal to

We � ÿ
ÿ
q
�1�
10 � q

�1�
20

�
Eÿ q

�0�
20 bE : �31�

Taking into account the law of conservation of charge,
i.e., q

�0�
10 � ÿq �0�20 � ÿq, it is convenient to represent the energy

of the induced charges in the form

W �W 0
1 �W 0

2 �W 0
12 �W1 �W2 �W12 �We :

In turn, we represent the energy of the induced charges in the
matrix form, introducing the notation

q
�n�
k0

an
k

�Q
�n�
k ; Qk�

ÿ
Q
�1�
k ;Q

�2�
k ; . . . ;Q

�N�
k

�
; ck�

�
ak
b
; 0; . . . ; 0

�
;

Ai j � �ÿ1� j �i� j �!
i ! j !

a i
1a

j
2

b i�j ;

�a1�i � Ai0 ; �a2�i � A0i ;

W 0
1 �W 0

2 �
1

4pe0b

�
b

2a1
� b

2a2

�
q 2 ;

W 0
12 � ÿ

1

4pe0b
q 2 � q

4pe0b
a1Q1 ÿ

q

4pe0b
a2Q2 ;

Wk � 1

4pe0b
b

2ak
QT

k êQk ; W12 � 1

4pe0b
QT

1 ÂQ2 ; �32�

We � ÿ�c1Q1 � c2Q2� bEÿ qbE ;

where k � 1; 2; ê is the identity matrix of the order N.
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Then,

W � 1

4pe0b

�
b

2a1
� b

2a2
ÿ 1

�
q 2 ÿ qbE

� q

4pe0b
�a1Q1 ÿ a2Q2�

� 1

4pe0b

�
b

2a1
QT

1 êQ1 �
b

2a2
QT

2 êQ2 �QT
1 ÂQ2

�
ÿ �c1Q1 � c2Q2� bE :

Minimizing the obtained expression for the energy with
respect to q,Q1, and Q2, we finally obtain

W � ÿ 2pe0b 3E 2

�b=a1 � b=a2 ÿ 2� �1� ZX� ; �33�

where Z and X are vectors of the order 2N and

Z �

�
b

a1
� b

a2
ÿ 2

�
c1 ÿ a1�

b

a1
� b

a2
ÿ 2

�
c2 � a2

0BB@
1CCA ;

X is the solution to the equation

B̂X � Z ;

and B̂ is a square matrix of the order 2N,

B̂ �

�
b

a1
� b

a2
ÿ 2

�
b

a1
êÿ a1 
 aT

1

�
b

a1
� b

a2
ÿ 2

�
Â� a1 
 aT

2�
b

a1
� b

a2
ÿ 2

�
ÂT � a2 
 aT

1

�
b

a1
� b

a2
ÿ 2

�
b

a2
êÿ a2 
 aT

2

0BB@
1CCA ;

with the 
 sign denoting the tensor product.
As a numerical example, let us consider the case of contact

between two balls of the same radius R. The exact solution to
this problem is given, for example, in [12]. The results of
calculations using the above formulas are presented in the
table. The error D with respect to the exact solution, which is
expressed through the Riemann zeta function,

ÿ W

8pe0R 3E 2
�
X1
n�1

1

n 3
� z�3� � 1:20205690 ;

is also given in [12].
The rapid convergence of the method is clearly visible

from the table.

7. Conclusions

The results obtained in this paper allow us to find the
interaction energy of two basic point multipoles with their
arbitrary orientation relative to each other. The proposed
work can also be considered the basis for the section ``Point
sources of the electric field'' in textbooks covering such topics
as electricity and magnetism.
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Table. Results of numerical calculations of energy of two identical
touching conducting balls in external field directed along line connecting
their centers.

N ÿ W

8pe0R 3E 2 D, %

0 1 17

1 1.200000000 0.17

2 1.201834862 0.02

3 1.202041429 0.001

4 1.202056396 0.00004

5 1.202056654 0.00002
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