
Abstract. Dissipative±radiative instabilities and instabilities
caused by the stimulated Cherenkov effect of a relativistic
electron beam in an unbounded layered electrodynamic system
are considered. While for the stimulated Cherenkov effect the
beam energy is used to excite waves in the electrodynamic
system, for dissipative±radiative instabilities, the beam energy
is radiated away from the system to infinity. Such irreversible
energy transfer from the beam manifests itself as a kind of
effective dissipation and makes the dissipative±radiative in-
stability an analogue of the usual dissipative beam instability
in a system without radiation. Growth rates and frequency
ranges of the instabilities are found for various structures of
layered electrodynamic systems, including plasma systems.

Keywords: relativistic electron beams, stimulated Cherenkov effect,
dissipative±radiative instability

1. Introduction

The stimulated Cherenkov effect is an instability in which an
electron beam excites (causes the emission of) an eigenwave in
an electrodynamic system under the conditions of Cherenkov
resonance. In a linear approximation, the stimulated Cher-

enkov effect is described by the dispersion equation [1, 2]

D0�o; kz� ÿ a�o; kz� o2
b

�oÿ kzu�2
� 0 ; �1�

where D0�o; kz� is the dispersion function of the electro-
dynamic system in which the beam propagates, ob is the
Langmuir frequency of the beam electrons, u is the beam
velocity, kz is the projection of the wave vector onto the beam
motion direction, and a�o; kz� is a function without zeros and
singularities. The eigenfrequency of the electrodynamic
system is obtained from the equation D0�o; kz� � 0, which,
under the Cherenkov resonance condition o � kzu, gives the
equation for the resonance wavenumber:

D0�kzu; kz� � 0! kz � kz0 : �2�

The resonance frequency is defined aso0 � kz0u. A necessary
condition for the existence of the stimulated Cherenkov effect
is that there be real solutions of equation (2). The instability
increment in the stimulated Cherenkov effect has a pro-
nounced resonance shape, reaching a maximum at kz � kz0.
The lower the beam density, the sharper the resonance. The
maximum increment is easily calculated from equation (1) by
substituting o � o0 � do and kz � kz0, which gives

do�kz0� � ÿ1� i
���
3
p

2

�
a�o0; kz0�

�
qD0

qo

�ÿ1
o2

b

�1=3
; �3�

where the derivative of D0�o; kz� with respect to frequency is
taken at the resonance pointo0; kz0. To obtain expression (3),
it was assumed that jdoj5o0.

M.V. Kuzelev

Lomonosov Moscow State University, Faculty of Physics,

Leninskie gory 1, str. 2, 119991 Moscow, Russian Federation

E-mail: kuzelev@mail.ru

Received 3 March 2024, revised 27 January 2025

Uspekhi Fizicheskikh Nauk 195 (4) 432 ± 449 (2025)

Translated by S.D. Danilov

METHODOLOGICAL NOTES PACS numbers: 41.60. ±m, 52.35. ± g, 52.40.Mj

ON THE 270th ANNIVERSARY OFM.V. LOMONOSOV MOSCOW STATE UNIVERSITY (MSU)

Stimulated Cherenkov effect and dissipative-radiative instabilities

in superluminal motion of a relativistic electron beam

in a layered medium

M.V. Kuzelev

DOI: https://doi.org/10.3367/UFNe.2025.01.039850

Contents

1. Introduction 408
2. Dispersion equation 410
3. Dissipative-radiative instability in vacuum channel 411
4. Stimulated Cherenkov radiation and dissipative±radiative instability in layered system

with isotropic plasma 414
5. Stimulated Cherenkov radiation and gain on radiation in layered system with strongly

anisotropic plasma 416
6. Transition from waveguide to unbounded system 419
7. Dissipative±radiative instabilities in cylindrical geometry 421
8. Conclusions 423

References 423

Physics ±Uspekhi 68 (4) 408 ± 424 (2025) # 2025 Uspekhi Fizicheskikh Nauk, Russian Academy of Sciences

https://doi.org/10.3367/UFNe.2025.01.039850


Far from the point of the Cherenkov resonance or when
the Cherenkov resonance is impossible, i.e., when equation
(2) has no real solutions, equation (1) defines the frequencies
of the waves of the beam spatial chargeÐ the fast wave and
the slow wave [3, 4]. Under the inequality ob 5 kzu, equation
(1) gives for the frequencies of such waves

o�kz� � kzu�
������������������������
a�kzu; kz�
D0�kzu; kz�

s
ob : �4�

Note that there are systems with a=D0 < 0. In this case, the
frequencies (4) are complex, and the imaginary part of one of
them is positive. This is a case of the negative mass instability
type of so-called aperiodic instability [5]. An example is the
long-wave instability of an unboundedmonovelocity electron
beam in a cold unbounded plasma [6].

In the presence of dissipative effects, the dispersion
function becomes complex:

D0�o; kz� � D 00�o; kz� � iD 000 �o; kz� :

If the dissipation is weak, it can be disregarded when
considering the stimulated Cherenkov effect, i.e., when
calculating the increment (3). However, for the waves of the
beam charge density, the imaginary part of the dispersion
function in formula (4) cannot be neglected, however small it
may be. It is related to an effect called dissipative beam
instability [7]. Unlike the stimulated Cherenkov effect, the
dissipative beam instability is not related to the excitation by
the beam of some eigenwaves in the system in which the beam
propagates. Instead, it is the waves of the beam itself (4) that
are excited. One of the electron beam waves, namely the slow
spatial charge wave, has a negative energy, i.e., to excite this
wave, energy is taken from the beam [8, 9]. Thus, if there is a
channel to remove the energy, a perturbation in the beam will
spontaneously grow. For the dissipative beam instability,
such a channel is the dissipation of electromagnetic energy
in the medium. This is essentially the mechanism of
dissipative beam instability. In microwave (MW) electro-
nics, the dissipative beam instabilities are known as the effect
of gain on absorption [10]. If the inequality��D 000 �kzu; kz���5 ��D 00�kzu; kz���
holds, then, for the imaginary part of formula (4), we have

do�kz� � �i 1
2

������������������������
a�kzu; kz�
D 00�kzu; kz�

s
D 000 �kzu; kz�
D 00�kzu; kz�

ob : �5�

One of the values in (5) defines the instability increment
(growth rate). The dissipative instability is not a resonance
instability, and consequently its increment is weakly depend-
ent on the wave number kz.

There is another important mechanism for removing
electromagnetic energy from the system, namely radiation.
In any unbounded electrodynamic system, there is necessarily
a channel that allows energy to escape as radiation. Loss of
energy by radiation is equivalent to some dissipation. It does
not matter for the beam whether the energy is removed by
dissipation or by radiation. Therefore, when an electron beam
passes through an electrodynamic system with radiation, the
negative energy wave can be spontaneously amplified in it, as
in a normal dissipative system. In this case, the released beam
energy is carried to infinity by radiation. Such an instability is

called here a dissipative±radiative beam instability, or gain on
radiation (by analogy with gain on absorption).

Below we consider an unbounded layered electrodynamic
system penetrated by an electron beam propagating parallel
to layer interfaces. The outer layers in this system are
extended to infinity. As is well known, to obtain the
dispersion function of a layered electrodynamic system, a
general solution of the electromagnetic field equations is
written in each layer, and these solutions are then matched
at the layer interfaces. Solutions of the field equations for
semi-bounded layers (with one boundary at infinity), describ-
ing waves propagating (emitted) to infinity, are expressed in
terms of complex-valued functions. For example, in a plane
geometry, they are exp ��ikxx�, while in the cylindrical
geometry they are the Hankel functions H

�1�
0 �krr�, where kx

and kr are the wave numbers of the respective directions.
Therefore, the dispersive functionD0�o; kz� of an unbounded
layered system is a complex-valued function of real frequency
o and real wavenumber kz, just as in a bounded dissipative
system. Accordingly, the dispersion equation describing the
excitation of an electrodynamic system with radiation by a
beam has the structure of the dispersion equation for charge
density waves in a dissipative system. The increment of the
dissipative±radiative instability has the same structure as (5),
i.e., it depends only weakly on the wave number kz. The
dissipative±radiative instability is nonresonant.

The similarity of dissipative and dissipative±radiative
instabilities is also evident from the following considera-
tions. In electrodynamics, instead of radiation conditions at
infinity,1 the well-known Leontovich boundary conditions
[12] are often applied by introducing a fictive (or actually
existing) boundary with a medium that absorbs electromag-
netic waves (see also Fig. 1). The dispersion function
D0�o; kz� becomes complex due to the Leontovich condi-
tions, and real dissipation is added to the electrodynamic
system.

Let us make an important clarification that applies
equally to both the dissipative and the dissipative±radiative
instabilities. Previously, when deriving formula (5), we used
the inequality��D 000 �kzu; kz���5 ��D 00�kzu; kz��� ;
which implies not only that the dissipation is small, but also
that the Cherenkov resonance is absent, i.e., D 00�kzu; kz� 6� 0.
If in a dissipative system the Cherenkov resonance condition
D 00�kzu; kz� � 0 is observed for some value of kz, it is more
relevant to relate the instability to the stimulated Cherenkov
effect in a dissipative system [13] than to a dissipative
instability. Further, when classifying beam instabilities, we
will use the terms dissipative±radiative instability and gain on
radiation only when the stimulated Cherenkov effect is
impossible.

Note that, despite all the formal similarities between
dissipative and dissipative±radiative instabilities, there is an
important distinction. In a dissipative beam instability, the
kinetic energy of the beam is converted into heating of the
medium in which the beam propagates. In the dissipative±
radiative instability, the kinetic energy of the beam is
converted into the energy of electromagnetic waves emitted
by the system. In terms of their outcome, the dissipative±
radiative instabilities have much in common with radiative
instabilities in stimulated Cherenkov effects. In limiting cases,

1 Sommerfeld's conditions [11] are meant.
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the increments of beam instabilities listed here are governed
by different expressions, their mechanisms have a different
physical nature, and the results of their development prove to
be different, but the instabilities manifest themselves in
electrodynamic structures of a similar geometry and in
conditions similar to those of the Cherenkov resonance
(o � kzu). It is important to distinguish and strictly classify
such instabilities, as they define the dynamics of high-
frequency electromagnetic processes accompanying the pro-
pagation of electron beams in retarding systems, e.g., in
electrodynamic systems of plasma and vacuum MW electro-
nics.

2. Dispersion equation

Consider a layered system consisting of an unbounded
isotropic dielectric with permittivity e0 containing a channel
with flat boundaries at x � ÿL and x � �L, filled with a
homogeneous medium with the dielectric permittivity tensor

ei j�o� �
e?�o� 0 0

0 e?�o� 0

0 0 ek�o�

0@ 1A ; i; j � x; y; z ; �6�

where e? and ek are some functions of frequency. A thin
ribbon monovelocity electron beam propagates along the
channel, in the direction of the z-axis. We express the
Langmuir frequency of the electrons in this beam as

o2
b�x� � o2

b0Dbd�x� ; �7�

where o2
b0 is a constant, Db is the beam thickness, and d�x� is

the delta function. The quantity o2
b0Db is proportional to the

line density of the electrons in the beam. This is the quantity
with which experimenters working with narrow ribbon and
tubular beams are concerned. The beam is assumed to be fully
magnetized by a strong external magnetic field directed along
the z-axis.2

The layered system with an electron beam, which is
described above, and also two other layered systems of
interest are shown in Fig. 1; the beam is shown in red. In this
study, it is assumed that the absorbers, shown in the figure,
are at infinity, which would correspond to the limitsL1 ! 1
in Fig. 1a and R1 ! 1 in Fig. 1b. It should be obvious that
the cases with absorbers at a finite or infinite distance from
the beam are physically equivalent (see above). The plane
layered system (Fig. 1a) is mainly of theoretical interest due to
the relative simplicity of its analysis. A more practically
important cylindrical system (Fig. 1b, a tubular beam
propagating perpendicularly to the plane of the figure) is
considered in Section 6. The system shown in Fig. 1c (a needle
beam propagating perpendicularly to the plane of the figure)
is not considered in this paper but is undoubtedly a system
with dissipative±radiative instability and is of certain interest
for applications as well as for the theory of waves in
nonequilibrium inhomogeneous media.

We continue with the system shown in Fig. 1a. Since the
parameters of our layered system depend only on the

coordinate x, the electromagnetic field components are
sought in the form

f �x� exp �ÿiot� ikzz� : �8�

For fields that can be written in the form of (8), Maxwell's
equations are split into two independent subsystems for the
components Ez, Ex, By (E-type) and the components Bz, Bx,
Ey (B-type). Here, we are only interested in the subsystem for
E-type waves, which for complex field amplitudes is written as

ikzEx ÿ dEz

dx
� i

o
c
By ;

kzBy � o
c
exx�x�Ex ; �9�

dBy

dx
� ÿi o

c

�
ezz�x� � deb�x�

�
Ez :

Here,

exx�x� � e? ; jxj < L ;

e0 ; jxj > L ;

�
ezz�x� � ek ; jxj < L ;

e0 ; jxj > L ;

�
deb�x� � ÿ o2

b�x�gÿ3
�oÿ kzu�2

:
�10�
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Figure 1. Layered systems supporting dissipative±radiative instabilities:

(a) plane system; (b) cylindrical system; (c) beam over flat surface.

2 For beams with a small cross section, their transverse polarization is not

essential; it is the longitudinal polarization that determines their behavior.

Therefore, the requirement of magnetization when describing high-

frequency processes for a thin ribbon electron beam is, generally speak-

ing, not necessary [14]. The magnetization of the electron beam, especially

at high density, is important for its transport.
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The beam contribution to the dielectric permittivity deb is
calculated here in the hydrodynamic approximation [15], and
g � �1ÿ u 2=c 2�ÿ1=2 is the relativistic factor of a beam
electron.3

Excluding the electromagnetic field components Ex and
By from system (9), we obtain the following equation for the
electric field component Ez:

d

dx

�
exx�x�
w 2
xx�x�

dEz

dx

�
� �ezz�x� � deb�x�

�
Ez ; �11�

where w 2
xx�x� � k 2

z ÿ exx�x�o2=c 2. Integrating equation (11)
over an infinitely small vicinity of x � 0 and taking into
account (7), (10) and the continuity of the function Ez�x�, we
obtain a constraint on the jump of the derivative of Ez�x� at
the point where the electron beam passes,�
dEz

dx

�
x�0
� ÿDbw 2

?
o2

b0g
ÿ3

e?�oÿ kzu�2
Ez�0� ; w 2

? � k 2
z ÿ

o2

c 2
e? ;

�12�
where the notation f f �x�gx�a � f �a� 0� ÿ f �aÿ 0� has
been used. In addition, at the boundaries of the dielectric
x � �L, the following continuity conditions should be
satisfied: 4�

Ez�x�
	
x��L � 0 ;

�
exx�x�
w 2
xx�x�

dEz

dx

�
x��L

� 0 : �13�

In addition to conditions (12) and (13), we also consider the
symmetry of the layered system under consideration here with
respect to the point x � 0, which implies that the function
Ez�x� can be either odd or even. Since Ez�x� is continuous at
the zero argument, then, if it is odd, it must satisfy Ez�0� � 0,
and this case is of no interest due to condition (12). We
therefore assume that the functionEz�x� is even, which can be
conveniently written as

dEz

dx

����
x�ÿ0
� ÿ dEz

dx

����
x��0

: �14�

Given (14), we can restrict ourselves to x > 0 when solving
equation (11).

A solution of equation (11) in the region �0;L� is given by
the expression

Ez � A exp �ÿkx� � B exp �kx� ; �15�

whereA andB are constants and k �
�����������������
w 2
?ek=e?

q
. In the region

�L;1�, the solution should describe a wave traveling to
infinity, but only in the case where the wave is propagating
or emitted. When the wave is evanescent, it should decay
exponentially at infinity. The solution that satisfies these
requirements is of the form [16]

Ez � C exp �xx� ; x � ik0 ; Re k 2
0 > 0 ;

ÿw0 ; Re k 2
0 < 0 ;

�
�16�

where

k 2
0 �

o2

c 2
e0 ÿ k 2

z ; w 2
0 � ÿk 2

0 : �17�

In writing solutions (15) and (16), we have taken into account
the first two formulas (10). Note that we are following the
conventional rule for the square root of a complex quantity,
according to which the branch with a positive real part is
chosen.

Inserting solutions (15) and (16) into the matching
conditions (12) and (13) and taking into account relationship
(14), we obtain a linear homogeneous system of algebraic
equations on the constants A, B, and C. Its solvability
conditionÐ the requirement that its determinant be zeroÐ
leads to the following dispersion equation, which governs the
frequency spectra in the layered electrodynamic system with
the ribbon beam studied here,

�e?kw 2
0 ÿ e0xw 2

?� ÿ �e?kw 2
0 � e0xw 2

?� exp �ÿ2kL�
�e?kw 2

0 ÿ e0xw 2
?� � �e?kw 2

0 � e0xw 2
?� exp �ÿ2kL�

� 1

2
Db

w 2
?

ke?

o2
b0g
ÿ3

�oÿ kzu�2
: �18�

Equation (18) has the form of the dispersion equation (1). The
left-hand side of (18), more precisely its numerator, is the
dispersion function D0�o; kz� of a plane Fabry±P�erot reso-
nator formed by the medium in the channel ÿL < x < L in
the dielectric. In the dielectric half-spaces x < ÿL and x > L,
there are propagating waves that carry energy away from the
resonator. Equation (18) will be explored further for three
particular cases of the channel in the dielectric, namely, a
vacuum channel, a channel with isotropic plasma, and a
channel with a highly anisotropic plasma.

3. Dissipative±radiative instability
in vacuum channel

For a vacuum channel in a dielectric, we should use
e? � ek � 1 in equation (18). In this case, w 2

? � k 2
z ÿ o2=c 2,

k �
������
w 2
?

p
. Before embarking on a full analysis, let us consider

equation (18) in two limit cases, which are important for what
follows. For o2

b0Db � 0, i.e., in the absence of the beam,
equation (18) is reduced, using notations adopted earlier, to
the following equation:

D0�o; kz� �
�
e0

������������������
o2

c 2
ÿ k 2

z

r
ÿ

���������������������
e0
o2

c 2
ÿ k 2

z

r �
ÿ
�
e0

������������������
o2

c 2
ÿ k 2

z

r
�

���������������������
e0
o2

c 2
ÿ k 2

z

r �
� exp

�
ÿ2i

������������������
o2

c 2
ÿ k 2

z

r
L

�
� 0 : �19�

Equation (19) defines the discrete eigenfrequencies of a
vacuum Fabry±P�erot resonator formed by flat interfaces
x � �L. The solutions of equation (19) can be written
approximately as

Reo �
����������������������������
k 2
?nc 2 � k 2

z c
2

q
; k?n � p�n� 1=2�

L
; n � 0; 1; . . . ;

Imo � c

2L
ln

����
e0
p ÿ 1����
e0
p � 1

< 0 :
�20�

3 When writing equation (4) earlier, we assumed that the beam is

nonrelativistic, and therefore took g � 1.
4 Condition (12) defines the jump of the magnetic field component By on

the current of an infinitely thin beam. The second condition (13) implies

the continuity of By at the interface between the media. It follows directly

from equation (11).
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Solution (20) is exact only for kz � 0, but, even for a finite kz,
it correctly models the dispersion law for the eigenwaves of
the vacuum resonator. The imaginary part of frequencies (20)
is due to waves exp ��ikxx� propagating to infinity, where
kx �

����������������������������
e0o2=c 2 ÿ k 2

z

p
. They are not eigenwaves because, as

could be seen from formulas (20), there are no such
eigenwaves in the system. They are excited by the eigenwaves
through the channel boundaries at x � �L.

The second limit form of (18), which is important for
further discussion, is obtained by setting e0 � 1 or lettingL go
to infinity (and considering w 2

? > 0). In this limit, equation
(18) gives

�oÿ kzu�2 � 1

2
Db

�����������������
k 2
z ÿ

o2

c 2

r
o2

b0g
ÿ3 : �21�

Equation (21) defines the frequencies of the fast and slow
waves of the charge density of a ribbon beam in a vacuum.
The equation can be easily solved if the electron beam density
is low. In this case, using the perturbation method,5 one can
insert o � kzu into the right-hand side of this equation. For
the frequencies of the charge density waves, this gives

o � kzu�
���������������
1

2
Dbkz

r
obgÿ2 : �22�

If the beam density is not low, the frequencies of the fast and
slow charge density waves are no longer symmetric relative to
the line o � kzu. Furthermore, solution (22) is only valid
under the condition that the second term on its right-hand
side be small compared to the first. It is obvious that this
condition is violated as kz decreases. In the following, we will
consider only low-density electron beams, when the above
complications for the spectra of the waves of the beam charge
density can be ignored.

The structure of the wave field of the beam charge density
waves is described by the functions exp �� ������������������������

k 2
z ÿ o2=c 2

p
x�.

The `plus' sign is used for x < 0, and the `minus' sign for
x > 0. In the case of a low density beam, these functions are
reduced to exp ��kzgÿ1x�. Thus, the beam charge density
waves are surface waves over the coordinate x.

An instability of the stimulated Cherenkov effect is
impossible in the Fabry±P�erot resonator considered here.
Indeed, the phase velocity of waves (20) is greater than the
speed of light in a vacuum, and therefore the equation
D0�kzu; kz� � 0, where the dispersion function D0 is defined
by (19), has no solutions. This seems to lead to an unequivocal
conclusion: an electron beam propagating in a vacuum
channel in an unbounded isotropic dielectric is stable.
However, this conclusion is only valid for u < c=

����
e0
p

. If an
opposite inequality holds, an instability arises, as we will now
see. A legitimate question here is why the medium with
dielectric permittivity e0 matters. In fact, there are no
eigenwaves with the phase velocity c=

����
e0
p

in the resonator,
and the beam propagates in the vacuum channel, not in a
medium. It's all about the charge density waves. The fields of
these waves induce electric charges at a frequency close to kzu
at the boundaries of the medium with dielectric permittivity
e0. These charges excite electromagnetic waves which propa-
gate to infinity in regions jxj > L. The condition for the
excitation of such outgoing waves is namely the inequality
u > c=

����
e0
p

. The wave propagating to infinity is given by

formula (16). Such a wave is not an eigenwave of the
electrodynamic system considered here, but it is a real wave
that is excited, takes energy from the beam, and carries it to
infinity.

It is obvious that, to realize the process described above,
the channel jxj < L in the medium with dielectric permittivity
e0 is not actually needed. The channel largely allows for beam
transport. One can arrive at a case where the channel is absent
if in the original dispersion equation (18) (before e? and ek are
replaced by unity) one takes e? � ek � e0 or assumes that L
tends to zero. As a result of such actions, equation (18) is
reduced to the following equation:

�oÿ kzu�2 � 1

2
Db

���������������������
k 2
z ÿ

e0o2

c 2

r
o2

b0g
ÿ3

e0
: �23�

Themain difference between equation (23) and the analogous
equation (21) is that, instead of

������������������������
k 2
z ÿ o2=c 2

p
, the former

contains
����������������������������
k 2
z ÿ e0o2=c 2

p
. Since, for waves of beam charge

density, o � kzu, then, under the condition u > c=
����
e0
p

, one
can write the approximation���������������������
k 2
z ÿ

e0o2

c 2

r
� ÿikz

������������������
e0u 2

c 2
ÿ 1

r
� ÿi

�
o
u

� ������������������
e0u 2

c 2
ÿ 1

r
: �24�

Here, when taking the square root, we have taken into
account that the frequency o has a positive imaginary part.
As a result, for a low density beam, the solution to equation
(23) can be written as

o�kz� � kzu� 1

2
�ÿ1� i�

���������������������������������
Dbkz

������������������
e0u 2

c 2
ÿ 1

rs
ob0gÿ3=2����

e0
p : �25�

The positive imaginary part of frequency (25) is the instability
growth rate. The question arises as to how such an instability
should be classified. It cannot be treated as a stimulated
Cherenkov effect, because the layered system considered here
does not support eigenwaves that are in Cherenkov resonance
with the beam (the equation D0�kzu; kz� � 0, where D0 is
defined by (19), has no solutions 6). In addition, equation (23)
has nothing in common with the `canonic' dispersion
equation (1) for the stimulated Cherenkov effect, while the
growth rate in formula (25) has a cardinally different
structure from the increment (3). The fact that dispersion
equations (1) and (23) describe different physical processes
is well seen when we go to the limit o2

b ! 0 in these
equations. Equation (1) in this limit gives an equation for
the frequency spectra of the eigenwaves of the system, and
equation (23) for o2

b � 0 gives only a single-particle
spectrum o � kzu. And this should be clear, since there
are no eigenwaves in a half-space (unless they come from
infinity).7 There are only induced waves, which are excited
and supported by the electron beam at x � 0 and leave
towards infinity, carrying with them the energy used to
excite them. One can therefore draw a clear conclusion: the
beam instability described by dispersion equation (23)
should be classified as dissipative±radiative, or the effect
of gain on radiation.

Consider also the results of the numerical solution of
dispersion equation (23), and also, for comparison, equa-

6 For L � 0, this equation is reduced to kz
�������������������������
e0u 2=c 2 ÿ 1

p
� 0.

7 In an unbounded space, eigenwaves are undoubtedly possible. They

come from infinity of one sign and continue to infinity of the other sign.5 Solutions (4) and (5) were obtained in exactly the same way.
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tion (21). Figure 2 shows, for a beam with a current of
100 A8 propagating at a speed of u � 2:5� 1010 cm sÿ1 in a
medium with dielectric permittivity e0 � 2, the quantity
do � oÿ kzu, which is a complex increment 9 of the
dissipative±radiative instability, as a function of kz. The
same figure shows the real quantity do in the slow charge
density wave of the same beam, but propagating in a
vacuum, found by the numerical solution of (21). Since
the beam density is not high, the curves shown in Fig. 2
are well described by the second formula (21) and
formula (25).

The structure of the wave field of the dissipative±radiative
instability is described by the functions exp ��ik0x�, where k0
is defined by (17). The `plus' sign is taken when x > 0 and the
`minus' sign is taken for x < 0. For a low-density beam, these
functions are reduced to exp ��ikz

������������������������
e0u 2=c 2 ÿ 1

p
x�. These

waves are therefore volume waves, as should be the case for
propagating (emitted) waves (Fig. 3a). In the absence of
instability (for e0 � 1), the beam wave is a surface wave
(Fig. 3b). Figure 3 is plotted for the point kz � 5 cmÿ1 of the
dispersion curves in Fig. 2. The field decay for jxj ! 1 shown
in Fig. 3a is related to the delay in the transfer of
perturbations and comes from the positive imaginary part of
frequency.

If the vacuum channel is present in the dielectric, i.e.,
if L 6� 0, equation (18) is best studied numerically. Its

approximate analytical solution can be easily obtained,10

but is not presented here because it is unwieldy and
uninformative. A numerical solution of equation (18) for a
beam with the same parameters as in the case of Fig. 2 for
several values of channel width L is shown in Fig. 4. For
comparison, the complex correction to the frequency do for
the case L � 0, taken from Fig. 2, is also shown.

It can be seen that, as L is increases, the growth rate
decreases, which is particularly noticeable in the region of
large wavenumbers kz. The reason for this is that the field of
the slow beam charge density wave decays as exp �ÿkzgÿ1jxj�
in the vacuum part of the system, where jxj < L (Fig. 3b). So,
the larger the product kzL, the smaller the influence of the
beam at the dielectric boundaries x � �L, where waves
propagating to infinity are excited by the beam.

The maximum growth rate of dissipative±radiative
instability is reached when the beam transport channel in
the dielectric is absent. Furthermore, the growth rate
increases infinitely as the wave number kz increases, as can
be seen from formula (25) and Fig. 2. It seems that this is an
advantageous situation for MW electronics in terms of
generating electromagnetic radiation of an arbitrary high
frequency and in those frequency ranges where the genera-
tion of powerful radiation is associated with certain technical
difficulties (e.g., in the terahertz range). However, this
problem can only be considered solved on the basis of the
results presented above if a material medium is found with a
dielectric permittivity e0 > c 2=u 2 which is transparent to an
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Figure 2. Complex increment of dissipative±radiative instability (Imo is

red and Reo is black) and correction to slow wave frequency (blue).

8 This is the current through a cross section of area Db � 1 cm.
9 The growth rate is only the imaginary part Im do. The term

`complex increment' is used to denote the complex frequency correc-

tion do.
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10 For that, we should replace the frequency o by the Doppler frequency

kzu in all terms of the equation except for the Cherenkov denominators.
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electric beam with a current of tens or hundreds of amperes.
Otherwise, a channel must be provided for the beam to pass
through the dielectric, and the electromagnetic field will
necessarily decay transversely in this channel.11

4. Stimulated Cherenkov radiation
and dissipative±radiative instability
in layered system with isotropic plasma

We add complexity to the electrodynamic system we are
considering by placing in the beam transport channel a cold
collisionless isotropic plasma with the dielectric permittivity

e? � ek � ep � 1ÿ o2
p

o2
; �26�

whereop is the Langmuir frequency of the plasma electrons.12

In this case, w 2
? � k 2

z ÿ epo2=c 2 � k 2
z ÿ o2=c 2 � o2

p=c
2,

k � w? in dispersion equation (18). Then, for o2
b0Db � 0,

from equation (18), we obtain the following dispersion
equation of the plasma Fabry±P�erot resonator:

exp �ÿ2w?L� �
epw 2

0 ÿ e0xw?
epw 2

0 � e0xw?
: �27�

This equation defines a discrete set of eigenfrequencies like
(20), with the only difference being that the frequencies are
shifted upwards because of the plasma in the channel. The
real parts of the frequencies are written as Reo �
�o2

p � k 2
z c

2 � k 2
?nc

2�1=2 instead of formula (20).
A cardinally new feature in the presence of plasma in

the channel is the appearance of a surface wave caused by
the interfaces between the plasma and the dielectric. The
frequency of the surface wave is also defined by dispersion
equation (27). Assuming thatopc=L4 1, we obtain from (27)
a dispersion equation for the surface wave frequency
spectrum epw0 � e0w? � 0, which leads to the following
expression for the square of the frequency [4]:

o2 � 1

2
o2

p �
e0 � 1

2e0
k 2
z c

2

ÿ
����������������������������������������������������������������������������������
1

4
o 4

p �
�
e0 � 1

2e0

�2

k 4
z c

4 � e0 ÿ 1

2e0
o2

pk
2
z c

2

s
: �28�

As the parameter opc=L decreases, the dependence o�kz� for
the surface wave becomes flatter than (28). In any case, the
phase velocity of the surface wave is always less than c=

����
e0
p

.
As this wave is not radiated, it is not attenuated.

In addition, for o2
b0Db � 0, it follows from equation (18)

that ep � 0, which is the dispersion equation for longitudinal
waves in isotropic plasma. The frequency of a longitudinal
wave iso � op, and the electric field component Ez�x� can be

an arbitrary function of the coordinate x, which is nonzero
only within the plasma channel [18]; for e? � ek � ep � 0, this
follows from equation (11).

The general structure of the dispersion curves of an
unbounded dielectric medium with a channel filled with
isotropic plasma is shown in Fig. 5. The following para-
meters of the layered system are used: L � 1 cm, e0 � 2,
op � 1011 rad sÿ1. The curves are ordered in the upward
direction as the dispersion curve of the surface wave, the
straight line o � op, and three dispersion curves of electro-
magnetic modes with n � 0; 1; 2. Also shown are the light line
o � kzc, the Cherenkov resonance line o � kzu, and the light
line of the dielectrico � kzc=

����
e0
p

. As can be seen from Fig. 5,
for beam velocities in the range u 2 �c= ����

e0
p

; c�, where a
dissipative±radiative instability is possible, there is also a
Cherenkov resonance of the beam with the longitudinal
plasma wave op � kzu. Cherenkov resonance with the sur-
face wave is only possible for u < c=

����
e0
p

, i.e., outside the
region of dissipative±radiative instability.

In order to investigate the beam Cherenkov resonance
with a Langmuir wave in a clean form, i.e., without any trace
of dissipative±radiative instability, it is necessary to use the
limit L!1 or set e0 � ep in equation (18). As a result, we
obtain the equation

1ÿ o2
p

o2
ÿ 1

2
Dbwp

o2
b0g
ÿ3

�oÿ kzu�2
� 0 ; w 2

p � k 2
z ÿ

epo2

c 2
; �29�

which describes the Cherenkov interaction of a thin ribbon
magnetized beam with an unbounded isotropic electron
plasma. Equation (29) has the form of equation (1) with
D0�o; kz� � 1ÿ o2

p=o
2. If the coefficient Dbwp=2 in equation

(29) is replaced by one, the result is the `classical' dispersion
equation, the analysis of which led to the discovery of beam
instability in plasmas [20, 21]. However, this substitution is
hardly legitimate. In fact, for the Cherenkov instability,
o � kzu; therefore, w 2

p � gÿ2o2=u 2 � o2
p=c

2. Furthermore,
since, for the instability at the plasma wave o � op, then, for
a relativistic beam, we get wp � op=c. Equation (29) thus
contains the parameter Dbop=c, which is equal to the ratio of
the beam thickness to the penetration depth of the transverse
electromagnetic field in the plasma.

Under the inequality

m � Db
op

c

o2
b0g
ÿ3

o2
p

5 1 ; �30�

11 A channeled electronic beam can be transported without loss in certain

directions in crystalline dielectric media [17, 18]. However, the channeling

effect can hardly be applied in electronics of even moderate power.

Nevertheless, it can be claimed that one of the emission mechanisms from

a channeled electron beam is based on a dissipative±radiative instability.
12 The plasma can be considered nonmagnetized and the beam fully

magnetized if the plasma density is large compared to that of the beam and

the electron cyclotron frequency is small compared to the Langmuir

frequency of the plasma electrons. Moreover, as mentioned in footnote

2, the requirement of magnetization is not necessary for a thin ribbon

beam.

40

30

20

10

0

2 4 6 8 10

o
,1

0
1
0
ra
d
sÿ

1

kz, cmÿ1

Figure 5. Eigenfrequencies of Fabry±P�erot resonator with a plasma

channel: Reo (black), Imo (red), o � kzc (green), o � kzu (blue), and

o � kzc=
����
e0
p

(brown).

414 M.V. Kuzelev Physics ±Uspekhi 68 (4)



the solution of equation (29) has the form o � kzu� do,
where

do�kz� �
ikzu

����
m
2

r
; kzu5op ;

ÿ1� i
���
3
p

2
op

����
m
2

3

r
; kzu � op :

8>>><>>>: �31�

The first expression in (31) gives the growth rate of
nonresonant (aperiodic) beam instability due to the negativ-
ity of the plasma dielectric permittivity for o � kzu < op

(negative mass-type instability [5]), while the second defines
the increment of the resonance instability for the stimulated
Cherenkov effect. Note that dispersion equation (29) can be
solved for a complexwave number kz keeping a real frequency
o, which would define the wave amplification coefficient
(spatial growth rate). In this case, the amplification coeffi-
cient will be infinite at the frequencyo � op. This is related to
the independence of D0�o; kz� � 1ÿ o2

p=o
2 from the wave

number. Infinity for the amplification coefficient can be easily
eliminated, for example, by taking into account the spatial
plasma dispersion caused by the thermal motion of electrons.
If it is included,D0�o; kz� � 1ÿ o2

p=�o2 ÿ k 2
z V

2
Te�, whereVTe

is a thermal electron velocity [6]. If VTe 5 u, then, when
solving equation (29) for the frequency o, the consideration
of spatial dispersion is not important, as it leads to
insignificant corrections.

Now consider the results of solving dispersion equation
(18) for a finite width of the plasma channel. To reduce the
number of free parameters, which increased by one due to the
plasma compared to the previous case, we make use of
dimensionless variables: the dimensionless frequency o=op

and the dimensionless wave number kzc=op. The theory then
depends on only one main parameter,

s � Lop

c
; �32�

which is the ratio of the plasma half-width to the transverse
field plasma penetration depth. One more parameter (30)
does not play a significant role. We set it equal to 0.001. We
also fix e0 � 2 and u=c � 2:5=3.

Figure 6 shows the dimensionless complex increments of
the beam instability as a function of the dimensionless wave
number for different values of parameter (32), i.e., for
different plasma channel widths or plasma densities. The
growth rates Imo show isolated sharp maxima at
kzc=op � 1:2, which, as can be easily calculated, corresponds
to the Cherenkov resonance point kzu=op � 1. These growth
rate maxima are due to the stimulated Cherenkov effect at the
Langmuir frequency o � op. As parameter (32) is decreased,
the instability increments related to the stimulated Cherenkov
effect decrease, and for s � 0 (the violet curve) they are not
seen at all. In contrast, for s � 1 (black curve), the instability
growth rate due to the stimulated Cherenkov effect is
maximal and hardly changes when the parameter s is further
increased. The case s � 1 or greater corresponds to the
instability described by dispersion equation (29) and formu-
las (31). However, in addition to the resonance instability on
the Langmuir wave in the stimulated Cherenkov effect, the
dependences shown in Fig. 6 describe another instability.
Indeed, in the region kzu=op > 1, where no resonance
Cherenkov instability can occur, there is an instability, and
its increment is quite large. In the region kzu=op > 1, the
increment is a smooth function of frequency, indicating that

this instability is not resonant: it is the dissipative±radiative
instability, or gain on radiation. For small values of
parameter (32), the dissipative±radiative instability domi-
nates, and for large values of this parameter, the stimulated
Cherenkov effect dominates.13

The question arises as to why the role of dissipative±
radiative instability decreases as parameter (32) is increased,
and disappears completely as s!1. The point is that the
wave number of the transverse wave in the plasma is kx �����������������������������
epo2=c 2 ÿ k 2

z

p
. In this case, for o � kzu, we have

kx �
�����������������������������
o2

c 2
ÿ k 2

z ÿ
o2

p

c 2

s
� i

������������������������
k 2
z gÿ2 �

o2
p

c 2

s
;

i.e., the wave decays with distance from the beam. Plasma
screens the field of high-frequency beam density charge, and,
the greater the plasma channel width L, the stronger the
effect. This is why the dissipative±radiative instability ceases
for L!1, and for large but finite L its growth rate is
proportional to exp �ÿs�, i.e., exponentially small. We note
that, due to the thermal motion of electrons, another
mechanism exists for the spatial decay of transverse waves in
collisionless plasmaÐan anomalous skin effect [6]. The
anomalous skin effect dominates in the low frequency range,
when joj5 kVTe. In our case, o � kzu and VTe 5 u, and the
anomalous skin effect plays no role.

It was mentioned earlier that the presence nonmagnetized
plasma in the channel leads to the formation of a surface wave
localized around the interface between the dielectric and
plasma. As can be seen from formula (28), the phase velocity
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Figure 6. Complex increments of instability of electron beam in a

homogeneous dielectric with a plasma channel: s � 1 (black), 0.5 (red),

0.25 (green), 0.1 (blue), 0.01 (brown), and 0.0 (violet).

13Weak indications of dissipative±radiative instability can be seen in Fig. 5

also for s � 1, but already for s � 2 they are absent from the plot.

April 2025 Stimulated Cherenkov effect and dissipative-radiative instabilities 415



of this wave does not exceed c=
����
e0
p

,14 so it cannot be excited
by a superluminal beam. To explore the excitation of a surface
wave, consider the case of a subluminal beam u < c=

����
e0
p

,
when the dissipative±radiative instability is absent, but the
resonant Cherenkov excitation of both the surface wave and
the volume Langmuir wave is possible. To keep the beam
parameters unchanged, we set e0 � 1 when solving dispersion
equation (18). The result for the case s � 1 is shown in Fig. 7.

There are two intervals of wavenumbers where the
imaginary frequency part is positive, i.e., there is a beam
instability (red lines). The left interval is related to the
instability on the surface wave, and the right interval, to the
instability on the volume Langmuir wave. It is noteworthy
that two different independent solutions of dispersion
equation (18) are responsible for these instabilities. Indeed,
no connection between these solutions can be seen in Fig. 7
�there are two nonintersecting complex curves do�kz��. In
contrast, for the stimulated Cherenkov effect on the volume
Langmuir wave and dissipative±radiative instability, there is
a single solution �Fig. 6 shows a single continuous curve
do�kz�� describing one instability or the other in different
frequency intervals.

Figure 8 shows dimensionless increments for the same
instabilities as in Fig. 7, but for the case s � 0:2. It can be seen
that the instability interval on the surface wave becomes
narrower and is shifted to the left, while the increment

becomes smaller. The explanation is that, as the parameter s
decreases, the surface wave frequency also decreases, and the
surface wave disappears altogether for s! 0. The narrowing
of the instability interval and the decrease in its growth rate
are also observed for the instability on the volume Langmuir
wave. It should be noted that, in this case, unlike in formula
(31) and the case shown in Fig. 6, the lower limit of the
instability interval is not zero and becomes higher as the
parameter s grows. This is because the region of nonresonant
(aperiodic) instability disappears, which is caused by the
change of the sign of the effective dielectric permittivity of
the layered system in the low-frequency range.

5. Stimulated Cherenkov radiation
and gain on radiation in layered system
with strongly anisotropic plasma

Let us also consider the case where the plasma in the channel
is fully magnetized. This case is of considerable practical
interest, sincemost of the powerful sources of electromagnetic
radiation created to date in plasma MW electronics operate
on plasma waves in a strong external magnetic field [22±24].
As will be seen below, the cases of nonmagnetized plasma (see
Section 4) and fully magnetized plasma are cardinally
different. An intermediate caseÐplasma in a finite external
magnetic fieldÐ is rather complicated in the context of our
problem, and its consideration is beyond the scope of the
present work. It is generally assumed that, forOe < op, where
Oe is the electron cyclotron frequency, a plasma can be
regarded as nonmagnetized in the frequency range
Oe < o < op. Conversely, for Oe > op, the plasma can be
considered fully magnetized in the first approximation. In the
case of fully magnetized plasma e? � 1, ek � ep, and ep is
defined in (26). In this case, we have w 2

? � k 2
z ÿ o2=c 2,

k � �w 2
?ep�1=2 in equation (18). For o2

b0Db � 0, the following
equation for the eigenfrequencies of the Fabry±P�erot reso-
nator formed by a layer of fully magnetized plasma is
obtained from (18):

exp
�
ÿ2

����������
w 2
?ep

q
L
�
�

w 2
0

����������
w 2
?ep

q
ÿ e0xw 2

?

w 2
0

����������
w 2
?ep

q
� e0xw 2

?
: �33�

Equation (33) has solutions only in the range of frequencies
and wavenumbers defined by the inequality

ÿw 2
?ep � ÿ

�
k 2
z ÿ

o2

c 2

��
1ÿ o2

p

o2

�
� k 2

x > 0 : �34�

Inequality (34) is satisfied in two ranges of frequencies and
wavenumbers. The first range,

o > max �op; kzc� ; �35�

includes solutions of equation (33) which are similar to the
solutions shown for the region (35) in Fig. 5. We are not
interested in such solutions, since they describe waves with
phase velocities exceeding the speed of light in a vacuum. The
second range,

o < min �op; kzc� ; �36�

includes solutions describing so-called oblique Langmuir
waves [3, 25]. The quantity kx introduced in (34) is the
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stimulated Cherenkov effect on a surface wave and on a volume Langmuir
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14 Formula (28) is obtained in the limit s!1. For a finite s, the surface
wave dispersion curve passes below the curve defined by (28).
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transverse wavenumber of the eigenwave of the Fabry±P�erot
resonator. This number is defined by the plasma layer
thickness. The formula

kx � k?n � p
L
�n� an�; n � 0; 1; 2; . . . �37�

is valid, where the quantities an are slightly different from 1=2
(see (20)). The complex dispersion curve of the main mode
(with n � 0) of the oblique Langmuir wave is plotted in Fig. 9.
The imaginary frequency part (red curve) is shown scaled up
by a factor of 10. All other features of Fig. 9 are the same as in
Fig. 5. The dispersion curves of the higher modes (with n5 1)
of an oblique Langmuir wave (not shown in the figure) pass
below the dispersion curve of the main mode.

The field structure of oblique Langmuir waves is
described by the oscillating functions exp ��ikxx�, as can be
seen from (34) and formula (15), which corresponds to a
volume wave in the plasma layer. The limit transition L!1
in equation (18) is not obvious due to the oscillating behavior
of the exponential factor exp �ÿ2kL�. However, assuming
that the imaginary part ofo is positive, the factor exp �ÿ2kL�
will tend to zero as L!1. As for the assumption that the
imaginary part of the frequency is positive, in a general case it
is due to the causality principle, and, in our case, it is related to
the beam instability. Thus, taking the limit L!1, equation
(18) reduces to the following dispersion:��������������

1ÿ o2
p

o2

s
ÿ 1

2
Db

�����������������
k 2
z ÿ

o2

c 2

r
o2

b0g
ÿ3

�oÿ kzu�2
� 0 ; �38�

which describes the Cherenkov interaction of a thin ribbon
electron beam with a fully magnetized unbounded plasma for
a beam moving along an external magnetic field. Equation
(38) can be obtained directly, without taking the limit, by
inserting Ez�x� � A exp �ikxx� into boundary condition (12),
with account for (14), where the wave number kx is defined in
(34).

Although equation (38) does not have a common form
(the square root dependence on the plasma dielectric
permittivity), it is solved in the usual way. The solution is
sought in the form o � kzu� do, where jdoj5 kzu. After
simple calculations the complex increments are written as

do � ÿ1� i���
2
p

�
1

2
Dbkzo2

bg
ÿ4 kzu

op

�1=2

; kzu5op ; �39a�

do � exp

�
i4p
5

��
1

2
Dbkzo2

bg
ÿ4

�������
op

2

r �2=5

; kzu � op
15 :

�39b�

The result of numerically solving equation (38) for m � 0:0001
and u=c � 2:5=3 is shown in Fig. 10. There is good agreement
with analytical formulas (39).

Let us try to classify the instability described by dispersion
equation (38). For L!1, the quantity kx in (34) is the wave
number of an oblique Langmuir wave propagating to infinity,
and from (37) it follows that the wave number kx can be
arbitrary (even though Lÿ1 ! 0, the number n can be
arbitrarily high). Inserting o � kzu into (34) gives

kx � kzgÿ1
�������������������
o2

p

k 2
z u

2
ÿ 1

s
: �40�

From (40), it follows that the emission to infinity through a
plasma half-space is only possible for kzu � o < op. There-
fore, if kzu > op, the instability increment in Fig. 10 becomes
zero. Formula (40) allows the instability mechanism to be
linked to the emission to infinity of oblique plasma waves
excited by the beam, i.e., to attribute the instability to a
dissipative±radiative one. This conclusion is also consistent
with the structure of dispersive equation (38) andwith the fact
that, in semi-bounded plasma, the wave (34) is not an
eigenwave. This is different from the case of isotropic
plasma. In this case, the instability with the second increment
(31) was clearly related to the stimulated Cherenkov effect.
The point is that this instability develops on the longitudinal
Langmuir wave o � op. Such a wave, unlike the oblique
Langmuir wave of a plasma half-space in a strong magnetic
field, is an eigenwave, and, in addition, it is not radiated (the
longitudinal wave of cold plasmas does not transfer any
energy at all, since it has a zero group velocity).

As in the case of isotropic plasma, for fully magnetized
plasma, there is no beam instability for L!1 in the wave
number range defined by the inequality kzu > op (see Fig. 10
and the black curve in Fig. 6); electromagnetic waves with
phase velocities smaller than the light speed c are absent in
these plasmas in the region o > op. The dielectric medium,
where, for u > c=

����
e0
p

, there are waves with phase velocities
close to u, are too far away from the beam for L!1. The
situation is completely different when the plasma channel has
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Figure 9. Main mode of oblique Langmuir wave: real frequency part

(black) and imaginary part (red).
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Figure 10. Complex argument of Cherenkov instability of a thin ribbon

electron beam in fully magnetized unbounded plasma.

15 exp �i4p=5� � ÿ0:81� 0:59i.
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a finite width L. In this case, radiating electromagnetic waves
are excited in the dielectric, transferring the beam energy to
infinity. The result is a dissipative±radiative instability in the
range kzu>op.

For a finite L, the resonance properties of the layered
system come into play: quasi-standing waves with wavenum-
bers (37) are formed in the plasma layer, i.e., the eigenmodes
of the Fabry±P�erot resonator manifest themselves. The
eigenmodes formed by oblique Langmuir waves can be in
the Cherenkov resonance with the beam.16 Inserting the
transverse wavenumbers (37) and the longitudinal wavenum-
ber kz � o=u into (34), we obtain for the resonant frequencies

o �
����������������������������
o2

p ÿ k 2
?nu 2g 2

q
: �41�

The instability of the stimulated Cherenkov effect should
manifest itself at these frequencies: it will be superimposed in
some way on the dissipative±radiative instability. For a
decreasing channel width L, the numbers k?n increase and
the number of resonances (41) decreases, and starting from
some L resonances disappear completely. In this case, the
instability in the stimulated Cherenkov effect disappears, and
only the dissipative±radiative instability remains.

Figure 11 shows complex increments of instabilities
accompanying a ribbon beam in a channel with a fully
magnetized plasma for different values of the parameter s,

obtained by numerically solving equation (18). To make the
resonance effects more apparent, the calculations have taken
parameter (30) to be an order ofmagnitude smaller thanwhen
solving equation (18) in the case of isotropic plasma in the
channel, m � 0:0001. For s � 30 (Fig. 11a), five local extrema
of the increment stand out quite clearly. These maxima are
associated with the stimulated Cherenkov effect for several
modes of an oblique Langmuir wave with numbers from zero
to 4 or 5. The number of maxima increases as s increases.
They merge for s � 1, leading to the complex increment
behavior shown in Fig. 10. As s is reduced, the number of
resonance maxima decreases: there are two maxima in
Fig. 11b and only one in Fig. 11c. For even smaller values of
the parameter s, the resonance maxima of the increment
disappear (Fig. 11d, e).

In the cases s � 1 and s � 0:1 (Fig. 11d, e), the instability
is only of a dissipative±radiative nature. The dependences
plotted in Fig. 11e have the same form as the corresponding
ones in Fig. 2 (differences in values are due to different m used
in the calculations). In other cases (Fig. 11a±c), we are dealing
with two instabilities simultaneously: the dissipative±radia-
tive one and the one in the stimulated Cherenkov effect. Their
contribution to the net increment depends on the wave
number kz. To be sure that two instabilities coexist, a special
calculation was carried out for the same system, but under
conditions where one of the instabilities is absent. We took
e0 � 1. In this case, a dissipative±radiative instability cannot
evolve, but the instability of the stimulated Cherenkov effect16 These waves are standing in the x direction and travel in the z direction.
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remains in its present form. The result is shown in Fig. 11e.
We identify the same resonance maxima as in Fig. 11b, but
the increment is zero in the intervals between them, which
is due to the absence of the contribution from the
dissipative±radiative instability. In general, the smaller
the parameter s (32), the greater the role of the dissipa-
tive±radiative instability. This should be clearÐ the smal-
ler s, the smaller the distance L from the beam to the
dielectric.

There is another instability that is, in principle, possible
in a system with a layer of fully magnetized plasmaÐ this
is a resonance instability with the stimulated Cherenkov
effect in a dissipative system, when the dissipation is
caused by radiation. As can be seen from Fig. 9, in the
wavenumber range where there is Cherenkov resonance of
the electron beam with an oblique Langmuir wave, this
wave decays as it is radiated through the layer boundaries
at x � �L. Thus, the stimulated Cherenkov effect turns out
to be possible on the decaying eigenwave of the electro-
dynamic system. We present here the necessary informa-
tion about such an instability based on the general
dispersion equation (1) [13].

If the dispersion function is complex, D0 � D 00 � iD 000 ,
and the condition of the Cherenkov resonance holds
D 00�kzu; kz� � 0, then, by writing o � o0 � do and kz � kz0,
it is not difficult to obtain from dispersion equation (1) the
following equation for the complex increment do:

do2

�
iD 000 � do

qD 00
qo

�
ÿ ao2

b � 0 : �42�

If the inequality

jD 000 j5
����do qD 00

qo

���� �43�

is observed, equation (42) leads to expression (3) (after
replacing D0 by D 00), which defines the increment of the
usual instability in the stimulated Cherenkov effect. If the
inequality is reversed, equation (42) gives

do � �
�����������
iao2

b

D 000

s
: �44�

Quantity (44) with the positive imaginary part is the
increment of the resonance instability when there is a
stimulated Cherenkov effect in a dissipative system. The
condition for this effect to exist is the inequality opposite to
(43), which, taking into account (44), can be reduced to

jD 000 j3 4 ao2
b

�
qD 00
qo

�2

: �45�

The question arises as to whether it is this instability that is
realized at the maxima of the increment in Fig. 11a. A direct
verification of inequality (45) is difficult due to the complexity
of the left-hand side of equation (18). There are indirect
considerations based on the fact that the decay rate of the
oblique Langmuir wave is very small. In Fig. 9, this decay rate
(red line) is plotted amplified 10 times, as it would be
practically impossible to show it graphically otherwise. It is
very likely that, in the cases we have considered, a usual
stimulated Cherenkov effect takes place, and not a dissipative
one.

6. Transition from waveguide
to unbounded system

We place the system under consideration in a plane
waveguide formed by two ideally conducting planes
x � �L1, where L1 > L. The derivation of the dispersion
equation for the eigenmodes of such a waveguide is carried
out in the same way as the derivation of equation (18), with
the only difference being that solution (16) should be replaced
by the solution

Ez � C sinh
�
x�L1 ÿ x�� ; L < x < L1 : �46�

Here, we took into account that the field componentEz is zero
at ideally conducting waveguide walls. After standard
manipulations, we find

�e?kw 2
0 ÿ e0xw 2

?G� ÿ �e?kw 2
0 � e0xw 2

?G� exp �ÿ2kL�
�e?kw 2

0 ÿ e0xw 2
?G� � �e?kw 2

0 � e0xw 2
?G� exp �ÿ2kL�

� 1

2
Db

w 2
?

ke?

o2
b0g
ÿ3

�oÿ kzu�2
; �47�

where

G � ÿ coth
�
x�L1 ÿ L�� : �48�

It can be easily shown that, in the limit L1 ! 1, quantity
(48) tends to one and equation (47) transforms into equation
(18). Note that, when taking this limit, in accordance with the
causality principle, it is necessary to assume that the
frequency o has a positive imaginary part. Then, the
equation obtained in the limit should be analytically
continued in the lower half-plane of the complex plane o to
obtain a full equivalent of equation (18).

There is a fundamental difference between equations (47)
and (18): the zeros on the left-hand side of equation (47)
define real frequencies of nondecaying eigenmodes in the
waveguide, while those on the left-hand side of equation (18)
define complex frequencies of the decaying eigenmodes of the
Fabry±P�erot resonator. We illustrate this with an example.
Figure 12 shows the dispersion curves of the eigenmodes of
the dielectric waveguide containing a vacuum channel. The
waveguide parameters are L1 � 2 cm, L � 1 cm, e0 � 2. A
large number of dispersion curves of the waveguide eigen-
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Figure 12. Dispersion curves of dielectric waveguide with a vacuum

channel; line of Cherenkov resonance o � kzu, u=c � 2:5=3 (blue).
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modes can be seen, starting with the TEM mode (lowest
curve) and ending with the mode En with n � 11. In the short-
wave region, the phase velocities of all these modes approach
c=

����
e0
p

and, therefore, if the beam is superluminal, it can be in
the Cherenkov resonance with all the eigenmodes of the
waveguide. The complex frequencies of the eigenmodes of
the Fabry±P�erot resonator, formed by a flat vacuum channel
in the dielectric, are given by formulas (20). Obviously,
Cherenkov resonance of a beam with such waves is impos-
sible.

The difference between equations (47) and (18) is
particularly noticeable at L � 0, i.e., in the absence of the
beam transport channel in the dielectric. In this case, the
resonator is eliminated, while the waveguide and its eigen-
modes are available. Substituting L � 0 (or e? � ek � e0) into
equation (47) gives a dispersion equation which defines the
complex frequencies of a homogeneous dielectric waveguide
with a thin ribbon electron beam,

x cosh �xL1� � sinh �xL1�w 2
0

1

2
Db

o2
b0g
ÿ3

e0�oÿ kzu�2
: �49�

Equation (49) has the form of the general dispersion equation
(1). The zeros on its left-hand side, i.e., the roots of the
equation x cosh �xL1� � ik0 cos �k0L1� � 0, define the fre-
quencies of the eigenwaves of the waveguide without a beam,

o �
������������������
k 2
?n � k 2

z

q
c����
e0
p ; k?n � p

L1

�
n� 1

2

�
; n � 0; 1; . . . :

�50�
One more root, k0 � 0! o � kzc=

����
e0
p

, sets the frequency of
the TEM wave, which is of no interest to us here.17 Inserting
kz � o=u into (50), we find an infinite set of resonance
frequencies

on � k?nu������������������������
e0u 2=c 2 ÿ 1

p : �51�

Inserting further o � on � do, kz � kzn � on=u into equa-
tion (49), we find the following increments of instabilities on
eigenmodes of the dielectric waveguide in the stimulated
Cherenkov effect:

do � don � ÿ1� i
���
3
p

2

�
Db

2L1
k 2
?nc

2

e0on

o2
bg
ÿ3

e0

�1=3

: �52�

In the limit L1 !1, equation (49) reduces to

x � ÿw 2
0

1

2
Db

o2
b0g
ÿ3

e0�oÿ kzu�2
: �53�

The zero on the left-hand side of equation (53) defines a light
wave x � 0! o � kzc=

����
e0
p

, propagating strictly along the
beam propagation direction, with which the beam does not
interact. There are no other eigenwaves, since the resonator is
absent for L � 0, and the dielectric half-spaces x > 0 and
x < 0, so to speak, do not `hold' the wave.18 Taking into

account that, according to (16) and (17), x � ik0, w 2
0 � ÿk 2

0 ,
we transform equation (53) into equation (23), which we
studied in detail earlier. The solution to equation (23) is given
in (25).

Thus, the differences between equations (49) and (53), as
well as between their solutions (52) and (25), are obvious. This
also applies to themost general equations (18) and (47). In the
limit L1 !1, solutions of equation (47) describing instabil-
ity should transform into corresponding solutions of equa-
tion (18). For example, quantities (52) don � do�kzn� for
L1!1 should transform into the function do�kz�, which is
defined by the second term on the right-hand side of
expression (25) (at common points kz � kzn). To illustrate
the `dynamics' of this limit transition, let us consider
numerical solutions of equation (49) for different values of
the parameter L1, with other parameters fixed at the values
used in the calculations for Fig. 2. Figure 13a shows a
sequence of isolated local maxima of the imaginary part of
the complex increment do (red line). The maxima are located
at the resonance points kz � kzn and agree reasonably well
with formula (52). Eachmaximum and its vicinity describe an
instability of the stimulated Cherenkov effect on the mode En

of the dielectric waveguide. As L1 is increased (Fig. 13b, c),
the local maxima appear closer to each other and begin to
merge, the effect becoming stronger as kz increases. Finally,
for L1 � 40 cm (Fig. 13d), the increment maxima disappear
completely and a smooth dependence is formed, which is well
described by the second term on the right-hand side of
formula (25). The curves shown in Fig. 13d coincide with the
respective curves in Fig. 2 obtained by numerically solving
equation (23). This behavior is due, first and foremost, to the
fact that, as L1 increases, the resonance wavenumbers
kzn � on=u become denser, and for L1 ! 1 fill the entire
axis kz > 0.

For any finite value of parameterL1, the beam resonantly
excites the eigenwaves in the waveguide. The instabilities that
arise in this case clearly correspond to our definition for the
instability of the stimulated Cherenkov effect. Therefore,
taking into account the limit transition L1 !1 described
above, the question arises as to the relevance of the notion of
dissipative±radiative instability introduced above. Admit-
tedly, for the large parameter L1, the expressions for the
increments vary considerably, first and foremost because of
the closer position of the eigenwaves of the electrodynamic
system. In MW electronics, electrodynamic systems with a
close arrangement of eigenmodes are called spatially devel-
oped systems. The interaction of electron beams with densely
arranged eigenmodes of spatially developed electrodynamic
systems has been studied in detail [26, 27]. Therefore, instead
of dissipative±radiative instability, it is fully legitimate to talk
about an instability of the stimulated Cherenkov effect in a
spatially developed electrodynamic system. A criterion for
such an instability is the inequality jdoj4on�1 ÿ on, where
do is the instability increment. Taking into account formulas
(50) and (51), we write this inequality as

jdoj4 u

L1
p������������������������

e0u 2=c 2 ÿ 1
p ; �54�

where do is the increment (52). If inequality (54) holds, the
instability increment is defined by formula (25) instead of
(52).

However, based on physical considerations, the term
dissipative±radiative instability seems to us to be perfectly

17 For a TEM wave, the electric field component in the direction of the

beam motion equals zero. Therefore, a TEM wave cannot be excited by a

straight beam, as can be seen from equation (49), whose right-hand side

becomes zero for x � 0.
18 In the half-spaces, there are eigenwaves coming from infinity of one sign

and propagating to infinity of the other sign. Our problem statement

excludes waves coming from infinity.
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rational: for an eigenmode to be established, it takes a time
not shorter than

t0 � 2
����
e0
p

L1
c

: �55�

On the other hand, the characteristic time of instability
development tb (from the onset to its nonlinear saturation)
is defined by the instability increment, commonly as
tb � doÿ1 [28]. For tb < t0, an eigenmode has no time to
settle in the system during the instability development
interval, and the electron beam excites waves that propagate
from the beam to the outer waveguide boundaries but do not
reach them. In the case of the initial value problem, solved
from the moment of `switching on' of the instability to its
saturation, everything happens namely so. The strong
inequality tb < t0 is reduced to

jdoj4 c

L1

1

2
����
e0
p ; �56�

which does not contradict (54). Indeed, if inequality (56) is
observed, there is reason to speak of dissipative±radiative
instability.

The dissipative±radiative instability is a nonresonance
instability. This means that there is no resonance wave with
which the beam can interact. The beam interacts with the
waves of the continuous spectrum o � kzc=

����
e0
p

, i.e., with
many waves of different frequencies. It is impossible to
capture the beam electrons under these conditions. Instead,
the beam electrons decelerate to a velocity approaching
c=

����
e0
p

. From these considerations, it is easy to estimate the
fraction of the beam kinetic energy transferred to electro-
magnetic radiation,

Z � g1 ÿ g
gÿ 1

� g
gÿ 1

"
1ÿ

�
1� 2g 2

u 2

c 2

�
1ÿ c

u
����
e0
p

��ÿ1=2#
;

�57�

where g1 is the relativistic factor of beam electrons on the
instability saturation stage. Dependence (57) is plotted in
Fig. 14 for three values of the dielectric permittivity e0.

7. Dissipative±radiative instabilities
in cylindrical geometry

In a cylindrical coordinate system for an azimuthally
symmetric case, equation (11) takes the form

1

r

d

dr

�
r
err�r�
w 2
rr�r�

dEz

dr

�
� �ezz�r� � deb�r�

�
Ez ; �58�

while formulas (10) stay valid after an obvious replacement of
jxj by r and L by R, where R is the radius of the beam
transport channel. To avoid the difficulties caused by the
singular point r � 0, we consider an infinitely thin tubular
beam with the Langmuir frequency given by the formula

o2
b�r� � o2

b0Dbd�rÿ rb� ; �59�

where rb 6� 0 is the radius of the tubular beam. Integrating
equation (58) over r, we obtain the following condition for the
jump of the derivative of Ez�r� on the beam:�

dEz

dr

�
r�rb
� ÿDbw 2

?
o2

b0g
ÿ3

e?�oÿ kzu�2
Ez�rb� ;

�60�
w 2
? � k 2

z ÿ
o2

c 2
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Figure 13. Instability increments of stimulated Cherenkov effect on eigenmodes of homogeneous dielectric waveguide.
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Boundary conditions (13) continue to hold with the above
substitutions, and, instead of condition (14), a condition is
written that the field is bounded at zero, Ez�0� <1. Note
that a cylindrical system with radiation exiting through
the side surface or with an outer absorbing layer (Fig. 1b)
is of considerable practical interest. Recent active studies
are aimed at the design of broadband plasma MW
amplifiers based on tubular relativistic electron beams
with electromagnetic wave absorbers on the side surface
of the plasma electrodynamic system [24]. The absorber is
intended to suppress the self-excitation of the amplifier by
absorbing a feedback wave. However, the presence of the
absorber facilitates the development of a nonresonant
dissipative±radiative instability, which requires the study
of this instability in new devices of MW plasma electro-
nics.

We will not solve the general problem formulated for the
spherical geometry here, but restrict ourselves to the limit
R � 0. Consider two cases: e? � ek � e0, which corresponds
to a tubular beam in an unbounded isotropic dielectric, and
e? � ek � ep, which corresponds to a tubular beam in an
unbounded isotropic plasma. In the case of a beam in a
dielectric, a solution of equation (58) continuous and
bounded at zero is taken in the form

Ez�r� � A
J0�k0r�H �1�0 �k0rb� ; r < rb ;

H
�1�
0 �k0r�J0�k0rb� ; r > rb ;

(
�61�

where k0 is defined in (17) and J0 andH
�1�
0 are the Bessel and

Hankel functions of the first kind. When writing equation
(61), we took into account that only beam waves will be
considered, i.e., it will be o � kzu. Then, for u > c=

����
e0
p

, the
quantity k 2

0 is greater than zero. Inserting solution (61) into
the matching condition (60) and eliminating the constant A,
we obtain the following dispersion equation for the spectra of
charge density waves of a thin tubular beam in an infinite
isotropic dielectric:

�oÿ kzu�2 � ÿi 1
4
Sbk 2

0

o2
bg
ÿ3

e0
J0�k0rb�H �1�0 �k0rb� ; �62�

where Sb � 2prbDb is the cross-sectional area of the thin
tubular beam. Equation (62) has much the same structure as
equation (23), as can be seen from the fact that the root
entering equation (23) is imaginary for u > c=

����
e0
p

. It is
therefore entirely reasonable to argue that equation (62)
describes a dissipative±radiative instability of a tubular
beam in an unbounded dielectric. The main difference
between equations (62) and (23) is that the product of the
cylindrical functions on the right-hand side of (62) is an
oscillating function. Consequently, the instability increment
defined by equation (62) is a nonmonotone function of kz
(Fig. 15).

In the case of an electron beam in an isotropic plasma, the
quantity k 2

0 contains the dielectric permittivity of the plasma
ep instead of e0, so, for any beam velocity, k 2

0 < 0. In this case,
a solution of equation (58) should be written as

Ez�r� � A
I0�wpr�K0�wprb� ; r < rb ;

K0�wpr�I0�wprb� ; r > rb ;

�
�63�

where I0 and K0 are the modified Bessel functions, and
w 2
p � k 2

z ÿ o2=c 2 � o2
p=c

2. Inserting solution (63) into the
matching condition (60), we get the following dispersion

equation:

1ÿ o2
p

o2
ÿ 1

2p
Sbw 2

p

o2
b0g
ÿ3

�oÿ kzu�2
I0�wprb�K0�wprb� � 0 : �64�

Equation (64) is practically the same as equation (29) which
describes the stimulated Cherenkov effect on a longitudinal
Langmuir wave in the plane case. Equation (64) describes the
same effect, but in the cylindrical geometry. A complex
increment, obtained by solving equation (64), is shown in
Fig. 16. The curves in Fig. 16 do not differ qualitatively from
the black curves in Fig. 6.

As can be seen, for a tubular beam in an unbounded
isotropic dielectric and in an unbounded isotropic plasma, the
cylindrical geometry does not lead to significant changes
except for an oscillatory character of the increment of
dissipative±radiative beam instability in a dielectric. For an
anisotropic plasma and in the general case of a channel with
finite size R, such a statement cannot be made. A study of the
complicated dispersion equationÐa cylindrical analog of
equation (18)Ð is needed, which should be the subject of a
separate study.

When applied to systems with cylindrical geometry,
inequality (56) is obviously modified as

jdoj4 c

R1

1����
e0
p ; �65�

whereR1 is the size shown in Fig. 1b. Inequality (65) requires
either a larger electron density in the beam or a large
transverse size of the electrodynamic system. An important
characteristic of electron beams and electrodynamic systems
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is the so-called limiting vacuum current [29], which becomes
smaller as the transverse size R1 becomes larger.19 Beams
with currents above the limiting vacuum current are called
high-current beams. Since the increment of beam instability is
proportional to some power of the beam current, inequality
(65), in particular as R1 ! 1, allows one to attribute
dissipative±radiative instabilities to high-current effects.
This is consistent with our earlier statement that dissipative±
radiative instabilities can be treated as instabilities under the
stimulated Cherenkov effect in spatially developed systems.
In high power MW electronics, spatially developed electro-
dynamic systems were always considered high-current sys-
tems.

8. Conclusions

To conclude this methodological note, let us try to define its
place among the numerous studies devoted to high-frequency
instabilities of electron beams in conditions where the
frequency o is close to the Doppler frequency ku, where k is
the wavevector and u is the beam velocity vector. The notion
of beam instability spread widely after the publication of
papers [20, 30] which discovered the phenomenon of beam
instability in plasmas. However, a year earlier, Ref. [31]
described the phenomenon of spatial amplification of a
wave propagating synchronously with an electron beam. It
is believed that this paper laid the foundation for long and
successful studies that led to the creation of one of the most
widely used sources of electromagnetic radiationÐ the
traveling-wave tube (TWT) [32±34]. For almost two subse-
quent decades, the common nature of the phenomena of
beam instability in plasmas and wave amplification in a TWT
was not seriously discussed. It was only after the establish-
ment of plasma MW electronics [22±24, 35] that it became
clear that the spatial wave amplification in a TWT and the
temporal growth of a wave in the resonance beam instability
in plasmas are based on one and the same phenomenonÐ the
stimulated Vavilov±Cherenkov effect. It was not immediately
recognized that the amplification of a wave synchronous with
the beam and radiation from this wave are not equivalent
notions. In gain on absorption (in dissipative beam instabil-
ity), the fields of the actual beam are amplified, which are
ultimately carried out of the system by the beam to the
collector. And in the resonance beam instability in plasmas,
plasma waves are excited, which, although they are not
radiated in the strict sense because of their potential
character, remain in the plasma after the electron beam has
left it. In resonance beam instability in a retarding electro-
dynamic system of a classical TWT, the beam excites
electromagnetic waves which leave the system as free
radiation. In nonresonant beam instability in plasmas, the
beam fields are excited by beam self-modulation in a
plasma with negative dielectric permittivity and are
carried together with the beam to the collector. It turns
out that there is an intermediate case where the beam is
modulated due to dissipation of its energy, but this
dissipation is due to electromagnetic radiation being
carried away. In this intermediate case, the beam fields
and the radiation are localized in different regions of space,
and the interaction between them takes place through the
interface between these regions.

This paper considers, in oneway or another, all the known
high-frequency instabilities of a straight monovelocity elec-
tron beam propagating along a strong external magnetic field
in a laterally unbounded layered electrodynamic system.
Nonresonant aperiodic beam instability in a medium with
negative dielectric permittivity (a negative mass type instabil-
ity) appears in connection with general formula (4), as well as
in connection with the first increment in (31). The nonreso-
nant dissipative beam instability appears in relation to
general formula (5). General formulas (58) and (59) are
devoted to the resonance instability of the stimulated
Cherenkov effect in a dissipative system. However, the main
focus in this study was devoted to the resonance instability of
the stimulated Cherenkov effect in a system without dissipa-
tion and dissipative±radiative instability in an open system
with energy losses by radiation. Indeed, the last two
instabilities are the main ones for the propagation of an
electron beam along a channel in a homogeneous isotropic
dielectric medium. We considered the cases of a vacuum
channel, a channel with an isotropic plasma, and a channel
with an anisotropic plasma in a strong magnetic field. While
in the stimulated Cherenkov effect the beam energy is spent to
excite eigenwaves of the electrodynamic system, in dissipa-
tive±radiative instabilities, the beam energy is radiated out of
the system to infinity by external waves. Such an irreversible
energy drain from the beam manifests itself as some effective
dissipation and makes the dissipative±radiative instability an
analog of the usual dissipative beam instability in a system
without radiation.

All instabilities considered here are contained in disper-
sion equation (18) and are limit cases of certain general
process powered by energy release from an electron beam.
Since the instability increments in these limit cases are
expressed by different formulas, the instability mechanisms
are of different physical natures, and this study is largely
devoted to their discussion.

The author thanks I.N. Kartashova for the useful
discussions and comments.
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