
Abstract. The paper is an analytical review devoted to the
spherically symmetric problem of General Relativity (GR).
This problem is of special interest in GR, since it is reducible
to ordinary differential equations that allow an analytical solu-
tion, used to describe cosmological models. The formulation of
the mechanics problem associated with the issues of complete-
ness and solvability of GR equations is analyzed. Solutions to
the spherically symmetric static problem for a vacuum, ideal
fluid, and elastic medium are considered within the framework
of classical mechanics, the linearized system of GR equations,
the Schwarzschild metric, and a pseudo-Riemannian space of a
special type that is flat with respect to spatial coordinates and
curved with respect to time.

Keywords: General Relativity, fluid and gas mechanics, me-
chanics of a deformable solid, spherically symmetric static
problem

1. Introduction

The spherically symmetric problem of General Relativity
(GR) occupies a special place in the theory, since it is reducible
to ordinary differential equations and for some physical
models allows an analytical solution. This problem is the

subject of many publications, the most significant of which
will be consideredbelow. It is essential that in the present paper
the spherically symmetric problemofGRbe consideredwithin
the framework of the approach characteristic of continuum
mechanics. In accordance with this, GR is treated as a
phenomenological theory based on the traditional model of
themechanics of a homogeneous isotropic continuum, the real
microstructure of which is ignored. Therefore, possible
applications of the obtained solutions to problems of cosmol-
ogy (neutron stars, etc.) are not considered below. Much
attention is paid to the correctness of the mathematical
formulation of the problem, particularly to the analysis of
the completeness of the resolving system of equations. Below,
we consider sequentially solutions to the spherically symmetric
problem within the framework of General Relativity as
applied to the Schwarzschild metric and within the frame-
work of the proposed pseudo-Riemannian space of a special
type, which is flat with respect to spatial coordinates and
curved with respect to the time coordinate.

2. General Relativity equations

Within the framework of the model considered, the con-
tinuum is characterized by the energy±momentum tensor
(according to N.A. Kilchevskii [1], the term `kinetic stress
tensor' is more adequate)Tj

i �i; j � 1; 2; 3; 4�, defined in a four-
dimensional Riemannian space with the metric form

ds 2 � gi j dx
i dx j : �1�

In problems of mechanics, the energy±momentum tensor
satisfies four equations of the conservation law,

HkT
k
i � 0 �i; k � 1; 2; 3; 4� : �2�
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Here, the mixed components of the tensor are used, since, for
the spherically symmetric problem considered below, they
coincide with the physical components. If x 1, x 2, x 3 are
spatial coordinates, and x 4 is the time coordinate, then the
first three equations (2) are the equations of motion, and the
last equation ensures the conservation of mass. GR is based
on the equation

Ej
i � wTj

i ; �3�

establishing the proportionality between the energy±momen-
tum tensor and the Einstein tensor:

E j
i � Rj

i ÿ
1

2
g j
i R : �4�

Here, Rj
i is the Ricci curvature tensor, expressed through the

metric tensor g j
i , andR is its linear invariant. The proportion-

ality coefficient in Eqn (3),

w � 8pg
c 4

; �5�

is expressed through the classical gravitational constant g and
the speed of light c and follows from the condition of
coincidence of the GR equations with the equations of
Newton's gravitational theory in the case of weak gravity.
Since the energy±momentum tensor Tj

i must satisfy Eqn (2),
the Einstein tensor also satisfies this equation, so that

Hk E
k
i � 0 : �6�

Equations (3) with left-hand sides in the form of Eqns (4)
constitute a system of ten nonlinear partial differential
equations, including ten components of the metric tensor.
However, as is known [2±5], this system is not complete.
The fact is that the tensors E j

i and Tj
i identically satisfy

four equations (6) or (2). This means that, out of ten
equations, only six are mutually independent. Traditionally,
it is proposed to supplement the system with four coordinate
conditions. For this purpose, the so-called harmonic condi-
tions [3] can be used, which have the form

q
qx i

ÿ ����
G
p

g i j
� � 0 ; �7�

whereG is the determinant of the metric tensor. Despite proof
of the existence of a vacuum solution to the equations of
general relativity, supplemented by Eqn (7) [6], and the
obtained solution to the spherically symmetric problem for
vacuum [7, 8], the coordinate condition (7) has not foundwide
application. There is no general form of coordinate condi-
tions in general relativity, and all solutions obtained to date
use coordinate conditions specified from various considera-
tions.

The situation can be somewhat clarified by addressing the
theory of elasticity [9, 10]. For static problems in the absence
of gravity, the energy±momentum tensor coincides with the
stress tensor si j. In Cartesian coordinates x1, x2, x3, the
stresses are related by three equilibrium equations,

si j; j � 0 �1; 2; 3� : �8�

Here, ���; j � q���=qxj, and the symbol �1; 2; 3� denotes a
circular permutation of indices. Equations (8) are similar to
equations (2) of GR. In the second half of the 19th century,
the following transformation of stresses was proposed by

D. Maxwell and G. Maurer [11]:

s11 � j22; 33 � j33; 22 ÿ 2j23; 23 ;

s12 � ÿj33; 12 ÿ j12; 33 � j13; 23 � j23; 13 �1; 2; 3� : �9�

Here, ji j is the tensor of stress functions [12]. Substituting
stresses (9) into the equilibrium equations (8) allows satisfying
these equations identically. A similar situation occurs in GR:
substituting the energy±momentum tensor from equalities (3)
into Eqn (2) identically satisfies these equations. Continuing
the analogy with elasticity theory, we write the linearized
form of the GR equations. Assume that the components of
the metric tensor have the form

gi j � 1� fi j �i; j � 1; 2; 3� ; gi4 � 0 ; g44 � ÿ1 ;

where the amplitude values of functions fi j are much less than
unity. Linearizing the equations of General Relativity with
respect to these functions, we obtain

ws11 � 1

2
�ÿf22; 33 ÿ f33; 22 � 2f23; 23� ;

ws12 � 1

2
� f33; 12 � f12; 33 ÿ f13; 23 ÿ f23; 13� �1; 2; 3� :

These equations coincide with Eqn (9) if we take fi j �ÿ2ji j=w.
Thus, the linearized GR equations are like the equations of
elasticity theory. Naturally, the analogy between the linear
equations of elasticity theory and the nonlinear equations of
General Relativity is conditional. However, in elasticity theory,
an important property of Eqn (9) is proven: they cannot, in
principle, be solvedwith respect to the tensor of stress functions.
A solution to these equations exists only if their right-hand
sides, the stresses, satisfy certain compatibility conditions [11].
These conditions have a simple geometricmeaning: they require
that the stressed space be Euclidean, i.e., that the curvature of
this space be zero [13]. In GR, the space is not Euclidean and
such conditions cannot exist. However, the analysis carried out
allows us to assume that the incompleteness of the GR
equations is not related to the missing coordinate conditions.
It is natural to assume that gravity generates some pseudo-
Riemannian space of a special type, limited by some physical
conditions, which should supplement theGRequations. Such a
space is proposed below in Section 6.

The incompleteness of the GR system of equations with
respect to the metric tensor was discussed above. A similar
situation occurs for the energy±momentum tensor. Ten
components of this tensor are related by four equations (2),
and the system is incomplete. The proposed model of pseudo-
Riemannian space allows eliminating this problem as well.

3. Energy±momentum tensor

The structure of the energy±momentum tensor involved in the
equations of General Relativity follows from the equations of
classical solid mechanics and Newton's gravitational theory.

Let us derive this tensor for a spherically symmetric
problem. In spherical coordinates r; y;j and in Euler
variables, the motion of the continuum in a gravitational
field is described by the following equations [1]:

qsr
qr
� 2

r
�sr ÿ sy� ÿ r

qc
qr
� r

�
qvr
qt
� vr qvrqr

�
;

q�rvr�
qr

� 2

r
rvr � qr

qt
� 0 : �10�
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Here, sr and sy are the radial and hoop stress, vr is the radial
velocity, r is the density, t is the time, and c is the Newtonian
gravitational potential. Using identical transformations and
the second equation (10), we can reduce the right-hand side of
the first equation to the following form [1]:

r
�
qvr
qt
� vr qvrqr

�
� q�rvr�

qt
� q�rv 2

r �
qr

ÿ vr
�
qr
qt
� q�rvr�

qr

�
� q�rvr�

qt
� q�rv 2

r �
qr

� 2

r
rv 2r :

Using this result, we rewrite Eqn (10) as

q
qr
�sr ÿ rv 2r � �

2

r

��sr ÿ rv 2r � ÿ sy
�ÿ r

qc
qr
ÿ q�rvr�

qt
� 0 ;

q
qr
�rcvr� � 2

r
rcvr � q�rc 2�

cqt
� 0 : �11�

To reduce these equations to Eqns (2) used in GR, we
consider a Riemannian space corresponding to the following
metric form:

ds 2 � dr 2 � r 2 dO 2 ÿ �1ÿ f �c 2 dt 2 ;
dO 2 � dy 2 � sin2 y dj 2 ; �12�

where the amplitude value of the function f is much less than
unity. Writing Eqns (2) for the metric form (12) and
linearizing with respect to the function f, we obtain

qT 1
1

qr
� 2

r
�T 1

1 ÿ T 2
2 � �

1

2

qf
qr

T 4
4 �

qT 4
1

cqt
� 0 ;

qT 1
4

qr
� 2

r
T 1
4 �

qT 4
4

cqt
� 0 : �13�

Comparing Eqns (11) and (13), we can conclude that

T 1
1 � sr ÿ rv 2

r ; T 2
2 � sy ; T 4

4 � rc 2 ; T 1
4 � rvrc ;

T 4
1 � ÿrvrc ;

qf
qr
� ÿ 2

c 2
qc
qr

:

Considering the last of these relations, in which f is a
component of the metric tensor of pseudo-Riemannian
space, and c is the gravitational potential of Newton's
theory, we can conclude that the analogy between gravity
and the curvature of space follows from Newton's theory. In
what follows, we will use more general tensor relations:

T 1
1 � s 1

1 ÿ rv1v 1 ; T 2
2 � s 2

2 ; T 4
4 � rc 2 ;

T 1
4 � rcv 1 ; T 4

1 � ÿrcv1 ; �14�

where s 1
1 � sr, s 2

2 � sy, since, as already noted, the mixed
components of tensors in spherical coordinates are related to
physical components. In all equalities (14), the density is the
same, which is a consequence of the hypothesis of the
equivalence of gravitational and inertial masses.

Complete expressions for the components of the energy±
momentum tensor, considering the effects of the special
theory of relativity, were obtained by V.A. Fock [7].

4. Classical solution to spherically symmetric
static problem

Let us consider the problem of gravity for a solid elastic
spherical body with radius R and constant density r. In the

framework of Newton's theory of gravity, the gravitational
potential satisfies the Poisson equation, which for a spheri-
cally symmetric gravitational field has the form

j 00 � 2

r
j 0 � 4pgr ; �15�

where ���0 � d ���=dr. For the external Euclidean space
surrounding the body, �R4 r <1� r � 0, and the solution
of Eqn (15) tending to zero as r!1 has the form

je � ÿ
gm
r
; �16�

wherem is themass of the sphere and the index `e' refers to the
external space. We introduce the so-called gravitational
radius, which plays an important role in the problem under
consideration:

rg � 2gm
c 2

: �17�

Then, solution (16) can be given the following form:

je � ÿ
rgc

2

2r
: �18�

For the internal space of the sphere (04 r4R, index `i'), the
solution of Eqn (15), regular at r � 0, has the form

ji �
2

3
pgrr 2 � C : �19�

The constant C is determined from the condition of con-
tinuity of the potential at the boundary of the sphere, i.e.,
ji�R� � je�R�. As a result, equality (19) takes the following
final form:

ji � ÿ
rgc

2

4R

�
3ÿ r 2

R 2

�
: �20�

The body gravitational forces acting inside the sphere are
expressed in Newton's theory through the gravitational
potential as follows: fg � ÿrj 0i . Then, the equilibrium
equation of an element of the sphere takes the form

s 0r �
2

r
�sr ÿ sy� ÿ rrgc 2r

2R 3
� 0 : �21�

The second equation for stresses follows from the condition
of compatibility of deformations, which are expressed
through the radial displacement as follows:

er � u 0 ; ey � u

r
: �22�

Excluding displacement from these relations, we obtain the
equation of compatibility of deformations

�rey�0 � er : �23�

For a linearly elastic medium, deformations are expressed
through stresses using Hooke's law,

er � 1

E
�sr ÿ 2nsy� ; ey � 1

E

��1ÿ n� sy ÿ nsr
�
; �24�

where E is the modulus of elasticity, and n is Poisson's ratio.
Substituting deformations (24) into equation (23), we obtain
the equation of compatibility of deformations in stresses

r
��1ÿ n� s 0y ÿ ns 0r

�� �1� n��sy ÿ sr� � 0 : �25�
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Thus, we have two equations, (21) and (25), for stresses sr and
sy. The solution of these equations, regular at r � 0 and
satisfying the boundary condition at the surface of the sphere
sr�R� � 0, is determined by the equalities

�sr � ÿk�rg �1ÿ �r 2� ; �sy � ÿk�rg

�
1� 1� n

3ÿ n
�r 2
�
;

k � 3ÿ n
20�1ÿ n� : �26�

Here,

�sr � sr
rc 2

; �sy � sy
rc 2

; �rg � rg
R
; �r � r

R
: �27�

Let us consider a special case of a sphere consisting of an ideal
incompressible fluid with density r. In this case, sr �
sy � ÿp�r�, where p is the pressure in the fluid, which is
determined from the equation following fromEqn (21), that is

p 0 � rrgc 2r
2R 3

� 0 : �28�

The solution of this equation, satisfying the boundary
condition p�R� � 0, has the form

�p � �rg
4
�1ÿ �r 2� ; �p � p

rc 2
: �29�

It is essential that, to determine the pressure, it was not
necessary to involve the equation of compatibility of
deformations (25), which is satisfied identically.

The level of gravity is determined by the value of the
parameter �rg. At �rg � 0, gravity is absent. For real objects, the
value of �rg is small compared to unity. For example, for Earth,
�rg � 1:4� 10ÿ6. Considering that for Earth r � 5520 kgmÿ3,
we obtain a very high pressure at the center of Earth,
p � 1:74� 105 GPa. As shown below, GR gives an even
greater value for pressure.

Of interest is the geometric interpretation of the results
following from Newton's theory of gravitation. The metric
form (1) in a Riemannian space with spherical symmetry has
the form

ds 2 � g11 dr
2 � g22 dO 2 ÿ g44c

2 dt 2 : �30�

For a static problem, the metric coefficients included here
depend only on the radial coordinate. In the classical theory
of gravitation, the motion of a body occurs under the action
of gravitational and inertial forces. In GR, this motion occurs
along a geodesic line curved by gravity. Comparing the
equations of motion, we can find the following metric
coefficients of space corresponding to Newton's theory of
gravitation [2]:

gn
11 � 1 ; gn

22 � r 2 ; gn
44 � 1ÿ rg

r
: �31�

It follows that the spatial metric coefficients correspond to
the Euclidean space and gravity manifests itself only
through the time coefficient. This result will be used
further in Section 6.

The solution obtained can be verified experimentally. As
is known, gravity causes a change in the direction of light rays
passing near the Sun. The angle by which the trajectory of a
light ray deviates from a straight line is determined by the

equality [8]

a � 2Jÿ p ; J �
�1
R

�������������������������������������������������
g11

g22
ÿ�g22gR

44=g
R
22g44� ÿ 1

�s
dr ;

�32�

where gR
ii � gii�R�. Using equalities (31) and taking into

account that for the Sun �rg � 4:3� 10ÿ6, we have

J � R

�1
R

1

r
�����������������
r 2 ÿ R 2
p

�
1ÿ rg

2r

�
dr � 1

2
�pÿ �rg� : �33�

As a result, the first equality (32) yields a � �rg � 0:675 00. This
result is half the experimental value (a � 1:75 00 [14]). Thus,
Newton's gravitational theory is not confirmed experimen-
tally.

The equation of motion for a particle of unit mass in
the radial direction, taking into account Eqn (18), is written
as

d2r

dt 2
� ÿrj 0e � ÿ

rgc
2

2r 2
: �34�

Its first integral determines the physical velocity,

v 2 �
�
dr

dt

�2

� c 2
rg
r
� C :

The escape velocity for a spherical body of radius R is
obtained from here if we take C � 0 and r � R, i.e.,

ve � c

����
rg
R

r
: �35�

Thus, whenR � rg, the escape velocity is equal to the speed of
light and the body is invisible. This result is discussed in Ref.
[15]. It was obtained at the end of the 18th century by
J. Michell and P. Laplace, who predicted the existence of so-
called dark stars.

The trajectory of a light beam in the equatorial (y � 0)
plane of a spherical body (Fig. 1) is determined by the
following equalities [8]:

dr

dt
� c

�������������������������������������
g44
g11

�
1ÿ k 2

g44
g22

�s
;

dj
dt
� kc

g44
g22

;

where k is a coefficient depending on the initial condition. Let
us find the physical components, i.e., the radial and
circumferential velocities:

vr �
�������
g11
g44

r
dr

dt
� c

���������������������
1ÿ k 2

g44
g22

r
; vj � kc

�������
g44
g22

r
: �36�

For the velocity directed at an angle a to the radius (see Fig. 1),
we have vr � c cos a, vj � c sin a. Then,

k � sin a

�������
gR
22

gR
44

s
;

dr

dt
� c

�������������������������������������������������
g44
g11

�
1ÿ sin2 a

gR
22g44

gR
44g22

�s
:
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On the surface of the sphere, for r � R, we obtain

dr

dt
� c cos a

�������
gR
44

gR
11

s
: �37�

Substituting here the metric coefficients (31), corresponding
to Newton's theory, we find

dr

dt
� c cos a

�������������
1ÿ rg

R

r
:

It follows that, for R � rg, light does not propagate along the
radius. Note that a dark star is invisible only from the outside.
It follows from the second equality (36) that, on the surface of
the body, light propagates along circular trajectories.

5. Linearized General Relativity solution

We assume that the geometry of pseudo-Riemannian space
differs little from flat geometry. In this case, the metric
coefficients in the form (30) can be written as

g11 � 1� f1 ; g22 � r 2�1� f2� ; g44 � 1� f4 ; �38�

where the amplitude values of functions f are much less than
unity. Then, the equations of GR, linearized with respect to
functions f, take the form

1

r 2
� fÿ rf 04�� wsr ;

1

2r
� fÿ rf 04�0 � wsy ;

1

r 2
�rf �0 � wrc 2 ;

�39�

where f � f1 ÿ �rf2�0.
Let us consider the external empty space for which r � 0

and sr � sy � 0. System (39) then turns out to be homo-

geneous, i.e.,

fÿ rf 04 � 0 ; � fÿ rf 04�0 � 0 ; �rf �0 � 0 : �40�

Note that the second equation is a consequence of the first
one. This property of the system is due to the incompleteness
of the GR equations, noted in Section 2. Thus, for three
unknown functions f1, f2, f4, there are only two independent
equations. Let us express the function f from the first equation
(40) and substitute it into the second one. As a result, we
obtain

f 004 �
2

r
f 04 � 0 :

For f4 � j, this equation coincides with Eqn (15) for the
gravitational potential in empty space �r � 0� of Newton's
theory. Thus, in the linear approximation, General Relativity
reduces to Newton's theory in empty space.

To find three functions f from two independent
equations of system (40), we extend this system. For a
linear approximation, it is natural to take f2 � 0, i.e.,
g22 � r 2. This means that the circumference of the sphere
is 2pR. However, the space is not Euclidean, since the
distance between two points lying on a radius is not
equal to the difference between the radial coordinates of
these points. For f2 � 0, the solution to Eqns (40) has
the form

f1 � C1

r
; f4 � ÿC1

r
� C2 :

Since f4 ! 0, for r!1, we have C2 � 0 and, according to
equalities (38),

g11 � g 2 � 1� C1

r
; g22 � r 2 ; g44 � h 2 � 1ÿ C1

r
:

For r!1, the solution must asymptotically coincide with
expressions (31), corresponding to Newton's theory. We
finally obtain C1 � rg and

g11 � 1� rg
r
; g22 � r 2 ; g44 � 1ÿ rg

r
: �41�

These expressions differ from equalities (31), corresponding
to Newton's theory. Using formulas (32) and (33), we find the
angle of deflection of a light beam in the vicinity of the Sun.
Substituting equalities (41), we have

J � R

�1
R

�
1� rg

2r
� rgr

2R�R� r�
�

dr

r
�����������������
r 2 ÿ R 2
p � p

2
� 2rg

R
:

As a result, we obtain a � 2�rg, which is twice the angle
following from Newton's theory and agrees with the experi-
mental results (a � 1:75 00). Obtained at the beginning of the
20th century and confirming General Relativity, this result
served as the basis for the general recognition of the theory;
however, strictly speaking, it confirms only its linear approx-
imation and only for empty space.

Using equalities (37) and (41), we find that, on the surface
of the sphere,

dr

dt
� c

������������������
1ÿ rg=R

1� rg=R

s
cos a :

Thus, as in Newton's theory, light does not propagate from
the surface of a sphere with radius R � rg.

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

0 0.2 0.4 0.6 0.8 r=R

r
j a

r=R

Figure 1. Light propagation from surface of a sphere.
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Let us consider the internal problem described by
equations (39), which must be supplemented by an equation
following from system (2), i.e.,

s 0r �
2

r
�sr ÿ sy� � f 04 �sr ÿ rc 2� � 0 : �42�

If we ignore sr, in contrast to rc 2, we obtain the equilibrium
equation of elasticity theory (21).

The gravitational constant ofGR w (5) is found, as already
noted, by comparing the linearized equations of GR, which
are considered in this section, with the equation following
from Newton's gravitational theory. We express f from the
first equation (39) and f 0 from the second equation and
substitute into the third equation. As a result, we obtain

f 004 �
2 f 04
r
� w

2
�rc 2 ÿ s� ; �43�

where s � sr � 2sy is the invariant of the stress tensor.
Disregarding s, as opposed to rc 2, considering that f4 is
expressed through the classical gravitational potential
according to the formula ft � pj=c 2, and setting w �
8pg=c 4, we arrive at Eqn (15) of Newton's gravitational
theory. However, the above derivation is erroneous. The
fact is that the two equations (39) include the same
combination of functions � fÿ rf 0t � and are generally incom-
patible. Excluding this combination from the indicated
equations, we obtain the following compatibility condition:

s 0r �
2

r
�sr ÿ sy� � 0 :

This equation differs from Eqn (42) by the absence of a term
considering gravity. Thus, in the linear approximation, the
Einstein tensor does not satisfy the equation of the conserva-
tion law for the material tensor, and the linear approximation
of GR does not describe gravity in a continuous medium
(however, it does describe it in empty space). The reason is
that the terms including stresses in Eqn (42) are linear, and the
gravitation term is quadratic. Equality (5) for the gravita-
tional constant of GR can be obtained by considering the
quadratic approximation of the Einstein equations.

6. Solution in Schwarzschild metric

The complete system of GR equations for a spherically
symmetric problem includes three equations (4) [17]:

E 1
1 �

1

g22
ÿ 1

g11

�
1

4

�
g 022
g22

�2

� g 022g
0
44

2g22g44

�
� wT 1

1 ; �44�

E 2
2 � ÿ

1

2g11

�
g 0044
g44
ÿ 1

2

�
g 044
g44

�2

� g 0022
g22
ÿ 1

2

�
g 022
g22

�2

� g 022
2g22

�
g 044
g44
ÿ g 011
g11

�
ÿ g 011g

0
44

2g11g44

�
� wT 2

2 ; �45�

E 4
4 �

1

g22
ÿ 1

g11

�
g 0022
g22
ÿ 1

4

�
g 022
g22

�2

ÿ g 011g
0
22

2g11g22

�
� wT 4

4 �46�

and one equation (6)

dE 1
1

dr
� g 022
g22
�E 1

1 ÿ E 2
2 � �

g 044
2g44

�E 1
1 ÿ E 4

4 � � 0 ; �47�

in which Ei
i � wTi

i .

6.1 Solution to the external problem
Let us consider the external solution �1 > r5R�. For empty
space, Ti

i � 0 and Eqns (44)±(46) are homogeneous. They
allow a solution in the general form. Expressing g11 and g44
through g22 by means of Eqns (44) and (46), we obtain [18, 19]

g11 � �g 022�2
4�g22 � C1

�������
g22
p � ; g44 � C2

�
1� C1

g22

�
; �48�

where C1 and C2 are constants of integration. Substituting
these results into Eqn (45), we can conclude that it is satisfied
for any function g22�r�. As noted in Section 2, Eqns (44)±(46)
are not mutually independent. Since the right-hand sides of
these equations identically satisfy Eqn (47), equation (45) is a
consequence of Eqns (44), (46), and (47).

To obtain a solution, equalities (48) must be supplemen-
ted by a certain coordinate condition. The Schwarzschild
solution is obtained under the condition g22 � r 2. Note that
Schwarzschild initially used another condition imposed on
the determinant of the metric tensor �G � 1�, which can be
reduced to the condition written above [20, 21]. The
justification for Schwarzschild's coordinate condition is
known [3, 5, 22], which for the statics problem appears as
follows. Let us take g22 � f 2�r� and introduce a new variable
r 0 � f�r�. Then, g22 � �r 0�2 and, omitting the prime to shorten
the notation, we obtain g22 � r 2.

However, such a transformation is valid for an
unbounded space in which 04 �r; r 0� <1 and the difference
between r and r 0 is insignificant. If there is a sphere of radius
r � R in space, then it is impossible to determine the
corresponding value of r 0 and formulate the boundary
conditions on the surface of the sphere.

The integration constants included in equalities (48) are
determined from the asymptotic conditions, according to
which, at r!1, the resulting solution must degenerate into
solution (31), corresponding to Newton's theory. Taking
g22 � r 2, we arrive at the external Schwarzschild solution,

g e
11 �

1

1ÿ rg=r
; g e

44 � 1ÿ rg
r
: �49�

Here, rg is defined by equality (17), and the index `e'
corresponds to the external space. From equalities (32) and
(33), we obtain a � 2�rg, which agrees with the experiment.
Substituting solution (49) into equality (37), we can conclude
that, on the surface of a sphere of radius R,

dr

dt
� c cos a

�
1ÿ rg

R

�
:

That is, light does not propagate from the surface of a sphere
of radius R � rg [23, 24]. From equalities (49), it follows that
the metric coefficient g e

11 becomes infinite on the surface of
this sphere, and the coefficient g e

44 is equal to zero. Let us
assume that solution (49) is valid in all space, i.e., for
04 r <1. In this case, solution (49) is singular on a sphere
of radius rg and at the point r � 0. The sphere of radius rg is
called the event horizon of a black hole. Inside this sphere, the
coefficients g e

11 and g e
44 change sign. Since metric coefficients

cannot be negative, in the metric form (30), we should add a
plus sign to the first term and a minus sign to the last term.
This means that the radial coordinate behaves like a time
coordinate, and, since time is irreversible, after crossing the
event horizon, movement is possible only to the center, which
is a singularity point. No information can be obtained from
under the event horizon. Experimental confirmation of the
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hypothesis under consideration is, in principle, impossible,
since this would require penetrating through the event
horizon, showing that there is empty space behind it, and
transmitting this information.

Determining the components of the curvature tensor of a
pseudo-Riemannian space with metric coefficients (49), we
can find that some of them are singular at r � rg, but the
invariant of the curvature tensor, which does not depend on
the coordinate system, is not singular. From this, it is
traditionally concluded that the singularity at r � rg is
coordinate, i.e., it can be eliminated by moving from
coordinates r and t to coordinates u and v, using the
transformation

du � c11 dr� c12 dt ; dv � c21 dr� c22 dt : �50�
There are several known options for such a transformation.
The most common are:

Ð Lemaitre transformation, for which

c11 �
����
rg
r

r
1

1ÿ rg=r
; c12 � c22 � 1 ;

c21 �
����
r

rg

r
1

1ÿ rg=r
; �51�

ÐKruskal transformation, for which

c11; 21 � rf�
4r 2g

���������������������r=rg� ÿ 1
p ; c12; 22 � cf�

4rg

�������������
r

rg
ÿ 1

r
;

f� � exp

� �rÿ ct�
2rg

�
� exp

� �r� ct�
rg

�
: �52�

In coordinates u, v, the coefficients of the metric form are not
singular; however, as follows from equalities (51) and (52), the
singularity is not eliminated, but is transferred to the
transformation, since the coefficients ci j turn out to be
singular at r � rg. The transformation of differentials, the
coefficients of which are singular, can hardly be called
mathematically correct [25].

Using again the analogy with the theory of elasticity, we
define the deformations of space as the differences between
the metric coefficients of flat and curved space [9]:

e11 � rg
rÿ rg

; e22 � 0 :

It follows that the annular deformation at r � rg is absent,
and the radial deformation has a discontinuity. It is quite
difficult to explain such a deformation of homogeneous
empty space.

In GR, there is the so-called Birkhoff theorem [17],
according to which an external spherically symmetric gravita-
tional field is static. From this theorem, in particular, it
follows that the pulsation of a spherical body of constant
mass does not change the geometry of the space surrounding
it. To illustrate this theorem, let us assume that the metric
coefficients depend not only on the radial coordinate, but also
on time. Then, equations (44) and (46), from which solution
(49) is obtained, are written as follows:

�E 1
1 �D � E 1

1 �
1

g44

�
�g22
g22
ÿ
�

_g22
2g22

�2

ÿ _g22 _g44
2g22g44

�
;

�E 4
4 �D � E 4

4 �
1

4g44

��
_g22
g22

�2

� 2 _g11 _g22
g11g22

�
:

Here, Ei
i are determined by equalities (44) and (46),

corresponding to the static problem, and _g � qg=cqt. When
g22 � r 2, the time derivatives disappear, and the problem
reduces to a static one. Thus, Birkhoff's theorem is a
consequence of the Schwarzschild coordinate condition. For
problems of dynamics, this condition looks even less justified
than for problems of statics, since the unknown function of
two variables g22�r; t� is equated to one of its arguments. The
Schwarzschild coordinate condition is not used in cosmology
problems either [2, 26, 27].

The Schwarzschild condition is not the only one used to
solve a static spherically symmetric problem. InRefs [7, 8], the
harmonic condition (7) is used, which takes the form

d

dr

�
g22

�������
g44
g11

r �
� 2r

�������������
g11g44
p

:

As a result, the following components of the metric tensor are
obtained:

g e
11 �

r� rg=2

rÿ rg=2
; g e

22 �
�
r� rg

2

�2

; g e
44 �

rÿ rg=2

r� rg=2
: �53�

For such a metric, equality (37) yields

dr

dt
� c

Rÿ rg=2

R� rg=2
cos a :

It follows that light does not propagate from the surface of a
sphere with a radius R � rg=2. With such a radius, the
coefficient g e

11 (53) turns out to be singular, and g e
44 � 0.

The correspondence of solution (53) to Schwarzschild
solution (49) is discussed in Ref. [28]. There are also other
forms of the coordinate condition [29, 30]. InRefs [18, 19], the
condition of stationarity of the metric tensor density is
proposed to be used as a coordinate condition. This model
allows an explanation of gravitational attraction. The
optimal space within this model is one with a gravitating
mass of spherical shape. If there are several suchmasses, they,
mutually attracted, tend to unite.

6.2 Solution to the internal problem
for an ideal incompressible fluid
A more realistic situation is when there is a spherical body
with radius R in the center, creating gravity. In this case,
solution (49) is valid for r5R and the singularity of solution
(49) for r � 0 does not appear. In solution (49) for outer
space, the minimum radius is r � R. Thus, the Schwarzschild
singularity occurs on the surface of the material sphere. This
surface, naturally, is not an event horizon, since penetration
through it is impossible.

The basic system of equations (44)±(47) for the internal
problem for g22 � r 2 takes the form

1

r 2
ÿ 1

g11

�
1

r 2
� g 044
rg44

�
� wsr ; �54�

ÿ 1
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g 044
g44
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44

2g11g44
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�55�

1

r 2
ÿ 1

g11

�
1

r 2
ÿ g 011
rg11

�
� wrc 2 ; �56�

s 0r �
2

r 2
�sr ÿ sy� � g 044

2g44
�sr ÿ rc 2� � 0 : �57�
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With equation (57), only two of equations (54)±(56) are
linearly independent. Thus, for a known density, we have
three equations that include four unknown functions
g11; g44; sr; sy, i.e., the system is incomplete. The resulting
system allows a solution for a sphere consisting of an ideal
fluid, for which sr � sy � ÿp, where p is the pressure in the
fluid. From the point of view of elasticity theory, such a
problem is statically determinable, i.e., only the equilibrium
equation is used to solve it. Equation (57) is simplified as
follows:

p 0 � g 044
2g44

�rc 2 � p� � 0 : �58�

The solution to the internal problem was obtained by
Schwarzschild for an incompressible fluid, whose density
(r � r0) does not depend on pressure. Equations (54), (56),
and (58) were used as the basic ones. The solution to equation
(56) has the form

g i
11 �

1

1ÿ �wr0c 2=3� r 2 � C3=r
; �59�

where the superscript `i' corresponds to the internal space,
and C3 is the constant of integration. It is necessary to take
C3 � 0; otherwise, the coefficient g i

11 turns out to be singular
at the center of a sphere of any radius. Thus,

g i
11 �

1

1ÿ �wr0c 2=3� r 2
: �60�

Expression (60) no longer contains the integration constant.
This result is associated with the coordinate condition
g22 � r 2. Substituting this condition into Eqn (46), which is
of the second order, leads to Eqn (56), which is of the first
order. Solution (59) of this equation contains only one
constant, which is determined from the condition of regular-
ity at the center of the sphere. In this case, the constant that
would allow the boundary condition on the surface of the
sphere to be satisfied,

g i
11�r � R� � g e

11�r � R� � 1

1ÿ R=rg
; �61�

is missing from the solution. Substituting equality (60) into
this condition and using relations (5) and (17) for w and rg, we
obtain the following expression for the mass of the sphere:

m � 4

3
pr0R

3 : �62�

Expression (62) corresponds to Euclidean space. However,
according to equality (60), the space inside the sphere is
pseudo-Riemannian, and its mass has the form

m�4pr0

� R

0

�������
g i
11

q
r 2 dr � 4

3
pr0R

3

�
1� 3rg

10R
� 9

56

�
rg
R

�2

� . . .

�
:

�63�

This result coincides with equality (62) for rg � 0, i.e., in the
absence of gravity. Since the mass is determined by equality
(63), we can conclude that the boundary condition (61) is not
satisfied in the Schwarzschild solution. Nevertheless, we will
continue the analysis. Using equalities (5), (17), and (62), we
find

1

3
wr0c

2 � rg
R 3

: �64�

Then, expression (60) takes the form

g i
11 �

1

1ÿ rgr 2=R 3
: �65�

Assuming sr � ÿp in Eqn (17) and substituting g i
11 from

equality (65), we find

1

g i
44

dg i
44

d�r
� �rg�r

3�p� 1

1ÿ �rg�r 2
; �66�

where

�r � r

R
; �rg � rg

R
; �p � p

r0c 2
: �67�

Substituting expression (66) into equation (58), we obtain

d�p

d�r
� 1

2
�rg�r

3�p� 1

1ÿ �rg�r 2
��p� 1� � 0 : �68�

The solution of this equation, satisfying the boundary
condition �p��r � 1� � 0, has the form

�p �
�����������������
1ÿ �rg�r 2

p ÿ �������������
1ÿ �rg

p
3
�������������
1ÿ �rg

p ÿ �����������������
1ÿ �rg�r 2

p : �69�

Substituting this result into equality (66) and integrating with
the boundary condition g i

44��r � 1� � g e
44��r � 1�, we find

g i
44 �

1

4

�
3
�������������
1ÿ �rg

p ÿ
�����������������
1ÿ �rg�r 2

q �2

: �70�

Assuming that r � 0 in Eqn (69), we obtain the pressure at the
center of the sphere:

�p0 �
1ÿ �������������

1ÿ �rg
p

3
�������������
1ÿ �rg

p ÿ 1
: �71�

The dependence �p0��rg�, constructed using formula (71), is
shown in Fig. 2 by a solid line. The dotted line corresponds to
the classical solution (29). The denominator of expression
(71) vanishes at �rg � �rs � 8=9. Thus, the pressure at the center

10
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ÿ5

�p0

ÿ10

0.2 0.4 0.6 0.8 1.0�rg

Figure 2. Pressure versus gravitational radius. Solid lineÐSchwarzschild

solution, dotted lineÐclassical solution.
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of the sphere becomes infinite at R � Rs � 9=8rg � 1:125rg.
A similar result is traditionally used to physically substantiate
the existence of black holes [31]. However, two questions then
arise. First, why does the pressure become singular at radius
R � Rs? This radius is greater than R � rg, at which a
singularity is formed on the surface of the sphere. Second,
equality (71) determines the pressure at r > rs as well, but the
pressure in this region is negative (see Fig. 2), which has no
physical meaning. Thus, we can conclude that the Schwarzs-
child internal solution for an ideal incompressible fluid is
valid at R > Rs � 1:125rg. In this case, the Schwarzschild
singularity, which occurs at R � rg, does not appear.

6.3 Solution to the internal problem
for an ideal compressible fluid
The model of an incompressible fluid does not fully
correspond to GR, since the speed of sound in such a fluid is
infinitely large, and in GR the speed of sound is limited by the
speed of light [32]. To solve the problem, we use equations
(54)±(57), in which sr � sy � ÿp and r � r�r�. As already
noted, of the four equations listed, only three are mutually
independent. In this case, two approaches are possible. In
studies of the spherically symmetric problem of GR, three
Einstein equations (54)±(56) for the metric tensor are used for
the solution, and the conservation law equation (57) is
satisfied automatically. A different approach is typical for
the problem of mechanics: the basic equation is (57), and
Eqns (54) and (56) are used to determine the coefficients
included in this equation. In this case, Eqn (55) is satisfied
automatically. In this interpretation, the theory was called
relativistic mechanics [33]. Note that system (54), (56), (57) is
of lower order than system (54)±(56). In studies where system
(54)±(56) is used, it is proposed to obtain the first integral of
these equations [34, 35]. When using system (54), (56), (57),
this operation is redundant, since these equations are already
of lower order. Note that the Schwarzschild solution is
obtained based on these equations. Regardless of which
equations are used, the system is incomplete and is closed by
a physical relationship linking density with pressure.

Note that the approach based on the use of Einstein
equations without involving the equations of the conserva-
tion law (2) has some methodological features when applied
to the continuum. The right-hand sides of the Einstein
equations include components of the energy±momentum
tensor, which are usually specified. It is essential that the
specified components not contradict equations (2). An
example is the well-known paper by J. Oppenheimer and H.
Snyder [36]. In the Einstein equations, it is assumed that all
components of the energy±momentum tensor, except for
T 4
4 � rc 2, are equal to zero. However, Eqns (2) are homo-

geneous, and it follows from them that T 4
4 � 0 and the

Einstein equations in the Schwarzschild metric correspond
to empty space.

An inverse solution to the GR problem for compressible
fluid was obtained by R. Tolman [37]. In Eqns (54)±(56), the
function g11�r� or g44�r� was specified and the functions p�r�
and r�r�were found. Seven possible solutions were found that
had relative value, since explicit dependences r�p� were not
obtained. When the function r�p� was specified, it was not
possible to obtain an analytical solution. The first numerical
solution was constructed by J. Oppenheimer and G. Volkov
[38] for the power dependence r�p�).

Numerical integration of equations (54)±(56) was per-
formed from the center of the sphere, where the desired

functions were specified, to the radius at which the pressure
vanished. This radius was considered to be the outer radius of
the sphere, which was not initially specified.

With the availability of computing technology, solving
this problem for a sphere with a given radius does not cause
difficulties [39]. Let us assume that the density is a linear
function of pressure, i.e.,

r � r0�1� kp� : �72�

To obtain the solution, we use Eqns (54), (55), and (57) or
(58). Let us take into account that sr � sy � ÿp and
introduce the following notations:

�r � r

R
; �p � p

r0c 2
; �k � k

r0c 2
; ���0 � d���

d�r
:

Here, R is the radius of the outer surface of the sphere, which
for the case of a compressible liquid depends on the pressure
and is unknown in advance, and r0 is the density of the liquid
at p � 0. For the problem under consideration, two relative
gravitational radii can be introduced: true

�rg�2gm
c 2R

; m�4pr0

� R

0

�1�kp� r 2 dr�4pR 3r0

� 1

0

�1� �k�p� �r 2 d�r ;

and conditional

�r 0g �
2gm
c 2R

; m � 4

3
pr0R

3 :

When the liquid is compressed, the mass of the sphere does
not change, so �rg and �r 0g are related as

�rg � 3�r 0g

� 1

0

�1� �k�p� �r 2 d�r : �73�

For a sphere with constant density, equality (64),

1

3
wr0c

2 � �r 0g
R 2

;

is valid, with the help of which the coefficient w can be
eliminated from the equations. As a result, equations (54),
(55), and (58) take the form

1

�r 2
ÿ 1

g11

�
1

�r 2
� g 044
rg44

�
�ÿ3�r 0g �p ;

d

d�r

�
�rÿ �r

g11

�
� 3�r 0g �r 2�1� �k�p�;

�p 0 � g 044
2g44

�
1� �1� �k��p� � 0 : �74�

These equations are of the third order and are integrated
numerically under the boundary conditions

g11��r � 0� � 1 ; �p��r � 1� � 0 ; g44��r � 1� � 1ÿ �rg :

�75�

A special feature of the problem under consideration is
that equations (74) include the parameter �r 0g , and the last
boundary condition (75) contains the parameter �rg. These
parameters are related by relationship (73), which includes
the unknown pressure p��r�. In this regard, the boundary
value problem (74), (75) is solved by the iteration method.
At the first stage, �r 0g is specified, and it is assumed that
�rg � �r 0g . The function �p��r� is determined and the value of �rg

February 2025 Spherically symmetric static problem of General Relativity for a continuum 195



is found with the aid of (73), which is used as �r 0g for the
second approximation. The process continues until the
third boundary condition is satisfied with a given degree
of accuracy.

As a test problem, we consider a sphere consisting of an
incompressible fluid, for which �k � 0 and �rg � �r 0g . Figure 3
shows the pressure distributions for �r 0g � 0:88 and �r 0g � 0:888.
The dots correspond to the numerical solution, and the lines
to the analytical solution (69). For �r 0g � 8=9 � 0:888�8�, the
analytically found pressure at the center of the sphere tends to
infinity, and the numerical solution diverges. As follows from
Fig. 3, the numerical solution coincides well with the
analytical one, and its divergence indicates a pressure

singularity at the center of the sphere. The Table shows the
specified values of the parameter �r 0g and the corresponding
values of �rg, at which the numerical solution begins to diverge
for different values of the parameter �k.

It can be concluded that, with an increase in the liquid
compressibility, the limiting value of �rg, at which the
pressure at the center of the sphere becomes infinite,
decreases. The dependences of the relative pressure on the
radial coordinate for different values of the parameter �k
(they correspond to the values of the radii given in the
Table) are shown in Fig. 4.

Note that the mass of the sphere in equality (73)
corresponds to Euclidean space. For mass (63), correspond-
ing to the pseudo-Riemannian internal space, the last
boundary condition (75) is not satisfied.

A more complex model of the sphere material is a
linearly elastic medium. However, the Schwarzschild
metric does not allow solving such a problem, since two
stresses are related by one equilibrium equation (57). In the
theory of elasticity, the equation of compatibility of
deformations (25) is added to this equation, which does
not exist in the Riemannian space. A paradoxical situation
is created, namely, Newton's theory allows determining the
stresses caused by gravity (see Section 3), while the more
broad-ranging General Relativity does not. This problem is
considered in the next section.

7. Solution in a pseudo-Riemannian space
of a special type

Let us turn to equalities (14), which determine the
structure of the energy±momentum tensor, and equations
(3), (4), which relate this tensor to the curvature of the
pseudo-Riemannian space. It follows from these equations
that the curvature of space is generated not only by gravity
but also by stresses. Let us conduct the following virtual

200

160

120

0

40

80

0.2 0.4 0.6 0.8 1.0
�r

�r 0g � 0.888

�r 0g � 0.88

�p

Figure 3. Pressure versus radial coordinate. �Ðnumerical solution, solid

lineÐanalytical solution.

Table. Gravitational radii corresponding to different values of parameter �k.

�k 0.0001 0.001 0.01 0.1 0.5 1.0 1.5 2.0

�r 0g 0.8840 0.8820 0.8850 0.7710 0.6110 0.5120 0.4470 0.3990

�rg 0.8842 0.8836 0.8803 0.8276 0.7197 0.6492 0.5877 0.5359

32
�p �k � 0.0001

�k � 0.001
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Figure 4. Pressure versus radial coordinate. Solid lineÐcompressible fluid, dotted lineÐ incompressible fluid.
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experiment. Assume that a rigid body is in a state of free
fall, no forces act on it, and the space is Euclidean both
inside and outside the body. Let us apply to the body a
system of self-balanced forces that generates a stress state
inside the body and does not set it in motion. Then,
according to GR, a Riemannian space arises inside the
body. However, a three-dimensional Riemannian space is
contained in a six-dimensional Euclidean space [22]. The
situation turns out to be much simpler and more natural if
we assume that there is some pseudo-Riemannian space
that is flat with respect to the spatial coordinates and
curved only with respect to the time coordinate. Such is the
space in Newton's gravitational theory (see Section 3). In
such space, processes not related to gravity are described
by classical continuum mechanics, and the equations of
GR are used only to study gravity. Naturally, we do not
mean real space, but its mathematical modelÐ the struc-
ture of real space is unknown. If we use the described
model of space, then the ten equations of GR for the
metric tensor, six of which are, as already noted, mutually
independent, include four unknown components of the
metric tensor (g14; g24; g34; g44) and the system turns out
to be overdetermined. Note that, in the theory of partial
differential equations, the situation with the number of
equations being greater than the number of unknown
functions included in them is less critical than that with
the number of unknowns exceeding the number of
equations. Some of the extra equations can be used to
determine arbitrary integration functions included in the
solutions of other equations, and some can be satisfied
identically. This situation occurs in elasticity theory: the
system of equations for solving the problem in stresses
contains nine equations (three equilibrium and six strain
compatibility), which include six unknown components of
the stress tensor. Even though in the general case the
system is overdetermined, when solving specific problems,
the number of equations always coincides with the number
of unknowns. As shown below, such a situation occurs in
the spherically symmetric problem of General Relativity,
for which the system of GR equations turns out to be
complete.

7.1 Equations of General Relativity
in a pseudo-Riemannian space of a special type
In spherical coordinates, the general metric form for a
spherically symmetric problem is

ds 2�dr 2� r 2 dO 2� 2g14c dr dt� 2g24c dy dtÿ g44c
2 dt 2 :

�76�

The equations of General Relativity for such a form are
rather cumbersome and are not given here. The coefficients
of these equations include y and do not correspond to a
spherically symmetric problem. Thus, two variants are
possible: g14 � 0, g24 6� 0 and g14 6� 0, g24 � 0. For the
first case, the solution is the coefficient g24 � Cr 2, which
does not satisfy the asymptotic condition g24�r!1��0
[40]. Thus, we should take g24 � 0, and the metric form
(76) is expressed as

ds 2 � dr 2 � r 2dO 2 � 2g14c dr dtÿ g44c
2 dt 2 : �77�

We assume that, in the general case, the metric coeffi-
cients depend on r and t. Then, the GR equations take

the form

E 1
1 �

1

r 2g 2

�
g�rg 044 ÿ g 2

14� � 2rg44 _g14 ÿ rg14 _g44
� � wT 1

1 ;

�78�

E 2
2 �

1

4rg 2
�4g14g44g 014 ÿ 4g 2

14g
0
44 ÿ 2g44g

0
44 ÿ 2rg44g

00
44

� rg 0 244 ÿ 2rg 2
14g
00
44 � 2rg14g

0
14g
0
44 ÿ 4g44 _g14 � 2g14 _g44

� 4rg14g
0
14 _g14 � 2rg 014 _g44 ÿ 4rg _g 014� � wT 2

2 ; �79�

E 4
4 �

1

r 2
q
qr

�
rg 2

14

g

�
� wT 4

4 ; �80�

E 4
1 � ÿ

g14
r

q
qr

�
1

g

�
� wT 4

1 ; �81�

E 1
4 � ÿ

g14
rg 2
�2g44 _g14 ÿ g14 _g44� � wT 1

4 ; g � g44 � g 2
14 :

�82�

As before, here, ���0 � q���=qr and ���_ � q=cqt. The energy±
momentum tensor satisfies the equations of the conservation
law (2), i.e.,

�T 1
1 �0 �

2

r
�T 1

1 ÿ T 2
2 � �

g 044
2g
�T 1

1 ÿ T 4
4 � �

g14g
0
44

2g
T 4
1

� g 014
g

T 1
4 � _T 4

1 �
_g

2g
T 4
1 � 0 ; �83�

rg 044
�
g14�T 1

1 ÿ T 4
4 � ÿ g44T

4
1

�� 2g
�
r _T 4

4 � r�T 1
4 �0 � 2T 1

4

�
� 2rg14g

0
14T

1
4 ÿ 2rg44 _g14T

4
1 � rg14 _g44T

4
1 � 0 : �84�

The equations of GR are not strictly static even for static
problems, since they involve the speed of light directed along
the time axis. If the radial and time axes are orthogonal, this
speed has no projections on the radial axis or for the static
problem in equalities (14) v1 � v 1 � 0. However, with the
metric form (77), the axes are not orthogonal and only the
contravariant (parallel) projection v 1 is equal to zero, while
the covariant (orthogonal) projection v1 is different from
zero. Thus, equalities (14) for the energy-momentum tensor
have the form

T 1
1 � sr ; T 2

2 � sy ; T 4
4 � rc 2 ; T 1

4 � 0 ; T 4
1 � ÿrcv1 :

�85�

7.2 Solution to the external problem
Let us consider the outer empty space surrounding a sphere of
radius R. For vacuum Tj

i � 0, Eqns (78)±(82) are homo-
geneous, and Eqns (83), (84) are satisfied identically. Let us
find a solution to Eqns (78)±(82), which for empty space take
the form

rg 044 ÿ g 2
14 � 0 ; �86�

4g14�g44g 014 ÿ g14g
0
44� ÿ 2g44�rg 044�0 � rg 0 244

ÿ 2rg14�g 0044 ÿ g 014g
0
44� � 0 ; �87�

d

dr

�
rg 2

14

g

�
� 0 ;

d

dr

�
1

g

�
� 0 : �88�
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Due to the existence of two equations (83) and (84), in
which Tj

i � Ej
i =w, only two of the four equations (86)±(88)

are mutually independent. Accordingly, there are two
unknown functions g14�r� and g44�r�, i.e., the system of
GR equations is complete. As a result of integrating
Eqns (88), we obtain

g 2
14 �

C1g

r
; g � C2 ; g44 � C2 ÿ C1C2

r
:

This solution should be reduced at r!1 to relations
(31), corresponding to Newton's theory. Finally, we
find

g e
14 � �

����
rg
r

r
; g e

44 � 1ÿ rg
r
: �89�

Solution (89) defines two symmetric external spaces
corresponding to positive and negative values of g e

14. It
is obtained from Eqns (88). Substituting solution (89)
into Eqns (86) and (87), we can verify that they are
satisfied identically. Thus, equalities (89) are a solution
of the Einstein equations for the external spherically
symmetric problem. Note that this solution, unlike the
Schwarzschild solution (49), is not singular. In [40±42], it
is proved that light does not propagate from the surface
of a sphere with radius R � rg and that the angle of
deviation of the light trajectory from a straight line in
the vicinity of the Sun in a space with metric coefficients
in the form (89) is equal to 2�rg and corresponds to the
experimental value.

It should be noted that the metric form (89) has been
known in GR since the 1920s as the Gullstrand±Painlev�e
coordinate form [43, 44]. It was obtained by replacing
the coordinates in the Schwarzschild metric form and
was studied in Refs [45, 46]. In the present paper, this
metric is not related to the Schwarzschild metric and
follows from the model of pseudo-Riemannian space
used.

Performing the identical transformation of the metric
form (77), we obtain [40]

ds 2 �
�
1� g 2

14

g44

�
dr 2 � r 2 dO 2 ÿ g44

�
cÿ g14

g44

dr

dt

�2

dt 2 :

For the statics problem, dr=dt � 0 and

ds 2 � g s
11 dr

2 � r 2 dO 2 ÿ g44c
2 dt 2 : �90�

This metric form coincides with the form used in the
Schwarzschild solution if we accept

g e
11 � 1� g 2

14

g44
: �91�

Note that, formally, the space turns out to be Riemannian
with respect to the radial coordinate, but the corresponding
metric coefficient is formed from the time coefficients of the
original metric form.

7.3 Solution to the internal problem
for an ideal incompressible fluid
For a continuous medium, the equations of general
relativity corresponding to the static problem are taken

to be

1

r 2g
�g 2

14 ÿ rg 044� � wsr ; �92�

1

4rg 2

�
4g14�g44g 014 ÿ g14g

0
44 � ÿ 2g44�rg 044�0 � r�g 044�2

ÿ 2rg14�g 0044 ÿ g 014g
0
44�
� � wsy ; �93�

1

r 2
d

dr

�
rg 2

14

g

�
� wrc 2 ; �94�

g14
r

d

dr

�
1

g

�
� ÿwrcv1 ; g � g44 � g 2

14 : �95�

Accordingly, Eqns (83) and (84) take the following form:

s 0r �
2

r
�sr ÿ sy� � g 044

2g
�sr ÿ rc 2� � g14g

0
44

2g
T 4
1 � 0 ; �96�

rg 044
�
g14�sr ÿ rc 2� � g44rcv1

� � 0 : �97�

For an ideal incompressible fluid, sr � sy � ÿp and r � r0.
System (92)±(97) contains four mutually independent equa-
tions and includes four unknown functions, g14, g44, p, and v1,
i.e., the system of GR equations is complete. From Eqn (97),
we have

v1 � g14
r0cg44

�p� r0c
2� : �98�

Substituting this result into Eqn (96), we obtain

p 0 � g 044
2g44

�p� r0c
2� � 0 : �99�

This equation coincides with Eqn (58), used in the Schwarzs-
child solution. From Eqn (94), taking into account the
condition of regularity of the solution at the center of the
sphere, we have

g 2
14 �

g

3
wr0c

2r 2 :

Since the space inside the sphere is Euclidean, equality (64) is
valid, with the help of which we can eliminate w. Then,

g 2
14 �

g

R 3
rgr

2 : �100�

In accordance with equality (91), we introduce a new
function:

f � g e
11 � 1� g 2

14

g44
� g

g44
: �101�

Substituting this result into relation (100), we obtain

f � g s
11 �

1

1ÿ rgr 2=R 3
: �102�

This expression coincides with the Schwarzschild solution
(65). Transforming equation (92) using equalities (64), (101),
and (102), we find

g 044
g44
� rgr

R 3 ÿ rgr 2

�
3p

r0c 2
� 1

�
: �103�
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This result coincides with equality (66), used in the
Schwarzschild solution. Since Eqns (99) and (102) coin-
cide with Eqns (58) and (66) from Section 6.2, the
functions p�r� and g44�r� turn out to be the same as in
the Schwarzschild solution and are determined by relations
(69) and (70). Accordingly, the analysis presented in
Section 6.2 as applied to the Schwarzschild solution also
turns out to be valid. However, there are some differences.
First, the contradiction between equalities (62) and (63),
which determine the mass of the sphere in Euclidean and
Riemannian spaces, that occurs in the Schwarzschild
solution does not manifest itself in the obtained solution.
The internal space of the sphere in coordinates r;j; y is
Euclidean, and equality (70) does not exist. Second,
relation (100) allows us to find the metric coefficient g14,
i.e.,

g14 � � 1

2

�
3
�������������
1ÿ �rg

p ÿ
�����������������
1ÿ �rg�r 2

q �
�r
����
�rg
p�����������������

1ÿ �rg�r 2
p :

When �r � 1, we have g14 � � ����
�rg
p

and the boundary condition
on the surface of the sphere is satisfied. And finally, equality
(98) allows us to find the velocity,

v1 � � 4c�r
��������������������
�rg�1ÿ �rg�

p�����������������
1ÿ �rg�r 2

p ÿ
3
�������������
1ÿ �rg

p ÿ �����������������
1ÿ �rg�r 2

p �2 : �104�

As follows from equation (97), this velocity exists if
g 044 6� 0. Thus, if the traditional velocity is associated with
the dependence of the radial coordinate on time, then the
velocity v1 is associated with the dependence of the time
metric coefficient on the radial coordinate. This velocity is
studied in Ref. [45]. From relation (104), it can be
concluded that any point in space has velocities equal in
magnitude and opposite in direction. This allows us to
assume that the velocity v1 is not associated with any real
motion.

7.4 Solution to the internal problem
for an ideal compressible fluid
Let us assume that the density is related to the pressure
by a linear dependence (72). In the notation of Section
6.4, the resolving system of equations, similar to equa-
tions (74) for the Schwarzschild metric, can be repre-
sented as [42]

�rg 044 ÿ g 2
14 � 3�r 0g g�p�r 2 ;

d

d�r

�
�rg 2

14

g

�
� 3�r 0g �r 2�1� �k�p� ;

�p 0 � g 044
2g44

�
1� �1� �k��p� � 0 :

This system is integrated partially under the boundary
conditions

g14�1� �
����
�rg

p
; �p�1� � 0 ; g44�1� � 1ÿ �rg :

The solution procedure is described in Section 6.4. The
calculation results completely coincide with the results given
in Section 6.4, which seems natural in connection with the
presence of equalities (90) and (91).

7.5 Solution for a linearly elastic medium
For a spherical body with radius R consisting of a linearly
elastic isotropic material, equality (102) is valid, and relation

(103) takes the form

g 044
g44
� 1

r
� fÿ 1� ÿ w f rsr : �105�

Let us determine the stresses. Substituting v1 from (97) into
(96), we arrive at the equilibrium equation

s 0r �
2

r
�sr ÿ sy� � g 044

2g44
�sr ÿ rc 2� � 0 :

Substituting equality (102) here and making use of the
dimensionless parameters (67), we have

�s 0r �
2

r
��sr ÿ �sy� ÿ �rg�r

2�1ÿ �rg�r 2� �1ÿ 3�sr��1ÿ �sr� � 0 ;

�106�

where �sr; y � sr; y=r0c
2. In the pseudo-Riemannian space

traditional for GR, there is no second equation for stresses,
and the problem has no solution. However, according to the
model used, the pseudo-Riemannian space is flat with respect
to coordinates r, y, j. In this space, the stresses must satisfy
the deformation compatibility equation (25), which at n � 0
takes the form

�sr � ��r�sy� 0 :

Using this equation to exclude �sr from Eqn (106), we finally
have

j 00 � 2j 0

�r�1ÿ �rg�r 2� ÿ
3�rg�r

2�1ÿ �rg�r 2� �j
0�2 ÿ 2j

�r 2
� �rg�r

2�1ÿ �rg�r 2� ;

�107�
where j � �r�sy and �sr � j 0. For small ratios �rg � rg=R, the
term �rg�r

2 can be disregarded compared to unity. Discarding
the nonlinear term, we obtain

j 00 � 2

r
j 0 ÿ 2

r 2
j � 1

2
�rg�r :

Under the boundary conditions

�sr�0� � �sy�0� ; �sr�1� � 0 ; �108�

the solution of this equation coincides with equalities (26) (for
n � 0).

Equation (107) is solved numerically under the boundary
conditions (108) for different values of �rg. The stress
dependences �sr��r� and �sy��r� for �rg � 0:05; 0.1; 0.25; 0.5;
0.75; 0.9 are shown in Figs 5±7 by solid lines. The dotted
lines correspond to the classical solution (26). Figure 8 shows
the dependence of the relative stress at the center of the sphere
on the parameter �rg. This stress is seen to tend to infinity for
�rg ! 1.

Integration of Eqn (105) under the boundary condition
g44�1� � 1ÿ �rg allows finding g44, i.e.,

g44 �
������������������
�1ÿ �rg�3
1ÿ �rg�r 2

s
exp

�
ÿ 3�r

� �r

1

�r�sr d�r

1ÿ �rg�r 2

�
:
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Then, the coefficient g14 can be determined from equality
(100). Dependences g44��r� and g14��r� are shown in Fig. 9 and
10, respectively.
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0 0.5 1.0
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Figure 5. Stress versus radial coordinate for �rg � 0:05 and �rg � 0:1. Solid
lineÐnumerical solution of GR, dotted lineÐclassical solution.
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Figure 6. Stress versus radial coordinate for �rg � 0:25 and �rg � 0:5.
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Figure 7. Dependence of stresses on radial coordinate for �rg � 0:75 and

�rg � 0:9.
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Figure 8. Dependence of stresses at center of sphere on �rg. Solid lineÐ

numerical solution of GR, dotted lineÐclassical solution.
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At �rg � 1, the spherical body described above has all the
essential features of a black hole [31]Ð light does not
propagate from its surface, and the stresses at the center are
infinitely large. The difference is the absence of an event
horizon and a Schwarzschild singularity. The fundamental

possibility of achieving the value �rg � 1 follows from the
relations

�rg � 2mg
Rc 2

; m � 4

3
pr0R

3 : �109�

Let us assume that the body absorbs matter with a density of
r0 from the space surrounding it. It follows from the first
equality (109) that �rg increases if the mass of the body
increases faster than its radius does. The second equality
shows that this is precisely the situation that takes place, since
the radius changes proportionally to m 1=3.

Note that the results presented relate to the mechanistic
interpretation of GR and do not consider the increase in
temperature during compression and other physical effects.

8. Conclusion

An analytical review of the results obtained for a spherically
symmetric static problem of relativistic mechanics is pre-
sented. Solutions to the external problem for a vacuum and
internal problems for an ideal incompressible and compres-
sible fluid and a linearly elastic body are discussed. Along
with classical solutions based on the traditional model of
pseudo-Riemannian space with a metric form for orthogonal
radial and time coordinates, problems in pseudo-Riemannian
space, which is flat with respect to spatial coordinates and
curved only with respect to time, are considered.

The work was carried out under financial support from
the Russian Science Foundation (grant no. 23-11-00275,
issued to the Institute of Applied Mechanics of the Russian
Academy of Sciences).
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