
Abstract. A radiation mechanismÐVavilov±Cherenkov radia-
tion (VCR) in the soft X-ray regionÐis considered. A region of
anomalous dispersion exists near the photoabsorption edges of
some materials where the real part of the permittivity exceeds
unity. It is in this narrow frequency range that the VCR mechan-
ism is realized. Analytical expressions for spectral and angular
distributions of VCR from a target, an inclined plate, are derived.
The VCR formation length is estimated taking into account
absorption in the target (radiator) material. An experiment is
discussed in which VCR in the 100-eV photon energy range was
examined using a 5.7-MeV electron beam from the Tomsk Poly-
technic University microtron. Experimental data and theory are
shown to be in satisfactory agreement.

Keywords: Vavilov±Cherenkov effect, formation length,
anomalous dispersion, X-ray radiation, grazing incidence

1. Introduction

The authors of [1] theoretically and experimentally investi-
gated the radiation characteristics in the frequency range near
the L edge of carbon photoabsorption (�ho � 282 eV), where
the real part of the permittivity becomes positive (w 0 > 0) in a
very narrow frequency range.

If the real part of the permittivity e�o� � 1� w 0�o� � iw 00

in a certain frequency range takes the value 1� w 0�o� > 1, the
Vavilov±Cherenkov radiation (VCR) mechanism [2, 3] is
realized in this frequency range, with photons emitted at the
`Cherenkov' angle cos ych � 1=b

��
e
p

. Based on the theory of

radiation of a charge passing through a plate of thickness L
emitting photons with a frequency o [4], the authors of the
cited work estimated the angle of the Cherenkov cone in the
medium as follows:

ym
ch �

�����������������
w 0 ÿ gÿ2

p
; �1�

where g is the Lorentz factor.
The authors showed that, in this frequency range,

radiation absorption in the radiator material is sufficiently
high, resulting in theVCRyield being independent of radiator
thickness, unlike VCR in the optical range. The spectral
distribution of VCR at a fixed radiation angle of y � ym

ch,
which is determined by the energy range �ho in which the
permittivity remains positive, typically does not exceed
D�ho � 1ÿ2 eV. Thus, the VCR spectrum is a narrow
spectral line with a monochromaticity of D�ho=�ho � 1%.

An additional advantage of the mechanism under con-
sideration is that, as in the optical range of VCR, the radiation
characteristics are virtually independent of the Lorentz factor
of the charged particle if the charge velocity exceeds the
threshold.

A radiation source with similar characteristics based on a
compact electron accelerator with an energy of 5±20 MeV is
of interest for applied studies. To date, several cycles of
experimental studies have been conducted [5±11], the results
of which are mainly described in the approach [12] based on
the theory of transition radiation [4, 13]. However, some
measurements were not adequately described [8, 9, 11], which
requires further analysis.

In the approximation of small photon emission angles
VCR (y5 1), the expression was used in [5, 6] to estimate the
spectral-angular density of VCR

d2W

�h do dO
� a y 2

p 2

���� 1

gÿ2 ÿ w 0 � y 2
ÿ 1

gÿ2 � y 2

���� 2 : �2�

Here, y is the angle between the electron momentum and the
wave vector in a vacuum. The resulting expression is only
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valid for the perpendicular flight of the charge through the
radiator [4]. In spectral measurements with a carbon
radiator, the authors of [1] obtained a significant excess of
photons with an energy of � 280 eV compared to back-
ground measurements for an observation angle
y � 8:42� 10ÿ2, which is in good agreement with estimate
(1). Subsequently, the authors conducted detailed experi-
ments to observe Cherenkov radiation in the soft X-ray
range in various radiators [6±10]. Experiments [6±10] were
carried out for a perpendicular geometry in the energy range
of 100±450 eV using radiators such as carbon, aluminum,
silicon, titanium, and vanadium.

Overall, satisfactory agreement was obtained with esti-
mates based on Eqn (2); however, for example, for silicon and
carbon radiators, the same value of the Cherenkov angle (1)
was obtained in [6], which contradicts the model presented
in [1, 5].

The authors of [10] investigated Cherenkov radiation
from beryllium and silicon radiators and, after comparing
the obtained results with V.E. Pafomov's [13], concluded that
the model presented in [13] better agrees with the experiment.
The authors of [11, 12] obtained an estimate of the VCR yield
for the grazing incidence geometry, which was several times
greater than the VCR yield for perpendicular incidence.
However, rather crude models were used in [11, 12]. Based
on the polarization current model [14±16], we derived a
formula for the VCR intensity near the photoabsorption
edges, which is valid for an arbitrary geometry (Fig. 1),
including the grazing incidence geometry.

2. Polarization current model

V.E. Pafomov developed in [13] a model describing the
radiation of a charge passing through a plate of thickness L
with permittivity e at an arbitrary angle. This model takes into
account the reflection of the emitted radiation by the input
and output surfaces of the plate, which leads to an extremely
cumbersome form of the resulting expressions.

In [14±17], the so-called polarization current model
(PCM) was developed, in which the radiation of the medium
through which the charge passes is considered a `response' to
the excitation of atomic electrons by the charge's electric field

[18]. Unlike the cited work by V.E. Pafomov, which
considered a plate with infinite transverse dimensions, the
PCM allows one to consider radiators of finite size in all three
directions.

The Coulomb field of a charge E0 passing through a
radiator of thickness L at a velocity v induces a so-called
`polarization current'

jpol�o� �
�
VR

s�o�E0�r;o� exp �ÿikr� dr : �3�

Here, s�o� � ÿio �eÿ 1�=4p, e is the permittivity of the
medium, jkj � ��

e
p �o=c�, and the integration in (3) is carried

out over the radiator volume in the coordinate system {x, y, z},
where the z-axis coincides with the normal to the output
surface (see Fig. 1).

For the X-ray range, the transverse dimensions of the
radiator greatly exceed the radiationwavelength, allowing the
formula for the field E0, which depends on only one long-
itudinal coordinate z, to be used in (3) [16, 17].

In this case, the integral over the volume in (3) is reduced
to a one-dimensional integral within the limits fÿL; 0g. The
known polarization current is used to determine the magnetic
field of the radiation in the radiator volume, which is
expressed in terms of the wave vector components in the
medium:

HR�o� � exp �i ��ep �o=c�r �
r

i

c
�k; jpol� ;

k �
��
e
p

o
c

nm ;
�4�

nm � fnx; ny; nzg � fsin ym sinj; sin ym cosj; cos ymg :

Themagnetic field of the radiation in themedium is described
in terms of the angular variables ym andj. After calculations,
we obtain

HR�o� � e

2pc
exp �ikr�

r

bz
��
e
p �eÿ 1�

1ÿ �by
��
e
p

ny � bz
��
e
p

nz�

� H0

�
1ÿexp �ÿi �Lo=bzc� �1ÿby ��

e
p

nyÿbz
��
e
p

nz�
�	

b 2
z

�
e�n 2

x � n 2
y � ÿ 1

�� �1ÿ by
��
e
p

ny�2
;

�5�
where the vector part of the field H0 is represented as

H0 �
�
bz�bz ny ÿ by nz� ÿ ny

ÿ
1ÿ �by ny � bz nz�

��
e
p �

;

ÿ b 2
z nx � nx

ÿ
1ÿ �by ny � bz nz�

��
e
p �

; bz by nx
	
: �6�

In Eqns (5) and (6), by and bz denote the components of the
charge velocity in units of the speed of light in the coordinate
system shown in Fig. 1:

by � b sinc; bz � b cosc; b �
����������������
1ÿ gÿ2

p
:

Given the known magnetic field of radiation in the
medium HR, the electric field ER is found:

ER � ÿ �nm HR���
e
p : �7�

As shown in [17], the electric field of radiation in a vacuum
E v is determined by the magnetic field in the medium and the

e�o�

x 0

z 0 y0

z
x

L

y

c

yyekv

v

eÿ

Figure 1.Geometry of VCR process and variables describing process; kv is

wave vector of VCR photon in vacuum (jkvj � o=c).
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Fresnel refractive indices Fp, Fs:

E v
k �

��
e
p

FpE
R
k � Fp H

R
? ;

�8�

E v
? � Fs E

R
? �

FsH
R
k��
e
p ;

where the field components ER
k and ER

? correspond to parallel
and perpendicular polarization. In the former case, the
polarization plane coincides with the plane passing through
the wave vector and the perpendicular to the radiator face
through which the radiation is emitted into the vacuum. In the
latter case, the polarization plane is perpendicular to this plane.

To find these components, we introduce a unit vector nv along
the wave vector in the vacuum and polarization unit vectors
through the normal to the radiator output surface b � f0; 0; 1g:

nv � fnvx; nvy; nvzg � fsin y sinj; sin y cosj;Zg��
e
p ;

Z �
��������������������
eÿ sin2 y

p
;

e1 � �nv; b����nv; b��� � fcosj;ÿ sinj; 0g ;

e2 � �e1; nv� � 1��
e
p fÿZ sinj;ÿZ cosj; sin yg : �9�

With this choice, the unit vector e1 is perpendicular to the
plane �nv; b�, and the unit vector e2 is parallel to it.

Thus, the componentsE v
k ,E

v
? are found from the expression

E v
k � Fp�HRe1�; E v

? �
Fs�HRe2���

e
p : �10�

To describe the radiation field E v in a vacuum, it is
necessary to make the replacement nm ! nv in Eqns (5) and
(6), simultaneously expressing the Fresnel coefficients in
terms of the vacuum angles y, j (i.e., taking Snell's law into
account):

Fs � 2
cos ym sin y
sin �ym � y� �

2Z

cos y� Z
; �11�

Fp � sin 2ym
sin �ym � y� cos �ym ÿ y� �

2Z

e cos y� Z
: �12�

Note that, during refraction, the azimuthal angle does not
change �jm � j�.

Using the known radiation field, the spectral-angular
distribution of the radiation intensity is found:

d2W

�h do dO
� c
ÿjEkj 2 � jE?j 2�� a

p 2
G0Gint�Gk � G?�; �13�

where

G0 � b 2
z��1ÿ by ny�2 ÿ b 2

z cos
2 y
� 2 ���� eÿ 1

e

���� 2 ;
Gint �

���� 1ÿ exp
�
iLo=bzc �1ÿ bz Zÿ by ny�

�
1ÿ bz Zÿ by ny

���� 2 ; �14�

Gk �
���b 2

z � by ny � bz Zÿ 1� sin yÿ bybz cosjZ
�� 2

�
���� Ze
e cos y� Z

���� 2 ;
G? � jbzby sinjej 2

���� Z

cos y� Z

���� 2 :

Equations (13) and (14) describe radiation in the `forward'
direction, i.e., into the forward hemisphere. Expression (13) was
successfully used in [19] to describe the spectrum of optical
Cherenkov radiation in a frequency-dispersive radiator (quartz).

It should be noted that, in the PCM, Cherenkov radiation
and transition radiation (TR) are considered manifestations
of a single mechanism for excitation of the medium, i.e., they
are different types of polarized radiation [14]. Thus, Eqn (13)
describes both VCR and TR for the corresponding geometry.
In the latter case, using Eqn (13), we obtain the characteristics
of the so-called forward transition radiation.

Below, we consider X-ray VCR near the L edge of silicon
(�ho4 100 eV), where the permittivity is represented as [20]

e�o� � z1 � iz2 � 1ÿ o 2
p

zSio 2
� f1 � i f2�

� 1� w 0 � iw 00; jw 0j; jw 00j5 1 : �15�

Figure 2 shows the dependences w 0�o�, w 00�o� in the range
40 < �ho < 120 eV. For comparison, the same figure displays
the dependence e�o��1ÿ o 2

p =o
2 (op � 32 eV), which is

widely used to calculate TR characteristics in the harder
X-ray range (o > 5 keV) [13]. For silicon, zSi�14,
op�32 eV; the functions f1, f2 are tabulated in [20].

We now consider the main characteristics of the inter-
ference functionGint. After a series of algebraic calculations, a
simpler and more intuitive expression can be obtained for the
interference function Gint:

Gint � 1ÿ2 cos p exp �q� � exp �2q�
p 2
0 � q 2

0

;

p0 � 1ÿ by ny ÿ bzRe
ÿ
Z�o�� � 1ÿ by ny ÿ bz

�
�
1

2

�
z1 ÿ sin 2 y�

��������������������������������������
�z1 ÿ sin 2 y�2 � z 22

q ��1=2
;

q0 � ÿbz Im
ÿ
Z�o��

� ÿbz
�
1

2

� ��������������������������������������
�z1 ÿ sin 2 y�2 � z 22

q
ÿ �z1 ÿ sin 2 y�

��1=2
;

p � Lo
bzc

p0 � 2pL
bzl

p0 ; �16�

q � Lo
bzc

q0 � 2pL
bzl

q0 :

In (16), l is the radiation wavelength.
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Figure 2. Functions w 0 and w 00 characterizing permittivity of silicon (red

and blue curves) and dependence w 0�o� ÿ 1 � ÿo 2
p=o

2 (green curve).
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The dependence of the function Gint on the radiator
thickness L is determined by the quantities p, q.

Disregarding radiation absorption in the radiator mate-
rial �q0 ! 0�, the condition p0 � 0 yields the formula for the
`Cherenkov' angle ych in a vacuum (see Fig. 1):

1ÿ b sinc sin ych ÿ b cosc
�����������������������
eÿ sin 2 ych

q
� 0 ; �17�

if j � 0.
In this approximation, from (16) we obtain

Gint; 0�2 �1ÿ cos p�
p 2
0

�4 sin2�p=2�
p 2
0

�4

�
pL
bzl

�2
sin 2�p=2�
�p=2�2 :

�18�
Next, we consider the geometry of the perpendicular flight

of an ultrarelativistic electron through a radiator, taking
absorption into account (g4 1, c � 0, by � 0, bz � b). In
the small-angle approximation (y 2 � w 0 < 1), we obtain the
following formula:

p0 � 1ÿb
���������������������������������
1�w 0ÿy 2 � w 002

4

r
� 1

2

�
w 0ÿgÿ2ÿy 2 � w 002

4

�
;

q0 � w 00

2
:

From the condition p0 � 0, we obtain an expression for
the angle ych (for w 002 5 w 0):

ych �
������������������
w 0 ÿ gÿ2

p
;

which coincides with the result obtained in [1].
In an absorbing medium, the formula for the Cherenkov

angle ym
ch was derived in [21, 22] based on the expression for

energy losses:

cos 2 ym
ch �

Re e

b 2jej 2 : �19�

In the X-ray range, we obtain from (19) an estimate accurate
to terms of second-order smallness:

cos 2 ym
ch �

1� w 0

�1ÿ gÿ2���1� w 0� 2 � w 002
� � 1� gÿ2 ÿ w 0 :

�20�
For angles ym

ch 5 1, this implies the relation

�ym
ch� 2 � w 0 ÿ gÿ2 :

The result obtained coincides with Eqn (1), which is not
surprising, since, due to the smallness of the refractive index�������������
1� w 0
p

, the angular distribution of the VCR in a vacuum is
broadened by a second-order smallness. Thus, in the approx-
imation used, ym

ch � ych.
Ignoring the absorption of radiation in the radiator

material (q0 � 0), which is approximately true in the optical
range, instead of Eqn (16), we have the formula (for p! 0)

Gint; 0 � 4

�
pL
bl

�2
sin 2�p=2�
p 2=4

� 4

�
pL
bl

�2

: �21�

The quadratic dependence of the VCR intensity on the
radiator thickness transforms into a standard linear depend-
ence after integration over the angular variables. In the range
under study (�ho4 1 keV), strong absorption of radiation,
characterized by the parameter q, results in the function Gint

being independent of the thickness L. Indeed, it is easy to
derive a simple formula accurate to second-order terms:

q � ÿpLw 00

l
� ÿ L

2`abs
; �22�

where `abs � l=2pw 00 is the absorption length [11].
For radiator thicknessesL > 5 mm, jqj4 1, and therefore,

for exp �q� � exp �ÿL=2`abs�5 1, we have

Gint � 1

p 2
0 � q 2

0

� 4

�w 0 ÿ gÿ2 ÿ y 2�2 � w 002
;

and, consequently,

d2W

�h do dO
� a y 2

p 2

w 02 � w 002

�gÿ2 � y 2�2��gÿ2 � y 2 ÿ w 0�2 � w 002
� :
�23�

The resulting expression. which coincides with Eqn (2.85) in
[1], is more accurate than formula (2).

For transition radiation in the harder range
(�ho > 5 keV), where absorption is significantly lower, from
Eqn (16) we obtain

Gint �
ÿ
1ÿ exp �q��2 � 4 sin2�p=2� exp �q�

p 2
0 � q 2

0

� 4

��
1ÿ exp

�
ÿ L

2`abs

��
� 4 sin2

�
pL
2l

�
o 2

p

o 2
� gÿ2 � y 2

��
� exp

�
ÿ L

2`abs

��
�
��

o 2
p

o 2
� gÿ2 � y 2

�2

�
�

l
p`abs

�2�ÿ1
: �24�

Here, the standard dependence for the hard X-ray range
w 0 � ÿo 2

p=o
2 is used. The numerator is completely identical

to the result obtained by G.M. Garibyan for transition
radiation in [4].

3. Vavilov±Cherenkov radiation
and transition radiation in `soft' X-ray range

For perpendicular geometry, Eqn (23) describes both VCR
and transition radiation in the �ho4 1 keV range. When the
Cherenkov condition (1) is satisfied, i.e., under the condition
y 2 � w 0 ÿ gÿ2, expression (23) reduces to

d2W

�h do dO
� a

p2
�w 0 ÿ gÿ2��w 02 � w 002�

w 02 w 002
: �25�

Since gÿ2 < w 0, the radiation intensity at the maximum (25)
smoothly increases from a minimum at the threshold
Lorentz factor to a maximum at gÿ2 5 w 0. For the thresh-
old Lorentz factor value gÿ2 � w 0, the Cherenkov radiation
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mechanism is not operative, and the radiation character-
istics are described by the transition radiation mechanism,
for which the maximum radiation intensity is attained at an
angle y � gÿ1. In this case, from Eqn (23), we have
�y 2 � gÿ2 � w 0�

d2W

�h do dO
� a

p2
1

4w 0�w 02 � w 002� : �26�

Similar to Cherenkov radiation, for the moderately relativis-
tic case under consideration (g < 10), the TR does not depend
on the Lorentz factor.

In the ultrarelativistic case, the VCR intensity reaches a
maximum at y � �����

w 0
p

:

d2Wmax

�h do dO
� a

p2
w 02 � w 002

w 0w 002
: �27�

In this case, in the angular range y � gÿ1, the radiation
intensity depends quadratically on the Lorentz factor and is
determined by the standard TR mechanism [23]:

d2W

�h do dO
� a

p2
g 2

4 �w 02 � w 002� :

Figure 3a shows the angular distribution of the X-ray VCR
intensity for electrons with Lorentz factors g � 10, 20, and
150 during perpendicular flight through a 10-mm-thick silicon
radiator, calculated using Eqn (18), in comparison with the
small-angle approximation (see formula (23)). Over the entire
range of g, the difference does not exceed 5%. Note that the
TR intensity of ultrarelativistic electrons in the angular range
y � gÿ1 significantly exceeds the VCR intensity, while the
opposite situation is observed for moderately relativistic
electrons (g4 20). Similar dependences for the energy
�ho � 130 eV, i.e., in the absence of the Cherenkov mechan-
ism, are presented in Fig. 3b.

For comparison, the angular distribution of the TR
intensity for g�10 ismultiplied by �g1=g2�2��150=10�2�225.

As expected, the maximum intensity corresponds to the
angle y � gÿ1. In the ultrarelativistic case (g � 150), the
PCM and the small-angle approximation yield identical
results to within � 10ÿ3. For g � 10, a 5% difference
persists. Similar to the standard TR, a dependence close
to g 2 is observed.

4. Formation length of Vavilov±Cherenkov
radiation in absorbing medium

Several definitions of the formation length of radiation by a
moving charge are available [24±26].

It appears that the definition of the formation length
(formation path, coherence length) as the distance at which
the charge lags behind the wave front by a wavelength has a
clear physical meaning [25, 26] (in contrast to B.M. Bolo-
tovsky's definition [24], which yields a value half as large).
This definition is used below.

In the same study, Bolotovsky suggested another defini-
tion: ``...the formation path is the distance that a particle must
travel after the radiation process for its interference with the
radiation field to cease'' (see p. 100 in [24]). This requirement
is precisely fulfilled when determining the formation length in
a medium using Eqn (28):

Lf � l
1=bÿ ��

e
p

cos y
: �28�

Apparently, in such a medium, the VCR formation length
tends to infinity �cos y � 1=b

��
e
p �. In the case of an absorbing

medium �e � z1 � iz2�, V.M. Grishin proposes using the
complex formation length (see Eqn (25) in [22]),

ZG�o; y� � pbc
o

1

1ÿ b
��
e
p

cos y
; �29�

which leads to the formula

LG
f � ReZG�o; y� :

Note that Eqn (29) was derived based on Bolotovsky's
criterion [24], so the more common criterion of M.L. Ter-
Mikaelyan [25] is used below.

In this case,

LG
f � Re

���� 2pbco
1

1ÿ b
��
e
p

cos y

���� � bl
Re j1ÿ b

��
e
p

cos yj :
�30�

If we take the value from Eqn (12) in the cited article as the
angle ym

ch,

cos 2 ym
ch �

Re e

b 2jej2 ; �31�

4
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=
d
E
p
h
d
O

2

1

0
0 2 4 6 8 14

XChR intensity, Eph � 99.5 eV, Si, L � 10 mm, c � 0

y, deg
1210

PCM, g � 150

SAA, g � 150

PCM, g � 20

SAA, g � 20

PCM, g � 10

SAA, g � 10

a 4

3

d
2
W
=
d
E
p
h
d
O

2

1

0
0 2 4 6 8 14

XChR intensity, Eph � 130 eV, Si, L � 10 mm, c � 0

y, deg
1210

PCM, g � 150

PCM, g � 10 �� 152�
SAA, g � 10 �� 152�

b

Figure 3.Angular distribution of intensity of radiation of electrons with various Lorentz factors during perpendicular flight through 10-mm-thick silicon

plate (PCM is polarization current model, SAA is small-angle approximation): (a) �ho � 99:5 eVÐVCR, (b) �ho � 130 eVÐTR.
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after standard transformations we obtain the following
expression:

LG
f �

bl

1ÿ
���������������������������������������������������
1

2

"
z 21

z 21 � z 22
� z1����������������

z 21 � z 22

q #vuuut
: �32�

Usually, in transparent media, the following relation is
satisfied,

z 22
z 21

5 1 ; �33�

which allows us to ignore the following orders of smallness in
the expansion of the last expression:

LG
f �

l
�3=8� z 22 =z 21

� 8

3

z 21
z 22

l : �34�

For the X-ray range under consideration, the forma-
tion length found significantly exceeds the absorption
length,

LG
f �

8

3

l
w 002

4
l

2pw 00
; �35�

which is certainly an overestimate.
If we determine the formation length based on the

following formula,

Lf � bl
j1ÿ b

��
e
p

cos yj ; �36�

where the `Cherenkov' angle ym
ch is determined by the

condition that the denominator (i.e., Lf !1) be zero,

Re j1ÿ b
��
e
p

cos ym
chj � 0 ; �37�

then, as is shown below, the formation length exceeds the
absorption length, but is commensurable to it.

From (37), we obtain the formula for the Cherenkov angle
in an absorbing medium:

cos ym
ch �

1

b

�������������������������������������������
1=2
�
z1 �

����������������
z 21 � z 22

q �r : �38�

When condition (33) is satisfied, the formula obtained
reduces to

cos ym
ch �

1

b
�����
z1
p

�
1ÿ z 22

8z 21

�
: �39�

In the same approximation, the following formula follows
from (31),

cos ymG
ch �

1

b
�����
z1
p

�
1ÿ z 22

2z 21

�
; �40�

which is quite close to the previous one, but yields slightly
smaller values.

Substituting Eqn (40) into formula (36), taking into
account relation (37), we obtain (provided condition (33) is

satisfied)

Lf � l
z2

��������������������������������������������������
2z 21 � 2z1

����������������
z 21 � z 22

q
� z 22

r
� 2l

z1
z2

�
1� z 22

4z 21

�
:

�41�

In our case, z1 � 1� w 0, z2 � w 00, w 0; w 005 1, so, from
Eqn (41), ignoring, as before, the quadratic and higher
terms, a simple expression follows:

Lf � 2
l
w 00

: �42�

The obtained result appears more `physical' since, like the
absorption length, it is determined by the quantity l=w 00,
whereas V.M. Grishin's estimate (35) yields a dependence
l=w 002 that is more than an order of magnitude greater than
the absorption length.

5. Angular distribution
of Vavilov±Cherenkov X-ray radiation

The polarization current model allows us to calculate the
radiation characteristics for any target (radiator) orientation.
For the geometry of an oblique electron flight, we write an
equation that follows from the general expression for the
Cherenkov pole p0 � 0:

1ÿ b sinc sin y cosj � b cos cRe
ÿ
Z�o�� : �43�

After squaring both sides of Eqn (43) (here, the geometry
j � 0 is considered) and disregarding the value �w 00�2, we
obtain a quadratic equation for sin ych, the two solutions of
which are represented as

sin ych 1; 2 � sinc
b
� coscy 0

ch � sin �c� y 0
ch� : �44�

For tilt angles c > y 0
ch, the angular dependence of the VCR

photon yield on the polar angle y exhibits two maxima,
corresponding to the observation of VCR along the cone
generators located on either side of the electron momentum
direction in the j � 0 plane.

Figure 4a shows the angular distribution of the VCR
intensity for a radiator tilt angle of c � 30�, and Fig. 4b, for
c � 60�. A zero minimum is observed along the electron
momentum direction �y � c�.

The VCR yield is characterized by two maxima, the
locations of which are fairly well described by formula (26)
for an angle of c � 30�, whereas, for an angle of c � 60�, the
disagreement increases. In the latter case, for �ho�99:5 eV,
using Eqn (18), we have ym

1 �31:8�, ym
2 �49:6� (Fig. 4b), while

y 0
ch � 8:9�. For a photon energy of �ho � 99:8 eV, this

disagreement reaches 10% �jym
1; 2 ÿ �arcsin �c� y 0

ch��j � 1��.
It should be noted that, with an increase in the tilt anglec,

the VCR intensity at the maxima increases. The same figures
show the calculated TR dependences for an energy of
�ho � 130 eVÐtypical TR dependences [23].

The angular `width' of the VCR cone in the case under
consideration is determined by y 0

ch and does not depend on
the radiator thickness, in contrast to the optical range, where
this parameter is estimated as [3]

Dy � 2l
pL sin ych

: �45�
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In the X-ray range, the dependence of this parameter on
the wavelength is determined by w 0�o�. As the tilt angle c
increases, the asymmetry of the VCR cone increases: the
photon yield at an angle y 0

ch < c increases, while for y 0
ch > c,

it is suppressed (Fig. 5). Note also that for a geometry close to
the grazing incidence, only a portion of the VCR cone at
angles y < c escapes into the vacuum, while emission at
larger angles (y > c) is almost completely suppressed.

The increase in the intensity and asymmetry of the VCR
cone with increasing tilt angle c is illustrated in Fig. 6a. As
can be seen from the figure, for a radiator orientation of
c � 80�, the right peak is absent.

Figure 6b shows the dependences of the maximum VCR
intensity d2W= d�ho dO for an energy of �ho � 99:5 eV for

both maxima with increasing radiator tilt angle. The figure
shows that, as the grazing incidence geometry is approached,
the VCR yield at the `left' maximum increases more than
threefold compared to the perpendicular incidence. A similar
effect was discussed in [27, 28], but the authors only reported
estimates. In [29], the authors also used a polarization current
model to calculate the VCR and TR characteristics in the
energy range �ho � 450 eV; however, they did not obtain such
a sharp dependence of the VCR yield on the radiator tilt
angle, possibly due to the smallness of the angle
y 0
ch�

�����������������������������������
w 0�450 eV� ÿ gÿ2

p � 4:3��.

6. Spectral distribution
of Vavilov±Cherenkov radiation

The spectral and angular distribution of the VCR photon
yield d2N=�h do dO is calculated using the well-known
formula

d2N

�h do dO
� 1

�ho
d2W

�h do dO
; �46�

where d2W=�h do dO is determined by Eqn (14).
Figure 7a shows the photon spectra for perpendicular

electron flight with g � 10 through an Si radiator for photon
emission angles near y 0

ch � 7:2�. It should be noted that the
observation angle y � 6� approximately corresponds to the
maximum in the TR angular distribution �y � 1=g�, but for
moderately relativistic electrons (g � 10), the VCR contribu-
tion dominates. Figure 7b shows similar dependences for a
radiator orientation of c � 70�.
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The polarization current method used in this study allows
one to find the number of photons in the Cherenkov radiation
cone for any radiator orientation. As the tilt anglec increases,
the cone opening angle ymax decreases (Fig. 6a). It should be
noted that, in the frequency range under consideration, the
term `VCR cone' refers to a cone almost completely filled with
radiation (y4ymax, ymax > y 0

ch). In the optical range, the
VCR cone [30] refers to the space bounded by two conical
surfaces with opening angles

y1; 2 � ych � Dy � ych � 2l
pL

sin ych
cos ych

:

Figure 3a shows the angular distribution of VCR from a
silicon target for a perpendicular flight. The photon spectrum
is obtained by calculating the integral

dN

d�ho
� 2p

� ymax

0

d2N

d�ho dO
sin y dy ; �47�

where ymax � 13� (Fig. 3a).
Figure 8 shows the spectral distribution of VCR into a

cone with an opening angle ymax � 13�.
The number of photons emitted into this cone is

determined by the expression

DN �
� �homax

�homin

d�ho
dN

d�ho
: �48�

TheVCR spectrumof electronswith g � 10 in the full cone
remains monochromatic (see Fig. 8), but the `trace' of the
VCR cone on the detector located at a distance D � 500 mm
from the radiator is a ring of radiusR � D sin 7:2� � 62:5 mm
and a width of � 3:5 mm.

In the case under consideration, the photon yield DN �
0:00037 photons/electron.

It is of interest to estimate the photon yield and the VCR
spectral linewidth when forming a photon beam with a
collimator with a given aperture, located at a distance D at
an angle yD � cÿ y 0

ch. In the simplest case of a square
aperture with side a, the emission spectrum is determined by
integrating Eqn (14) over the solid angle dO � sin y dy dj.

In experiments, the condition

a

D
5 1 �49�

is usually satisfied. The calculation results for a square
aperture with dimensions a � 2 cm, located at a distance of
D � 50 cm, are presented below.

To obtain the spectrum of a collimated VCR, it is
necessary to calculate the integral

dN

�h do
� 2

� jmax

0

dj
� ymax

ymin

sin y dy
d2N

�h do dO
;

jmax �
a

2D
sin yD ; �50�

ymin � yD ÿ a

2D
;

ymax � yD � a

2D
:

Figure 9 shows the spectral line shape of a collimated
VCR for perpendicular geometry and an observation angle of
yD � 1=g � 5:7� (g � 10, as in the previous examples).

As noted above, for moderately relativistic electrons, the
contribution of TR to the resulting photon yield is negligible,
and the emission spectrum at an angle of yD � 1=g exhibits a
maximum corresponding to VCR rather than a monotoni-
cally decreasing spectrum typical of TR. This type of emission
is called `hybrid' in [29].

For collimated radiation, when only a portion of the
radiation near the angle yD is cut out from the VCR cone by
a collimator with an opening Dy� a=D, Dj� a=D sin yD, the
monochromaticity of which can be determined by the spectral
line width at half maximum. For the VCR line shown, this
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value is (at yD � 7:2�)

D�ho � FWHM � 0:48 eV :

Apparently, the perpendicular geometry is the least
favorable. The photon yield increases significantly with
radiator rotation (see Fig. 6). In Section 8, the so-called
grazing-incidence geometry is considered.

7. Measurement of Vavilov±Cherenkov radiation
spectrum from Be and Si radiators

As noted above, when VCR is generated in the soft X-ray
range by moderately relativistic electrons, the contribution of
transition radiation to the spectral-angular distribution of the
radiation is virtually absent.

The spectral composition of Vavilov±Cherenkov radia-
tion from Be and Si radiators was experimentally studied
using the 5.7-MeV electron beam of the Tomsk Polytechnic
University microtron [31]. The experimental setup is shown in
Fig. 10. A collimated electron beam (transverse size, 2.5 mm,
divergence, 10ÿ4 rad) with a macropulse repetition rate of
50 Hz (macropulse duration, 0.5 ms) passed through the
radiator and entered the Faraday cup. The average number
of electrons in a macropulse was 2:5� 107. Be (20� 20 mm)
and Si (6� 8 mm) samples with a thickness of 26 mm and
4 mm, respectively, were used as radiators. In both cases, the
radiator thickness was much greater than the absorption
length of the radiation in the target material in the photon
energy range studied. Amultilayer X-raymirror [32] based on
�Mo=B4C�100 was used to measure the emission spectrum. It
was placed 200 mm from the radiator. To eliminate the
generation of radiation by electrons scattered by the collima-
tor, the upper edge of themirror was located 20mmbelow the
beam trajectory.

The working size of the mirror was formed by a
rectangular vertical Mylar diaphragm measuring
10� 35 mm2. The mirror consists of 100 pairs of Mo and
B4C layers located on a silicon substrate. The mirror period is
7.56 nm, and the ratio of the B4C layer thickness to the period
is 0.5. The composition of the transition layers was estimated
as a mixture of 5Mo� B4C with a thickness of 0.9±0.95 nm.
The reflectivity of the mirror, calculated in the IMD-5
package [33] in the specular scattering approximation, was
30±35% in the photon energy range DE � 80ÿ120 eV.

A spiral channel electron multiplier (CEM) with a bell
(model VEU-6) [34] was used as a detector of the reflected
radiation from the mirror, located at a distance of 144 mm
from the mirror. The channel electron multiplier operated in
counting mode, maintaining linearity with a loading of up to
2 pulses per macropulse. The VEU-6 loading rate, which was
monitored for every 100 accelerator ejection events, was 10±
20 pulses for every 100 ejections. The detector detection
efficiency, averaged over the entrance window with a
diameter of 9 mm, was 6.9% at a photon energy of 96.7 eV
and 6.5% at a photon energy of 77.1 eV. The lower energy
threshold of photon registration was 12 eV [35±37]. The
distance from the multilayer mirror to the SEM was 144 mm.
A block of permanent rare-earth magnets was installed
between the detector and the mirror to protect the detector
from scattered electrons as was a plastic filter made of
nitrocellulose with a thickness of 0.2 mm. This filter allowed
suppression of the soft part of the background radiation
(E < 50 eV). The block was placed inside a steel housing with
a through hole with a diameter of 15 mm, which acted as a
preliminary collimator. Two additional slits with widths of
7 and 8mmwere installed inside the steel housing in the center
and at the exit to shape the beam of registered radiation.
Thus, the optical axis of the radiation detection system
between the mirror and the detector was formed by
diaphragms in the direction of specular reflection of a
portion of the Vavilov±Cherenkov radiation cone corre-
sponding to ych � 6:5� (yDy � 6:5�, see Fig. 10). The angular
dimensions and solid angle of the detected radiation were
Dy x

ch � �0:67�, y y
ch � �0:74� and O � 6� 10ÿ4 sr, respec-

tively. The axis of rotation of the detecting system coincided
with that of the multilayer mirror.

In the experiment, for each value of angle y0, the intensity
of the radiation reflected from the multilayer mirror in the
Bragg direction was determined from measurements of the
dependence of the radiation intensity on the observation
angle yDx with the corresponding movement of the detector
(see Fig. 10).

The maximum values in the angular distribution of the
radiation intensity after background subtraction were used to
plot the radiation intensity as a function of the orientation
angle of the multilayer mirror y0.

The calculated intensity of radiation from Be and Si
radiators, reflected by a multilayer mirror in the Bragg
direction, as a function of the mirror orientation angle y0 is
shown in Fig. 11.
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Calculations made for VCR emitted at various angles ych
took into account the electron energy and the reflectivity of
the multilayer mirror, calculated using the recurrence rela-
tions method [38±40], for transition and Cherenkov radiation
photons in the spectral range DE � 30ÿ400 eV. Since the
maximum intensity of Vavilov±Cherenkov radiation from
both Be and Si radiators corresponds to an observation angle
ych � 6:5�, the measurements were carried out for this angle.

Figure 12 presents the measured and calculated intensity
of radiation reflected by a multilayer mirror as a function of
themirror tilt angle y0 for Be and Si radiators. The calculation
was carried out for the case of an ideal multilayer mirror. The
behavior of the measured dependences and the positions of
the maximum values are in good agreement with the
calculated results. The maximum intensities at angles
y0 � 62� and y0 � 52� correspond to energies ESi � 99:8 eV
and EBe � 111:5 eV.

The values of ESi and EBe are in good agreement with the
L and K absorption edges of silicon and beryllium, respec-
tively. Thus, it can be concluded that Vavilov±Cherenkov
X-rays are detected from Be and Si radiators.

It should be noted that a detailed comparison of the
results reveals some disagreements between the experimental
data and the calculated ones in the peak region, including the
presence of a background pedestal. It can be assumed that the
disagreement between the theoretical calculations and the
measured results is due to the oxide layer and the presence of

impurities on the radiator surface. The oxide layer can affect
the radiation generation process in different ways: first,
Cherenkov radiation will be absorbed by the oxide layer;
second, the intensity of the transition radiationwill depend on
the permittivity of the oxide layer.

The influence of the oxide layer on the calculated
radiation characteristics was taken into account using
V.E. Pafomov's model [13] for the spectral-angular distribu-
tion of radiation intensity of a charge passing through a target
consisting of three layers. This stage of the calculations was
made for a homogeneous layer of BeO or SiO2 oxides as an
additional layer on the target surface. The calculations for
BeO took into account the chemical shift, which leads to a
2.8-eV shift in the absorption edge of beryllium in combina-
tion with oxygen toward higher energies [41±43]. The
chemical shift of the absorption edge in SiO2 is 4.5 eV.

Estimates showed that the radiation intensity of the
background pedestal is much higher than the contribution
of bremsstrahlung. The most plausible explanation for the
pedestal is the presence of holes in the plastic filter. In this
case, the high intensity of the pedestal is due to the
contribution from the normal reflection of the soft part of
the transition radiation spectrum (E < 60 eV) transmitted
through the holes in the plastic filter. To `cut off' this
background, the VCR spectra of Be and Si were calculated
for a threshold photon energy of E � 12 eV, which was taken
as the lower threshold of detector efficiency.

Figure 13 compares the experimental data with the
calculated results obtained for a multilayer radiator, taking
into account the detector efficiency, the transparency of the
plastic filter, the efficiency of radiation reflection by the
mirror, and the thickness of the oxide film. Good agreement
between the calculated and experimental results was achieved
by adjusting the oxide layer thickness and the fraction of
radiation transmitted through the holes. The calculated
results, shown by solid lines, were obtained with an oxide
layer thickness of 180 nmand70nm forBe andSi, respectively,
taking into account that the total aperture of the holes in the
plastic filter was 1.5% of the total detector aperture. The
dashed curve in Fig. 13 shows the contribution associated with
the radiation transmitted through the holes in the plastic filter.

As shown in [44], the wavelength of the spectral line
reflected by a multilayer X-ray mirror is calculated using the
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modified Wulff±Bragg formula:

ml � 2d sin y

������������������������
1ÿ 2dÿ d

2

sin 2 y

s
; �51�

where m is the diffraction order, d is the period of the
structure, and y is the angle of incidence. The average
refractive index for a multilayer mirror is

Re n � 1ÿ d; d � tAdA � tBdB
tA � tB

;

where tA; tB is the thickness of layers of material A, B;
dA;B � 1ÿRe nA;B; nA;B is the refractive index in layer A, B.

Knowing the angular width of the orientation dependence
of the scattered photon yield (see Fig. 13), we can estimate the
monochromaticity of the radiation beam reflected by the
mirror. Using Eqn (51), we obtain

Dl � 2d cos y
m

����������������������������
1ÿ �2dÿ d

2�
sin2 y

s
�52�

�
�
1� 2dÿ d

2

sin 2 y
ÿ �2dÿ d

2�2
sin 4 y

�
:

Disregarding the last terms in curly brackets (in our case,
sin y4 d), we obtain

DEph

Eph
� Dl

l
� coth yDy :

Selecting the FWHM of the measured orientation
dependence as Dy, we obtain the result shown in Table 1.

The monochromaticity of the reflected beam is somewhat
worse than that of the initial beam �DEph=Eph � 0:01� due to
the finite number of mirror layers and structural imperfec-
tions, but remains quite high.

8. Vavilov±Cherenkov radiation
in grazing incidence geometry

The authors of [27] considered grazing incidence geometry,
i.e., one in which the asymmetric VCR cone `degenerates' into
a single maximum. In our notation, the evaluation criterion
for grazing incidence angles proposed in [27] is represented as

p
2
ÿ ÿ �����

w 0
p

�
�����������������
w 0 ÿ gÿ2

p �
4cgr : �53�

For a silicon radiator (w 0 � 0:036) and g � 10, from Eqn (53),
we have cgr 5 74�, as shown in Fig. 6a, for a radiator tilt
angle of c � 80�; the second maximum for y > c is almost
completely suppressed.

In approximation �p=2ÿ cgr�5 1, the authors of [28]
calculated the VCR intensity spectrum for a collimation of
Dy � 0:3

�����
w 0
p

and showed that the photon yield for a
beryllium target with a radiator orientation of c � 89:4� (in
our notation) is an order ofmagnitude higher than the photon
yield for an angle of c � 26�.

The grazing-incidence geometry was examined in experi-
ment [11], in which theVCRphoton yield from a silicon target
wasmeasured. The experiment was conducted for radiator tilt
angles of c � 78�, 84�, and 87� and for perpendicular
geometry on an electron beam with an energy of 75 MeV
(g � 150). A proportional counter with a resolution of� 50%
near the VCR line with �ho � 100 eV, movable relative to the
electron beam, was used as a detector, which made it possible
to measure the angular distribution of the VCR. A detector
with a horizontal aperture of 6.4 mm, located 75 cm from
the radiator, provided a polar angle `capture' of Dy �
�4:5 mrad, while the vertical aperture was 1.6 mm.

Figure 14 shows the VCR photon spectra for electrons
with a Lorentz factor of g � 150 from a silicon radiator for tilt
angles of c � 78�, 84�, and 87�.

In all cases, a minimum was observed in the orientation
dependences when the detector was positioned on the axis of
the electron beam deflected by the magnet, and symmetrical
maxima near observation angles of yD � �7 mrad, which
correspond to the TR mechanism. For the perpendicular
geometry, in addition to thesemaxima, no other features were
observed in the studied range of angles (ÿ0:064yD 4 0:06),
but for the grazing-incidence geometry, for all orientation
angles (c � 78�, 84�, 87�), symmetrical maxima were
observed in the angular distributions for angles
y exp
D � �0:04. Estimate (26) for silicon yields a value of

yD � 0:184 y exp
D .

The authors suggested that the observed maxima are
due to the VCR mechanism and explained this disagree-
ment by the fact that, when averaging over the energy
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Figure 13. Comparison of calculations and experimental results.

Table 1. Characteristics of VCR spectral lines in Be and Si radiators
(g � 10).

y Eph Dy DEph=Eph

Be
Si

52�

62�
111.5 eV
99.8 eV

3�

4�
0.04
0.03
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interval set by the energy resolution (� 100 eV), the value
of hw 0i decreases significantly, which leads to a decrease in
the angle yD.

The authors of the cited article hypothesized that
averaging over the energy interval �homin� �hoch�Si��1ÿ0:5�,
�homax � �hoch�Si��1� 0:5� should narrow the Cherenkov
cone severalfold.

The results of the modeling of the measured angular
dependence for c � 78�, taking into account integration
over the detector aperture (DO � 0:000018 sr) (see Eqn (50))
followed by integration over the spectrum (within
�ho � 70ÿ162 eV (see Fig. 2) of the cited article) are shown
in Fig. 15 (red dots). The results were normalized to the solid
angle and energy interval (�hDo � 92 eV).

For comparison, the same figure also displays the
calculated angular distributions of the VCR as a function of
the angle ye � cÿ y (the angle between the electron beam
axis and the detector axis).

As follows from the figure, except for the maxima in the
angular range ye � 1=g � 7 mrad, no maxima due to VCR
are observed.

It should be noted that the authors of [11] present the
measured absolute photon yield in Fig. 2 (DN � 0:6 photons/
eÿDOD�ho for c � 78�, ye � 0:007). The results of modeling

for this range of angles, where the main contribution is due to
the TR mechanism, yield a value of DN � 0:025 photons/
eÿDOD�ho (see Fig. 3), which is more than an order of
magnitude smaller.

Apparently, the explanation for the measured yield of
photons with energies of 70 < �ho < 162 eV in experiment
[11], where distinct symmetrical maxima were observed at
y � �0:04 for grazing incidence angles, requires a different
interpretation.

It is of interest to determine the potential of employing
grazing-incidence geometry for moderately relativistic elec-
tron energies (g � 10) using PCM. Figure 16 shows the
angular dependences of the VCR photon yield with energy
�ho � 99:5 eV for silicon radiator tilt angles of c � 70�

(outside grazing-incidence geometry) and c � 87�. In the
latter case, the spectral-angular distribution of the VCR is
approximately an order of magnitude greater than the similar
characteristic for c � 70�.

Figure 17 shows the collimated emission spectra for
various tilt angles c � 0 �yD � 7:2��; c � 70��yD � 64:2��;
c � 87��yD � 85:6��.

Calculations were carried out using Eqn (50) for a square
aperture (a � 2 cm) of the detector, located at an angle yD at a
distance of 50 cm from the radiator.

Data displayed in Table 2 illustrates the VCR spectral line
characteristics for various radiator tilt angles.
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In [28], the authors predicted that, for tilt angles close to
90� (see Eqn (51)), the VCR photon yield increases by an
order of magnitude compared to the perpendicular geometry.

The results presented in Table 2 confirm this conclusion
(the excess photon yield for the grazing geometry reaches
� 20). The spectral linewidth increases only slightly.

Unfortunately, experimental studies of the VCR for the
grazing geometry (except for an earlier experiment [11]) are
lacking.

9. Conclusions

Equations (14) obtained in the PCM for the spectral-angular
distribution of the radiation intensity of a charge passing
through a radiator with permittivity e�o� adequately describe
the characteristics of X-ray emission (including in the region
of anomalous dispersion) for arbitrary radiator orientation.
For a perpendicular charge flight, the PCM yields results that

agree within a few percent with a model based on the small-
angle approximation of transition radiation theory [5, 6, 10].
For a large mismatch of orientation angles close to the grazing
incidence geometry, the results obtained using the PCM
without resorting to the small-angle approximation are
generally consistent with the results published in [29]. The
calculation results show a noticeable increase in the X-ray
VCR intensity for orientation angles satisfying condition (53).

W. Knulst, in his dissertation [12], estimated the photon
yield of monochromatic radiation for various materials and
found a correlation between the value of w 0 and the number of
photons DN. For example, it follows from the results reported
in [45] that DN�Si� � 1:7� 10ÿ3 and DN�Ti� � 2:4� 10ÿ4,
since the corresponding susceptibilities differ by approximately
an order of magnitude: w 0�Si� � 4� 10ÿ2, w 0�Ti� � 7� 10ÿ3.

As noted earlier, for a geometry close to the grazing
incidence, the spectral-angular radiation density increases
significantly. By placing the collimator at the required angle,
one can expect the photon yield to be enhanced.

It is of interest to find the spectral line intensity (the
number of photons per initial electron) for a titanium radiator
in the VCR photon energy region of approximately 450 eV
using the PCM and compare it with estimates presented in
[6, 7]. By interpolating the tabular data from [20] and
calculating the plasma frequency [4]

op � 21

������
2Z

A

r
r ; �54�

whereZ is the atomic number of the radiator material,A is its
atomic weight, r is its density, we can find the functions w 0 and
w 00 for Ti at op � 42:8 (Fig. 18).

Figure 19a shows the angular distributions of the photon
yield with energies near �ho � 452 eV, from which an angle of
yD � 85:2� can be selected for the collimator placement. The
spectra of collimated radiation (a � 2 cm, D � 50 cm) for
electrons with energies of Ee � 10 MeV for various radiator
orientations (c � 0, c � 87�) are presented in Fig. 19b. The
same figure shows the spectrum of radiation in a full cone
(ymax � 6�).

Table 3 presents the characteristics of the VCR spectral
lines from a titanium radiator.

The photon yield in a full cone (y < ymax � 6�) virtually
coincides with Knulst's estimate, whereas, for an Si radiator,
the same quantity (for y < 13�), albeit exceeding the photon
yield for Ti (DN � 0:00037), is significantly lower than
Knulst's estimate [12].

Table 2. Characteristics of VCR spectral lines in silicon radiator (g � 10).

c D�ho, eV Monochromaticity, % DN, photon=eÿ

0 0.48 0.48 6:3� 10ÿ6

70� 0.53 0.53 10:3� 10ÿ6

87� 0.57 0.57 128� 10ÿ6
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Figure 18. Functions w 0 (red line) and w 00 (blue) characterizing the

permittivity of titanium.
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Figure 19. (a) Angular distribution of photon yield of different energies from titanium radiator in grazing incidence geometry, (b) VCR spectrum in `full'
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It should be noted that, for a Ti radiator, the photon yield
for the grazing incidence geometry increases, but not as much
as for an Si radiator.

The authors of [29] also used the PCM to calculate the
VCR characteristics of a titanium radiator; however, the
calculations were made for an angle c, for which no notice-
able increase in photon yield was observed (due to the fact
that, for Ti, according to criterion (53), the onset of the
grazing incidence geometry occurs at an angle c � 81�). If we
consider the intensity of collimated radiation, then, by
comparing the data in Tables 2 and 3 for the perpendicular
flight, we can conclude that the correlation proposed by
Knulst is completely absent and only manifests itself for the
grazing incidence geometry.

As noted above, the PCM, considering the VCR and TR
processes as a manifestation of the same polarization
radiation mechanism, describes the VCR and TR character-
istics using a universal expression (14), valid for arbitrary
radiator orientation, in contrast to the approach of [1, 5]. The
considered characteristics of the radiation of moderately
relativistic electrons exhibit features of both VCR and TR,
since the cones of both types of radiation overlap to a
significant extent (hybrid radiation). However, as the elec-
tron energy increases, the cones `separate,' making it possible
to isolate the VCR mechanism and suppress the contribution
of TR by means of angular selection

The above examples of theoretical calculations and
measurement results show that the spectral and angular
characteristics of the Vavilov±Cherenkov X-ray radiation of
moderately relativistic electrons is primarily determined by
the dielectric properties of the radiator. The resonant
behavior of the permittivity near the photoabsorption edge
determines the monochromaticity of the radiation, while the
ratio of the real part of the permittivity to the imaginary part,
which characterizes the absorption properties of the radiator,
determines the intensity and monochromaticity of the
radiation. The results obtained are in good agreement with
the criterion proposed by V.A. Bazylev for Vavilov±Che-
renkov X-ray radiation [1, 5, 46]: Re eÿ 1 > Im e.

The oblique passing of a charged particle through a radiator
leads to an asymmetry in the angular distribution of the
radiation intensity. This angular asymmetry is due to the
presence of an imaginary component of the permittivity, since
increasing the orientation angle of the radiator relative to the
charged particle's trajectory changes the Vavilov±Cherenkov
radiation path in the absorbingmedium.Thus, the effective size
of the radiation source changes for different observation angles.
Calculation results show a significant increase in the X-ray
VCR intensity for orientation angles satisfying condition (51).
Although the angle between the Vavilov±Cherenkov radiation
and the electron beam remains small in the grazing-incidence
geometry, the use of multilayer X-ray mirrors allows the
deflection of a monochromatic X-ray beam at large angles,
making it possible to use such a beam for applied purposes.

This review was prepared with the financial support of the
Ministry of Science and Higher Education of the Russian
Federation as part of the Tomsk Polytechnic University
Development Program no. FSWW-2023-0003.
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