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Abstract. This paper has a methodological character, where we
present a comprehensive formalism for constructing conserved
quantities in the Teleparallel Equivalent of General Relativity
(TEGR) and Symmetric Teleparallel Equivalent of General Rel-
ativity (STEGR). It was developed in a series of our earlier studies.
and here, we combine them into a complete form. By employing
the Noether method within a tensor formalism, conserved cur-
rents, superpotentials, and charges are constructed. These are
shown to be covariant under coordinate transformations and local
Lorentz rotations in TEGR, while, in STEGR, they are covariant
under coordinate transformations. The teleparallel (flat) connec-
tions in both theories are defined using the ‘turning off gravity’
principle. Uniting such defined flat connections with the tetrad in
TEGR and metric in STEGR, a new notion — ‘gauge’ — fruitful
in applications, is introduced. The choice of various initial tetrads
in TEGR or initial coordinates in STEGR leads to different
gauges, giving different conserved quantities. Finally, we discuss
an appropriate choice of gauges from a possible set of them.

E.D. Emtsova (122 A.N. Petrov®:?), A.V. Toporensky ¢
(1) Department of Physics, Ariel University,

Ramat HaGolan Str. 65, Ariel, 40700, Israel
() Department of Physics, Bar Ilan University,

Max ve-Anna Webb Str. 1, Ramat Gan, 5290002, Israel
() Lomonosov Moscow State University,

Sternberg State Astronomical Institute,

Universitetskii prosp. 13, 119234 Moscow, Russian Federation
E-mail: @ ed.emcova@physics.msu.ru, ) alex.petrov55@gmail.com,
© atopor@rambler.ru

Received 5 February 2025
Uspekhi Fizicheskikh Nauk 195 (11) 12351244 (2025)
Translated by the authors

Keywords: teleparallel gravity, Noether theorem, conserved
currents, superpotentials, conserved charges, gauges

1. Introduction

Teleparallel theories of gravity have been actively developed
in recent years. A main feature of these theories is the use of
the connection with zero Riemann curvature. These theories
include the Teleparallel Equivalent of General Relativity
(TEGR), the Symmetric Teleparallel Equivalent of General
Relativity (STEGR), and modifications of these theories
[1-5]. Such modifications have the advantage that their field
equations are of the second-order, which imparts similarities
with gauge field theories and potentially links gravity to other
theories of fundamental interactions in nature.

In TEGR and its modifications, a flat metric compatible
connection is used. In STEGR and its modifications, a flat
connection with zero torsion is used. TEGR and STEGR are
fully equivalent to General Relativity (GR) at the level of field
equations; thus, solutions of the field equations in TEGR and
STEGR are exactly the same as those in GR. The teleparallel
connections in TEGR and STEGR are not dynamical
quantities and cannot be determined by field equations. This
fact does not influence the dynamics of gravitational inter-
acting objects but introduces ambiguities to the values of the
main quantities which define gravitational energy—momen-
tum.

Despite the fact that the focus is currently on how
accurately the modified teleparallel theories can describe the
observed phenomena, not all the issues have been resolved in
TEGR and STEGR themselves. One such issue is the
definition of gravitational energy—-momentum and other
conserved quantities. There are various approaches for
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constructing conserved quantities in both TEGR and
STEGR. They have already been tested to construct them,
for example, for the Schwarzschild solution and cosmological
models [6-11].

In most of the aforementioned work on TEGR, observers
measuring conserved quantities (like masses, angular momen-
tum) or testing the Einstein equivalence principle are
associated with the time-like tetrad vector that destructs a
Lorentz covariance (or invariance) of quantities, of course.
Many of the earlier approaches are based on the reconstruc-
tion of field equations in the form of conservation laws [3].
However, this way, for example, in TEGR, leads to problems
when constructing charges which are not simultaneously
coordinate covariant and invariant under local Lorentz
rotations of the tetrad. In the framework of the formalism
of differential forms, this problem has been resolved in [9, 12].
However, these results have not been further developed and
have been tested on a limited number of models. Construction
of conserved quantities in STEGR has not been so active; on
this topic, see for STEGR and its modifications review [13]
and numerous references therein.

Nevertheless, as far as is known, the definition of
conserved quantities is one of the most important tasks in
the development of the foundations of any theory. In recent
years, we have been developing methods to construct
conserved quantities in TEGR and STEGR [14-22]. Our
approaches are completely based on the classical Noether
theorem. Diffeomorphism invariance of TEGR and STEGR
actions is taken as a basis for its applications. Both of the
theories are considered classical field theories where the
tetrad components in TEGR and metric components in
STEGR are interpreted as dynamical variables. We take
into account that diffeomorphisms act on all geometrical
objects, including nondynamical teleparallel (flat) connec-
tions, not only on tetrads and metrics. Observers are
associated with displacement vectors of diffeomorphisms,
and conserved quantities are interpreted depending on the
choice of these vectors. Both in TEGR and STEGR, a
generalized principle of ‘turning off gravity’ was elaborated,
and a new notion of ‘gauges’ was introduced. All of these help
us to study the problem of constructing conserved quantities
systematically.

Our methods, principles, notions, and assumptions were
introduced step by step in developing our approach; however,
they were not formulated as a unique approach. Thus, the
purpose of this article is methodological. Here, we unite all
items of our approach in constructing conserved quantities in
TEGR and STEGR presented in [14-22] into a separate
formalism. It could be used more effectively for TEGR and
STEGR in applications. Moreover, it has substantial poten-
tial for a possible development itself in the framework of
TEGR and STEGR modifications.

The rest of the article is organized as follows. In Section 2,
the foundational elements of teleparallel equivalences of GR,
TEGR, and STEGR are introduced. Underlying principles
and such notions as the torsion scalar, nonmetricity tensor,
and their role in the respective theories are highlighted.

Section 3 delves into the Noether formalism, deriving
general conservation laws and conserved quantities in an
arbitrary covariant field theory. This forms the basis for
constructing conserved currents, superpotentials, and
charges.

Section 4 applies the general formalism to TEGR and
STEGR, presenting detailed constructions of conserved

quantities and exploring their covariance properties under
coordinate transformations and local Lorentz rotations.

Section 5 focuses on defining teleparallel connections
using the ‘turning off gravity’ principle, discussing the
dependence of conserved quantities on the choice of initial
tetrads in TEGR or coordinates in STEGR. As a necessary
element of our formalism, a new notion named ‘gauges’ in
TEGR and STEGR is introduced.

Finally, in Section 6 of the article, we place the conclusion,
summarizing the results and highlighting their significance for
teleparallel gravity.

All definitions in TEGR correspond to [3]. All definitions
in STEGR correspond to [1].

2. Main elements of teleparallel equivalent
of general relativity and symmetric teleparallel
equivalent of general relativity

2.1 Teleparallel equivalent of general relativity
The most popular gravitational Lagrangian in TEGR is
presented in the form given, for example, in book [3]:

. h h 1 LI 1 LI LI
‘C:ﬂ TEE(Z T/Hle)l “1’5 T/‘uvT‘upr/“pTﬂv>.
(1)

We set G = c¢ =1 units, for which the Einstein constant
x = 8n. To present one of the main quantities in TEGR,
namely, the torsion tensor 7, one has to introduce the
following ideas and notations.

First, there are tetrads with components /¢, where Latin
indices numerate tetrad vectors, and Greek indices are related
to spacetime coordinates. They are connected to metric g,,, by
the standard relation

g = Nap ha,uhbv s (2)

where 7, is the Minkowskian metric in the tetrad space,
h =deth*,. In addition, we use the signature (—,+,+,+)
both for g,, and for n,,. The transformation of the tetrad
indices into spacetime ones and vice versa is performed by
contraction with tetrad vectors, for example, 77, =
T ha?, etc.

Second, another important quantity in TEGR is the
Weitzenbok (teleparallel) connection I'*,; [3]. Quantities
constructed with the use of I'%,; are denoted by ‘e’ abqve
a symbol, for example, a related covariant derivative V.
The connection I'%;, as stated in the Introduction, is flat,
meaning that the corresponding curvature is equal to
ZerOo:

Ra/}uv = au Fa[h' - av Faﬁ;t + F“Icu FK[}V - lecv FK[iu =0.
3)

Also note that I'*;, is compatible with the physical metric.
This means that corresponding nonmetricity 0, is zero:

Quop = Vugap =0. 4)

Third, special attention has to be paid to the inertial spin
connection (ISC) 4., defined as

Ay = —hy" V. (5)
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Then, the definition of T “ . can be presented evidently:
Ty =0,h% —0,hy +A% h¢, =A% B¢,y (6)

Namely, the presence of A 4., makes the torsion (6) covariant
with respect to local Lorentz rotations of the tetrad.

It is instructive to introduce some quantities constructed
with the use of the Levi-Civita connection (Christoffel symbols)
I'*;. Following [3], we denote such quantities by ‘o’ above
a symbol. Thus, 49, presents the Levi-Civita spin connec-
tion (L-CSC) defined as

Aab,u = _hb ! Vu hav 3 (7)
where the covariant derivative V,, is related to I'%,;.
Let us list the main tensors in TEGR. An important

quantity in TEGR is the contortion tensor K,, which is
the difference between (5) and (7); thus,

Kabp :Aabp —A abp . (8)
It is expressed through the torsion tensor as

. 0 1 o p . 0 .[)

Km:dnv+RH—TM. 9)

The torsion scalar in (1) is rewritten as

. 1 e .

=38, T, (10)
making the use of the tensor

*§a[m = [%[)Gzl + haakgl)() - hap[;'oa() ) (1 1)

which is called the teleparallel superpotential and is antisym-
metric in the upper indexes. . . .

All of the aforementioned tensors 7, K*?,,, and S,”° are
covariant with respect to both coordinate transformations
and local Lorentz rotations. Local Lorentz covariance of
these quantities is achieved by simultaneous transformation
of both the tetrad and the ISC:

W, = A% (x)h°,, (12)

(13)

where A9.(x) is the matrix of a local Lorentz rotation, and
A,(x) is an inverse matrix of the latter. Transformation (13)
tells us that the ISC is not a tensor and can be equalized to zero
by an appropriate local Lorentz transformation. Then, by an
appropriate Lorentz rotation, it can be represented in the form

A/aby = A%(x) A 4y Ahd(x) + A%(x) By Ap“(x)

Aa(?v - /Nlab av (;171)[’(: . (14)

Now, let us vary the action with Lagrangian (1) with
respect to tetrad components:

oL
~oe(am )|

The above information is enough to rewrite Lagrangian (1) in
the form [3]

. o 1 .
L=L--30, <h T“’%) :
K

Ef = —

oL __[ai s)

She, o<,

(16)

where the first term is the Hilbert Lagrangian

o h o
L=—2"R

" (17)

with the Riemannian curvature scalar R expressed through
the tetrad components by (2) (see [23]). Then, because the
TEGR Lagrangian (1) contains the ISC in the divergence,
only E,” in (15) does not contain the ISC totally:

5L 5L

Ef=——"=—2=
She,  ohe,

(18)

Let us add to Lagrangian (1) a matter Lagrangian 2,
where matter fields ¢ are coupled minimally to metric (2):
L+ L. Varying the action with such a Lagrangian with
respect to tetrad components, one obtains gravitational field
equations

ES =0/, (19)
where 0,° = 26%/611",, is the matter energy—momentum
tensor. Due to (18), we are convinced that the TEGR field
equations (19) and the GR field equations are equivalent.

Itis important to discuss the place of the ISC in the above
scheme. Varying the actign with Lagrangian (1), and with (16)
as well, with respect to 4¢,, one obtains 0 = 0. This means
that the ISC cannot be determined in the framework of
TEGR itself. Then, if necessary, it has to be defined by
additional requirements, for example, by a construction of
acceptable conserved quantities for a concrete solution, as
will be shown below.

2.2 Symmetric teleparallel equivalent of general relativity
Usually, a Lagrangian in STEGR is considered in the form
given, for example, in [1]:

v &
L="— g (L LP\y — L7, L) . (20)
Here, the disformation tensor L*,, is introduced by
o 1 o 1 o 1 o
L-HVZEQ-#"izQﬂ vfinuv (21)
where the nonmetricity tensor Q,,, is defined, as usual:
Qwv = Vacg,uv . (22)

The covariant derivative V, is defined making use of the
teleparallel connection I"%,,. It is symmetric in lower indexes,
and we introduce the abbreviation STC (symmetric telepar-
allel connection). The STC is torsionless because
T%w =TI%,—TI%,=0 by definition. Of course, STC is flat,
which means that the related curvature tensor is zero:

R“,;,,\,(I“) = aul““v,; — 6‘,1““,4/; + F“MF)*V/; — F“MI“)*H[; =0.

(23)
One can easily check that (21) can be rewritten in the form
Lﬁpv = Fﬁp.v - Fﬁuv ) (24)

where r w 18 the Levi-Civita connection. Next, with the use of
(21)—(24), Lagrangian (20) acquires the form

o y— w
£:£+%R;w+£/. (25)
K
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Just like (17), the first term is the Hilbert Lagrangian; form of the Lie derivatives:

however, depending on the metric components (not tetrad P P 4 At A £p

components), Y =Ly ==E0 " + 750,80 (32)

L=-V_ER
2K

(26)

The second term in (25) is equal to zero due to (23). However,
if we preserve it, we need to vary it. On the one hand, variation
(25) together with the second term with respect to the metric
means variation (20) exactly. At the same time, variation (20)
with respect to I“/,,\ gives F”m = Fﬁ,” This means that the
flat STC I'# w has to be equal to the Levi-Civita connection
that is not flat in general. Since this is not permissible, the
second term in (25) has to be cancelled. The third term £’ is
the total divergence:

/7£ 5 Aoy L — Yo oy | o
£'=YEV,(07-0")=0.| 5. VR (07-0%)| =0,D",
(27)

where Q, = 2" Oy, QAOC = g" Q. As a result, instead of
(20) or (25) in the STEGR, we choose the Lagrangian

L=-Y8Ria,D%, (28)
2K
where
* Vig o Ao
szﬁ( - 0%. (29)

Because the STEGR Lagrangian contains the STC in the
divergence only varying the action with Lagrangian (28) with
respect to the metric components, one obtains the GR field
equations exactly. Keeping in mind the possible presence of
matter variables, one has

Gy = K0y, (30)
where Go,w is the usual Einstein tensor, and 0, is the usual
symmetric (metric) matter energy—momentum tensor. More-
over, it is another form of (19), and, again, using (30), we
stress the equivalence between STEGR and GR.

Finally, it is important to remark on the following.
Varying the action with Lagrangian (28) with respect to
I'#,, one gets 0 = 0. That is, the STC cannot be determined
in the framework of STEGR itself. This means that the STC,
just like the ISC in TEGR, is an external structure and can be
defined by additional requirements only, like a construction
of conserved quantities with acceptable values.

3. Noether conserved quantities
in arbitrary field theory

To derive conservation laws which follow from the diffeo-
morphism invariance of an arbitrary covariant field theory of
fields np”‘, we turn, first of all, to Mitskevich’s classical book
[24] (see also [25, 26]). Let us consider the action

S:Jd4xﬁ(lﬁA§¢A,a;wA,1ﬁ)v (31)

where the symbol /! means an arbitrary tensor density or set
of such densities with 4 being a collective index. Setting the
invariance of the action (31) under diffeomorphisms with the
displacement vectors &%, we assume variations in W‘ in the

We borrow the notation 1//A|;§ from [24], its concrete
presentation defined by the transformation properties of
Y. For example, for a tensor Y= ¥’,, we have
n,b”,,|; =05y", — 6,y p. From the diffeomorphism invar-
iance of (31), it follows that Lagrangian £ is a scalar density
with the mathematical weight +1. It defines the main Noether
identity:

LeL = —0,(°L). (33)

Keeping in mind (32), the main Noether identity is rewritten
in the form

3L
ay”

3L s OL
AU+
W ol by,

~ Ly P40, L} (fgl//B)ﬁJrflx/J] =0,
(34)

where the standard notations are used:

ﬁ—ﬁfa( oL )+a < oL >
SlpB - alpB I alﬁ BA’H v awB‘lw ’

8 oL —a( oL )
syb, oyf, \oy®.)’

where we denote the double partial derivatives of
0? /(avﬂéx ) as 9,, or ,,. We use partial derivatives of
variables since, in metric theories, a set of field variables 4
includes the metric tensor g,, anyway, whose covariant
derivatives identically vanish. Indeed, it is not permissible to
differentiate with respect to Vg,, = 0; thus, the formalism
fails.

Substituting (32) into (34), regrouping terms, applying the
Leibniz rule, and transforming divergences, we obtain

{;ﬁ,w "‘M”(W'p W

+ 0, U ET + M08 + N, 05.87] = 0. (35)
Here, the coefficients
[, oL
U =L} —1—— — .8 — dpop B
oy Ve gy, S gy
(36)
. oL oL T
Mg = yo - oy ” + ap(w”l),
Wy, oy, 00l
(37)
1 oL GL
zxr/i B|B 38
o al// l/j ’ B - l// ’(r ( )

are fully determined by Lagrangian (31) and its derivatives.
To obtain (38), the symmetry property N,*# = N,** was
used, which follows directly from (35) due to the commu-
tativity of second partial derivatives.

Applying a partial derivative to each term in the square
brackets of identity (35) and remembering that the vector field
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£7 and all its partial derivatives are independent and arbitrary
at every point of the spacetime manifold, one concludes that
all coefficients of ¢? and its derivatives must independently
vanish identically. This leads to the system of identities

0utht = 5oy 0+ 2 7L (39)
U + M, =0 (40)
M, 1, NP =0, (41)
N =, (42)

A system like (39)—(42) was first derived by Klein [27] and is
usually called Klein identities. Differentiating (40) and using
(41) and (42) yields 0,U,* = 0. This implies that the right-
hand side of (39) must identically vanish as well:

v o+ gal) =0

This is essentially a statement of Noether’s second theorem
[26] and a generalization of the Bianchi identity. Considering
the historical development of the theory, we refer to the
system (39)—(43) as Klein-Noether identities.

Identity (43) enables us to use independently the identity

(43)

au [uouig + Mamatia + Namﬁ aﬁrég] =0 (44)

instead of (35). Here, the vector density under the divergence
is usually classified as a current:

(&) = — [U"E + M 0.8 + N, o587 (45)

The negative sign is chosen to match the conventional
negative sign in front of the gravitational (metric) action
(see, for example, (17) and (26)). As a result, identity (44) is
rewritten in a compact form:

I (&) =0. (46)

Since (46) is an identity, the current must be expressed
through a tensorial quantity (superpotential), Z%(¢) =
95T *(¢), whose double divergence must identically vanish:
0 ﬁIaﬁ(f) =0. Let us show this. Keeping in mind the
symmetry in the last two indexes of (38) and identity (42),
we obtain

Nam/g +N“r/3a +N0/fm =0. (47)

Substituting (40) into (45) and using (41) and (47), we derive
I%(&) = 0p (ME” + 2N, 0,¢7). (48)
As follows from (46), the divergence of the right-hand side of

(48) is expected to vanish. To show this, we add a term
identically equal to zero,

—@/32(

to the right-hand side of (48). Then, using (41) and (47), we

find
[o(ﬁ a V(T>.

(49)

Aﬁaéc) 70

Io((ﬁ) E@/g( [y/f Eﬂ' + a) oc/iAérr

The expression in square brackets in (49) is explicitly
antisymmetric in « and f, and therefore its double divergence
indeed vanishes.

As a result, the current expression (49) can be written in
the initially assumed form:

(&) =T (¢), (50)
where
2 , 4 )
Iaﬁ( ) = _ <M [aﬁé _ gaZNJ[aﬂ]AéU +§N0[aﬂ]4 aifg)
(51)

is called a (Noether) superpotential. Of course, identity (50)
can be considered to be equivalent to the conservation law
(46) for the current.

One can show that both the above constructed current
and superpotential are tensorial quantities (for details, see
[26]). Thus, Z#(&) is a vector density with weight +1, whereas
Z(¢)isan antisymmetric tensor density with weight +1. For
such quantities, 0, = V,. Through this, conservation laws
(46) and (50) can be rewritten in an evidently covariant form:

V,I%(¢) =0, (52)

T%(&) = VpZ?(9). (53)
Recall that, here, a covariant derivative %1 is constructed with
the use of the Levi-Civita connection.

Finally, let us define integral conserved quantities. Integrat-
ing through a 4-volume identity (46), one obtains a conserved
(in time with related boundary conditions) quantity P(&)
placed in a 3-dimensional section X := x° = ¢ = const:

P = [ FxT(): (54)

here and below, the ‘0’-component is related to a time
coordinate, whereas Latin indexes from the middle of the
alphabet, for example, ‘i,” are related to space coordinates.
The quantity (54), making use of (50), is reduced to a surface
integral that is called the Noether charge:

PO = iz, (55)

oz
where 0% is a boundary of X, and ds; is an element of
integration on 0. Using the construction, the quantity P(&)
both in (54) and in (55) is a scalar: it is invariant with respect
to coordinate transformations.

It is important to outline the role of divergence in the
Lagrangian in constructing conserved quantities. According
to Chapter 7 in book [26], for every total divergence
0,D* =V,D* of a vector density D* (not considering its
inner structure), in the Lagrangian, it is possible to construct
the conservation law in the form (50) or (53):

T3 () = 4T (0 = VITIH(E). (56)
The current Z §,, and the superpotential 7 i ' for the divergence
of D% are defined as

o

T, = Va(=Maine™ &) = —Uive & — Mdinys V57,
(57)
Iil = M Me (58)



November 2025 Noether formalism for constructing conserved quantities in teleparallel equivalents of general relativity 1169
with where the term (;g‘“ is interpreted as the energy-momentum
M givie ] — 25 [vDﬁ] (59) tensor of the gravitational field in the covariant TEGR:
. 6,0 =L O (one, 4 Ay, b, — Lo (69)
Uine" = p(0D) = 205(52DP) . (60) 1 W ) R

The related Noether charge is defined by analogy with (54)
and (55):
Par(®) = | E¥IGO =§ T8O (61)
b Joz
Finally, let us remark that, despite the divergence in the
Lagrangian not contributing to the field equations, it

explicitly adds terms to the Noether current, superpotential,
and charge.

4. Covariant conserved quantities

in teleparallel equivalent of general relativity
and symmetric teleparallel equivalent

of general relativity

4.1 Teleparallel equivalent of general relativity
The TEGR Lagrangian (1) actually belongs to the class of
Lagrangians (31). Therefore, the procedure for constructing
currents and superpotentials, as described in the previous
section, can be applied to (1). However, (1) does not contain
second derivatives that make the procedure simpler.

In the TEGR case, the collective field y is represented as
a set of covariant tetrad vectors and the inertial spin
connection: ' = {h9; A“;,H} Despite the fact that the
inertial spin connection 4%, is not a dynamical field, its
variation must be taken into account, because diffeomorph-
isms act on all geometric objects under consideration. Thus,
because the ISC is a vector in a lower spacetime index, the
variations (32) are rewritten as

doh, = Leh®y =-E"h4, , — &,

hy, (62)

0AYy = LeA %y = —E"A%y 0 — E 1A%, (63)
Then, the coefficients (36)—(38) constructed with the covar-

iant TEGR Lagrangian (1) acquire the form

S pI 85 a | aé WL aZ" a

U" = ‘Céa + 6/1”/, h /’|g +.—aA bﬂ‘a _M h p,0
bu
(64)
oL .

oT — ll 65
M, =gna,, Mol (65)
NP =0, (66)

The third term in (64), making the use of the structure of (1)
and (6), is transformed as

EE[, 14.ﬂbp :’j_ —— ahaf 14.11[’0_ hbp ) (67)
0A “pu P
Then, current (45) acquires the form
. 5L oL
= |h0,” hey|&° he;0,E°, 68
Fo@ = W4 |+ g MR, ()

Current (68) and energy—-momentum (69) are expressed
through partial derivatives 0,4, and 0,&°. However, they
are easily rewritten in the explicitly covariant form, replacing
partial derivatives in (68) and (69) simultaneously by Vi<,
and V,£%, where a covariant derivative V,, is constructed with
the metric (2). Due to definitions (7), (8) and

aﬁ. /’l hd
T = _ [)0'
ohe,,” K S

(70)
current (68) and the energy-momentum tensor (69) are
represented as

F7e) = {ho +£h"ﬂ]é”+h5°‘f’w% (71)

Sha
(72)

. 1 e ) 1
001 = ; SaJpK”gp - E ﬁég .

It can easily be seen that they are explicitly covariant with
respect to coordinate transformations and Lorentz rotations.
Current (71) is identically conserved by (46) and (52):

0, T*(&) =V, T*(&) = (73)
Similarly, by conservation laws (50) and (53), the TEGR
Noether current is expressed by the divergence of the TEGR
Noether superpotential:

THE) =0,T7(&) = VT (¢), (74)
where the superpotential (see (51)) is presented with the use of
(65) and (70):

b . oL h e
of —_ wpro _ ago_lg [)’ o
THE =M = g 2T = L (79

Relations (73) and (74) are still identities at this stage; they
lack physical significance, because the field equations have
not yet been used. After applying the field equations (19),
current (71) transforms into

F@ =nldrorfe+ L5, (76)

where 0,* is the matter energy—momentum tensor introduced
in (19). Then, identities (73) and (74) become physically
meaningful differential conservation laws:

(77)

THE) =T (&) = VpT(¢). (78)
All the local conserved quantities are covariant under
coordinate transformations and invariant under local Lor-
entz rotations. Consequently, integral conserved quantities

that can be constructed by the aforementioned standard rules
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exhibit the same properties:

P - [ axdo -4

z [

ds; 7Y(&). (79)
Finally, it can be concluded that the problem of constructing
fully covariant conservation laws, noted during the discussion
in the Introduction, has been solved through the construction
(77)—(79). 1t is worth noting that this result was achieved not
only through the use of the inertial spin connection but also
by retaining in expressions the displacement vector ¢ after
applying the Noether theorem.

4.2 Symmetric teleparallel equivalent of general relativity
All items in the STEGR Lagrangian (28) are scalar densities;
therefore, it is logical to consider each of them separately
when the Noether theorem is applied. Concerning the Hilbert
Lagrangian (26), the collective field v is represented simply
asy?t e {gu}- As a result, the current and superpotential are
classical, and the reader can be sent to books [24] and [26]. The
related Noether current is derived as

TER(E) = —(U"E + M 0L + N, Pa5¢%), (80)
with the coefficients
Nt = Y8 (g o7 — golol — 7o), (81)
K

MJM = Z;g (2]"0(mugrw - rwom gocr - rrwfgw‘(srf() ? (82)

o V=& ). o € e 7 Sy
U, :7( ag _gyg) )(g).a‘w(‘kr wcFvV,a

2K
OV > V _g o 1 S o 1 ow > 0
I (mri\vo‘): 7T<Ga+§ ()GR +§g Flp(a),o’)
1 o
- 5 gwfra(ue.a) ) (83)

where the notation Ig“‘ﬁy = g2y Igf’,;.,, is used.

It is important to represent the current (and the related
superpotential) in an explicitly covariant form. The evident
identities

OpET = VpE® — I5E", (84)

0:0pE " = Vo Vpe” + [67T g — S T — 5;;rffh]v,,gi

- [Izaxﬁ,r - Izap/flzﬂ;.r]f;’ (85)

are used. Substituting (84) and (85) into (80), one just rewrites
the GR current in a covariant form:

NETSE —(U*a”'f“+M*U“T%I5”+N*amﬁ %(r%ﬁ)ég) , (86)
with covariantized coefficients
Ny = N7 (87)
M = M, — zNimﬁlgiaﬁ +NJ“;'BIET/M -0, (88)
Usy® =Uy* — MyF T 4 — N 70T gy
+Nzc1‘[/{]2’cl/ilgllar = *Bgawi’m- (89)

4i

Thus, the current (86) acquires an evidently covariant form:

o J— 7g > o g o, 2 > a 2 2 o
TinO=Y" (R oE7 28V (V) £ =2V VIE ) (90)
To obtain a covariantized superpotential related to the
Hilbert Lagrangian (26), one substitutes (83), (82), and (81)
into definition (49) and gets
T =Kk =V Eyeg (O1)
K
which is Komar’s well-known superpotential [24, 26].
Let us turn to the divergence in the STEGR Lagrangian
(28). The formalism given in (57)—(60), of course, can be
applied to the divergence £’ given in (27) with (29). Thus, one

calculates the related Noether current (57) and superpotential
(58) for £’ in STEGR:

TG = g 8 Vsl(0" — 0", (92)
g3 =YEsk0" - oM. 93)

Finally, the total currents and superpotentials of Lagrangian
(28) in STEGR are

jdzjg’R—Fjgjvv (94)

TP =gh+TL. (95)

Up to now, we have considered identities only. Thus, 7 * and
J* in (94) and (95) satisfy conservation laws like (46), (52)
and (50), (53). They are identities as well. To obtain physically
meaningful conservation laws, one has to use the field
equations. Thus, after using (30), one rewrites (90) as

— 1
Tene) =2 [0 - 3020 )

+ 28V (V) & — 2vav“§“} : (96)

After that, the currents and superpotentials (94) and (95)
satisfy the physically meaning conservation laws:

0, T (&) = VT *(&) =0,
THE) = 0T H(&) = VpT (&) = 0.

All the local conserved quantities are covariant under
coordinate transformations, and conservation laws for them
make it possible to construct integral conserved quantities in
a noncontradictory way:

(&) = L PxTOE) = 3&; ds; 7).

©7)
(98)

(99)

This result was achieved by making use of the Noether
theorem and preserving in expressions the displacement
vector ¢ after its application.

4.3 Interpretation of conserved quantities

To interpret conserved quantities in TEGR and STEGR
defined above, it is instructive to outline Minkowski space
with matter propagating through it in the simplest case. Let us
consider a flat spacetime in coordinates where the metric has
the form

ds? = —dr? + dx? + dy? + dz2. (100)
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Coordinates are numbered as (1, x,y,z) = (x% x/) = (x%),
where i = 1,2,3. To organize this spacetime as a reference
frame, one has to add observers to it. Let observers be static
with proper vectors

£*=(-1,0,0,0). (101)
One assumes that the matter in the Minkowski space has
differentially conserved symmetric energy—-momentum tensor
0% :=0,0% =0. As a result, the related current J*(¢) =
0©%p¢P is differentially conserved, as well, 9,J%(¢) = 0. Its
components present the energy density JO = ©%¢° and the
momentum density J' = ©4¢° measured by the aforemen-
tioned observers. .

It is evident that the current J*(&) defined in (76) in
TEGR and the current J*(¢) defined in (94) with (96) in
STEGR generalize the simplest current definition J*(&).
Consequently, their components have an analogous inter-
pretation for observers. The generalization is related to the
observer proper vectors ¢ given in (101). They can be
arbitrary timelike vectors with which a reference frame can
be associated. A proper vector of a freely falling observer can
be chosen as an extreme vector £. Then, owing to the Einstein
equivalence principle, all the components of the currents
have to be equal to zero: J*(¢) = J*(¢) = 0.

The Noether charges P(¢) defined in TEGR (79) and in
STEGR (99) also depend on the vector field £. Because, as a
rule, they are defined on surfaces abounding (possibly at
infinity) isolated systems, ¢ is chosen as a vector reflecting
symmetries of a spacetime (for example, the Killing vector) at
the boundary. When the vector ¢ is timelike, the correspond-
ing conserved charge, constrained to the surface 0, repre-
sents the energy of this restricted (or infinite) volume. In this
case, it can be classified as energy measured by a set of
observers on 02 with their own vectors &.

5. ‘Turning off’ gravity principle and ‘gauges’

In Sections 1 and 2, it was remarked that teleparallel
connections both in TEGR and in STEGR are external
structures and cannot be determined inside the theory itself.
One has to chose them using additional principles introduced
for each concrete solution [1, 28]. Moreover, such a choice is
not unique. Our principles generalize those in earlier studies
by other authors and are based on simple, natural require-
ments as follows. All the currents, superpotentials, and
charges constructed above must vanish for systems where
the gravitational field is absent.

5.1 Teleparallel equivalent of general relativity
In TEGR, Noether]s current (71) or (76), J *(£), with energy—
momentum (72), (90 , and superpotential (75), j (&) are
proportional tg contortion components K"w (or, alterna-
tively 7%, or S,*"), and these quantities must vanish in the
absence of gravity. Following this requirement, we turn to
formula (8) and formulate the list of rules for determining ISC
Aacu'

(1) for the GR solution under consideration, we choose a
convenient tetrad and define L-CSC A‘Q,, by (7);

(2) then, we construct a related curvature tensor of the
L-CSC determined above:

o o o o o

Rl:/;tv = a.uAiiv - &,A’j,-,l + 4 ik,uA = A k‘Ak/u ;

(3) to ‘switch off’ gravity, we solve the absent gravity
equation R%,s =0 for the parameters in the chosen GR
solution;

(4) then, for the parameters satisfying R"b,o—O we take
Ay, = A2y, .

Recall that both J* (&), and J*#(&) are explicitly space-
time covariant and Lorentz invariant. Therefore, if the chosen
tetrad and the determined (as above) ISC are transformed by
local Lorentz rotations as in (12) and (13) simultaneously
and/or arbitrary coordinate transformations, then conserved
quantities are left covariant (invariant). All of these can be
reformulated as follows. The initial pair of the tetrad and ISC
defines a set of the pairs connected with the initial one by
Lorentz rotations and/or arbitrary coordinate transforma-
tions for which conserved quantities are covariant (invariant).
We call such a set of pairs ‘gauge.’

However, it turns out that, after applying the ‘turning off’
gravity principle in TEGR, the result of determining the ISC
is ambiguous. It depends on the tetrad that we choose from
the start. As a result, we obtain different pairs of the tetrad
and ISC, that is, different ‘gauges,” where pairs are not
connected by local Lorentz rotations and/or arbi.trary
coordjnate transformations. For different ‘gauges,” J*(&)
and J 75(5) are different as well, which gives us different
values of conserved quantities. Therefore, one of the main
purposes in constructing conserved quantities is to find the
appropriate gauges in TEGR in which we would have
physically meaningful results for the concrete solutions.

Finally, traditionally, the Wietzenbock gauge idea is used
[3]. In this case, the word ‘gauge’ is used in a different sense:
when one says ‘Wietzenbock gauge,” only one pair— the
tetrad and zero ISC—is meant; in our definition, the
‘gauge’ means the whole equivalence class of pairs of tetrads
and ISCs connected as defined above.

5.2 Symmetric teleparallel equivalent of general relativity
In STEGR, to define the undetermined STC, we use the
‘turning off’ gravity principle, adapted from TEGR. It is
based on the assumption that the total current (94), J*(&),
and superpotential (95), J *# (&), have to vanish in the absence
of gravity. It is reasonable to propose that all of the terms in
(94) and (95) vanish separately. Then, Q,, or L%,, in
addition to R%g,, in GR, have to vanish in the absence of
gravity. As a result, we formulate the next steps for finding the
STC in STEGR:

(1) for a known GR solution, we construct the related
Riemannian curvature tensor of the Levi-Civita connection:

Ry = 0,I%gy — 0T gy + T % gy — I T " py;

(2) to ‘switch off’ gravity, we solve the absent gravity
equation R%p,, = 0 for the parameters in the chosen GR
solution;

(3) then, for the found parameters satisfying R’/gw =0,
re, - w 18 taken for the chosen solution.

The torsion of the found connection should be zero
automatically, because we take it from the Levi-Civita
connection for some parameter values, and the Levi-Civita
connection is always symmetric. The curvature of the found
connection should be zero too, because we found it from the
equation R* pys = 0.

To have the same terminology in STEGR asin TEGR, we
formally define a pair of coordinates (x*) and connection
I'*#,,, together with the set of pairs which are connected to it



1172

E.D. Emtsova, A.N. Petrov, A.V. Toporensky

Physics— Uspekhi 68 (11)

by the transformations for coordinates x* = x*(x) and STC,
Ox* dxMox" _,  0Ox* O (axi)
miagan L wmtagaglan )

0X% Ox* Ox" Ox#4 Ox# \ OxV

as a ‘gauge.” When we say ‘gauge’ in our definition, we mean
the set of all possible coordinates and the values of STCs in
them, such that the above relation I'*,, = I’ “w(f ) is satisfied
under all possible coordinate only transformations. It is the
equivalence class. It differs only from the case of a zero STC,
which is called ‘coincident gauge’ [29, 30]. It is only one case of
coordinates.

Just as in TEGR, the result of determining the STC in
STEGR is ambiguous: it depends on the coordinates that we
choose from the start. This leads to different ‘gauges’ for
which one obtains different values for conserved quantities.
Therefore, again, one of the main purposes in constructing
conserved quantities in STEGR is to find appropriate
‘gauges’ in which we would have physically meaningful
results for the concrete solutions.

o —
r w

5.3 Appropriate gauges

A requirement when constructing covariant conserved quantities
in TEGR and STEGR for this or that solution (model) is that
the possible choice of ISCs and STCs be restricted. Such a
situation is not new in metric GR, where the classical energy—
momentum pseudotensors and superpotentials are not covar-
iant (see Chapter 1 in book [26]). One of the many ways to
improve the situation is to use the bi-metric representation of
GR, for example, as suggested in [31]. Introducing an auxiliary
background metric g, and making use of the Noether theorem,
one can construct covariant energy-momentum tensors and
superpotentials. The Einstein equations are preserved, but the
currents and superpotentials greatly depend on g,. Although,
in the general formalism, g, is arbitrary, an appropriate choice
of g, essentially depends on the solution under consideration.
For example, it can be a flat background if one considers an
isolated system with an asymptotically flat metric. However,
even if a concrete system is chosen for the analysis, ambiguity in
the choice of g, can remain.

Returning to TEGR and STEGR, we stress that, on the
one hand, our formalism for constructing conserved quan-
tities in TEGR and STEGR is a general one, because it
presents a general method. On the other hand, it is highly
solution-dependent and is thus not generally applicable,
because gauges have to be determined for each concrete
solution separately. The role of the ISC and STC in TEGR
and STEGR is analogous to g, in the metric GR. Thus, there
is no unique energy—momentum tensor, unlike in electro-
dynamics. Such a situation is not surprising in GR according
to the Einstein equivalence principle.

In concluding this section, we establish a rigorous frame-
work for conserved quantities in TEGR and STEGR. The
method of ‘turning off gravity’ is applied to define the
teleparallel connections in both TEGR and STEGR, where
the choice of the initial tetrad in TEGR or the initial coordinates
in STEGR determines the resulting gauge that has to be found
in the end as an appropriate one for a concrete solution.

6. Conclusion

In this paper, we have presented a unified, fully covariant
formalism for constructing conserved quantities in TEGR
and STEGR in a tensor form. On the whole, our methods
differ from generally accepted ones. It has been demonstrated

that the Noether theorem approach holds great potential for
development. It already has important achievements in
applications. We have at least covered all the application
results of earlier authors and added new ones. Thus, we have
described all the known astrophysical and cosmological
examples, with special attention paid to the Schwarzschild
solution (see for all of these [14-20]). We were the first to state
the equivalence principle for the gravitational wave [21] and
the first to calculate the angular momentum for the Kerr
solution [22] in teleparallel equivalents of GR.
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