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Abstract. We discuss difficulties arising from the description of
spin waves in the magnetostatic approximation, in which neither
the microwave electric field nor the Poynting vector is asso-
ciated with the wave. To overcome these difficulties, we present
for the first time a correct solution to the problem of electro-
magnetic wave propagation in an arbitrary direction along a
tangentially magnetized bi-gyrotropic layer (a special case of
this problem is the propagation of spin waves in a ferrite plate).
It is shown that the wave distribution over the layer thickness is
described by two different wave numbers k,; and k,,, which
can take real or imaginary values; in particular, three types of
spin wave distributions can occur inside the ferrite plate —
surface-surface (when k,»; and k., are real numbers), vol-
ume-surface (k,»; is imaginary and k,,, is real), and volume-
volume (k,»; and k,;, are imaginary numbers), which funda-
mentally distinguishes the obtained description of spin waves
from their description in the magnetostatic approximation.
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1. Introduction

Studies of electromagnetic wave propagation in anisotropic
media started long ago as applied to magnetically ordered
media, uniaxial crystals, and plasmas (see, e.g., monographs
[1-12] and references therein). An analysis of the results of
these studies is given in Ref. [13], which describes some
regularities (similar to the laws of geometrical optics in
isotropic media) that accompany the propagation, reflec-
tion, and refraction of waves in anisotropic media in two-
dimensional geometries. It turns out that, in these media, the
occurrence of certain phenomena (nonreciprocal wave
propagation, the appearance of multiple reflected or
refracted rays, negative reflection and refraction, the absence
of reflection, etc.) is defined by the geometrical and
mathematical properties of the isofrequency wave depend-
ence, such as the presence of asymptotes, inflection points,
central or axial symmetry, or the uniqueness or multi-valued
character of the dependence. In addition, as is well known
(see, e.g.,[14, 15]), the presence of inflection points in the wave
dispersion dependences leads to the appearance of quasi-
linear intervals in them, which can be used for a distortion-
free transmission of a signal modulating the wave. Later, it
was also found that the isofrequency dependences also define
wave diffraction properties. In particular, Ref. [16] shows that
the angular beam width in anisotropic media depends on the
curvature of the isofrequency wave dependence and can not
only be larger or smaller than Jo/D (where 4y is the
wavelength and D is the transducer size) but, under certain
conditions (when the wave vector k is directed to the
inflection point in the wave isofrequency dependence), can
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be zero, which was confirmed in subsequent experimental
studies of spin-wave beams [17, 18].

It is therefore of great significance in the field of wave
processes to ascertain the isofrequency and dispersion
dependences of waves in anisotropic media. Nevertheless, a
precise dispersion wave equation is required for a specific
anisotropic medium or structure in order to perform calcula-
tions.

That said, even in such a successfully developing branch of
science as magnonics (see, e.g., reviews [19-24]), the spin
waves (SWs) in ferrite slabs and structures are still described
in the magnetostatic approximation. It is well known that
SWs are of an electromagnetic nature and represent oscilla-
tions of atomic magnetic moments propagating from atom to
atom [25]. In Ref. [26], it has been proposed to consider that
the wavenumber of the SW k > ko = w/c (where  is the SW
cyclic frequency and c is the speed of light), so that the terms
containing w/c as multipliers in Maxwell’s equations can be
omitted, resulting in the equations of magnetostatics. Because
of its mathematical simplicity, this approximation has been
used to date to calculate the properties of SWs for wavenum-
bers k < 103 cm™! (when the exchange interaction can be
discarded), with the waves themselves being referred to as
magnetostatic waves. In the time since the publication of [26],
researchers have used the magnetostatic approximation to
derive dispersion relations for SWs in various structures
based on ferrite slabs in an analytical form, to compute a set
of SW characteristics in these structures, and to construct a
variety of setups and devices using SWs on this basis [10-12,
19-24].

Over time, the use of the magnetostatic approximation
became a kind of scientific tradition to be followed, so that
researchers often began to assume that they were dealing with
a special 'magnetostatic’ wave —in fact, it is not associated
with a microwave electric field (which is considered to be
negligibly small) nor with the Poynting vector (although there
have been attempts to calculate it, without using the electric
field, the expressions that followed were incorrect [10, 12,
27]). Moreover, within the framework of the magnetostatic
equations, it followed that the characteristics of such a
magnetostatic wave are independent of the dielectric permit-
tivities of the ferrite slab and the half-spaces on both its sides.

At the same time, approximately in the 1980s, some
researchers working with magnetostatic waves began to face
questions that could not be solved in the magnetostatic
approximation. As a result, papers began to appear in which
SWs were treated without the magnetostatic approximation
[1, 10-12, 27-42]. Some of these papers [28—-32, 34-37, 43]
studied the change in characteristics of SWs in the region of
small wavenumbers k; among them are also [31, 32, 35], where
the mechanism of radiation accompanying SW propagation
in a non-uniformly magnetized structure ferrite— dielectric for
k — ko has been explored. In Ref. [33], the effect of negative
dielectric permittivity of the media attached to the ferrite
layer on the dispersion dependences and properties of SWs
was studied. In Ref. [36], as a result of simplifying Maxwell’s
equations for SWs, propagating in the plane of an arbitrarily
magnetized ferrite slab, a system of two differential equations
was obtained that defines the dependences of the tangent
components of the microwave electric field in the SW on the
coordinate normal to the slab plane. The same study also
considers the characteristics of the volume SW for special
cases of this geometry, when the slab is magnetized either
longitudinally or tangentially, and its two surfaces are

metallized. References [40-42] have calculated the distribu-
tion of the vector lines of the microwave fields of an SW
propagating in different ferrite structures perpendicularly to
the vector of the homogeneous magnetic field Hy. In
particular, it was found that the vector lines of microwave
magnetic induction in the SW form two rows of oppositely
directed vortices localized near the opposite surfaces of the
ferrite slab, with the vector lines of adjacent vortices being
oppositely directed. The boundary between these rows of
vortices is a plane (located inside the ferrite slab) where the
microwave electric field in the SW is zero. Thus, such SWscan
be considered vortices of magnetic induction propagating in
time and space along the ferrite slab.

It should be noted that, in almost all the studies mentioned
above, which do not rely on the magnetostatic approxima-
tion, the properties of SWs have been studied only for the case
when the vectors of SW group and phase velocities are
collinear! (i.e., when the wave propagates perpendicular to
or along the direction of the external magnetic field).

Itis obvious that for the further successful development of
magnonics it would be valuable to find an analytical solution
for the propagation of SWs in any direction, based on
Maxwell’s equations without using the magnetostatic
approximation. The solution to this problem would bring
the description of SWs to a qualitatively new level and would
allow us, in the end, not only to perform exact calculations of
the characteristics of SWs with noncollinear orientation of
the wave and group velocity vectors but also to associate
the microwave electric field with this wave and, for the first
time, to compute the Poynting vector, the direction and
density of the energy flux, the polarization, and the
structure of the force lines of magnetic and electric
microwave fields. We note here that an attempt was made
earlier (see, e.g., [27]) to derive a formula for the Poynting
vector in the magnetostatic approximation. However, the
derived formula? P = —o Re (¥ *B) /8r, which also appears
in the known monographs (see formulas (5.8) in [10] and
(6.10) in [12]), turned out to be incorrect, as proved by
calculations in Ref. [39].

In the following, we present an exact analytical
solution for the propagation of electromagnetic waves in
an arbitrary direction in a tangentially magnetized bi-
gyrotropic layer characterized by dielectric permittivity
and magnetic permeability described by Hermitian sec-
ond-rank tensors. Obviously, the propagation of spin waves
in a ferrite slab is a special case of this general problem. Using
this particular case, we will show below how the obtained
theoretical results can be used to study SWs, which (in the
absence of the magnetostatic approximation) have six
components of the microwave electromagnetic field — three
magnetic and three electric.

It should be noted that at present a bi-gyrotropic medium
is no longer a hypothetical scientific abstraction but a rather
promising and desired medium that can be realized based on
rapidly developing techniques aimed at designing new
artificial media and metamaterials, in which the propagation
of electromagnetic waves is actively studied, motivated by the
possibility of developing various functional arrangements for
the terahertz frequency range (see, e.g., Refs [44, 45] devoted

! The exceptions are only [29, 37], which describe the propagation of SWs
in an arbitrary direction; however, as will be shown further, the results
obtained in these studies are incorrect.

2 Here, ¥ is the magnetic potential and B is the vector of microwave
magnetic induction.



December 2024

Electromagnetic waves in a tangentially magnetized bi-gyrotropic layer

1259

to ferro- and antiferromagnetic semiconductors and Ref. [46]
devoted to the imitation of left media based on ferromagnetic
metamaterials).

It is obvious that the above-mentioned papers show in a
transparent way that the theory presented below can be used
to study the characteristics of electromagnetic waves in
anisotropic antiferromagnetic layers, plasmas, and uniaxial
optical crystals, as well as in new artificial media and
metamaterials.

2. Problem statement

Consider a bi-gyrotropic layer of thickness s tangentially
magnetized by a homogeneous magnetic field Hy (Fig. 1).
Such a layer, as is well known [1], is characterized by a
dielectric permittivity and a magnetic permeability which are
described by the Hermitian second-rank tensors ?2 and /72:

~ u iv 0

= |—iv. pu 0], (1)
0 0 u.
¢ ig 0

H=|—ig & 0]. (2)
0 0 e

It will be shown below that it is possible to solve analytically
the system of Maxwell’s equations (without any approxima-
tions) and to find the dispersion equation for electromagnetic
waves propagating in an arbitrary direction along such a bi-
gyrotropic layer.

Since the results to be derived can be used to study
electromagnetic waves in various anisotropic media—
gyrotropic layers of ferrite, antiferromagnetic, or plasma
(which are special cases of bi-gyrotropic media and have
either the tensor & or the tensor 11, described by expressions
(1) and (2)) — all mathematical derivations and formulas are
given for the general case of electromagnetic wave propaga-
tion in a bi-gyrotropic layer? and are valid for arbitrary
frequency dependences of the components of the tensors &
and y,.

At the same time, in order to make the proposed theory
less abstract, we will use the formulas obtained to calculate
the characteristics of electromagnetic waves propagating
along a ferrite slab,* for which the diagonal and off-diagonal
components of the tensor /Z are described, as is well known
[11], by the expressions

()Y 24 W
,1121—&-272, V=, (3)
(J)H—C() (J)H—C()

where wy = yHy, wy = 4nyMy, o = 2nf, 7 is the gyromag-
netic constant, 4nM, is the saturation magnetization of the
ferrite, and f'is the frequency of electromagnetic oscillations.

We note that the mathematical description of the problem
to be solved is somewhat cumbersome, so that in the
following we are forced to omit some intermediate manipula-
tions and to introduce special notations for various inter-

3 Furthermore, the results obtained can be used to describe light
propagation in a layer of uniaxial optical crystal with the dielectric
permittivity tensor in the diagonal form [7], which will correspond to
expression (2) for e, = ¢,, = ¢if weset g = 0.

41t is obvious that, according to the definition of an SW [4, 11], SWs with
wavenumbers k < 103 cm™! will correspond to these waves; the exchange
interaction can be ignored in their description.

Figure 1. Problem geometry: / and 3 are half-spaces of isotropic dielectric
(or vacuum), 2 is a bi-gyrotropic layer (a ferrite slab in a particular case)
with thickness s.

mediate quantities in order to write the obtained results
compactly.

3. Equations describing propagation
of electromagnetic waves in a tangentially
magnetized bi-gyrotropic layer

We will describe the electromagnetic fields in the bi-
gyrotropic layer 2 and the adjacent dielectric half-spaces /
and 3 (see Fig. 1) using the indices j = 1, 2, and 3. We assume
that the half-spaces I and 3 have scalar relative dielectric
permittivities and magnetic permeabilities ¢, i, and &3, 3.

An electromagnetic field of frequency w and a harmonic
time dependence ~ exp (iw?) propagating in the plane of the
bi-gyrotropic layer should satisfy Maxwell’s equations for the
complex amplitude in each media,

rotE,-—&-@:O,

divB; =0, A
rotHA,-—iijzo7 “
divD; =0,

where E;, H; and D;, B; are the complex amplitudes of the
vectors of the microwave electric and magnetic fields and also
of the electric and magnetic inductions, which are related as

D; =z E; and B; =y H;. (5)

We note here that, in previous studies that tried to solve
this problem (see, e.g., [29, 37]), it was proposed from the very
beginning to look for the solution to system (4) in the form of
a plane wave ~ exp (—ikyx — ik,y — ik.z). We claim that this
approach is incorrect from a mathematical standpoint and
does not allow finding a general solution to the system of
Maxwell’s equations (4). In a mathematically correct
approach, the dependence of the wave on the coordinate x
(normal to the bi-gyrotropic layer) should be found in the
process of solving the differential equations that follow as a
result of adapting system (4) to the problem geometry.
Therefore, we should seek the solution to system (4) in the
form of a homogeneous plane wave propagating in the plane
vz of the layer and characterized by an arbitrary vector k. In
other words, in contrast to [29, 37], we allow, as in the
previous study [36], an arbitrary dependence of the fields E
and H on the coordinate x normal to the layer and assume
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that these components vary harmonically in the plane of the
layer as well as with time according to

E; = e;(x) exp (—ikr) or

Eyjyj.2j = exj,yj.z(X) exp (—ikyy —ik.z) (6)
H; = h;(x) exp (—ikr) or
Hy; yj.2j = Dy yj.2i(x) exp (—ikyy — ik.z) (7)

where, together with the Cartesian coordinate system Xp =
{x;y;z}, we have also introduced the related polar (cylin-
drical) reference frame Xp = {x;r; ¢}, in which angles ¢ are
counted from the y-axis, and the counterclockwise direction is
taken as positive. The coordinates of the systems XZp and 2p
are connected by the relationships y = rcos ¢, z = rsin ¢.
Obviously, the module of the wave vector k and its
components k, and k, are also connected by the relationships
k, = kcos ¢, k. = ksin ¢, and k> = k2 + k2.

Inserting expressions (6) and (7) 1nto (5) and then (5) into
(4), and solving system (4), we find for the bi-gyrotropic
medium 2, by analogy with Refs [1, 47], the system of two
equations containing only the x-dependent amplitudes e.,
and &, of the components E.; and H.,,

1 62622 :
k()2 W — Fien — lﬂzzF"'thZ = 0’
1 % X
72 3
koz ox2 Fohoy +ie Fger =0,

where the dimensionless functions F,, F,, and F,, have the
form
k? e k2 e

F‘:_J_A_“ 2,2
TRt R L)

k2
k2 (cos q)—i——sm q)) — &l , 9)
F, = k2 - k2 Hzz 2 2
£ k2+ e g
k2
k2 (Cos cp+M— sin (p) — .8, (10)
k. (g v k . g v
Foe=—(2+-)=— 2+, 11
= (E+2) = fsing(242) (1)
and also the notation
2.2
us—v
= , 12
My 0 (12)
g2 _ o2
b=t 13
P (13)

is used. Note that both the off-diagonal components v and g
of the tensors & and ,272 enter only the function F,4, while the
function F, contains only the component v, and the function
F, contains only the component g (this explains the notation
used).

By substituting the quantity /., from the first equation of
system (8) into the second equation, we obtain the following
differential equation for the amplitude e.,:

64622 62652

2
Ox4 e Ox?

&) :0, (14)

where

ki (F, + F,
y=-RE I (15)

o = kg FyFy — kg Fry . (16)
Equation (14) defines the following characteristic equation
for the values of the wavenumber k,, inside the bi-gyrotropic
layer

kY 42k +0=0. (17)
Finding the discriminant of (17), taking into account (15) and
(16), it can be easily shown that it is positive,

2
2 a_kg(Fv+Fg)

n— = 4 - k(;‘(FvFg - ,uzngZF\ir)

k[ £’

7 + Wh..E2- 2} >0.

zz48 g

(18)

The characteristic equation (17) has four roots which are
given by the relationship

kL =-nt/n?—a

kg 2 5
=S (R+F VU~ FP 4 deF2 ), (19)
and all of them are simple (no multiple roots):

ki =1/ —n—n*—o

. [F+F 1

—k()\/ P _5\/(F\’_F) +4:uzz zz \g7 (20)
kyp =\ —n+Vn*—o

R ¥F 1 3

- ko\/ ey VE —F) 4 dpeFs (1)
ks =~k (22)
kxoa =~k . (23)

4. Solutions describing electromagnetic waves
in a bi-gyrotropic layer

To write down a solution to differential equation (14), we
need to find what values the roots k. — ka4 of the
characteristic equation can take. We start by noting that the
roots kyy| — ko4 cannot be complex (since > — o > 0 always,
according to (18)), but are either real or imaginary, depending
on the signs of the expressions under the roots in (20) and (21).
As can be seen from these expressions, if « < 0, then || is
always smaller than \/n? — o, whose sign defines the sign of
the expression under the root; in this case, the root k. is
always imaginary, while the root k,»; is real (regardless of the
sign of n). If « > 0, then, conversely, || > /7> — « always,
and for 5 > 0, the quantities ky»; and k,y, are imaginary, and
for n < 0, they are real.

Thus, based on the conditions formulated above and
using concrete parameters for the bi-gyrotropic layer and
expressions (15), (16), and (9)—(11), we can construct in the
coordinate space {k,, k., f} (or in the coordinate space



December 2024

Electromagnetic waves in a tangentially magnetized bi-gyrotropic layer

1261

{k, @, f'}) boundary surfaces

n=0or F,+F;,=0,
=0 or F,F, — u..e..F2 =0.

z9zz8vg T

(24)
(25)

The boundary surfaces have the following physical meaning:
when these surfaces cross a certain dispersion surface f(k,, k)
of electromagnetic waves,> they will separate on it the regions
with real and imaginary values of the roots ky| — kg of
characteristic equation (17).

We note here that equality (25) is identical to the dispersion
equation for electromagnetic waves in an unbounded bi-
gyrotropic medium (see expressions (20)—(23) in Ref. [47])
when this equation is reduced to a two-dimensional case by
setting to zero a wavenumber corresponding to one of the
coordinates normal to Hy (e.g., ky).

To get anidea of the shape of the surfaces . = 0 and n = 0,
we perform calculations for the case when layer 2in Fig. lisa
ferrite slab (which is a special case of a bi-gyrotropic layer)
with the saturation magnetization 4nMy = 1750 G and the
dielectric permittivity &; = 15, magnetized to saturation by a
permanent homogeneous magnetic field Hy = 300 Oe.

First, it should be mentioned that, for the ferrite slab,
the quantity o additionally changes its sign when the
frequency is varied from the values f < f| to the values
f> f1 (since, according to (3) and (12), for /| = w, /2n =
(0% + wpwp)'/?/2n, we have = 0 and u;, — o).

In order to identify the values that the roots k; and k2
of the characteristic equation take in different regions of the
space {k,, k-, f}, we determine and construct the surfaces
o = 0,n = 0and the plane f'= f| in this space. The regions of
space bounded by these surfaces and the sections of these
surfaces by the planes k, = 0, k. = 0, and f'= 7000 MHz are
shown in Fig. 2.

The schematics in Fig. 2 offer the capability to learn what
the distribution of the wave amplitude is within the tangen-
tially magnetized ferrite layer (of arbitrary thickness) when
the wave dispersion surface is in one region or another of the
space {k,, k., f}. In reality, we already know this relying only
on the properties of differential equation (14), even though we
have not yet obtained the wave dispersion equation!

By analyzing Fig. 2, we can see that the largest regions are
those labeled SS and colored yellow, where & > 0 and 5 < 0.
The part of the dispersion surface located in region SS will
correspond to solutions with real values of the roots k,,; and
ky2, and the general solution of equation (14) in the form

e = Aexp (kx1x) + Bexp (—kx1x)

+ Cexp (kxzzx) + Dexp (—kxzzx) . (26)
The wave distribution inside the ferrite slab is described only
by exponential functions, and such a wave can be provision-
ally called surface—surface, or an SS-wave.

The smallest domain in Fig. 2 is occupied by the region VV
colored orange, where o > 0 and # > 0. The part of the wave
dispersion surface located in region VV will describe the
solution with imaginary roots ky; and ki, which corre-
spond to the general solution of equation (22) in the form

e = Acos (|kya1|x) + Bsin (—|ky1|x)

+ Ccos (|kxaa|x) + Dsin (—|kyalx) . (27)

3 For example, the dispersion surface for any type of spin wave propagat-
ing in a ferrite slab.

Figure 2. Space domains SS, VS, and VV, which define the character of
wave distribution in ferrite slab section. Boundaries of domains SS, VS,
and VV are formed by composite surface o = 0 and plane f = f, . Curves
1-3,4-6, and 7, 8 describe sections of surface « = 0 by planes k, =0,
k. = 0,and f= 7000 MHz, respectively, straight lines 9 and /0 correspond
to sections of plane f=f, by planes k, =0 and k. = 0, respectively,
dashed curves /1, 12, 13, 14, and 15 correspond to section of the surface
n = 0 by planes k, = 0, k. = 0, and = 7000 MHz, respectively.

The wave distribution within the slab is described only by
trigonometric functions, and such a wave can be provisionally
called volume—volume, or a VV-wave.

The regions VS colored blue in Fig. 2 are characterized by
o < 0, while the surfaces n = 0 (their sections //—15 are shown
by the dashed lines) are a/lways located inside these regions. As
mentioned above, in this case, regardless of the sign of #, the
root ko takes imaginary values and the root k,y, takes real
values. In other words, the part of the dispersion surface
located in region VS will describe the waves corresponding to
the general solution of (22) in the form

e = Acos (|ky1|x) + Bsin (—|ky1|x)

+ Cexp (kynx) + Dexp (—kyx) . (28)
Thus, the wave distribution within the ferrite slab for this part
of the dispersion surface will be described by both trigono-
metric and exponential functions, and this wave can be
provisionally called volume—surface, or a VS-wave.

It should be noted that the remaining case, where the
general solution of differential equation (22) is of the form

e = A exp (klex) + Bexp (—kx21x)

+ Ccos (|kxaa|x) + Dsin (—|kynl|x), (29)
which corresponds to an SV-wave with the real root ky»; and
imaginary root k., is never realized in ferrite slabs.®

Thus, the wave distribution inside a ferrite slab can vary
depending on the wave parameters, and on one part of the
dispersion or isofrequency dependence’ this distribution can
correspond to, e.g., an SS-wave (described by expression
(26)), and on the other part, to a VS-wave (described by
expression (28)). This is the fundamental difference between
the exact description of spin waves and their description in the

¢ However, it cannot be ruled out that an SV-wave can occur in layers of
other anisotropic media, which are special cases of the bi-gyrotropic layer.
7 As is well known, the dispersion and isofrequency dependences are the
sections of the dispersion surface, so everything discussed here regarding
the intersection of this surface with boundary surfaces also applies to these
dependences.
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magnetostatic approximation [26] in which each dispersion
surface of spin waves is characterized by a certain distribution
type (surface or volume).

It is also obvious that the one-to-one correspondence we
found between the region in space {k,, k., /} and the type of
wave distribution in the ferrite layer does not depend on the
boundary conditions to be further used and is valid for all
structures based on the ferrite slab, be it a ferrite slab proper
surrounded by vacuum half-spaces, a ferrite slab metallized
on one side, a structure metal-dielectric—ferrite—dielectric—
metal, or another.

Furthermore, based on equations (14)—(25), a general
conclusion can be drawn: The wave distribution in the bi-
gyrotropic layer (including a layer of ferrite, antiferromagnetic,
plasma, or uniaxial optical crystal) and in structures based on
such a layer is always described in terms of two® wavenumbers
k21 and kyy;. Depending on the type of anisotropic medium,
its parameters, and the values of k,,; and k., this distribu-
tion is given by one of the expressions (26)—(29).

In the following, we will derive the dispersion relation and
the expressions for the microwave components of an SS-wave
propagating along a bi-gyrotropic layer.

5. Expressions for components
of an electromagnetic field
in a bi-gyrotropic layer
To write down expressions for all the microwave components
of an electromagnetic wave inside a bi-gyrotropic layer, we
must first obtain expressions for their amplitudes ey, e)2, /1.2,
hyz, and hzz.

Substituting (26) into the first equation of system (8), we
obtain the expression for the amplitude /.,:

h =ip; (Aexp (k1x) + Bexp (kX))

+ i, (Cexp (kxxnx) + Dexp (—kyox)) (30)
where
1 k2
Fv _ x21 31
ﬁl HZZF"g ( k(% ) ’ ( )
1 k2
= F,—=2). 32
2 n“zzFVg ( k(% ) ( )

Inserting expressions (6) and (7) into (5) and then (5) into
system of equations (4), we find

kyezz — kzeyz — kouhxz — ik()vhyz =0 y (33)
. ae;z .

—ik.ex — M kovhyo + ikophy,, =0, (34)

" )

a‘312

i +ikyex +ikou. ho =0, (35)
0hy . [Ohy . .

u( ™ —ik h}2> +iv (ﬁ—&- 1kyhx2) —ipk.-h.y =0, (36)

kyhzy — kohyy + kogeyr + ikoge,n =0, (37)

0h.,
ik-hy +——+ kogexs + ikoge,y =0, (38)

0x

8 In Section 10, we will clarify in which special cases the wave distribution
in a bi-gyrotropic layer is described by a single wavenumber.

oh,,
aﬂ +ikyhy — ikggze =0, (39)
Oeyr . . (Oe,n .

a(a—xz - 1k_‘,ey2) +ig (6—)}: + 1kyex2> ik.e..e; =0. (40)

From equations (33) and (37), one can obtain the equations

ky k. v

2= 2, 41

T T “h
k k. .8

ey = k() ho +— k /1‘2 8 €y . (42)

Inserting expressions (41), (42) into equations (34) and (38),
we find the following relations:

. vk, 1 66’_72
ek2 22 — 1ol — Fygey + Hkl) R 0, (43)
vk gk, 1 0h.,

— k2 ,2—|—1F2€}2 Fvgh}2+ k /’lz—k—()g:(), (44)

where the dimensionless functions F,, and Fy, take the form
k2

FVZZSk_ZZ_/lLv (45)
k2

Fg2 ‘ukz (46)

Multiplying (43) by iF,; and (44) by F\, and summing the
results, we find the expression for the amplitude e,:

1 . Fvg Gezz . sz ahzz
ey = — |apex — z — 4
€y 5 {[lochg 1ayh-, + ko ox 1 ko Ox ( 7)
and multiplying (43) by iFy and (44) by F,; and summing the
results, we find the expression for the amphtude hyo:

_ 1 . F‘g a/’lhz ng aezz
/’lyz = I [Ibo@;z + brh, + ko ox 1 ko Ox ] .

The following notations are used in expressions (47) and (48):

(48)

Fy=FoFp—F, (49)
@:%%ﬁ—gy%7 (50)
a2=%§: vg*%ﬂb (51)
m:%gvgufF, (52
b=tk g &g (3)

, -8
ekd & ko

As we can see, the amplitudes e, and £, in (47) and (48)
are expressed only through the amplitudes e., and /., and
their derivatives over the coordinate x. Inserting (47) and (48)
into (41) and (42), we write analogous expressions for the
amplitudes ey, and /h,,. To shorten the expressions for all
amplitudes on the coordinate x, we introduce the dimension-
less functions Xy, X, 2, and 23 of the coordinate x that
satisfy the relations

Oe,
e =Zo(x), 5= =kZi(x),
. (54)
. Oh.
h =123(x), 6x2 ikoZ3(x) .
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Substituting formulas (26) and (30) into relations (54), we  system (8):
obtain the following expressions for the functions Xy, X, X, 5
. e,
and 2s: ax_;’z - (kz2 + k}z — k0281ﬁ3,u173)62113 =0, (65)
2o(x) = Aexp (kyx1x) + Bexp (—kyo1x) Phis ) ) )
+ Cexp (kyapx) + Dexp (—kyax) (55) aor — (K2 4+ k] = kgersp 3)ha s = 0. (66)
Zi(x) = o) (Aexp (ky1x) — Bexp (—ky1 X)) Solutions of equations (65) and (66) are defined by the
ko characteristic equation
k
i 222 (Cexp (kxxx) — Dexp (—ky2x)) , (56) kis=kZ+k; —kgeisp ;. (67)
25(x) = B (A exp (kx21x) + Bexp (*kaIX)) Since microwave fields should decay exponentially with
distance from the layer, solutions of equations (65) and (66)
+5 (Cexp (kx22x) + Dexp (—kxsz)) ’ (57) in medium / are sought in the form
ky _
23()() = k21 ﬁl (A €Xp (kx21x) — Bexp (—klex)) e:1 = NCXp (_kv’flx) ’ (68)
K 0 hzl =iG exXp (_kxl-x) ) (69)
+ 22 B (Cexp (kxanx) — Dexp (—kyox)) . 58
ko Pa(Cexp (k) P (—k22x) (58) and in medium 3, in the form
To clarify our notation, we note that the numerical index e:3 = Kexp (kux) (70)
in the functions Xy — X3 corresponds to the maximum power hs =iLexp (kyx), (71)

of the wavenumbers k,,; and k,,; in the pre-exponent factors
in expressions (55)—(58) (taking into account their power in
expressions (31) and (32) for the quantities f; and f,).

Taking into account expressions (54)—(58) in the expres-
sions for the amplitudes (26), (30), (41), (42), (47), and (48)
and inserting these six expressions into formulas (6) and (7),
we find expressions for all the electromagnetic field compo-
nents in the bi-gyrotropic layer:

i [k k,
Eo=—|-=(hoZ0+ FnZi + b23r + FpoX3) — L F,X
X2 st{ko(o 0+ FpZi + 0225 + Fig23) %o 222

—g(apZo + Fig21 + a2 2> + F‘QZ;)} exp (—ik,y —ik.z),
(59)

1 [k, k.
Hy = uF, {ki Ry — kf(’)(aozo + Fig21 + a2 2y + FinX3)

+ v(bOZO + ngzl + b2y + Fvg23):| exp (—lk}y — ik:Z) ,
(60)

1 . .
Eyz = F [(1020 + FngI + a2, + Fv223] exp (—lkyy - lkZZ) s
2

(61)
i . .
H},z = F [b()Z() + ngzl + b2 + Fngj;] exp (—lkyy — lkZZ) s
2
(62)
E. = So(x) exp (—ik,y — ik.z), (63)
H., =12 (x)exp (—ikyy —ik.z) . (64)

6. Expressions for electric field components
outside bi-gyrotropic layer

Now consider the microwave fields outside the bi-gyrotropic
layer in media / and 3 characterized by scalar dielectric
permittivities and magnetic permeabilities ¢;, ¢, and &3, us.
Substituting solutions in the form of (6) and (7) into
Maxwell’s equations (4), we obtain two independent differ-
ential equations on the amplitudes e.; 3 and /. 3 instead of

where N, G, L, and K are independent coefficients.
Transforming the system of Maxwell’s equations (4), we
express the quantities e 3, €y1 3, /1,1 3, and /1, 3 in terms of the
quantities e;; 3 and /. 3, which are described by expressions
(68)—(71), and then, inserting the expressions obtained into
relationships (6), (7), we obtain the expressions for the
microwave field components in half-spaces / and 3:

Ev = —5 (Ghykopy — Nl ) exp (—kox — ik,y — ik.z), (72)
1

1
Hxl = (szkxl — Nkyk()(?]) exp (—kx|x — ik}vy — ik_,z) s (73)
4qi

1 . .
Eyl - F (Nkykz_ kalkol'tl) eXp (_kxlx - lkyy - lk:Z) ) (74)
1

Hy1 = —5 (Gkyk. — Nkyikoer) exp (—kax — ik,y — ik.z), (75)
qi

E.; = Nexp (—kyx —ik,y —ik.z),
H.i =iGexp (—kyqx — ikyy —ik.z),

(76)
(77)

Egs = % (Lkka/l} + Kkzk:d) exXp (kx3x - ikvy - ikzZ) ’ (78)
5 ”

Hs=— % (Lk:ky3 + Kkykoes) exp (kyx —ikyy —ik.z), (79)
3

Ej3 = % (Kkyk, + Lkyskops) exp (kyax —ikyy —ik.z),  (80)

Hy; = q%z (Lkyk. + Kkyskoes) exp (kyx —iky,y —ik.z),  (81)

E.3 = Kexp (kyx —ik,y —ik.z), (82)

H. =iLexp (kyax —ikyy —ik.z), (83)

where the quantities ¢; and g3 are described by the following
expression:

qiy =k — k§81,3#1,3 . (84)
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7. Dispersion relation for electromagnetic waves
in a bi-gyrotropic layer

We now turn to the derivation of the dispersion equation
describing the propagation of electromagnetic waves in a bi-
gyrotropic layer. Satisfying the boundary condition of
continuity of the tangential components E,, E., H,, and H.

at x = 0 and x = 5, we obtain the following system of eight
equations on the constant coefficients 4, B, C, D, G, N, K, L:

Z‘O(S) )

Nk),-k G,ulk\lk()
q7 exp (kx1s)

+ a2 (s) + FinX3(s) ,
25(s)

2 gfexp (kas)

+ szz(S) =+ F‘,g23(s) R

Nexp (—kys) =

> = apZo(s) + Fig21(s)

Gexp (—kys) =

= b()Z()( ) JngQZl( )

(85)
K =2y(0),
Kkyk. + Luskysk
P =2 T EIROT0  050(0) + Fi 21(0)
‘]z
+ a25(0) + F1p253(0) ,
L =2,(0),
Lk,k- 4+ Kesk sk
% = boZO(O) + Fgp 2 (0)
3

+ szz(O) + F‘,g23(0) .

Inserting the constants N, G, K, and L from the first, third,
fifth, and seventh equations into the second, fourth, sixth, and
eighth equations of system (85), we reduce it to a system of
four equations for the coefficients 4, B, C, and D:

kyk-
(ao — ﬁ Fg) 20(5) + FngI(s)
1

kak
+(a2+ulql OF2) ()—|—F‘,2Z3(S):07
1

kyik
(bo + 4 ql 0 F2>ZO(S) + FppXi(s)
i

kk,
+(b2— ok )22() T FyZi(s) =0,
qi (86)
kyk.
(ao — = )20(0) —‘y—Fngl(O)
‘13
ksk
+ (az - % Fz) 22(0) + FnZ3(0) =0,
3

ksk
(bo s q3 0 F2>20(0) + Fp1(0)
’;

kyk.
+ (b2 — 2 2
q;3
Inserting into system (86) expressions (55)—(58), describ-

ing the quantities Xy, 2|, 2, and 23, and collecting the terms
by the coefficients 4, B, C, and D, we obtain the system of

)22(0) + Fvg23(0) =0.

equations

dnA+diB+ d3C+disD =0,
1A+ dpB+d3C+dyuD =0,
dy1A + dB+ d3C+dyyD =0,
dy A+ dpB+ diyC+duD =0.

(87)

The entries dy; — dy4 of the matrix defined by (87) are given in
the Appendix.

Thus, the dispersion equation for electromagnetic SS-
waves propagating along a bi-gyrotropic layer is the fourth-
order determinant of the system of homogeneous equations
(87).

The dispersion relations and expressions for the micro-
wave field components of VV-, VS- and SV-waves, which can
appear in various special cases of a bi-gyrotropic layer, can be
obtained similarly.

8. Proof of continuity of normal components
of electric and magnetic induction
at boundaries of bi-gyrotropic layer

In the previous Section 7, we derived the dispersion equation
for electromagnetic waves in a bi-gyrotropic layer. To derive
this equation, we used the boundary conditions that the
tangential components E,, E., H,, and H. are continuous at
the layer surfaces (at x = 0 and x = ).

It is quite possible that researchers describing the SW in
the magnetostatic approximation would doubt the applica-
bility of our solution for describing an SW, since, in the
magnetostatic approximation, no microwave electric field is
associated with this wave (it is assumed to be small and thus
can be neglected), and, instead of the condition that the
tangential components of the electric field be continuous
across the boundaries, it is required that the normal
component of the magnetic induction be continuous [26].

In the following, we will prove that our solution is unique
and thus can be used to describe all electromagnetic waves
(including the SW) in anlsotrgplc medla described by the
Hermitian second-rank tensors & and ,u2 given by expressions
(1) and (2).

As is well known, according to the theorem on the
uniqueness of solutions to Maxwell’s equations, if the condi-
tion that the tangential components of the electric and magnetic
fields E and H be continuous at the interface between some
media is satisfied, this simultaneously ensures the continuity of
the normal components of the electric and magnetic induction
D and B at the same interface (see § 9.2 in Ref. [48]). However,
this theorem was proved only for electromagnetic waves in
isotropic media: electromagnetic waves in gyrotropic media
were excluded from consideration [48].

Since in the derivation of the dispersion relation we used
the condition that the tangential components E,, E., H,, and
H. be continuous across boundaries, we must additionally
prove the continuity of the normal components of the Dand B
vectors across these boundaries.

Comparing expressions (59)—(64), and also from expres-
sions (41) and (42), it can be seen that, inside the bi-gyrotropic
layer, the field components E,, and H,, can be written as
follows:

ky k-

g
Eo=——"H,+-——H,—iZE, 88
X2 ek ‘2+8k0 2 1 12 5 (88)
k, k. y
Ho=—YFE,———FE,—i—Hyp. 89
X2 e 22 ko 2 l,u »2 (89)
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Departing from expressions (5) and using expressions (88)
and (89), the normal components of electric and magnetic
induction Dy, and B,, can be written as follows:
. ky k-
Do =¢Exn+i1gEy, = e H + o Hy, (90)
0 0
. k, k- / 4
By = ,uHxZ + IVH)Q =—=FE,—— Ev2 . (91) i3 4
k() k() .
In isotropic half-spaces / and 3, the normal components SS
of electric and magnetic induction D,j, Byj, and Dy3, By3,
equal to & Eyy, u; Hy, and &3 Ey3, 13 H,s, respectively, can be
written analogously as®
k, k.
Dxl :_kii)HZI+k7() Hvla (92)
k, k.
Bgyw=—FE,——E, 93
x1 kO z1 kO vl ( )
ky k. ! ! 1
Dx3 = 7](*0 HZ3+k7() H\Ga (94) 6 8 10 12
K K ky, cm™!
By = k—} E.;— k_z E;. (95) Figure 3. Isofrequency dependences for spin waves in a tangentially
0 0

As can be seen from expressions (90)—(95), in a bi-
gyrotropic layer, as well as in isotropic half-spaces, the
normal component of the electric induction Dy is defined by
the sum of the tangential components of the magnetic field, and
the normal component of the magnetic induction B, is defined
by the sum of the tangential components of the electric field,
and related terms appear with equal coefficients.

It should be recalled now that the following boundary
conditions on the tangential components E,, E., H,, and H.
were used in the derivation of (85):

E (x=5)=Ex(x=y),

From equations (90)—(95), it follows that the fulfillment of
the continuity conditions for the components E,, E., H,, and
H. at the boundaries between the media also ensures the
fulfillment of other conditions: the equality (and thus
continuity) of the normal components of the vectors D and
B at these boundaries,

Dy(x=5)=Dun(x=13),

Bi(x=15)=Bun(x=y),

Dy3(x=0) = Dy(x=0),

Bx3(x = 0) = sz(x = 0)

97)

9 These relations can be easily obtained from equations (33) and (37) by
expressing the x-components of the field by the y- and z-components,
taking v = 0 and g = 0 there, and changing indices 2 to 1 and 3.

magnetized ferrite slab for frequencies 2198 (7 and 1), 2216.3 (2 and 2'),
2250 (3 and 3’), and 2300 MHz (4 and 4') (half-plane k, > 0 is shown).
Curves [ —4 are calculated without magnetostatic approximation, curves
1'— 4" are calculated in this approximation. Also shown are curves 1” and
4" which are intersection of surface « =0 and, respectively, surfaces
f=2198 and f = 2300 MHz (curve 1” separates on curve / regions that
correspond to SS-wave and region that corresponds to VS-wave).

Thus, whatever boundary conditions are used in the
derivation of the dispersion relation, we arrive at one and
the same unique dispersion relation, describing the propaga-
tion of electromagnetic waves in a bi-gyrotropic layer.

9. Calculations of spin wave characteristics
in a ferrite slab

As an example of using the dispersion equation (87), we
calculate some characteristics of the SW in a ferrite slab
surrounded by vacuum half-spaces.

As already mentioned, the fundamental difference in the
description of SWs here from the previous ones obtained in
the magnetostatic approximation [26] and without it [29, 37]
lies in the fact that the wave distribution inside the ferrite slab is
described by two wavenumbers'®© —k.; and ky». We will
show how this is reflected in the characteristics of SWs with
the spectrum located above the frequency f,. As is well
known, such a wave is called a surface magnetostatic wave
[26], since, in the magnetostatic approximation, its distribu-
tion in the slab is of a purely surface type and is characterized
by a single wavenumber k,2,,,s.

Isofrequency dependences for this SW at different
frequencies are shown in Fig. 3, where curves /—4 are
calculated using the description of SWs given above, while
curves 1’'— /' are calculated in the magnetostatic approxima-
tion according to Ref. [26] (for brevity, they will be further
referred to as ‘magnetostatic’ dependences). The calculations
were performed for the following parameters: Hy = 300 Oe,
4nMy = 1750 G, s = 40 pm, & = 15.

10 Which confirms the earlier results for the reciprocal SW propagating
along the direction of the vector Hy tangent to a magnetized ferrite slab
[38].
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Figure 4. Dependences of transverse wavenumbers k., (curves /—4), k2
(curves 1’'—4"), and ko, (curves 1”—4") on angle ¢ which sets the
orientation of wavevector for frequencies of 2198, 2216.3, 2300, and
2500 MHz, respectively. Curve 1’ is not shown in this figure because it is
located above value of 250 cm~!. On part of curve / plotted in violet, ko
takes imaginary values which correspond a VS-wave (in this case, the
absolute value |kyo;| is plotted along the ordinate).

As one would expect from the plots in Fig. 3, in the exact
description of this SW, its isofrequency dependences may
contain intervals describing VS-waves in addition to the
intervals describing SS-waves. For example, SWs with
frequencies f'< 2015 MHz have regions corresponding to a
VS-wave (for example, the boundary curve 1” bounds such a
region on isofrequency curve / in Fig. 3), whereas SWs with
frequencies /> 2015 MHz are always SS-waves (for example,
boundary curve 4" does not intersect isofrequency curve 4 in
Fig. 3).

Although the exact and magnetostatic isofrequency
dependences in Fig. 3 do not differ substantially, the change
in the quantities k,y; and ky; (which characterize the SW
distribution inside the slab) along the isofrequency depen-
dences differs significantly from the analogous change in the
related magnetostatic quantity ko, (Fig. 4).

As can be seen from Fig. 4, at ¢ = 0, the magnetostatic
dependences ko,,5(¢) pass near the curves k1 (¢), and as |¢|
increases the dependences k,s(¢) gradually approach the
curves ky»(p), and the difference between the values
k(@ =0) and ky1(¢ =0) essentially depends on the
frequency, changing from 255 cm~! for f=2198 MHz to
2 cm~! for f= 2500 MHz.

10. Comparison of spin wave propagation along
y-axis with earlier results

In testing any new theory, it is important to compare the
results obtained on the basis of that theory with the available
data for various limit and special cases.

One such case is the exact description of the SW
propagating tangentially to a magnetized ferrite slab and
perpendicular to the vector Hy, which was obtained earlier
[30, 31]. Figure 5 shows the dispersion dependences of SW
f (k) for this case for the parameters mentioned above: the
magnetostatic dependence is described by curve 1’, and the
exact dependence, calculated on the basis of the theory

2240

2230

2220
N
T SS
=
~ 2210

2
2200 3
2190 YV
|
0 1 2 3k em

Figure 5. Dispersion dependences f'(k,) for an SW propagating perpendi-
cularly to vector Hy in a tangentially magnetized ferrite slab: / is exact
calculation, 1’ is result in magnetostatic approximation, 2 is curve where
o = 0 (it corresponds to curve 2 in Fig. 2), and 3 is line f=f, (which
corresponds to line 9 in Fig. 2). Parts of curve / in different regions of the
plane (f, k,) correspond to VV-, VS-, and SS-waves.

60
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-
. 40
[}
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'; 30 ) Hz
< | '
& |
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< |
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117 3.4
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0 ! | | |
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Figure 6. Dependences of transverse wavenumbers k. (curves / and 17),
ky2 (curves 2 and 2'), ky (curve 3), and ko, (curve 4 calculated in
magnetostatic approximation) on frequency f for an SW propagating
perpendicularly to vector Hy in a tangentially magnetized ferrite slab:
curves / and 2 correspond to those parts of dependences ko (f) and
k2 (f) where ky; and ko, are real, and curves 1’ and 2’ correspond to
the parts of kyo; (f) and k22 (f) where ko1 and k2, are imaginary (in this
case, values |ky21| and |ky22| are shown along the ordinate); 5 is line f= f .

presented above and on the basis of Ref. [31], is described by
one and the same curve I, since the results of these
calculations are identical.

Figure 5 also shows boundary curves 2 and 3, which
separate the intervals with SS-, VV-, or VS-waves on curve /,
which are characterized by the distributions of the SW in the
ferrite slab given by expressions (26)—(28).

Figure 6 shows the variation in the wavenumbers k,,,
kx22, kx1, and kyo,s along the respective dispersion depen-
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dences shown in Fig. 5. The dependences k. (f) and k2 (f)
are calculated by (20) and (21), the dependence k, (/) relies
on expression (67), and the dependence kyyus(f) uses the
theory [26].

Before starting a discussion of the results shown in Figs 5
and 6, it should be noted that, in the earlier description of an
SW (without the magnetostatic approximation) propagating
perpendicular to the vector Hy [30, 31], the distribution of the
SV in the ferrite slab is characterized by a single wavenumber
instead of two (as follows from the theory presented here).
Thus, at first glance there is an apparent contradiction
between the proposed description and the previous one. In
reality, this contradiction is only apparent, as will be shown
below.

Obviously, the case where the SW propagates perpendi-
cular to the vector Hy can be obtained from the description we
are considering if we set k, =0 (or ¢ = 0). For k, =0, the
system of Maxwell’s equations (4) is decomposed into two
independent subsystems, one containing only the field
components E.>, H,, and H,, and the other one containing
H., Ey,and Ey;. Since for k. = 0 we get F,; = O according to
(11), the resulting system (8) for the amplitudes e.; and /.,
reduces to two independent equations: one for the amplitude
e and the other one for the amplitude /.,. The first equation
describes the well-known surface SW (an H-wave with the
components E.>, Hy, and H,,), for which, using F,, = 0 in
expression (21), we find

k= ko/F, = \[k2 — ke,

while the second equation describes a surface electromagnetic
wave (an E-wave with the components H.,, Ey, and E,,
which is common for a layer of usual dielectric), for which,
inserting F,, = 0 into expression (20), we find

ka1 = ko\/Fy =

These values of kyy and kyy; correspond to the results
obtained earlier (see, e.g., [1, 11, 30]).

Nevertheless, the reader may still remark that it is clear
from Fig. 4 that, in the theory presented here, an SW is not
characterized by a single wavenumber at ¢ = 0, but by two
wavenumbers k,»; and k,».

To answer this remark, we calculate below the change in
the coefficients 4, B, and C, normalized with the coefficient
D, as a function of the wavenumber k. (Fig. 7). Recall that the
coefficients 4, B, C, and D define the amplitudes of the
exponential functions in expression (26), and now, as can be
seen from Fig. 7, the coefficients A and B, appearing with the
exponents exp (kyix) and exp (—kyix), become zero at
¢ = 0 (or k, = 0), while the coefficients C and D appearing
with the exponents exp (kypx) and exp (—ky»Xx) remain
finite! Obviously, for ¢ = 0, the distribution of an SW inside
the ferrite slab is described by a single wavenumber — k.;,
which has already been found in Refs [30, 31].

As follows from Fig. 7, in practice, the wavenumber k.|
does not affect the distribution of the microwave field of the
SW inside the ferrite slab for a narrow angular range |p| < 2°,
where the coefficients 4 and B are close to zero for all
frequencies, and the main contribution in this distribution, in
accordance with formulas (55)—(64), is introduced by the
coefficients C and D and the corresponding wavenumber
k2. Therefore, the dependences shown in Figs 5 and 6 and
the change in the distribution of SWs for ¢ = 0 described

(98)

k2 —kgen. . (99)
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Figure 7. Dependences of coefficient ratios 4/D (curves I-5), B/D (curves
1’—5"), and C/D (curves 1”—5") on wavenumber k. for frequencies of
2217, 2300, 2500, 2800, and 3200 MHz, respectively.

below will also be practically preserved for small angles
lo| < 2°.

As can be seen from Fig. 6, as f — f|, we have kyny — oo,
while for the analogous magnetostatic dependence we find
kyoms — 0! It is obvious that such a large difference in the
values of ko and ko, Will lead to significant differences in
the description of the SW distribution in the magnetostatic
approximation and without it: in fact, the wavenumbers k7,
and ko, define the penetration depth of the microwave field
of the SW into the ferrite slab, and, as can be seen from Fig. 6,
the dependence kyo,(f) is a monotonic one, while the
dependence ki (/) has a minimum about 100 MHz from
the frequency f). As a consequence, the distribution of the
microwave electric field of the SW (which is defined by the
dependence E.(x) [39]) varies in the following way.

At frequencies close to f| (where k, ~ ko, k2, are large
and k,; is very small), practically all the energy of the SW
turns out to be localized in one of the half-spaces (see curve /
in Fig. 8), and the energy of an SW traveling in the positive
direction of the y-axis turns out to be localized in half-space /
(as in Fig. 8), and the energy of an SW traveling in the
negative direction of the y-axis becomes localized in half-
space 3. Thus, despite the large wavelength 4 of the SW at
frequencies which are close to f1, the ferrite slab is in practice
an insurmountable obstacle: almost all the SW energy is
confined to one of the half-spaces, and this energy extends
over tens of centimeters'! from the slab surface!

With increasing frequency f, the electric field of SW E.
penetrates more strongly through the ferrite slab into half-
space 3, and this penetration reaches its maximum at the
frequency f'= 2300 MHz (see curve 2 in Fig. 8), at which
kx22(f) has a minimum (see curve 2 in Fig. 6). A further
increase in the frequency reduces the penetration of the SW
energy into half-space 3, and, at frequencies close to the upper
spectral limit, the energy of the SW turns out to be localized
near the surface x = s = 40 pm.

'l This phenomenon allows us to explain the efficient transformation of
the SW energy into an electromagnetic wave emitted into the surrounding
space, which was previously experimentally demonstrated in Ref. [35].
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Figure 8. Normalized distribution of microwave electric field E.(x) in an
SW with the following values of frequency f and wavenumber k,: / —
f=2197.85 MHz, k, = 0.503 cm™!; 2— f=2300.3 MHz, k, = 10cm™;
3— f=3103MHz k, =200 cm™'; 4 — f=3276 MHz, k, = 500 cm™;
vertical lines 5 and 6 mark ferrite slab boundaries x =0 and
X =15 =40 um.

The picture is very different if the SW is described in the
magnetostatic approximation, when, as is well known [26],
for k. = 0 it is valid that k.o = kyims = kiams = |kyms|, and
the distribution of magnetic potential ¥ inside and outside
the ferrite slab is described as

l[/2 =4 eXp (k.\‘stx) + BeXp (7kx2msx) )
Y, = Cexp(—kyimsx) and W3 = Dexp (—kyamsX) -

In this case, at frequencies that are close to f, (when
Kxoms = Kxims = kxams ~ 0, as is seen in Fig. 6), the normal-
ized distribution'? ¥(x) will resemble a straight line ¥ = 1
(or ¥ = —1). As the frequency f is further increased, the
quantities Ky, Kx1ms, Kx3ms increase monotonically, defining
the growth in the exponential decay of the distribution ¥(x)
with the distance to the slab surface where the SW is localized
(see, e.g., curve 2 in Fig. 5in [39]).

We see that the magnetostatic description of SWs leads to
an incorrect representation of SW properties in the initial
spectral domain when f ~ f| . The reason for this is hidden in
the magnetostatic approximation itself, the use of which
assumes that, in all equations and formulas, starting from
Maxwell’s equations, one can consider that k > k(. A broad
use of this assumption sometimes leads to errors. For
example, in the magnetostatic approximation, from the
exact formula (98), neglecting the combination kgeu, as
compared to kf, a formula ki = |kyms| can be obtained.
However, itis clear that the inequality k> > k2 is valid for one
interval of k, values, and the inequality k2 > kgeu, is valid
for a quite different interval of k,, since the product kZeu | can
be several orders of magnitude larger than k¢ at frequencies
where yu | is large.

Note that we are not suggesting that all SW researchers
should completely abandon the use of the magnetostatic

12 The distribution ¥(x) is often associated with the SW energy distribu-
tion, which is not correct, as mentioned in Ref. [39]. We analyze here the
distribution ¥(x), since an SW lacks a dependence analogous to E.(x) in
the magnetostatic approximation.

approximation to describe SWs, as many useful and helpful
results have been obtained on its basis (e.g., the formulas for
SW cutoff angles obtained in the magnetostatic approxima-
tion for k — oo are certainly also valid in the exact description
of SWs). We only want to draw attention to the fact that the
magnetostatic approximation provides a simplified and
sometimes even incorrect description of SW properties.

Unfortunately, the framework of a single paper does not
allow us to discuss all the advantages that the exact
description of electromagnetic waves in a bi-gyrotropic layer
offers, even for the special case of the SW, in the same manner
that the publication of [26] was followed by many publica-
tions exploring the properties of SWs. However, we would
like to mention here some of the advantages. First of all, the
theory developed here would allow the description of SWs in
the framework of classical electrodynamics, thus removing an
essential limitation of the SW description imposed by the
magnetostatic approximation. In particular, with the help of
this theory, in addition to the exact distribution of SWs, one
can calculate the Poynting vector, the direction and density of
the energy flux, as well as the polarization and vector lines of
SWs, and in the future even more complex problems can be
solved on the basis of modern methods of electrodynamics,
which will undoubtedly promote the successful development
of magnonics and the perfection of devices using SWs.

11. Conclusions

This paper discusses problems and errors caused by the
description of spin waves in the magnetostatic approxima-
tion widely used by specialists for more than 60 years. In
particular, when describing a spin wave based on the
magnetostatic approximation and calling it a magnetostatic
wave, researchers associate neither the microwave electric
field (which is considered to be negligibly small) nor the
Poynting vector (which cannot be found without the electric
field) with it.

To alleviate these problems, we present for the first time a
correct analytical treatment of the propagation of electro-
magnetic waves in an arbitrary direction along a tangentially
magnetized bi-gyrotropic layer with dielectric permittivity
and magnetic permeability described by Hermitian second-
rank tensors. The propagation of spin waves in a ferrite slab is
a special case of this general treatment.

It is shown that by representing a solution of Maxwell’s
equations as a wave of the form exp (—ik,y — ik.z) propagat-
ing in the plane of the layer, with the dependence on the
coordinate x normal to the layer left unspecified, it is possible
to reduce Maxwell’s equations to a system of two differential
equations of second order containing only the x-dependent
amplitudes of the microwave electric and magnetic fields
parallel to the vector of the constant uniform magnetic field
Hy. This system is further reduced to a fourth-order
differential equation, which defines a bi-quadratic character-
istic equation specifying wavenumbers of the electromagnetic
wave distribution in the cross section of the bi-gyrotropic
layer. It is shown that this equation has four simple (not
multiple) roots, Kyr, kxaz, ko3 = —kyo1, and ky4 = —kyo,
which cannot be complex-valued and can take either real or
imaginary values.

We have considered the propagation of electromagnetic
waves with real k| and k,»; in an arbitrary direction along a
bi-gyrotropic layer surrounded by dielectric half-spaces. For
these waves, a dispersion equation has been derived, which is
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a fourth-order determinant of the system of linear homo-
geneous equations, and it is also shown that these waves have
six components of the microwave electromagnetic field—
three electric and three magnetic. It is proved that this
dispersion equation is obtained both when the boundary
conditions are the continuity of the tangential components
of the electric and magnetic fields E and H and when they are
the continuity of the normal component of the vectors of
electric and magnetic induction D and B.

It is shown that the distribution of the amplitudes of

microwave fields inside the bi-gyrotropic layer (and its special
cases— the layers of ferrite, antiferromagnetic, plasma, or
uniaxial optical crystal) and in structures based on such a
layer, in the general case, is always described by two
wavenumbers — ko, and k. Depending on the anisotropic
medium, its parameters, and the values of ky; and kyo»,
propagating waves are characterized by one of four possible
distributions, described by trigonometric and exponential
functions (see expressions (26)—(29)) and are one of the
following wave types: SS-waves, or surface—surface waves
(ky1 and ky, are real numbers); VS-waves, or volume—
surface waves (k) is imaginary and ko is real); VV-waves,
or volume—volume waves (ky»; and k,,; are both imaginary);
and SV-waves, or surface—volume waves (ko is real and k,,
is imaginary).

On the basis of the developed theory, we have studied the
characteristics of SWs in a ferrite slab, which is a special case
of a bi-gyrotropic layer. In the coordinate space {ky, k., f},
boundary surfaces were constructed which separate regions
with different wave distributions on the dispersion surfaces
f(ky, k) for different SW types. It is shown that, on the
dispersion surfaces of SWs (and also in their sections—
dispersion and isofrequency dependences), there can be
regions describing SS-, VS-, and VV-waves. It is found that
the boundary surfaces are described by an equation which is
identical to the dispersion equation for electromagnetic waves
in an unbounded ferrite (bi-gyrotropic) medium (when this
equation is reduced to a two-dimensional case).

We have studied the characteristics of SWs at frequencies
above the ferromagnetic resonance frequency f, for the
ferrite slab. In particular, the dependences of the SW
transverse wavenumbers k,; and k. on the wave vector
orientation ¢ were calculated for different values of the
frequency f. It is found that the dependences k,»;(¢) and
k22 (@) differ substantially from each other as well as from the
analogous magnetostatic dependences k.yys(¢). The differ-
ence in the values of k(@ ~ 0) and k.1 (¢ ~ 0) depends
essentially on the frequency, changing from ~ 255 cm~! for
f~fito2cm™! for f~ f + 300 MHz. For the angles ¢ ~ 0,
the dependences k,o,5(¢) pass near the curves ko (@), and
for the angles ¢ near the wave vector cutoff angles, they pass
near the curves k2 ().

Furthermore, it is established that, if ¢ =0 (or k., = 0),
the wave distribution in the ferrite slab is described by one
wavenumber k,»», because the coefficients 4 and B determin-
ing the contribution of the second wavenumber k,,; and
acting as factors with the exponents exp (ky;x) and
exp (—ky21x) are equal to zero.

It is shown that the microwave electric field of SWs plays
an important role in the wave description, governing the
energy distribution inside and near the ferrite slab. In
particular, calculations of the distribution of the microwave
electric wave field E.(x) for a set of frequencies f showed
that, at frequencies close to f, the ferrite slab is almost an

impenetrable obstacle for the wave despite its large wave-
length: practically all the wave energy is concentrated in one
half-space where it penetrates over tens of centimeters from
the slab surface (whereas analogous calculations in the
magnetostatic approximation give erroneous results accord-
ing to which the energy is practically equally distributed
between the half-spaces)! It is also found that the penetration
of the SW energy through the ferrite slab reaches a maximum
at a frequency at which the dependence ky»(f) has a
minimum.

We assume that the solution found here for the propaga-
tion of electromagnetic waves in a tangentially magnetized bi-
gyrotropic layer will facilitate accurate calculations of
electromagnetic waves not only in layers of ferrite, antiferro-
magnetic, plasma, and uniaxial crystals, but also in layers of
various metamaterials.

This study was carried out in the framework of state
assignment to the Kotelnikov Institute of Radio Engineering
and Electronics RAS.

12. Appendix

The elements of matrix (87) are given by the following
expressions:

kyk. k21
dll = |:a() —q—lz F2 +k—0 Fvg
ki ki ki
+ﬁ1 (d2 +% F + k(Z)l sz):| exp (kxgls), (A])
1
kyk k21
di = {ao ——]ze —k—OFvg
kak ki
+ﬁ1 (dz + al q21 0 P — k;l FV2):| eXp (_k.x215)7 (Az)
1
kfk: kx22
di; = {ao— 2112 F> + ko Fig

kak ky
+ /32 (LZQ —+ adl q21 0 F2 + kiZ F\,rz):| exp (kxzzs) s (A3)
1

F— @ Fv2):| exXp (_kx22s) ) (A4)

k k- ky
+ B (b2 - ;12 F - k—;l Fvgﬂ exp (—ky215) , (A.6)

kyk- ky
+ ﬂz (b2 - ? F2 + k—(2)2 Fvg>:| eXp (kXZZS) ) (A7)
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erkyiko k2
dry = |bg + —— F, — F,
24 [ 0 P 2 ko 92
k k- k.
+ 5, <bz — }2 F— ]’(22 F‘.g>} exp (—ky228), (A.8)
qi 0
kyk. ko
dy =ay— -2 F, +—=F,
31 0 6132 2 ko g
kysk ky
+ B <a2 - BReR T F‘Q) , (A.9)
q3 ko
k 7k: kal
d32 =dy (}1—32 - k_o F‘g
kak ky
+ 5 <az Sy . Fv2> : (A.10)
q3 ko
kyk: ki
d33 =dy — ;32 F2 +k—0 F\rg
uskako ki
+ﬁ2<a2—q—32F2+k—on2), (All)
k 7k: kx22
dzy = ag — ;32 F k—OFvg
kak ky
+[)’2<a2—'u3'—230F2— 22 Fv2>, (A.12)
q3 ko
g3k 3k ko
dy = by — —"5— F +—=F,
l 0 P 27, fe
ksz k\‘Zl )
+p -2+ F,), A.13
bz ne i, (A13)
&sksko ko1
dp = by — 25380 2l p
1 0 Py 2 ko 2
k,’kz kx21 )
+B (-2 R -=2F, ), A.14
B < 2 pe; 2 Ky D ( )
g3k 3ko k2o
dyz = by — F,+—=F,
43 0 P 27, fe
kk. ko )
+ B -2 +—==F, ), A.15
p( -2 ne i, (A15)
g3k 3k kex2o
dss = b F, ——=F,
44 0 32 ko 82
k,’kz kx22 )
+ By — 55 F — Fo|. A.16
A (A16)
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