
Abstract. A brief overview of the key methods for analyzing the
structure of three-dimensional (3D) matter is given by using as
an example melts of simple model systems like Lennard-Jones,
Yukawa, and inverse power law. The behavior of simple struc-
tural measures characterizing matter near the melting line is
considered in fine detail, and their advantages and disadvan-
tages are discussed. Some indicators that characterize liquid
near the melt line are proposed, and their universality and
applicability for determining structure of melts of real liquids
are discussed. Finally, the structural properties of two-dimen-
sional (2D) liquids are compared with 3D ones. For 2D systems,
simple universal criteria of melting are proposed, and their
universality is shown using as an example a Yukawa system.
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1. Introduction

The relationship between the structure of matter and its
physical properties is one of the most fundamental problems
in condensed matter physics. Significant experimental and
computational resources worldwide are used to identify
patterns that originate from such a relationship. Such proper-
ties of solidmaterials as strength, viscosity, and brittleness are
largely determined by the properties of the short- and
medium-range arrangement of atoms in a solid. To date,
methods are already available, which enable experimental
determination of the positions of individual atoms in
amorphous substances (metallic glasses) for several ten
thousand particles [1], i.e., solids are being studied at the
most detailed level, the level of individual atoms. Such studies

are extremely important, since they make it possible to
elucidate the influence of the short- and medium-range
orientational order on the formation of the amorphous state
of matter. For example, it is known that an important role in
its formation is played by the icosahedral phase [2], which
hinders the crystallization of a system of atoms, a factor of
importance for numerous applications.

For liquids, however, such experimental studies will not
be available for a long time, and therefore a computational
experiment plays an important role in studying such a
substance. Due to this, a huge set of atomic configurations
requires processing for the determination of the key para-
meters of the system under study. The examination of the
liquid near the melting line is of special importance in these
studies. Such liquids or melts often inherit the structural
features of the parent crystalline substance. This, in particu-
lar, makes it possible to find common structural features in
various melts in an attempt to describe them using the
universal characteristics of the substance structure.

Such attempts have been made earlier, beginning with the
pioneering work of Lindemann [3], who proposed a phenom-
enological criterion formelting by relating theRMSdeviation
of an atom to the lattice length. Single-phase melting criteria
obtained in the study of the crystal±liquid and liquid±crystal
transitions in simple systems are also well known: Hansen±
Verlet [4], Ravech�e [5], etc.

Unfortunately, it turned out that the mentioned criteria
are not universal and often vary strongly along the melting
line, even within the same system under consideration.
Finding universal indicators that characterize a liquid is of
importance not only for a liquid near the melting line but also
for the entire `liquid' part of the phase diagram of the
substance under study. Recently, the theory of isomorphs
has become popular in the description of a liquid [6].
According to this theory, there are lines in the phase diagram
along which the thermodynamic properties of the liquid
expressed in certain variables are universal. Finding such
lines (and one of them is the melting line) and quasi-universal
characteristics of the liquid (that vary very weakly along
these lines) can greatly reduce the computational resources
required to study the properties of the liquid.
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Presented below is a brief overview of state-of-the-art
computational methods for studying the structure of matter
using the exploration of melts of a number of simple systems
(Lennard-Jones, Yukawa, soft and hard spheres). As an
example, well-studied systems such as Lennard-Jones [7, 8],
soft spheres [9], andYukawa [10±12] are considered. Based on
their structural characteristics, universal melt indicators are
presented. Despite the simplicity of these systems, they are
extremely useful in describing real substances, for example,
for systems at high pressures and temperatures, when the
substance is compressed so strongly that only repulsive forces
dominate between the atoms. This, in turn, implies that
the interparticle interaction can be described by repulsive
potentials such as soft spheres or Yukawa (Debye±H�uckel).

Below, unless stated otherwise, the main tool for obtain-
ing atomic configurations is themethod of classical molecular
dynamics implemented for a canonical ensemblewith aNose±
Hoover thermostat (NVT) and periodic boundary conditions
[13]. The typical number of particles N in the systems under
study varied within the rangeN � 104ÿ106, which practically
makes it possible to rule out the influence of the system size on
the resulting configurations.

2. Melts of three-dimensional systems
and their structural features

2.1 Pair correlation functions of melts of simple systems
The simplest characteristics of the structure of an ensemble of
particles is a two-point spatial correlator that describes the
translational order in the system under studyÐ the pair
correlation function (PCF) g�r�, which is determined for

three-dimensional systems by the formula

g�r� � L3

N 2

XN
i

XN
j 6�i

d�rÿ ri j�
* +

; �1�

where N=L3 is the density of particles in the system and ri j is
the distance between particles i and j. Another characteristic
is the so-called cumulative PCF, the function N�< r�,
generated by the pair correlation function,

N�< r� �
� r

0

4pr 2g�r� dr ; �2�

which determines the average number of particles in a sphere
of radius r. The cumulative function N�< r� can be used to
easily calculate the average number of nearest neighbors Nnn

in the first coordination sphere (the radius of which is usually
set by the distance to the first nonzero PCF minimum) and,
consequently, determine an important characteristic of the
system, its packing density. For close-packed systems,
Nnn � 12. The function g�r� describes the density distribu-
tion in the vicinity of the central particle and, for a liquid, it
usually exhibits several peaks that diminish with increasing
distance r, which reflects a decrease in spatial correlations.
For a liquid at r4D, whereD is the average distance between
particles, g�r� ! 1. For the gas phase, the function g�r� � 1
on all but the smallest spatial scales.

Figure 1 shows as an example the characteristic pair
correlation functions g�r� as a function of temperature T �

obtained in the heating and subsequent melting of two
widespread types of crystal lattices: bcc (body-centered
cubic) (displayed in Fig. 1a, c) and fcc (face-centered cubic)
(displayed in Fig. 1b, d). Figures 1c, d show the one-dimen-
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Figure 1. Typical behavior of pair correlation function (PCF) g�r� near the melting region for two types of crystals: (a) bcc and (b) fcc. The 2D PCF is

presented as a function of dimensionless distance r=D, whereD is the average interparticle distance, and dimensionless temperatureT �. A sharp change in

g�r� is observed on all spatial scales and corresponds to themelting of the system. Panels (c) and (d) show the corresponding one-dimensional function g�r�
near the crystal±liquid transition. Color of the curves depends on temperature T � (which increases from blue to red, so blue curves correspond to the

heated crystal, and red curves, to the liquid phase). Cumulative functions N�< r� are also displayed, which, in particular, show that, in the case of

a bcc melt, the first coordination sphere contains, on average, Nnn ' 13 nearest neighbors. For the fcc melt, a close packing of atoms with

Nnn ' 12 is observed.
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sional dependences g�r� and N�< r� near the region of
crystal±liquid transition. The color of each curve, which
corresponds to the temperature of the system, changes from
blue (hot crystal) to red (liquid) as the temperature rises.

To reveal the subtle details of the change in PCF and the
cumulative function N�< r�, the equilibrium configurations
of atoms upon heating were calculated using a small
temperature step d ' 0:01Tm, where Tm is the melting
temperature of each of the considered systems. This made it
possible to obtain detailed information on the form of these
functions near the crystal±liquid transition. It is clearly seen,
for example, that in the process of melting the function g�r�
undergoes a sharp change on all spatial scales in both cases,
and near the line of transition from the side of the solid
phases, the characteristic fine details of the crystal lattice are
largely lost.

Analyzing the cumulative functions N�< r� and g�r�, it
can be easily shown that in the case of a bcc melt the average
number of nearest neighbors in the first coordination sphere
is Nnn ' 13 (Fig. 1a); a consequence of thermal smearing of
the second coordination shell and its partial association with
the first one. It should be recalled that the second shell of an
ideal bcc crystal consists of six atoms (the first shell contains
eight atoms located at the cube vertices) and is close (at a
distance of

��������
4=3

p
D ' 1:15D) to the first coordination shell.

When heated, they partially combine. This effect is also
observed in the region of the heated crystal near the melting
line (as evidenced by the form of the function g�r� shown in
Fig. 1a).

Such a feature of the crystal lattice hinders identification
of bcc-like crystallites in natural and numerical experiments
related, for example, to the crystallization of colloidal and
complex plasma, the formation of metallic glasses from a
melt, etc.

In the case of melting an fcc crystal, the melt is close
packed and Nnn ' 12. This important observation will be
needed later in the analysis of the angular characteristics of
the nearest neighbors.

Since the destruction of the translational order during the
melting of a substance occurs on all spatial scales, it is quite
natural to use for the quantitative description of the pair
correlation function g�r� its simplest properties. They are,
first of all, the characteristics of the first coordination sphere,
namely the magnitude of the first PCF peakÐ the parameter
gmax Ðand the value of the first nonzero PCF minimumÐ
the parameter gmin. The importance of these parameters will
be demonstrated below. It should be noted that quite often
their ratio, the parameter R � gmin=gmax [5], or its inverse
value 1=R is used as the simplest indicator of structural
transitions in a substance. For example, for the Lennard-
Jones (LJ) system with potentialULJ�r�, which, in dimension-
less form, is

ULJ�r� � 4

�
1

r 12
ÿ 1

r 6

�
; �3�

it has been shown in [5] that R ' 0:2 near the melting line on
the liquid side. This parameter has also been repeatedly used
as an indicator of crystallization and glass transition of
various systems (for example, [14]). We show below that the
separate use of the gmax and gmin parameters provides much
more information about the system under study.

Figure 2 shows the behavior of the PCF-associated
structural indicators considered above, the parameters gmax,

gmin, and 1=R, during the melting of a Lennard-Jones system.
These parameters are presented as a function of the
dimensionless temperature (normalized to the melting point
Tm) for three values of the dimensionless density r� of the LJ
system. The chosen values of r� span a wide range of melting
temperatures, which change by two orders of magnitude
when the density is tripled: from T � ' 1 for r� � 1 to T � '
200 for r� � 3:5.

It can be seen that all of these structural parameters
undergo a sharp jump when the Lennard-Jones system
melts; however, the parameter gmin alone can be considered
quasi-universal, since it does not really depend on the density
of the system in the considered range of its variation. Other
parameters change noticeably with density, both in the
crystalline and in the liquid phase. For an LJ melt, this is
illustrated in Fig. 2d, where these parameters are plotted as
functions of density. The increase in the peak g�r� with
decreasing density r� can be explained by the fact that for
high values of r� the repulsive term of the pairwise interaction
of atoms, proportional to rÿ12, plays a dominant role in the
formation of the short-range order, while, as the density
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Figure 2. Melting of the Lennard-Jones system: behavior of PCF-

associated structural indicators near the crystal±liquid transition line.

Parameters gmax, gmin, and 1=R � gmax=gmin are presented as functions of

the reduced temperature (normalized to themelting temperature) for three

values of the system's dimensionless density: r� � 1 (a), r� � 2 (b), and

r� � 3:5 (c). The r� values chosen cover a wide range of Lennard-JonesT �

melting temperatures (which range from T � ' 1 at r� � 1 to T � ' 200 at

r� � 3:5). A sharp change in all considered parameters can be clearly seen

in the melting region of the system. Panel (d) shows the dependence of

these parameters, determined for a liquid near the melting curve, on

density r�. Almost universal behavior is exhibited by only the gmin

parameter; remaining parameters change significantly when the density

of the system changes.

290 B A Klumov Physics ±Uspekhi 66 (3)



diminishes, attraction, which decreases as / rÿ6, starts being
effective. The crossover between these two modes is observed
at r� ' 1:5.

This leads to an important conclusion: the value of the
first PCF gmax peak is a very important characteristic of the
melt, since it is determined by the softness (or hardness) of the
pairwise interaction of atoms. This is also true of real
substances, since it is known that the properties of a liquid
on the melting line are largely determined by the pairwise
interaction of atoms [15, 16]. To confirm this conclusion, in
Fig. 3, the pair correlation functions are displayed for the
melts of a system of soft spheres, inverse power law (IPL)
systems, with a pairwise interaction potential given by

UIPL�r� / 1

r n
: �4�

Such systems have been fairly well studied (see, for example,
[9±17]), and their phase state is determined by only one
parameter: the exponent of the power of interaction n.
Figure 3 shows pair correlation functions g�r� for melts of
soft-sphere systems calculated for various values of n starting
from n � 10 and above, which span a wide range of softness/
softness of interparticle interaction from soft (n ' 10) to hard
(n ' 100) spheres [18]. The inset in Fig. 3 presents how
parameters gmax and gmin depend on the value of n. It clearly
shows that, with an increase in the softness of the pair
interaction (it is convenient to use parameter n as a
characteristic), parameter gmax constantly grows, and its
value is uniquely determined by the value of parameter n.
However, the parameter is gmin ' 0:55 and changes very
weakly within the considered limits of the variation in the
exponent n, i.e., is a virtually universal characteristic of the
melt of a system of soft spheres. We also note a very weak
variation in the magnitude of the second PCF peak in soft
sphere melts.

Due to this, parameters gmax and gmin are simple, reliable,
and extremely useful characteristics of a liquid. The para-
meter gmin, being almost universal, makes it possible to
determine how far the investigated liquid is from the melting
curve of a substance, while parameter gmax provides an
estimate of the softness/softness of the pair interaction in the
melt.

It is worth mentioning that, to describe the structure of a
three-dimensional fluid, such integral PCF characteristics are
used as the pair entropy s;

s2 � ÿ2pr
� �

g�r� ln ÿg�r�� ÿ g�r� � 1
�
r 2 dr ; �5�

or static structure factor S�k�,

S�k� � 1� r
�
dr g�r� exp �ikr� ; �6�

which can be simplified for an isotropic and homogeneous
fluid to

S�k� � 1� 4pr
�1
0

dr
ÿ
g�r� ÿ 1

�
r 2

sin �kr�
kr

: �7�

It can be shown, however, that their behavior exhibits the
same regularities that have already been revealed in the
behavior of parameter gmax depending on the softness of the
interparticle interaction, and, in the context of this section,
their study does not add new information to that already
obtained (despite the fact that, for example, the static
structure factor S�k� is one of the main experimentally
obtained characteristics of condensed matter, from which
the pair correlation function g�r� is determined by means of
the inverse Fourier transform).

It should be noted that all the presented dependences g�r�
for melts of soft spheres (as can be clearly seen in Fig. 3) differ
for different n only within the limits of the first coordination
sphere; for large r > D, all pair correlation functions of
the melts virtually coincide. The same is observed for the
Lennard-Jones system (for various density values r�) and for
the Yukawa system (for various values of the screening
parameter k; see the discussion below).

This implies that the integral characteristics of the PCF,
for example, the pair entropy s2 or the static structure factor
S�k�, only mask the important dependence of the first PCF
peak on the softness of the interparticle interaction (while
remaining important characteristics of the structure of
matter). Many thermodynamic functions (for example,
pressure and internal energy) depend on the function g�r� in
an integral way and, since it changes noticeably only within
the first coordination sphere along certain lines of the phase
diagram (and not the melting line alone). Owing to this, the
theory of isomorphs in the description of a liquid has gained
popularity [19±27], according to which the thermodynamic
functions along certain lines of the phase diagram with a
certain normalization are the same. Such a description can
greatly reduce the computational and experimental resources
required for exploring the phase diagram of a liquid for the
substance under study.

It is also of interest to trace the behavior of the parameter
gmax for a system of soft spheres in the region of exponent
n < 10, where, in particular, the structural transition of the
solid phase from fcc to bcc occurs (which is observed at n ' 6
[24]). These data are shown in Fig. 4, where, for comparison,
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Figure 3. Pair correlation functions g�r� calculated for a system melt with

an inverse power-law repulsion for various values of the exponent n [18].

Color of the curves, which depends on parameter n, changes from blue to

red as it increases from n � 10 to n � 100 spanning a wide range of pair

interaction softness: from soft �n � 10� to hard �n � 100� spheres. Inset
shows the behavior of gmax (blue symbols) and gmin (red symbols)

parameters depending on parameter n. It is clearly seen that, with

increasing interaction softness (parameter n), the peak of the pair

correlation function monotonically increases, and the value of the PCF

peak is uniquely determined by the value of exponent n. Indicator gmin

changes very little within the specified interaction softness limits and thus

exhibits almost universal behavior.
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the results calculated for the melt of a Yukawa (or Debye±
H�uckel) system, a system with a repulsive potential, are
displayed:

U�r� � Q

r
exp

�
ÿ r

l

�
; �8�

where Q is the particle charge, and l is the screening length
considered for various values of the screening parameter
k � D=l, where D is the average distance between particles
in the system.

The Yukawa system, which has been actively studied in
recent years, in particular, in connection with the discovery of
plasma crystals, is an important model system for studying
complex (dusty) plasma [28±38], a highly nonideal system of
chargedmicron-size particles located in gas discharge plasma.
Themelting and crystallization of such a plasmawere studied,
notably, at the Mir International Space Station [36, 37].

The Yukawa system has much in common with the
system of soft spheres. For example, for small values of
the parameter k, this system at low temperatures also has a
bcc lattice. Similarly to the soft sphere system, the Yukawa
system exhibits a solid-state transition from bcc to fcc at
certain values of the screening parameter k, so their compar-
ison is extremely useful. Figure 4 shows the dependences of
the parameters gmax�n� and gmax�k� calculated on the melting
line for the soft sphere and Yukawa systems. It is clearly seen
that these parameters differ slightly for these two systems, and
a monotonic increase in parameter gmax is observed with an
increase in the softness of the pair interaction. Based on these

results, it should be expected that at least the melts of these
systems will feature similar physical properties.

Additionally, Fig. 4 shows data for some melts of real
substances. In the case of an aluminum melt, the results of
quantum mechanical calculations [39] are presented for
various aluminum densities (2.38, 2.71, and 3.7 g cmÿ3,
respectively), which exhibit an interesting effect: with increas-
ing density, the interparticle interaction in liquid aluminum
gets increasingly softer, which, apparently, implies an
enhanced contribution of electrons during the interaction of
aluminum ions in its melt.

Another interesting effect shown in the inset to Fig. 4 is
associated with the parameter G, which is a characteristic of
the nonideality of the melt, at different values of the exponent
n. Here, G � Ep=Ek, where Ep and Ek are the potential and
kinetic energies of the system, respectively. This dependence is
shown by the blue line in the inset to Fig. 4. Melts of a
substance are usually strongly coupled systems, in which the
coupling parameterGm noticeably exceeds unity:Gm 4 1. It is
also clearly seen here that Gm greatly decreases with an
increase in exponent n, and for n > 25 the coupling para-
meter Gm becomes less than unity. This implies that such
melts are a rather exotic state of the matter's strongly
correlated but weakly coupled liquid [18, 26]. Examination
of such objects is of utmost interest. It can also be shown that
for n > 25 a weakly coupled system (with parameter G < 1) is
not only a liquid on the melting line but also a crystal near the
melting line due to the fact that, during the crystal±liquid
transition at the specified values of parameter n, there is
virtually no jump in the values ofEp andEk, which is observed
at small values of n. This implies, for a crystal on the melting
line at n > 25, that the dependence G cr�n� virtually coincides
with Gmelt�n� of the melt: G cr�n� � Gmelt�n�. Of course, all of
the above is also true for the Yukawa system for values of the
screening parameter k > 25.

The data shown in Fig. 4 make it possible to establish a
direct correspondence between melts of real substances
and their IPL and/or Yukawa-like counterparts. In this
case, it is sufficient to use only one parameter, the peak of
the pair correlation function gmax. The availability for real
melts of IPL or Yukawa-like analogs is very important for
a comparative study of their general physical properties. This
is especially interesting for real liquids at high densities and
pressures, when the substance is compressed so strongly that
attraction disappears in the interparticle interaction and the
repulsive part dominates, which can always be expressed in
terms of power and/or exponential functions, i.e., such a
substance is an IPL or Yukawa-like one.

It has been found recently in [38] that, for a 3D Yukawa
fluid system, the parameters gmin and the reduced parameter
g �max � gmax�T �=gmax�Tm�, where T is the temperature of the
liquid under study and Tm is the melting temperature, do not
really depend on the screening parameter k, but only depend
on the value of the inverse reduced temperature Tm=T. This
conclusion is illustrated in Fig. 5, which shows the behavior of
the described characteristics of liquid as functions of the
parameter Tm=T for two values of the screening parameter
(k � 1 and k � 4). It can be seen that the considered
parameters are virtually independent of the value of k, i.e.,
they are universal characteristics of a Yukawa liquid, and
their values are only determined by the value of the parameter
Tm=T. This makes it easy to determine the place of the
investigated Yukawa fluid in the phase diagram, i.e., to
determine the values of k and T using only the characteristics
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data are given for some melts of real substances, including multicompo-

nent systems. In the case of an aluminum melt, the data of quantum

mechanical calculations [39] are presented as obtained for various

densities of aluminum (2.38, 2.71, and 3.7 g cmÿ3; the values are indicated
on the plot). Calculated data exhibit an interesting effect: as density

increases, the interaction between particles in liquid aluminum becomes

significantly softer. Another interesting effect is connected with the

behavior of coupling parameter G, which characterizes the nonideality of

a system of interacting particles, as a function of n (G � Ep=Ek, where Ep

and Ek are potential and kinetic energies of the system). Such dependence

Gm�n� for melts of soft spheres is shown in the inset. It can be seen that for

n > 25 coupling parameter Gm becomes less than one. In particular, this

implies that such melts are a new and interesting state of matter: strongly

correlated but weakly coupled systems [24±26]. This greatly distinguishes

them from ordinary melts, which usually are strongly correlated and

strongly coupled
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of the pair correlation function; this is extremely important,
for example, in experiments with complex and colloidal
plasmas, which are often Yukawa-like systems.

2.2 Voronoi method
An important method for determining the structural proper-
ties of disordered media is the method of Voronoi polyhedra
or VT (Voronoi Tessellation) [40], which is widely used in
condensed matter physics to analyze the local structure of a
substance (for example, [41, 42]) and determine the topology
of liquid and crystalline clusters in studying short-range order
in metallic glasses [43±47]. The great advantage of the VT
method is that it does not contain any additional parameters
(parameter-free method) and is almost uniquely determined
by the given arrangement of atoms in three-dimensional
space. Space is partitioned into convex polyhedra, and each
such polyhedron is associated with a certain cluster of atoms.
For 3D and 2D systems, the Voronoi partition is a nontrivial
geometric problem, but one that has already been solved.

Voronoi polyhedra are obtained as a result of planes that
intersect at right angles the midpoints of segments connecting
the central atom of the cluster with its nearest neighbors, in
such away that the resulting polyhedron is convex [42]. Such a
construction determines, in particular, the number of nearest
neighbors for each particle NVT which, naturally, by con-
struction coincides with the number of faces of the Voronoi
polyhedron. A serious disadvantage of the VT method
(discussed below) is that the method under consideration
usually overestimates the number of nearest neighbors, atoms
from the second coordination sphere often being included in
the Voronoi polyhedron.

The topology of such a polyhedron (sometimes referred to
as a Voronoi polyhedron) is defined in the VT method by
Voronoi indices hn3; n4; n5; n6i, where ni is equal to the
number of faces in the constructed polyhedron with sides 3,
4, 5, and 6, respectively (more indices can be used, for
example, n7, n8, etc.; however, such polyhedra appear due to
very strongly distorted clusters, which are quite rare and
hardly make any contribution to the structural properties of

the liquid). The number of nearest neighbors NVT in the
VT method is equal to the sum of the Voronoi indices:
NVT �

P
ni.

Figure 6 shows several ideal crystalline clusters and
their corresponding Voronoi polyhedra. Shown from left
to right are bcc clusters (with Voronoi indices h0; 6; 0; 8i
and NVT � 14), densely packed lattices: fcc (h0; 12; 0; 0i with
NVT � 12) and hcp (hexagonal dense packing) (h0; 12; 0; 0i
with NVT � 12), and the icosahedral phase (with Voronoi
indices h0; 0; 12; 0i and NVT � 12).

The example of fcc and hcp lattices, which have the same
Voronoi indices, shows that such indices do not completely
describe the topology of even an ideal crystalline cluster and,
therefore, their use is limited. For certain types of symmetry
[48, 49], even insignificant distortions of the positions of
atoms in a crystal radically change its Voronoi indices and,
consequently, the number of nearest neighbors determined by
the VT method. From a geometric perspective, this implies
the appearance of small faces in the Voronoi polyhedron,
which correspond to distant nearest neighbors. The con-
sideration of ideal clusters above shows that the fcc and hcp
lattices turn out to be unstable with respect to the Voronoi
partitioning and the formation of small faces, while the bcc
lattice and the icosahedral phase are fairly stable with respect
tominor displacements of atoms. This circumstance, notably,
predetermined the wide use of the Voronoi method in the
physics of supercooled liquids and metallic glasses (see, for
example, [47, 50]), since their physical and structural proper-
ties are largely specified by clusters with icosahedral symme-
try [51, 52], which are quite easily determined by the Voronoi
method even for multicomponent systems.

Figure 7 considers the bcc and fcc lattices near the melting
line from the side of the crystal and presents the topological
properties of the corresponding solid-state clusters obtained
by the Voronoi partitioning method. The most common
topological structures for both types of lattice are displayed.
It can be seen that the heated bcc lattice retains the
topological features of an ideal crystal, since it contains a
significant number of clusters with the topology h0; 6; 0; 8i. In
the case of the fcc lattice, this is not the case, and it can be
shown that the fraction of clusters with Voronoi indices
h0; 12; 0; 0i is very small, 4 0:01. It should be noted that the
same effect is also observed for the hcp crystal near its melting
line.

Thus, heated close-packed (fcc and hcp) crystals almost
completely lack the topological features of an ideal crystal.
Due to the instability of a number of ideal and distorted
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Figure 6. Ideal crystal structures and their Voronoi polyhedra. Shown are

clusters consisting of a central atom and its nearest neighbors, as well as

the corresponding Voronoi polyhedra. Shown from left to right are bcc

clusters (with Voronoi indices h0; 6; 0; 8i), fcc (h0; 12; 0; 0i), hcp (hexagonal
close packing) (h0; 12; 0; 0i), and the icosahedral phase (ico) (h0; 0; 12; 0i),
respectively. It can be seen that, for the bcc lattice, the Voronoi partition

includes atoms from the second coordination sphere. It is also seen that the

topologies of the fcc and hcp lattices characterized by the Voronoi indices

coincide.
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lattices with respect to Voronoi partitioning, the central
particle of the crystalline cluster acquires additional nearest
neighbors, which correspond to faces of the Voronoi
polyhedron with a relatively small area. The same situation
occurs in liquid clusters. This implies that the Voronoi
method overestimates the number of nearest neighbors in a
substance, which results in significant errors in determining
its structure using this method (see, for example, [53]).

As an example, Fig. 8 shows how the distribution of the
number of nearest neighborsNVT changes if small faces (and,
consequently, distant particles resting on such faces) are
removed from the Voronoi polyhedron. The Lennard-Jones
system for the fcc crystal (Fig. 8a) and melt (Fig. 8b) near the
melting line is considered. Here, faces with an area of less than
0.1 of the average face area in the Voronoi polyhedron were
removed. A significant shift of the distribution to the region
of smaller NVT values is clearly seen for both the crystal and
the melt. The distribution of the number of nearest neighbors
becomes close to that obtained by standard methods, for
example, using the SANNalgorithm [54]. The introduction of
a cutoff of small faces in the Voronoi method implies the
introduction of a parameter, which certainly reduces the
value of the method.

Figure 8c shows the distribution by area of Voronoi
polyhedron faces in the melt of the Lennard-Jones system
and the cumulative characteristic of this distribution, which
makes it easy to estimate the fraction of particles with small
faces. For the case of the LJ melt considered above, the
proportion of such particles is about 10%. Insets in Fig. 8a
show distorted fcc (left) and bcc (right) crystal clusters and the
corresponding Voronoi polyhedra and their indices. One can

see the instability to the formation of small faces in the
distorted fcc-like cluster and the relative stability of the bcc-
like cluster.

It is worth noting that the shape of clusters with the same
Voronoi indices can differ greatly, even for crystallites stable
to the appearance of small faces. For example, clusters with
Voronoi indices h0; 0; 12; 0i, i.e., clusters with pentagonal
symmetry of the Voronoi polyhedron faces and dense
packing, are commonly considered icosahedral, despite their
possible strong difference in shape from the ideal icosahedron
[44].

The same, but to an even greater extent, applies to clusters
in a liquid. For example, it can be shown that, in an LJ melt,
the most common clusters are those with Voronoi indices
h0; 3; 6; 4i, h0; 2; 8; 4i, h0; 3; 6; 5i, etc. The topology of such
clusters is extremely sensitive to displacements of nearest
neighbors, and, to describe them, methods are required that
are much less sensitive to such displacements. These methods
are based on the description of the short-range order for each
particle using the angular characteristics of the nearest
neighbors. The applicability of the Voronoi method to the
description of liquid and distorted crystalline clusters (with
rare exceptions) is rather limited; it is recommended to
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combine it with other methods, primarily, with those
describing the local orientational order [48±52]. We consider
below such a combination of two approaches to studying the
structure of a Lennard-Jones melt. In conclusion, we note
that the Voronoi method can be successfully used in the study
of so-called empty liquids, since cavities in such systems can
be identified using this method quite easily (see, for example,
[55]).

2.3 Local orientational order in melts
To analyze the local orientational order in a system of atoms,
we first consider the behavior of a simple angular three-point
correlatorÐ the function of the angular distribution of
nearest neighbors with respect to the central atom, or the
bond angle distribution function (BADF) [7]:

P�y� � 1

Nnnn�nnn ÿ 1�

*XN
k�1

Xnnn
i�1

Xnnnÿ1
j 6�i

d�yÿ yikj�
+
: �9�

Here, the summation is carried out for all N particles in the
system and over all pairs i, j of nearest neighbors nnn (for
which the angle yikj between them with respect to the central
particle k is calculated). Thus, the distribution P�y�, which
determines the probability of two nearest neighbors forming
an angle y between themselves and the central particle, is an
important characteristic of the local orientational order.

Figure 9 shows, as an example, the melting of a Lennard-
Jones system in terms of the behavior of the BADF
distribution. The two-dimensional dependence of the BADF
on the angle y and temperature of the system T � near the
melting line is shown. The value of the 2D function shown in
color increases from blue to red. The P�y� distribution peaks
in the crystalline phase are clearly visible, corresponding to
the arrangement of atoms in the fcc lattice. The distribution
P�y� was calculated taking into account 12 nearest neighbors
for each particle, which is justified due to the close packing of
the system. A sharp change inP�y� corresponds to themelting
of the system and the destruction of the local orientational

order. The crystal±liquid transition line is clearly seen in this
figure. The one-dimensional dependences P�y� at various
temperatures are shown on the right, plotted with the same
temperature step dT � ' 0:01Tm, where Tm is the melting
temperature of the LJ system. The color of the curves, which
depends on the temperature, changes from blue to red as the
temperature increases. The blue curves in the inset correspond
to the fcc crystal, while the red curves, to the liquid. Similarly
to the 2D case, the crystal±liquid transition is clearly visible,
accompanied by a sharp decrease in the first BADF peak and
a change in the shape of the function P�y�, in which, in
particular, the distribution peaks at angles y ' p and y ' p=2
disappear. Thus, the BADF distribution makes it possible to
immediately distinguish in a qualitative and quantitative way
a heated crystal from its melt

Note that it is quite difficult to determine the crystal
structure based on the shape of the BADF distribution, since
many types of lattices have peaks in the same range of
angles y. The thermal broadening of such distributions
only complicates the problem. If, however, a melt is being
studied, the situation is different: simple liquids are character-
ized by the presence of two maxima in the P�y� distribution,
which are observed at y ' 56� for the first peak and at
y ' 108� for the second. As the liquid temperature increases,
both peaks broaden, and their values decrease. As in the case
of the pair correlation function g�r�, it is of importance to find
out towhat extent the BADF function is universal for themelt
of a substance and whether it can be used (in particular, the
values of the two indicated maxima of the P�y� distribution)
to construct simple melting indicators.

Figure 10 shows dependences P�y� for melts of the system
with inverse power-law repulsion in a range of values of the
exponent n from 10 to 50, which spans a wide range of
interparticle interaction softness (from soft to hard spheres).
It can be seen that the dependence P�y� is rather weakly
affected by the softness of the interaction potential, the
parameter n: noticeable differences are only observed in the
firstmaximumof theP�y� distribution (at y ' 56�). A piece of
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Figure 9. Behavior of function P�y� in the process of melting of a Lennard-Jones system. (a) Two-dimensional dependence of the BADF on angle y and
temperature of the system T � near the melting line. Value of a two-dimensional function is indicated by color and increases from blue to red. A sharp

change inP�y� corresponds tomelting of the system and destruction of local orientational order (melting line is shown in the figure). (b) One-dimensional

dependences P�y� at various temperatures plotted with the same small step dT in temperature: dT ' 10ÿ2Tm, where Tm is the melting temperature of the

system. Color of one-dimensional curves depends on temperature and changes from blue to red as it increases. Blue curves correspond to the fcc crystal,

and red curves correspond to liquids near the melting line. Similarly to the 2D case, the crystal±liquid transition is clearly seen, accompanied by a sharp

decrease in the first BADF peak and a change in the shape of function P�y�, in which, in particular, the distribution peaks at angles y ' p and y ' p=2
disappear. Distribution P�y� was calculated taking into account 12 nearest neighbors in the approximation of close packing of atoms.
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this BADF segment is shown in the inset in Fig. 10a. It can be
seen that the value of the first peak increases with parameter
n, so this characteristic is a convenient and simple indicator of
the softness of the interparticle interaction in the melt (as well
as the parameter gmax considered above).

The value of the secondmaximumof theP�y� distribution
observed at y ' 108� is virtually independent of n and is equal
to � 1:9. This makes the indicated parameter a quasi-
universal characteristic of the melt of soft spheres. A detailed
view of the second BADF peak is shown in the inset to
Fig. 10b. For comparison, Fig. 10 also shows the dependence
P�y� for the melt of a Lennard-Jones system. The magnitude
of the first BADF peak clearly shows that the interparticle
interaction in the LJ system is softer than in the system of soft
spheres (for n > 10): the value of the first maximum in the
P�y� distribution is � 2:75 for the LJ melt, while, for the soft
sphere, melt (with the parameter n � 10) is significantly
larger: approximately � 2:9. The value of the second BADF
peak for the LJ melt, as in the case of soft sphere melts, is
� 1:9, which, in particular, confirms the quasi-universality of
this parameter.

Three-dimensional systems with a long-range interaction
potential, which include Coulomb systems, soft sphere
systems, and Yukawa systems with small values of n and k,
crystallize with the formation of a bcc lattice, which is typical
of systems with soft interparticle interaction. As mentioned
above, the second coordination sphere in this type of crystal is
located not far from the first one, and, under heating, they
combine, which greatly complicates the identification of bcc-
like crystallites. Therefore, it is of interest to consider how the
BADF function changes as the nearest neighbors are moved

away from the central atom and, consequently, how the
angular correlations of these nearest neighbors change.

Such an example is displayed in Fig. 11, which shows the
angular characteristics of the bcc lattice in the crystalline
phase and near the melting line of the crystal and liquid.
The angular distributions P�y� calculated for the nearest
14 neighbors are presented as functions of their distance
from the central particle. In Fig. 11a, such dependences are
plotted for a bcc crystal at temperature T ' 0;3Tm, where Tm

is the melting temperature. The presence of two spatially
separated coordination spheres is clearly seen. Figures 11c
and 11e correspond to a crystal (c) and a liquid (e) near the
melting line. In Fig. 11b, d, f, the projections of the nearest
14 neighbors onto the unit sphere are constructed for all
considered configurations. The color of the particles changes
from blue to red as they move away from the central atom.

Such visualization of nearest neighbors often makes it
possible to determine the type of lattice in crystalline clusters,
the phase state of the system under study, the presence of
anisotropy in it, etc. [56]. For example, an isotropic liquid can
be easily distinguished from even a crystal strongly distorted
by the thermal motion of atoms, clearly seen if Fig. 11d and
11f are compared. Figure 11 also shows that the fine details of
the angular distribution of nearest neighbors virtually
disappear under heating to the melting temperature, and
both coordination shells spread out in space and unite. This
behavior of the coordination shells cannot be revealed using
the one-dimensional BADF function; for this, one needs to
know how the BADF changes in the radial direction from the
central atom, so that the considered 2D angular distribution
function is an important structural characteristic of an
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ensemble of particles. However, in many cases, especially in
crystallizing systems, when different types of crystallites are
formed concurrently, for example, in a system of hard spheres
during their compaction [57], the use of BADF-type averaged
angular distributions is unproductive. For a more accurate
identification of crystalline clusters in such systems, it is
necessary to study higher-order angular correlations.

2.4 Method of rotational invariants
To determine the parameters that characterize the local
orientational order and contain angular correlations of a
higher order than the angular distribution function BADF, it
is convenient to use the rotational invariant method (often
also referred to as the Bond Orientational Order Parameter
method). This method, which was proposed in [58±61], is
widely used to quantitatively describe short-range and
average orientational orders in various substances: in
Lennard-Jones systems [59, 62±65], hard spheres [66±71],
colloidal [72±75] and complex (dusty) plasmas [74±80],
metallic glasses [2, 83±86], granular systems [87, 88], liquids
with anomalous properties [89, 90], etc. It is currently the
most reliable method for detecting and identifying crystalline
clusters in the condensed phase and determining structural
anomalies in complex liquids, since it is very sensitive to the

presence of angular correlations among nearest neighbors.
Since the role of the computational experiment in the physics
of condensed matter is increasing, it will inevitably be used
more widely.

In this method, for each ith particle, the number ofNnn�i�
nearest neighbors is first determined. The vectors ri j connect-
ing the ith particle with its nearest neighbors � j � 1; . . . ;Nnn�
make it possible to find the local orientational parameter
qlm�i� for each atom or particle according to

qlm�i� � 1

Nnn�i�
XNnn�i�

j�1
Ylm�yj;fj� ; �10�

where Ylm�y;f� are spherical harmonics and y, f are the
angular coordinates of the jth particle determined by the
vector ri j.

It should be noted that the local orientational order
defined in this way depends on only two parameters: the
angular distribution of the nearest neighbors yi and fi;
moreover, the nearest neighbors are usually those particles
that are located in the first coordination sphere of a given
atom. Sometimes, especially if close-packed substances are
studied, it is convenient to use a fixed number of nearest
neighbors Nnn � 12. In identifying crystalline clusters with
the bcc symmetry type, it is better to use Nnn � 14, for a
simple cubic lattice, Nnn � 6, for diamond-like lattice,
Nnn � 4, etc.

For each particle, rotational invariants of the second ql�i�
and third wl�i� kind are calculated using qlm�i�:

ql�i� �
�

4p
2l� 1

Xm�l
m�ÿl

��qlm�i���2�1=2

; �11�

wl�i� �
X

m1;m2;m3

m1�m2�m3�0

l l l
m1 m2 m3

� �
qlm1
�i�qlm2

�i�qlm3
�i� ; �12�

where

l l l
m1 m2 m3

� �

are Wigner 3 j-symbols; in the last equation (12), summation
is carried out over all indices mi � ÿl; . . . ; l that satisfy the
condition m1 �m2 �m3 � 0.

It is important to note that each type of crystal lattice has
its own unique set of rotational invariants ql and wl. This
makes it possible to determine the ordered structure observed
in experiments or in numerical simulation by comparing the
values ql;wl calculated for each particle with the values of the
invariants q id

l , w id
l for ideal lattices. To identify a crystal

structure, it is usually sufficient to use rotational invariants of
the second kind, q4, q6, and the third kind, w4, w6, which are
easily calculated for ideal crystals. Such rotational invariants
for some common types of crystal lattices are given in Table 1.

In the case of a thermal distortion of the lattice, the
identification of solid-state clusters often becomes a non-
trivial problem; it is especially difficult to determine the bcc
lattice distorted by the thermal motion of atoms. In this case,
as was shown above, the second shell is often combined with
the first one, and the resulting solid structure can be mistaken
for the fcc or hcp symmetry types [91]. This issue is discussed
in more detail below.

If we consider close-packed crystalline clusters (Nnn� 12),
then the highest values of the invariant q6 � 0:66 are for the
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increases. Panels a, b correspond to the bcc crystal at temperature

T ' 0;3Tm, where Tm is the melting temperature of the system. Panels

(c, d) and (e, f) are plotted for a crystal and a liquid on the melting line,

respectively.
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icosahedron, an important structural element of the quasi-
crystalline phase in metallic glasses [2, 52] and supercooled
liquids. The value of the invariant q6 is often used to describe
the degree of order in a system of particles. This is due to the
fact that, for a completely disordered system (gas phase), the
average value is q6 ' 0:29 (for Nnn � 12), while the values of
the parameter q6 for solid-state clusters are much higher.

In the case of the bcc lattice, given its importance and the
complexity of identification mentioned above, Table 1 pre-
sents rotational invariants not only for the first coordination
sphere (Nnn � 8) and for the first two spheres (Nnn � 14) but
also for the case when the number of nearest neighbors
Nnn � 12. Often, there are systems in which several solid-
state phases exist simultaneously (for example, fcc, hcp, and
bcc). This situation is often observed, for example, in
experiments with the crystallization of complex [82] and
colloidal plasmas [74]. In a system of hard spheres near
the Bernal limit, fcc and hcp clusters coexist concurrently
with an insignificant fraction of the icosahedral phase
[71], etc. In such cases, it is convenient from a practical
point of view [37, 38] to determine solid-state clusters by
calculating rotational invariants with a fixed number of
nearest neighbors, which is characteristic of close packing
of atoms (Nnn � 12).

It can be easily shown [91] that, for an ideal bcc lattice,
only two sets of rotational invariants correspond to this case,
into which 15 possible combinations of positions of six atoms
of the second shell degenerate. It can be shown that the
rotational invariants with magnitude q6 � 0:137 are present
in only three of the 15 possible combinations. These
combinations correspond to the configuration of atoms
from 12 particles, where two particles from the second shell
located opposite each other are missing. Rotational invar-
iants with q6 � 0:1 are consequently present in 12 combina-
tions and, as will be shown below, they dominate during
heating (and crystallization) of the bcc lattice. This nice
effect, which is a consequence of the bcc lattice symmetry,
greatly simplifies the search for even highly distorted bcc-
like clusters.

In a liquid, when an ideal crystal is heated, liquid
solidifies, etc., atoms are formed with different values of
rotational invariants. Such systems can be characterized by
calculating the probability distributions P�qi� and P�wi� of
finding an atom in the system with given values of the
invariant qi or wi. As an example, Fig. 12 shows how similar
distributions P�q6� and P�w6� normalized to unity behave as
functions of the rotational invariants q6 and w6 during the
melting of a Lennard-Jones system [64]. In addition to these
distributions, Fig. 12 also shows their cumulative distribu-
tions Cq;w, which were proposed in [82] for a quantitative
description of the local orientational order. For example, for
the invariant q6, such a cumulative distribution is defined as
the integral characteristic of the distribution P�q6� from

Cq�x� �
� x

ÿ1
P�q6� dq6 : �13�

It is apparent that Cq�x� is the fraction in the system of
particles whose value of the rotational invariant q6 < x and
Cq�1� � 1. Such distributions are often much more con-
venient for practical use than the original distributions P�qi�
and P�wi�, since they are smooth, even in the presence of
several types of lattice in the system and vary in the range of
0±1. Additionally, if the cumulative distributions Cq�x� and
Cw�x� are known, the fraction of solid-state clusters Fcr in the

Table 1. Rotational invariants ql and wl �l � 4; 6� of some ideal crystal
structures calculated for a fixed number of nearest neighbors (NN), which
are specified for each type of symmetry. Values q4, q6, w4, and w6 are
presented for the following lattices: hexagonal close packing (hcp), face-
centered cubic (fcc), icosahedral (ico), body-centered cubic (bcc), face-
centered tetragonal (fct), simple hexagonal (sh), simple cubic (sc), and
diamond (dia). For bcc, data are presented for the first shell �NN � 8�, the
first two shells �NN � 14�, and NN � 12 (discussed in detail in the text).

Crystal lattice type q4 q6 w4 w6

hcp (NN � 12) 0.097 0.485 0.134 ÿ0:012
fcc (NN � 12) 0.19 0.575 ÿ0:159 ÿ0:013

Icosahedral (ico) (NN � 12) 1:4�10ÿ4 0.663 ÿ0:159 ÿ0:169
bcc (NN � 8) 0.5 0.628 ÿ0:159 0:013

bcc (NN � 14) 0.036 0.51 0.159 0.013

bcc1 (NN � 12) 0.137 0.559 ÿ0:138 0.0043

bcc2 (NN � 12) 0.1 0.542 ÿ0:089 0.01

fct (NN � 12) 0.225 0.51 0.11 0.018

sh �NN � 8) 0.53 0.5 0.134 0.0475

sc (NN � 6) 0.76 0.35 0.159 0.013

Diamond (dia) (NN � 4) 0.51 0.628 ÿ0:159 0.013

0

ÿ0.1 0.1

T �
2.43
1.71
1.20
0.84
0.59
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Figure 12. Behavior of rotational invariants near the melting line of a

Lennard-Jones system. Distribution functions P�q6� and P�w6� normal-

ized to unity are presented, depending on the values of the parameters q6
(a) and w6 (b) calculated for 12 nearest neighbors. Corresponding

cumulative distributions are also shown (upper curves for each figure).

Color of the curves depends on the dimensionless temperature T � and
changes from blue to red as this temperature increases. Distributions are

plotted with small constant step dT in temperature (dT � 10ÿ2Tm, where

Tm is the melting point). Crystal±liquid transition region is clearly visible

(manifested by a sharp change in the distance between neighboring curves

and a change in their shape). Strong broadening of P�q6� and P�w6�
distributions is also observed in the crystalline phase near the crystal±

liquid transition region. Additionally, values of q6 and w6 are shown for

ideal crystallites, fcc, hcp, and ico, which can be observed in such close-

packed systems.
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system can be easily estimated, which is determined from the
difference

Fcr � Cq�xcr � dcr� ÿ Cq�xcr ÿ dcr� ; �14�

where xcr is the value of the invariant for an ideal crystal, and
dcr is the parameter that determines the permissible accuracy
of the change in the rotational invariant, at which a cluster of
atoms is still considered a crystallite. Often, to identify
crystallites, the parameter dcr is taken equal to dcr ' xcr=10,
but this parameter may vary depending on the rotational
invariant and lattice type. For example, distorted icosahe-
drons in metallic glasses [2, 52] retained their pentagonal
(five-fold) symmetry at values of the rotational invariant
q6 ' 0:58, which is much less than the value q6 for an ideal
icosahedron (qico6 � 0:66).

Figure 12 clearly shows the separation of the curves into
solid and liquid phases for P�q6� and P�w6� and their
cumulative distributions. All curves are constructed for the
LJ system near the melting line with a constant small step in
temperature, so the region of the crystal±liquid transition is
very clearly visible from a sharp increase in the distance
between adjacent curves and a change in their shape, which
is clearly observed from both types of P and C distributions
mentioned. However, distributions of the rotational invariant
of the third kind w6 exhibit this transition much more
distinctly, i.e., for this invariant, such distributions turn out
to be much more sensitive to the destruction of the local
orientational order during melting than do those over the
invariant of the second kind q6. This is an important property
of the rotational invariant w6 and the distributions associated
with it. For example, a simple indicator of the melting of a
Lennard-Jones system (as, notably, can be seen from Fig. 12)
is the disappearance of a singularity (sharp peak) in the
distribution P�w6�, which is observed at w6 � w fcc

6 , i.e., for
values of w6 close to the rotational invariant of an ideal fcc
lattice.

Thus, the set of distributions P�qi� and P�wi� calculated
for the melt of a substance for different invariants qi and wi is
its important characteristic and, naturally, the question arises
as to how universal such distributions are. Figure 13 shows
the dependences P�q6� and P�w6� and their cumulative
functions C�q6� and C�w6� obtained for an equilibrium melt
of a Lennard-Jones system at two values of the reduced
density: r� � 1 and r� � 3:5. With such a change in density,
the melting temperature changes by more than two orders of
magnitude, so that the above example covers a significant
part of the phase diagram of the LJ system. It can be seen that
the presented distributions do not depend on the density of
the system (this result is undoubtedly true for intermediate
values of density r� in the range of 1±3.5), which, in turn,
implies that these distributions are universal characteristics of
the LJ melt.

To describe the local orientational order, it is often
convenient to deal not with distributions P�qi�, P�wi�, C�qi�,
and C�wi�, some of which are shown in Figs 12 and 13, but
with a single number that characterizes each such distribu-
tion. To this end, it is preferable to use smooth cumulative
functions C�q4�, C�q6�, C�w6�, etc., which by construction
vary from 0 to 1. In [70, 82], it was proposed to use as such a
numerical characteristic so-called cumulants, the values of the
rotational invariant at the point where the cumulative
function C is equal to 1=2. Then, the cumulant, for example,
for the distribution C�q6�, by definition is the number Q6

determined from the equality

C�Q6� � 1

2
: �15�

The cumulants determined in this way, being calculated
for the distributions C�qi� and C�wi�, turn out to be very
sensitive characteristics of structural transformations in
matter for various systems [64, 70, 85, 90]. Figure 14 shows,
as an example, the variation in the cumulants of distributions
C�qi�, C�wi� (for i � 4; 6) near the melting line of a Lennard-
Jones system. It can be seen that all the considered cumulants
undergo an abrupt change in the process of melting, which is
accompanied by the destruction of the local orientational
order. The liquid near the melting line is characterized by
cumulants that are virtually independent of density r� of the
LJ system. This is illustrated by the inset to Fig. 14, which
shows the cumulants of the melt as a function of r�. Thus, the
proposed cumulants are universal characteristics of the LJ
melt, which are suggested here to be used as indicators of the
melting of such a system. In Table 2, they are presented in two
forms: the top line displays the absolute values of the
cumulants Q4, Q6, W4, and W6 for the LJ melt, while the
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Figure 13. Equilibrium melt of a Lennard-Jones system. Dependences

P�q6� (a) and P�w6� (b) of the LJ melt are shown along with their

cumulative distributions for two values of the reduced density r� � 1

(red and blue curves) and r� � 3:5 (dashed lines). It can be seen that the

considered distributions do not depend on the density of the system in the

range r� 2 1ÿ3:5, i.e., they are universal characteristics of the LJ melt.

The P�q6� and P�w6� distributions are calculated taking into account the

12 nearest neighbors.

Table 2. Universal characteristics of the local orientational order for a
Lennard-Jones melt. Cumulants are Q4, Q6,W4, andW6 (upper line) and
the same quantities expressed in units of the invariant of an ideal fcc lattice
(lower lines): Q4=q

fcc
4 , Q6=q

fcc
6 ,W4=w

fcc
4 , andW6=w

fcc
6 .

Cumulant values Q4 Q6 W4 W6

LJ melt 0.15 0.37 ÿ0:025 ÿ0:04
LJ melt

(in fcc-invariant units)
0.8 0.64 0.15 3

Crystal on the melting line
(in fcc-invariant units)

0.93 0.78 0.5 1
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second line shows the same data, but normalized to the values
of the corresponding rotational invariants for the ideal fcc
lattice, which is characteristic of crystalline phase LJ systems:
Q4=q

fcc
4 ,Q6=q

fcc
6 ,W4=w

fcc
4 , andW6=w

fcc
6 , respectively. Table 2

also shows the normalized cumulants for an fcc crystal on the
melting line. The W6 indicator is probably the most con-
venient one for practical use.

If, in the sameway as Lennard-Jonesmelts, we analyze the
local orientational order for melts of a system with inverse
power-law repulsion (IPL) and those of a Yukawa system, it
turns out that the distributions P�qi� and P�wi� �as well as
their cumulative distributions C�qi�, C�wi�� shown in Figs 12
and 13 virtually coincide with the results for these systems
provided that the interaction exponent is n > 8 and the
screening parameter is k > 5 (for soft sphere and Yukawa
systems with softer interparticle interaction, additional study
is required). This, in particular, implies that the universality of
the cumulants presented in Table 2 applies to all close-packed
systems, from soft to hard spheres.

In other words, it can be argued that all close-packed
media (i.e., those systems that feature the fcc or hcp lattice in
the crystalline state) melt in the same way in what regards the
properties of the local orientational order, i.e., such melts
inherit the structural properties of the parent crystal. We also
note that the cumulants presented in Table 2 are essentially
single-phase melting criteria that can be used to study the
melting of close-packed substances. Their accuracy, as can be
estimated from the behavior of cumulants near the melting
line, is about 1%. Such accuracy is completely inaccessible to
other common melting criteria, such as the Lindemann,
Verlet, and Hansen criteria.

It should be noted that for a more accurate descrip-
tion of the properties of orientational order in matter

using the method of rotational invariants, it is of
importance to consider not only one-dimensional distri-
butions P�qi� and P�wi� but also 2D ones (for example,
the distributions of atoms P2D�qi;wj� on the planes of
rotational invariants (q4ÿq6), (q6ÿw6), (w4ÿw6), etc.), 3D
distributions �P3D�qi;wj;wk��, etc. This provides a much
more detailed description of the pathway of melting and
crystallization in the phase space of rotational invariants of
various dimensionalities.

Figure 15 shows as an example 2D distributions of
particles P2D�qi;wj� on the plane of rotational invariants of
the second (q4ÿq6) (Fig. a) and third kind (w4ÿw6) (Fig. b)
obtained for heated bcc, hcp, and fcc crystals. All invariants
are calculated with a fixed number of nearest neighbors
Nnn � 12 [91]. The rotational invariants for ideal fcc, hcp,
and bcc crystals are also shown for comparison with distorted
lattices. The absence of noticeable intersections of these
distributions makes it possible to reliably identify each type
of distorted crystal lattice, despite the significant thermal
spread of each of the distributions. This example clearly
shows that two-dimensional distributions (and especially a
combination of two distributionsÐon the planes (q4ÿq6)
and (w4ÿw6)) determine the type of crystallite formed in the
system under study much more accurately than one-dimen-
sional distributions. Therefore, using rotational invariants,
calculated with Nnn � 12, and the two-dimensional distribu-
tions introduced above (for example, for a crystallizing
substance), one can immediately determine the type of
crystal lattice which is characteristic of the system under
consideration. Additionally, the conclusion made above is
confirmed regarding the importance of identifying bcc-like
atoms using 12 nearest neighbors to calculate the rotational
invariants. Also, Fig. 15b shows that the density at two
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Figure 14.Melting of a Lennard-Jones system. Dependence of cumulants of distributions C�qi� and C�wi� (for i � 4; 6) on reduced temperature T � near
the melting line. A sharp jump, which is observed for all cumulants, corresponds to the destruction of the local orientational order and the melting of the

system. Inset shows dependence of the cumulants Q6, W4, and W6 of the melt on density r�. It is clearly seen that these cumulants are virtually

independent of density and, thus, are universal characteristics of the LJ melt.
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maxima of the 2D distribution for a heated bcc crystal is in
good agreement with the degree of their degeneracyÐ the
distribution density in the region of the invariant q4 ' 0:1 is
several times higher than that of invariant q4 ' 0:13.

This observation, in particular, resolves the difficult
problem of identifying bcc-like clusters formed during the
crystallization of many systems. It can be shown that the
calculation of invariants with the number of nearest neigh-
bors Nnn � 8 and Nnn � 14 is not very suitable for
identifying bcc crystallites: in the first case, they can be
easily mistaken for fcc-like clusters, and, in the second
case, for fcc- and hcp-like clusters. For a melt of a
Lennard-Jones system, the distribution Pmelt

2D �q4; q6� is
shown in Fig. 16. It should be noted that, for the invariant
q6, the maximum distribution (q6 ' 0:38) significantly
exceeds the average value of the invariant calculated for a
fully disordered system (q6 ' 0:29). It can also be seen that
the melt contains virtually no crystalline clusters; it can be
shown that their proportion is exponentially small.

An example of the identification of crystalline clusters
using rotational invariants is presented in Fig. 17, where the
crystallization of a system of monodisperse hard spheres near
the Bernal limit is considered [70, 71]. The most disordered
packings of 64,000 hard spheres in a cube with periodic

boundary conditions were considered. It is known [57] that
in such a system, at a packing density of f ' 0:64, crystalline
clusters inevitably appear. Figure 17 shows the spatial
distribution of hcp and fcc clusters for three packing
densities f: f � 0:65 (a, b), f � 0:66 (c, d), and f � 0:68 (e,
f). The color of the particles, which is determined by the
crystal cluster size, changes from blue (single cluster) to red as
the size increases. It can be seen that for f � 0:65 hcp clusters
dominate in the system. Forf � 0:66, two types of crystallites
are observed: hcp and fcc, which are 3D objects. A further
increase in the packing density to f � 0:68 leads to an
interesting structural transition: 3D crystalline clusters are
transformed into flat layers, forming a layered (sandwich-
like) structure, in which layers with fcc symmetry alternate
with hcp layers [67].We note that, just as in the case ofmelting
of close-packed LJ, soft sphere, and Yukawa systems, during
the crystallization of a system of hard spheres, the cumulant
W6 undergoes the most dramatic change with the appearance
of crystallites [70, 71]. This is due to the practical coincidence
of the values of the rotational invariant w6 for the fcc and hcp
lattices.

In concluding this section, we consider a combination of
the method of rotational invariants and the Voronoi method.
Such an approach was proposed in [49]. In this case, the
problem of determining the nearest neighbors is removed:
their number Nnn for a given atom is simply equal to the
number of faces of the Voronoi polyhedron obtained by the
VT method. Then, according to [49], in calculating the
orientational order parameters qlm� j�, the contribution of
each neighboring particle j is related to its weight dj, which is
determined by the area of the Voronoi polyhedron face sj on
which it rests:

qlm�i� � 1

Nnn�i�
XNnn�i�

j�1
djYlm�yj;fj� : �16�

It is convenient to define dj � Nnnsj=Stot, where Stot is the area
of all faces of a given polyhedron, so

PNnn

k�1 dk � Nnn. In this
case, the values of the rotational invariants ql and wl do not
change for ideal fcc, hcp, and ico lattices, since in the above
lattices all 12 faces of the corresponding Voronoi polyhedron
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Figure 15. Two-dimensional distributions of particles P2D�qi; qj� on the

plane of rotational invariants of the second �q4ÿq6� (a) and third kind

�w4ÿw6� (b) for a number of heated crystals: bcc, hcp, and fcc. All

invariants are calculated with a fixed number of nearest neighbors

Nnn � 12. Rotational invariants for ideal fcc, hcp, and bcc lattices are

also displayed for comparison with the corresponding distorted lattices. In

the case of a bcc crystal (see Table 1), the set of 15 possible combinations of

four atoms of the second shell degenerates into two sets of invariants (bcc1
and bcc2) of different intensity, which is clearly seen in the presented

distributions. Absence of noticeable intersections of these distributions

makes it possible to reliably identify each type of distorted crystal lattice,

despite their rather significant thermal broadening.
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Figure 16. Two-dimensional distribution of particles P2D�qi; qj� on the

plane of rotational invariants �q4ÿq6� for a melt of a Lennard-Jones

system. For comparison, invariants of ideal lattices are displayed (shown

in the figure). The red color corresponds to the maximum distribution

density. It can be seen that the melt contains virtually no crystalline

clusters: their proportion is exponentially small. All invariants are

calculated with a fixed number of nearest neighbors Nnn � 12.
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have the same areas. This is not the case for an ideal bcc
cluster (smaller faces correspond to 6 particles from the
second shell and, consequently, a smaller contribution to
qlm). For the case of the fcc lattice, thesemodified values of the
rotational invariants q4, q6, w4, and w6 are, respectively,
0.224, 0.567, ÿ0:159, and 0.013.

Figure 18 compares two methods for calculating invar-
iants: standard and modified techniques (taking into account
the determination of nearest neighbors from the Voronoi
partition) using the same atomic configurations. Displayed
are two-dimensional distributions P2D�qi; qj� of particles on
the plane q4ÿq6 for a heated fcc crystal, which was used to
calculate the distributions shown in Fig. 15.

Figure 18a corresponds to using the standard approach
with a fixed number of nearest neighbors Nnn � 14. In
addition to the bcc lattice invariant, the values of the
invariants for ideal fcc and hcp lattices are shown. For the
fcc lattice, two sets of invariants are obtained, and, for hcp,
three, all of which are shown in the figure. It can be seen, in
particular, that all types of considered crystals are present in
the given distribution, due to which it is not possible (using
only these data) to identify the type of crystallite in the system
under consideration.

Figure 18b corresponds to the case when the nearest
neighbors for each atom of the distorted bcc lattice were
determined by the Voronoi method, and qlm were calculated
using Eqn (16). The results are presented for the four most
common types of topological clusters in such a system. It is
clearly seen that even clusters with Voronoi indices h0; 6; 0; 8i

(which are identical to the indices of the ideal fcc lattice) yield
a strong spread in the values of their q4 and q6 invariants. For
other topological clusters, the scatter is even greater, which
implies that this method has no particular advantages in
practical application. In [49], the method was tested on a
system of close-packed hard spheres; however, in this case,
as was shown above, all crystalline clusters are perfectly
determined by the standard method of rotational invariants
[70, 71].

3. Structure of two-dimensional systems
near the crystal±liquid transition

An extensive bibliography is devoted to two-dimensional
melting (see, for example, recent detailed review [92] and
papers cited there). Two-dimensional systems have been
actively studied since the pioneering theoretical works [93±
99], which brought in 2016 the Nobel Prize in Physics to
D Kosterlitz and D Thouless. The main focus was on the
mechanism and properties of the crystal±liquid phase transi-
tion in various 2D systems and the physics of formation and
the properties of the intermediate (between the crystal and
liquid) hexatic phase (characterized, in part, by the presence
of a quasi-long-range orientational order and the absence of
long-range translational order). A large number of studies
have been devoted to the dynamic and structural features of a
two-dimensional substance near its melting region [100±105].
In addition, interest in two-dimensional materials and, in
particular, in the physical properties of real 2D liquids,

a c e

b d f

hcp

fcc

Figure 17. Three-dimensional system of monodisperse hard spheres. Spatial distribution of hcp and fcc clusters is shown for three values of packing

densityf:f � 0:65 (a, b),f � 0:66 (c, d), andf � 0:68 (e, f). Color of the particles depends on the size of the crystal cluster and changes from blue (single

cluster) to red as it increases. Forf � 0:65, hcp clusters dominate the system. Forf � 0:66, both types of crystallites and hcp and fcc are observed (c, d). A
further increase in the packing density results in an interesting structural transition: 3D clusters are transformed into planar, sandwich-like structure (e, f).

Number of particles in the system N � 64� 103.
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initiated by the discovery of graphene, has recently grown
[106, 107]. We also note the recent observation of two-
dimensional melting in a system of quasiparticles: skyrmions
[108].

Here, we barely touch on the fine details and the type of
crystal±liquid transition in the two-dimensional case, and
only discuss the structural properties of a 2D liquid using the
example of the Yukawa system from the same perspective
from which the melts of 3D systems were considered. Note
that there are indications that the properties of a liquid near
the melting line do not depend on the type of crystal±liquid
transition (at least for close-packed systems). Particle config-
urations, the structural properties of which are considered
in this section, were obtained using the method of classical
molecular dynamics [13], the characteristic number of
particles in the two-dimensional systems under study being
N � 105. In the study of the liquid phase, this virtually
eliminates the influence of the size of the system on the
structure of the liquid.

At zero temperature, the 2D Yukawa system is a close-
packed crystal with a triangular (hexagonal) lattice and the
number of nearest neighbors for each atomNnn � 6, but, at a
finite temperature, clusters of defects appear in such a system,
in which each particle has Nnn 6� 6. At low temperatures
(T5Tm, where Tm is the melting temperature of a two-
dimensional crystal), such clusters are dominated by disloca-
tions consisting of defects (5±7) (in which one particle has 5
nearest neighbors and the other has 7) and/or the result of
their association, so-called dislocation pairs consisting of four
such defects. The formation of single defects (disclinations)

(with five or seven nearest neighbors) is also possible, but
their concentration in such a system is usually much lower
than that of dislocations and dislocation pairs. This is due to
the fact that such disclinations create a strong local elastic
tension in the system, under which it is energetically favorable
for them to convert into a dislocation. Even at low
temperatures, the formation of agglomerates from defects is
possible, which is conveniently characterized by the number
Nd of particles with Nnn 6� 6 that form such an agglomerate.
The distribution of such agglomerates depending on Nd (i.e.,
the mass spectrum of clusters of defects) is an important
characteristic of a two-dimensional system [82]. It is con-
venient to include disclinations (point defects with Nd � 1),
dislocations (Nd � 2), and dislocation pairs (Nd � 4) in this
distribution, calling all objects Nd 5 1 clusters of defects
(CDs).

Figure 19 shows how typical clusters of defects look in
different phases of a two-dimensional system (small parts of
the system are shown): in a crystal (a), a hexatic phase (c), and
a liquid near the melting line (e). The particle configurations
shown in Fig. 19a, e, were obtained by simulating theYukawa
system with the screening parameter k � 3 and the number of
particles in the system N ' 105. The hexatic phase shown in
Fig. 19c was obtained in an experiment with colloidal
particles [109]. In the case of close-packed systems, such as
2D systems of Lennard-Jones, Yukawa, and soft spheres, the
nearest neighbors are easily determined by the Voronoi
partition (a two-dimensional analog of the VT method).
With such a partition, each particle of the system is
associated with a convex polygon, the number of sides of
which is equal to the number of nearest neighbors. In
Figs 19a, c, e, the color of the particles depends on the
number of nearest neighbors: green particles correspond to
crystallites (with Nnn � 6), while blue and red particles
correspond to particles with 5 and 7 nearest neighbors,
respectively. For each particle configuration, a 2D static
structure factor was calculated and shown above each of the
considered configurations. A comparison of Fig. 19c and e
shows that it is almost impossible to visually distinguish
between the hexatic phase and the liquid near the melting
line, while it can be done quite easily using the two-
dimensional structure factor. This is due to the fact that fine
details of the angular distribution of nearest neighbors
disappear in a two-dimensional fluid and the structure factor
becomes isotropic in the space of wave vectors (see, for
example, Refs [110, 111]). The hexatic phase is displayed
here to show that 2D melting, which is typically a two-stage
process for simple systems (i.e., a crystal±hexatic phase±liquid
transition occurs) with different types of phase transitions, is
amuchmore complex process than themelting of 3D systems.
Figure 19 also shows the diversity of clusters of defects, even
in the case of a 2D crystal (where the CD is not limited to only
dislocations and dislocation pairs), which is significantly
enhanced in the hexatic phase and melt, for which CDs
often consist of large agglomerates with a complex shape.
We note that exploration of their role in the melting of 2D
systems is only beginning [112].

Similar to the 3D case, to describe a 2D melt, we first
consider the behavior of the pair correlation function. In this
case, g�r� is determined by the formula

g�r� � 1

N

�X
j 6�k

d
ÿ
rÿ jrj ÿ rkj

��
: �17�
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Figure 18. Distributions P2D�qi; qj� on the plane of rotational invariants

�q4ÿq6� for a heated bcc lattice. Panel (a) corresponds to the case when the
rotational invariants q4 and q6 were calculated with a fixed number of

nearest neighborsNnn � 14. Color of the particles depends on the value of

the rotational invariant w4. Panel (b) shows the same configurations of

atoms, but invariants were calculated using Eqn (16). Additionally,

panel (a) displays values of invariants for ideal fcc and hcp lattices

computed with a fixed Nnn � 14. For the fcc lattice, this yields two sets

of rotational invariants, and for hcp, three sets, all of which are presented

in the figure. Panel (b) presents data for the most common topological

clusters in such a system (with Voronoi indices, respectively, h0; 6; 0; 8i
(green), h0; 4; 4; 6i (red), h0; 5; 2; 6i (black), and h0; 5; 2; 8i (blue)). Strong
broadening of both distributionsmakes it impossible to determine the type

of crystallite by the described methods.
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We consider again the characteristics of the PCF, such as
its first peak gmax and the first nonzero minimum gmin. Their
behavior for amelt of a 2DYukawa system is shown inFig. 20
for various values of the screening parameter k [113]. The
inset shows the dependences g�r� near the crystal±liquid
transition line. The color of the curves depends on the
dimensionless temperature T � � T=Tm, where Tm is the
melting temperature of the system: the blue curves corre-
spond to the crystalline state of the system, and the red curves,
to the liquid state. The destruction of the translational order
(the disappearance of long-range correlations) during the
melting of the system is clearly seen.

The dependences of the parameters gmax and gmin on the
value of k exhibit an interesting effect formelts of theYukawa
system: the PCF gmax peak grows with the increase in the
softness of the interparticle interaction (i.e., with an increase
in k), while the parameter gmin does not really change on the
melting line in the considered range of variation of the
screening parameter and gmin � 0:27 (for k ' 0ÿ8). We note
that qualitatively the same behavior of the parameters gmax

and gmin depending on the softness of the pair interaction was
discussed above for three-dimensional melts of a system of
soft spheres, which, apparently, reflects a certain structural
similarity of melts of close-packed 2D and 3D systems.

Thus, the values gmax and gmin are important character-
istics of a 2D liquid, one of which (gmin) is a universal
indicator of the melting of close-packed systems, while the

second (gmax) is an indicator of the softness of the pair
interaction in the system under study.

In addition, the use of parameters gmax and gmin makes it
possible to easily and noninvasively determine the key
parameters of pair interaction in 2D experiments with melts
of complex and colloidal plasma: the value of gmin is used to
determine that the liquid under study is a melt, and the
softness of the interaction is found using the parameter gmax

(screening parameter k). For this, a single configuration with
the number of particles in the system N � 104 is quite
sufficient.

It can be shown that, for a 2D Yukawa liquid at a
temperature above the melting point, the value of gmin

depends on only one parameter, the dimensionless tempera-
ture T � � T=Tm. This is illustrated in Fig. 21, where
dependences gmin�T �� are shown for several values of the
screening parameter k. It is clearly seen that the shape of the
curves gmin�T �� is virtually independent of k in a wide range
of values k ' �0ÿ8� and T � ' �1ÿ2:5�.

Such properties of the parameter gmin make it possible
(together with gmax) to determine the location of the 2D
Yukawa fluid studied in the experiment (for which the key
characteristics of the interactionÐ the screening parameter k
and the coupling parameter GÐare usually not known in
advance) in the phase diagram, even if such a liquid is located
far away from the melting curve: the universality of gmin�T ��
yields the value of T �, the value of gmax�T �� can be used to

a

b

c

d

e

f

Figure 19. Two-dimensional Yukawa system. Portions of three phases are displayed: crystalline, hexatic, and liquid. Results of numerical simulation of

the Yukawa system (with screening parameter k � 3) are shown in panels (a) and (d); panel (c) presents the results of an experiment with colloidal plasma

[109]. Panel (a) corresponds to the crystalline phase, (e) to the equilibrium liquid near the melting line, and (c) to the hexatic phase. Color of the particles

depends on the number of nearest neighbors Nnn and changes from blue to red as this number increases. Crystallites with 6 nearest neighbors are

highlighted in green, clusters of defects consist of blue and red particles withNnn 6� 6: for blue particles,Nnn � 5, for red particles,Nnn 5 7. Inset in panel a

shows how the most common clusters of defects, dislocations, and dislocation pairs look near the melting line. For each configuration of particles, the

corresponding 2D static structure factor (b, d, f) is given below it, which clearly demonstrates structural differences between these phases.
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find the value of the screening parameter k, and, knowing k
and the melting curve of the 2D Yukawa system, it is easy to
find the temperature of the system T and the coupling
parameter G.

Integral characteristics g�r�, for example, the pair entropy
s2, which describes the contribution of pair correlations to the
total entropy [114], and the cumulative pair entropy Cs2 can
also be used to quantitatively describe a 2D fluid [115±118].
The functions s2 and Cs2 are defined from

s2 � ÿ n

2

��
g�r� ln g�r� ÿ g�r� � 1

�
dr ; �18�

Cs2�r� � ÿp
� r

0

�
g�x� ln g�x� ÿ g�x� � 1

�
x dx ; �19�

where n is the particle density and s2 is the specific entropy in
units of kB. The function Cs2�r� shows how quickly the
integral in formula (18) converges for 2D systems with
increasing distance r, since it is obvious that Cs2�1� � s2.
Similarly to the 3D case, for 2D melts of the Yukawa system,
the functions g�r� with different values of the screening
parameter k differ from each other within the first coordina-
tion sphere alone; therefore, it should be expected that their
integral characteristics will be the same and they can be used
as melt characteristics. As an example, Fig. 22 shows the
behavior of the dependence of the pair entropy s2 on the
reduced temperature T � for two values of the screening
parameter k. These curves virtually coincide, which indicates
the universality of s2 as a characteristic of a liquid. The slow
decrease in s2 with increasing temperature for the liquid phase
(T � > 1) makes it easy to determine the parameter T � for the
Yukawa fluid under study. A sharp drop in s2 at T � � 1
signals the melting of the system. However, it is not easy to
determine from the dependence under consideration the value

of pair entropy s2 which it takes in the melt, since the
transition occurs in a narrow temperature range, and a wide
range (7±4) of s2 variation corresponds to a single value of the
melting temperature Tm. The pair entropy can be determined
more precisely by analyzing the convergence of the cumula-
tive entropyCs2 to s2 at large distances. The behavior ofCs2 as
a function of the dimensionless distance r=D and temperature
T � is shown in the inset to Fig. 22 for the parameter k � 2.
The distance between adjacent curves corresponds to a small
(dT � � 0:01) temperature step, with the blue lines referring to
the crystal, and the red lines, to the liquid. A sharp increase in
the distance between neighboring curves corresponds to the
melting of the system. The curves plotted on a double
logarithmic scale show that in the crystalline phase the
cumulative entropy Cs2 increases with r and diverges at large
distances (and this can be shown by increasing the size of the
system). This is related to the presence of a quasi-long-range
order in a heated crystal. For liquid, Cs2 rapidly converges
and gives a good estimate of the pair entropy of the melt:
sm2 ' 3:5. Therefore, for the dependence s2�T �� shown in
Fig. 22, only the lower part of the curves has physical meaning
(at s2 < sm2 ).

It should be noted that the separation of the function Cs2

into solid and liquid branches (they are shown in Fig. 22)
requires a fairly accurate calculation of g�r�, which is not
always possible in real experiments due to the limited number
of configurations of the system under study. A computational
experiment does not involve such restrictions, and both
characteristics, s2 and Cs2, can be very useful for determining
the place of a close-packed liquid in the phase diagram.

In studying themelting of 2D systems, an important role is
played by the intermediate hexatic phase, which usually
occupies a narrow strip between the crystal and the liquid in
the phase diagram. The identification of such a phase is a
fairly challenging task. Figure 19 shows that it is very difficult
to visually distinguish a hexatic phase from a liquid without a
special analysis of the particle configuration. It is usually
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Figure 20. Two-dimensional Yukawa system near the melting line.

Dependence of parameters gmax (red line) and gmin (green line) of the

melt on the screening parameter k is displayed. Inset shows the functions

g�r� near the crystal±liquid transition line for k � 3. Color of the curves in

the inset depends on the dimensionless temperature of the system T=Tm,

where Tm is the melting temperature of the 2D Yukawa system. Blue

curves correspond to the crystalline state of the system, and red curves, to

the liquid state. It is clearly seen that the parameter gmin does not depend

on the screening parameter in a wide range of k values, i.e., this parameter

with the value gmin � 0:27 is a universal characteristic of the 2Dmelt of the

Yukawa system. Parameter gmax increases monotonically with increasing

k in theYukawamelt, and its value is a simple characteristic of the softness

of the interparticle interaction. Number of particles in the system is

N ' 105.
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Figure 21. Two-dimensional Yukawa system near the melting line.

Dependence of the parameter gmin on the dimensionless temperature

T � � T=Tm for a number of values of the screening parameter k. Color
of the curves depends on the value of k and changes from blue (k � 1) to

red (k � 8), covering a wide range of interparticle interaction softness. It is

clearly seen that, after the crystal±liquid transition (for T � > 1), all the

curves virtually coincide, i.e., the value of k is determined by only the

parameter T �, and the dependence on the screening parameter k virtually

vanishes, at least up to temperatures T ' 2:5Tm.
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determined by calculating the orientational correlation
function G6�r� (see, for example, [92]):

G6�r� �
�


C6�r�C6�0�
�

g�r�
�
; �20�

where C6�r� is a local orientational order parameter deter-
mined from

C6�ri� � 1

ni

Xni
k�1

exp �i6yik� ; �21�

where the summation for the ith particle is carried out over
all its nearest neighbors ni, and yik is the angle between the
vector that connects the ith and kth particles and an
arbitrarily directed fixed axis. For a hexagonal ideal
lattice, jC6�r�j � 1. In the hexatic phase, G6�r� decreases
with increasing r according to the power law G6�r� / rÿn6 ,
where n6 4 1=4 (see, for example, [92]). Figure 23 shows the
typical behavior of the function G6�r� near the melting line
of the Yukawa system and the orientational correlation
functions G6�r� vs the reduced distance r=D and tempera-
ture. During melting, a sharp change in the function G6�r�
occurs: in the crystalline phase, G6�r� � 1, while, in the
liquid phase G6�r� / exp �ÿr=D�; both phases are displayed
in the figure. The hexatic phase, which is characterized by a
quasi-long-range orientational order, is located between them
in a narrow temperature range DT hex 5Tm.

For finite systems with a relatively small number of
particles N (usually N � 104 in real and computational
experiments), it is fairly difficult to distinguish the power-

law decrease in the correlator G6�r� from the exponential
decrease characteristic of a 2D isotropic fluid (see, for
example, [119]). Additional complexity is introduced by the
possible metastability of such a phase for finite systems [120].
Therefore, it is important to find simple characteristics of the
2D system that correlate well with the power-law decrease in
G6�r� and are calculable fairly easily.

The simplest such characteristic of a 2D system is the
relative concentration of defective (with Nnn 6� 6) particles
nd � �1=N�

P1
1 m�Nd�Nd, where the summation is carried

out over all values of Nd, i.e., over all clusters (consisting of
Nd particles, each of which has the number of nearest
neighbors Nnn 6� 6), and m�Nd� is the distribution of such
clusters by the number of particles they contain.

Figure 24 shows how the relative concentration nd
depends on the reduced temperature of the system T � �
T=Tm, where Tm is the melting temperature. Dependences are
presented for two values of the screening parameter: k � 2
(blue curve) and k � 4 (red curve). It is clearly seen that these
curves almost coincide. This implies that the concentration of
defects nd does not really depend on the value of the
parameter k in the melting region, i.e., nd is a universal
characteristic of the system that depends on only the
parameter T �. This important result makes it possible, in
particular, to determine the phase state of the system and the
value of the parameter T � in the experiment, knowing only
the concentration of defects, which is rather easily determined
from the spatial arrangement of particles by the Voronoi
method. For the liquid phase, a similar result has been
obtained recently in [113]. A sharp increase in nd observed in
a narrow range of reduced temperatures T � corresponds to
the melting of the system with a characteristic value of
nd ' 0:2 for the melt. Insets to Fig. 24 show parts of three
phases: crystalline (a) (with nd ' 0:05), hexatic (b) (with
nd ' 0:15), and liquid (c) (nd ' 0:2). The color of the
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Figure 22. Two-dimensional Yukawa system near the melting line. Pair

entropy s2 is displayed as a function of reduced temperature T � � T=Tm

for two values of screening parameter k. A sharp decrease in s2 with

increasing temperatureT � corresponds to themelting of the system. It can

be seen that dependences s2 are virtually independent of parameter k and

gradually decrease with increasing T � in the liquid phase (T � > 1). Inset

shows the behavior of the cumulative pair entropy Cs2�r� for various

system temperatures in units of r=D, where D is the average interparticle

distance. Temperature varies with a small step dT � ' 0:01, and a sharp

change in the distance between curves corresponds to the melting of the

system. Color of the curves depends on temperature T � and changes from

blue to red as it increases, so that the blue color corresponds to the

crystalline phase, and the red color corresponds to the liquid phase.

Function Cs2�r� converges only for the liquid phase. In the melt,

sm2 ' 3:5, so dependence s2�T �� has a physical meaning only when

s2 < sm.
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Figure 23. Melting of a 2D Yukawa system with the screening parameter

k � 3. Orientational correlation functionsG6�r� are presented as functions
of the reduced distance r=D and temperature. In the process of melting, a

sharp change occurs in function G6�r�, clearly seen in the figure, which

shows solid and liquid phases of the system. Hexatic phase characterized

by a quasi-long-range orientational order lies between these phases in a

narrow temperature range DT hex 5Tm. For finite systems with N � 104,

finding this phase is not a trivial problem.
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particles, as in Fig. 19, depends on the number of nearest
neighbors: blue and red particles (with five and seven nearest
neighbors, respectively) correspond to defective particles,
while crystalline particles with six nearest neighbors are
highlighted in green. A significant difference between the
hexatic and liquid phases and the crystalline one in terms of
the type and concentration of defects and clusters of defects
greatly simplifies their identification in experiments with
complex and colloidal plasma, and the measurement of nd
determines the position of the studied close-packed system on
the phase diagram, since it immediately enables an estimation
of the parameter T �.

Analyzing the data of an experiment with a 2D colloidal
plasma [109], it can be shown that a power-law decrease in the
orientational correlation function G6�r�, which is character-
istic of the hexatic phase, is observed at a defect concentration
of nd ' 0:15. This implies that the parameter nd is a simple
and reliable characteristic of the phase state of 2D close-
packed systems. Note that the relative concentration of
defects in the melt of the Yukawa system is nd ' 0:22, and
this result is in good agreement with the data obtained in a
numerical experiment for a system of hard spheres [121].
Based on this circumstance, this quantity can be consid-
ered an almost universal characteristic of 2D melts in all
close-packed systems (i.e., those with a hexagonal lattice
at low temperatures), since almost the entire range of
interparticle interaction softnessÐ from soft to hard
spheresÐ is spanned.

It is important to note that, in the melts of 2D close-
packed systems considered above, about 20% of the particles
belong to clusters of defects, and about 80% of the particles
belong to crystalline clusters, where each particle has six

nearest neighbors. It can be shown [114] that the proportion
of such clusters slowly (logarithmically) decreases with
increasing temperature, and crystalline particles prevail in
the system up to temperatures T=Tm � 30! This is an
important fundamental difference between a 2D liquid and a
3D one (in which the number of crystalline clusters is
negligible, even in a melt), which is probably the reason for
the complexity of the physics of 2D melting.

In addition to nd, clusters of defects of various sizes can
play an important role in 2D systems [122]. For example, they
can be relatively simple parameters characterizing the phase
state of a 2D system, as illustrated in Fig. 25, which shows the
concentrations of CDs of various masses near the melting
region of the 2D Yukawa system. Relative concentrations
(fractions) nN=nd of clusters consisting ofN defective particles
are displayed for various temperatures T �. Dependences are
presented for disclinations �N � 1�, dislocations �N � 2�, and
dislocation pairs and linear clusters (with N � 4), as well as
for the most common clusters of defects with N � 3, N � 5,
and N � 6. Additionally, the cumulative fraction of all
defective particles included in clusters of size N > 4 is given.

It can be seen that defectsÐdislocations and clusters with
N � 4Ðdominate in the crystalline phase, although the
contribution of other clusters is also quite significant. For
example, in a crystal near the melting region, the fraction of
CDs (withN > 4) is' 0:3, which can have a noticeable effect
on the melting of this system. At temperature T �4 0:6,
dislocations �N � 2� prevail in the system; further, with
increasing temperature, clusters consisting of four defects
�N � 4� start dominating (their fractions become equal:
n2 � n4 at T � ' 0:6), and their concentration sharply
decreases during the crystal±liquid transition. This phenom-
enon is, in particular, a result of the dissociation of paired
dislocations, which, apparently, favors the KTHNY scenario
(see, for example, [91]) of such a transition. It is clearly seen
that, in both the hexatic phase and the melt, the proportion of
relatively large clusters (with N > 4) is much higher than in
the crystal, and this, most likely, determines the structural
and other properties of these phases. The inset to Fig. 25
shows nd versus T

� on a double logarithmic scale to illustrate
the almost power-law growth of nd in a T � range of
' 0:6ÿ0:95 with exponent a � 5 �nd / �T ��a�. It can be
shown that such behavior of a CD near the melting region
of the Yukawa system is virtually independent of the screen-
ing parameter and, most likely, is typical of close-packed 2D
systems.

An important role in the theory of 2Dmelting is played by
paired dislocations, the defects consisting of four defective
particles, of which two particles have five and two particles
have seven nearest neighbors. They should be distinguished
from linear CDs (with N � 4). The behavior of both types of
CD near the melting region is shown in Fig. 26. The relative
concentration nd of all clusters consisting of four defective
particles is shown at various temperatures T � (blue curve). It
is convenient to divide these CDs into two groups, one of
which includes paired dislocations, and the other contains
linear CDs. They are also shown in Fig. 26 as the fraction of
paired dislocations npd (red curve) and the fraction of linear
CDs ngb (green curve). By definition, npd � ngb � n4. Linear
CDs can be easily distinguished from paired dislocations by
calculating the maximum distance rm between particles in the
cluster under consideration: for linear CDs it is much larger
than for paired dislocations (see the inset to Fig. 26, which
shows the distribution of CDs depending on the value of rm).

Hexatic phase

Crystal Melt

a

b

c

0.4

nd
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Figure 24. Two-dimensional Yukawa system near the melting region.

Relative concentrations nd of defective particles (i.e., particles with the

number of nearest neighborsNnn 6� 6) depending on the reduced tempera-

ture T � � T=Tm, where Tm is the melting temperature, are shown for two

values of the screening parameter: k � 2 (blue curve) and k � 4 (red

curve). These curves almost coincide, which implies that the dependence is

quasi-universal in the considered range of T � values. A sharp increase in

nd, which is observed in a narrow temperature range, corresponds to a

crystal±liquid transition with a characteristic value of nd ' 0:2 for the

melt. Insets show parts of three phases: crystalline (a) �nd ' 0:05�,
thematic (b) �nd ' 0:15�, and liquid (c) �nd ' 0:2�. Color of the particles
corresponds to the number of nearest neighbors, changing from blue to

red as this number increases. It can be seen that parameter nd is noticeably

different for all the specified phases, which enables their identification.

Additionally, by determining parameter nd, one can easily find the reduced

temperature of the system T �.
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It can be seen that paired dislocations significantly dominate
in the solid phase; their proportion increases with increasing
temperature T �, while the proportion of linear CDs is very
small. In the melting region, the proportion of linear CDs
sharply increases and stabilizes in the melt, while the
concentration of paired dislocations drops sharply during
melting and continues to decrease in the liquid with increasing
temperature T �. This behavior of CDs with N � 4 in the
melting region can also be used as one of the indicators of the
crystal±liquid transition in 2D systems.

The concentrations of defects and clusters of defects nN
provide another important characteristic of a 2D system, the
distribution of defects over their `mass' P�N�, which shows
which CDs prevail in the system at different stages of its
melting and which CDs are most characteristic of a 2D liquid.
Such a distribution of clusters of defects P�N� over the
number N of defects included in the cluster is shown in
Fig. 27 for various temperatures T � covering all phase states
of the 2D Yukawa system. The color of the curves in Fig. 27,
which depends on the value ofT �, changes from blue to red as
this quantity increases. A sharp increase in the distance
between neighboring curves corresponds to the melting of
the system. The main properties of these distributions can be
seen: in the crystalline phase, P�N� rapidly decreases with
increasingN; in the case of a liquid, power-law tails appear in
the P�N� dependence, indicating the emergence in the system
of large CDs. In addition, the shape of P�N� also changes
strongly during melting: the dominance of dislocations and

dislocation pairs in the crystalline phase is replaced by a
complex spectrum of defect clusters in the hexatic and liquid
phases. For not very large values of N, peaks appear in the
dependence P�N� that correspond to even values ofN. This is
a consequence of the kinetics of the formation of various
CDs, in which dislocations play a key role.

Therefore, more specifically, to describe 2D systems, it is
convenient to use a dimensionless parameter defined as the
ratio of the concentrations of the twomost commonCDs, i.e.,
introduce the parameter n2=4 � n2=n4, which is the ratio of the
concentration of dislocations and the concentration of CDs
withN � 4. The behavior of this parameter for various values
of T � is shown in the inset to Fig. 27. In the crystalline phase
near the melting region, n cr

2=4 ' 0:5, while for the melt,
nm2=4 ' 2:5, and these quantities are virtually independent of
screening parameter k, i.e., are quasi-universal structural
characteristics of a 2D melt. Although the structural uni-
versalities of melts of 2D systems were considered in this
section using as an example the Yukawa system alone, there
are reasons to believe that the melts of all close-packed 2D
systems feature these universal properties.

In concluding this section, we note that the structure of
quasi-two-dimensional systems of microparticles observed in
experiments with complex plasma is largely determined by the
properties of the external electrostatic potential Uc (confine-
ment) that holds negatively charged microparticles in the
center of the gas-discharge chamber. The formation of such a
confinement results from fast (compared to ions) diffusion of
electrons onto the walls of the discharge chamber. The central
region of the high-frequency discharge is positively charged
and becomes a potential well for negatively charged micro-
particles; in the first approximation, it is a parabolic trap
(Uc / r 2) in the plane of a monolayer of microparticles, the

10ÿ1

10ÿ2

10ÿ3

n
N
=n

d

N
�4

4
�=
n
d

0.8

0.6

0.4

0.5 0.6 0.7 0.8 0.9 1.0 1.1 T=Tm

10ÿ3
0.6 0.8

T=Tm

1.0 1.2 1.4

10ÿ2

10ÿ1

nd N � 1
N � 2
N � 3
N � 4
N � 5
N � 6
N4 4

Figure 25. Two-dimensional Yukawa system near the melting region.

Relative concentrations nN=nd of clusters consisting of N defects are

presented as functions of reduced temperature T � � T=Tm. Here, nd is

the concentration of all defective particles in the system (dependence

nd�T ��, which is quasi-universal, is shown in the inset on a double

logarithmic scale to illustrate the power-law growth of nd in the range

T � ' 0:6ÿ0:95). Different colors show the relative concentrations of

defects: disclinations (N � 1, purple), dislocations (N � 2, blue), and

dislocation pairs (N � 4, green), as well as clusters of defects with N � 3

(turquoise), N � 5 (orange), and N � 6 (red), respectively. Cumulative

fraction of all defective particles in clusters withN > 4 is shown in black. It

can be seen that defectsÐdislocations and dislocation pairsÐdominate

in the crystalline phase, although the contribution of other clusters is quite

significant (' 30% in the crystal near themelting region). At temperatures

T �4 0:6, dislocations �N � 2� prevail in the system; subsequently, with

increasing temperature, dislocation pairs �N � 4� begin to dominate, the

concentration of which sharply decreases during the crystal±liquid

transition as a result of their dissociation into a pair of dislocations. It is

clearly seen that, in the process of melting, the proportion of relatively

large clusters (with N > 4) sharply increases, amounting to ' 70% in the

melt.

Figure 26. Two-dimensional Yukawa system near the melting region.

Relative concentration n4 of clusters (blue line) consisting of four defective

particles near the melting region is displayed as a function of reduced

temperature T � � T=Tm. Also shown is the behavior of paired disloca-

tions npd (red line) and linear ngb defective clusters withN � 4 (green line),

with npd � ngb � n4. The characteristic shape of such clusters is also

shown. One can see a sharp drop in the concentration of paired

dislocations and a sharp increase in linear defective clusters during the

melting of the system. Inset shows the distribution of all clusters with

N � 4 over themaximum distance rm=D between the particles of which the

cluster consists, where D is the average interparticle distance. Such a

distribution (shown in the inset for the crystalline phase at various

temperatures T � and for the melt) makes it easy to distinguish paired

dislocations from linear defective clusters.
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pair interaction between which is fairly well described by the
Yukawa potential.

In such a trap, the radial distribution of particles is
fundamentally inhomogeneous: their density decreases
monotonically in the radial direction from the center of the

system to the periphery [123±128], which, in turn, implies an
increase in the local screening parameter k in the radial
direction. Consequently, when a quasi-two-dimensional
plasma crystal located in a parabolic confinement is heated,
it is its periphery that begins to melt first (where the screening
parameter is larger and the melting temperature is corre-
spondingly lower [29]). This leads to a spectacular effectÐ
the formation of a `melting wave' upon heating of a 2D
plasma crystal in such a confinement [127]. This wave is
formed on the periphery and propagates towards the center of
the system.Moreover, at certain temperatures it is possible to
observe a multi-phase system consisting of a crystal (in the
central region of a two-dimensional structure), a liquid (on
the periphery), and the possible existence of an intermediate
hexatic phase. In the processes of the crystallization of a
completely molten 2D crystal, a `crystallization wave' is
formed, which (as is apparent from the same considerations)
propagates from the center to the periphery of the system. The
`melting wave' effect is well illustrated in Fig. 28, which shows
various stages of its formation and propagation discovered in
a numerical experiment [127] during heating of a quasi-two-
dimensional Yukawa system in a parabolic trap. We expect
that this effect will soon be confirmed in future experiments
with quasi-two-dimensional complex plasma.

4. Conclusions

Using the example of simple model systems (Lennard-Jones,
Yukawa, and systems with inverse power-law repulsion),
various structural characteristics of a dense 3D liquid near
the melting line of a substance are considered, starting from
the poorly studied properties of the pair correlation function
to describing the features of the local orientational order in a
liquid in terms of rotational invariants. Particular attention
was paid to the discussion of simple universal characteristics
of the melt, which barely vary along the melting line. The
identification of such characteristics can greatly reduce the
computational and experimental resources spent on studying
the structural and physical properties of a particular sub-
stance.

The simplest parameters characterizing the short-range
order in matterÐ the first peak gmax and the first nonzero
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Figure 27. Two-dimensional Yukawa system near the melting region.

Distribution of clusters of defects P�N� over numberN of defects included

in the cluster, calculated for various reduced temperaturesT �. Color of the
curves depends on the T � value and changes from blue to red as this

temperature increases. Curves span the range T � ' 0:8ÿ1:1 and are

constructed in such a way that adjacent curves are associated with a small

change in temperature dT � � 10ÿ3. A sharp increase in the distance

between curves corresponds to the melting of the system. It can be seen

that, in the crystalline phase, theP�N� distribution rapidly diminishes with

increasing N; in the case of the liquid phase, the situation is different:

power-law tails appear in the P�N� dependence. In addition, the shape of

P�N� changes substantially in the process of melting: the dominance of

dislocations and dislocation pairs in the crystalline phase is replaced by a

complex spectrum of clusters, in which dislocations and clusters with an

even number of defects prevail. Inset shows how the dimensionless

parameter n2=4 � n2=n4, defined as the ratio of the concentration of

dislocations to the concentration of CDs with N � 4, changes when the

system is heated. In the crystalline phase near the melting region,

n cr
2=4 ' 0:5 (at T � � 0:9); for a melt, nm

2=4 ' 2:5, and these quantities are

virtually independent of the screening parameter k, i.e., are quasi-

universal characteristics of a 2D melt.

a b c

Figure 28. Numerical simulation of a quasi-two-dimensional Yukawa system in parabolic confinement [124]. Characteristic spatial configurations of

microparticles are shown at various temperatures T �Ta < Tb < Tc�. Color of particles, as before, depends on the number of nearest neighbors: green

particles represent crystallites; blue and red colors show defective particles with five and seven nearest neighbors, respectively. Panel (a) corresponds to the

crystal, (b) is the beginning of the melting of the periphery of the crystal and the formation of a `melting wave,' which propagates towards its center with

increasing temperature, (c) corresponds to the liquid phase, and the inset shows part of the central region of the system.
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minimum gmin of the pair correlation functionÐ turn out to
be very important characteristics of matter. For melts of
close-packed systems, it was found that the value of gmax

makes it possible to determine an important property of the
meltÐ the softness of the interparticle interaction. The
parameter gmin turned out to be a virtually universal
characteristic of the melt with an almost constant value of
gmin � 0:55 for a wide class of systems. For a liquid far from
the melting curve, these parameters depend only on the
reduced temperature T=Tm, which, notably, solves the issue
of the place of the liquid under study in the phase diagram.
This conclusion is of importance for applications: it is
sufficient to know the form of the pair correlation
function, which is quite easily determined in the experi-
ment. This is true for a wide class of model systems (from
ultrasoft (like Coulomb systems) to hard spheres), but the
area of applicability of the results obtained is not limited to
these systems.

In studying melts of real substances, it is extremely useful
to know their model analog, which has the same values of the
parameters gmax and gmin as the liquid under study. Such
Yukawa-like or IPL-like analogs of real melts are important
for practical applications, since they make it possible to use
the characteristics of well-studied model systems to explain
the physical properties of real melts observed in experiments.
This is especially important in studying systems at very high
pressures, when the matter is compressed so strongly that the
interparticle interaction is dominated by repulsion, which can
always be described by the IPL and/or Yukawa potentials.
For melts of simple metals and a number of two-component
systems (such as CuZr), the parameter is gmax ' 2:4ÿ2:7,
which makes it possible to classify them as rather soft systems
with the exponent of the IPL analog n ' 7� 10. In this
context, it would be extremely interesting to find real
materials with very stiff interaction (with n � 25 or k ' 25);
such substances are a rare example of a strongly correlated
but weakly coupled system.

Determining the features of the short and medium
orientational orders in a liquid is one of the important issues
in condensed matter physics, which is currently a challenging
problem for a full-scale experiment. Such features are usually
studied in a numerical experiment by themethods of quantum
and classical molecular dynamics. The simple three-point
correlator BADF, which is related to the average angular
distribution of the nearest neighbors, and the function g�r�
determine two parameters important for the quantitative
description of the fluid: the first and second maxima of the
mentioned distribution. The first BADF peak is associated
with the softness of the pair interaction in the liquid, and the
second peak is a universal characteristic of the melt: for close-
packed systems, the value of this peak is' 1:9 and is virtually
independent of the interaction softness.

Significantly more accurate indicators of melting are
obtained by using rotational invariants that describe the
local orientational order in matter at the local level: for each
atom of the system, its own set of invariants is calculated,
taking into account its nearest neighbors. Such an approach
makes it possible, for example, to easily find liquid (dis-
ordered) and crystalline clusters in the system under study. In
addition, rotational invariants aremuchmore sensitive to any
structural changes in matter than are, for example, the
functions g�r� and BADF. The local orientational order in a
liquid near the melting line, being described using rotational
invariants, exhibits the universality of P�qi� and P�wi�

distributions for a wide class of close-packed systems, and
the cumulants of these distributions are universal melt
characteristics. It is convenient to use the cumulant W6 as an
indicator of the melting of such systems, since it is the most
sensitive indicator of structural changes in the substance. For
the melts of the systems we have considered, W6 � 3,
implying that all close-packed systems melt in the same way
in what regards the properties of their local orientational
order.

The melting of 2D close-packed systems also reveals a
number of universal characteristics that do not depend on the
softness of the interparticle interaction and are convenient
and simple indicators of a 2D melt. The fundamental
difference between 2D close-packed systems and 3D systems
is that, in 2Dmelts, about 80%of the atoms are in the form of
crystallites (which are virtually absent in melts of 3D
systems). This circumstance largely determines the physics
of a 2D liquid.
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