
Abstract. We study the formation of quasi-two-dimensional
(thin pancake) vortex structures in three-dimensional flows and
of quasi-one-dimensional structures in two-dimensional hydro-
dynamics. These structures are formed at large Reynolds num-
bers, when their evolution is described in the leading order by the
Euler equations for an ideal incompressible fluid. We show
numerically and analytically that the compression of these
structures and, as a consequence, the increase in their ampli-
tudes are due to the compressibility of the frozen-in-fluid fields:
the field of continuously distributed vortex lines in the three-
dimensional case and the field of vorticity rotor lines (divorti-
city) for two-dimensional flows. We find that the growth of
vorticity and divorticity can be considered to be a process of

overturning the corresponding fields. At high intensities, this
process demonstrates a Kolmogorov-type scaling relating the
maximum amplitude to the corresponding thicknesses-to-width
ratio of the structures. The possible role of these coherent
structures in the formation of the Kolmogorov turbulent spec-
trum, as well as in the Kraichnan spectrum corresponding to a
constant flux of enstrophy in the case of two-dimensional turbu-
lence, is analyzed.

Keywords: vortex lines, divorticity, overturning, turbulence,
frozen-in-fluid fields

1. Introduction

Despite the fact that, since the classical work of L FRichard-
son [1], A N Kolmogorov [2], and A M Obukhov [3] on
hydrodynamic turbulence at high Reynolds numbers Re4 1,
about 80 years have passed and a significant understanding of
its nature has been achieved, the problem of developed
hydrodynamic turbulence still remains unresolved. The
main reason is that developed hydrodynamic turbulence in
no way can be studied using the perturbation theory, unlike,
for example, wave turbulence [4].

In wave turbulence, there are two fundamental factors
that determine the dynamics of a wave system: linear wave
dispersion and nonlinearity. If dispersion effects prevail over
nonlinear ones, then, in this case, each wave with frequencyO
and wave vector k moves freely for a long time, and only at
large distancesL4 kÿ1 does it begin to be influenced by other
waves due to nonlinearity. This is the basis for applying a
statistical description based on the perturbation theory to
such an ensemble of waves. As a result, we come to the theory
of weak (wave) turbulence, which describes the behavior of an
ensemble of waves in the language of kinetic equations for the
wave action, which is the classical limit of occupation
numbers. In this way, it is possible to advance quite far, in
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particular, to find turbulence spectra as exact solutions of
kinetic equations, which are called Kolmogorov±Zakharov
spectra (see, for example, [4]).

These solutions are characterized by a constant flux of
energy, the number of particles, etc. It is important that these
solutions cannot be considered as thermodynamically equili-
brium onesÐ they, like theKolmogorov±Obukhov spectrum
for developed hydrodynamic turbulence, are realized in the
inertial intervalÐ the intermediate region between pumping
and damping, and are characterized by a finite value of the
flux of one integral of motion or another. As the amplitude
increases (i.e., with an increase in nonlinearity), the main role
begins to be played by coherent structures in the form of
solitons, breathers, and vortices, for which the nonlinearity is
compensated by dispersion effects. Such objects sometimes
turn out to be stable, more often for integrable models like the
Korteweg-deVries (KdV) equationor thenonlinearSchr�odin-
ger equation (NLSE). At the same time, turbulence in
integrable models, called integrable [5], has a number of
features (see, for example, [6, 7], as well as recent studies
[8±12]). In the case of instability of coherent structures, a
typical scenario of their nonlinear development is collapse,
i.e., the formation of a singularity in a finite time (see review
[13] and the literature cited there). Classical examples of
collapse are the self-focusing of light in media with Kerr
nonlinearity and the breaking of sound-type waves.

If we talk about Euler's hydrodynamics, then it describes
turbulence with good accuracy at high Reynolds numbers,
Re4 1, in the inertial range of scales, an intermediate region
between long-wavelength pumping and viscous damping. It is
important that Euler's hydrodynamics cannot be studied
perturbatively at any limit. Its Hamiltonian, coinciding with
the total kinetic energy of the fluid, is the interaction
Hamiltonian (see, for example, [14]). Thus, Euler's hydro-
dynamics is a system with an extremely strong nonlinear
interaction. Therefore, it should be expected that, for
developed hydrodynamic turbulence, coherent structures
should play a more significant, and possibly decisive, role
than for wave turbulence. It should be noted that the problem
of the interaction of coherent structures and chaotic compo-
nents is one of the central, still unsolved problems in the
modern theory of turbulence.

It is known that the Kolmogorov±Obukhov theory [2, 3]
describes developed hydrodynamic turbulence in the inertial
range of scales. The size of this region, the ratio of the
energy containing scale L to the viscous scale `vis, grows
proportionally to Re3=4 (see, for example, [15]). The
Kolmogorov±Obukhov theory is based on two important
assumptions:

Ð turbulence in the inertial interval is homogeneous and
isotropic;

Ð nonlinear interaction between fluctuations is local.
The latter means that in the inertial interval the interac-

tion between scales of the same order exceeds the interaction
between fluctuations with very different scales. In the case of
stationary turbulence, the behavior of the system is deter-
mined by the (constant) energy flux e from the pumping
region to the damping region (essentially based on the locality
property). The turbulence spectrumÐthe so-called Kolmo-
gorov spectrumÐhas a universal behavior determined by a
unique dimensional quantity e. For this reason, up to a
constant CK (Kolmogorov's constant), the spectrum of E �k�
can be obtained from dimensional considerations. In dimen-
sion, the spectrum E �k� is the energy density in the phase

space multiplied by 4pk 2:

E �k� � 4pk 2 rc 2

k 3
F

�
e

rc 2kc

�
;

where r is the density (below equal to 1), c is the speed of light
(introduced for convenience), and F is a function of the
dimensionless parameter e=�rc 2kc�. Obviously, the spectrum
E �k� should not depend on the speed of light; hence, the
function F �x� � Cx 2=3. As a result, we arrive at the Kol-
mogorov spectrum,

E �k� � CKe 2=3kÿ5=3 ; CK � 4pC :

This derivation is attributed to R Z Sagdeev; there is nothing
in this derivation other than dimensional considerations. It
follows from the same considerations that the time of energy
transfer from energy-containing scales L to the dissipation
region is finite and is determined only by L and e:
T � L 2=3eÿ1=3. Fluctuations in the velocity and vorticity
x � H� v of the scale ` are respectively given by the
following relations:

hdvi � e 1=3` 1=3; hdoi � e 1=3`ÿ2=3 :

Thus, for o fluctuations, we have a singularity at `! 0.
Together with the finite time of energy transfer to small scales
T, this indicates the possibility of the formation of a collapse,
which in the inertial range of scales can be studied using the
Euler hydrodynamics. It was these considerations that were
the main ones when we started our research, in which a direct
numerical experiment turned out to be especially useful,
which significantly changed our understanding of the
mechanisms of transition to developed hydrodynamic turbu-
lence.

As was first noted by V I Arnold [16], Euler's hydro-
dynamics should be considered a geometric theory. The Euler
equations for ideal fluids have a number of common features
with the Euler equations for the free rotation of a rigid body.
If the motion of a rigid body in three-dimensional space is
given by the group SO�3�, then the dynamics of the flow of an
ideal (incompressible) fluid is determined by an infinite-
dimensional groupÐa group of diffeomorphisms that
preserve volume (or area in 2D). In both cases, the equations
of motion can be written in the Hamiltonian form by Poisson
brackets. The Poisson brackets for both systems define the
corresponding Lie algebras: in the case of a rigid body, this is
so�3�, and for fluids, we have the algebra of divergence-free
vector fields (see, for example, [14]). However, in both cases,
the Poisson brackets turn out to be degenerate. The degen-
eracy for the case of a rigid body is well knownÐ it is related
to the conservation of the square of the angular momentum
(which is the Casimir). For fluids, the degeneration of the
(noncanonical) Poisson brackets was first established by
Kuznetsov and Mikhailov [17]: the simplest Casimir found
in [17] turned out to be the helicity

�
vxdr. This invariant has

a topological meaning [18, 19]: up to a constant factor, the
helicity coincides with theHopf invariant, the number of links
of any two vortex lines.

We would like to emphasize once again that the Euler
equations of the hydrodynamics of an ideal incompressible
fluid, being Hamiltonian [14, 16, 17, 20], are purely non-
linearÐ they lack any linear part, i.e., the Euler equations
themselves refer to systems with an extremely strong non-
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linear interaction. Therefore, it should be expected that, for
hydrodynamic turbulence at high Reynolds numbers, in the
inertial range of scales well described by Euler's hydrody-
namics, coherent structures play an essential and possibly
decisive role. In this case, one of the options for the evolution
of coherent structures is collapseÐ the formation of a
singularity in a finite time.

It should also be noted that the Euler equations for any
dimension have an infinitely large number of integrals of
motion. They are the so-called Cauchy invariants, which are
Lagrangian vector divergence-free invariants advected by the
fluid. The existence of these invariants is a local formulation
of Kelvin's circulation conservation theorem. This theorem
was proved by Kelvin only in 1869. Cauchy found invariants
in 1815 as a result of partial integration of the Euler equations
written in the Lagrangian form. The theorem named after
Kelvin was in fact first proved by Hankel in 1861 on the basis
of Cauchy's work. At the end of the twentieth century and the
beginning of the twenty-first, this issue was completely
clarified (see [14, 21, 22]). The history of this issue can be
read in the scientific-historical essay [23].

The presence of the Cauchy invariants significantly
complicates the study of developed hydrodynamic turbu-
lence. These invariants under the so-called noncanonical
Poisson bracket introduced in [17] are, as shown in [24] (see
also [25]), Casimirs. That is, the Cauchy invariants as
constraints given at each point significantly limit the vortex
flows of the fluid.

In this review, we discuss the role of coherent structures in
the onset of developed hydrodynamic turbulence, when the
development of these structures can be described in the
leading order by the Euler equations for an ideal incompres-
sible fluid. It is shown that, for three-dimensional flows,
vortex structures of increased vorticity are formed in the
form of thinning pancakes, and for two-dimensional flows,
narrowing quasi-one-dimensional (filamentous) structures in
the form of quasi-shocks of vorticity are formed. The key role
in our research is played by the so-called vortex line
representation (VLR), which was first introduced in 1998 by
Kuznetsov and Ruban [24] and is derived by partial
integration of the Euler equations with respect to the
conservation of Cauchy invariants. With the help of VLR,
we show that the appearance of pancake and filamentary
coherent structures are due to the compressibility of so-called
frozen-in-fluid fieldsÐ the field of continuously distributed
vortex lines for three-dimensional hydrodynamics and the
field of divorticity lines in the two-dimensional geometry.
Due to compressibility, large gradients of the corresponding
divergence-free fields appear, which in turn has a significant
effect on the formation of turbulence spectra.

Recall that in compressible hydrodynamicsÐgas
dynamicsÐ the formation of a singularity in a finite time
(collapse) is due to breaking a phenomenon discovered in gas
dynamics by the famous Riemann (see, [15]). In this case, one
`fluid' particle catches up with another particle, resulting in
the formation of infinite gradients for gas characteristicsÐ
density and velocityÐ the so-called gradient catastrophe
(see, for example, [26]). The main cause of breaking is related
to the compressibility of the gas. From a mathematical point
of view, this process is the formation of a fold, which can be
described in the language of mappings, in this case corre-
sponding to the transition from the Euler description to the
Lagrangian one. The singularity appears at the point where
the Jacobian of the given mapping vanishes. In incompres-

sible hydrodynamicsÐ the Euler hydrodynamicsÐ it would
seem that there is no reason for breaking, since the Jacobian
of the transformation from the Euler description to the
Lagrangian one, due to incompressibility, is identically
equal to 1. Despite this, there are compressible objects in
incompressible hydrodynamicsÐ they are continuously dis-
tributed vortex lines, which follow from a simple observation.

Consider the equations of motion of the vorticity
x � H� v of an ideal fluid, the so-called Helmholtz equa-
tions, which are obtained from the Euler equations by
applying the rotor operator to them:

qx
qt
� rot �v� x �; div v � 0 : �1�

As can be seen from this equation, due to the vector product,
only the velocity component normal to the vortex line, vn, can
change x . Moreover, in a generic situation, div vn 6� 0, which
is the reason for the compressibility of continuously distrib-
uted vortex lines [21, 24]. Thus, despite the incompressibility
of the fluid, in the Euler hydrodynamics, there are compres-
sible entitiesÐ continuously distributed vortex lines. The
velocity component parallel to the vorticity, vt, due to (1)
does not change the vorticity, providing incompressibility for
the full velocity, div v � 0.

Note that Eqn (1) is often called the equation of
frozenness. In fact, frozenness is a property of this equation,
which says that any fluid particle is pasted to its vortex line,
moving along with it. The particle, therefore, has only one
`freedom'Ðmotion along the vortex line, which, obviously,
due to Eqn (1) does not change the vorticity. Therefore, vn is
the velocity of the vortex line itself. This statement has a
simple geometric explanation. For an arbitrary curve,
obviously, any deformations along it do not change the
curve itselfÐonly transverse deformations lead to its dis-
placement. Therefore, the motion of the vortex line is
determined by the velocity vn; the position of the vortex line
is found from the solution of the system of ordinary
differential equations for `new' Lagrangian trajectories:

dr

dt
� vn�r; t� at rjt�0 � a : �2�

The solution of Eqn (2) defines a compressible mapping
r � r�a; t�, which follows directly from the Liouville formula
applied to this equation,

dJ

dt
� div vn J ; �3�

where J � det qxi=qaj is the Jacobian of the map. Since
div vn 6� 0, no additional restrictions are imposed on J. The
Jacobian can take arbitrary values, including zero. It is
important that Eqn (1) in terms of this mapping allow
integration:

x�r; t� �
ÿ
x0�a�Ha

�
r

J
; �4�

where x0�a� is the initial vorticity value, which has the
meaning of Cauchy invariants (see, for example, [14, 27]).
Equations (2)±(4), together with the incompressibility condi-
tion div v � 0, form a closed system of VLR, first introduced
by Kuznetsov and Ruban [24] (see also [21, 28]).

Later, it became clear that the existence of compressible
distributions for divergence-free fields is inherent in all
frozen-in fields. Moreover, this statement is true for an
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arbitrary frozen-in-fluid fieldB, equations ofmotion of which
are written in the same form as (1):

qB
qt
� rot �v� B�; div v � 0 : �5�

Inmagnetic hydrodynamics (MHD),B is amagnetic field (for
infinitely large magnetic Reynolds numbers). Less well
known is that, for two-dimensional flows of an ideal fluid,
the vorticity rotor, Bx � qyo, By � ÿqxo ( divorticity), also
obeys Eqn (5) [29] (see also [30, 31]).

Since the vorticity in (4) contains J in the denominator,
which can take arbitrary values, a possible collapse scenario
can arise due to the vanishing of the Jacobian J, which, in a
generic situation, should first occur at one separate point. Such
a scenario turned out to be possible for three-dimensional
integrable hydrodynamics [24, 25]. Three-dimensional integra-
ble hydrodynamics can be obtained from Euler's ideal
hydrodynamics in the local induction approximation. The
equations of three-dimensional integrable hydrodynamics
allow the application of the VLR to them. As a result, it
turns out that each vortex filament is an autonomous object
that does not interact with all the others, but with its own
nonlinear dynamics, which is described using the integrable
Landau±Lifshitz equation, which, in turn, is gauge equivalent
to the one-dimensional nonlinear Schr�odinger equation
[32, 33]. Being free, each vortex line can overtake another
line, i.e., overturning of the vortex lines occurs. As a result, at
some point in a finite time, the VLR Jacobian vanishes, which
leads to the appearance of a singularity for the vorticity. The
breaking of vortex lines in three-dimensional integrable
hydrodynamics occurs due to the compressibility of vortex
lines, despite the incompressibility of the flow itself [25].

We note that the question of collapse for the Euler
hydrodynamics is still debatable, despite numerous numerical
and exact analytical results (see reviews [34, 35] and the
literature cited there). The solution to this problem, whether
there is a collapse or not, depends significantly on our under-
standing of the nature of developed hydrodynamic turbulence.

Themain conclusion that can be drawn based onwhat has
been said is that in the Euler hydrodynamics of an
incompressible fluid there are compressible entitiesÐ the
vorticity field for three-dimensional flows and the vorticity
rotor field: divorticityÐ in the two-dimensional geometry. It
is intuitively clear that the compressibility of continuously
distributed vortex lines should ensure the appearance of
structures such as shock waves, which in gas dynamics first
arise due to breaking at one separate point, and then the
breaking region expands, leading to the formation of a
caustic. Precisely such structures, pancake-type structures,
are observed in our numerical experiments [36±38]. Structures
of this type were first found in numerical experiments by
M Brachet et al. [39] (1992). Subsequently, [36±38] showed
that the formation of pancake-shaped structures is similar to
the breaking process in gas dynamics, i.e., gradient cata-
strophe. The appearance of a singularity does not take place
in a finite time, but over an infinite one, with growth
exponential in time.

The vortex line representation introduced by Kuznetsov
andRuban [24], which takes into account both the presence of
an infinite number of Cauchy invariants and the compressi-
bility of continuously distributed vortex lines, is of funda-
mental importance for understanding the physical nature of
vortex line breaking. In this review, the main attention will be
paid to the results of numerical integration of the Euler

equations, which demonstrate the compressibility of both
three-dimensional pancake-type structures [36] and narrow-
ing vorticity quasi-shocks for two-dimensional flows, and
their role in the formation of spectra for developed (Re4 1)
Kolmogorov-type turbulence [40]. We are confident that
compressing structures of this type are a property of all
vector fields frozen into a fluid, in particular, they are inherent
in ideal magnetohydrodynamics. In [36, 37] on the study of
structures of increased vorticity of the pancake type in the
three-dimensional geometry, it was numerically established
that their evolution has a scaling character and is described
with high accuracy using the found exact solutions of the
three-dimensional Euler equations [38]. Scaling between the
maximum vorticity in a pancake and its thickness `,

omax � `ÿ2=3 ; �6�
was first found on the basis of direct numerical integration of
three-dimensional Euler equations in [36], and then verified
for more than 30 initial conditions [37]. This gave grounds to
assert the universality of this scaling as a Kolmogorov-type
relation. In numerical experiments, it was found that the
growth of vorticity and narrowing of pancake-type structures
depend exponentially on time, without any tendency to
explosive behavior. We present both analytical and numer-
ical arguments in favor of the existence of this scaling. Our
consideration is based on the vortex line representation [24]
and its analogs [40, 41]. In this review, to describe the three-
dimensional flows of an ideal incompressible fluid, we will
follow the VLR formulation given in [21, 42]. We will discuss
the Hamiltonian structure of the vortex line representation,
which is based on the existence of an infinite number of local
Lagrangian Cauchy invariants and the compressibility of the
VLRmap. It is important that the introduction of the Cauchy
invariants into the VLR solve the problem of determining all
Casimirs for the noncanonical Poisson bracket [17].

Relation (4) is central to the VLR. It shows that an
increase in vorticity is possible due to a decrease in the
Jacobian J, i.e., is related to the compressibility of the
vorticity field. Such a situation, as is known, was first
understood for compressible hydrodynamics by Riemann
when constructing an exact solution in the form of the so-
called simple Riemann wave, which demonstrates the break-
ing phenomenon when one Lagrangian particle catches up
with another. In this case, infinite derivatives appear in the
solution profile in a finite time (the so-called gradient
catastrophe [26]). To describe this phenomenon in the three-
dimensional case, it is necessary to make a transition from the
Euler description to the Lagrangian one in the equations of
gas dynamics. The breaking occurs for the first time at the
point where the corresponding Jacobian vanishes. Obviously,
when approaching the breaking point, it is necessary to take
into account dissipation due to viscosity, thermal conductiv-
ity, etc. However, away from this region, the overturning
process will continue, which leads to the formation of
causticsÐpancake-type quasi-two-dimensional structures
(see, for example, [43, 44]).

In this review, essentially two questions will be considered:
first, we will show, using the geometric features of the PVL
mapping for three-dimensional Euler equations, that scaling
(6) can be considered to be a result of vortex line overturning.
In contrast to overturning in compressible gas dynamics,
when everything comes down to the appearance of a gradient
catastrophe for a scalar quantityÐdensity in this caseÐwe
are talking about overturning a divergence-free vector field:
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vorticity. In the first part of the review, we will also discuss
how the appearance of pancake-type structures affects the
turbulent characteristics during the onset of turbulence, in
particular, the turbulence spectrum. It will be shown that,
despite the strong anisotropy of turbulence, its spectrum in
the inertial interval is close to the Kolmogorov one. Aniso-
tropy has a significant effect on the higher structural velocity
functions. In this case, however, third-order structure func-
tions have the same power dependence onR � jr1 ÿ r2j [40] as
in isotropic turbulence [2] (see also [15]).

The second question we will consider concerns the
formation of the Kraichnan spectrum for two-dimensional
hydrodynamic turbulenceÐ the spectrum for a direct cas-
cade with a constant flux of enstrophy towards the short-
wavelength region, and the role of the divorticity vector field's
overturning in this process.

Before proceeding to the presentation of the main
provisions of the review, a few words should be said about
numerical simulation in the case of three-dimensional
geometry both with direct integration of the Euler equations
and in the vortex line representation. The entire numerical
scheme and all the necessary details of the numerical
experiments were presented in [36±38].

The main point in the numerical simulation of VLR
equations was to find not the direct mapping r � r�a; t� but
the inverse mapping a � a�r; t�, which made it possible to
represent the VLR equations in the Euler variables r and t.
This worked especially effectively when finding an operator
inverse to the rotor operator. We emphasize that we every-
where used periodic boundary conditions in all three
coordinates.

For two-dimensional simulations, we used approximately
the same numerical algorithms and periodic boundary
conditions for a square domain. The results of numerical
simulations are presented in papers [31, 45±47].

We also note that this review mainly discusses the results
obtained by the authors in recent years; the review is written
on the basis of lectures given by E A Kuznetsov at the
Nonlinear Waves Nizhny Novgorod Scientific Schools in
2016 and 2018 [48, 49].

2. Cauchy invariants
and the vortex line representation

As is known (see, for example, reviews [14, 20]), the Euler
equations for an incompressible fluid,

qv
qt
� �vH�v � ÿHp; div v � 0 ; �7�

for both two-dimensional and three-dimensional flows, have
an infinite number of integrals of motion. They are the
Lagrangian Cauchy invariants. The simplest expression for
the Cauchy invariants can be obtained from the Kelvin
theorem on the conservation of velocity circulation,

G �
�
v dl ; �8�

where the integration contour C �r�t�� moves along with the
fluid. If in this expression we pass from the Euler coordinates
r to the Lagrangian ones a, then (8) will be rewritten as

G �
�

_xi
qxi
qak

dak ;

where the contour C �a� will already be nonmoveable.

Because of the arbitrariness of the contour C �a� and
thanks to the Stokes formula, it immediately follows that
the quantity

I � rota

�
_xi
qxi
qa

�
�9�

is preserved at every point a. This is the Lagrangian invariant
of Cauchy.

The preservation of these invariants, as first shown by
Salmon [50], is due to a special symmetry, an infinite
symmetry with respect to the relabeling of fluid markers,
which is symmetry leaving the action invariant. If the
Lagrangian coordinates a in (9) coincide with the initial
positions of the fluid particles, then the invariant I coincides
with the initial vorticity x0�a�. The preservation of these
invariants is a consequence of the fact that the vortex lines are
frozen into the fluid. According to this property, fluid
(Lagrangian) particles cannot leave their own vortex line,
where they were at the initial instant of time. For Lagrangian
particles, only one unfrozen degree of freedom remainsÐ
motion along the vortex lineÐwhich, due to (1), does not
change the values of o. From this point of view, the vortex
line is an invariant object and, therefore, it is natural to move
to a description where this invariance is visible from the very
beginning. Such a description is the representation of vortex
lines [24, 26]. To obtain it explicitly, we decompose the
velocity v into two components vn and vt, normal and
tangential with respect to vector x .

The equation of motion for the transverse velocity vn
follows directly from Eqn (7). It has the form of the equation
of motion of a particle in an electromagnetic field:

qvn
qt
� �vnH�vn � E� vn �H ; �10�

where the effective fieldsÐelectric and magneticÐare given
by the expressions

E � ÿH
�
p� v

2
t

2

�
ÿ qvt

qt
; �11�

H � rot vt : �12�

It is interesting to note that the electric and magnetic fields
introduced in this way are expressed in terms of the scalar �j�
and vector �A� potentials in the standard way accepted for
electrodynamics:

j � p� v 2t
2
; A � vt ; �13�

so the two Maxwell equations

divH � 0 ;
qH
qt
� ÿrotE ;

are automatically satisfied. In this case, the vector potentialA
is subjected to the gauge

divA � ÿdiv vn ;

which is equivalent to div v � 0.
The basic equation here is the equation of motion itself

(10) for the normal velocity component, which is the equation
of motion for a nonrelativistic particle with charge and mass,
equal to unity; the speed of light is also equal to unity.
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Equation ofmotion (10) is written in the Euler representa-
tion. To proceed to its Lagrangian formulation, we need to
consider the equations for `trajectories,' which are determined
by the velocity vn:

dr

dt
� vn�r; t� ; �14�

with initial conditions

rjt�0 � a :

The solution of Eqn (14) defines the mapping

r � r�a; t� ; �15�

defining the transition from the Euler description to the new
Lagrange one.

The equations of motion in new variables are the
Hamilton equations:

_P � ÿ qh
qr
; _r � qh

qP
; �16�

where the dot means differentiation with respect to time at a
fixed value of a, P � vn � A � v is the generalized momen-
tum, and theHamiltonian of the particle h, being a function of
momentum P and coordinate r, is given by the standard
expression

h � 1

2
�Pÿ A�2 � j � p� v 2

2
:

The first equation of system (16) is the equation of motion
(10) written in the variables a, t, and the second equation is the
same as (14). For the `new' hydrodynamics (10) or its
Hamiltonian formulation (16), Kelvin's theorem (aka Liou-
ville's theorem) will be valid:

G �
�
P dr ; �17�

where the integration is carried out along a closed contour
moving together with the `fluid.' From here, just as was done
above when deriving (9), the expression for the `new' Cauchy
invariant follows:

I � rota

�
Pi

qxi
qa

�
: �18�

The difference between it and the original Cauchy invariant
(9) is that, in the equation ofmotion (14), instead of velocity v,
its normal component vn is used. As a consequence, the `new'
hydrodynamics are compressible: div vn 6� 0. Therefore, no
restrictions are imposed on the Jacobian J of the transforma-
tion (15).

From formula (18), an expression for the x vorticity can
be easily obtained:

x�r; t� �
ÿ
x0�a�Ha

�
r�a; t�

J
; �19�

where J is the Jacobian of transformation (15), equal to

J � q�x1; x2; x3�
q�a1; a2; a3� :

Here, we took into account that the generalizedmomentum P
coincides with the velocity v, including the time t � 0:
P0�a� � v0�a�. Vector x0�a� in this relation is a new Cauchy
invariant (coinciding with the initial vorticity) with zero
divergence: diva x0�a��0. As noted earlier, relation (19) can
be obtained directly by integrating Eqn (1); it is the same as
(4). From the above derivation, the meaning of the vector
x0�a� in (4) as a Cauchy invariant becomes clear.

The introduction of the VLR (4) also solves another
important problemÐthe determination of all Casimirs for
the Hamiltonian description of the vorticity equation of
motion (1) by introducing a Poisson structure. As shown in
[17], Eqns (1) can be represented in the Hamiltonian form
using the noncanonical Poisson bracket:

qx
qt
� rot

�
rot

dH
dx
� x

�
� fx ;Hg ; �20�

where the Poisson bracket is given by

fF;G g �
� �

x

�
rot

dF
dx
� rot

dG
dx

��
dr : �21�

Here, the vector rot �dH=dx� has the meaning of generalized
velocity. In the case of the Euler equation, the HamiltonianH
coincides with the total kinetic energy,

H � 1

2

�
v 2 dr :

For three-dimensional integrable hydrodynamics, H �� jx j dr [24, 25].
As was first shown in [17], the Poisson bracket (21)

turned out to be degenerate. Its simplest Casimir turned
out to be the helicity

�
vx dr. This invariant has a topological

origin [18, 19]: up to a constant factor, the helicity coincides
with the Hopf invariantÐ the number of links of any two
vortex lines.

Casimirs are constraints that are defined in the configura-
tion space, in this case, in the space of divergence-free vector
fields x . The presence of Casimirs does not allow inverting
the symplectic operator in Eqn (20), which defines the Poisson
bracket. As is known, fixing all Casimirs defines a symplectic
leaf. According to the general theory (see, for example, review
[14]), the introduction of coordinates on this sheet makes it
possible to establish full-fledged Hamiltonian dynamics, in
particular, to write down the variational principle. As shown
in [24, 51], the equations of motion of vortex lines, i.e., in the
representation of vortex lines, can be obtained based on the
variational principle. At the same time, it is possible to
show also that all Casimirs for the bracket (21) are Cauchy
invariants. This fact was established by computing the
Poisson bracket (21) expressed in terms of r�a� and the
Cauchy invariants o0�a� using the VLR (4) as the
appropriate replacement. Calculations have shown that
the bracket does not contain the variational derivatives
relative to x0�a�, i.e., x0�a� serve as Casimirs for the
bracket (21).

It should also be noted that equations of motion (14)
together with relation (19) are the result of a partial
integration of Euler Eqn (7). These equations are solved
with respect to the Cauchy invariantsÐan infinite number
of integrals of motionÐwhich is fundamentally important
for numerical integration (see, for example, [38]). For this
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system, the Cauchy invariants are automatically conserved,
while in the case of direct integration of the Euler equations
one has to follow the extent to which the Cauchy invariants
are conserved quantities. Apparently, this fact is one of the
main limitations that determine the accuracy of discrete
numerical schemes for direct integration of the Euler
equations.

Another important property of the representation of
vortex lines is the absence of any restrictions on the value of
Jacobian J, which, for example, takes place when in the Euler
Eqns (14), transferring from the Eulerian description to the
Lagrangian one, when the Jacobian is equal to one. In our
case, 1=J has the meaning of the density of vortex lines n. This
quantity, by virtue of Eqn (14), as a function of r and t, obeys
the continuity equation:

qn
qt
� divr�nvn� � 0 : �22�

In this Eqn (22), divr vn 6� 0, because only the total velocity v
has zero divergence.

3. Vortex line representation compressibility
and self-similar law of 2=3

In this section, wewill consider the features of theVLRand its
geometric characteristics based on the exact solution of the
Euler equations [38]. This solution, as noted earlier, is in good
agreement with the results of numerical simulation of
pancake-type vortex structures.

Let omax be the spatially maximum value of the vorticity
norm, which is a function of time t. Obviously, at the
maximum point x � xmax�t�, we have Ho�0. Representing
x � os, where s is the unit vector (s2�1), from (1) it is easy to
get the equation for omax:

oÿ1max

domax

dt
� ti

qvj
qxi

tj : �23�

Here, the derivative qvj=qxi is taken at the point x � xmax�t�.
When the vorticity field is symmetrical about this point, the
expression on the right side of this equality (23) can be
written as

ti
qvj
qxi

tj � div vt : �24�

Consider now Eqn (3). In this equation, the derivative d=dt is
taken at a constant value of a. Therefore, in the variables r
and t (i.e., the Eulerian variables), this equation will be
written as

qJ
qt
� �vnH� J � div vn J � ÿdiv vt J :

This shows that, at the minimum point of the Jacobian
x � xmin�t�, we have

dJmin

dt
� div vn Jmin : �25�

If we assume that the maximum point of vorticity coincides
with the minimum point of the Jacobian, xmax�t� � xmin�t�,
then, in accordance with (23)±(25), we arrive at the relation

omax Jmin � const : �26�

Figure 1 shows the results of integrating the VLR equations
[52] for vorticity isosurfaces jx j � 0:8omax and the Jacobian
J � 1:25 Jmin at t � 7:5, which are practically the same. This
coincidence indicates that jx j and J near their extreme points
(maximum and minimum) have the same spatial dependence:
they are determined only by one function of coordinates. In
this case, the distance between the maximum vorticity point
and the minimum Jacobian in the numerical experiment was
of the order of the pancake thickness.

Figures 2 show the time variation of omax and Jmin for all
observed pancakes. The numerical experiment demonstrates
an exponential increase in the maximum vorticity for each of
the pancakes and, accordingly, an exponential decrease in the
minimum Jacobian, so that their product isomaxJmin � const.

Relation (26) thus shows that the increase in vorticity in
the pancake is due to a decrease in the Jacobian. In this case,
the numerator changes slightly, especially at long times when
exponential growth is clearly observed. The explanation for
this is related, as will be shown below, to the structure of the
exact solution [38] of the three-dimensional Euler equation,
which models the evolution of a pancake at the exponential
stage of its growth with good accuracy.

Exact Cartesian solution x � x1n1 � x2n2 � x3n3 for a
vorticity that depends only on x1 and has only one
component parallel to the n2 axis has the form

v�x; t� � ÿomax�t� `1�t� f
�

x1
`1�t�

�
n3 �

ÿb1x1
b2x2
b3x3

0@ 1A ; �27�

x�x; t� � omax�t� f 0
�

x1
`1�t�

�
n2 ; �28�

where b1, b2, and b3 are arbitrary constants satisfying the
relationÿb1 � b2 � b3 � 0. Here,omax�t� � w0 exp �b2t� and
`1�t� � h0 exp �ÿb1t� are time dependences of the vorticity
maximum and pancake thickness, w0 and h0 are positive
(initial) values, and f �x� is an arbitrary function with
jmax f 0�x�j � 1.

The velocity in this solution is a superposition of
shear flow and asymmetric potential stretching flow
�ÿb1x1; b2x2; b3x3�.

0.2

0.1
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2 1 0

ÿ0.1
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ÿ1
~x2

~x3

~x1

Figure 1. (Color online.) Isosurfaces of vorticity jx j � 0:8omax (red) and

Jacobian J � 1:25 Jmin (blue) at t � 7:5; VLR simulation [52].
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For this exact solution, the representation of vortex lines
is easily constructed:

x1 � a1 exp �ÿb1t�; x2 � a2;

x3 � a3 exp �b3t� ÿ w0h0 f

�
a1
h0

�
sinh �b3t�

b3
; �29�

with a Jacobi matrix of the form

Ĵ �a; t� �
exp �ÿb1t� 0 0

0 1 0

ÿw0 f
0 a1
h0

� �
sinh �b3t�

b3
0 exp �b3t�

0BB@
1CCA ;

J �a; t� � det Ĵ � exp
��b3 ÿ b1�t

� � exp �ÿb2t� : �30�

It follows that the maximum vorticity is inversely propor-
tional to the Jacobian,omax � Jÿ1, in full agreement with our
previous conclusion. Indeed, for this solution, the Jacobian J
does not depend on the coordinates. The coordinate depen-
dence arising in the numerical experiment is due to the three-
dimensionality of the structure (see Fig. 1). When moving
along the pancake surface, the numerical solution of the
equations locally (up to distances of the order of ten
thicknesses) agrees well with the exact solution (27), (28).
Another important circumstance of the VLR for (27), (28) is
that one (the first) eigenvalue of the Jacobi matrix grows
exponentially with time, the second is equal to one, and the
third decreases exponentially. Then, the Jacobian decreases
exponentially, inversely proportional toomax. In this case, the
vorticity is directed along the second axis corresponding to
the second eigenvalue. This property, as we see in the
numerical experiment, is fully preserved, and it corresponds
to the fact that the numerator in expression (4), as noted
earlier, due to (3) barely changes in value at the maximum
vorticity point, but can change in direction.

3.1 Singular values
The Jacobi matrix for the exact solution contains one off-
diagonal element J31, which grows exponentially � exp �b3t�
with time. The presence of this element significantly affects,
as we will see below, the direction of vorticity, as well as the
dependence of the Jacobian on the thickness of the pancake,
which is observed in the numerical experiment. The second
very important circumstance that follows from this is that
the eigenvalues of the Jacobi matrix do not represent relative
expansions due to the off-diagonal nature of the matrix

itself. In order to introduce relative expansions correctly, we
need to turn to the singular value problem for the matrix
Ĵ � �qxi=qaj� at the point Jmin. This problem reduces to
finding two rotation matrices U and V and a diagonal one
S � diag fs1; s2; s3g containing nonnegative elements
0 < s1 < s2 < s3, called singular values. Moreover, the
Jacobi matrix can be represented as Ĵ � USVT, where T
means the transposition. The rotation matrices U and V are
constructed from the eigenvectors of the eigenvalue problem
for two symmetric matrices ĴĴ T and Ĵ TĴ, respectively, while
the (coinciding) eigenvalues are the squares of the singular
values si. Note that G �a� � Ĵ TĴ is a metric tensor in the
a-space,

G
�a�
ab �

�
qxi
qaa

qxi
qab

�
; dx 2 � G

�a�
ab daa dab ; �31�

while G �x� � �ĴĴ T �ÿ1 is the metric tensor in the x-space,

G
�x�
i j �

�
qaa
qxi

qaa
qxj

�
; da 2 � G

�x�
i j dxi dxj : �32�

For the exact solution, the Jacobian matrix has the
following singular values:

s 2
1 � gÿ

�����������������������������������
g 2 ÿ exp �ÿ2b2t�

q
; s 2

2 � 1;

s 2
3 � g�

�����������������������������������
g 2 ÿ exp �ÿ2b2t�

q
; �33�

where

g � 1

2

�
exp �ÿ2b1t� � exp �2b3t�

�
�
w0 f

0
�
a1
h0

�
sinh �b3t�

b3

�2�
: �34�

As t!1
s1 / exp �ÿb1t�; s2 � 1; s3 / exp �b3t� ; �35�

which agrees with the numerical results.
Thus, near the minimum of the Jacobian along the first

direction, there is a strong contraction: s1 / exp �ÿb1t� / `1,
as a result of which all Lagrangian markers must collapse as
t!1 exactly; in the third direction, a strong expansion of
s3 / exp �b3t� / oÿ1max `

ÿ1
1 occurs; in the intermediate direc-

tion, s2 is close to unity and changes insignificantly with time.
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Figure 2. (Color online.) (a) Evolution of local vorticity maxima (logarithmic scale). Green line corresponds to the global maximum, dotted red line is the

envelope/ exp �t=To�withTo � 2. (b) Exponential decrease in time of Jmin as a function of time (logarithmic scale) for various pancakes, dotted red line

is the envelope.
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In this limit for the exact solution, the rotation matrices
U � fn �x�1 ; n

�x�
2 ; n

�x�
3 g and V � fn �a�1 ; n

�a�
2 ; n

�a�
3 g in the x- and

a-spaces have the form

U ' 1; V '

1��������������
1� q 2

p 0
q��������������

1� q 2
p

0 1 0ÿq��������������
1� q 2

p 0 1��������������
1� q 2

p

0BBBB@
1CCCCA ;

where

q � ÿ w0

2b3
f 0
�
a1
h0

�
: �36�

At large times, as the numerical experiment shows, the matrix
U is close to the identity, and the matrix V is close to the
antidiagonal matrix with elements V13 � V22 � ÿV31 � 1.
Thus, q in (30) can be considered a large value.

3.2 Scaling law of 2=3
Let us now turn to the question of the origin of the scaling (6),
which relates the maximum vorticity and the thickness of the
pancake. Let's make one remark. As already noted, the
numerical solution is well approximated by the exact
solution. Therefore, to find the scaling (6), the exact solution
will be considered as a zero approximation. First of all, this
concerns the transition from Lagrangian variables to Euler-
ian variables in (4), namely for the Jacobian.

We will determine the thickness of the structure based on
the expansion ofo in the vicinity of the maximum pointomax:

joj � omax ÿ 1

2
G �o�i j ~xi~xj ; �37�

where ~x � xÿ xmax. In this case, the eigenvalues l �o�n of
the matrix of second derivatives G �o�i j � ÿqiqjjoj calculated
in the local vorticity maximum will determine the scales of
the structure in three orthogonal directions: `n �
�2omax=l

�o�
n �1=2. The maximum eigenvalue l�o�1 specifies the

thickness of the pancake, and the eigenvector corresponding
to this eigenvalue is the direction of the normal to the
pancake-type structure. In the G �o�i j eigenaxes, expansion
(37) is written as

joj � omax

�
1ÿ

X
n�1; 2; 3

~x 2
n

` 2n

�
:

At the same time, according to our numerical simulation
[37, 38], only the first characteristic size of a pancake (its
thickness) decreases with time, while the other two sizes
change slightly and remain on the order of unity,

`1 / exp �ÿb1t�; `2 / 1; `3 / 1 : �38�

The geometry of the low Jacobian region near the minimum
Jmin can be described in the same way:

J � Jmin ÿ 1

2
G �J �i j ~xi~xj ; �39�

where ~x � xÿ xmin and the eigenvalues l �J �n of the matrix of
second derivatives G J

i j � qiqjJ calculated in the local mini-
mum of the Jacobian determine the size of the structure,
ln � �2Jmin=l

�J �
n �1=2. The regions of high vorticity and low

Jacobian largely intersect with each other (see Fig. 1), and the

characteristic scales of the second region ln behave in time in
the same way as the characteristic dimensions of the first [52]:

l1 / exp �ÿb1t�; l2 / 1; l3 / 1 : �40�

In this case, the vorticity maximum and the Jacobian
minimum behave as omax / Jÿ1min / exp �b2t�, and b2=b1 �
2=3, i.e., the vortex structure evolves according to the 2=3 law
(see (6)).

In the Lagrangian variables ~a (everywhere below we omit
the tilde), the expansion of the Jacobian near the minimum is
written as

J � Jmin � 1

2
G �a�i j aiaj ; �41�

where G �a�i j � q 2J=qaiqaj is a positive definite matrix. The
matricesG �a�i j andG �J �i j (hereinafter, for convenience, the latter
will be denoted asG �x�i j ) are related according to the chain rule,

G �a� � ĴTG �x�Ĵ � VgVT ; �42�

where we denoted the matrix

g � SUTG �x�US :

In the G �x� eigenaxes, the g matrix is close to diagonal,
becauseU tends to the identity, G �x� � diag fl �J �1 ; l �J �2 ; l �J �3 g,
and g turns out to be the product of three diagonal and two
almost diagonal matrices. Hence, because l �J �n � 2Jmin=l

2
n ,

for the diagonal elements g we approximately have

gii � s 2
i l
�J �
i � 2Jmin

s 2
i

l 2i
:

Remembering that s1 / l1 / exp �ÿb1t�, s2 / l2 / 1, s3 /
exp �b3t�, and l3 / 1, we get

g11 / Jmin; g22 / Jmin; g33 / Jmins 2
3 :

According to this estimate, the first two diagonal elements
must decrease with time as Jmin. The numerical experiment
indeed demonstrates a decrease in g11 and g22, although they
do not follow the exponential dependence exactly, which may
be due to the small difference between the U matrix and the
diagonal one, which we observed in experiments. The off-
diagonal elements of g also turn out to be small, and only the
g33 component remains on the order of unity and varies little
with time. Recalling that the third singular value is expressed
in terms of the vorticity maximum and the vorticity pancake
thickness as s3 / oÿ1max `

ÿ1
1 , and Jmin / oÿ1max, we get

g33 / oÿ3max `
ÿ2
1 ;

which leads to the relation (6) observed in numerical
simulations (see Fig. 3):

omax / gÿ1=333 `
ÿ2=3
1 : �43�

In conclusion, it should be said that, if the rotation V is
applied to the matrix g, then, as a result, the largest element is
the component �1; 1�, which practically coincides with g33.
Thus, the Jacobian and, accordingly, the vorticity mainly
depend on the x1 coordinate, while the influence of other
coordinates turns out to be exponentially weak. This once
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again emphasizes that this structure is quasi-two-dimen-
sional, but the occurrence of scaling (6) is a purely three-
dimensional phenomenon, which owes its existence to the
compressibility of continuously distributed vortex lines.

4. Statistics of the 3D turbulence onset

In this section, we discuss the statistical properties of the
turbulence onset, confining ourselves to considering the
regime when the number of emerging pancake-like structures
is sufficiently large and statistical analysis can be applied to
them. It is clear from the outset that, in this case, the
turbulence is highly anisotropic. Each pancake-like structure
generates a strongly anisotropic jet-type distribution in the
k-space, elongated in the direction perpendicular to the
pancake plane with characteristic thickness � `ÿ1? 5 `ÿ11 . It
is the interaction between jets (in fact, between pancake-like
structures), as will be shown below, that determines the
behavior of the structure functions of the velocity field.

In our numerical experiments, we observe the formation
of pancake-like structures for all the initial conditions
considered (more than 30) [36±38]. During the evolution of
all such structures of high vorticity, the Kolmogorov-type
relation omax�t� � `ÿ2=3�t� is satisfied to some extent. In the
first paper on this topic [36], it was shown that pancakes in
the x-space generate highly anisotropic distributions in
the k-space in the form of jets elongated in the directions
perpendicular to the pancakes (see Fig. 4). Since the ratio
`1=`? decreases with the pancake evolution, where `? is the
characteristic longitudinal size of the pancake, the jet
anisotropy increases with time, respectively. Due to this, the
instantaneous turbulence spectrum turns out to be strongly
jagged and anisotropic. Meanwhile, the number of pancake-
like structures increases and, accordingly, the number of jets
increases too. Each jet has its own angular distribution of
order �k`?�ÿ1. As the number of jets increases, jets begin to
overlap in the k-space. When there are enough such overlaps,
the Kolmogorov spectrum E �k� � kÿ5=3 is formed in these
regions. Note that, for the initial conditions IC1 from [37],
which do not contain anisotropy, the Kolmogorov spectrum
is not observed after averaging over the angle (Fig. 5a). The

initial conditions IC2 and IC3 are a superposition of the shear
flow (the degenerate ABC flow) and isotropicGaussian noise;
here, the ABC flow is the Arnold±Beltrami±Childress flow.
The anisotropy generated by the shear flow causes the
appearance of jets with a strong angular overlap, due to
which the Kolmogorov spectrum is formed (Fig. 5b, c). It
should be emphasized that the spectrum not averaged over
the angle turns out to be strongly anisotropic. Thus, despite
the presence of the Kolmogorov behavior of the spectrum,
turbulence in the inertial interval is far from isotropic and
homogeneous, at least for the times calculated in the
numerical experiment.

Recall that, in the case of isotropic turbulence, one of the
exact results of Kolmogorov's theory is the so-called 4=5 law
[12, 15, 53]. In the inertial interval of scales r, this law is
written as

hdv 3k i � ÿ
4

5
e r ; �44�

where dvk is the longitudinal velocity increment (projected
onto the vector direction r � r1 ÿ r2) and h imeans averaging
over the statistical ensemble. From here, based on dimen-
sional considerations, we obtain relations for the second-
order structure functions, hdv 2i / e 2=3r 2=3, and the Kolmo-
gorov spectrum itself: Ek / e 2=3kÿ5=3. We emphasize that the
key assumption in this case is that the nonlinear interaction is
local on the scales of the inertial interval. In this case, at high
Reynolds numbers Re4 1, the dynamics on these scales can
be described by the Euler equations, and the appearance of
Kolmogorov relations can be expected before the excitation
of viscous scales, as evidenced by numerous numerical
experiments [54±57].

We emphasize that in our numerical experiments [36, 37] a
power-law energy spectrum with scaling close to Kolmogor-
ov's was observed in a completely inviscid flow, the dynamics
of which are determined mainly by pancake-like structures of
high vorticity [38, 52, 58]. The main contribution to the
spectrum of emerging turbulence is made by jets, despite the
fact that they occupy a small fraction of the entire spectral
space, which leads to the formation of a power-law interval
Ek / kÿa with the exponent a close to 5=3, and the expansion
of the Kolmogorov region over time to smaller scales.
Moreover, power-law scaling occupies a much larger interval
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Figure 3. Maximum vorticity omax as a function of `1 on a logarithmic

scale. Large dot on this dependence corresponds to themaximum vorticity

at final simulation time t � 7:5, dotted line corresponds to power law

omax / `ÿ2=31 .
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Figure 4. (Color online.) Isosurface of the absolute value of the Fourier-

transformed vorticity (normalized to the maximum value within the shell)

j~o�k�j � 0:2 in the k-space for tm1. Solid lines show the characteristic

k-vectors of the pancakes normalized to `ÿ11 in length [36].
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of scales if the jets have close orientations, thereby increasing
the anisotropy of the flow.

In numerical experiments [40], the behavior of two-point
structure functions (moments) of velocity in the turbulence
onset regime has been studied; in particular, how the power-
law scaling forms for the longitudinal and transverse
moments �M �n�

k �r��1=n / r xn and �M �n�
? �r��1=n / r zn in the

same interval of scales, as for the energy spectrum Ek. As
shown by the experiments, the exponents xn and zn exhibit the
same key properties as in the case of developed (stationary)
turbulence: they decrease with decreasing order n of the
moment, indicating intermittency and anomalous scaling.
The longitudinal exponents are somewhat larger than the
transverse ones, and the approximate relation x3 ' a=5 holds
for the third-order structure functions of velocity.

Numerical results have shown that, despite the strong
anisotropy of the longitudinal and transverse third-order
moments, a power-law dependence on r is observed for
almost all directions r=r with an exponent close to 1, as in
the Kolmogorov law 4=5 (44). Thus, when the power-law of
the energy spectrum is close to Kolmogorov's, the long-
itudinal moment of the third order as a function of distance
shows a scaling close to linear, compatible with law (44). In
this case, the vorticity distribution is characterized by a
strongly non-Rayleigh shape due to intermittency, and the
power-law tail of this distribution indicates the nontrivial
geometry of the pancake-like structures of high vorticity.

4.1 Numerical scheme for studying
the statistical characteristics of the 3D turbulence onset
Before presenting the results of numerical experiments for
incompressible three-dimensional Euler Eqns (1) (in vorticity
terms), a few words should be said about the numerical
scheme used in studies [36±38].

Numerical simulation of the Euler Eqns (1) was carried
out in the periodic box r � �x; y; z� 2 �ÿp; p�3 using the
pseudo-spectral Runge±Kutta method of the fourth order.
The initial conditions were chosen as a superposition of the
shear flow

osh�r� � �sin z; cos z; 0�;
��osh�r�

�� � 1 ; �45�

representing a stationary solution of the Euler equations, and
a random periodic perturbation. The inverse rotor operator
and all spatial derivatives were calculated in the Fourier
space. An adaptive anisotropic rectangular grid was used,
uniform for each direction. The grid adaptation was carried
out independently for each of the three coordinates based on
an analysis of the Fourier spectrum of the vorticity. The time
step was chosen using the Courant±Friedrichs±Lewy (CFL)
stability criterion with the Courant number 0:5. The initial

size of the cubic grid was 1283, and then it increased due to
adaptation until the total number of nodes reached 20483

(10243 for some numerical experiments). The grid adaptation
was carried out as follows. Using the three functions

Sj�k� �
� ��o�p���2dÿjpjj ÿ k

�
d3p; j � x; y; z ;

representing the vorticity spectrum integrated in a plane
perpendicular to each of the three axes, the breaking point
between the energy-containing region and the numerical
short-wavelength noise in each direction was tracked. As
soon as the breaking point approached 2K

� j �
max=3 along any of

the three directions, the grid was made denser in that
direction. Here, K

� j �
max � Nj=2 are the maximum wavenum-

bers and Nj are the dimensions of the grid in the directions j,
and the factor 2=3 takes into account the aliasing effect. The
transition from one grid to another was performed using the
Fourier interpolation. After reaching the maximum number
of nodes allowed, numerical simulation continued on a fixed
grid, i.e., without further modification. After that, the
calculation was completely stopped if the Fourier spectrum
of vorticity at 2K

� j �
max=3 in any direction exceeded 10ÿ13 of its

maximum value, Sj�2K � j �max=3�5 10ÿ13 maxk �Sj�k�� (for more
details, see [36, 37]).

More detailed information about the simulation of the
Euler equations in the vortex line representation is given in
the papers [36, 37, 52], where it has been shown that the
accuracy on the simulation time interval is very high, allowing
us to get exactly the same vorticity field as in direct
simulation.

For some numerical experiments, a gradual formation of
power-law scaling was observed in the energy spectrum
Ek / kÿa at small and medium wavenumbers starting from
k5 2. The first harmonic k � 1, in which the initial energy is
concentrated, contains most of the total energy (up to 97% at
the final time) and does not fall in this interval. To exclude its
influence on the structure functions of the velocity, the
moments were calculated for the modified velocity ~v
obtained from the original one by removing nine harmonics
k � �kx; ky; kz� with kx; y; z � ÿ1; 0; 1.

Calculation of the moments for (nonstationary) turbu-
lence onset requiresmanymore computational resources than
a similar problem for developed (stationary) turbulence using
time averaging (see [59], for instance). Such a simulation was
carried out as follows. First, for a given radius r, a sufficient
number of points r are set uniformly distributed on the sphere
jrj � r. Then, for each r, the velocity increment d~v �
~v �x� r; t� ÿ ~v�x; t� is calculated at each node of the grid x
using nearest neighbor interpolation for the `shifted' velocity
~v�x� r; t�. Finally, the longitudinal and transverse moments
of order n are calculated as the corresponding integral sums
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Figure 5. (Color online.) Energy spectrumEk�t� at different times for initial conditions from [37]: (a) IC1 (type I), (b) IC2 (type II), and (c) IC3 (type III) [37].
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over all points on the sphere r and all nodes x,

M
�n�
k �r� �

1

4pr 2

�
jrj�r

d3r

�
d3x

�2p�3 �d
~v�mr�n ; �46�

M
�n�
? �r� �

1

4pr 2

�
jrj�r

d3r

�
d3x

�2p�3
��d~v�mr

��n ; �47�

where mr � r=r is the unit vector.

4.2 Numerical results
Let us present the results of numerical simulations for the
initial conditions I1 from [36] on a grid with a total number of
20483 nodes. We emphasize that for these initial conditions
the grid at the final time tf � 7:75 was anisotropic rectangular
with dimensions of 972� 2048� 4096. The vorticity max-
imumomax, equal to 1:5 at the initial moment of time, reached
18:4 at tf. At the final time, the thinnest region of high
vorticity was resolved with 10 grid points at the level of
vorticity of half maximum.

The evolution of the energy spectrum for this simulation is
shown in Fig. 6. At large wavenumbers k, the spectrum decays
exponentially, as shown in the inset to the figure. At small and
medium k, a gradual formation of a power-law interval with a
scaling close to the Kolmogorov one Ek / kÿ5=3 is clearly
observed. The power-law interval is characterized by a frozen
spectrum, in contrast to significant changes with time at large
wavenumbers. By the end of the simulation, this interval
expanded to slightly more than one decade, 29k930. It
should be noted that this interval contains only a small
fraction of the energy: even at the final time, 97.2% of the
energy is still contained in the first harmonic k � 1, while the
wave numbers 24 k4 30 and k > 30 receive only 2.8% and
less than 0.1% of the energy, respectively.

The evolution of the third-order moments is shown in
Fig. 7a; see also Fig. 7b, where the final moments of time are
shown on a larger scale. The power-law interval with a scaling
close to the linearM �3� / r is gradually formed over time for
both longitudinal and transverse moments at sufficiently
large scales, expanding up to 0:29r91 at the final time.
These scales correspond to the wavenumbers 69k930,
which belong to the power-law interval in the energy
spectrum in Fig. 6.

The exponents xn and zn for longitudinal and transverse
moments �M �n�

k �1=n / r xn and �M �n�
? �1=n / r zn decrease with

the order of moment n, indicating intermittency and anom-
alous scaling (Fig. 7b). The first four longitudinal exponents
have the following values: x1 � 0:60� 0:06, x2 � 0:48� 0:04,
x3 � 0:39� 0:03, and x4 � 0:32� 0:03. The corresponding
transverse exponents z1 � 0:55� 0:07, z2 � 0:42� 0:06,
z3 � 0:33� 0:05, z4 � 0:26� 0:04 are slightly less than the
longitudinal ones, xn0zn, but remain within the standard
deviations from each other. It should be noted that, for the
developed turbulence, the transverse exponents also turn out
to be somewhat smaller than the longitudinal ones (see, e.g.,
[60, 61]).

Using the moments of velocity along different directions
(directional moments), one can examine the anisotropy of the
velocity distribution, for example, for longitudinalmoment of
the third order,

M
�3�
k;m�r� �

�
d3x

�2p�3 �d
~v�m�3 ; �48�

where r � m r, and m is the unit vector of the direction.
Figure 7c shows the behavior of the directional moment
M
�3�
k;m relative to the angular-averaged moment M

�3�
k for

114 directions uniformly distributed over spherical coordi-
nates. At the scales of the power-law interval, the change in the
momentsM

�3�
k;m with the change in direction reaches one order

of magnitude. Moreover, for some directions, the moments
M
�3�
k;m increase much faster (more slowly) with increasing

distance r than does the angular-averaged moment M
�3�
k .

Note, however, that for most directions the moments of
M
�3�
k;m change with distance almost in the same way as M

�3�
k .

Such behavior, as will be shown in the next section, was first
discovered for two-dimensional hydrodynamic turbulence in
the direct cascade mode [45], when the Kraichnan spectrum
appears due to the formation of vorticity quasi-shocks [31, 47],
similar to pancake-like structures of high vorticity in the three-
dimensional case.

In order to study the relationship between the energy
spectrum and the moments of the velocity field in more detail,
an additional 30 numerical experiments were performed on
grids with a total number of 10243 nodes for 30 different
initial flows taken as a superposition of the shear flow (45)
and a random periodic perturbation

op�r� �
X
h

�
Ah cos �h r� � Bh sin �h r�

�
: �49�

Here, h � �hx; hy; hz� is a vector with integer components
jhjj4 2, j � x; y; z, while Ah and Bh are real random coeffi-
cients with zero mean and standard deviation s 2

h �
exp �ÿjhj2� which satisfy the orthogonality conditions
hAh � hBh � 0 necessary for self-consistency. The initial
conditions are chosen as a mix of flows (45) and (49),

o0�r� � �1ÿ p�osh�r� � pRop�r� ; �50�
where p is the mixing coefficient and R � ���������������

4p3=Ep

p
is the

renormalization coefficient. Here, 4p3 and Ep are the energies
of the shear flow (45) and perturbation (49) in the simulation
box �ÿp; p�3, so that the coefficient R renormalizes the
perturbation to the same energy as the shear flow. Three
groups of experiments were performed with p � 1 (random
periodic flows), p � 0:1, and p � 0:02 for 10 random realiza-
tions of initial flows for each group.

For the first group of experiments with random periodic
flows, none of the ten simulations shows a power-law interval
for the energy spectrum or for the velocity moments. For the
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Figure 6. (Color online.) Energy spectrum Ek in double logarithmic scales.

Inset shows the spectrum on semi-logarithmic scales [40].
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second group, p � 0:1, all ten simulations show a power-law
interval for the energy spectrum, and six out of ten
simulations demonstrate a power-law interval for the velo-
city moments; the intervals reach 29k920 for the spectrum
and 0:39r90:8 for the moments. The third group with
p � 0:02 shows power-law intervals for both the spectrum
and the moments for all ten simulations; the intervals reach
29k940 and 0:159r90:8, respectively. For all simulations,
the lower bound rl of the power-law interval rl9r9rh for the
moments (if this interval exists) is related to the upper bound
kh of the power-law interval kl9k9kh for the spectrum as
rl � 2p=kh. The upper bound rh roughly corresponds to the
wave number 2p=rh ' 6.

For the third group of experiments, a power-law scaling
Ek / kÿa is observed for the energy spectrum with the
exponent a between 0:9 and 1:8; for most simulations, a is
close to 1:6. The exponents x3 and z3 describing the power-law
scaling of the velocity moments �M �3�

k �r��1=3 / r x3 and
�M �3�
? �r��1=3 / r z3 take the values 0:24x3 4 0:45 and

0:134z3 4 0:35. Longitudinal exponents turn out to be
somewhat larger than the transverse ones, x30z3, and most
of the ten simulations show x3 near 0:35 and z3 near 0:25. As
shown in Fig. 8, simulations that have a larger exponent a also
demonstrate larger exponents x3 and z3, and vice versa, with
the approximate relation for the longitudinal exponent

x3 '
a
5
: �51�

Note that such a relation cannot be obtained from Fourier
analysis. Indeed, a velocity increment satisfying dv / r z in the
physical space has a scaling of dvk / kÿzÿ1 in the Fourier
space, which leads to the energy spectrum Ek / kÿ2zÿ1. The
relations z � a=5 and z � �aÿ 1�=2 intersect only at one
point: a � 5=3, z � 1=3.

One of the functions that may indicate intermittency is the
distribution P�o� of the absolute value of the vorticity. The
evolution of this function for the initial flow I1 is shown in
Fig. 9. As the maximum vorticity increases with time, the
distribution acquires a strongly non-Rayleigh shape with a
so-called `heavy tail' expanding to larger vorticity values. The
value of the second local vorticity maximum (shown in Fig. 9
by a dotted vertical line) turns out to be much smaller than
that of the first one, which makes it possible to study the
vorticity distribution inside an isolated pancake-like region
corresponding to the global vorticity maximum. In a local
orthonormal basis x � xm � a1w1 � a2w2 � a3w3 of the pan-
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cake, the vorticity modulus can be described using the
quadratic approximation [36],

jo�x�j
omax

� 1ÿ
X3
j�1

�
aj
`j

�2

� o
ÿjxÿ xmj2

�
; �52�

where xm is the position of the local maximum, `j �
�2omax=jljj�1=2 are the characteristic scales of the pancake,
`15 `2 9 `3, while l1 < l2 < l3 < 0 and wj are the eigenva-
lues and eigenvectors for the (symmetric) matrix q 2joj=qxi qxj
computed at xm. Using this approximation, we get

P � f � /
���� dVd f

���� / �`1`2`3��1ÿ f �1=2 ; f � o
omax

;

where V � �4p=3�`1`2`3�1ÿ f �3=2 is the volume of the
ellipsoid (52). It was shown in [36] that only the thickness of
the pancake `1 changes significantly with time, while the other
two scales `2; `3 remain of the order of unity. This allows `2; `3
to be eliminated from the relation above, giving

P �o� /
�

`1
omax

��
1ÿ o

omax

�b

; b � 1

2
: �53�

Note that the results of simulations show slightly larger
exponent b01=2 (see Fig. 9), which hints at a nontrivial
geometry of the pancake structure.

5. 2D turbulence:
from breaking to the Kraichnan spectrum

In 1967, Kraichnan [62] demonstrated that for the developed
two-dimensional hydrodynamic turbulence there are two
Kolmogorov spectra, generated by two integrals of
motionÐ energy E � �1=2� � �v�2 dr and enstrophy
�1=2� � o 2 dr. The first spectrum corresponds to a constant
energy flux E directed toward the region of small wave
numbers (inverse cascade). This spectrum has the same
dependence on k as the famous Kolmogorov [2] spectrum
for three-dimensional hydrodynamic turbulence. The second
spectrum, the Kraichnan spectrum [62],

E �k� � Z 2=3kÿ3 ; �54�

corresponds to a constant enstrophy flux Z towards the small-
scale region (direct cascade). The existence of these two
spectra has been confirmed in many numerical experiments
simulating two-dimensional turbulence at high Reynolds
numbers (see, e.g., [63] and references therein).

However, just after the Kraichnan paper [62], in the first
numerical experiments [64], the emergence of sharp vorticity
gradients was observed, corresponding to the formation of
jumps (quasi-shocks) with a thickness small compared to
their length. Based on these numerical observations, Saffman
[65] proposed another spectrum E �k� � kÿ4, the main
contribution to which comes from isotropically distributed
quasi-shocks (in this meaning, the Saffman spectrum is
analogous to the Kadomtsev±Petviashvili spectrum [66] for
acoustic turbulence). On the other hand, the Fourier
amplitude from the vorticity jump ok / kÿ1, which immedi-
ately yields the Kraichnan-type spectrum E �k� � kÿ3. How-
ever, the energy distribution from one such jump is aniso-
tropic and has the form of a jet with an apex angle of the order
of �kL�ÿ1, where L is the characteristic length of the jump. It
should be emphasized that for isotropically distributed
vorticity shocks we should arrive at the Saffman spectrum.
In this sense, the Kraichnan-type spectrum generated by quasi-
singularities must be anisotropic. This was confirmed by both
analytical arguments and numerical experiments in the case
of a freely two-dimensional turbulence [31, 47, 67], when
anisotropy in turbulence spectra is due to the presence of jets.
In these papers, the physical mechanism of quasi-shock
formation due to a tendency to breaking was revealed (note
that, according to strong theorems [68±70], this process in a
finite time is forbidden). This mechanism, as noted in the
Introduction, is associated with the property of frozenness
into fluid of the divorticity fieldB � rotx , which allows us to
express B in a representation similar to the VLR (4):

B �x; t� �
ÿ
B0�a�Ha

�
r �a; t�

J
;

where B0�a� is the initial field B, and J is the Jacobian of the
mapping r � r�a; t�, the equation for which has the same form
as (2), and vn in this case is the normal component of velocity
with respect to the field B. As in the previous case of the 3D
Euler equations in the VLR (4), the Jacobian J can take
arbitrary values, including zero.

However, in the two-dimensional Euler hydrodynamics,
there is only a tendency to form sharp vorticity gradients in
the form of quasi-shocks, which was confirmed in numerical
experiments on freely decaying turbulence [31, 47, 71]. In
particular, the increase in the maximum value of B in these
experiments was 2±2.5 orders of magnitude (see, for example,
Fig. 10), and the spatial distribution of jBj was concentrated
around the lines (positions of quasi-shocks) with significantly
lower values of jBj between these lines (see, for example,
Fig. 11).

As was found in the numerical experiments [72] with high
spatial resolution, the maximum value of the divorticity Bmax

at the stage of quasi-shock formation increases exponentially
in time, while the thickness `�t� of the maximum area in the
transverse direction to the vector B decreases in time (see
Fig. 12a in Section 5.2), also exponentially. It is important to
note that this process is similar to the formation of pancake-
type three-dimensional vortex structures [52].

In the energy spectrum, each such quasi-shock corre-
sponded to its own jet [31, 47, 67]. Along each such jet, the
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energy distribution decreased in accordance with the Kraich-
nan-type power lawE � kÿ3. Our first results from numerical
experiments on the direct cascade for two-dimensional
turbulence, i.e., in the presence of both pumping and
damping, were presented in [45]. The pumping given by
growth rate G�k� was concentrated in a small k value with a
strong (singular at k � 0) dissipation, providing suppression
of an inverse cascade. At large wave numbers, at k �
k0 � �2=3�kmax, we introduced a viscous type dissipation
that allowed us to simultaneously solve the aliasing pro-
blem. At short times, in the inertial interval, turbulence was
developed by the same scenario as in the case of a freely
decaying turbulence with the formation of both quasi-shocks
and jets in the turbulence spectrum. In these experiments, at
the initial stage, we observed the formation of Kraichnan-
type dependence of the spectrum on the module k (E � kÿ3)
at all angles, and the dependence of third-order velocity
structure function S3 � hdv 3k i on the separation length r
with strong anisotropy characteristic of freely decaying
turbulence. However, the spectrum averaging over angles
E �k� � CKZ 2=3kÿ3, where CK ' 1:3 is the Kraichnan con-
stant, coincided with the spectrum previously obtained
numerically (see, e.g., [63]).

It is important to note that the structure function S3

averaging over angles gave an answer very different from its
isotropic value. Analysis of these results testified in favor of
the fact that the reason for this lies in the lack of spatial and
temporal resolutions (our first experiments were performed
on a 4096� 4096-point grid). In this regard, we have
increased spatial resolution up to 16384� 16384 and
doubled the calculation time in comparison with the best
experiments [45]. The main difference between the obtained
results and the previous ones is that, at times of the order of
10Gÿ1max (Gÿ1max is a characteristic pumping time inversely
proportional to the growth rate maximum), the jet structure
of the spectrum in the direct cascade is destroyed and
turbulence tends to be isotropic. In particular, at these
times, any significant anisotropy in angular fluctuations in
the energy spectrum (for a fixed value of k) is not observed. In

the regime of an isotropic distribution, we found probability
distribution functions P for both vorticity and divorticity
module B. The P �o� structure corresponds to the predictions
of the isotropic theory [73].

5.1 Main equations and numerical scheme
Let us briefly consider the equations of motion and the
numerical scheme, which completely coincide with those in
[45]. The equation of motion (1) for two-dimensional flows,
depending only on the coordinates x; y in the flow plane, is
written only for one z-component o:

qo
qt
� �vH�o � Ĝo� ĝo : �55�

In this equation, two terms responsible for pumping and
damping are introduced into the right-hand side to simulate
turbulence, in particular, the direct cascade, which is initially
formed due to the appearance of quasi-shocks of the vorticity.
In the absence of the right-hand side responsible for pumping
and damping, vorticity x is a Lagrangian invariant advected
by the fluid with velocity v. This is the situation realized in the
freely decaying two-dimensional turbulence regime.

To model the direct cascade of two-dimensional hydro-
dynamic turbulence, the right-hand side of (55) contains two
operators: the Ĝ operator is responsible for both injection of
the energy and its dissipation on large scales to exclude an
inverse cascade, and the ĝ operator is responsible for entropy
dissipation at large k. Both of these operators were set by their
Fourier transforms (see [45]):

Gk � A
�b 2 ÿ k 2��k 2 ÿ a 2�

k 2
for 04 k4 b;

Gk � 0 for k > b ;

gk � 0 for k4 kc ;

gk � ÿn�kÿ kc�2 for k > kc :

In the numerical integration of Eqn (55), the parameters a
and b were chosen from the conditions of the most rapid
transition of the system to the steady-state regime at a small
value of k. In Sections 5.2 and 5.3 are the results with
A � 0:004, a � 3, and b � 6. For dissipation in the viscous-
type form, providing enstrophy absorption, the coefficient of
viscosity was n � 1:5 and kc was 0:6kmax, where kmax � 8192,
which simultaneously solves the problem of aliasing. The
initial conditions were the same as in our previous papers [45,
47]. The maximum grid size was 16384� 16384.

Numerical simulations of Eqn (55) for both freely decay-
ing turbulence and a direct cascade were performed in a
square box L � 1 with periodic boundary conditions.

5.2 Folding in 2D turbulence
Let us now present the results of numerical integration of the
two-dimensional Euler equation (with a zero right-hand side
(55)) for the vorticity rotor or divorticity:

Bx � qo
qy

; By � ÿ qo
qx

:

As can be seen from the definition of this vector, B is directed
tangentially to the isoline o �x; y� � const. It follows that the
growth of jBj leads to the appearance of a jump o�x; y� in the
direction perpendicular to the vector B. Thus, the formation
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Figure 10. (Color online.) Maximum value of jBj versus time (logarithmic

scale, straight line corresponds to exponential growth) [47].
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of vorticity jumps (quasi-shocks) corresponds to the growth
of divorticity B. As mentioned above, the growth of jBj in
experiments [31, 47, 71] was 2±2.5 orders of magnitude. At the
same time, B was concentrated in the vicinity of the lines, i.e.,
the formation of quasi-one-dimensional structures took
place. The growth of jBj is due to a decrease in Jacobian J,
which causes the compressibility of continuously distributed
divorticity lines and, accordingly, a tendency to breaking,
resulting in the formation of vorticity quasi-shocks.

Figure 11, taken from [72], shows the structure of jBj at
t � 12. Two sets of Gaussian vortices with positive and
negative vorticity with zero (the maximum value of joj equal
to unity) total vorticity were used as initial conditions. The
size of each pair was random in the range of 0.2±0.6; the
location of vortices was also random. Unlike previous studies
[31, 47, 71], we limited the number of vortices to 8 (4 positive
and 4 negative) to more accurately determine the required
dependences of the B field and its geometric characteristics
(positions of maxima, longitudinal and transverse quasi-
shock sizes, etc.) [72]. The blowup in Fig. 11 shows that,
between themaximum lines, values of jBj are significantly less
than its maxima. For vorticity, this corresponds to a system of
terraces with steps of variable heights. Each of these steps is a
vorticity quasi-shock.

Figure 12 on the left shows the dependence of Bmax on
time at the initial stage. As can be seen from this figure, B
grows exponentially. The thickness of the maximum area in
the transverse direction to vector B also decreases in time
exponentially (Fig. 12b). The obtained dependences for Bmax

and thickness `1 show that at the exponential stage between
these values there is a power dependence Bmax � C` a1 , where
a � 0:16=�ÿ0:25� � ÿ0:64 � ÿ2=3, and C is a constant (see
Fig. 13). It is worth noting that this dependence of Bmax on `1
in the form of the 2=3 law was also verified for other initial

conditions (recall that the positions of the vortices and their
sizes were random). This allows us to believe that this relation
can be considered universal.

5.3 Statistical properties of 2D turbulence
In the case of freely decaying turbulence, the process of
breaking is dominant, leading to a strong anisotropy of the
turbulence spectrum due to the presence of jets generated by
quasi-shocks [31, 47, 71]. This process turns out to be the
fastest; as a result, the turbulence spectrum of the direct
cascade at the initial stage forms a power dependence on the
wave number kwith theKraichnan-type power law:Ek � kÿ3

(see the original paper by Kraichnan [62]), even in the
presence of pumping, as shown by numerical experiments
[46]. At the same time, the formation of vorticity quasi-shocks
is exponential; in accordance with this, the regions of the
maximum of divorticity decrease in the direction perpendi-
cular to the lines of constant vorticity. As shown by the
numerical experiments [31, 45, 47, 71], for typical initial
conditions, the growth of the divorticity is 2±2.5 orders of
magnitude, and the transverse size of the maximal area B
decreases significantly. The explanation for this growth is
related to the possibility of partial integration of Eqn (5) in
terms of mapping r � r�a; t�:

B�r; t� �
ÿ
B0�a�Ha

�
r �a; t�

J
;

where B0�a� is the initial B, which is an analogue of the
Cauchy invariant. A similar formula for the three-dimen-
sional Euler equations is basic in the so-called vortex line

Bmax

Bmax

a b

Figure 11.Distribution jBj at t � 12 [72].
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representation [24, 51]. The key point here for understanding
is the compressibility of the divorticity field and the possibility
of J vanishing. As is known, breaking in the gas dynamics
occurs due to the compressibility of the gas. The formation of
quasi-two-dimensional caustics occurs when approaching the
breaking point (see, e.g., [43]). Similarly, the formation of
vorticity quasi-shocks happens.

In all numerical experiments simulating both freely
decaying turbulence and direct cascades, the initial vorticity
distribution was chosen as 10 positive and 10 negative
Gaussian vortices with the same value of the maximum
value of joj equal to unity and zero mean vorticity. The
location and size of the vortices were random. In the direct
cascade mode, at the initial stage, for times of the order of the
inverse pumping growth rate Gÿ1max, the development of
turbulence is about the same scenario as in the case of a
freely decaying turbulence [47]: quasi-singular distributions
of divorticity are formed, which in k-space correspond to jets,
leading to a strong turbulence anisotropy.

Figure 14 shows a typical distribution of the divorticity
module jBj, which is most concentrated on the lines (positions
of quasi-shocks). Between these lines the value of jBj is
significantly lower. Accordingly, jets (with weak and strong
overlapping) are observed in the spectrum; as a result, the
turbulence spectrum has a large anisotropic component.

Figure 15 shows in k-space the distributions of the energy
density of fluctuations E�k�, normalized by kÿ4. At each angle
in the k-space in the inertial interval, the value of E�k�k 4 at a
given time fluctuates greatly, and after averaging in the
interval (kÿ Dk=2; k� Dk=2) is almost constant (see Fig. 3
of [46]).

It is important to note that the formation of Kraichnan-
type dependence on the module k occurs at the first stage of
direct cascade development, when enstrophy transfer reaches
the `viscous' region. According to our estimates [46], the time
of this transfer is of the order of the inverse pumping growth
rate Gÿ1max (for the numerical experiment presented in this
section, this time was on the order of 50). At this stage, the
energy spectrum depends strongly on the angle. It is
surprising that, after averaging over the angles, spectrum
E �k�, having both the Kraichnan-type dependence on k and
enstrophy flux Z, defined as �1=2� � g �k�jokj2 dk, gives a value
for the Kraichnan constant CK ' 1:3, which coincides with
that previously obtained in numerical experiments (see [63]).
At the next stage, the net of quasi-shock lines becomes more
complicated (turbulent) (Fig. 14b). The distances between
quasi-shocks lines are reduced, and, as a result, anisotropy in
the energy spectrum decreases (Fig. 15b). Finally, for times of
the order of 10Gÿ1max, the jets practically disappear (Fig. 14c
and Fig. 15c), and turbulence in the direct cascade becomes
almost isotropic. It also appears that at all times, starting
from the occurrence of jets up to their disappearance, the
enstrophy flux is almost constant (Fig. 16). The total energy
quite quickly (already at the first stage) becomes constant,
which cannot be said for the total enstrophy: it is close to a
constant value only at the isotropization stage [46].

Another indication of turbulence isotropization found at
times of the order of 10Gÿ1max is a probability distribution
function of vorticity P (Fig. 17), which for large arguments
has an exponential tail with exponent b, linearly dependent on
vorticity o, in agreement with theoretical predictions [73].
According to these predictions, the angle slope of the
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Figure 14.Distribution of jBj at t � 150; 250; 450 [46].
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exponent is of the order of �oÿ1rms, where �orms is rms vorticity
fluctuations. Numerical experiment (Fig. 17a) gives the
asymptotic behavior of P � 0:0005 exp �ÿ2:3o� with
�orms � 0:43. If we calculate the enstrophy flux as the integral
Z � �1=2� � gjokj2 dk, then �orms � 0:15. Calculation of �orms

by a given distribution function gives the value of 0:2566.
Thus, the values of �orms are close to each other with an
accuracy of the order of unity.

The corresponding distribution function P for divorti-
city B also has two specific regions (Fig. 17b): in the first
one, the distribution function is close to the Poisson
distribution, � B exp �ÿB 2=B 2

0 �; in the second region (large
value of divorticity B ), the distribution function P has an
exponential behavior with a more pronounced linear
dependence of the exponent on B than the similar one for
vorticity. For this numerical experiment, Brms, calculated
from the angle slope, is equal to 88 (see [46]). If we calculate
Brms by means of the distribution function P �B�, this value
is equal to 84:6.

6. Conclusion

The main conclusion of this work is that, in both the three-
dimensional and two-dimensional hydrodynamics of an
incompressible fluid, at the stage of turbulence initiation at
high Reynolds numbers, the main role is played by coherent
vortex structures, whose evolution is due to the compressi-
bility of the corresponding fields, despite their divergence-free
nature. For the 3D case, they are pancake-type structures
with Kolmogorov-type scaling: the ratio between the max-
imum vorticity and the pancake thickness is given by
omax � `ÿ2=3. The compression of these structures is expo-
nential and can be interpreted as an overturning process
similar to the formation of shock waves in gas dynamics due
to the compressibility of the gas.

Using a combined analytical-numerical approach based
on the representation of vortex lines, we have shown that
scaling for pancake-type structures arises by taking into
account the three-dimensionality of these structures. At the
same time, the velocity demonstrates the H�older behavior,
which is used by some mathematicians to construct a theory
of 3D turbulence.

For two-dimensional turbulence, it was found that the
formation of a direct cascade, the Kraichnan cascade with a
constant enstrophy flow, is due to the appearance of vorticity
quasi-shocks because of the compressibility of the vorticity
rotor field. This process turns out to be the fastest, as a result
of which the turbulence spectrum of the direct cascade almost
from the very beginning acquires a power law dependence on
wave number k with the Krauchnan exponent. But the
turbulence spectrum at this stage turns out to be strongly
anisotropic due to jets (Fourier transforms of quasi-shocks).
At the next, slower, stage, a complication (turbulization) of
the structure of quasi-shock lines occurs. The distances
between them are reduced, and the spectrum becomes more
isotropic. It is important to note that, in the isotropic state,
the vorticity probability distribution function for large
arguments o forms an exponential tail with an exponent
that can be extrapolated as a linear dependence on vorticity,
in accordance with the theoretical prediction of [73] for a two-
dimensional isotropic turbulence.

This review also presents results on two-point structure
functions (moments) of velocity. Despite the strong aniso-
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Figure 16. Time dependence of enstrophy flux Z [46].
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tropy inherent in the (nonstationary) problem at the stage of
the onset of three-dimensional hydrodynamic turbulence, a
power-law scaling is formed for both longitudinal and
transverse moments in the same scale interval as for the
energy spectrum. The exponents of structure functions have
the same key properties as for developed (stationary)
turbulence. In particular, the exponents depend nontrivially
on the order of the moment, indicating intermittency and
anomalous scaling, while the longitudinal exponents turn out
to be somewhat larger than the transverse ones. Analyzing
simulations for various initial conditions, a rather rough
estimate for x3 ' a=5 is found, which relates the scaling
exponents for the longitudinal moment of the third order
and the energy spectrum. Thus, when the energy spectrum has
a near-Kolmogorov power-law scaling, the third-order long-
itudinal moment shows a near-linear scaling with distance
consistent with Kolmogorov's 4=5 law (44).

It should be noted that, before angle averaging, third-
order moments show a highly anisotropic behavior, although
the linear scaling obtained after angle averaging can be traced
formost directions. The vorticity distribution is characterized
by a strongly non-Rayleigh shape, which also indicates
intermittency. The power scaling (53) for the tail of this
distribution has the exponent b01=2, which indicates the
nontrivial geometry of pancake-shaped vorticity structures.
We also note that the third-order structure velocity functions
for two-dimensional turbulence, while having a large aniso-
tropy due to vorticity quasi-shocks, nevertheless have the
same power-law dependence on the coordinates as in the
isotropic case.

In conclusion, we would like to note that the emergence of
quasi-one-dimensional structures that grow exponentially at
the stage of turbulence onset is due to the frozenness property
of the corresponding fields. A classic example of frozen-in
fields is the magnetic field in MHD in the absence of ohmic
dissipation. A well-known example of the formation of
magnetic filaments in the kinematic dynamo approximation
with a given velocity field at zero magnetic viscosity, first
considered by Parker in 1963 [74] as applied to the convective
zone of the Sun, indicates that the growth of the magnetic
field is also exponential in time. In the case of the kinematic
approximation for the induction equation, the appearance
of filaments occurs in regions with a hyperbolic velocity
profile [75].
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