
Abstract. A review of the properties of dissipative solitons with
different dimensions and various topological characteristics in
lasers and laser systems with saturable absorption is presented.
Unlike conservative solitons, laser solitons are attractors, the
increased stability of which is caused by the balance of energy
inflow and outflow. The topology of laser solitons is due to their
complex internal structure, which is determined by the field of
radiation energy fluxes, and the energy characteristics are an
important addition to the topological characteristics. The equa-
tion of their dynamicsÐ the generalized Ginzburg ±Landau
equationÐ reflects the basic features of open nonlinear sys-
tems of various natures. The topological features of solitons
expand the range of manifestations of their quantum fluctua-
tions.

Keywords: dissipative, laser, topological, multidimensional soli-
tons; quantum fluctuations

1. Introduction

Spatial, temporal, and spatiotemporal optical solitons, the
spreading out ofwhich during propagation is compensated by

nonlinear focusing [1, 2], possess interesting particle-like
properties and are promising for a number of applications.
Of no small importance is the fact that, at present, it is optical
solitons that are, in our opinion, studied the most intensely,
which is facilitated by the rapid development of laser physics
and technology. Depending on the contribution of dissipative
factors, solitons are commonly divided into two large classes:
conservative [1, 3] and dissipative [4, 5]. Those in the first class
are implemented in systems with negligibly small losses, the
magnitude of which is what limits the soliton lifetime. In
dissipative solitons, the losses are balanced by the energy
inflow from outside, so that they exist until this inflow is
terminated. A fundamental difference between solitons of
these two classes is that conservative solitons possess a
continuous spectrum of basic parameters, whereas for
dissipative solitons this spectrum is discrete due to the
additional requirement of energy inflow/outflow balance
(so-called classical quantization [6]). Therefore, the charac-
teristics of a conservative soliton continuously drift under the
action of even small fluctuations, substantially deviating from
the initial ones over a long time. Under similar conditions, the
characteristics of a dissipative soliton exhibit minor fluctua-
tions near their fixed values. Thus, dissipative solitons are
much more stable and less sensitive to noise than are
conservative ones.

At the time, there are a number of reviews, special issues of
journals, and monographs in which the results of research on
dissipative optical solitons in various schemes are presented
[5, 7±24]. The applied significance of such solitons is most
vividly manifested in microresonators with whispering-
gallery modes [25, 26] and fiber lasers [27, 28]. The present
review mainly focuses on one of their implementations, in
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which solitons were predicted about 30 years ago [29, 30],
namely, a wide-aperture laser or laser medium with saturable
absorption. An important condition for the existence of laser
solitons is the presence of bistability in the system: there
should be at least two states with a homogeneous intensity
distribution over the aperture, so that the soliton can be
interpreted as an island of one state against the background
of the other. Another constructive refinement, which makes
it relatively easy to find dissipative optical solitons in
numerical simulations, is related to the concept of switch-
ing waves, or fronts between two indicated states. The
presence of diffractive oscillations of radiation intensity at
the fronts is characteristic of optics. These oscillations,
when the fronts approach at a distance comparable to
their width, stop them from getting closer or moving away,
which is what the formation of a soliton means [31].

Actually, the laser scheme is applicable to the case of non-
equilibrium Bose condensates, e.g., exciton±polariton ones
[32]. Minimizing the repetition of conclusions contained in
monographs, we pay more attention to modern lines of
research, which, in our opinion, are of primary importance,
namely, first, topological phenomena for laser solitons with
various geometric dimensions and, second, quantum fluctua-
tions of such solitons. Indeed, topological phenomena in
physics, in particular, optics, are now studied rather intensely.
It is worth noting that so-called topological photonics deals
mainly with the topology of an optical medium determined by
the features of the medium energy band structure [33±37]. On
the contrary, here we focus on the topology of the radiation
itself, i.e., the phenomena of topological optics, adjacent to the
singular optics [38±40]; in our case, it is possible to speak about
dissipative nonlinear topological optics. At the same time, the
significance of quantum fluctuations, which are also being
intensely studied in the framework of quantum optics [41], in
laser systems is due not only to the fact that they determine the
ultimate capabilities of dealing with light, but also to the sharp
increase in fluctuation intensity near topological singularities
of radiation.

Generally, a detailed description of realistic laser systems
requires considering many factors, including the propagation
of optical radiation, the state of the optical medium and its
response to the radiation, as well as the presence of a number
of additional elements in these systems. To emphasize the
generality of the physics of laser solitons, we use as our base
the simplest case of a noninertial medium response, when the
dynamics is described by a unified generalized Ginzburg±
Landau equation for the field envelope.

In Section 2, we present basic models of the systems
considered and the master equation for them. In Section 3,
the simplest spatially homogeneous field distributions
described by these equations are analyzed. Sections 4±7
sequentially present one-dimensional, two-dimensional, and
three-dimensional bright solitons (i.e., finite-energy solitons
against the background of a zero-intensity field), including
an analysis of solitons with polarization singularities. Dark
solitons are briefly considered in Section 8. In Section 9, the
quantum Heisenberg±Langevin equation is presented, which
describes quantum fluctuations in bright two-dimensional
laser solitons, as well as illustrations of the calculation of
these fluctuations. Various additional factors, including those
beyond the framework of the generalized Ginzburg±Landau
equation, are listed in Section 10. In Section 11, we summarize
the results and discuss possible avenues of development in this
field.

It should be noted that one-dimensional localized struc-
tures of radiation in a nonequilibrium (amplifying) medium
have also been referred to as dissipative solitons in a number
of papers (see, e.g., [42±45]). We will not follow this
terminology, since such structures are definitely unstable.

2. Basic models and equations

The main systems considered in the present review are shown
in Fig. 1. In them, a unidirectional propagation of radiation
packets is implemented in amediumwhere both the refractive
index and the absorption (gain) are optically nonlinear. The
number of directions in which the radiation is localized due
to nonlinear effects determines the system's dimensionality:
1 for those shown Fig. 1a, b; 2 for the one in Fig. 1c; and 3 for
that in Fig. 1d. Single-pass schemes (Fig. 1a, c, d) turn into
multipass ones when placed in a ring resonator (Fig. 1e);
in the one-dimensional case, the multipass property is also
implemented in the scheme shown in Fig. 1b.

The radiation is considered quasimonochromatic and
close to a plane wave, which allows describing its propaga-
tion within the quasioptical approximation, or slow envelope
approximation dating back to the studies by Leontovich and
Fock [46, 47]. For this purpose, we present the electric field
strength of radiation ~E�r; t� as

~E�r; t� � Re
�
eE�r; t� exp �ik0zÿ io0t�g ;

where r is the radius vector, t is the time, e is the unit
polarization vector, E is the envelope that changes slowly
compared to the exponential function in this expression,o0 is
the carrier frequency, k0 is the real part of the wavenumber at
this frequency, and z is the coordinate along the direction of
predominant propagation of radiation. The medium is
assumed to be a matrix having nonresonant refractive and
absorption indices with centers embedded in it, which possess
resonant gain and absorption. Then, e.g., for a three-
dimensional scheme (Fig. 1d) and fixed linear polarization,
from the Maxwell equations of continuous media electro-
dynamics, the master equation follows, namely, the general-
ized complex Ginzburg±Landau equation in the dimension-
less form (see, e.g., [5]):

qE
qz
�
�
�i� d?�H 2

? � �i� dk� q2

qt 2

�
E� f E : �2:1�

Here, D? � q2=qx 2 � q2=qy 2 is the transverse Laplacian, x
and y are the transverse coordinates, t � tÿ z=vg is the time
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Figure 1. (Color online.) Systems under consideration. The radiation is

quasicontinuous (a±c) or pulsed (d, e). The spatial domain occupied by the

radiation is simply connected (a, c, d) and nonsimply connected (b, e). M

are mirrors.
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in the accompanying coordinate frame that moves along the
z-axis (the evolution variable) with group velocity vg, and
the `diffusion coefficients' dk and d? lie in the interval
0 < d?; k5 1. In this case, linear operator iH 2

? describes the
diffraction of radiation, d?H 2

?, the angular selectivity of losses
in the medium [48, 49], iq2=qt 2, the frequency dispersion of
the matrix refractive index, and dkq

2=qt 2, the frequency
dispersion of losses in the matrix. Finally, the last term on
the right-hand side of Eqn (2.1) represents the reaction of the
centers to the radiation; it is convenient to include non-
resonant absorption by the matrix in this term as well. In the
basic model, this reaction is considered inertialess and to
depend only on the radiation intensity I � jE j2, i.e., f � f �I �.

In the simplest case, the diffusion coefficients are equal,
dk � d? � d. The form of Eqn (2.1) is then simplified:

qE
qz
� �i� d �H 2

3E� fE ; H 2
3 � H 2

? �
q2

qt 2
: �2:2�

In the real form, Eqn (2.2) is represented by equations for
intensity I and phase F � argE:

1

2

qI
qz
� H3�IH3F� � I Re f� d

�
I 1=2D3I

1=2 ÿ I ÿ1�IH3F�2
�
;

�2:3�
qF
qz
� �H3F�2 ÿ I ÿ3=2D3I

1=2 ÿ Im f � dI ÿ1H3�IH3F� : �2:4�

The dissipative terms are grouped on the right-hand sides of
these equations. Correspondingly, the conservative limit is
realized under the conditions that Re f � 0 and d � 0.
According to Eqn (2.3), the quantity S3 � IH3F has the
meaning of the energy flux density, i.e., the Poynting vector
in the paraxial approximation.

The initial conditions specify the envelope distribution at
z � 0. The above equations allow determining the distribu-
tion of the complex envelope E or the real intensity I and
phase F in the three-dimensional space r3 � fx; y; tg for each
fixed z. The phase of radiation is indefinite at zero intensity,
which is equivalent to two conditions: ReE � 0, ImE � 0.
Correspondingly, these are surfaces in the space fx; y; z; tg
and lines in the r3-space (with z fixed).When traveling around
such a line in the r3-space along a closed loop in a small
neighborhood of a plane, locally orthogonal to it, the radia-
tion phase changes by 2pm, where the integer m is the
topological charge of the line. We will call such lines vortex
lines, because the energy flux in their neighborhood forms a
vortex. The energy flux lines in the r3-space, whose tangent at
every point of the line is parallel to S3, are determined by the
equations

dx

dl
� Sx ;

dy

dl
� Sy ;

dt
dl
� St ; �2:5�

where l is the line length measured from its arbitrary point.
Singular elements of dynamic system (2.5) correspond to the
condition S3 � 0. The singularities arise, first, at the zero
phase gradient, H3F � 0. This vector equality is generally
satisfied only at isolated points in the r3-space. Second,
singular elements correspond to the condition of zero inten-
sity, I � 0, or ReE � ImE � 0, which coincides with the
equation for vortex lines.

To compare with the hydrodynamics, we interpret
Eqn (2.3) as a continuity equation, in which the intensity I is
likened to the density of a fluid, the phase gradient H3F, to its

velocity, and the Poynting vector S, to the flux density. Then,
the right-hand part of Eqn (2.3) acts as `external' sources of
sinks of the `fluid.' The optical fluid motion turns out to be
vortex-free everywhere except on the vortex lines.

The initially considered three-dimensional scheme (or, to
be precise, the system with dimension �3� 1� taking into
consideration the evolution variable, too) allows a reduction
of dimensionality to �2� 1� (Fig. 1c) and �1� 1� (Fig. 1a).
For this purpose, the field in the scheme is confined by a sharp
inhomogeneity of the medium characteristics, e.g., mirrors
that fix the dependence of the envelope on the eliminated
spatial variables. The factorization of the envelope with
such fixation somewhat changes the form of the nonlinear
response f � f �I � in comparison to that in the initial three-
dimensional analysis, but, in the cases considered below, with
sufficient accuracy, the change in the function is described by
renormalizing its parameters. Note that two conditions of
singularity, ReE � 0 and ImE � 0, in the scheme with
dimension �2� 1� determine lines in the three-dimensional
space or points in the two-dimensional spaceÐ the centers of
vortices, or wavefront dislocations. For the system dimension
�1� 1�, these conditions are satisfied at discrete moments of
time and discrete coordinate values.

In the schemes considered, the radiation can occupy a
simply connected (Fig. 1a, c, d) as well as a nonsimply con-
nected (Fig. 1b, e) domain; the topological features arising in
the latter case are considered in Section 4.2. If the scheme in
Fig. 1a corresponds to the propagation of CW radiation (with
time-independent intensity) in a planar waveguide with a
singlemode in one of the transverse directions, then the space-
time analogy allows applying the results of the analysis to
the propagation of radiation pulses through a single-mode
optical fiber, where the nonlinear field limitation occurs in the
longitudinal direction, so that the dimension of the problem is
still �1� 1�.

3. Regimes with homogeneous intensity
distribution

Equation (2.1) has a trivial solutionE � 0 (nonlasing regime).
The regime is stable with respect to small perturbations
(serves as an attractor) under the condition Re f0 < 0, which
is assumed to be satisfied below. Here, f0 � f �I � 0� is the
medium polarizability in the limit of small intensities �I! 0�.

From Eqn (2.3), an analog of the energy conservation law
follows, the energy being understood asW�z� � � I�r3; z� dr3.
For the derivation, we integrate Eqn (2.3) over r3 and arrive at
the relation for the rate of energy variation in bright localized
structures (with finite energy)

1

2

qW
qz
�
�
I Re f dr3 ÿ d

�
jH3E j2 dr3 : �3:1�

Hence, in particular, we find that the nonlasing regime is
globally stable (not only against small perturbations), if
Re f < 0 for all values of intensity achievable in the dynamics.

With the conditionRe f0 < 0 of nonlasing regime stability
taken into account, it follows from Eqn (3.1) that, for the
existence of nontrivial bright localized (finite-energy) radia-
tion structures, it is necessary that the function Re f �I �,
negative at small intensities, change sign upon an intensity
increase. However, at high intensities, the function Re f �I �
must become negative again. Indeed, otherwise, a regime
uniform in the space r3 with infinitely increasing intensity of
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radiation could be established in the course of propagation.
Therefore, for the occurrence of nontrivial bright localized
structures, the function Re f �I � should turn into zero at least
twice, i.e., other uniform regimes must exist in addition to the
nonlasing one, which is the case of classical optical bistability.
Then, the bright localized structure, the laser soliton, can be
interpreted as an island of laser oscillation against the
background of the nonlasing regime.

Proceeding further requires completing Eqn (2.1) using a
`material equation,' specifying the response of active and
passive centers f �I � in the accepted inertialess approxima-
tion.We will mainly assume that the response of the centers is
described by effectively two-level schemes with a homoge-
neous type of spectral broadening. If the transition frequen-
cies of these two-level systems and the carrier frequency of
radiation are close to each other, then the function f �I �
appears to be real-valued and has the form [24]

f �I � � ÿ1ÿ a0
1� I

� g0
1� I=b

: �3:2�

On the right-hand side of Eqn (3.2), the first term �ÿ1�
corresponds to the nonresonant absorption of light by the
matrix (with the chosen normalization of the evolution
variable), g0 and a0 are the coefficients of nonsaturated gain
and absorption, and b is the ratio of saturation intensities for
gain and absorption. The light intensity is normalized to the
saturation intensity of absorption.

In addition to the nonlasing regime, I � 0, Eqn (2.1)
allows the existence of regimes with r3-independent nonzero
intensity: I � Ih � jAhj2 > 0. These are plane-wave structures
propagating obliquely with respect to the z-axis:

E � Ah exp �iK3r3 ÿ iK 2
3 z� ; f �Ih� � dK 2

3 : �3:3�

We consider the conditions when f0 < 0 and the function
f �I � has a maximum (Fig. 2a). Since nonresonant losses
increase quadratically in the slope of K3, its value is limited:
K 2

3 < K 2
max � max f �I �=d. The second equation (3.3) allows

finding the intensity Ih from the crossing of the plot of the
function f �I � by the horizontal line, corresponding to the
losses dK 2

3 (Fig. 2a). A linear analysis of stability shows that
the inequality �d f=dI �I�Ih < 0 serves as a stability criterion.
Therefore, the left branch of solutions (with smaller Ih) is
unstable with respect to small perturbations, while the right
one is stable. Naturally, themode with zero slope,K3 � 0, has

the greatest intensity. Note that, during propagation, the
sloping structures experience a geometric shift in the x
direction; therefore, in a system with a realistic (finite)
aperture, they are conserved only for a limited time,
proportional to the aperture size. Thus, only those structures
with small wavefront slopes have physical meaning.

The quantization of topological charge shown in Fig. 2a,
as well as Fig. 2b illustrating it, correspond to the scheme
shown in Fig. 1b and explained below in Section 4.2.
Therefore, in a certain interval of parameter values, the
nonlasing regime and those of uniform lasing (continuous
spectrum) are simultaneously stable.

4. One-dimensional structures

For the scheme shown in Fig. 1a with a slit resonator, the field
distribution along one of the transverse directions is fixed by
the unique mode of the corresponding planar waveguide. If
additionally the resonator length in the direction of predomi-
nant propagation z is small (the case typical for semiconduc-
tor microresonators), then the lasing is represented by a
unique longitudinal mode. The total envelope is then
represented by the product F�y; z�E�x; t�, where the first
factor describes the fixed mode structure of the field in the
appropriate directions, and the second factor, depending only
on one transverse coordinate x and time t, serves as an
envelope for the one-dimensional problem. As noted in
Section 2, the dimensionality reduction also leads to a
modification of the response function (3.2), which with
sufficient accuracy is reduced to a renormalization of the
parameters of this function. Another way to reduce the
dimensionality is averaging the envelope over the eliminated
coordinates [5]. In this case, it is unreasonable to move to the
accompanying coordinate frame, and the time t becomes an
evolution variable:

qE
qt
� �i� d � q

2E

qx 2
� f
ÿjE j2�E : �4:1�

Such amean field approximation reducing the dimensionality
was first used for lasers in Ref. [50]. Here, we ignore the
matrix frequency dispersion, considering which in the
approximation used would lead only to an inessential change
in the form of function f �jE j2� in the present problem.
Equation (4.1) can be derived from Eqn (2.1) by renotation
of variables and ignoring the dependence on the `excess'
coordinates. The nonlasing regime E � 0 is still stable under
the condition f0 < 0, which we also assume to be fulfilled.

4.1 Infinite simply connected aperture
Assuming that the scheme parameters are uniform in quite a
wide domain along x, we set the boundary conditions for
bright localized structures of radiation as a requirement for
the field to decrease at the periphery:

E�x � �1; t� � 0 : �4:2�
The plane-wave regimes have the previous form (3.3) with
K3 � Kxex and r3 � xex, where ex is the x-axis unit vector.
Stable regimes in Fig. 2a are presented by the right-hand
branch of the function f �I �. Their spectrum is continuous
with the limitation K 2

x < K 2
max � max f �I �=d.

The field distribution for stabilized structures has the
form

E�x; t� � F�x� exp �ÿint� ; x � xÿ Vt : �4:3�
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Figure 2. (Color online.) Gain/loss balance function f �I � and illustration

of the definition of mode intensity Ih (a). Stable regimes correspond to the

right branch of f �I �, on which black dots are located. The quantization of

topological chargem, shown in Fig. a, and the corresponding phase curve

in the complex plane of envelopeE, whose origin of coordinates represents

the nonlasing regime (b), refer to the scheme presented in Fig. 1b;

g0 � 2:114, L � 36.
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The function F is determined by an ordinary differential
equation, in which the transverse velocity of the structure V
and the shift of its central frequency n play the role of
eigenvalues:

�i� d � d
2F

dx 2
� V

dF

dx
� �in� f

ÿjF j2��F � 0 : �4:4�

The plane-wave regimes with a continuous spectrum of
slopes Kx (relative to the z-axis) also obey this equation.
However, it also describes a variety of other regimes with
inhomogeneous intensity distribution, which are implemen-
ted upon imposing appropriate boundary conditions.

One of the classes of such structures corresponds to
switching waves, when, in two parts of the (infinite) aperture,
the regimes are asymptotically achieved with homogeneous
intensity distribution, but different intensity levels; alterna-
tively, such regimes are referred to as domain walls and fronts.
Within nonlinear optics, switching waves, first discovered in
systemswith external incoherent or coherent radiation [51, 52],
serve as one of the main mechanisms of forming localized
structuresÐdissipative solitons [5, 53]. For example, the
regime approaches the nonlasing one at one of the aperture
edges (intensity I! 0 at x! ÿ1) and a plane-wave regime at
another edge (I! Ih > 0 at x! �1).

A specific feature of laser systems without external
coherent radiation is a continuous spectrum of switching
waves that follows from the continuous character of plane-
wave regimes. This means that, with the parameters of the
system being fixed, depending on the initial conditions,
switching waves are possible with the continuous velocity
parameterVÐthe spectral parameter of Eqn (4.4). However,
here again, it is necessary to add a caveat about the limited
reality of such structures because of the radiation outcome
through the edges of a finite-size aperture. At the same time,
for localized `bright' (with the finite `energy' W � � jE j2 dx)
structures, whose field decreases fairly fast at the periphery,
such losses are absent until the structure itself is far from the
aperture edge. However, they become more significant as the
switching wave front or the bright soliton approaches the
aperture edge. The boundary condition for structures remote
from the edge, according to Eqn (4.2), has the form

F�x � �1� � 0 : �4:5�

The properties of one-dimensional dissipative optical
solitons and their interpretation as coupled switching waves
are described in Ref. [5] and original publications cited
therein. The spectrum of bright solitons is discrete, which
reflects the balance of energy inflow and outflow in the region
of their localization. The branch of immobile structures,
V � 0, corresponds to a symmetric intensity distribution
I�x� � I�ÿx�, whereas structures having an asymmetric
profile move in the x direction. Single stationary solitons are
stable within a certain range of parameters, and various types
of oscillations arise beyond this range. Alongside single
solitons, there are complexes with various numbers of
coupled solitons, which can also be immobile (with a
symmetric intensity profile) and moving (asymmetric pro-
file), including those with variable shape andmotion velocity.
Referring to [5] for examples, we proceed to a more detailed
consideration of a related one-dimensional scheme with a
ring-shaped aperture of the resonator. One of the advantages
of this scheme is its limited aperture.

4.2 Ring-shaped aperture
The scheme with a ring-shaped aperture is shown in Fig. 1b;
the presentation here follows Ref. [54]. Note that in this case
the radiation propagates mainly in the direction of the ring
axis z rather than along its perimeter, as, for example, in
Ref. [55], where phase dissipative solitons were studied. With
the same master equation (4.1), the boundary condition now
consists of the requirement of periodicity

E�L; t� � E�0; t� : �4:6�

The case of an infinite aperture corresponds to the limit
L!1. Due to the periodicity (4.6), plane-wave regimes
with a homogeneous intensity distribution are quantized,
provided that the length L is finite: Kx � 2pm=L, m � 0;
�1;�2; . . . ; �mmax, where mmax is the integer part of
�L=2p�Kmax. Stable plane-wave regimes � f 0�Ih;m� < 0� are
marked with black dots in Fig. 2a; under its conditions,
mmax � 8, so that there are 17 such regimes (in the numerical
calculations herein, we use the parameter values b � 10,
a0 � 2, d � 0:06, unless stated otherwise). The meaning of m
is clarified in Fig. 2b, where the dependence E�x� at constant
time t is depicted in the complex plane fReE�x�; ImE�x�g
with x varying from 0 to L; the origin of coordinates
corresponds to the nonlasing regime E � 0. In a round trip
along the corresponding closed contour (here, it is a circle),
the phase incursion is 2pm, and therefore, with the common
definition of topological charge as the phase incursion along a
closed path divided by 2p, m can be considered a topological
charge. However, there is a specific feature caused by the fact
that the domain occupied by the radiation is nonsimply
connected: while the closed contour can usually be com-
pressed into a point, it is now fixed.

The phase curve is oriented in correspondence with the
direction of the x-coordinate increase (shown by an arrow in
Fig. 2b); the contour is passed m times counterclockwise at
m > 0. The energy flux (Poynting vector) component has
the same value along the contour, namely, S � I dF=dx �
KIh � 2pmIh=L; for m > 0, the flux is directed along the
phase curve. The casem � 0 is degenerate, the field phaseF in
this case is arbitrary, and there is a stochastic drift along the
phase curve under the action of fluctuations.

For a relatively small size of the scheme, L < Lcr, where
Lcr is of the order of the immobile soliton width at L!1,
only plane-wave regimes (with a homogeneous intensity
distribution) are realized. If L > Lcr, the formation of
structures with a nonuniform intensity profile becomes
possible too; it is natural to speak about solitons if the field
localization region is much smaller than the length L. For
such stationary structures, expression (4.3) and master equa-
tion (4.4) are valid as before. For such structures, Fig. 3 shows
the envelope amplitude profiles and phase curves at various
topological charges m. Only one of the structures shown
(m � 0, Fig. 3a) is immobile (with the velocityV � 0) because
of symmetry, whereas other structures move. The phase
curves now differ from circles; they are closed and have self-
crossings. Form � 0, the phase curve is degenerate: it consists
of a line which is passed back and forth between two end
points as x changes. The ends are return points (cusps).

For the other structures in Fig. 3 that are asymmetric, the
phase curves are smooth; they go round the origin of
coordinates m times (counterclockwise at m > 0). As was
pointed out above, for a scheme with dimension �1� 1�,
phase singularities are possible only at discrete moments of
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time and at discrete values of the coordinate. Such an event
corresponds to an exact crossing of the origin of coordinates
by the phase curve (see Fig. 6b below). At such moments,
when the origin of coordinates is passed in the process of
moving along the phase curve, the phase abruptly changes by
p. In Fig. 3d, e, one can also see sharp phase jumps conserved
during finite time intervals and having a magnitude different
from p, but close to it. They take place as the phase curve
approaches the origin of coordinates quite closely.

In the case of a significant length L, complexes of similar
soliton structures and single solitons with large total phase
incursion are also possible (Fig. 4). The structure shown in
Fig. 4c is logically interpreted as a dark soliton with narrow
intensity dips against the background of plane-wave regime
intensity with oblique propagation. For all structures in
Fig. 3, the phase profiles have extrema �dF=dx � 0�, at
which the energy flux is, respectively, S � 0. At these points,
the direction of the energy flux changes to the opposite one, so
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that the phase curves are sign changing, according to the
terminology of Ref. [56]. Upon a change in the system
parameters, structures also arise that oscillate or move with
changing velocity and envelope profile. The interpretation of
these structures as regimes of synchronization of transverse
modes [57] (here, modes with homogeneous intensity dis-
tributions and different chargesm) is inefficient if the number
of such modes is large.

The structures presented are attractors; their stability
domains are illustrated in Fig. 5a, b. Upon a smooth varia-
tion in the parameters (here, the linear gain coefficient g0),
they transform into each other without the appearance of
intermediate oscillating structures, as pointed out by arrows
in Fig. 5a, b. As g0 decreases, the structure with the charge
m 6� 0 transforms into a symmetric structure with the charge
m � 0, which, upon a further decrease in g0, turns into the
nonlasing regime. Due to the overlap of stability domains of

different structures, the phenomena of irreversible hysteresis,
characteristic of dissipative systems, take place (see Sec-
tion 7.3).

Thanks to the linear stability of the structures presented,
the topological charge is conserved during evolution, but only
when the deviations from these structures are sufficiently
small. As we just have seen, the situation can change when the
system parameters go beyond the stability range of the
corresponding regime. Such a conclusion is also valid for the
transient process of establishing stationary structures after
strong initial perturbations. Paper [54] considers two kinds of
such perturbations. In the first option, the initially symmetric
structure (m � 0, Fig. 3a) is given a wavefront gradient, for
which the envelope structure is multiplied by exp �2ipx=L�.
Thus, the initial structure acquires the charge m � 1. In the
second option, after establishing a symmetric structure with
the charge m � 1 (Fig. 3b), the gain coefficient is sharply
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changed (from g0 � 2:114 to g0 � 2:122). Then, in both cases,
the establishment of stationary structures is observed. In the
first case it is a structure with chargem � 2, shown in Fig. 3c;
in the second case, the initially zero charge is temporarily
increased to m � 1. The topological charge dynamics in the
first and second case is presented in Fig. 5c and 5d,
respectively.

The transformations of the structures occur in the form of
a series of elementary topological reactions, shown in Fig. 6.
For example, a change in the topological charge by one occurs
when a fragment of the phase curve crosses the origin of
coordinates (Fig. 6a±c). If, for instance, the origin of
coordinates was initially located outside the phase curve
topologically equivalent to a circle, then, after the above-
mentioned crossing, a unit charge arises. However, this is not
enough, for example, for the transition to the charge m � 2
shown in Fig. 5c, since in the latter case the phase curve must
incorporate no fewer than two loops. The mechanism of
generating additional loops requires involving self-crossings
of the phase curve. Two types of changing the number of self-
crossings that occur in the dynamics are presented in Fig. 6d±f

and 6g±i. For the first type, one fragment of the phase curve
approaches the other (Fig. 6d), touches it (Fig. 6e), and then
crosses at two points (Fig. 6f). However, upon touching, the
fragments have different values of the coordinate x; therefore,
such an event is not critical for the envelope profile. For the
change of the second type, the fragment of the phase curve
strongly bends (Fig. 6g), so that a return point (cusp) is
formed (Fig. 6h), from which a closed loop is then generated
(Fig. 6i). Later, in the case of crossing the origin of
coordinates by the branches of loops generated by cusps, the
topological charge can change by a significant (integer) value
relative to the initial charge, whereas in the absence of cusps it
can change only by one.

Let us dwell in more detail on the cusp issue, one of the
basic subjects of the catastrophe theory [58]. The necessary
condition for the appearance of a singularity (cusp) on a
parametric curve fX�x�;Y�x�g at point x � x0 is dE=dx � 0,
i.e., dX=dx � 0, dY=dx � 0, where X�x� � ReE�x�, Y�x� �
ImE�x�. This condition can be formulated as dA=dx � 0 and
dF=dx � 0, i.e., the extrema of the amplitude A (or intensity
I ) and the phase F must coincide. Therefore, the power
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expansion of functionsX�x� andY�x� in the neighborhood of
the point x � x0 begins from quadratic terms (the dashes
mean derivatives):

X�x� ÿ X0 � 1

2
X 000 �xÿ x0�2 � 1

6
X 0000 �xÿ x0�3 � . . . ;

�4:7�
Y�x� ÿ Y0 � 1

2
Y 000 �xÿ x0�2 � 1

6
Y 0000 �xÿ x0�3 � . . . :

Near the cusp,

�xÿ x0�2 � ÿ 2�Xÿ X0�
X 00

� ÿ 2�Yÿ Y0�
Y 000

:

Hence, it follows that at the cusp itself the phase curve slope is
dY=dX � Y 000 =X

00
0 and its fragment is located in the areawhere

dY=dX � Y 000 =X
00
0 and sgn �Yÿ Y0� � ÿsgnY 000 . Finally, the

curvature of the phase curve is

K � X 000 Y
000
0 ÿ Y 000 X

000
0

2�X 00 20 � Y 00 20 �3=2
1

xÿ x0
: �4:8�

Correspondingly, the curvature, inversely proportional to the
distance between a phase point and the cusp, turns into
infinity at the cusp and changes its sign when passing the
cusp by the point. Numerical simulations confirm these
conclusions.

Note that in the reaction considered, the cusp appears and
disappears instantaneously and locally at a single point of the
phase curve. The number of self-crossings changes by one
rather than by two, as in the first type of change. These
reactions can occur on both sides, i.e., alongside an increase in
topological charge or the number of phase curve self-cross-
ings, their decrease is also possible.

In the cases considered, the events of changing the charge
and the number of self-crossings alternate; the appearance of
cusps is necessary but not sufficient for the above case of
charge change (it is necessary that the branch of the generated
loop cross the origin of coordinates). As shown in Fig. 6j±l,
the appearance of cusps presented in Fig. 6g±i indeed
manifests itself in the instantaneous and local coincidence of
the amplitude and phase extrema of the envelope.

Note that the demonstrated violation of the topological
charge conservation principle is due to the fact that the
domain of field localization is nonsimply connected and
does not contradict its validity in schemes with three-
dimensional geometry, since the vorticesÐ the singularities
of the wave frontÐcan leave the quasi-one-dimensional
resonator or enter it from outside. Note also that the
presented results of the analysis of the one-dimensional laser
scheme are naturally generalized to the case of practically
important optical microcavities [25, 26] and a wide class of
effectively one-dimensional nonequilibrium condensates,
including exciton-polariton lasers [59]. The exciton±polar-
iton laser with saturable absorption [32] is closest to the
system considered. The closeness of the process in lasers
considered here to the phase slip effect known in super-
conductivity [60], hydrodynamics [61, 62], and electric con-
ductivity of solids [63] should also be noted.

5. Two-dimensional structures

Let us now consider a wide-aperture laser with saturable
absorption and effectively a two-level scheme, also using the
mean-field approximation (with averaging of the envelope in

the longitudinal direction z). The master equation differs
from Eqn (4.1) only by the inclusion of the term q2=qy 2 in the
Laplacian, with the rest of the notation unchanged:

qE
qt
� �i� d �H 2

?E� f
ÿjE j2�E : �5:1�

Here, we restrict ourselves to the case of resonators with
simply connected and infinite aperture. Naturally, the
conditions for both the nonlasing regime f0 < 0 and
the regimes with homogeneous intensity distribution
�d f=dI �I�Ih < 0 are preserved.

The energy flux lines in a wide-aperture laser at a fixed
moment of time are determined by the equations (compare
with Eqn (2.5))

dx

dl
� Sx�x; y� ; dy

dl
� Sy�x; y� : �5:2�

The singular points �x0; y0� of Eqn (5.2) are found as solutions
to the system of equations Sx�x0; y0� � 0, Sy�x0; y0� � 0.
Since the energy flux is equal to the product of the intensity
I and the phase gradient HF, there are two types of singular
points. In the first case, the expansion of the envelope in the
neighborhood of a singular point in small deviations from it,
x and y, begins from linear terms:

E�x0 � x; y0 � y� � E�x�x� E�y�y� . . . ; �5:3�

where the derivatives E�x� � dE=dxjx�y�0, etc. are calculated
at the singular point. If we restrict the expansion to the terms
written down, then

dx

dl
� qy ;

dy

dl
� ÿqx ; �5:4�

where q � Im �E�x�E ��y��. Then, the trajectories are concentric
circles with the center at the singular point, and the point itself
appears to be a center, i.e., is noncoarse and changes its type
upon considering the next terms of expansion (5.4). Below, we
will demonstrate that, for a soliton with an axially symmetric
intensity distribution, this point is a focus.

For a singular point of the second type, a constant term is
present in a similar expansion:

E�x0 � x; y0 � y� � E0 � E�x�x� E�y�y

� 1

2
E�xx�x 2 � E�xy�xy� 1

2
E�yy�y 2 . . . : �5:5�

Now, the energy flux becomes zero under the condition
Im �E �0E�x�� � Im �E �0E�y�� � 0 and the flux lines are deter-
mined by the equations

dx

dl
� Im �E �0E�xx��x� �q� p�y ;

�5:6�
dy

dl
� �pÿ q�x� Im �E �0E�yy��y ;

where p � Im �E �0E�xy��. The character of the singular point is
determined by the quantities

s � ÿIm �E �0E�xx�� ÿ Im �E �0E�yy�� ; �5:7�
D � Im �E �0E�xx�� Im �E �0E�yy�� ÿ p 2 � q 2 :

When s 6� 0 and D 6� 0, the singular point appears to be
coarse, like a node, focus, or saddle. Generally, to divide the
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phase plane of energy fluxes into cells with topologically
different forms of trajectories, the nonlocal elementsÐ the
limit cycles (closed trajectories with periodic variations in x
and y upon changing l )Ð and the positions of saddle
separatrices [64] should be known in addition to singular
points.

5.1 Solitons with axially symmetric intensity distribution
In polar coordinates �r;j�, the envelope of solitons with
axially symmetric intensity distribution has the form

E � Ajmj�r� exp �imjÿ injmjt� : �5:8�

Here, nm is the nonlinear frequency shift,m � 0;�1;�2; . . . is
the topological charge, showing the phase incursion 2pm
upon a round trip along a small closed loop around the
soliton center r � 0, and Am�r� is the radial function that
satisfies the equation

d2Am

dr 2
� 1

r

dAm

dr
ÿm 2

r 2
Am �

inm � f
ÿjAmj2

�
i� d

Am � 0 �5:9�

following from Eqn (5.1). The radial amplitudeAm�r� and the
frequency shift nm are degenerate with respect to the
topological charge sign m. For bright (finite-power) solitons,
the boundary conditions require finiteness at r � 0 and
decrease at r!1. In addition to the `instantaneous' phase
F � argE, it is reasonable to introduce the `radial' phase
Fr � argAm. Then, abstracting from the linear time depend-
ence, we can present the instantaneous phase in the form
F�r;j� � Fr�r� �mj.

Solitons withm � 0will be referred to as fundamental and
those with nonzero m as vortex solitons because of the
rotation of the energy flux around the center:

S? �
��Am�r�

��2� dFr

dr
er �m

r
ej

�
: �5:10�

The radial profiles of the envelope modulus and phase of such
solitons are shown in Fig. 7. Near the center the amplitude is

maximum for the fundamental solution and approaches zero
for vortex ones. At the periphery, the amplitude of all solitons
exponentially decreases.

Let us turn attention to the radial dependence of Fr. For
a fundamental soliton, the function Fr�r� has only one
maximum (at r � 0) and oneminimum.However, for a vortex
soliton, there are two maxima and two minima of function
Fr�r�. This fact affects the internal structure of the solitons
determined by the structure of the energy fluxes (Fig. 7e, f).
For fundamental solitons, the energy fluxes are radial; the
energy flows towards the center at small r and from the center
to the periphery, changing direction at a unique circle that
divides the phase plane into two cells. However, for vortex
solitons, there are three dividing circlesÐ three limit cycles.
Therefore, the phase plane for them consists of four cells. The
dividing closed lines (in the present case circles) are an
important feature of laser solitons.

Note also that the definition of the topological charge here
is similar to that in conservative systems, including those
described by the Gross±Pitaevskii equation for the Bose±
Einstein condensate at zero temperature [65]. At the same
time, the dissipativity of the laser system introduces principal
changes into the dynamicsÐ the vortex laser solitons are
attractors, which is impossible in conservative systems.

5.2 Axially asymmetric solitons and soliton complexes
A large number of such structures is presented in Ref. [5]
and papers cited therein. A general feature of bright laser
solitons is the discrete spectrum of their eigenvalues. For a
wide class of laser solitons, three eigenvalues are impor-
tant, related to the symmetry of Eqn (5.1) with respect to a
radiation phase shift, a shift in transverse coordinates,
and rotation. Correspondingly, such solitons are char-
acterized by the nonlinear frequency shift n, the absolute
value of the transverse velocity V, and the angular velocity
O. These three eigenvalues correspond to three integral
characteristics with discrete values, namely, the power
Pz�z� �

�
I�r?; z� dr?, the transverse energy flux P?�z� ��

S?�r?; z� dr?, and the axial component of the angular
momentum Mz�z� �

� �xSy ÿ ySx� dr?.
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Let us consider examples of coupled pairs of vortex
solitons illustrating three types of their coupling. Figure 8a
shows the phase plane of energy fluxes in the case of weak
couplingÐeach of the solitons preserves three individual
closed lines (slightly deformed circles). For strong coupling
(Fig. 8b), the outer individual closed lines are collectivized,
but each dislocation, understood as a vortex center or a
singular point of the wave front, still has one individual limit
cycle. Finally, in Fig. 8c we see an example of superstrong
coupling, when the dislocations have no individual limit
cycles at all [66]. These solitons are rigid ones, in which the
distributions of intensity and energy flux do not change in
time up to a shift of transverse coordinates and rotation as a
whole. Depending on the symmetry of these two distribu-
tions, four types of `Euler mechanics' motion presented in [5]
are implemented: fixed structure, uniform rectilinear motion
of the structure along the axis of symmetry, rotation around
the fixed center of symmetry, and so-called lunar motion. In
the last, the center of the structure moves along a circle and
the structure itself rotates around this center with the same
period. The complexes shown in Fig. 8 possess an inversion
symmetry and, therefore, rotate around the center of sym-
metry with a constant angular velocity. Paper [5] also presents
a scheme of a `soliton collider,' in which the formation of
strongly coupled soliton complexes is implemented upon
collision of individual vortex solitons.

5.3 Polarization singularities
5.3.1 Paraxial scalar solitons. Above, we considered scalar
structures of radiation, in which one polarization component
dominates, disregarding the second one. More general is the
case of vector (polarization) structures with elliptic polariza-
tion. Such structures possess a much richer but less studied
topology [67±71]. We have already met two-dimensional
structures with isolated phase singularities, characterized by
an integer topological charge. For two-dimensional vector
structures, nonisolated (edge) phase dislocations, located on
lines, are also realized. In this section, the attention will be
mainly focused on polarization singularities (see also [5, 72]
and Section 7.4). For these singularities, the choice is
indefinite between the major and minor axis of the polariza-
tion ellipse (purely circular polarization, C-points) or between
the clockwise and counterclockwise rotation of the electric
field strength vector along the polarization ellipse (purely
linear polarization, L-points). An analog of the integer

topological charge m for isolated phase singularities is the
half-integer or integer Poincar�e index ZÐthe number of
turns of the major axis of the polarization ellipse during a
round trip along a small-radius circle around a polarization
singularity [70, 71]. In degenerate cases, singularity points
may form lines or even fill aperture areas.

Following Ref. [73], we describe the dynamics of two-
dimensional polarization structures in a wide-aperture laser
using the quasioptical approximation and the mean field
approximation, replacing the scalar equation (5.1) with a
system of equations of the same type for the amplitudes of the
envelope Cartesian components E � fEx;Eyg or the ampli-
tudes of circular polarizations E� � �Ex � iEy�=

���
2
p

. Note
that both types of components can be separately detected, so
that it is reasonable to consider phase singularities in any
polarization components. For semiconductor vertical-cavity
surface-emitting lasers, we accept the spin-flip model [74, 75].
Neglecting rapid oscillations of populations that are of minor
importance for the analysis of the transverse radiation
structure, we write the corresponding system of two dimen-
sionless equations:

qE�
qt
� �i� d �H 2

?E� � f��I; dI �E� : �5:11�

Here,

f��I; dI � � ÿ1ÿ a0
1� I

� �1ÿ ia�g��I; dI � ;

g��I; dI � � N

�
1� eJbdI

1� eJbI

�
;

N � g0
1� bI

�
1ÿ eJb 2dI 2

�1� bI ��1� eJbI �
�ÿ1

; �5:12�

I � jE�j2 � jEÿj2 � jExj2 � jEyj2 is the total intensity,
dI � �jEÿj2 ÿ jE�j2� is the difference between intensities of
circular components, a is the alpha factor characterizing
semiconductor lasers, and the dimensionless parameter eJ is
determined by the ratio of relaxation rates and appears to be
small, 1=2014eJ 4 1=3 [74].

At eJ � 0, the functions f� and fÿ coincide and depend
only on the total intensity I � f� � fÿ � f �I ��. In this case,
there is a family of solitons with a continuously varying
parameter, generated by a scalar solitonÐone of the above
stable solutions of the scalar equation (5.1). For example, in
an axially symmetric distribution of intensity, the coordinate
dependence of scalar vortex solitons can be presented in the
form Es�r;j� � Ajmj�r� exp �imj� (taking into account the
degeneracy of solutions of Eqn (5.9) with respect to the
topological charge sign). Then, the solution of Eqn (5.11)
will be a family of solitons:

E��r;j� � exp �im�j�Ajm�j�r� cos y ; �5:13�
Eÿ�r;j� � exp �imÿj�Ajmÿj�r� sin y ;

with m� � ÿmÿ and arbitrary parameter y (the mutual time-
dependent factor is omitted). The continuous spectrum of
such dissipative solitons is explained by the invariance of the
master equations with respect to rotations in the plane of
intensities �I�; Iÿ�.

However, for eJ > 0, when the functions f� and fÿ differ
and also depend on the difference among intensities of
polarization components, the degeneracy is removed and the
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continuous spectrum of soliton structures turns into a discrete
one. At the initial moment of time,E� andEÿ can be specified
in the form (5.13) with m� � ÿmÿ. It appears that, with time
(the longer the time, the smaller eJ), the intensities of
components with opposite signs of the topological charge
equalize. The resulting vector structure illustrated in Fig. 9
possesses linear polarization and the Poincar�e index Z � 1 all
over the laser aperture.

More generally, the topological charges of circular
polarization components can differ in moduli, too. If the
difference between moduli is not large, then a vector soliton
with a more complex polarization structure is established.
Figure 10 shows such a structure for a soliton with the
topological charge of two circular polarizations m� � 2 and
mÿ � 3. It is seen that, in the center, the polarization is
circular, on the circle with the radius corresponding to the

outer radius of the total intensity ring, the polarization is
purely linear (L-line), and in the peripheral region, it is elliptic
with the direction of rotation opposite to that in the central
region. The Poincar�e index Z � 1=2, i.e., when passing around
the singular point, the polarization ellipse rotates half a turn.
For the Cartesian polarization component Ex, Fig. 11 shows
the presence of an edge dislocation atm� � ÿmÿ � 1 (Ex � 0
on the line x � 0) and isolated phase dislocations at different
topological indices of the circular components but that are
close in modulus. A more complete set and analysis of
laser solitons with polarization singularities is presented in
Ref. [73].

5.3.2 Manifestations of nonparaxiality. Our consideration in
Section 5.3.1 was based on the quasioptical (paraxial)
approximation valid for beams whose width considerably
exceeds the wavelength. As the beamwidth decreases, the role
of nonparaxiality effects increases. Such effects manifest
themselves, first of all, in the complication of the polarization
structure of radiation. In the case of fairly wide beams, the
effects of weak nonparaxiality have been analyzed in Ref. [76]
(see also [5]) for fundamental laser solitons and in Ref. [77] for
vortex solitons.

In the paraxial approximation, the polarization of radia-
tion was considered the same all over the laser aperture.
However, from the Maxwell equation for the electric
induction ~D,

div ~D � 0 ; �5:14�

in the weakly-nonparaxial approximation, it follows that

Ez � i

k0
div?E? ! i

k0

qEx

qx
: �5:15�

The approximation makes use of the fact that the parameter
�k0w�ÿ1 is small, where w is the characteristic soliton width.
The other polarization component Ey and the corrections to
the main component Ex arise only in higher orders of the
parameter �k0w�ÿ1. Hence, the polarization is generally
elliptic and changes over the transverse section. It is
remarkable that the polarization ellipses are located in the
plane including the z-axis (the main direction of the radiation
propagation) rather than orthogonal to it. Allowing for the
component Ey reveals a small slope of the ellipses, which will
be disregarded below.

For a vortex soliton with axially symmetric intensity
distribution in the paraxial approximation,

Ex�r;j� � Am�r� exp �imj� � �x� iy�mBm�x 2 � y 2� ; �5:16�
where Am�r� � rmBm�r 2�. Expression (5.16) can be presented
in the form

Ex � jExj exp �iFx� ; Fx � mj� argBm�r 2� : �5:17�

Then, according to (5.15),

Ez�r;j; z� � jEzj exp �iFz� ; �5:18�

where the phase is given by

Fz � p
2
� �mÿ 1�j� arg

�
mBm � 2r 2 exp �ij� cosj dBm

dr 2

�
:

�5:19�
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The elliptic polarization turns linear if

dF � 0 or dF � p ; �5:20�

where dF � Fz ÿ Fx. The direction of rotation of the electric
field strength vector ~E along the polarization ellipse is
determined by the sign of sin dF and changes to the opposite
one upon a change of this sign. FromEqns (5.17) and (5.19), it
follows that

sgn sin dF � sgn

�
x

d

dr

��Am�r�
��� : �5:21�

According to Eqn (5.21), condition (5.20) is satisfied on two
L-lines within the laser aperture �x; y�, which are shown in
Fig. 12. The first of them is a straight line coincident with the
axis x � 0 (it is orthogonal to the direction of the main
polarization of radiation). The second L-line is a circle on
which the intensity of the paraxial soliton is maximum (see
Fig. 7). The entire aperture is divided by these lines into four
cells with opposite directions of rotation of vector ~E along the
polarization ellipse with time.

6. Scheme with external coherent signal

The topology of radiation in effectively two-dimensional laser
schemes is much richer than in one-dimensional ones, which
makes urgent the problem of controlling this topology. As is
known, by means of weak and smooth transverse inhomo-
geneities, it is possible to control the motion and localization

of solitons of various types, and the change in the structure
topology can be achieved upon the collision of solitons
(`soliton collider' scheme) [5]. In this section, we will
demonstrate a relatively simple and efficient method of
controlling the topology of structures using a weak external
coherent holding radiation [66].

The dimensionless master equation for the laser field
envelope with rapidly saturated absorption and a weak
holding signalÐa plane monochromatic wave with ampli-
tude Ein Ð in the mean field approximation is conveniently
written considering the frequency of the signal as the carrier
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frequency [21]:

qE
qt
� �i� d �

�
q2

qx 2
� q2

qy 2

�
E� iyE� f

ÿjEj2�E� Ein : �6:1�

Here, y is the detuning of the frequency of the resonator
longitudinal mode from the frequency of the holding
radiation, considered to be small. We preserve the domain
of parameters in which at Ein � 0 there are laser solitons,
presented in Figs 7 and 8, and assume that the amplitude of
the holding radiation is much smaller than their maximal
amplitude, jEinj5 jEjmax.

Consider the influence of the weak holding radiation on a
singular vortex soliton with the axially symmetric intensity
profile and topological charge m. In the soliton periphery,
instead of the zero field, a background with the small
amplitude Eb � ÿEin=� f0 � iy� is established. The soliton
remains stable if the parameters are not close to the

boundaries of the soliton stability domain in the absence of
the holding radiation. Correspondingly, the `driven' soliton
can be considered to be a result of interference between a `free'
laser soliton and the low-amplitude background.

The presence of holding radiation leads, first of all, to the
violation of central symmetry of a vortex soliton �m 6� 0�, so
that such structures begin to move, remaining rigid, and/or
oscillate at any values of Ein and y. Then, the multiple central
dislocation with the charge m �jmj > 1� splits into jmj
dislocations with unit charge. Simultaneously, jmj disloca-
tions with opposite-sign unit charges move from the periph-
ery and approach the center. As Ein increases, the central and
peripheral dislocations draw together, ultimately merge, and
annihilate, as jEinj exceeds the critical value. The intensity
distribution becomes slightly asymmetric, as shown in Fig. 13
for `driven' solitons with initial topological charges from
m � 1 (Fig. 13a, e) to m � 3 (Fig. 13d, h).
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At jmj � 1 and very small amplitudes Ein, the central and
peripheral dislocations rotate around the soliton center with
an angular velocity close to the difference in frequencies
between the free soliton (with the nonlinear frequency shift
taken into account) and the holding radiation. Due to the
arising weak asymmetry of the intensity distribution, this
structure is not rigid. When Ein exceeds a certain threshold
Ein; thr, synchronization occurs, and the structure becomes
rigid. Hence, the distributions of intensity and energy fluxes
are stationary in the coordinate frame associated with the
structure. The transient process is shown in Fig. 14a for
integral characteristics

Es�t� �
�
E�x; y; t� dx dy ; Fs�t� � argEs ; ns�t� � dFs

dt
:

�6:2�

However, such synchronization is realized only in a
certain domain of the system parameters. Beyond this
domain, either the regime of periodic beats is established
(Fig. 14b) or a transformation or destruction of the localized
structure occurs. The domains of parameters corresponding
to different structures are shown in Fig. 15. Upon exiting
beyond the boundary of the stability domain of periodic beats
(shaded areas), the following scenarios of the merging of
central and peripheral dislocations (vortex centers) are
observed. If the exit from the domain occurs at the expense of
an increase in the detuning y, then the central dislocations

move off the center and annihilate with the peripheral
dislocations. On the contrary, upon the loss of stability at
constant y and growing Ein, the peripheral dislocations
approach the center, where their annihilation with the
central ones occurs already in the region of high intensities.
If jmj > 1, then, upon an increase in y with Ein kept
unchanged, the split central dislocations reach the periphery
and annihilate with peripheral ones in sequential pairs. When
Ein decreases to zero at constant detuning y, a transition to a
soliton, free but asymmetric at jmj > 1, occurs, only if such a
soliton is stable at the given values of gain g0. Otherwise, the
structure disperses with the establishment of nonlasing regime
E � 0 all over the laser aperture.

In Fig. 16, we show the range of variation for the
instantaneous frequency ns�t� for steady-state solitons.
Under the assumed conditions, the complete synchroniza-
tion with ns�t� � 0 is achieved only for a soliton with a unit
topological charge (dashed line). Other solitons experience
periodic beats all over the stability domain.

Finally, Fig. 17 demonstrates the phase plane of the
radiation energy fluxes for the driven solitons shown in
Fig. 13. Cases of strong coupling are presented, when there
is one individual limit cycle for each of the two main
dislocations (Fig. 17b) and superstrong coupling without
individual limit cycles (Fig. 17c, d). Solitons generated by
the axially symmetric vortex soliton with m0 � 1 (Fig. 17a)
and the triangle soliton with m0 � 3 (Fig. 17d) are rigid;
they are synchronized by the holding radiation. At m0 � 2,
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the solitons are not completely synchronized; periodic beats
with small amplitude (about 2%) manifest themselves in
their structure. The motion of solitons obeys the `Euler
mechanics' of rigid dissipative structures [5]. So, at m0 � 2
(Fig. 17b, c) and m0 � 3 (Fig. 17d), there are axes of
rotation of the second and third order. Therefore, the
solitons considered rotate around the fixed center of
symmetry with a constant angular velocity. At m0 � 1
(Fig. 17a), there are no elements of symmetry. Then lunar
motion is realized: the energy center of solitons, Rc�t� ��
r?I�r?; t� dr?=

�
I�r?; t� dr?, r? � �x; y�, moves along a

circle, and the entire structure simultaneously rotates with
the same period.

A slow change in the parameters allows implementing
hysteresis phenomena. For example, from an axially sym-
metric soliton with charge m0 � 3, by increasing the ampli-
tude of the supporting radiationEin, we get a rotating triangle
soliton with three separated dislocations. If, then, Ein

smoothly decreases to zero, the structure of the soliton will
stay unchanged, i.e., three central dislocations will not merge
and will stay separated from each other. A similar hysteresis
takes place upon a change in the detuning y for other values of
m0 as well. Such hysteresis demonstrates the bistability of
axially symmetric- and triangle-type solitons, even in the
absence of holding radiation.

The results presented in this section show the nontriviality
of synchronization of spatially distributed systems. Even
weak holding radiation can change the topology of two-
dimensional vortex laser solitons and their complexes in a
controllable way. This can be used to control the number and
position of dislocations, as well as the character of their
interaction with each other. The support of high contrast
(the ratio of maximum intensity to the background one)
together with the suppression of the phase drift in free
solitons (see Section 9) and a rich set of guided structures of
various types make their application promising for topologi-
cally protected information operations. The effects described,
apparently, seem easily observable in wide-aperture semicon-
ductor lasers combining saturable absorption [78±80] and
holding radiation [81±86] schemes.

7. Three-dimensional structures

Systems with a three-dimensional geometry are the richest
with various structures. The singularities of field distribution
at a fixed value of the evolution variable z arise upon
simultaneous turning to zero the right-hand sides of

Eqns (2.5), i.e., for zero flux of the radiation energy, S3 � 0.
Since S3 � IH3F, two ways of satisfying this condition arise.
First, there is a singularity at zero radiation intensity, I � 0,
which is achieved under the conditions

ReE�x; y; t� � 0 ; ImE�x; y; t� � 0 : �7:1�

In the three-dimensional space, the last two conditions
generally determine the lines having the parametric form
fx�l�; y�l�; t�l�g, l being the line length. These are vortex
lines, since near them the radiation energy flux has a vortex
structure. The second way of implementing a singularity
corresponds to the vector equality H3F � 0, which is
equivalent to three scalar conditions,

dF
dx
� 0 ;

dF
dy
� 0 ;

dF
dt
� 0 : �7:2�

Generally, Eqns (7.2) determine isolated points in the three-
dimensional space r3 � fx; y; tg.

7.1 Vortex lines
Vortex lines exist in the linear regime as well, e.g., higher-
order monochromatic Gaussian beams possess open and
closed vortex lines [87]. Vortex lines with a more complex
topology, including knot ones, are theoretically and experi-
mentally demonstrated in [88] in relation to the propagation
of radiation in a vacuum. However, in linear media, such
structures disperse in the course of evolution and become
undetectable. Below, we dwell only on nonlinear structures,
paying particular attention to the specific features of their
topology. First of all, let us consider the properties of vortex
lines in application to laser solitons.

Topological three-dimensional laser solitons have at least
one vortex line (we do not classify fundamental solitons as
topological). When passing around a line in its small
neighborhood in a plane, orthogonal to the line tangent, the
phase incursion is dF � 2pm due to the field unambiguity,
with integer m being the topological charge. In the systems
considered, only the vortex lines with unit chargem � �1 are
stable. The orientation of the lines can be chosen such that
m � 1. The vortex lines of the laser (dissipative) scheme
interesting to us will be characterized, érst, geometrically by
the topological characteristics, and, second, by the features of
energy êuxes.

As in linear media, these lines may be closed or open, with
the ends extended to the periphery of solitons (to infinity) in
the r3-space. An open line can be formally closed, completing
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it with an arc of an infinitely large radius with the center in the
neighborhood of a soliton. Asymptotically (at the periphery
of bright soliton structures), the open vortex lines approach
straight lines. This can be shown analytically for weakly
coupled fundamental laser solitons [21]. Such individual
solitons described by the localized solutions of Eqn (2.2)
possess a spherically symmetric field distribution, exponen-
tially decreasing at large distances from the soliton center
with the coordinate rn:

En�r� � A
1

jrÿ rnj exp
ÿÿqjrÿ rnj � iFn

�
;

�7:3�
q � q 0 � iq 00 ; q 0 > 0 :

At large distances from the soliton center, it is possible to use
an analog of the multipole expansion [89]: jrÿ rnj !
rÿ �n; rn�, n � r=r. Then, saving the dependence upon rn
only in the exponent, we get for a complex of such weakly
bound solitons

E�r� � A

r
exp �ÿqr�

X
n

exp
�
q�n; rn� � iFn

�
: �7:4�

Now, the conditions (7.1) determining the vortex lines take
the formX

n

exp
�
q 0�n; rn�

�
cos
�
q 00�n; rn� � Fn

� � 0 ;

X
n

exp
�
q 0�n; rn�

�
sin
�
q 00�n; rn� � Fn

� � 0 ; �7:5�

n 2
x � n 2

y � n 2
t � 1 :

This is a system of three equations for three unknowns, nx, ny,
nt, specifying the direction of the straight lines. The discrete
set of solutions determines the asymptotic form of the
hyperbolic-shaped vortex lines. In Fig. 18, this is illustrated
by an example of a pyramidal complex of four fundamental
solitons, three of which have a similar phase, F1 �
F2 � F3 � 0, and the fourth one being in antiphase, F4 � p.
Due to the presence of planes of symmetry, passing through
the vertex and the altitude of a pyramid, the complex moves
straight without rotation (in the accompanying reference
frame). A number of other rigid complexes of fundamental
three-dimensional solitons are considered in Ref. [5] (see also
references therein). The asymptotic behavior of the vortex
lines found numerically is close to that obtained analytically.
This conclusion is also confirmed numerically for more
complex localized structures.

On the very vortex line, the energy flux approaches zero,
S3 � 0, due to which all points of the vortex line are singular
for the dynamic system (2.5) (nonisolated singular points). In
a local neighborhood of the vortex line, system (2.5) possesses
a symmetry with respect to the axis parallel to the vortex line
tangent; for definiteness, assume this axis to be the t-axis. In
the cylindrical (locally cylindrical) coordinates r,j, t the field
envelope can be written in the form E � A�r; t� exp �ij�. At
small r, the function A�r; t� is expanded into a series in odd
powers of r: A�r; t� � r f �t� ÿ r 3g�t� � . . . : Then, in the
lowest-order approximation in r,

Sr � ÿr 3Fr�t� ; Sj � rFj�t� ; St � r 2Ft�t� ; �7:6�

where

Fr�t� � 2 Im � f �g� ; Fj�t� � j f j2 ; Ft�t� � Im

�
f �

df

dt

�
:

�7:7�

According to (7.6), near the vortex line of the main
component of the energy flux is the azimuthal component.
The radial component possesses the smallest magnitude; as
shown by calculations, Fr�t� > 0, according to which the
vortex line in system (2.5) is an attractor. The longitudinal
component of the energy flux is of primary interest to us.
Calculations show that the function Ft�t� can change its sign
at some points of the vortex line. In the presence of such
supersingular points of the vortex line, where Ft�t� � 0, the
line will be referred to as sign changing, and in the absence of
them as constant sign. Open vortex lines by necessity have an
odd number of supersingular points (e.g., three in Fig. 18),
whereas closed lines can be both constant sign and sign
changing.

7.2 Bright topological solitons
Three-dimensional laser solitons are characterized, first, by
the topology of their skeletons, i.e., the collection of all vortex
lines. This is a general issue for both the conservative and
dissipative varieties. Second, for laser (dissipative) solitons,
the classification of the structure of energy fluxes is essen-
tialÐ a factor which is not manifested in conservative
systems. Of the quantitative integral characteristics, besides
the bright soliton energyW�z� � � I�r3; z� dr3, we will also use
the tensor of inertia, calculated with respect to the center
Rc�z� of the structure:

Ji j�z� �
�
�r 2i di j ÿ ri rj� I�r3; z� dr3 : �7:8�

Figure 18. (Color online.) Intensity isosurfaces (spheres) and three

hyperbola-like vortex lines for a pyramidal complex of four weakly

bound fundamental solitons (a view from the side of the symmetry axis).

Three solitons (off-axis) possess that same phase and the fourth (central)

one is antiphase to them. Straight arrows on the lines show the direction of

their orientation and curved arrows show the direction of the longitudinal

component of the energy flux, which changes to the opposite one at

supersingular points. Inset shows the central part of the vortex lines with

supersingular points on them (dots).
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In Refs [56, 90±94], a wide class of bright (finite-energy)
three-dimensional topological laser solitons is found and
investigated, which is illustrated in Fig. 19. The presence of
open (infinite) vortex lines in all of them in many cases
complicates the direct application of known topological
characteristics, e.g., the number of crossings in the projection
of the skeleton on a plane, Cr, or the number of crossings with
a sign for oriented lines, Lk (see [56]). Here, we accept the
following approach: we specify a way of constructing the
initial field distribution for obtaining a localized structure by
stabilization after the transient process described by the
master equation (2.2) and provide the established structures
with the characteristics of this distribution, having made sure
that the topology does not change in the transient process.

The algorithm for constructing an initial distribution for
`hula hoop' solitons, described in [91], is as follows. Initially,
there is a two-dimensional soliton or a strongly coupled
complex of such solitons, studied in sufficient detail [5]. The
two-dimensional structure has a symmetry axis of the order
N2D and total topological chargem2D (here, we consider only
structures with the same sign of the charge). We place such a
two-dimensional distribution of the envelope in a plane
including the t-axis, e.g., in the plane y � 0; in this case, the
center of symmetry is located at distance r2 from this axis,
exceeding the dimensions of the two-dimensional structure.
Let us rotate the two-dimensional distribution around the
t-axis, changing angle j � arctan �y=x� from 0 to 2p, so that
the two-dimensional center of symmetry describes a circle
with radius r2 centered on the t-axis, simultaneously develop-
ing this distribution around the two-dimensional center of

symmetry by angle y�j� � ÿsj=N2D with the integer twist
index s in the initial plane rotated through an angle j (with
the current tangent to the circle serving as an instantaneous
developing axis). As a result of such a procedure, the
trajectories of dislocations of the two-dimensional structure
in the r3-space are closed helical lines (circles on s � 0).

The thus formed three-dimensional field of the envelope is
continuous. However, the structure will not be stable because
of `centrifugal forces' caused by the substantial angular
momentum of the field with closed vortex lines having unit
topological charges. To compensate for the angular momen-
tum, let us introduce open vortex lines, arranged along the
t-axis. This is implemented by multiplying the above field
distribution by exp �iM0j� with an integer index M0. Note
that the formation of closed vortex lines gives rise to open
lines, too, also oriented along the t-axis. Therefore, the total
number NU of open vortex lines in a structure with the
topological charge of each line m � 1 generally differs from
jM0j and their total topological chargeM also depends onNC,
the number of open vortex lines, withM coinciding with NU:

M � NU �M0 � s
NC

N2D
: �7:9�

The open lines are not linked to each other and by
construction are oriented along the t-axis.

Index M determines the total phase incursion per round-
trip about open vortex lines in the �x; y�-plane: dF � 2pM.
Note that, due to the symmetry of the master equation (2.2)
with respect to mirror reflection x! ÿx or y! ÿy,
topological solitons have mirror counterparts (without the

2p

4

2

0

y
x

t

Â b c d e

f g h i j

Figure 19. (Color online.) Laser solitons with various topologies. First and third rows are intensity isosurfaces at a level of I=Imax � 0:15; second and

fourth rows show skeletons for these solitons. (a) Precesson, s � 0, Cr � 0, Lk � 0. (b±e) Apple solitons, s � 0, Cr � 2, Lk � 1. (f) Double-ring soliton,

s � 0, Cr � 8, Lk � 4. (g) `Soliton with trivial knot+', s � ÿ1, Cr � 9, Lk � 4. (h) Hopf+, s � ÿ2, Cr � 10, Lk � 5. (i) Trefoil+, s � ÿ3, Cr � 11,

Lk � 4. (j) Solomon+, s � ÿ4, Cr � 12, Lk � 6. The sign + emphasizes the difference from traditional structures with a similar name due to the

presence of open vortex lines. Color scale indicates the value of the phase on the surfaces.
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additional symmetry, the distributions of their field
envelopes do not coincide). Hence, specifying the orientation
of the closed lines relative to the open ones (the latter are
unidirectional in the case considered) also essentially deter-
mines the soliton topology. If the directions of motion
coincide, then the directions of rotation of a soliton and
`antisoliton' are opposite, and the character of stability is
preserved. Specifying the initial parent two-dimensional
soliton together with the number of open vortex linesNU and
the twist index s allows complete characterization of the
skeleton topology of the three-dimensional field distribu-
tion. Calculations show that, to conserve the topological
structure in the transient process, it is necessary to satisfy
the condition jM0j5 jMj > 0.

In Refs [90, 91], tangle solitons with unit topological
charge of all vortex lines were found. In this case, the above
condition of soliton stability requires choosing a negative
twist index, s < 0. For a stable laser soliton, the change of the
sign of s without a change of signs of the topological charges
of its vortex lines gives rise to another localized structure that
cannot be reduced to the initial soliton by rotations. The
change of the sign of s is equivalent to the reflection t! ÿt
with a consequent change of the sign of the topological
charges of the closed lines mC, i.e., reversing their orientation
to the opposite one. The new structure substantially differs
from the initial one, and its stability requires additional
investigation.

The parent two-dimensional structures for the solitons
depicted in Fig. 19 are: a fundamental soliton, m2D � 0, the
only open vortex line with an absence of closed ones
(Fig. 19a); a vortex soliton, m2D � 1, N2D � 1, one open
vortex line, surrounded by one closed line (Fig. 19b±e); a
strongly coupled pair of vortex solitons with similar charges,
m2D � 2, N2D � 2 (Fig. 19f±j). In this case, the twist index is
s � 0 (Fig. 19a±f), s � 1 (Fig. 19g), s � 2 (Fig. 19h), s � 3
(Fig. 19i), and s � 4 (Fig. 19j).

We will determine the topological characteristics of the
soliton skeletonsÐ the collection of vortex linesÐ following
the terminology of Ref. [95]. We introduce plane projections
of these three-dimensional lines, depicting the intersections by
a cross of two lines, a solid line located higher in the three-
dimensional space, and a line with a gap located lower (see
Fig. 23 in Section 7.3). The crossing index of oriented lines,
located for definiteness in the �x; y�-plane, can be defined as
e � sgn ft1 � t2gt. Here, t1; 2 are tangents to the projections of
the curves, the solid line chosen first in the vector product.
The sumof crossing indices is the number of linkings of vortex
lines Lk, which is a topological invariant, i.e., is preserved
under smooth deformations of these lines. Another topologi-
cal invariant, denoted by Cr, is the minimal number of
crossings of the vortex lines of the skeleton projected on a
plane upon changing this plane. The values of the invariants
Lk and Cr are indicated in the Fig. 19 caption.

In Fig. 19, the bright laser solitons are arranged in order of
growing topological complexity of their skeletons (we recall
that a fundamental soliton without vortex lines is not a
topological soliton). The simplest topological soliton pos-
sesses a single open vortex line, bent and precessing at some
values of parameters, due to which we call it a precesson
(Fig. 19a). In the apple solitons shown in Fig. 19b±e, a closed
line is added embracing one open line. The open line is
straight if the closed one possesses a rotational symmetry
(Fig. 19b, c), and curved otherwise (Fig. 19d, e); the open line
rotates in a helical fashion in the case of Fig. 19e.

A skeleton of the `double-ring' soliton (Fig. 19f) consists
of a bundle of three open vortex lines formed by splitting the
topologically triply charged `parent' straight vortex line and
two closed nonlinking lines around them. The four remaining
solitons shown in the bottom two rows (Fig. 19g±j) adopt the
names common in topology for structures, consisting of only
closed vortex lines; we add + to the traditional name to
indicate the presence of open lines in the skeletons. In the case
of Fig. 19g, it is a trivial knot with three open lines (upon
extracting them, the only closed line can be transformed into a
circle by smooth deformations). In Fig. 19h, there are two
singly linked closed vortex lines (a Hopf link) belting three
open lines. The closed line in Fig. 19i is a knot (trefoil), inside
which there are three open lines. Finally, Fig. 19j illustrates a
knot, or more exactly a Solomon link, in which two closed
vortex lines are doubly linked; two open vortex lines are
additionally present.

Another factor, important for classification and specific
to dissipative solitons, is related to the structure of energy
fluxesÐ the field of the Poynting vector S3. Note that the
wavefront of many conservative solitons, e.g., in a medium
with saturable Kerr nonlinearity [96], is a plane, so that we
can assume HF3 � 0 and S3 � 0; therefore, for such solitons,
energy fluxes are absent. For dissipative solitons, the
divergence of the energy flux serves as a local characteristic
of the vector field S3: depending on whether the energy
predominantly inflows or outflows from an elementary
volume through its boundaries, HH3S3 < 0 (the first case:
energy sink) or HH3S3 > 0 (the second case: energy source).
Generally, the energy sinks and sources should be defined
with explicit consideration of the dissipative factors in
Eqn (2.3), but calculations show only a weak influence of
these factors due to the smallness of the diffusion coefficients
and approximate dynamic balance between the gain and
absorption.

In addition, also of importance is the number of super-
singular points on the vortex lines, at which the sign of St Ð
the longitudinal (along the vortex line) component of the
energy fluxÐchanges. The number of such points on open
vortex lines must be odd, since at the periphery the energy flux
is directed off the soliton center, and on closed lines inmust be
even.

In Fig. 20, we show the supersingular points for a number
of solitons, presented in Fig. 19. As is seen from Fig. 20b±e,
although for all four types of apple solitons the topology is
similar, they differ from each other by the number of
supersingular points on the closed and open vortex lines.
Note also that, among stable laser solitons, there are `rigid'
(with intensity and energy flux distributions unchanged in the
course of propagation up to a translation or rotation as a
whole) and `deformable' solitons with distributions of
intensity and energy flows quasiperiodically oscillating in
the course of propagation.

Apple solitons of various types exist in different domains
of the parameter space, partially overlapping. We choose the
linear gain coefficient g0 as the main variable parameter.
From Fig. 21a, one can see the ranges of existence and
stability of various apple solitons. The overlapping of these
domains for the asymmetric stationary `rigid' and oscillating
deformable solitons, in principle, allows speaking about the
possibility of recording information, protected from pertur-
bations not only by topological characteristics, but also by an
energy characteristicÐ the number of supersingular points
on the vortex lines.
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7.3 Hysteresis phenomena
The above conservation of topological and energy character-
istics (information) is possible only under certain limitations
of the variation of parameters. Let the linear gain coefficient
g0 at first smoothly grow with an increase in propagation
length z, crossing the boundary of stability of the initial type
of soliton, and then smoothly return to the initial value (see
the inset in Fig. 21b). As is seen from Fig. 21, a reversible
hysteresis takes place for asymmetric `rigid' and oscillating
solitons: after the recovery of the parameters, the number of
supersingular points is also restored (provided that the
topological characteristics do not change). Such a hysteresis
may be related to a first-order phase transition, i.e., a hard
excitation, or subcritical bifurcation. At the same time,
transitions between an ideal symmetric apple and asym-
metric apples of two types, upon which not only the topology
but also the number of supersingular points are preserved,
can be associated with phase transitions of the second order,
or supercritical bifurcations.

As is seen from Fig. 22, the stability domains of the
solitons discussed are overlapping. Therefore, upon chang-
ing the linear gain coefficient with the crossing of stability
domain boundaries, a change in the soliton topology is
inevitable. Simulations show that the laser soliton topology
changes via topological reactions of two types (Fig. 23). The

first (Fig. 23a±d) is the approaching and touching of two
vortex lines, followed by the switching of their branches. At
the touching point, the tangents to the lines corresponding to
their orientation are oppositely directed. Such a reaction can
proceed in both directions. The second type includes reactions
(Fig. 23e±g) comprising a strong bending of a vortex line
followed by the separation of a closed vortex line from it and,
possibly, a sequential separation of several such loops.

Upon a slow change in the gain coefficient, similar to that
shown in the inset to Fig. 21b, the cascade of the above
topological reactions occurs comparatively quickly (see
Ref. [56] for details), the result being illustrated in Fig. 24a.
Here, the initial structure was a trefoil+ soliton, which, upon
a slow increase in the gain coefficient, transformed first into
a Hopf+ soliton, and then after short-term intermediate
topological reactions, into an apple soliton, stable in the
widest domain of parameters. Upon a slow increase in the
gain coefficient, the soliton conserves its apple form. Thus, an
irreversible hysteresis of the soliton takes place here. In this
case, for one value of the gain coefficient, the energy of the
final apple soliton is considerably smaller than that of the
initial topologically more complex trefoil+.

Figure 24b shows the change in the topological invariant
Cr (minimal number of crossings) with an increase and
decrease in the gain coefficient. If the initial structure is a
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Figure 20. (Color online.) Laser solitons with various structures of energy fluxes and topologies. (a) Precesson. (b±e) Apple solitons. (f) Hopf+ soliton.

(g) Trefoil+. Upper row: vortex lines with supersingular points (circles). Lower row: divergence of radiation energy flux S3: regions with a + sign

(divS3 > 0, red color) correspond to sources of radiation; those with a minus �ÿ� sign (divS3 < 0, blue color) correspond to energy sinks.
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stable trefoil+, then, upon a decrease in the gain coefficient,
it vanishes with the establishment of a nonlasing regime in the
entire system. In the case of an increasing gain coefficient, the
trefoil+ turns into a Hopf+ soliton. Furthermore, if the
gain coefficient decreases, then, as in the previous case, the
nonlasing regime is established, whereas, upon an increase in
the gain coefficient, a transition to the apple soliton occurs.
The latter vanishes with the establishment of the nonlasing
regime upon both increasing and decreasing the gain coeffi-
cient. Note that, with all topological transformations, the
topological structure is simplifiedÐ the topological invariant
Cr decreases. Moreover, Fig. 24b shows within what limits

the topological invariants are preservedÐ these limits coin-
cide with those of the corresponding soliton stability.

7.4 Tubular solitons
In this section, we consider bright solitons (with a finite power
of radiation), which are intermediate between two-dimen-
sional and three-dimensional ones. In the case adjacent to the
two-dimensional geometry, this problem can be considered to
be beyond the mean field approximation due to the long-
itudinal variation in the field envelope taken into account. In
the opposite limit, the transition to the model of an unlimited
nonlinear medium is implemented, e.g., in ring resonators of
sufficiently large length.

For scalar solitons, following [77], we proceed from the
master equation (2.2). Consider first a symmetric distribution
with a straight vortex line (compare with Eqn (5.8)):

E�r3; z� � Ajmj�r� exp �ÿiqjmjz� imj� : �7:10�

Here, the envelope is independent of the variable t, and for
the rest of the variables we use a cylindrical system of
coordinates �r;j; z� with r �

����������������
x 2 � y 2

p
; as before, m is the

integer topological charge. Substituting (7.10) into (2.2), we
arrive at the equation coinciding with that for symmetric two-
dimensional solitons (5.9) with q replaced with n. However,
the stability of a two-dimensional structure does not imply the
stability of the corresponding three-dimensional one, since, in
the latter case, the stability with respect to perturbations
modulated in the additional coordinate t is also of impor-
tance. Moreover, such structures appear to be unstable with
respect to small perturbations [77].

Indeed, although solutions of the form (7.10) with m � 1
exist, they appear to be unstable because of bending and
fragmentation of the straight vortex line. Nevertheless,
stabilization of the vortex line becomes possible upon
proceeding from an unlimited medium to a ring resonator of
finite length L, which is implemented, for example, in a fiber
laser. The stabilizing role of the finite length is due to the fact
that it restricts manifold of possible `dangerous' perturba-
tions, serving as a filter.

The dynamics of a system with finite resonator length L is
described by the master equation in the fixed (laboratory)
coordinate frame (in which the frequency dispersion is taken
into account by the term with q2E=qz 2, since, in the lowest-
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Figure 23. (Color online.) Two types of elementary topological reactions

with vortex lines of dissipative structures: opposite direction reconnection

(a±d) and separation of a closed vortex line from the parent one (e±g).
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order approximation, it follows from the transfer equation
that q2E=qt 2 � v 2g �q2E=qz 2�� and the condition of periodicity
in z:

qE
qt
� qE

qz
ÿ �i� d?�D?Eÿ �i� dk�D2

q2E
qt 2
� f
ÿjEj2�E ;

�7:11�
E�x; y; z� L; t� � E�x; y; z; t� : �7:12�
Calculations [77] have shown the presence of a critical

length of resonator Lcr, depending on the topological
charge m. Tubular structures with a straight vortex line
are stable in resonators with subcritical length L < Lcr

(Fig. 25a). Upon exceeding the critical length, the vortex
line bends (Fig. 25b, d). Lines with the charge jmj > 1 at
somewhat greater resonator lengths split into jmj lines with
a unit charge (Fig. 25c, e, f). At even greater lengths L,
fragmentation of the vortex lines and the formation of
three-dimensional solitons (for the parameters lying within
the stability domain) or field damping occur.

The analysis of polarization features of tubular solitons
with the effects of weak nonparaxiality taken into account
reduces to that carried out in Section 5.3 for symmetric
structures with a straight vortex line [77]. As we have seen,
such paraxial solitons are stable in resonators with a sub-
critical length. In this case, the polarization structure in
arbitrary transverse sections of a tubular soliton is constant
and coincides with that for a two-dimensional laser soliton
(see Fig. 12).

8. Dark topological solitons

In Section 7, we considered bright optical solitons in scenarios
with various geometrical dimensions, whose field rapidly
decreases at the periphery, ensuring the finiteness of the
soliton energy. At the same time, it is reasonable to consider
dark solitons with a nonzero and uniform level of intensity at
the periphery and a localized intensity dip in the central part
of the soliton. Although the energy of `ideal' dark solitons is
infinitely large, which cannot be implemented experimentally,

such models adequately describe the central region of
solitons, weakly sensitive to the behavior of the field in the
remote peripheral region. Hence, dark solitons, as well as in
the case of conservative schemes [1], are experimentally
available. Moreover, they can have advantages over bright
ones, including a wider domain of stability in the parameter
space.

Dark laser solitons exist in schemes with various dimen-
sions, but here we will restrict ourselves to analyzing three-
dimensional schemes that allow structures with the most
diverse topology. For tubular dark solitons, the analysis is
close to that presented in Section 7.4. A specific feature of
dark solitons that distinguishes them from bright ones is the
peripheral boundary conditions. Note the high sensitivity of
the results to these conditions. To reduce this sensitivity, in
the numerical calculations in [97] presented below, the
authors used `transparent boundary conditions' with mini-
mization of fictitious reflection from the edge of the computa-
tion domain by choosing the transverse profile of radiation
losses in the peripheral region.

The master equation (2.2) serves as the starting point
again. For a symmetric distribution with a straight vortex
line, the field has the form (7.10), but with different
asymptotic behavior at the periphery:

d
��Am�r�

��2
dr

! 0 at r!1 : �8:1�

For the radial function Am�r�, we get an equation that
coincides with the equation of symmetric two-dimensional
solitons (5.9), with q replaced by n. However, as in the case of
bright tubular solitons (see Section 7.4), the stability of a two-
dimensional structure does not imply the stability of the
corresponding three-dimensional structure, because, in the
latter case, stability against perturbations, modulated in the
additional coordinate t, is also of importance.

Solutions of the form (8.1) with m � 1 are also unstable
because of bends and the fragmentation of the straight vortex
line. The vortex line stabilization again becomes possible with
a transition from an unlimited medium to a ring resonator
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Figure 25. (Color online.) Intensity isosurfaces for tubular solitons with topological charge m � 1 (a) and m � 2 (b±f) in a resonator with length

L � 36 (a), 42 (b), 300 (c), and 110 (d±f).
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with finite length L, which is implemented, for instance, in a
fiber laser. We describe the dynamics of such a scheme with
the master equation (7.11) and z-periodicity condition (7.12).
A symmetric dark soliton with the charge m � 1 serves as an
initial condition.

In contrast to bright solitons, a dark soliton breaks down
with time at small resonator lengths, L < Lmin (with the
parameters chosen, Lmin � 5): its center in the transverse
plane begins to move along a spiral and ultimately goes to
the periphery. As a result, a regime of homogeneous lasing is
established inside the entire resonator. Furthermore, for
lengths L exceeding the critical value Lmax �Lmax � 20�, the
initially single vortex line is fragmented, as in an unlimited
medium, in the way pointed out above. Therefore, we will
consider only those schemes with medium resonator lengths
Lmin < L < Lmax. Here, it is necessary to distinguish between
two ways of stabilizing the vortex line.

First, a vortex line can simply bend, which leads to stable
asymmetric distribution of the field (Fig. 26). Even more
stable and at the same time existing in a wider range of
resonator lengths are structures in which the vortex lines are
segments of a `double helix' with similar topological charges,
determined by the modified initial condition (Fig. 27).
Depending on the length L, the helices make one �L � 12� or
two �L � 25� turns. At small deviations from these lengths,
the helices retain stability, but lose the helical symmetry.
Structures with two helical vortex lines are also rigid.

Second, an interesting scenario for stabilizing a straight
vortex line of a dark soliton is realized at smaller values of the
linear gain coefficient g0. In this case, the structure preserves
the symmetry, but an additional closed (circular) vortex line
arises (Fig. 28). The circular line moves with considerable
velocity along the straight vortex line without loss of
symmetry. Such a structure preserves the stability even at
relatively large lengths of the resonator. Note that a kindred
structure is presented in Ref. [13] for a different schemeÐan
optical parametric oscillator in an unlimited medium with
quadratic nonlinearity.

As we have seen, the longitudinal limitations of a real
scheme allow the formation of stable topological (vortex)
dark solitons. The domain of their stability is rather large; it
practically coincides with the domain of classical bistability of
plane wave regimes. The natural question of the effect of the
scheme's transverse limitations on topological localized struc-
tures is discussed in Section 10.

9. Quantum fluctuations

Quantum fluctuations of the field of laser solitons and the
medium in which they propagate are of interest not only from
a general scientific point of view but also from a practical one,
since these fluctuations restrict the ultimate capabilities of
soliton applications to informatics. For conservative tem-
poral solitons, squeezed states are theoretically predicted and
experimentally implemented, which correspond to solitons
with a noise level below that of a common coherent state [98±
100]. Similar studies of quantum fluctuations in spatial
conservative solitons were carried out in Refs [101±103].

For dissipative optical solitons, the quantum effects are
studied in less detail. Results on generating squeezed radia-
tion from such solitons in the parametric oscillator scheme are
summarized in monograph [104]. In Refs [105±107] (see also
[5]), for spatial solitons in a wide-aperture passive nonlinear
interferometer with coherent holding radiation, a quantum
Langevin equation is derived. The solution of this equation in
the approximation of weak fluctuations (linearized approach)
allowed finding a statistical variance of fluctuations of the
mean position and momentum of solitons and the conditions
for implementing squeezed states.

However, at present, studies of quantum fluctuations of
the laser solitons, especially topological laser solitons, are just
beginning. Although in this case the approach is largely
similar to the theory of solitons in a nonlinear interfero-
meter, the laser case has its own essential specificity. First, for
lasers with saturable absorption, it is important to take into
account fluctuations of the active and passive media provid-
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ing the resonance nonlinearity (in the case of an interferom-
eter, the nonlinearity is Kerr-type and nonresonant). Further,
for topological laser solitons, the angular selectivity of losses
in the scheme is important, in the absence of which the
domain of stability for these solitons in the parameter space
collapses into a point [5].

In this section, we will first present a master equation to
describe fluctuations in two-dimensional laser solitons [108].
In the case of a fast medium response, this equation
generalizes the classical equation (5.1) by introducing a
stochastic Langevin force in it. A scheme of a wide-aperture
laser with saturable absorption and external holding radia-
tion is considered (see Section 6 for the classical analog). At
zero intensity of the holding radiation, this scheme reduces in
essence to a laser one, andÐupon replacing the medium
material equationsÐ to the scheme of a nonlinear interfero-
meter with holding radiation. By analogy with the case of a
nonlinear interferometer, the linearization approach is then
developed [109]. Then, following Ref. [110], we will present
some results of solving the complete quantum Langevin
equation numerically. We restrict ourselves here to the
scheme of a wide-aperture ring laser with saturable absorp-
tion using the above mean-field approximation (envelope
averaging in the longitudinal direction).

9.1 Laser Heisenberg±Langevin equations
The master equations are derived as follows [108]. The total
Hamiltonian of the system consists of the Hamiltonian Ĥfield

of the field in the matrix without the active, with laser gain
(index g), and passive, with saturable absorption (index a),
centers, theHamiltonians of these centers Ĥ g and Ĥ a, and the
Hamiltonians of the field and center interaction V̂ g and V̂ a

(dipole approximation). Additionally allowed for are non-
resonant losses and dispersion in the matrix, the pump, and
the relaxation processes, giving rise to Langevin stochastic
sources in the master equations. For the field, the Hamilton-
ian is constructed from the classical one by replacing the
envelope E with the annihilation operator â and E � with the
creation operator â y:

Ĥfield � �ho0

2

��
â y�r?; t�â�r?; t� � â�r?; t�â y�r?; t�

�
dr? �9:1�

(�h being the reduced Planck constant). The centers, as
above, are modeled by two-level systems with the transi-
tion frequency oc, detuned from the carrier frequency o0

by do. The energy levels are denoted by W1 and W2

�W2 ÿW1 � �hoc�. Then,

Ĥ g �
��
W1ŝ1�r?; t� �W2ŝ2�r?; t�

�
dr? ;

�9:2�
Ĥ a �

��
W1p̂1�r?; t� �W2p̂2�r?; t�

�
dr? :

The operators ŝ1; 2 and p̂1; 2 have the meaning of the number
of atoms at the corresponding level within a unit area of the
aperture. Finally, the Hamiltonians of interaction of the field
with the centers are

V̂ g � �hgg

��
ŝ�r?; t�â y�r?; t� � ŝ y�r?; t�â�r?; t�

�
dr? ;

�9:3�
V̂ a � �hga

��
p̂�r?; t�â y�r?; t� � p̂ y�r?; t�â�r?; t�

�
dr? :

In (9.3), the constants of interaction between the field and the
centers in the dipole approximation are expressed as
gg; a � mg; a�o0=�2e0�hL��1=2, mg; a are the matrix elements of
the dipole transition between the working levels of the
centers, e0 is the dielectric constant of the matrix at the
carrier frequency, and L is the resonator length. The
operators ŝ and p̂ of collective coherence of active and
passive centers are also introduced [108]. The operators obey
the following commutation relations:�

â�r?; t�; â y�r 0?; t�
� � �1ÿ 1ÿ id

2k 2
0

D?

�
d�r? ÿ r 0?� ; �9:4�

�
ŝ�r?; t�; ŝ y�r 0?; t�

� � �ŝ1�r?; t� ÿ ŝ2�r?; t�
�
d�r? ÿ r 0?� ;�

ŝ1�r?; t�; ŝ�r 0?; t�
� � ŝ�r?; t�d�r? ÿ r 0?� ; �9:5��

ŝ2�r?; t�; ŝ�r 0?; t�
� � ÿŝ�r?; t�d�r? ÿ r 0?� ;�

p̂�r?; t�; p̂ y�r 0?; t�
� � �p̂1�r?; t� ÿ p̂2�r?; t�

�
d�r? ÿ r 0?� ;�

p̂1�r?; t�; p̂�r 0?; t�
� � p̂�r?; t�d�r? ÿ r 0?� ; �9:6��

p̂2�r?; t�; p̂�r 0?; t�
� � ÿp̂�r?; t�d�r? ÿ r 0?� :

The effective diffusion coefficient is again considered small,
0 < d5 1.

The relaxation of the centers and incoherent broadband
pump are taken into account by introducing the decay rates of
the coherence (G and g) and populations (G1; 2 and g1; 2) of the
working levels of the active and passive centers, as well as the
mean rates of populating the upper level of active centers Rg

and the lower level of passive centersRa.We assume that both
levels of the active and passive centers decay with the rates
G1; 2 and g1; 2 to certain levels, different from theworking ones.
For simplicity, we set G � �G1 � G2�=2, g � �g1 � g2�=2,
which is precisely valid in rarified atomic gases. We denote
by k the rate of the field decrease in the resonator upon axial
propagation of the wave. Then, the Heisenberg±Langevin
master equations are formulated as follows:

qâ
qt
� �i� d � vg

2k0
D?âÿ k

2
â� ggŝ� gap̂� F̂a ; �9:7�

qŝ
qt
� ÿ�Gÿ ido�ŝ� gg�ŝ2 ÿ ŝ1�â� F̂ ;

qŝ1
qt
� ÿG1ŝ1 � gg�ŝ yâ� ŝâ y� � F̂1 ; �9:8�

qŝ2
qt
� Rg ÿ G2ŝ2 ÿ gg�ŝ yâ� â yŝ� � F̂2 ;

qp̂
qt
� ÿ�gÿ ido�p̂� ga�p̂2 ÿ p̂1�â� Ĝ ;

qp̂1
qt
� Ra ÿ g1p̂1 � ga�p̂ yâ� â yp̂� � Ĝ1 ; �9:9�

qp̂2
qt
� ÿg2p̂2 ÿ ga�p̂ yâ� p̂â y� � Ĝ2 :

The correlation relations for the Langevin sources F̂ and
Ĝ follow from the fluctuation-dissipation theorem using the
results of Ref. [111]. Let us write the nonzero correlators in
angle brackets:

F̂
y
i �r?; t�F̂j�r 0?; t 0�

� � 
F̂ yi F̂j

�
d�tÿ t 0�d�r? ÿ r 0?� ;


F̂i�r?; t�F̂j�r 0?; t 0�
� � 
F̂iF̂j

�
d�tÿ t 0�d�r? ÿ r 0?� ; i; j � 1; 2 ;
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F̂2F̂2

� � G2�s2 � Rg�1ÿ sg� ;


F̂ yF̂

� � G1�s2 � Rg ;

F̂1F̂1

� � G1�s1 ;


F̂1F̂

� � G1�s ;

F̂F̂2

� � G2�s ;


F̂F̂ y

� � G2�s1 : �9:10�
In (9.10), in addition to themean pump rateRg, the parameter
of its regularity degree sg is introduced, 0 < sg < 1. At sg � 0
the centers are excited and transit to the upper working level
independent of each other and randomly in time (Poisson
pumping), and at sg � 1 the pump is strictly regular and free
of noises (sub-Poisson pumping). When introducing a similar
parameter sa for the pumping of the lower level of passive
centers, we get the following expressions for the correlators:

Ĝ
y
i �r?; t�Ĝj�r 0?; t 0�

� � 
Ĝ yi Ĝj

�
d�tÿ t 0�d�r?ÿ r 0?� ;


Ĝi�r?; t�Ĝj�r 0?; t 0�
� � 
ĜiĜj

�
d�tÿ t 0�d�r?ÿ r 0?� ; i; j � 1; 2;


Ĝ1Ĝ1

� � g1�p1 � Ra�1ÿ sa� ;


ĜĜ y

� � g2�p1 � Ra ; �9:11�

Ĝ yĜ

� � g1�p2 ;


Ĝ2Ĝ2

� � g2�p2 ;

ĜĜ2

� � g2�p ;


Ĝ1Ĝ

� � g1�p :

The presented operator equations completely describe the
laser system considered, but they are not very convenient for
analysis and calculations because of the noncommutativity of
the operators. Therefore, in quantum electrodynamics [112]
and quantum optics [41], the c-number representation is
widely used, in which the operators are replaced with
c-number functions. Such a procedure is justified for the
calculation of quantum mean values of an operator that
consists of a sum of normal products of creation and
annihilation operators (creation operators are left of annihi-
lation ones, the order of commuting operators is, naturally,
unimportant). Operators can always be reduced to the normal
form using the commutation relations. In application to
Eqns (9.7)±(9.9), the normal product of operators has the
form â yŝ yp̂ yŝ2p̂2ŝ1p̂1p̂ŝâ [41]. Finally, it is required that
the expressions for the Langevin sources for the normally
ordered pair averages be reformulated. Therefore, instead of
Eqns (9.7)±(9.9), we get

qa
qt
� �i� d � vg

2k0
D?aÿ k

2
a� ggs� gap� Fa ; �9:12�

qs
qt
� ÿ�Gÿ ido�s� gg�s2 ÿ s1�a� F ;

qs1
qt
� ÿG1s1 � gg�s �a� sa �� � F1 ; �9:13�

qs2
qt
� Rg ÿ G2s2 ÿ gg�s �a� a �s� � F2 ;

qp
qt
� ÿ�gÿ ido�p� ga�p2 ÿ p1�a� G ;

qp1
qt
� Ra ÿ g1p1 � ga�p �a� a �p� � G1 ; �9:14�

qp2
qt
� ÿg2p2 ÿ ga�p �a� pa �� � G2 :

The correlation relations for the Langevin sources are
presented below (see Eqn (9.20)).

The master equations (9.12)±(9.14) completely describe
the laser system considered. They can be substantially
simplified when the medium response is fast compared to
the field envelope variation, i.e., under the conditions k5G,

G1; 2, g, g1; 2. Hence, it becomes possible to exclude adiabati-
cally the variables of active and passive centers and to get a
closed equation for the field envelope. Let us also assume for
simplicity that the relaxation rates of the upper and lower
working levels of the centers are considerably different
�G2 5G1 and g1 5 g2�. Under these conditions, the centers,
after a short transient period, can be considered to follow
the field state variation instantaneously. Assuming that in
Eqns (9.13) and (9.14) the time derivatives are zero and the
working transition frequencies coincide with the carrier
frequency �do � 0�, we get

Gs � gg�s2 ÿ s1�a� F ;

G1s1 � gg�s �a� sa �� � F1 ; �9:15�
G2s2 � Rg ÿ gg�s �a� a �s� � F2 ;

gp � ga�p2 ÿ p1�a� G ;

g1p1 � Ra � ga�p �a� a �p� � G1 ; �9:16�
g2p2 � ÿga�p �a� pa �� � G2 :

Expressing the atomic variables in terms the field amplitude a
by means of the algebraic relations (9.15) and (9.16) and
introducing the notations

Ig � G1G2

4g 2
g

; Ia � g1g2
4g 2

a

; g0 � Rg

kIg
; a0 � Ra

kIa
; �9:17�

we arrive at the closed master equation for the field in the
c-number representation:

qa
qt
� �i� d � vg

2k0
D?a� k

2
f
ÿjaj2�a� Fa � Fg ; �9:18�

f
ÿjaj2� � ÿ1� g0

1� jaj2=Ig
ÿ a0

1� jaj2=Ia
: �9:19�

Here, jaj2 � I represents the intensity or photon number of
the generated radiation, g0 and a0 are the linear gain and
resonant absorption coefficients, and Ig and Ia are the gain
and absorption saturation intensities in the absence of
frequency detunings.

Finally, the correlation relations for the Langevin sources,
Fa and Fg, have the form


F �i �t; r?�Fj�t 0; r 0?�
� � 
F �i Fj

�
di; jd�tÿ t 0�d�r? ÿ r 0?� ;

i; j � g; a ;

F 2

g

� � ÿ Rg

2Ig

a 2=Ig

�1� I=Ig�2
�
1� sg

2

�
;


jFgj2
� � Rg

Ig�1� I=Ig� ÿ
Rg

2Ig

I=Ig

�1� I=Ig�2
�
1� sg

2

�
; �9:20�



F 2

a

� � Ra

Ia

a 2=Ia

�1� I=Ia�2
�
1ÿ sa

2

�
;


jFaj2
� � Ra

2Ia

I=Ia

�1� I=Ia�2
�
1ÿ sa

2

�
:

Note that these correlators are proportional to the corre-
sponding pump rates Rg and Ra. In the presence of external
coherent holding radiation, with the frequency shifted
relative to the carrier frequency by doin � �k=2�y and the
amplitude proportional to ain, an additional term arises in
Eqn (9.18) (now the frequency of the holding radiation is
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U�t; x� � �de�t; x�; de ��t; x�	Tr ; W�t; x� � wg
�
QE�t; x�;Q �E�t; x�

	Tr
; �9:27�

g � ÿRe f �0� ÿRe fs�Ih� ; y � yin � Im f �0� � Im fs�Ih� ; �9:28�

L �
�1ÿ id � q2

qx 2
� y� Im fs1 ÿ i Re fs1 ; ÿi fs2

ÿi f �s2 ; ÿ�1� id � q2

qx 2
ÿ yÿ Im fs1 ÿ i Re fs1

2664
3775 ; �9:29�

fs1 � fs1�x� � d fs
ÿ
Is�x�

�� Is f
0

s

ÿ
Is�x�

�
; fs2 � fs2�x� � f 0s

ÿ
Is�x�

�
e 2s �x� ; f 0s �

d fs
dI

: �9:30�

chosen for a carrier frequency):

qa
qt
� �i� d � vg

2k0
D?a� k

2
�ain � iya�

� k
2
f
ÿjaj2�a� �Fa � Fg� : �9:21�

If we introduce the dimensionless time t 0 � �k=2�t, the
dimensionless coordinates �x 0; y 0� � �x; y� ��������������

kk0=vg
p

, and the
dimensionless field amplitudes E � a=

����
Ia
p

, Ein � ain=
����
Ia
p

,
then Eqn (9.21) will take the form (dashes are omitted)

qE
qt
� �i� d �D?E� f

ÿjE j2�E� Ein � iyE� wgQE ; �9:22�

where

wgQE � 1

�k=2� ����Iap �Fa � Fg� ; wg �
���������
kk0
Iavg

s
: �9:23�

When disregarding the stochastic source QE, Eqn (9.22)
transforms into the classical one.

9.2 Linearized Heisenberg±Langevin equation
Following Ref. [109], we start with the equation for the
amplitude of the electromagnetic field E in the c-number
representation (9.22). Let us consider weak fluctuations of the
field in the neighborhood of a classical soliton with amplitude
es and corresponding intensity Is � jesj2:

E�t; x� � es�x� � de�t; x� : �9:24�

Langevin equation (9.22) turns into a deterministic classical
equation for soliton field es�x� when ignoring the stochastic
source, wgQE ! 0, and replacing E�t; x� with es�x�:
�i� d �D?es � iyines � f �Is�es � Ein � 0 : �9:25�

In this case, for a `free' laser without an external holding field,
the quantity yin � n plays the role of an eigenvalue, or
nonlinear shift of the soliton frequency with respect to the
frequency of the longitudinal mode. In the presence of
holding radiation, a field on the periphery of a classical
fundamental soliton approaches the constant value
eh � es�x! �1�, which corresponds to the intensity
Ih � jehj2 > 0. To eliminate this background in the non-
linearity function, it is also convenient to use the function
d fs�Is� � fs�Is� ÿ fs�Ih�, where fs�Is� � f �Is� ÿ f �0�. Recall
that the function f �I � (see Eqn (2.1)) becomes complex-
valued in the presence of detunings between the frequencies
of the working gain and absorption transitions and the
frequency of the laser longitudinal mode. We will consider
only steady state (in the classical limit) regimes, correspond-
ing to the synchronization regime.

The linearization of Eqn (9.22) with respect to de leads to
the inhomogeneous linear stochastic equation, which in the
matrix form reads

i

�
q
qt
� g
�
U�t; x� � LU�t; x� � iW�t; x� ; �9:26�

where

We seek the solution of Eqn (9.26) as an expansion in the
basis of eigenfunctions of the homogeneous equation,
corresponding to Eqn (9.26). The eigenfunction with the
eigenvalue l has the form

U�t; x� � Ul�x� exp �ÿgtÿ ilt� �U
y
l �x� exp �ÿgt� il�t� ;

U
y
l �x� � s1U �l �x� ; s1 � 0 1

1 0

� �
; �9:31�

Ul�x� �
�
jl�x�; �jl�x�

	Tr
:

Here, �j �l �x� � jÿl� �x�. Then, for the operator L and the
Hermitian conjugate operator L y � s1L�s1 � LTr�,

�L� l�Ul � 0 ; �Lÿ l��U yl � 0 ; �Ly � l��U yl � 0 : �9:32�
Hence, it follows that, for each eigenvalue of L, there is a
second eigenvector:

U
y
l �x� � s1U �l �x� �

�
�j �l �x�;j �l �x�

	Tr
� �jÿl� �x�; �jÿl� �x�

	Tr � Uÿl� �x� : �9:33�

For Re l � 0, these two vectors coincide, U
y
l � Ul.

In contrast to the operator in the case of a medium with
purely `conservative' Kerr nonlinearity [105, 106], the
operator s3L is non-Hermitian, so that its eigenvectors
are not orthogonal. Here, the Pauli matrix is intro-
duced:

s3 � 1 0
0 ÿ1

� �
:

An arbitrary (weak) perturbation is represented as an
expansion in functions of discrete and continuous spectra.
The perturbation dynamics is described in terms of the
Green's function G:

U�t; x� �
�1
ÿ1

dx 0 G�t; x; x 0�U�0; x 0�

�
� t

0

dt 0
�1
ÿ1

dx 0 G�tÿ t 0; x; x 0�W�t 0; x 0� : �9:34�
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In vector formulation, the Green's function is written as

G�t; x; x 0� �
X
l

exp �ÿgtÿ ilt���Ul�x�
�

Ul�x 0�

�� ; �9:35�
and the stochastic functionW is expressed as

W�t; x� � wg
X
l

wl�t�
��Ul�x�

�
;

�9:36�
wl�t� �

�1
ÿ1

dx
�
j �l �x�QE�t; x� � jÿl� �x�Q �E�t; x�

�
:

The continuous spectrum does not contribute to the
mean-square fluctuations of the coordinate and momentum,
which are of interest here; therefore, we restrict ourselves to
an analysis of the discrete spectrum (localized perturbations)
only. To determine these quantities, we will also need only the
even (with respect to the soliton center) eigenvectors of the
discrete spectrum. Such states, first of all, include the neutral
mode of the operator L� ig that corresponds to the eigen-
vector of problem (9.32) with the eigenvalue ÿig. This is the
time-independent solution of the homogeneous equation
corresponding to Eqn (9.26):

U0�x� �
�
j0�x�;j �0 �x�

	Tr
; j0�x� � ÿe 0s�x� : �9:37�

The existence of such a solution is due to the translational
invariance of the master equation (9.22) (in the absence of a
Langevin source). Since the profile of a classical fundamental
soliton is symmetric, solution (9.37) is odd.

Other eigenvalues and eigenfunctions of the discrete
spectrum of L are determined numerically. In the calcula-
tions, the finite width of the laser along the x-axis was fixed as
wx � 40, which barely changes the characteristics of a
classical soliton because of the exponential decrease in its
field at the periphery. The calculation shows that the discrete
spectrum of the operator L comprises, besides the eigenvalue
of the neutral mode ÿig, a pair of eigenvalues ÿil�1 �
g1 � io1. This distinguishes the laser scheme from the inter-
ferometer scheme with Kerr nonlinearity, where the second
eigenvalue is also purely imaginary �ig�. The splitting
decreases as the amplitude of the holding radiation grows,
which is explained in a natural way by the laser scheme
becoming closer to the interferometer scheme. The eigen-
functions of the discrete spectrum are localized, and they
exponentially decrease at the periphery of the soliton,
whereas the phase in this region linearly increases upon
moving off the center. The calculations performed for
the parameters of the region of a stable one-dimensional
fundamental soliton at g0 � 2:08, a0 � 2, b � 10, d0 � 0:06,
and yin � 0:047, yield the values g1 � 0:69, o1 � 0:51 for a
free laser �Ein � 0� and g1 � 0:73, o1 � 0:15 for a laser with
the amplitude of holding radiation Ein � 0:02.

The part of the solution of inhomogeneous equation
(9.26) corresponding to the contributions of the functions of
the discrete spectrum is written in the form��U�t�� � u0jU0i� exp

�ÿ�gÿ g1�t
�X
�1

u�1 exp ��io1t�jU�1i

� wg

� t

0

dt 0 w0�t 0�jU0i� wg exp
�ÿ�gÿ g1�t

�X
�1

exp ��io1t�

�
� t

0

dt 0 exp
��gÿ g1�t 0

�
w�1�t 0� exp ��io1t

0�jU�1i : �9:38�

This expression includes coefficients of the expansion of the
initial perturbations and the stochastic force

u0;�1 �


U0;�1

��U�0�� ; w0;�1�t� � wÿ1g



U0;�1

��W�t�� ; �9:39�
which are statistical quantities. Now, the approach developed
in [105, 106] allows finding the perturbation dynamics of the
coordinate dx and momentum dp of the soliton center, which
can be determined as follows:

dx�t� � iÿ1
�
1

2

ÿ
U
y
�1 �U

y
ÿ1
�
s3

����U�t�� ; �9:40�
dp�t� � iÿ1



U
y
0s3
��U�t�� :

Finally, we get the statistically averaged squares of the
fluctuations of these quantities:
hdx̂ 2�t�i� � 4w2gU

2
imw

2
0 t

� w2gU
2
11

(
1� jw1j2

gÿ g1

�
1ÿ exp

�ÿ2�gÿ g1�t
��)

� w2gU
2
11

jw 2
1 j
jk1j

n
cos#11 ÿ cos �#11 ÿ 2o1t� exp

�ÿ2�gÿ g1�t
�o

� 8w2gU11Uim
jw0w1j
jk1j

�
n
sin#01 ÿ sin �#01 ÿ o1t� exp

�ÿ�gÿ g1�t
�o
; �9:41�


hdp̂ 2�t�i� � w2gjU01j2
(
exp

�ÿ2�gÿ g1�t
�

� jw1j2
gÿ g1

�
1ÿ exp

�ÿ2�gÿ g1�t
��

� jw
2
1 j
jk1j

�
cos#k ÿ cos �#k ÿ 2o1t� exp

�ÿ2�gÿ g1�t
��)

:

�9:42�
When deriving Eqns (9.41) and (9.42), the definitions for the
scalar products of non-orthogonal eigenvectors

U11 �


U
y
ÿ1s3

��U1

� � �1
ÿ1

dx
ÿjj1j2 ÿ jjÿ1j2

�
;

U01 �


U
y
0s3
��U1

� � �1
ÿ1

dx �j�0j1 ÿ j0j
�
ÿ1� ; �9:43�

Uim � ImU01

and the notations

#11 � arg
w 2
1

k1
; #01 � arg

w0w1

k1
;

y01 � argU01 ; #k � #11 � 2y01

were used.
According to Eqns (9.41) and (9.42), the fluctuation

variance infinitely increases upon approaching the boundary
of the soliton stability, when g1 ! g. In the domain of the
soliton stability g1 < g, as in the case of an interferometer, the
square of fluctuation of the soliton center coordinate
predominantly linearly grows with time (the consideration is
restricted to the times at which the perturbation remains
weak). A new feature is that, alongside the linear growth, the
exponentially decaying oscillations of the variance with a
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frequency of 2o1 appear. This is due to the above splitting of
the eigenvalue of the discrete mode ÿil�1 � g1 � io1 and
manifests a dissipative character of the laser medium optical
nonlinearity.

9.3 Numerical simulation
The direct numerical solution of the quantum mechanical
Heisenberg±Langevin equation in the c-number representa-
tion is free from limitations on the weakness of the manifesta-
tion of fluctuations. The authors of [110] solved numerically
the equations for the real-valued amplitude and phase,
which follow from (9.22) upon the replacement E�r?; t� !
A�r?; t� exp �iF�r?; t��, Ein ! Ain exp �iFin�. It is convenient
to characterize the intensity of the stochastic source by a
dimensionless parameter wg; this intensity grows with an
increase in cavity losses, which requires an appropriate
increase in pumping. At fixed values of macroparameters g0,
a0, and b, the value of wg varies within wide limits upon
changing microparameters of the active and passive centers.
Below, we present the results of simulating the quantum
fluctuations of a two-dimensional soliton in a laser in the
presence of coherent holding radiationwith a small amplitude
of Ain � 0:01. A symmetric soliton with the topological
charge m � 1 served as the initial state (in the absence of
fluctuations) (see Fig. 7).

The simulation results show that, on average, the soliton
slightly changes in time upon increasing wg to wg � 0:1.
Figure 29 shows the amplitude profiles and isophase contour
lines for three values of wg. It is seen that, upon increasing the
stochastic force amplitude, the perturbations of the ampli-
tude increase. In the peripheral phase distribution, initially

homogeneous (equal to the phase of the holding radiation), at
wg 5 0:01, pairs of dislocations appear (crossings of blue and
red lines in the figure), which only `shield' the influence of the
peripheral dislocation (see [50]) upon changing wg to wg � 0:1
(Fig. 29d).

Figure 30 presents the spatial profiles of the stochastic
amplitude and phase in comparison with the time-averaged
mean-square deviations, which for each point of the cross
section are defined by the following expressions:

dZ 2�x; y� � 
�Zÿ Z �2�
t
� 
Z 2

�
t
ÿ Z

2
; Z � A;F : �9:44�

From Fig. 30d, it is seen that, at the soliton periphery, where
the field is small because of the smallness of the external field,
and in the center, where the field tends to zero in the vicinity of
the dislocation, the phase fluctuation becomes large (the plot
is truncated at the level dF � 0:05).

The energy center vector of a soliton is defined by averag-
ing the field coordinate over its intensity:

~x�t� �


xA�x; y; t�2�

x; y

A�x; y; t�2�

x; y

; ~y�t� �


yA�x; y; t�2�

x; y

A�x; y; t�2�

x; y

:

�9:45�

Figure 31 presents the calculated dynamical changes (sto-
chastic trajectories) of the center of inertia and the position of
the basic dislocation of the soliton. In the classical case
(Fig. 31a, b), the vector of their position difference, small in
magnitude (about 1% of the soliton width), rotates in
accordance with lunar-type motion and additionally oscil-
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lates with an amplitude of the order of 0.1%. This is due to the
incomplete synchronization of the soliton and the external
radiation, which leads to a small trembling of the dislocation
position relative to the energy center. The introduction of
quantum perturbations with the amplitude of the stochastic
force, maximal among those considered (Fig. 29d), leads to a
`thickening of trajectories' (Fig. 31c) and increasing the
amplitude of the position difference oscillation. Although
the peripheral dislocation caused by the introduction of the
holding beam becomes completely lost in the `sea' of
dislocations generated by quantum perturbations (Fig. 29d),
the asymmetry of the intensity profile is preserved, as is,
on average, lunar-type soliton motion. The amplitude of
quantum perturbations of the dislocation position is some-
what greater than the perturbation amplitude of the center of
inertia (Fig. 31d). The same can be said about the perturba-
tions of the intensity maximum position, which, like the
position of the energy center, is specified by a small value of
the holding beam intensity, necessary for synchronizing the
mean phase of the soliton to keep its stability. The fact that
the fluctuations manifest themselves more strongly at the
periphery of the soliton and in the neighborhood of
topological singularities correlates with the natural increase
in the importance of quantum effects with a decrease in
radiation intensity.

10. Additional factors

Recall that the master equation (2.1) is only a basic one and
requires specification and generalization to allow for various
factors, some of them being listed in this section.

Anisotropy of `diffusion.' Above, we mainly started not
even with the very equation (2.1), but with its simplified
version (2.2) that follows from (2.1) with the equality of
the `effective diffusion coefficients,' d? and dk. When these
coefficients differ �d? 6� dk�, the space r3 � �x; y; t� becomes
anisotropic. This leads to orientational effects in three-
dimensional laser solitons, studied in [90].

Frequency detunings. We also mainly assumed the func-
tion f �I � to be real-valued (see Eqn (3.2)), which, within the
two-level model of active and passive centers, is valid if the
working transition frequencies of these centers are close to the
range of acting radiation frequencies (the frequency detun-
ings are much smaller than the widths of spectral contours of
the centers). The detunings are allowed for in one-dimen-
sional and two-dimensional schemes in a number of papers
(see [5] for references). The main effect of detunings is the
development of self-focusing instabilities, including those

leading to soliton fission into parts and even to their
`amoeba-like' dynamics [5].

It can also be noted that, in most papers devoted to the
field, spectral broadening was considered homogeneous.
Inhomogeneous broadening requires more complicated
modeling, which, however, is significantly simplified for
unidirectional propagation of radiation and the use of the
ergodicity principles [113, 114].

Inhomogeneity of the scheme parameters. This important
issue has been studied in a large number of papers (see [5] for
reference). If the parameters are inhomogeneous, the invar-
iance with respect to spatial translations vanishes. While
random inhomogeneities can cause a capture (localization)
of dissipative optical solitons, the introduction of regular
inhomogeneities allows controlling their position and even
proposing a kind of analog-to-digital information processing
[5].

Inhomogeneities inevitably arise because of the restricted
dimensions of real schemes. In Section 8, we already analyzed
some consequences of the longitudinal limitations of the
scheme. As for transverse limitations, their role in three-
dimensional solitons can be revealed, for example, in a
gradient optical fiber with a quadratic transverse profile of
the refractive index. In this case, the master equation (2.2)
includes an additional term:

qE
qz
� �i� d �H 2

3E� fmE� ibr 2?E : �10:1�

Inhomogeneity that causes focusing at b < 0 and defocusing
at b > 0. Consider the action of such an inhomogeneity on the
bright apple soliton with the symmetry axis z or t, presented
in Section 7.2. For the defocusing inhomogeneity �b > 0�, a
soliton initially moving strictly along the z-axis begins to shift
aside under the action of perturbations, deforms, increases in
size, and disappears. If the inhomogeneity is focusing �b < 0�,
the result depends on its magnitude. With strong focusing
�jbj > 10ÿ7�, the apple compresses in transverse directions
and elongates in the longitudinal one, moving along the
z-axis. Its closed vortex line goes to the periphery of the
soliton in the region of small intensities, after which the apple
splits into two precessons, which are then destroyed (collapse)
as they find themselves outside their stability domain.

At smaller values of jbj, the apple soliton preserves
stability. Thus, the apple soliton is stable in a focusing
potential with the coefficient ÿ10ÿ7 < b < 0. For the stabil-
ity of more complex topological solitons, the limit value of
jbjmust be an order of magnitude smaller. These conclusions
allow evaluating the possibilities of formation and the
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properties of topological laser solitons in real spatially limited
schemes.

Relaxation effect. The inertialess response of a med-
ium, expressed by relation (3.2), is violated in many types
of laser media, whose response to radiation depends on
the field state not only at the same moment of time but
also in the preceding time interval. Considering new
degrees of freedom related to the medium leads to the
restriction of stability domains of laser solitons and the
appearance of new types of them [5].

The ultimate manifestation of `equality' of field and
matter degrees of freedom is the dissipative (laser) solitons
of self-induced transparency, which generalize the well-
known McCall and Hahn solitons [115, 116] to the case of
systems with gain and saturable absorption. In such media
with two-level active and passive centers, the pulse transfers
the active (gain) centers from the upper energy level to the
lower one, providing a pickup of the stored energy (p-pulses).
Simultaneously, in the passive centers, the leading edge of the
pulse causes a transition from the lower energy level to the
upper one, and the trailing edge returns the centers to the
lower level, minimizing the absorption of radiation (2p-
pulses). Initially, this mechanism was proposed as a regime
of coherent mode locking with the generation of relatively
long pulses in a laser [117]; such pulses can be considered
dissipative solitons if their size is much smaller than the laser
resonator length. The mechanism was confirmed experimen-
tally in a titanium-sapphire laser with an absorber [118, 119].
For a nonresonator scheme, the dissipative solitons of self-
induced transparency were found by numerical simulation in
Refs [113, 120, 121] in the regime of extremely short pulses,
including quasi-unipolar ones (the issue of quasi-unipolar
pulses of radiation is considered in reviews [23, 122, 123]).
They are one-dimensional temporal solitons; topological
solitons of self-induced transparency have not been found
yet, despite being of undoubted interest.

11. Conclusion

The properties of the topological structures considered in the
review follow from the analysis of the unique and relatively
simple master generalized Ginzburg±Landau equation (2.1),
which adequately describes many basic mechanisms of
oscillation in lasers with saturable absorptionÐ the presence
of laser gain saturated with the growth of radiation intensity
and nonresonant and resonant nonlinear absorption.
Although in real laser systems there is a considerable number
of additional factors, the analysis shows that they do not
hamper the formation of surprisingly diverse laser solitons.
However, to our knowledge, to date, only two-dimensional
topological laser solitons with axially symmetric intensity
distribution and unit charge have been obtained experimen-
tally [124, 125]; it can be hoped that this review will promote
the carrying out of further experiments.

It seems important that topological laser solitons having a
nontrivial internal structure demonstrate a wealth of physics
of a wide class of open (dissipative) nonlinear systems,
especially vividly expressed in three-dimensional solitons. In
particular, we noted above the likeness of the topological
charge nonconservation in the one-dimensional scheme con-
sidered in Section 4.2 and the phenomenon of phase slip in
superconductivity, hydrodynamics, etc. A number of topo-
logical features of laser solitons have analogs in conservative
systems [126], which may be related to the mutual compensa-

tion of the energy inflow and outflow under quasistationary
conditions. However, the very presence of such flows, lacking
in conservative systems, introduces additional peculiarities
into the structure and dynamics of solitons. The interaction of
topological and dissipative (energy) factors manifests itself
also in the character of hysteresis when varying the system
parameters. Namely, the loss of laser soliton stability with
conservation of its topology can be associated with a smooth
and reversible second-order phase transition, whereas the
destabilization violating the soliton topology makes the
hysteresis process jump-like and even irreversible.

Hopefully, the demonstration of both a wide collection of
topological laser solitons and their interesting properties and
interconversion will be helpful in searching for similar
phenomena in other dissipative nonlinear systems, first and
foremost, nonequilibrium Bose±Einstein condensates. Within
purely optical and laser schemes, further development of
the issue is naturally expected when an essential role is
played by the degrees of freedom related to the inertia of
the medium response (self-induced transparency effect)
and quantum optical phenomena, substantial for mini-
mizing the size and energy of solitons, which is important
for applications.

In our opinion, the richness of physics and the applied
potential of laser solitons justify the development of experi-
mental studies in the field. Note also that, although the
analysis of the quantum fluctuations in topological dissipa-
tive solitons is in the initial stage, the completion of themaster
equation linearization method by direct simulation based on
the stochastic master equation allows significant softening of
the limitations inherent in the analytical approach. This
makes real the discovery of novel manifestations of the
interaction of topological and quantum effects.
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