
Abstract. The optical properties of semiconductors and nano-
heterostructures based on them are determined near the funda-
mental absorption edge by electron±hole complexes such as
excitons and charged three-particle complexes, aka trions. We
present the results of theoretical studies of the structure and
binding energies of localized excitons and trions in nanosystems
within the variational approach. This approach is applicable to
a wide range of semiconducting systems, from quantum wells,
wires, and dots based on classical group III±V and II±VI
semiconductors to van der Waals heterostructures made of
monolayers of transition-metal dichalcogenides. We also dis-
cuss many-particle effects in structures containing resident
charge carriers. Our treatment of theoretical approaches is
accompanied by a discussion of extensive experimental results
available in the literature.

Keywords: exciton, trion, binding energy, wave function, localiza-
tion, quantumwell, monolayer of transition-metal dichalcogenides,
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1. Introduction

The history of the study of electron±hole complexes in
condensed matter dates back to the 1930s. The existence of
excitonsÐbound complexes of an electron and a hole in

solidsÐwas predicted by Frenkel in 1931 [1, 2]. In those
papers, attention was drawn to the fact that the absorption of
light in a crystal may not be accompanied by an increase in
conductivity if the photoexcited carriers form a bound state.
In his studies, Frenkel discussed molecular crystals, in which
the excitation at one site freely propagates along the crystal
lattice. Such excitons are called small-radius, or Frenkel,
excitons.

In most semiconductors, charge carriers are weakly
bound to lattice sites. They can form hydrogen-like elec-
tron±hole complexes, also called Wannier±Mott excitons
(large-radius excitons). Such complexes were predicted by
Wannier [3] in 1937, and their theory was later developed by
Mott in 1938 [4]. Large-radius excitons were first observed
experimentally in 1951 in copper oxide by Gross and Karryev
[5]. This started intensive experimental and theoretical studies
of excitons. By the early 1960s, a theory of excitons in ideal
crystals was constructed, the applicability limits of the
Frenkel and Wannier models were identified, intermediate-
radius excitons were considered [6], a theory of light absorp-
tion in solids was constructed taking the exciton effects into
account, and the study of the participation of excitons in
transport phenomena was begun [7].

The possibility of the existence of bound three-particle
electron±hole complexes in semiconductors was predicted in
1958 by Lampert [8]. Such complexes are called trions, or
charged excitons. Similar quantum mechanical systems made
of two identical particles and a third particle with a different
mass and opposite electric charge are the hydrogen ion Hÿ

(corresponding to an Xÿ trion) and the molecular ion H�2
(corresponding to an X� trion). The Hÿ and H�2 ions were
first studied theoretically in the late 1920s [9, 10]. The main
difference between trions and the Hÿ and H�2 ions is that the
mass ratio of an electron and a hole is no longer a small
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quantity. From the theoretical standpoint, this does not allow
separating the coordinates of the electron and hole subsys-
tems, which makes the calculations much more complicated.
The stability of both types of trions for an arbitrary ratio of
the effective masses of the electron and the hole was proved
theoretically in the late 1970s [11±13]. The binding energy of
trions in bulk materials is extremely low, equal to several
hundredths of the bulk exciton energy [13, 14], which does not
allow reliable experimental observations of trions in bulk
materials [15±17].

Increasing interest in the study of electron±hole com-
plexes is related to the development of technology for the
synthesis of low-dimensional semiconducting heterostruc-
tures. One of the main effects of reducing the system
dimension is a considerable enhancement of the interaction
between particles, which leads to a significant increase in the
binding energy of such complexes. For example, in passing
from a bulk semiconductor to an ideal two-dimensional
quantum well, the exciton binding energy increases by a
factor of four [18], while the trion binding energies can
increase by almost an order of magnitude [19±21]. The first
experimental observations of an Xÿ trion were made in 1992
by Heng et al. on a CdTe-based quantum well structure [22].
X� trions were discovered a few years later, in 1996 [23].

The binding energy of electron±hole complexes increases
even more strongly in moving to quantum wires. For
example, the binding energy of an exciton [24, 25] and both
types of trions [26±28] in quasi-one-dimensional systems
with a finite barrier can exceed the binding energy of the
corresponding ideal two-dimensional complexes by a factor
of two or more. The Xÿ trion was first observed experimen-
tally in a quantumwire in 2002 [29], and the X� trion, in 2005
[28]. Electron±hole complexes are also actively studied in
carbon nanotubes (see, e.g., [30±34]) and quantum dot
structures (see, e.g., [35±37]), where their binding energy also
significantly exceeds those in bulk systems.

In the last two decades, the physics of nanostructures has
been enriched by a new class of two-dimensional systems, two-
dimensional crystals: primarily graphene,monolayers of boron
nitride, two-dimensional black phosphorus, and monomole-
cular layers of transition-metal dichalcogenides. The last are
described by the chemical formula MX2 (where M is a
transition metal, usually Mo or W, and X is a chalcogen,
most commonly, S, Se, orTe).Transition-metal dichalcogenide
monolayers hold promise for applications in electronics and
optoelectronics, because these systems are direct-gap semicon-
ductors with the band gap Eg � 2 eV [38±43]. Currently, there
are ample opportunities to produce van der Waals hetero-
structures in which monolayers of transition-metal dichalco-
genides, graphene, and other two-dimensional semiconductors
are interspersed with hexagonal boron nitride, which provides
tunnel-impenetrable barriers and significantly improves the
optical properties of such systems [44]. From the standpoint
of optical spectroscopy, the key features of MX2 monolayers
and the van der Waals heterostructures based on them are
the extremely strong Coulomb interaction effects [45±47]. In
particular, the binding energy of an exciton reaches several
hundredmeV, and that of a trion, tens of meV. Thus, excitons
and trions dominate the optical response of transition-metal
dichalcogenides [48, 49].

The problem of finding the energy spectrum and wave
functions of Coulomb complexes turns out to be very
nontrivial. Its exact analytic solution is possible only for an
exciton in the simplest particular cases of a hydrogen-like

complex in three-dimensional and two-dimensional systems.
Even the model problem of an exciton in a quantum wire
structure can no longer be solved in the general form due
to the unavailability of the one-dimensional limit in the
Coulomb problem. Two-dimensional systems based on
transition-metal dichalcogenides have a sufficiently high
dielectric contrast, and hence the interparticle interaction
potential differs significantly from the Coulomb one, which
also makes the corresponding problem impossible to solve
analytically. Currently, two strategies can be adopted in
the theory of Coulomb complexes. The first is based on
numerical calculations, including numerical diagonaliza-
tion of the Hamiltonian of the electron±hole complex [50,
51], and variational methods using trial functions with a
large (of the order of 104) number of fitting parameters.
Such methods are most efficient for calculating structures
with specific parameters. The second strategy is to use
simple but physically substantiated trial functions with a
small number of fitting parameters, which, albeit at the cost
of some decrease in accuracy, allows obtaining a physically
transparent picture of the structure of excitons and trions.

Because trions are excited in doped structures, the
question of correlations between photoexcited complexes
and the Fermi sea of charge carriers is important [52]. The
problem of excitons and exciton complexes in semiconductors
with a small but finite concentration of free charge carriers is
extremely challenging, because the ground state of a low-
density electron gas (with the Fermi energy comparable to
the Coulomb repulsion energy) cannot be determined
analytically [53]. Attempts have been made to follow the
evolution of the exciton binding energy with an increase in
the density of free electrons, taking the Hartree±Fock
corrections due to the electron±electron interaction into
account and using the orthogonality of the exciton wave
functions to the occupied Fermi-sea states (the corresponding
calculations for quantumwells are given, e.g., in [54±56]). The
dependence of the absorption spectrum on the electron
concentration was measured experimentally, for example, in
[57]. At high electron gas concentrations, an asymmetric
peak is observed; as the concentration decreases, it evolves
into a set of maxima corresponding to the exciton and trions.

The purpose of this article is to review the variational
methods developed in the last two decades for the analysis of
Coulomb complexes in nanosystems, based on the use of
simple and physically substantiated trial functions, and to
describe the general patterns of evolution of their binding
energies and structure depending on the dimension of the
system and the presence of additional localization of charge
carriers. In the last section, we discuss the question of
correlations between the photoproduced excitons and the
Fermi sea of charge carriers in doped structures and present a
method that allows one to follow changes in the optical
spectra of such systems as the concentrations of resident
electrons and holes vary.

2. Excitons and trions
in two-dimensional systems

As the dimension of a structure decreases, the efficiency of the
Coulomb interaction between charge carriers increases
significantly. For example, as already noted, the binding
energy of a two-dimensional exciton increases by a factor of
four compared to the bulk value. The increase in the binding
energy ofmore sophisticatedCoulomb complexes can be even
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greater. Excitons, and after the appearance of [22], also trions,
are actively studied in two-dimensional structures such as
quantum wells and, in the last two decades, in structures with
extreme two-dimensionality: monatomic layers of transition-
metal dichalcogenides. In Fig. 1, we show the reflection
spectrum of a quantum well and the differential reflection
spectrum of the van der Waals heterostructure with a WSe2
monolayer near the exciton transition energy at various
concentrations of charge carriers. In the neutral regime, only
the resonance associated with the exciton can be seen in both
graphs. In the presence of a sufficient concentration of free
charge carriers, trions also begin to appear in the reflection
spectra. At high concentrations,many-particle effects become
significant, which is to be discussed separately. The respective
exciton and trion binding energies in quantum-well structures
typically reach several tens or a few meV. In structures with
monolayers of transition-metal dichalcogenides, they are
hundreds and tens of meV for excitons [47] and trions [60,
61]. In addition, the exciton series in monolayers of transi-
tion-metal dichalcogenides differs significantly from the
hydrogen-like series [47]. As can be seen from Fig. 1, trions
are observed at a nonzero concentration of resident charge
carriers, and can therefore be described, starting from a

certain concentration determined by the structure para-
meters, as Fermi polarons, i.e., excitons interacting with a
degenerate electron (hole) gas (see Section 7).

2.1 Quantum-well structures
In quantum wells free of inhomogeneities, the motion of
charge carriers is confined along one direction (chosen as
the z-axis in what follows) and is free in the other two. In
narrow quantum wells, in which the localization length of
electrons and holes along the z-axis is much shorter than the
characteristic size aB of a bulk exciton (for example, about
120 �A inGaAs and about 30 �A in ZnSe), the size quantization
energy of charge carriers is much greater than the binding
energy of the bulk exciton. Compared to size quantization,
the Coulomb interaction can then be considered a perturba-
tion, and it is convenient to proceed from a three-dimensional
problem to a two-dimensional one, separating the motion of
charge carriers along the z-axis and in the plane of the
structure. In this case, the electron±hole effective interaction
potential has the form [62]

bVC�qe; qh� � ÿ
�1
ÿ1

�1
ÿ1

e 2

e
����������������������������������������������
�qe ÿ qh�2 � �ze ÿ zh�2

q
� ��C 0

e �ze�
��2��C 0

h �zh�
��2 dze dzh ; �1�

where e is the electron charge, e is the dielectric constant,
C 0

e �ze� andC 0
h �zh� are the size quantizationwave functions of

the electron and the hole along the growth axis of the
quantum well, and qe;h and ze; h are the electron and hole
coordinates in the quantum well plane and in the perpendi-
cular direction. In narrow deep quantum wells, potential (1)
can often be approximated by the two-dimensional Coulomb
potential

bVC�qe; qh� � ÿ
e 2

ejqe ÿ qhj
: �2�

In the absence of inhomogeneities, the exciton center-of-mass
motion is free, and the relative motion of the electron and the
hole is described by a wave function that is a solution of the
two-dimensional Schr�odinger equation with effective poten-
tial (1) and the reduced exciton mass 1=m � 1=me � 1=mh. In
the two-dimensional limit, the exciton problem reduces to the
two-dimensional hydrogen atom problem, and the complex
structure of the valence band can be neglected [62].

In a quantum well with an infinite barrier, the exciton
binding energy would increase monotonically as the well
width decreases. This is not the case with real quantum
wells. In narrow quantum wells with a finite barrier, the
exciton wave function penetrates the barrier, and its binding
energy decreases and tends to the bulk value for the barrier
material [63].

The problem of a two-dimensional trion is complicated by
the fact that the masses of electrons and holes can be
comparable, in contrast to three-particle complexes such as
the Hÿ ion, the H�2 molecular ion, or a Dÿ center (two
electrons localized on a charged impurity), where the mass of
charge carriers of one type is much greater than that of
another type. The development of computation technologies
has allowed solving the problem of a three-particle Coulomb
complex with very high accuracy using variational methods
with a large (up to 104) number of parameters [64±66].
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Figure 1. (a) Reflection spectrum of a ZnSe/ZnMgSSe quantum well near

the exciton resonance at different concentrations of electrons [58];

(b) differential reflection spectrum of a van der Waals heterostructure

with a WSe2 monolayer, with a gated structure that allows changing the

concentration of charge carriers [59].
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Another approach is to use variational methods with a small
number of parameters endowed with a physical interpreta-
tion. This makes it possible to achieve greater clarity and
obtain more general results at lower computational costs,
even if at the cost of some loss of accuracy.

The binding energy of the Hÿ ion was first calculated by
Bethe in 1929 [10]; he used a variational method with a
function with three fitting parameters. The calculation was
significantly refined by Chandrasekhar, who also used a
function with three parameters, but in a form that was more
suitable for the physical picture of the Hÿ ion structure (the
normalization constants are omitted here and hereafter in this
review) [67]:

CHÿ �
�
exp �ÿa1r1 ÿ a2r2� � exp �ÿa1r2 ÿ a2r1�

�
� ÿ1� cjr1 ÿ r2j

�
; �3�

where a1; 2 and c are fitting parameters and r1; 2 are the
coordinates of electrons with respect to the nucleus. The
factor �1� cjr1 ÿ r2j�, often called the polarization term,
allows optimizing the contribution of repulsion between
electrons.

The structure of the Xÿ trion is similar to that of the Hÿ

ion in the entire range of the ratio s of the electron and hole
effective masses, and trial function (3) is well suited for its
description, including in narrow quantum wells (when three-
dimensional coordinates are replaced by two-dimensional
ones). The picture is more complicated for the X� trion: its
structure resembles that of the H�2 ion only for s9 0:1ÿ0:2,
and for higher s is somewhat closer to that of Hÿ. After the
experimental discovery of trions, studies appeared devoted to
the calculation of their binding energies based on the trial
functions corresponding to (3) [13, 19, 21], which cannot
describe the X� trion at low mass ratios even if 22 fitting
parameters are used [21]. The correlated Gaussian method
[68] and the model potential approximation [69] were used in
addition.

In [70], a trial function was proposed that, on the one
hand, can take the form of Chandrasekhar function (3) and,
on the other hand, can describe the transition to the limit of
the H�2 molecular ion:

Ctr �
�
exp �ÿa1r1 ÿ a2r2� � exp �ÿa1r2 ÿ a2r1�

�
� 1� cR

1� d�Rÿ R0�2
exp �ÿsR� ; R � jr1 ÿ r2j ; �4�

where a1; 2, c, d, R0, and s are fitting parameters with a clear
physical meaning (see [70] for details). Trial function (4)
allows describing both types of trions in the entire range of s.

In Fig. 2, we show how the ratio of the binding energy of
two-dimensional Xÿ and X� trions to the exciton energy
depends on the ratio of the electron and hole effective masses
(the hole is assumed to be heavier than the electron): (1) is the
variational calculation with function (4) in [70], (2) is a
calculation with 22 parameters in [21], and (3) is a calculation
with the trion model potential in [69]. We note that the
binding energies in Fig. 2 are given with the reversed sign. In
[70], the relative error was estimated as9 5%.

The Hÿ ion has no excited states [71], and the same is
observed in two-dimensional systems, e.g., for Dÿ centers
[72]. But the H�2 ion has many excited states, both with an
excited electron in the field of nuclei that are in the ground
state and with nuclei whose wave function is antisymmetric in
its coordinate part. Hence, there is a critical value of the ratio

of electron and hole masses scr at which the excited states
disappear.

In [73], the s dependence of the binding energy X� was
studied for a trion with an antisymmetric coordinate wave
function of two holes (such a state is often called a triplet
state). In the variational method, the trial function

Ctr �
�
exp �ÿa1r1 ÿ a2r2� � exp �ÿa1r2 ÿ a2r1�

�
� exp �ÿsR�
1� d�Rÿ R0�2

R exp �iYR� ; R � jr1 ÿ r2j �5�

was used, whereYR is the angle between the vectors r1 and r2.
The factor R exp �iYR� allows taking the antisymmetry into
account and corresponds to the orbital angular momentum 1.

The solid curve in Fig. 3 shows how the ratio of the triplet-
state binding energy of the X� trion to the binding energy
of the exciton depends on the mass. The dependence was
calculated by variation using function (5). The dotted curve
shows the ground-state binding energy. As we can see, there is
a critical value of the mass ratio at which the triplet bound
state disappears, the upper bound for it being scr < 0:39 [73].

2.2 Van der Waals heterostructures
with monolayers of transition-metal dichalcogenides
Over the last two decades, the physics of nanostructures has
been enriched with a new class of two-dimensional systems,
two-dimensional crystals, including monomolecular layers of
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transition-metal dichalcogenides, which are described by the
chemical formulaMX2 (whereM is a transitionmetal, usually
Mo orW, andX is a chalcogen,most commonly, S, Se, or Te).
In contrast to graphene, where the valence and conduction
bands join at the K and K 0 points (sometimes denoted as K�)
at the boundaries of the Brillouin zone, the presence of
different atoms in the unit cell of MX2 monolayers leads to a
gap opening at these points [45, 46, 74]. The band structure of
such monolayers is outlined in Fig. 4; they are direct-gap
semiconductors with Eg � 2 eV [38±43]. Van der Waals
heterostructures based on transition-metal dichalcogenides
are being extensively studied [44].

As a result of a significant dielectric contrast between the
monolayer material and the environment (a vacuum or air for
a freely suspended monolayer or boron nitride in encapsu-
lated structures), the interaction law of charge carriers is
different from the Coulomb law [75±77]. The need to take the
dielectric contrast into account when describing exciton
effects in monolayer crystals was noted, e.g., in [47, 78, 79].

We consider a structure with two monolayers separated
by a dielectric. The dielectric response of the layers is
described by the two-dimensional polarizabilities K1 and K2
of the first and second layers; the permittivity of the environ-
ment e is assumed to be constant. The difference between this
approach and the classical one proposed in [75, 76] is that the
layers are considered strictly two-dimensional. Solving a self-
consistent problem yields the following Fourier transforms of
the effective interaction potentials in a two-layer structure,
where the two two-dimensional semiconductors with two-
dimensional polarizabilities K1 and K2 are placed at a distance
d from each other in a dielectric with permittivity e [80, 81]: for
charges located in the same layer,

~j1 �
2pe
eq

1� qr2�1ÿ x 2�
�1� qr2�

�
1� qr1 ÿ q 2r1r2x

2=�1� qr2�
� ; �6�

and for charges located in two different layers,

~j2 � ÿ
qr1~j1x
1� qr2

� 2pex
eq�1� qr2� : �7�

Here, r1 � 2pK1 and r2 � 2pK2 are the effective screening radii
in the first and second layers, and x � exp �ÿqjz1 ÿ z2j� �
exp �ÿqd� is a dimensionless parameter responsible for the

efficiency of the electrostatic interaction of the layers. The
electrons and holes are assumed to be located in different
layers.

In the limit of a long interlayer distance d!1, we have
x! 0, and the effect of the second layer can be neglected.
Expression (6) then becomes

~j1 �
2pe

eq�1� qr1� : �8�

In coordinate form, this can be written as [75, 76, 78, 82, 83]

j�r� � pe
2er1

�
H0

�
r

r1

�
ÿY0

�
r

r1

��
; �9a�

where H0 and Y0 are the Struve and Neumann functions. In a
number of studies, the new screening radius ~r1 � er1 is used
instead of r1, which allows writing the potential as

j�r� � pe
2~r1

�
H0

�
er
~r1

�
ÿY0

�
er
~r1

��
: �9b�

Expressions (9) are referred to in the literature as the Rytova±
Keldysh potential. A similar problem for superlattices was
solved in [84]. Screening due to free charge carriers turns out
to be insignificant when calculating the binding energies of
electron±hole complexes inMX2 (see, e.g., [85]).

In monolayers of transition-metal dichalcogenides, two
types of excitons are observed: the A exciton, formed by the
states of the upper valence band and the lower conduction
band (the corresponding transitions are shown by red arrows
in Fig. 4), and the B exciton, in which the electron and hole
are in spin±orbit decoupled bands. In Fig. 5, we show the
results of measurements of the reflection spectrum of a van
der Waals structure with an MoS2 monolayer in the exciton
resonance region [86]. The sample scheme is shown in
Fig. 5a, b. The measured spectrum (black dots in Fig. 5c)
exhibits three peaks associated with the A exciton and one
broader peak corresponding to the ground state of the B
exciton.

Near the band extrema, the dispersion of both electrons
and holes in monolayers of transition-metal dichalcogenides
can be described with good accuracy as a simple one, which
greatly simplifies the calculations. The exciton binding energy
can be easily calculated by directly solving the Schr�odinger
equation, which is, in fact, one-dimensional. Because the
effective electron±hole interaction potential is different from
the Coulomb one, it is justifiable in the variational calculation
to use a more complex trial function than the hydrogen-like
one,

jex�r� / exp �ÿar� � dr exp �ÿbr� ; �10�

with three fitting parameters: a, d, and b. This allows taking
the admixture of the first excited complex to the ground state
of a hydrogen-like complex into account. Here, r is the
modulus of the radius vector of the relative position of the
electron and hole q. A comparison with numerical calcula-
tions showed that function (10) provides an error of no more
than 1% in calculating the exciton energy. Fitting one
parameter, the effective screening radius, whose value is in
reasonable agreement with atomistic calculations [78], allows
reliably reproducing the positions of the A exciton in the
spectrum in Fig. 5. This indicates the applicability of the
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Figure 4. (Color online.) Schematic of energy dispersion near the K points

of the Brillouin zone and selection rules for circular-polarization light
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conductance band in WS2 and WSe2 are ordered differently. Inset: a

scheme of the Brillouin zone dispersion near the K� points [49].
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Rytova±Keldysh potential to describing the interaction of
charge carriers in monolayers of transition-metal dichalco-
genides.

An interesting feature of the reflection spectrum in Fig. 5c
shows a significant optical response of the 2s and 3s excited
states of the A exciton, exceeding the estimates for the exciton
where the electron and hole are assumed to interact via the
Rytova±Keldysh potential. Such a difference between the
simplest theory and experiment indicates the need to take the
multiple reflection of light into account in the van der Waals
heterostructure (Fig. 5b), which leads to the appearance of the
Purcell effect [87].

Compared with classic two-dimensional semiconducting
structures (quantum wells), trions in monolayers of transi-
tion-metal dichalcogenides have specific features. First, trions
are observed at up to room temperatures, which is due to their
significant binding energy [88±90]. Second, the existence of
two valleys K and K 0 in the band structure of MX2 mono-
layers, as well as the spin splitting of the conduction band,
determine the presence of several different spin and valley
configurations for charge carriers [91].

In Fig. 6, we show themain experimental data from [59]. A
sample under study had a WSe2 monolayer encapsulated in
hexagonal boron nitride, placed in a structure with electrodes
(see the diagram in Fig. 6a); applying a voltage to the
electrodes allows controlling the concentration and type of
resident charge carriers in themonolayer. Figure 6c shows the
differential reflection spectrum DR=R. In the p-doping
regime, when the Fermi level is in the valence band, a
positively charged trion (X�) is observed at an energy
21meV below the exciton line. In the neutral regime, when the
Fermi level is between the valence and conduction bands,
only an exciton (X0) with the transition energy of 1.72 eV and

its excited state (X0�) are observed. In the n-doping regime,
when the Fermi level is in the conduction band, the Xÿ trion
can be seen in the spectrum, and its line is a doublet split by
6 meV: two transitions are observed 29 and 35 meV below the
X0 exciton line. This splitting is due to the fine structure of the
trion (see below). Trions are also observed in photolumines-
cence spectra (Figs 6d±f). In the nonencapsulated sample
(Fig. 6b), the emission lines are noticeably wider, but the line
corresponding to the Xÿ trion is also visible. Van der Waals
gated structures are currently being extensively studied (see
[92] and the references therein). Not only excitons and trions
but also more intricate complexes are observed.

For a theoretical description, due to a significant
(0 100 meV) spin±orbit splitting of the valence band, it
suffices to take the ground spin state of a hole into account
in a specific valley [93]. Holes are described by one valley
index. For an electron, it is necessary in general to take both
spin states into account, because the splitting of the conduc-
tion band is smaller, given by tens of meV. Hence, there are
two indices for electrons: spin and valley. According to the
general rules of quantum statistics, the total trion wave
function must be antisymmetrized with respect to permuta-
tions of identical charge carriers. The envelope function of the
relative motion must be symmetric under permutations of
identical charge carriers if the two-particle Bloch function
is antisymmetric, and vice versa. Such trions are called
symmetric or antisymmetric according to the permutation
symmetry of the envelope function. For symmetric trions,
two identical charge carriers cannot be in the same band: their
spin and/or valley indices must be different. In heterostruc-
tures based on III±V and II±VI semiconductors, in which
there are no valley degrees of freedom, the term `singlet' trion
is used for the symmetric state and `triplet' trion for the
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antisymmetric state, referring to the corresponding spin
configuration of a pair of electrons or holes.

The variational approach is often used to calculate trions
inMX2 monolayers. In addition to the stochastic variational
method [94] introduced in [68], an approach that is also in use
involves simpler trial functions with a small number of
parameters endowed with a clear physical meaning. For
example, in [78], a simple two-parameter trial function was
used, given by the Chandrasekhar function without a

polarization term, and the interaction of charge carriers
was described by the Rytova±Keldysh potential. This greatly
simplifies the calculations and makes it easy to obtain
reasonable estimates for the binding energy of trions, but
the possibility is lost of determining the dependence of the
binding energy of trions on the ratio of electron and hole
masses. It can be determined using a slightly more complex
function (4) used in [59]. Function (5) was used to calculate
the binding energy of antisymmetric trions.
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The ratio of the binding energies of the trion E b
tr and the

excitonEb
ex calculated with trial function (4) depending on the

screening parameter r0 for equal effective masses of electrons
and holes (the effective masses being in fact sufficiently close
in magnitude) is shown in Fig. 7. The inset shows the exciton
binding energy E b

ex. Dimensionless units corresponding to
bulk Bohr units with the reduced mass m and dielectric
constant e are used in Fig. 7. The screening radius r0 � 0
corresponds to the two-dimensional Coulomb problem. As r0
increases, the interaction potential becomes shallower, and
the exciton and trion binding energies and their ratio E b

tr=E
b
ex

decrease. A comparison of the results of calculations of the
trion binding energies with those using the quantum Monte
Carlo method in [95] shows a good calculation accuracy
(typical error is less than 5%). The binding energies of trions
of both types turn out to be not very sensitive to the ratio of
effective masses me=mh in the range corresponding to the
experiment (s � 1).

At me � 0:28m0, mh � 0:36m0 [74], e � 1, and r0 � 40 �A,
the neutral exciton binding energy Eb

ex turns out to be
500 meV, which agrees with experiments [47, 96, 97], and the
binding energies of the X� and Xÿ trions are Eb

Xÿ � Eb
X� �

�26� 1�meV. This value is in reasonable agreement with the
experimental data presented in Fig. 6c: somewhat higher
than the measured binding energy of the X� trion (21 meV)
and somewhat lower than the `average' (over the center-of-
mass position of the doublet) binding energy of the Xÿ

trion (32 meV). Experimental data can also be reasonably
described for e 6� 1; for example, at e � 3:3, m � 0:16m0, and
r0 � 6:4 �A, the energies Eb

ex � 283 meV and Eb
tr � 20:6 meV

can be obtained. Experiment shows that the binding energy of
the X� trion is less than the binding energy of the Xÿ trion,
but the point of view prevails in the literature thatme 9mh in
MX2 [74]. For such amass ratio, the ratio between the binding
energies of trions should be the inverse. But, even if we assume
that me > mh in WSe2, the effective mass ratio s for an
electron and a hole should be unrealistically large, given the
10meV difference between the binding energies of theX� and
Xÿ trions: mh=me > 10. New data on magnetotransport [98,
99] and an analysis of the role of polaron effects in MX2

monolayers [100] suggest that me=mh 9 2. However, this is
still not enough to explain the difference between the Xÿ and
X� binding energies observed in experiments [59, 92]. In
addition, the considered model does not allow describing the

splitting of theXÿ trion line in structures with tungsten-based
monolayers [59, 92, 101].

The fine structure of the states of the symmetric X� trion
is quite simple: two holes form a spin and valley singlet, and
the electron is in one of the four possible states of the
conduction band (see [59] for a detailed derivation). Of the
four states of the X� trion, two are dark and two are optically
active in circular polarizations s� for radiation normally
incident on the monolayer. Examples of the light and dark
states of the X� trion are shown in Fig. 8. For a given
polarization, there is therefore only one optically active state
of an X� trion, in agreement with the experimental data in
Fig. 6c.

The situation is more intricate for negatively charged
trions, because the electron can occupy both the lower and
upper spin subbands of the conduction band. Analyses show
that there are 12 states of the Xÿ trion, which differ in spin/
valley configurations of charge carriers, three of which are
optically active Kramers-degenerate pairs. However, the
allowed Xÿ-trion states 1 and 2 (Fig. 9) contain electrons
from the upper conduction subbands. The splitting of the
conduction band for a WSe2 monolayer is equal to about
40 meV [102]. As a result, at experimentally attainable
electron concentrations ne 9 4� 1012 cmÿ2 and at cryogenic
temperatures, the population of the excited subbands is
negligible. The trion state 1 and the corresponding Kramers-
degenerate state cannot form in the process of single-photon
absorption and are therefore not active in absorption/
reflection. Thus, under the experimental conditions, only
two pairs of states, 3 (together with the corresponding
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Kramers-degenerate state) and 7 (together with the corre-
sponding Kramers-degenerate state) (Fig. 9b, c), are respon-
sible for the two observed reflection lines (Fig. 6c).

These pairs of Xÿ trion states have the same energy in
the framework of the effective mass method. The splitting
between them, as well as the difference between the binding
energies of X� and Xÿ trions, may be due to short-range
contributions to the electron±electron exchange interaction
[103]. Estimates show that, for realistic parameters, it is
possible to obtain a � 6 meV difference between the binding
energies of trions, which agrees with the experimentally
observed splitting of the Xÿ trion lines [59]. The contribu-
tions to the fine structure of trions from electron±hole
exchange are also similar by order of magnitude. Short-
range contributions can also lead to differences between the
energies of X� and Xÿ trions. For MoX2 monolayers, with
opposite-sign spin splitting of the conduction band, no fine
structure of the Xÿ trion is expected.

3. Excitons and trions
in quasi-one-dimensional systems

Excitons and trions are also observed in semiconducting
quantum wires [29, 104], structures in which the motion of
charge carriers is confined to two directions and is free along
the third dimension. The binding energy of an Xÿ trion in a
GaAs-based quantum wire, determined experimentally in
[29], is 2.3 meV, which is much higher than the values of
0:9ÿ1:2 meV for GaAs quantum wells [105 ±107].

The theoretical description of electron±hole complexes in
quantum wires is known to have no one-dimensional limit.
The binding energy of complexes experiencing Coulomb
interaction diverges logarithmically as the wire radius tends
to zero [108]. As a result, in the quantum wire structures of
finite radius studied in experiments, the binding energies of
Coulomb complexes increase significantly compared to bulk
semiconductors [24±27, 104]. From the theoretical stand-
point, the divergence prevents one from taking a zero-radius
quantum wire as a starting point, unlike the case with a
zero-width quantum well. A similar situation occurs in the
description of excitons and trions in bulk semiconductors in a
strong magnetic field, because the motion of carriers is
quantized in the plane perpendicular to the field, while being
free along the field [108].

3.1 Binding energy of an exciton in a quantum wire
In this section, we use volumetric units for energy and length:
the exciton Rydberg radius and the Bohr radius. If the
localization radius of charge carriers within the cross section
of a quantum wire is much smaller than the Bohr radius, then
the coordinates of the transverse motion of the electron and
the hole can be separated.

After averaging the exciton Hamiltonian over the vari-
ables qe and qh, we obtain the effective one-dimensional
electron±hole interaction potential

bVC�z� � ÿ
�1
0

�1
0

2�������������������������������
�qe ÿ qh�2 � z 2

q
� ��C 0

e �qe�
��2��C 0

h �qh�
��2 dqe dqh ; �11�

where z � ze ÿ zh, and C 0
e �qe� and C 0

h �qh� are the wave
functions of the ground state of the transverse motion of an
isolated electron and a hole. We note that the factor 2 in the

numerator in (11) appears due to switching to dimensionless
variables. For the effective electron±hole interaction poten-
tial, the approximation [109±115]

bVeff�z; a� � ÿ 2����������������
z 2 � a 2
p �12�

is widely used, where the parameter a plays the role of the
effective radius of the quantum wire.

The Coulomb repulsion between charge carriers of the
same sign is described by an effective potential similar to (11).
Because the wave functions of the transverse motion of an
electron and a hole can be different in the general case, the
resulting effective radius of the wire is different from that in
(12). But this effect is usually neglected, and the repulsion
between likely charged carriers is assumed to be described by
the potential bV 0eff�z; a� � ÿ bVeff�z; a�, which differs from the
electron±hole attraction potential only by sign.

To find the binding energy of an exciton within the
variational method, it is reasonable to use the simplest trial
function [116]

ja�z� � exp
ÿÿajzj� �13�

with a single fitting parameter a. The binding energy of an
exciton in a quantum wire depends on its radius logarith-
mically. It is therefore convenient to introduce the parameter
g � ln �aB=a�. For g4 1, the binding energy has the asympto-
tic form [108]

E b
ex � 4g 2 � 4 ln2

�
aB
a

�
: �14�

The ratio between the size of the cross section of the
quantum wire and the parameter a can be reasonably chosen
such that the exciton binding energies calculated by direct
diagonalization of the Hamiltonian with potentials (11) and
(12) coincide. Approximation (12) then gives good agreement
with the exact calculation in the entire range of g, including
the region g0 1 corresponding to real semiconducting
quantum-wire systems. For g4 1, the result of the variational
calculation tends to be exact, but even in the region g � 1,
where function (13) is the least accurate, the relative error in
calculating the binding energy is no more than 6% [116].

Interestingly, asymptotic form (14) is realized only for
nonphysical values of the parameter g (g > 50) due to the slow
decrease in the following correction to (14):

E1 � ÿ8g �ln 2g� 1;3� : �15�

Estimates show that, for example, for the parameters of
GaAs, the quantum wire radius becomes comparable to the
interatomic distance already at g � 4.

3.2 Trions in quantum wires
There are a number of experimental and theoretical [117±119]
studies of trions in quasi-one-dimensional systems. Numer-
ical diagonalization of the Hamiltonian is used to find the
binding energy of trions in quantum wires [26, 118±120]. In
[117], using the variational method, the limit case of very
small radius quantum wires was studied; wires with realistic
radii were considered in [116].

In [116], trial functions constructed similarly to the
quantum-well functions for [121] were used to find the
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binding energies of Xÿ and X� trions: the function

C s�z1; z2� �
�
exp

ÿÿajz1j ÿ bjz2j
�� exp

ÿÿajz2j ÿ bjz1j
��

� exp
ÿÿd ��jz1 ÿ z2j ÿ R0

��� �16�

for the singlet state of trions, i.e., states of a pair of identical
particles with zero total spin and with the spatial function
symmetric under permutations of identical charge carriers,
and the function

C t�z1; z2� � �z1 ÿ z2�
�
exp

ÿÿajz1j ÿ bjz2j
�

� exp
ÿÿajz2j ÿ bjz1j

��
exp

ÿÿd ��jz1 ÿ z2j ÿ R0

��� �17�
for the triplet state. Function (16) is a modified trial function
for a two-dimensional trion proposed in [70].

In Fig. 10, we show the dependence of the ratio of the
singlet-state binding energies E b

tr of the X
� and Xÿ trions to

the exciton binding energy E b
ex on the effective electron and

hole mass ratio s � me=mh, calculated by the variational
method in [116] for several values of the parameter g
associated with the radius of the quantum wire, using trial
function (16). The binding energies of both types of trions
increase as the effective radius of the quantum wire decreases,
which is associated with an increase in the efficiency of the
Coulomb interaction. The results presented in Fig. 10 were
obtained for the same effective radii of the quantum wire for
the electron and the hole. If the effective radii are different,
then one of the types of trions may even turn out to be
energetically disadvantageous in comparison with the exciton.

The dependences in Fig. 10 qualitatively reproduce the
corresponding dependences for quantum wells. In a quantum
well, however, the Xÿ trion binding energy varies more
strongly as s varies. The X� trion binding energy in a
quantum well, on the contrary, varies less than in a quantum
wire [116]. The triplet state of the X� trion turns out to be
bound for any value of the mass ratio, and the triplet state of
the Xÿ trion exists for 0:959s4 1. This is qualitatively
different from the two-dimensional system, in which the Xÿ

trion triplet state is not bound at all and the X� trion state is
bound for s < scr � 0:39 [73]. A comparison with numerical

calculations gave an estimate of the error in calculating the
binding energy as no more than 10% of a singlet trion and no
more than 2% for a triplet one.

The ground state of holes in the adiabatic potential
V 0

ad�zhh; a� corresponding to the ground state of an electron
in a field of immobile holes is the singlet state of the X� trion
considered above, and the first excited state is the triplet state.
Figure 11 shows the dependences of the binding energy of the
first six states in the potential V 0

ad on s calculated for g � 1.
Dashed lines correspond to the binding energies of the singlet
and triplet states calculated numerically. In the vicinity of
s � 0, the binding energies increase as

���
s
p

as the mass ratio
decreases, and the pairs of levels with numbers 2k and 2k� 1
come closer to each other. Analyses show that for s < 0:2 the
error of the adiabatic approximation is no more than 10%.
Localized states, albeit with much lower binding energies,
also appear in the potentialV 1

ad that describes the first excited
state of an electron in the potential produced by the holes. The
trion states in this potential are similar to the antibonding
states of molecular ions [116].

4. Excitons and trions in quasi-two-dimensional
structures with spatial charge separation

In nanostructures with spatial charge separation, on the one
hand, the binding energy of Coulomb complexes decreases,
but, on the other hand, their lifetime increases. In addition,
another parameter appears in the system, the distance
between the regions in which the electrons and holes are
localized, which makes it possible to control the properties of
Coulomb complexes. An important property of spatially
indirect excitons is their Bose±Einstein condensation [122±
125].

4.1 Structures with double quantum wells
An example of structures in which spatial charge separation
can be realized is given by double quantum wells [126±133].
Changing the distance between the wells allows significantly
changing the shape of the effective electron±hole interaction
potential. The effective electron±hole interaction potential
can be represented as V�r� / �r 2 � d 2�ÿ1=2, where r is the
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relative coordinate of the electron and the hole in the plane of
the structure and d is the distance between the quantum wells.
Another suitable system is an electron in a d-doped structure
with a narrow quantum well that interacts with a donor
located inside the barrier [134, 135]. In the limit d! 0, the
interaction potential tends to the Coulomb one, and for
d!1 it tends to the harmonic one.

A distinctive property of the Coulomb and harmonic
potentials (both three- and two-dimensional) is the `acciden-
tal' degeneracy of the energy levels, i.e., multiple additional
degeneracy due to the presence of an additional nontrivial
operator commuting with the Hamiltonian (in classical
mechanics, an integral of motion) [136±140]. The degeneracy
multiplicities of energy levels for the Coulomb and harmonic
potentials are different, being respectively equal to 2n� 1 and
n� 1 in the two-dimensional case (where n � 0; 1; 2; . . . is
the level number). In [133], the states of a spatially indirect
exciton were calculated using numerical diagonalization of
the matrix of the indirect exciton Hamiltonian (Fig. 12).
Because the degeneracy multiplicities are different in the
limit cases, the energy levels are rearranged in the transition
region. As d increases, energy level splitting decreases, and the
energy structure of a two-dimensional oscillator is restored.

At a long distance between the quantumwells, the binding
energy of the ground state of a spatially indirect exciton
decreases / dÿ1. Theoretically, the exciton therefore exists at
any d. This is not the case for trions; at sufficiently large d, the
attraction between charge carriers of different types located
in different quantum wells cannot balance the repulsion
between charge carriers of the same type located in the same
well, and the bound state of the trion disappears. In [132], the
limit case of an X� trion with infinitely heavy holes in a
structure with spatial charge separation was studied.

In Fig. 13, we show the calculated dependences of the
binding energies of an exciton and an X� trion with infinitely
heavy holes on the distance d between quantum wells. It can

be seen that there is a limit value dcr � 34aB at which the
bound state of the trion disappears. The value dcr � 34aB is
unrealistically large from the experimental standpoint for
most semiconductors with aB � 20ÿ150 �A. For realistic
values d � aB, estimates in [132] give a trion binding energy
of � 0:5 meV.

4.2 Heterostructures with monolayers
of transition-metal dichalcogenides
The possibility of creating and actively studying van der
Waals heterostructures and structures with several layers of
transition-metal dichalcogenides (see, e.g., [141±146]) raises
the acute problem of calculating Coulomb complexes in two-
layer heterostructures based on transition-metal dichalcogen-
ides with spatial separation of charge. For two-layer systems
in which two monolayers are separated by a tunnel-impene-
trable barrier, the question of the exciton±trion binding
energy has been studied theoretically; in [147, 148], the
screening of the Coulomb interaction was not taken into
account, and in [149±151], self-consistent screening by two
layers was ignored.1 In [81], the potential

Veh�r� � ÿ 1

p

�1
0

dq ~j2J0�qr� ; �18�

where ~j2 is given in (7), was used as a two-dimensional
effective electron±hole interaction potential in van der
Waals heterostructures with spatial charge separation.

As d! 0, potential (18) transforms into the Rytova±
Keldysh potential, which, in contrast to the Coulomb one,
does not have an extra symmetry leading to `accidental'
degeneracy. In the opposite limit, d!1 (and r > r1; 2), the
interaction potential, similarly to the case without dielectric
contrast, can be approximated by the harmonic oscillator
potential [151]. To calculate the ground-state energy, we use
the variational method with the trial function

Cex�r; a1; a2; b; d� � exp �ÿa1rÿ br 2� � dr exp �ÿa2r� ;
�19�
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1 In [149±151], the Rytova±Keldysh potential is used with the argument�����������������
r 2 � d 2

p
. This approach does not take the self-consistent screening in a

two-layer system into account. In the limit d!1, the potential is also

asymptotically parabolic.
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where a1, a2, b, and d are fitting parameters. The choice of a
rather complex function is justified by the following circum-
stances: (1) as d! 0, the potential Veh�r� differs significantly
from the Coulomb one near the origin, and the second term
with d 6� 0 allows taking the corresponding deviation from
the hydrogen-like model into account; (2) for large d, the
potential Veh�r� is well approximated by a harmonic
potential. Thus, the introduction of a Gaussian factor in
trial function (19) is justified. A comparison with numerical
calculations allows estimating the error in calculating the
exciton binding energy with trial function (19) as < 1% [81].
Calculations show that, at an interlayer distance of several
nanometers, the binding energy of a spatially indirect exciton
can be � 100 meV. In [81], a calculation is also given in the
case r1 6� r2.

In [81], a spatially indirect trion was considered, with two
similarly-named charged carriers in one layer and the third in
the other layer. The electron±hole interaction is given by (18),
and the interaction of identical carriers is described by a
similar expression with ~j2 replaced with ~j1 in (6) and with the
sign reversed:

Vee�r� � 1

p

�1
0

dq ~j1J0�qr� : �20�

The closeness of the effective masses of charge carriers in
transition-metal dichalcogenides allows simplifying the form
of the trial function for trions. In particular, there is no need
to use the wave function in a universal form applicable to the
entire range of the electron and hole mass ratio for both types
of trions, and it suffices to restrict ourselves to a function with
9 fitting parameters:

Ctr �
�
Cex�r1; a1; a2; b1; d1�Cex�r2; a3; a4; b2; d2�

�Cex�r2; a1; a2; b1; d1�Cex�r1; a3; a4; b2; d2�
�

� ÿ1� cjq1 ÿ q2j
�
; �21�

whereCex is defined in (19) and a1, a2, a3, a4, b1, b2, d1, d2, and
c are fitting parameters.

The results of the calculation of the trion binding energy
[81] are shown in Fig. 14. As for the exciton, two situations are
considered: (1) both layers have the same effective screening
radius r1 � r2 � 1:65 nm, and (2) the electrons are in the layer
with r1 � 3:3 nm and the hole is in the layer with r2 � 0. In the
case r1 � 0 and r2 6� 0, i.e., when the electrons are in the layer
without screening, the trion binding energy vanishes at finite
values of r2 due to the Coulomb repulsion between electrons,
which is then strong compared with the attraction to holes.
We can see from Fig. 14 that the trion binding energy, like the
exciton binding energy, rapidly decreases as d increases. The
trion binding energy in case 1 turns out to be higher than in
case 2 due to the stronger Coulomb interaction, as in the case
of the exciton binding energy. An essential point is that, even
at large (� 10 nm) distances between layers, the trion binding
energy is equal to several meV and can be reliablymeasured in
experiment. As in double quantum wells, the trion binding
energy vanishes at the critical interlayer distance d � 30aB
[132].

5. Electron±hole complexes localized
in nanostructures at interface roughness

A comparison of theoretical calculations [152, 153] and
experimental data for trion binding energies (quantum wells

based on CdTe [154±156], GaAs [106, 107, 157±159], and
ZnSe [160±162]) shows that the calculations done for ideal
quantum wells give noticeably lower trion binding energies
than the experiment (Fig. 15). The experimental results also
depend more strongly on the width of the quantum well than
predicted by theory. For narrow quantum wells, the dis-
crepancy can reach two times [153]. A discrepancy between
calculations and experiment is also observed for quantum
wires [104].

The increase in the binding energy is explained by the
localization of complexes on defects, which are inevitably
contained in real structures. Such defects, for example, can be
given by fluctuations in the width of quantum wells [163±167]
and quantum wires [168±170], composition inhomogeneities
[170±173], or fluctuations in the inherent charge distribution
[174±177]. Such localized states of Coulomb complexes are in
many respects similar to excitons and trions in quantum dots
[178±187].

5.1 General method and the choice of a trial function
The problem of an electron±hole complex localized at the
interface roughness was studied by the variational method
using trial functions with a large (of the order of 104) number
of fitting parameters or using the numerical diagonalization
of the electron±hole Hamiltonian [50, 51], the method of path
integrals [167], and the pseudopotential method [188]. As
already noted, such calculations are best justified for specific
structures with fixed parameters. Here, we discuss the more
universal variational method in more detail, which, despite a
reduction in accuracy, allows obtaining a lucid description of
the structure and binding energy of a localized complex for
arbitrary inhomogeneity parameters [189].

The influence of fluctuations in the quantum well width
on charge carriers in narrow quantum wells can under certain
conditions be reduced to the action of an additional potential
in the quantum well plane [62]. The motion of charge carriers
in the quantum well is considered to be two-dimensional. Let
Ue�qe� and Uh�qh� be the effective two-dimensional inhomo-
geneity potentials acting on an electron and a hole. Fluctua-
tions in the quantum wire radius are described similarly. The
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ratios

We � DEe

EC
; Wh � DEh

EC
�22�

between EC, which is a typical value of the inter-carrier
Coulomb interaction, and DEe and DEh, which are the
characteristic distances between the energy levels of noninter-
acting electrons and holes in the inhomogeneity potential,
determine the general structure of the electron±hole complex.
There are only two qualitatively different limit cases in which
the Schr�odinger equation can be simplified and reduced to
several independent equations with fewer variables.

5.1.1 Limit case 1 (`weak' inhomogeneity potential). If the
effective inhomogeneity potentials for both types of charge
carriers are weak compared to the Coulomb interaction
between them, We;Wh 5 1, then the center-of-mass motion
of the complex is slow compared to the relative motion of its
component charge carriers, and in the adiabatic approxima-
tion its wave function can be represented as

C�R; q1; . . . ; qNe�Nhÿ1� � CCM�R�C int�q1; . . . ; qNe�Nhÿ1� ;
�23�

where R is the center-of-mass coordinate and qi
(i � 1 . . .Ne �Nh ÿ 1) are the relative coordinates of the
particles in the complex. In this limit, the electron±hole
complex is localized in the effective potential of the inhomo-
geneity as a whole, and the interaction with the inhomo-
geneity can be considered a perturbation. Here, Ne is the
number of electrons, Nh is the number of holes, CCM is the
envelope wave function of the center of mass of the electron±
hole complex, and C int is the wave function of the relative
motion of the charge carriers that make up the complex.

5.1.2 Limit case 2 (`strong' inhomogeneity potential). The
second limit case is realized if the effective inhomogeneity

potential for at least one type of charge carrier is strong
compared to the Coulomb interaction. In other words, at
least one of the conditions We 4 1 and Wh 4 1 is satisfied.
Then, the coordinates of the electron and hole subsystems of
the complex can be separated, because one of the subsystems
is fast and the other is slow.

As a result, the wave function of the complex can be
represented as

C�qe1 ; . . . ; qeNe
; qh1 ; . . . ; qhNh

�
� F e�qe1 ; . . . ; qeNe

�F h�qh1 ; . . . ; qhNh
� ; �24�

where F e�h��qe�h�1 ; . . . ; qe�h�Ne�h�
� is the wave function of

the electron (hole) subsystem. Wave function (24) allows
calculating the energy of the complex with an accuracy no
worse than the first order of the perturbation theory, where
the Coulomb interaction between electrons or holes is
regarded as a perturbation.

In [189], a trial function was proposed that allows
describing a smooth transition between functions (23) and
(24) using a single fitting parameter, and thus combines limit
cases 1 and 2:

C�qe1 ; . . . ; qeNe
; qh1 ; . . . ; qhNh

�

� �CCM�R�C int�q1; . . . ; qNe�Nhÿ1�
�a

� �F e�qe1 ; . . . ; qeNe
�F h�qh1 ; . . . ; qhNh

��1ÿa : �25�

Here, a is a fitting parameter with the meaning of a
correlation measure for the motion of charge carriers of
various types: a � 1 corresponds to limit case 1 and a � 0 to
limit case 2.

When the accuracy provided by trial function (25) is
insufficient, a more complex trial function is proposed with
two fitting parameters a and b,

C�qe1 ; . . . ; qeNe
; qh1 ; . . . ; qhNh

�
� �CCM�R�C int�q1; . . . ; qNe�Nhÿ1�

�a
� �F e�qe1 ; . . . ; qeNe

�F h�qh1 ; . . . ; qhNh
��b ; �26�

and with four fitting parameters, ae, ah, ar, and aR,

C�qe1 ; . . . ; qeNe
; qh1 ; . . . ; qhNh

�
� �CCM�R��aR�C int�q1; . . . ; qNe�Nhÿ1�

�ar
� �F e�qe1 ; . . . ; qeNe

��ae�F h�qh1 ; . . . ; qhNh
��ah : �27�

Although the functions CCM, C int, F e, and F h are not
known in the general case, they are unchanged under the
variational procedure and, for fixed parameters of the system,
are to be calculated only once. These functions are solutions
of decoupled Schr�odinger equations for systems with fewer
particles than the original system. Finding these functions is
therefore a task of substantially lower complexity.

5.2 Binding energy of an exciton and trion
localized on fluctuations of the width
of quantum wells and quantum wires
The binding energies of excitons and trions localized on
fluctuations of the width of quantum wells and of the radius
of quantum wires with a parabolic effective potential were
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calculated in [189±191]. Such a model can be used to describe
the interface roughness of both quantum wells and quantum
dots [192, 193]. The exciton binding energy was found to
increasemonotonically as the parametersWe andWh increase
[189]. Estimates have shown that, for fluctuations in the width
of a parabolic-potential quantumwell, the error in calculating
the exciton binding energy using the simplest one-parameter
trial function (25) is about 10%, and the error in calculations
with function (27) does not exceed 0.5%.

In [190], a variational method with trial function (27) with
four fitting parameters was used to study the particular case
of X� and Xÿ trions localized in the quantum well plane on a
lateral parabolic potential. In Fig. 16, we show the calculated
dependences of the binding energies of Xÿ and X� trions on
the parameters We and Wh of the effective localizing
potentials of the quantum well inhomogeneity, calculated at
the mass ratio s � 0:3. In contrast to the exciton binding
energy, trion binding energies Eÿb and E�b depend on the
parameters We and Wh nonmonotonically, and the binding
energies Eÿb and E�b of negative and positive trions behave
differently. As Wh increases, the binding energy of the Xÿ

trion increases monotonically, while the binding energy of the
X� trion decreases monotonically. For a fixed value of Wh,
the dependence of Eÿb on We is nonmonotonic. This is
because, with an increase in We, the efficiency of the
exchange interaction between electrons increases, which first
leads to an increase in the binding energy of the Xÿ trion.
With a further increase in We, the contribution of the
Coulomb repulsion between electrons dominates, and the
binding energy decreases. In the case of an X� trion at a fixed
value of We, the nonmonotonicity in the dependence of E�b
on Wh is not observed at s � 0:3. This is explained by the
larger mass of the hole and, accordingly, a reduced role of
the exchange interaction.

The ratio between the binding energies of X� and Xÿ

trions can be different; it depends on We and Wh. For
example, if We 4 max �1;Wh�, then Eÿb is greater than E�b ;
in the opposite limit, the binding energy of the Xÿ trion is
higher. If the Coulomb repulsion between identical charge
carriers cannot be compensated by the exchange interaction
and attraction to the third charge carrier, then the trion
binding energy can become negative. In limit cases, the
accuracy of calculating the binding energies of X� and Xÿ

trions by the variational method is estimated as 5 to 10%, and
somewhat higher in the intermediate range [190].

For a GaAs quantum well structure, an increase in the
well width by onemonolayer in a region of radius 270�A in the
framework of variational calculations leads to an increase in
the respective binding energy of the exciton and the X� and
Xÿ trions by 5%, 15%, and 80% [190]. These values are
somewhat smaller than those obtained in [51] for a similar
inhomogeneity, but for a finite-width quantumwell. The total
increase in the binding energies of the exciton and the X� and
Xÿ trions due to the localization of complexes was respec-
tively obtained in [189] to be equal to 1.17, 0.44, and 1.67meV.
This differs from the results in [51] by 20 to 25% and is a good
estimate in comparing the results of calculations for interface
inhomogeneities of various shapes. The estimates made allow
explaining the increase in the binding energy of the Xÿ trion
observed experimentally (see [121] and references therein).

In [191], the binding energies of an exciton and X� and
Xÿ trions localized at inhomogeneities of quantum wire
interfaces were calculated similarly using a variational
method. The nature of the dependences obtained largely

reproduces the nature of the corresponding dependences for
excitons and trions localized at inhomogeneities of quantum
well interfaces [189, 190]. In such a system, the respective
binding energies of the exciton and the Xÿ and X� trions
increase by approximately 10%, 100%, and 40%, which is
somewhat less than the values given in [104]. The increase in
binding energies due to additional localization is about 2 and
0.9 meV for Xÿ and X� trions and differs from the
corresponding values in [104] by 25%, which is good
accuracy for such an estimate.

6. Accounting for valence band complexity.
Effect of localization on the binding energy
(via the example of an acceptor impurity)

In classical semiconductors such as GaAs or CdTe and
similar ones, the conduction band is mainly formed by
s-type atomic orbitals. The orbital part of the Bloch
amplitude of the conduction band at the center of the
Brillouin zone (the G point) is invariant. Taking spin into
account, the states of a conduction electron at the center of
the Brillouin zone are doubly degenerate, and as the absolute
value of the quasiwave vector k increases, spin splitting arises
in proportion to k 3 [62, 194, 195]. In contrast, the valence
band is formed by p-type atomic orbitals. With spin taken
into account, but without spin±orbit coupling, the states of
the upper part of the valence band are sixfold degenerate, and
taking the spin±orbit interaction into account leads to the
splitting of states into a doublet and a quadruplet [62, 195±
197], similarly to how the p-states of an atom split into states
with the total angular momentum J � 3=2 and J � 1=2. In
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crystals with a zinc blende lattice, which is characteristic of the
most common semiconductor compounds, in particular, in
III±V and II±VI systems, these states respectively transform
under the irreducible G8 and G7 representations of the point
group Td (we here use the notation introduced in [198]).

In bulk materials, the effective mass of holes with angular
momentum projections �3=2 on the wave vector direction
(a heavy-hole band) is typically much greater than that of
states with projections �1=2 (a light-hole band). The cubic
symmetry of crystals manifests itself in the corrugation of the
valence band, i.e., the dependence of the masses of holes on
the direction of the wave vector and the absence of an
inversion center manifest themselves in linear and cubic
spin-dependent terms in the wave vector, which completely
eliminate the degeneracy of hole states at k 6� 0 [199].

The spin±orbit splitting D of the valence bandÐ the
energy gap between the G8 and G7 subbandsÐ is typically
large and amounts to hundreds of meV. In studying Coulomb
effects in bulk materials and nanostructures, in most cases,
this allows considering the subbands G8 and G7 indepen-
dently. The states of the G8 subband are usually described in
terms of the Luttinger Hamiltonian [62, 196, 200]

HL � �h 2

2m0

��
1� 5g

2

�
k 2 ÿ 2g2

X
a

fk 2
a J

2
a g

ÿ 2g3
X
a 6�b
fJaJbgkakb

�
; a; b � x; y; z ; �28�

where g2 and g3 are the Luttinger parameters, Ja are the
components of the operator of angular momentum 3=2,
k � ÿiq=qr is the wave vector operator of the hole, r is the
radius vector of the hole, and curly brackets denote the
symmetrized product of operators: fJaJbg� �JaJb � JbJa�=2.

The problems of size quantization of holes in quantum-
well, quantum-wire, and quantum-dot structures, as well as
the study of exciton effects, are made nontrivial by the matrix
structure of the Hamiltonian. In a number of model cases,
convenient analytic solutions have been found, in particular,
for quantum-well structures with rectangular barriers and for
spherically symmetric quantum-dot structures [201±204]. For
Coulomb complexes, in particular, for acceptor-bound holes
and excitons, the limit cases have been analyzed in detail, and
a number of quite effective approximate methods are
available [205±209]. In the general case, however, each
specific problem requires a separate analysis.

The transition from bulk materials to lower-dimensional
structures is typically accompanied by an increase in the
interparticle interaction and in the binding energies of
localized charge carriers and their complexes. But in systems
with a complex band structure, size quantization can lead to a
decrease in the binding energy of Coulomb complexes, e.g.,
for a neutral acceptor impurity (A 0), which is a complex
consisting of a hole localized at a negatively charged center.
Acceptor impurities largely determine the optical properties
near the absorption edge in p-type structures in bulkmaterials
[205, 206, 210±213] and quantum wells [214, 215].

Let us recall that, in the framework of the simple band
model, the binding energies of a hydrogen-like complex in a
bulkmaterial, in an ideal two-dimensional quantumwell, and
in a small-radius quantum wire are [108, 216, 217]

E 3D
b � e 4m3D

2�h 2e 2
; �29a�

E 2D
b � 2e 4m2D

�h 2e 2
;

�29b�

E 1D
b � 2e 4m1D

�h 2e 2
ln2
�
aB
R

�
; �29c�

wherem3D,m2D, andm1D are the effective masses in the bulk,
in the quantum well plane, and along the quantum wire axis,
R is the radius of the quantum wire, and aB � �h 2e=m1De

2 is
the effective Bohr radius.

It is generally accepted that, in passing from a bulk
material to a low-dimensional structure, the binding energy
of a hydrogen-like complex increases due to an increase in the
efficiency of the Coulomb interaction [217]. For a hole in a
complex valence band, the situation is more complicated.
Localization typically leads to a decrease in the effectivemass,
which can in turn cause a decrease in the hole binding energy
at the acceptor. In some cases, therefore, the acceptor binding
energy can depend nonmonotonically on the size of the struc-
ture, and the acceptor binding energy in a narrow quantum
well can decrease compared to the bulkmaterial. Estimates by
formulas (29a) and (29b) show that, for instance, the InAs
parameters satisfy the relation E 2D

b < E 3D
b , showing that

localization in a narrow quantum well compared with the
size of the bulk acceptor leads to a decrease in the binding
energy of the acceptor.

In [218], the binding energy of a hole on an acceptor was
studied as regards its dependence on the quantum well width
or on the quantum wire radius. Hole states belonging to the
G8 representation of the point group Td (heavy and light
holes) were considered. The boundary conditions do not
include the terms that lead to the mixing of heavy and light
holes in quantum wells with a sharp boundary at a zero wave
vector of the hole in the well plane. Taking them into account
does not result in qualitative and noticeable quantitative
changes in the binding energies [219, 220], but is at the same
time necessary for studying the fine structure of acceptor
states. The band parameters and the dielectric constant are
assumed to be the same in the entire space, and the acceptor is
assumed to be located at the center of the quantum well or on
the axis of the quantum wire.

The hole states are described in terms of the spherically
symmetric approximation for the dimensionless Luttinger
Hamiltonian (cf. (28) for g � g2 � g3):

bH � �1� 5g
2g1

�
k 2 ÿ 2g

g1

X
a; b

fkakbgfJaJbg ÿ 2

r
� Vext�r� ;

�30�

which also includes the Coulomb attraction of a hole to a
charged center (the term ÿ2=r) and the quantum well (wire)
potential Vext�r�. The effective Rydberg radius Ry� �
m0e

4=2g1e
2�h 2 and the Bohr radius a �B � �h 2g1e=m0e

2, where
m0 is the free electron mass, are used as energy and length
units. The acceptor binding energy was calculated within the
variational method generalized to multicomponent wave
functions; a rectangular potential with an infinite barrier
and a parabolic potential were used as model heteropoten-
tials of a quantum well (wire).

Localization in a quantum well starts noticeably affecting
the acceptor structure when the well width becomes compar-
able to or smaller than the characteristic size Ra of the bulk
acceptor wave function. In Fig. 17, we show the dependences
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of the acceptor binding energy on the effective width of the
quantumwell calculated for different mass ratios of the heavy
and light holes for quantum wells with a parabolic potential
and a rectangular potential with an infinite barrier. The unit
of energy was chosen as the energy of the bulk acceptor at a
suitable ratio of the effective masses of light and heavy holes
b � �g1 ÿ 2g�=�g1 � 2g�. The characteristic sizeRa of the bulk
acceptor wave function at the same bwas chosen as the unit of
width for the well (see the inset to Fig. 17a).

At b � �g1 ÿ 2g�=�g1 � 2g� being sufficiently close to 1
(curves 1 in Fig. 17), the change in the effective mass of the
hole due to its localization in the quantum well is small. The
increase in the Coulomb interaction efficiency plays the
leading role in changing the acceptor binding energy. In this
case, the acceptor binding energy increases monotonically
with a decrease in the effective width of the quantum well. As
b decreases, the dependence of the acceptor binding energy on
the quantum well width becomes nonmonotonic, which is
related to a more significant change in the effective hole mass
under the transition between the bulk material and the two-
dimensional quantum well (curves 2). The nonmonotonic
behavior of the acceptor binding energy as a function of the
effective quantum well width is expected to be most
pronounced at small b (curves 3).

The differences between the corresponding curves for the
parabolic and rectangular potential models with an infinite
barrier are very small in the limit cases. The differences are
significant only directly in the region of the nonmonotonic
dependence, which occurs at slightly different well widths,
and are quantitative in nature. This indicates the univer-
sality of the dependences expressed in the same measure-
ment units.

In [218], the dependence of the acceptor binding energy on
the quantumwire radius was also studied. It was shown that a
significant weakening of the nonmonotonicity is expected in
the dependence of the acceptor binding energy on the
quantum wire radius, compared to a similar dependence
for quantum wells. This is due to the absence of a one-
dimensional limit for the Coulomb interaction energy.
Taking the corrugation of the valence band into account in
[218] showed that the behavior of the binding energies is
qualitatively similar to the dependences obtained in the
spherical model: there are only quantitative differences, not
exceeding 8% in the case of GaAs.

7. Trions in the Fermi sea
of resident charge carriers

We have already mentioned that trions arise under excitation
of low-dimensional semiconductor structures that contain
free charge carriers (for definiteness, electrons) due to doping.
In the presence of resident charge carriers, strictly speaking,
the trion can no longer be regarded as an isolated complex
[221]. This makes the problem of many-particle correlations
in such a process relevant. Here, we present a relatively simple
theoretical picture [52, 58] of the creation of trions and their
manifestations in the optical properties of quantum wells
containing electrons, with the correlation effects taken into
account in the approximation of a low concentration of two-
dimensional electrons ne compared to the square of the
reciprocal trion radius atr: nea

2
tr 5 1. We first list the relevant

processes and explain them with diagrams: an exciton excited
by an absorbed photon (Fig. 18a) either picks an electron
from the Fermi sea of electrons and forms a trion (Fig. 18b) or
is scattered on such electrons (Fig. 18c).

Using these three processes, we can construct a series for
the susceptibility at frequencies close to the exciton transition
frequency (Fig. 18d, where the exciton scattering amplitude T
on quantum well electrons is shown with a dashed-dotted
line). Here,P�O� is the self-energy part and the photon energy
O is referenced to the exciton creation energy. Near the
exciton resonance, the first diagram is / Oÿ1, and each next
order of the diagrams adds the factor Oÿ1. The smallness of
the diagrams of higher orders in the electron density is
compensated by the smallness of O in the denominator,
because all events occur near the exciton resonance. The
scattering amplitude can be considered independent of the
electron and exciton momenta if they are small compared to
the inverse trion radius. The susceptibility then has the form

w" � w# � jDcvj2C 2�0�

�
(
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�
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2me �mh

��
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2
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�
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�
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2me �mh

���
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where Dcv is the matrix element of the dipole interband
transition, C�0� is the value of the wave function of the
relative motion of an electron and a hole in the exciton at zero
distance between them, me�h� is the effective mass of the
electron (hole), and g is the radiative and nonradiative
damping of the exciton. The arrows in the indices show the
direction of the electron spin; Tsngl and Ttrpl are the electron±
exciton scattering amplitudes in the singlet and triplet states.
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The factors 1=2 and 3=2 take the statistical weight of these
states into account, and the factors with mass ratios in
brackets are responsible for the kinetic energies of the
electron and the center of mass of the exciton.

The analysis is greatly simplified if we use the short-range
nature of the interaction potential of an electron with excitons
and the two-dimensional nature of their motion. Then, the
scattering amplitudes can be represented as [52]

Tsngl�O� � 2p=m
ln �Eb

tr=ÿO�
; Ttrpl�O� � 2p=m

ln
ÿ
E 2
exc=�ÿOE1�

� ;
�32�

where energy E1 is of the order of the trion binding energy Eb
tr

and m is the reduced mass of the exciton±electron pair. The
singlet scattering amplitudeTsngl�O� has a pole corresponding
to the `bare' trion energy ÿE b

tr. The scattering amplitude of
the triplet has no pole in the region of interest to us.
Susceptibility (31) has a pole at an energy less than E b

tr ÿ F.
As the concentration of resident electrons increases, the
exciton line broadens, and its tail propagates toward higher
energies (Fig. 19). This broadening corresponds to processes
in which an electron from under the Fermi surface is scattered
into states with an energy greater than the Fermi one.
Processes of this kind are responsible for the exciton±
cyclotron resonance described in [222]. This `tail' is then
split into a series of levels separated from each other by the
electron cyclotron frequency.

The processes described by the diagram in Fig. 18b lead,
first, to a continuous absorption spectrum in the energy range
from ÿE b

tr ÿ F to ÿE b
tr, and, second, to a delta-shaped peak

corresponding to the bound state, whose nature is discussed
below. The processes leading to the continuous spectrum
(Fig. 18c) are of a simple nature. The photon gives rise to an
exciton in the intermediate state, which picks up an electron
from below the Fermi energy, forming a trion in the final
state. The minimum energy required for this photon is
ÿE b

tr ÿ F when an electron with an energy equal to the
Fermi energy is picked up, and the maximum corresponds

to a zero-energy electron. The hole remaining in the Fermi sea
after the escape of the electron to the trion does not couple to
the photoproduced trion.

As regards the low-energy narrow delta peak in absorp-
tion, it is due to the creation of a trion±hole bound state in the
Fermi sea of electrons. Its energy is found from the
transcendental equation (whose derivation can be found
in [52])

Otetr

Eb
tr

� ln

�
1� Otetr=E

b
tr � E=Eb

tr

1� Otetr=Eb
tr

�
� 0 : �33�

Equation (33) is valid only for Otetr < ÿEb
tr ÿ F : its solution

for the susceptibility pole Otetr as a function of the Fermi
energy ratio to the binding energy of the trion is shown in
Fig. 20.

It can be shown that for the eigenvalue Otetr correspond-
ing to the susceptibility pole, the wave function of the
photocreated trion±hole pair in the Fermi sea oscillates with
the period 1=kF and decreases with the distance between the
trion and the hole as rÿ3=2 for r > kÿ1F [52]. Thus, the wave
function corresponding to the low-energy pole is normal-
izable to unity in two-dimensional space. This means that the
hole in the Fermi sea is localized near the trion. Because we
are in fact dealing with a complex of four quasiparticles (a
hole in the valence band, two electrons entering the trion, and
a hole in the Fermi sea), the authors of experimental work
[223] called such a complex a `tetron.' For O in the high-
energy region, the wave function is complex: it oscillates and
falls off with distance as rÿ1=2 and is therefore not normal-
izable to unity. This corresponds to a hole in the Fermi sea
escaping from the trion.

Thus, depending on the photon energy, there are two
possibilities for trion photocreation in quantum wells with
resident electrons:

(1) The production of a `bare' trion and a hole in the
Fermi sea that escaped from it. This process is characterized
by a continuous absorption spectrum in the energy range

ÿE b
tr ÿ F < O < ÿEb

tr :

(2) Production of a pair made of a trion and a hole
localized near it in the Fermi sea. The spectrum of this
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process is a delta function broadened due to scattering
processes and a finite exciton lifetime due to radiative
recombination.

A more detailed theory of the transition from an isolated
trion to an exciton interacting with the Fermi sea of charge
carriers was developed in [224]. The formation of a positive
trion in the presence of a two-dimensional electron gas was
studied numerically in [225]. In particular, the transition
between the limits of the low electron gas concentration,
when the trion can be regarded as an isolated complex, and
the high concentration, whenmany-particle effects dominate,
was studied. In [226], a review of theoretical approaches to
the description of the interaction of an impurity with a two-
dimensional Fermi gas is presented. In particular, it is shown
that, if the mass of the impurity is finite, then it preserves the
features of an isolated impurity in interacting with a Fermi
gas, and we can speak of the formation of a new quasiparticle,
a Fermi polaron. However, if the impurity mass is sufficiently
large, then the perturbation of the Fermi sea is so strong that
the resulting state becomes orthogonal to the state of the
noninteracting impurity and loses the nature of a quasi-
particle, because its mass vanishes (Anderson's orthogonal-
ity catastrophe [227]).

The concept of a Fermi polaron has undergone significant
development in the physics of systems with extreme two-
dimensionality, i.e., monolayers of transition-metal dichalco-
genides [228±230]. The theory describes the corresponding
experiment sufficiently well [228]. It was shown in [230] that
both the many-particle approach (Fermi polaron) and the
solution to the problem with a small number of particles
(trion concept) lead to the same result at a sufficiently low
concentration of resident charge carriers. In [230], a theory
was also constructed for calculating the strength of the trion
oscillator.

8. Conclusion

We have given a review of theoretical and partly experimental
studies of Coulomb complexes such as neutral excitons and
positive and negative trions in low-dimensional semiconduct-
ing systems: quantum wells, quantum wires, and monolayers
of transition-metal dichalcogenides and van der Waals
structures based on them. The described methods for

analyzing the influence of Coulomb complexes on the
electronic and optical properties of low-dimensional systems
have been used to explain experimental results or to predict
new effects.

We focused our attention on the variational methods
that involve trial functions with a small number of fitting
parameters endowed with a clear physical meaning. Such
methods, first used by Bethe [10] and Chandrasekhar [67],
while maintaining sufficient accuracy, allow following the
changes in the binding energies and in the structure of the
simplest electron±hole complexes with a change in the
parameters of the system. The methods have shown their
suitability for describing the localization of excitons and
trions on the roughness of the interfaces of quantum wells
and quantum wires, as well as for taking the complex
structure of the valence band into account.

The results of studies of monolayers of transition-metal
dichalcogenides and van derWaals heterostructures based on
them, which involve a significant dielectric contrast, showed
the viability of the macroscopic Rytova±Keldysh potential
model [75, 76] for describing the interaction between charge
carriers in such structures. The use of the Rytova±Keldysh
potential allows describing the exciton series and obtaining
reasonable values of the trion binding energy.

As we have demonstrated, the nonzero concentration of
resident charge carriers must be taken into account in the
description of Coulomb complexes in low-dimensional semi-
conducting structures. A lucid picture of the evolution of the
spectra of structures with a change in the concentration of
resident electrons and holes has been presented, and the role
of correlation effects was analyzed.

This study was supported by the Russian Foundation for
Basic Research project 19-12-50178 (Expansion).
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