
Abstract. Baroclinic instability is that of flows in a rotating
stratified fluid with a vertical velocity shear. The generation of
large-scale vortical flows in the atmospheres of Earth and other
planets is associated with this instability. The review presents
modern theoretical approaches dealing with this instability.
They include a description of baroclinic instability through the
interaction of edge Rossby waves, the study of the problem of
optimal perturbations, i.e., those characterized by the largest
growth of energy or other functionals, and an analysis of the
nonlinear dynamics of perturbations that relies on a low-mode
approximation of the Galerkin method. Classical energy criter-
ia for the stability of zonal flows obtained by the direct Lyapu-
nov±Arnold method are also considered. The results presented
may be of interest to specialists in the field of continuum
mechanics and astrophysics.
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1. Introduction

Geophysical fluid dynamics is a branch of science dealing
with motions in rotating and stratified fluids, first and
foremost, the motions in planetary atmospheres and
oceans. The background rotation and stratification endow
such motions with two main specific features. The first one is
that, in rotating atmospheres at large scales, air moves along
isobars (lines of constant pressure) and not from high to low
pressure. The respective motions were discovered only two
centuries after the beginning of regular meteorological
pressure measurements in the 17th century, with the
establishment of Buys Ballot's law, and were dubbed
geostrophic motions (from the Greek geo for Earth and
strophe for a turn, twist). Buys Ballot wrote in 1857: ``If in
the Northern hemisphere you stand with your back to the
wind, pressure is lower on your left hand than on your right.
In the Southern hemisphere the reverse is true'' (see [1]). The
second feature stems from stratificationÐ the density
structure of the atmosphere in the gravity field. As a
measure of stratification, the buoyancy frequency squared
N 2 � ÿ�g=r0��dr0=dz� gr0=c

2
s � is traditionally used, where

r0�z� is the background (reference) vertical density profile (in
the direction of the gravity force), g is the acceleration due to
gravity, and cs is the speed of sound (see, e.g. [2]). In a
practically incompressible ocean, the last term in the second
parentheses can be disregarded. For a convectively stable
stratification (N 2 > 0), motions in the atmosphere acquire a
wave character, in particular, in the form of internal gravity
waves.
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The fundamentals of geophysical fluid dynamics are
presented in a number of monographs and textbooks [2±4].
They devote a central place to the description of various types
of hydrodynamical instabilities in rotating flows and related
mechanisms of vorticity generation in the atmosphere. These
mechanisms are well known to specialists; however, for
certain reasons, their description was not included in
classical courses in physics, in particular, the volume Fluid
Dynamics for the course by Landau and Lifshitz [5]. For
physicists, the existing gap is partly filled by articles in the
Journal of Experimental and Theoretical Physics (JETP) and
JETP Letters, as well as by reviews [6±11] published in
Physics±Uspekhi in various years.

These reviews focus attention on studies of hydrodynami-
cal instability in rotating flows in fluids of uniform density. In
geophysical fluid dynamics, such an instability is called
barotropic. The present review is devoted to a description of
so-called baroclinic instability, which occurs in flows of
stratified rotating fluid with vertical velocity shear. Since the
vertical velocity shear in a rotating fluid is maintained by the
horizontal temperature gradient, baroclinic instability is
interpreted as the one caused by the release of available
potential energy (Fig. 1).

The first step in exploring baroclinic instability was made
in Ref. [12]. In 1949, a classical paper by Eady [13] was
published, in which the parameters of unstable perturbations
(baroclinic waves) were found for an ideal flowwith a uniform
vertical shear, which agreed well with the parameters of
midlatitude cyclones and anticyclones in the atmosphere.
The Eady work stimulated an avalanche of publications
contributing to the theory of baroclinic instability, which to
date has not ceased. Only in 1990 were two monographs [14,
15] and a review [7] touching on different aspects of this
problem published in this country. The accumulation of
theoretical results, as well as results obtained in the labora-
tory [16], led to the present understanding that the generation
of vortical structures (cyclones and anticyclones) in the mid-
latitude atmosphere is a realization of baroclinic instability.
According to the author ofmonograph [15], the elaboration of
this fact is one of the most significant achievements in
meteorology in the second half of the 20th century. This
statement is equally valid for oceanography and astrophysics.

We present a physical interpretation of baroclinic instabil-
ity, which is considered a slantwise form of convection in the
field of gravity. In classical convection driven by gravity
(without background rotation), the isolines of background
equilibrium distribution of potential temperature (and pres-
sure) are strictly horizontal. The buoyancy force acting on

each particle is directed vertically. Taking into account
background rotation, i.e., in the model of baroclinic instabil-
ity, the isolines of background temperature are sloping. For a
fluid particle moving at an angle to the horizontal plane that is
smaller than the slope of constant potential temperature
surfaces (isoentropic surfaces), the buoyancy force acquires a
nonzero component which tries to displace the particle from its
initial position along its initial inclined trajectory. It is the
horizontal slope of the lines of background potential tempera-
ture distribution that leads to the baroclinic instability.

As an illustration, consider a simple schematic (see Fig. 1)
which presents isoentropic (having a constant potential
temperature y � const, which is uniquely related to entropy)
and equipotential (horizontal), z � const, surfaces in a
baroclinic atmosphere. These surfaces form a so-called
instability wedge. For this wedge, the potential temperature
monotonically increases with height [5] and does so toward
the equator (Fig. 1 displays the northern hemisphere). The
slope of isoentropic surfaces to the horizontal plane, char-
acterized by small angle j � 1=300, is maintained by Earth's
rotation and vertical wind shear, which is needed to ensure
balance between the meridional pressure gradient and the
Coriolis force at each horizontal level.

Let an air particle be displaced along the ray from point O
to point P (to the south) or Q (to the north), i.e., along the
trajectory within the instability wedge. In this case, it is found
among particles with higher (at P) or lower (at Q) values of
potential temperature. The buoyancy force accompanying
such a displacement has a nonzero projection on the sloping
trajectory PQ and tends to move the particle further away
from point O. This is why the unfolding baroclinic instability
is referred to as a form of sloping convection [3, 4, 16]. In the
Eady baroclinic instability model [13] (see above), the
maximum release rate for the available potential energy
stored in the background zonal flow is reached for particles
moving along the bisectrix of small angle j.

For further exposition, it is useful to give some parameters
helping to describe the dynamics of rotating atmospheres and
baroclinic instability. The first of them is the so-called
baroclinic Rossby deformation radius, which is a geometric
scale given by the expression LR � NH=f0. Here, H is the
effective thickness of the atmosphere (ocean) and N is the
mean value of the buoyancy frequency. The Coriolis para-
meter f0 is twice the projection of planet angular velocity on
the local vertical ( f0 � 2O0 sinj0,O0 is the module of angular
velocity, and j0 is the local latitude). Moving forward, we
note that LR defines, up to a numerical factor, the scale of
eddies that develop as a result of baroclinic instability. For the
characteristic parameters of Earth's troposphere at midlati-
tudes H � 10 km, N �10ÿ2 sÿ1, f0 � 10ÿ4 sÿ1, the radius of
deformation LR �NH=f0 � 1000 km. For values H�5 km,
N�10ÿ3 sÿ1, and f0 � 10ÿ4 sÿ1 that correspond to oceanic
motions, LR � NH=f0 � 50 km, which is smaller by more
than an order of magnitude. Note that the expression for LR

can be written as LR � c=f0, where c � NH is the speed of
long internal gravity waves. An analogous expression is valid
for the so-called barotropic deformation radius that char-
acterizes motions in a rotating shallow water layer with the
phase speed of long waves c � �������

gH
p

[4, 17].
In the description of motions with characteristic horizon-

tal velocity U and horizontal scale L, an important role is
played by the Rossby number Ro � U=f0L, which is a
dimensionless parameter giving the ratio of the time scale
due to rotation fÿ10 to the advective time scale T � L=U. If

S ° N

j

y � const

Q

P

z

Figure 1. Schematic of isentropic surfaces in conditions of baroclinic

instability; j is the angle the surfaces y � const are inclined toward the

horizontal plane.
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Ro5 1, the motion time scale is much larger that the Coriolis
period. For L � LR and a characteristic speed of atmospheric
motions U� � 10 msÿ1, the Rossby number Ro � 0:1. This
number is an order of magnitude smaller for motions in the
ocean where the characteristic velocity is U� � 0:1 m sÿ1.
Note that, for motions with a characteristic size L � LR �
c=f0, the Rossby number Ro � U=f0L is an analog of the
Mach number Ro � U=c. Motions characterized by Ro5 1
are therefore analogs of motions at low Mach numbers.

A theoretical description of baroclinic instability is
traditionally carried out in the framework of the quasigeo-
strophic model of the atmosphere, which is valid for motions
with a horizontal scale L � LR and Rossby number Ro5 1.
The model deals with deviations in pressure p 0 and density r 0

from the background hydrostatic distributions and intro-
duces the streamfunction c � p 0=� f0r��, where r� is the
constant reference value of background density. The hor-
izontal components of fluid velocity u; v and the buoyancy
distribution y � ÿgr 0=r� are related to the streamfunction
through

u � ÿcy; v � cx; y � f0cz : �1:1�
Here and below, along with the common notation, partial
derivatives are denoted with subscript letters. The evolution
of the streamfunction (in the Boussinesq approximation) is
described by the potential vorticity (PV) evolution equation

Dq

Dt
� qt � �c; q� � 0; q � Dc� q

qz

�
f 20
N 2

qc
qz

�
; �1:2�

where �c; q� � cxqy ÿ cyqx is the two-dimensional Jacobian,
and Dc � cxx � cyy is the two-dimensional Laplace opera-
tor. The asymptotic derivation of Eqn (1.2) based on the
expansion of a full equation system in a series in small
parameter e � Ro can be found in monographs [3, 4]. For
motions in a horizontal layer 0 < z < H, Eqn (1.2) is
complemented by nonstationary boundary conditions

z � 0;H :
Dy
Dt
� qy

qt
� �c; y� � 0; y � f0cz : �1:3�

Conditions (1.3) imply that the vertical velocity component w
is zero on rigid horizontal layer boundaries and follow from
the general buoyancy transport equation dy=dt�N 2w � 0
linearized with respect to the background stratification [3, 4].
The upper boundary z � H in atmospheric models (in the
framework of the Boussinesq approximation) is commonly
associated with the level of tropopause that corresponds to a
sharp jump in the gradient of the vertical background
temperature profile. We stress that, according to (1.1), (1.3)
features a normal streamfunction derivative.

It should be noted that taking into account additional
physical factors modifies Eqn (1.2). The latitudinal depen-
dence of the Coriolis parameter (beta effect) adds the term
f � f0 � by in the expression for PV (1.2), where by5 f0.
Different functions of pressure [18, 19] are often taken as the
vertical coordinate in meteorological models to account for
compressibility. It is also important to stress that Eqn (1.2) is
valid for motions satisfying the condition Ro5 1, which, as
shown above, holds for large-scale motions in Earth's atmo-
sphere at midlatitudes. The validity of this condition for other
planetary atmospheres depends on the planet's angular
rotation speed and radius (maximum horizontal size). In the
atmosphere of slowly rotating Venus, whose angular speed is
200 times smaller than Earth's, condition Ro5 1 is not valid.

However, for the rapidly rotating Jovian atmosphere (one
Jovian day is 10 Earth hours), condition Ro5 1 obviously
holds, and Eqn (1.2) can be used to describe large-scale
motions [4].

Practically all solutions pertaining to baroclinic instability
were obtained in the framework of the quasigeostrophic (QG)
model of atmospheric dynamics based on Eqns (1.2) and (1.3)
[3, 4, 19, 20]. An informal derivation of these equations,
together with an explanation of the general law of potential
vorticity conservation, is presented in Section 2. This section
also contains general integral criteria of baroclinic instability
following from these equations. These criteria are obtained
with the help of the direct Lyapunov±Arnold method.
Section 3 presents a simplified version of the QG model that
came to be known as the surface quasigeostrophic model
(SQG). Flows with zero potential vorticity are considered,
which are analogous to potential flows in classical fluid
mechanics. Nonstationary boundary conditions (1.3) are a
primary factor defining their dynamics. Section 3 points to a
class of exact model solutions for stationary zonal flows,
which includes the flowwith constant vertical shear treated by
Eady [13]. Its baroclinic instability is considered in Section 4,
which devotes a central place (Section 4.1) to a description of
linear baroclinic instability in terms of interacting edge
Rossby waves, as obtained in Ref. [21], which are related to
periodic buoyancy perturbations localized near boundaries
with given amplitudes and phases. The process of wave
interaction is described by a dynamical system of equations
governing amplitudes and the phase difference between the
boundary buoyancy distributions. Its solutions illustrate the
fundamental role of the phase difference in the onset of
instability. Section 4.2 deals with the problem of optimal
perturbations, which are the ones with the largest growth rate
for energy or the ratio of final to initial energies. The
representation of the solution to the initial-value problem as
a superposition of two edge Rossby waves allows the
energetic characteristics to be expressed in terms of initial
parameters. By searching for function extrema, the para-
meters of optimal perturbations are found in an analytical
form.

The nonlinear dynamics of perturbations on a flow with
uniform vertical velocity shear and a spatially periodic flow
are considered in Section 4.3 and 5, respectively. To describe
these dynamics, maximally truncated systems of the Galerkin
method are used, which preserve the full energy and potential
energies at the boundaries. The solutions indicate that the
exponential growth of perturbations on the linear stage of
instability evolution is replaced by the stage of regular
nonlinear oscillations. This result explains the onset of
oscillatory regimes in laboratory experiments [22, 23].

Section 6 considers a discrete variant of the SQG model
that contains two vertical levels and is analogous to the
classical Phillips model. In this framework, the long-wave
instability of an isolated jet and two oppositely directed jets at
each level is explored. Analytical expressions are obtained for
increments and spatial scales of unstable modes.

Section 7 describes the instability of a zonal flow in the
presence of the beta effect.

Section 8 deals with the so-called problem of symmetric
instability of zonal flows, which is an instability with respect
to perturbations that do not depend on the coordinate along
the flow. An instability of this type, playing an important role
in the atmosphere, is of a wave character and cannot be
described by geostrophic equations. The full system of
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equations for the dynamics of symmetric perturbations leads
to additional Lagrangian conservation laws for angular
(geostrophic) momentum, which are used to build Lyapunov
functionals to obtain sufficient conditions of nonlinear
symmetric stability by the variational (energy) method.

Section 9 briefly presents manifestations of baroclinic
instability in astrophysics: the development of turbulence in
disk systems, the transport of angular momentum and
maintenance of differential rotation, the evolution of seeds
of planetary formation through the development of vortices,
and matter accumulation in them.

2. Potential vorticity and energetic criteria
of baroclinic stability in a quasigeostrophic
model of atmospheric dynamics

2.1 On the notion of potential vorticity
Fluid dynamics as a science took shape in the middle of the
18th century after L Euler derived his celebrated equations.
Since then, and during the entire 19th century, fluid dynamics
has evolved either in the framework of models or for
incompressible homogeneous fluids, or, at most, for a
compressible barotropic fluid when the fields of pressure p
and density r are in a one-to-one correspondence, which
closes the system of fluid dynamical equations. At the
beginning of the 20th century, triggered by the application
of fluid dynamics to natural media (called geophysical at
present), such as the atmosphere or ocean, it has become
necessary to consider more complex realistic models in which
r depends not only on p but also on some second independent
thermodynamical variable (in the simplest case, on two
independent thermodynamic functions of state). The most
fundamental is the choice of the second variable as the kinetic
temperature T (in degrees Kelvin) or specific (per unit mass)
thermodynamic entropy s. A model of this type is called a
baroclinic fluid. The name stems from the fact that surfaces of
constant pressure (isobars) and constant density (isopycnals)
do not coincide, in contrast to the case of a barotropic fluid,
but cross at an angle (forming a wedge). This entails far-
reaching consequences. In a baroclinic fluid, Helmholtz's
well-known theorems on conservation of vortices in an ideal
fluid cease to hold, while Kelvin's circulation theorem is no
longer valid. Vortices can be created (generated) in an ideal
fluid because of baroclinicity. The effect of vorticity genera-
tion is expressed, on the one hand, in the form of the
Bjorkness theorem, which is a generalization of Kelvin's
theorem. On the other hand, a baroclinic term appears in
the vorticity equation (the Helmholtz equation), which is
proportional to the vector product of the gradients of r and p,
as has been shown byAAFriedman (the Friedman equation)
(see Ref. [24]). It is a remarkable fact that a baroclinic fluid
also possesses a dynamical conservation law following from
the general theorem on vorticity, which is the essence of the
dynamics of baroclinic fluid and which is written in the form
(cf. [2])

D

Dt

xaHL
r
� xaH�DL=Dt�

r
� helmxaHL

r
: �2:1�

In this equation, xa � H� v� 2O is the absolute vorticity
vector, i.e., the vector of velocity curl in the absolute (inertial)
reference frame. In (2.1), a transform is made to the reference
frame rotating at constant angular speed O, where v is the

velocity in the rotating reference frame; D=Dt is the total time
derivative in the same frame of reference; L�x; t� is an
arbitrary function of coordinate and time; and the operator
helm, following A A Friedman, is termed Helmholtzian (in
recognition of Helmholtz),

helmxa � Dxa

Dt
ÿ �xaH�v� xa�Hv� :

A general theorem can be proven (see [24]) that the condition
helmA � 0 is the necessary and sufficient one for the
preservation of vector lines and vector tubes of arbitrary
vector field A�x; t�. According to the Friedman equation,

helmxa � rÿ2�Hr� Hp� � H� F ;

or, alternatively (by virtue of the fundamental Clausius±
Gibbs thermodynamical equation),

helmxa � HT� Hs� H� F ;

where F are nonpotential forces applied to the fluid, including
the viscous force. Thus, if one takes L � s and considers an
adiabatic and inviscid case when both terms on the right-hand
side of (2.1) become zero, one arrives at Ertel's theorem [25]
on potential vorticity conservation:

D

Dt
Ps � 0; Ps � xaHs

r
:

In meteorology, instead of specific entropy, it is preferable to
use the potential temperature y (for air as the mixture of ideal
gases), which is uniquely connected to it,

s � cp ln y� const; y�T

�
p00
p

�R=cp

; p00 � 103 GPa :

Here, R is the gas constant for dry air, and cp is the dry air
specific heat at constant pressure. For Earth's atmosphere,
consisting practically of diatomic gases, R=cp � 2=7. For the
solar atmosphere, composed effectively from a monoatomic
gas, R=cp � 2=5. Then, if we assume L � y,

D

Dt
Py � 0; Py � xaHy

r
:

In oceanography, as well as in studies of Earth's external
liquid core, one can formally assume s � ÿcp lnr� const and
consider fluid motion to be incompressible, Dr=Dt � 0, so
that the law of potential vorticity conservation takes the form

D

Dt
Pr � 0; Pr � xaHr

r
;

where, for convenience and consistency in notation, we
preserve r in the denominator. In oceanography, a more
rigorous problem formulation is used, which is based on the
notion of potential density [2]. Note that we have presented a
classical approach to the definition of potential vorticity. In
contemporary research, it is shown that Kelvin's circulation
theorem and conservation of potential vorticity (Ertel's
invariant) follow from the relabeling symmetry for motion
equations written in the Lagrangian variables [26, 27].

We discussed at length the definition of the potential
vorticity, since this notion is central in this review and in
essence permeates all its contents.Most sections of this review
discuss traditional quasigeostrophic baroclinic instabilitywith
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respect to wave perturbations that depend on the coordinate
along the basic flow (such perturbations are commonly
referred to as nonzonal or nonsymmetric). A key role in this
case is played by the gradient of quasigeostrophic potential
vorticity in the direction transverse to the unperturbed
baroclinic flow [28] or the gradient of generalized quasigeo-
strophic vorticity [29] (see also [30]). In Section 8, we abandon
the quasigeostrophic approximation and consider the so-
called symmetric baroclinic, or simply symmetric, instability
with respect to perturbations that do not depend on the
coordinate along the basic flow. As we shall see, the criterion
of symmetric baroclinic instability can be elegantly expressed
in the most general form as the condition on sign preservation
of the potential vorticity field (positiveness in the northern
hemisphere and negativeness in the southern one) [31].

2.2 Quasigeostrophic model.
Informal derivation of equations
Inmodern geophysical fluid dynamics, one can see a tendency
to get rid of such factors, in a certain sense, of secondary
importance, as a full account of air compressibility and
Earth's sphericity, and distill dynamical effects of stratifica-
tion and rotation in their most apparent and universal form
applicable to all geophysical media, first and foremost, to the
atmosphere, ocean, and Earth's liquid core. Such a possibility
of sufficiently slow (with a speedmuch lower than the speed of
sound) vortical processes at large and intermediate
(meso)scales offer equations of motion in the Boussinesq
approximation, written in a local Cartesian reference frame,
where the only trace of Earth's sphericity is the assumed linear
dependence of the Coriolis parameter on the latitudinal
Cartesian coordinate (the Rossby beta plane model) (see, for
example, [4]). It goes without saying that, in practical
computations using modern numerical weather predictions
and climate models, the air compressibility and Earth's
sphericity are necessarily taken into account to the full
degree, but, in this review, we will be discussing theoretical
research, to which the tendency mentioned above applies in
full measure.

To unify our presentation, having in mind its application
to most geophysical media, we will rely on motion equations
of a stratified fluid in the field of the Coriolis force (a) in the
Boussinesq approximation and (b) in the so-called traditional
approximation when the axis of common rotation is con-
sidered to be aligned with the local gravity force direction
(vertical)

Du

Dt
ÿ f v � ÿ qf

qx
;

Dv

Dt
� fu � ÿ qf

qy
;

Dw

Dt
� ÿ qf

qz
� b ;

Db

Dt
� 0 ;

qu
qx
� qv
qy
� qw

qz
� 0 : �2:2�

Fluid is considered to be in a homogeneous gravity field
(Earth's surface is with a high degree of accuracy an
equipotential surface, and the characteristic thickness of the
atmosphere or ocean is much smaller that Earth's radius).
Equations (2.2) correspond to those of free convection (in
book [5]) and generalize them by taking into account general
rotation, taking the Coriolis parameter as a linear function of
the latitudinal coordinate, f � f0 � by, where f0 and b are
constants. It should be recalled that f � ~p=r0, where r0 is a
constant (reference) value of density, ~p � pÿ p0�z�, where
p0�z� � constÿr0z is the hydrostatic pressure that corre-
sponds to the reference state; the variable b�ÿg �rÿ r0�=r0

in contemporary literature on geophysical fluid dynamics is
called buoyancy and is often denoted by the Greek letter y or
#. In fact, it is the full buoyancy which can be conveniently
written as a sum of buoyancy that corresponds to the mean
stratified state, �b � ÿg�r=r0, and the deviation thereof
b 0 � ÿgr 0=r0, assuming that rÿ r0 � �r�z� � r 0�x; y; z; t�.
Similarly, ~p � �p�z� � p 0�x; y; z; t�, where �p�z� and �r�z� are
linked by the hydrostatic relationship, and we present (2.2) in
a more convenient form, separating out the stable state of
fluid in an explicit form:

Du

Dt
ÿ fv�ÿ qf 0

qx
;

Dv

Dt
� fu�ÿ qf 0

qy
;

Dw

Dt
�ÿ qf 0

qz
� b 0 ;

Db 0

Dt
�N 2w � 0 ;

qu
qx
� qv
qy
� qw

qz
� 0 : �2:3�

In Eqns (2.3), f 0 � p 0=r0, and the buoyancy frequency
squared (the Brunt±V�ais�al�a frequency) N 2 � ÿg�d�r=dz�=r0
is assumed to be constant.

Motions at a large scale, which are the main focus of this
review in the context of baroclinic instability, are character-
ized with good accuracy by being in the geostrophic and
hydrostatic balance. We present the field of horizontal
velocity in the form �u; v� � �ÿqc=qy; qc=qx�, where
c � f 0=f0 is the geostrophic streamfunction, and in the
quasistatic approximation b 0 � f0�qc=qz�. Now, we still
need to take into account the smallness of the vertical
velocity, since in the continuity equation the terms with
qu=qx and qv=qy compensate each other with asymptotic
accuracy, and in a good approximation

D

Dt
� q

qt
ÿ qc

qy
q
qx
� qc

qx
q
qy

:

Thus, excluding f 0 from equations of horizontal motion, we
arrive at a system of two equations:

q
qt

Dc� �c;Dc� by� � f0
qw
qz

;

q
qt

qc
qz
�
�
c;

qc
qz

�
� ÿN 2

f0
w :

Differentiating both sides of the second equation by z and
adding the result to the first equation after identity transfor-
mation, we arrive at Eqn (1.2) of potential vorticity conserva-
tion:

q
qt

q� �c; q� � 0 ; q � Dc� f 20
N 2

q 2c
qz 2
� f0 � by : �2:4�

Equation (2.4) should be solved with boundary conditions of
impermeability of the lower z � zÿ and upper z � z� fluid
layer boundaries

q
qt

b� �c; b� � 0 ; b � f0
qc
qz

; z � z� : �2:5�

Taking into account b � y, conditions (2.5) coincide with
conditions (1.3). The boundary conditions (2.5) reflect the
main distinguishing features of the problem statement for the
atmosphere and the ocean. In the atmosphere, Earth's surface
is taken as the lower boundary z � zÿ � 0, and the upper
boundary is conditionally the height of the tropopause
z � z� � H (a surface separating the troposphere and strato-
sphere where the buoyancy frequency squared jumps toward
higher values). In contrast, in the ocean, its surface can be
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naturally taken as the upper surface, z � z� � 0, and its
bottom as the lower surface, z � zÿ � ÿD. In the atmo-
sphere, the variable b can be considered proportional to the
deviation of potential temperature from its mean value.

Taking into account that the mean air density in the
atmosphere r0 � r0�z� strongly (nearly exponentially)
decreases with height, and also that the buoyancy frequency
may vary, the equation of potential vorticity conservation is
frequently taken in a more general form [28]:

q
qt

q� �c; q� � 0;

q � Dc� 1

r0�z�
q
qz

r0�z�
f 20

N 2�z�
qc
qz
� f0 � by :

A more rigorous account of compressibility of atmospheric
air is achieved by the change to isobaric coordinates when
pressure p plays the role of vertical coordinate [2, 19, 32±36],
and the potential vorticity conservation law is expressed as

q
qt

q� �c; q� � 0; q � Dc� q
qp

m 2p 2 qc
qp
� f0 � by ;

where m 2 � f 20 =�N 2H 2
0 �, H0 � RT0=g is the height of a

homogeneous atmosphere which corresponds to the mean
near-surface air temperature T0, and partial derivatives over
x; y; t are taken along isobaric surfaces. Conditions (2.5) are
in this case also modified (see [35, 36]).

2.3 Energetic stability criteria
In the framework of Eqn (2.4) with conditions (2.5), the
general problem of zonal flow nonlinear stability is consid-
ered. The beta-plane approximation is used. The flow is
assumed to be periodic in the zonal direction with a period
L, which is themean length of the circle in the belt of latitudes.
In the north and south, the flow is bounded by vertical walls
going along fixed latitudes. These walls are considered to be
impermeable to air:

qc
qx
� 0; y � y� ; y � ;

and velocity circulation on them is assumed to be constant at
each vertical level:�

qc
qy

dx � const; y � y� ; y � :

In the last case, we rely on the fact that, taking into account
periodicity with period L, the zonal channel is topologically
equivalent to a circular channel with inner and outer walls.
Since at each height level such a circular channel cannot be
continuously deformed to a point, one needs to place
conditions that the circulation be preserved on both the
inner and outer walls (see Refs [20, 37]). We apply Arnold's
method [37]. We rely on the existence of motion integrals in
this problem: (a) energy

E � 1

2

����ÿ
Hc
�2 � f 20

N 2

�
qc
qz

�2�
dx dy dz

as the sum of kinetic and available potential energies; (b) the
zonal component of momentum

P � ÿ
���

qc
qy

dx dy dz ;

and (c) so-called Casimirs, the quantities that are conserved
by virtue of (2.4) and (2.5),

F �
���

F �q; z� dxdy dz ; G �
��

Sÿ
G�y� dxdy ;

H �
��

S�
H �y� dx dy ;

where F, G, and H are arbitrary continuously differentiable
functions, and S� are the upper and lower boundaries for
z � z�, respectively. In our presentation, we follow mainly
Ref. [35] and especially monographs [19, 36], although in
these studies the quasigeostrophic motion of the atmosphere
was considered in the isobaric coordinate system (see above).
This problem was considered in the Boussinesq approxima-
tion in Ref. [38], but there is a certain caveat. The Casimir F
features a function of two variables, i.e., the functional
dependence on q is different at each level, varying from level
to level. In [38], a function of single variable q is written, which
is in all probability just a typo but worth mentioning
nevertheless. We also mention (a note on terminology) that,
in the expression for the full energy E, the second term is
proportional to the square of the perturbation of potential
temperature (buoyancy). Hence, the termÐavailable poten-
tial energy.

A linear combination of motion integrals I �
EÿUP� F� G�H is taken, where the constant U has the
dimension of velocity. Let c0 be the streamfunction of given
stationary zonal flow, the stability of which is explored. The
difference I �c� ÿ I �c0� is a motion integral. Considering the
deviation dc � cÿ c0 to be small, we expand I �c� ÿ I �c0� in
a series in variations of subsequent orders,

I �c� ÿ I �c0� � dI� 1

2
d2I� . . . :

The arbitrary functions F, G, and H can be selected so that,
for the given zonal flowc0 and for any arbitrarily takenU, the
first variation dI becomes zero,

F 0q
��
q�q0 � c0 �Uy; zÿ < z < z� ;

G 0
��
y�y0
� f 20

N 2
�c0 �Uy�; z � zÿ ;

H 0
��
y�y0
� ÿ f 20

N 2
�c0 �Uy�; z � z� :

The prime denotes differencing, and the subscript q means
that the differencing was over the respective variable. If we
assume that q0 is monotonic with respect to latitude y for each
z and that y0 is monotonic at z � z�, respectively, then these
conditions can always be satisfied. Computing the second
variance, we find

d 2I �
��� �ÿ

Hdc�2 � f 20
N 2

�
qdc
qz

�2

� �qc0=qy� �U

qq0=qy
�dq�2

�
dxdy dz

�
��

Sÿ

f 20
N 2

�qc0=qy� �U

qy0=qy
�dy�2 dx dy

ÿ
��

S�

f 20
N 2

�qc0=qy� �U

qy0=qy
�dy�2 dx dy : �2:6�
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If quadratic form (2.6) is positive definite, i.e., all the
coefficients by squares of variables are positive, then the
zonal flow c0 is stable in the sense of Lyapunov. Note that
quadratic form (2.6) is an exact motion integral for equations
linearized with respect to perturbations superposed on the
mean flow, and, in modern terminology, presents a combina-
tion of pseudoenergy and pseudomomentum.

What does this criterion offer in practice, i.e., which zonal
flows can satisfy it? In order to satisfy the necessary condition
dI � 0, we assumed that the potential vorticity of basic zonal
flow is a monotonic function of latitude. It would be natural
to suppose that it is a monotonically increasing function, by
analogy with the Coriolis parameter f. Zonal flows in the
midlatitude atmosphere are predominantly westerly, i.e.,
qc0=qy < 0. Selecting the constant U, which was just
arbitrary until now, such that it exceeds the maximum of the
modulus of basic flow velocity, we see that all volume
integrals in (2.6) become positive. This is formally analo-
gous, if we take into account the Galilean invariance, to the
change to the reference frame which moves such that winds
become easterly and the condition of positive definiteness of
the volume integral is valid (cf. [37]). In a subtropical ocean,
zonal flows are directed to the east and the volume integral is
positive definite for U � 0. There is a problem with surface
integrals. The potential temperature on Earth's surface
decreases monotonically toward the poles and the integral
over Earth's surface in (2.6) is negative, so that the second
variation is not sign definite. The situation is even worse
because of the integral taken over the upper boundary, which
is positive if the potential temperature decreases toward the
poles and negative otherwise. In any case, the quadratic form
(2.6) is not sign definite, and a necessary condition of
baroclinic instability is fulfilled. When the potential tempera-
ture varies very little on the lower and upper boundary
surfaces, the surface integrals in (2.6) can be omitted. Only
the volume integral is left, and we arrive at the Charney±Stern
criterion [28], which states that the zonal flow with a potential
vorticity monotonically increasing (in absolute value) toward
the poles is always stable.

The Charney±Stern criterion can be obtained from
simpler considerations. Formally letting the constant U in
(2.6) go to infinity, i.e., making it larger and larger, in the
limit, we arrive at the quadratic form

d 2Î � ÿ d 2I

U
� ÿ

��� �dq�2
qq0=qy

dx dy dz

ÿ
��

Sÿ

f 20
N 2

�dy�2
qy0=qy

dx dy�
��

S�

f 20
N 2

�dy�2
qy0=qy

dx dy ; �2:7�

which is the second variation of a simpler functional
Î � P� F� G�H. Quadratic form (2.7) is once more a
motion integral of linearized equations and is called pseudo-
momentum. Again, assuming that the upper and lower
surfaces are isentropic, we can concentrate only on the
volume integral in (2.7). For qq0=qy > 0, the second varia-
tion d 2Î < 0. Hence, the zonal momentum takes the max-
imum value on the given flow c0. According to (2.7), any
perturbation of flow c0 would lead to a reduction in zonal
momentum, which is impossible because it is the motion
integral. Hence, such a zonal flow is stable. If surface integrals
are nonzero and their contribution is opposite in sign to the
contribution from the volume integral, this limitation is
relaxed, and the flow can be baroclinically unstable.

An interesting case is when the potential vorticity can be
treated as constant at each altitude, which is an idealization,
but an acceptable one for relatively narrow channels, when
the Coriolis parameter can be considered approximately
constant, with this constancy extended to the total quasigeo-
strophic potential vorticity. Now, the volume integral in (2.7)
disappears, and if the potential temperature has the same sign
of growth on the upper and lower boundaries, a baroclinic
instability is possible (the momentum conservation law does
not prohibit it). Linear analysis of instability of the Eady
model [13] confirms this.

3. Surface quasigeostrophic model
and stationary zonal flows

In Section 2, we formulated Eqns (2.4) and (2.5), which form
the basis of the quasigeostrophic model of the atmosphere. In
this section, a simplified variant of this model is considered,
which will be further used to solve concrete problems of
baroclinic instability theory. For a more compact presenta-
tion, partial derivatives will be denoted by subscript letters,
and the buoyancy will be denoted by y.

Wewill consider quasigeostrophicmotions in a horizontal
layer 0 < z < H with constant buoyancy frequency N and
Coriolis parameter f. In the absence of the beta effect, it is
convenient to use a dimensionless form of Eqns (2.4), (2.5):

Dq

Dt
� qt � �c; q� � 0; q � cxx � cyy � czz ; �3:1�

z � 0; 1 : czt � �c;cz� � 0 : �3:2�

Here, layer thickness H and baroclinic Rossby deformation
radius LR � NH=f [4] are taken as the vertical and horizontal
scales, respectively. The scales of time, streamfunction, and
velocity are, respectively, T� � LR=U�, C� � U�LR, and
U� � Y�=N, where Y� is a characteristic value of buoyancy
change. Dimensionless horizontal components of velocity u; v
and buoyancy y are expressed through the streamfunction as
u � ÿcy; v � cx, y � cz.

Equation (3.1) is satisfied by flows with zero potential
vorticity q � 0. The streamfunction of such flows, which are
analogous to potential flows in classical fluid dynamics, can
be found from the solution of the Laplace equation

cxx � cyy � czz � 0 �3:3�

in the band 0 < z < 1, subject to nonstationary boundary
conditions (3.2). A dynamical model of flows based on
Eqns (3.2), (3.3) was proposed in Refs [39, 40] and has a
special name: the surface quasigeostrophic (SQG) model. A
direct consequence ofmodel equations is the conservation law
for total energy

Et � 0; E �
�1
0

�c 2
x � c 2

y � c 2
z � dz �3:4�

and surface potential energy (for each of the boundaries)

Vt � 0; V � c 2
z ; �3:5�

where the bar denotes averaging over the horizontal coordi-
nates. By virtue of the conservation laws, all the solutions to
the SQG model are bounded in amplitude. Note that
Eqns (3.2), (3.3) in fact define a boundary-value problem
that is close to the problem on potential (with zero vorticity)
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surface gravity waves in a fluid. The velocity potential is
found from the solution of the Laplace equation with
nonstationary boundary conditions on the surface [5].

In applications, one often considers an SQGmodel with a
single boundary (a model of a semi-infinite atmosphere or
deep ocean). In such a model, only one condition (3.2) is
imposedÐon the underlying surface z � 0. Other scales are
used to reducemodel equations to a dimensionless form. For a
given horizontal scale D, the vertical scale is defined as
H � f D=N (the vertical Rossby scale).

To solve the Laplace Eqn (3.3) and find harmonic
functions, the two-dimensional velocity field �u; v� �
�ÿcy;cx� at boundaries is expressed in terms of the
boundary buoyancy distribution y � cz (normal derivative)
through nonlocal Hilbert transform-type operators. Thus, in
the model with one boundary [41, 42],

�u; v� � 1

2p

�
ÿ q

qy
;
q
qx

�� �
y�x 0; t�
jxÿ x 0j dx

0 ; x � �x; y� :
�3:6�

Taking into account (3.6), boundary condition (3.2) at z � 0
is reduced to a nonlinear integro-differential equation on the
buoyancy y � y�x; t�. The buoyancy on its own plays a role of
an active scalar inducing the velocity field, by analogy with
relative vorticity in two-dimensional fluid dynamics. The
formation of singularities in the field of this scalar was
explored in [41, 43]. The appearance of open-source numer-
ical pseudospectral solvers for integro-differential equations
(https://pyqg.readthedocs.io/en/latest/index.html) led to the
growth in the number of publications on geophysical
applications of the SQG model. The applications included
an analysis of the dynamics of distributed and pointwise
vortices [44±51], the dynamics of near-surface flows in the
atmosphere and ocean [42, 47, 52], a description of surface
fractal zone dynamics [53], and a comparison of energy
cascades in models of SQG and QG turbulence [54±56]. A
vast bibliography is given in review [57].

Further, an SQG model with two boundaries will be used
to explore baroclinic instability of zonal flows. These flows
are described by stationary solutions of Eqns (3.2) and (3.3),
which do not depend on the coordinate x (in atmospheric
models, axes x and y are traditionally directed to the east and
north). The streamfunction C�y; z� of zonal flows (we use a
capital letter for variables) is a solution of the boundary
problem

Cyy �Czz � 0 ; Cz�y; 0� � Ybott�y� ;
Cz�y; 1� � Ytop�y� �3:7�

for the two-dimensional Laplace equation in the belt
0 < z < 1. Here, Ybott�y�, Ytop�y� are the given buoyancy
distributions at the boundaries z � 0 and z � 1, respectively,
with bounded derivatives at jyj ! 1. The solution of (3.7)
gives the distribution of velocity U � ÿCy and buoyancy
Y � Cz.

By virtue of boundary conditions (conditions of the second
kind), the solutionC�y; z� of problem (3.7) can be found up to
an arbitrary linear function of variable y. As a result, the
velocity fieldU � ÿCy is determined up to arbitrary constant
Um. Integrating the Laplace equation vertically and denoting
the layermean hCi � � 10 Cdz, we find hCiyy � Ybott ÿYtop or
hU iy�Ytop ÿYbott. Hence, it follows that equal boundary
distributions of buoyancy Ytop � Ybott induce zonal flows

withmean velocity hU i � 0 (an arbitrary constant is omitted).
Such flows have a clearly expressed vertical shear and draw the
most interest from the viewpoint of stability. We give some
examples of exact solutions of (3.7) for various types of
buoyancy distributionsYtop � Ybott.

I. Linear distribution.For the distributionYbott�Ytop�ÿy,
the exact solution of problem (3.7) takes the form

C � ÿy
�
zÿ 1

2

�
; U � ÿCy � zÿ 1

2
: �3:8�

This solution describes a zonal flow with an antisymmetric
velocity profile and constant vertical shear. The flow is
maintained by the constant temperature gradient
Y � Cz � ÿy. An arbitrary linear distribution Cm � ÿUmy
can be added to the streamfunction; in this case, a uniform
flow with velocity Um will be added to the velocity field.

II. Periodic distribution. The distribution Ytop � Ybott �
C cos �ly� induces a spatially periodic flow with the velocity

U � C
sinh

�
l�zÿ 0:5�� sin �ly�
cosh �0:5l� : �3:9�

The vertical flow profile is antisymmetric relative to the layer
mid-depth z � 1=2.

III. Frontal-type distribution. The distribution Ybott �
Ytop � ÿtanh �my� models a frontal zone (a smoothed step)
with width mÿ1. An exact solution can be found for m � pn,
n � 1; 2; . . . ; using either conformal mapping techniques (by
mapping a horizontal band on a half-plane) or the Fourier
transform over the horizontal coordinate with subsequent
inversion. For n � 1; i.e., in the situation when the width of
the transitional zone is about one third of the Rossby
deformation radius, the solution for the streamfunction is

C�y; z� � 2

p
arctan

�
1ÿ sin �pz�
cos �pz� tanh

�
py
2

��
:

The respective expressions for velocityU and buoyancyY are

U �y; z� � ÿ cos �pz�
cosh �py� � sin �pz� ;

Y�y; z� � ÿ sinh �py�
cosh �py� � sin �pz� : �3:10�

A shadow pattern of isolines of velocity distribution (3.10) in
the lower half of the layer, shown in Fig. 2a, corresponds to an
isolated jet flow. The upper half hosts an analogous flow, but
in the opposite direction. Thus, equal frontal buoyancy
distributions at the boundaries induce a system of two
opposite jet flows located in the upper and lower halves of
the atmospheric layer. In real conditions, because of surface
drag, the lower flow will be less intense than the upper one,
which can be viewed as a prototype of jet flow in Earth's
atmosphere [58, 59].

IV. Localized buoyancy distribution Ybott � Ytop �
1=cosh2 �py�. Exact solutions for the velocity and buoyancy
fields are obtained from (3.10) by simple differentiation:

U �y; z� � ÿ cos �pz� sinh �py��
cosh �py� � sin �pz��2 ;

Y�y; z� � 1� sinh �py� sin �pz��
cosh �py� � sin �pz��2 : �3:11�
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A shadow pattern of isolines of velocity field (3.11) (Fig. 2b)
shows a system of two opposite jets in the lower layer half. As
in the earlier case, an analogous but opposite pattern will be
seen in the upper layer half.

These examples indicate that the structure of stationary
zonal SQG flows can be fairly nontrivial. The problem of
linear stability for such flows reduces to solving the Laplace
equation with linearized boundary conditions (3.2). For a
flowwith constant vertical shear (3.8), a solution can be found
analytically (see Section 4). Approximate solutions for the
problem of stability for analogs of flows (3.10) and (3.11) are
given in Sections 5 and 6.

4. Baroclinic instability of a flow with uniform
vertical shear (Eady problem)

4.1 Two approaches to solving the linear stability problem
Eady [13] (in 1949) considered a zonal flow with the velocity
profile U�z� � z and the streamfunction C � ÿyz. This flow
is amodified form of the SQG flow (3.8) obtained by adding a
uniform flowwith velocityUm � 1=2. Assumingc � C� c 0,
we get the Laplace equation for the description of small flow
perturbations cxx � cyy � czz � 0 (where the prime is
omitted) with linearized conditions (3.2)

z � 0; 1 :

�
q
qt
� z

q
qx

�
cz ÿ cx � 0 : �4:1�

If the flow is confined to a zonal channel with width L�,
conditions (4.1) are augmented by the requirement that the
normal velocity component v � cx be vanishing on rigid
lateral walls at y � 0;L�.

Very often, the case of an unbounded flow (over the entire
plane) is considered. Then, conditions of periodicity or
boundedness at infinity are imposed on perturbations. These
conditions are satisfied by two-dimensional perturbations
without dependence on the meridional coordinate y, which,
as follows from an analysis, also has the maximum growth
rate.

There are two approaches to solving the linear stability
problem. In the first of them (for a flow in the channel),
perturbations are considered in the form of normal

modes

c � F�z� exp �ik�xÿ ct�� sin �ly� ; l � pn
L�

�4:2�

traveling in the zonal direction with a complex-valued phase
velocity c. The following spectral problem is obtained after
(4.2) is inserted into the Laplace equation and the boundary
conditions:

Fzz ÿ m 2F � 0; z � 0; 1 : �zÿ c�Fz ÿ F � 0 ;

where m 2 � l 2 � k 2 is the wave vector squared. Looking for a
solution in the form F � a cosh �mz� � b sinh �mz�, where a; b
are arbitrary constants, leads to a quadratic equation on the
spectral parameter which is the phase velocity c � cr � ici [3],

c 2 ÿ c� mÿ1coth mÿ mÿ2 � 0 : �4:3�

From (4.3), it follows the existence of two normal modes (a
growing one and a decaying one) and the expression for the
increment s � kci of the growing mode

s � kr
��������������
1ÿ a 2
p

; a � cosh mÿ 1

2
m sinhm ; �4:4�

where r � �m sinh m�ÿ1. The real part of phase velocity
cr � 1=2, i.e., the normal mode travels with the flow speed at
the middle level.

According to (4.4), the instability (s > 0) takes place if
ÿ1 < a�m� < 1 or, which is equivalent, 0 < m < mb, where the
bounding value mb � 2:399 is the root of equation
coth �m=2� � m=2 (the equation a�m� � ÿ1). Taking into
account m 2 � l 2 � k 2, we get the long-wave interval of
unstable wavenumbers 0 < k < kb, where the interval right
boundary kb � �m 2

b ÿ l 2�1=2 for the instability to exist. The
condition l < mb or, equivalently, the channel width
L > pn=mb, should hold. If this condition is observed (a
sufficiently wide channel), a numerical analysis of expression
(4.4) gives the wavenumber k � km of the fastest growing
mode with maximum increment s � sm.

For flows on the entire plane, the fastest growth is realized
for two-dimensional perturbations with the streamfunction
c � F�z� exp �ik�xÿ ct��. The increment of the two-dimen-
sional normal mode is given by expression (4.4), in which we

a b
1.0

z

0.5

0

ÿ1 0 1
y
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Figure 2. Isolines of zonal velocity in the plane y; z: (a) for flow (3.10) and (b) for flow (3.11).
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set m � k (l � 0). The dependence of the increment s � s �k�
on wavenumbers is plotted in Fig. 3. The fastest growth is
achieved for the wavenumber k � km � 1:606, with the
increment s � sm � 0:31. For the parameters of the tropo-
sphere given above, the wavelength (in dimensional variables)
�2p=km�LR � 3600 km (a quarter of a wavelength is the scale
of a cyclone), and the e-folding time is about 4 days. These
estimates are close to Eady's [13]. Note that a flow with a
uniform vertical shear L has the dimensional velocity profile
U�z� � Lz with the characteristic scale U� � LH; an advec-
tive temporal scale T� � LR=U� � �N=L� f ÿ1. Thus, the
dimensional value of the increment for the fastest growing
mode is frequently written as [60] sm � 0:31� f=N�L. For
U� � 10 m sÿ1, H � 10 km (atmosphere), the magnitude of
vertical shear L � U�=H � 10ÿ3 sÿ1, and the advective time
scale T� � 105 s (about 1 day).

We stress that, in the development of baroclinic instabil-
ity, a principal role is played by the vertical velocity shear,
which is maintained by the horizontal gradient of tempera-
ture. This is a fundamental distinction from barotropic
instability that evolves because of the horizontal velocity
shear. Barotropic instability is in fact a classical shear
instability complicated by the presence of the beta effect. In
the development of barotropic instability, an important role
is played by the barotropic Rossby radius mentioned earlier,
which is substantially larger than the baroclinic deformation
radius (for Earth's atmosphere at midlatitudes, the barotro-
pic radius is about 3000 km). A detailed description of
barotropic instability models can be found in monographs
[2±4] and reviews [6±11].

Another approach to the solution to the linear baroclinic
instability problem was proposed in Ref. [21] and later
developed in Refs [61±63]. In this approach, a perturbation
is taken as a real solution of the Laplace equation with
periodic buoyancy distributions at the boundaries:

cz

��
z�0;1 � r1; 2�t� cos �kx� j1; 2�t�� sin �ly� : �4:5�

Here, r1; 2�t� and j1; 2�t� are real amplitudes and phases of
boundary distributions. In the related solution of the Laplace
equation

c � r
�
r2�t� cosh �mz� cos �kx� j2�

ÿ r1�t� cosh
�
m �zÿ 1�� cos �kx� j1�

	
sin �ly� ; �4:6�

the terms proportional to r1�t� and r2�t� correspond to the
so-called edge Rossby waves localized, respectively, near the
lower (upper) boundary [21]. The interaction of two such

waves is described by the system of equations formulated in
Ref. [21], which is obtained by inserting solution (4.6) into
boundary conditions (4.1). The system consists of three
nonlinear equations on amplitudes r1�t�, and r2�t� and a
phase shift between the boundary buoyancy distributions
j�t� � j1�t� ÿ j2�t�,

dr1
dt
� krr2 sinj;

dr2
dt
� krr1 sinj ; �4:7�

dj
dt
� ÿ2kr�aÿ 0:5�d� dÿ1� cosj� ; d � r1

r2
: �4:8�

This system is augmented by a separate equation

dj�
dt
� ÿkÿ kr �dÿ dÿ1� cosj ; j� � j1 � j2 ; �4:9�

which, together with Eqn (4.8), allows us to find the phases
proper. The expressions for the coefficients a; r entering this
system are defined in (4.4)

It is important to stress that the use of complex amplitudes
a1; 2�t� � r1; 2�t� exp �ij1; 2�t�� allows system (4.7)±(4.9) to be
reduced to a system of two equations,

i
da1
dt
ÿ kpa1 � kra2 � 0 ;

i
da2
dt
ÿ k�1ÿ p�a2 ÿ kra1 � 0 ; �4:10�

where p � r cosh m � cothm=m. This system can be easily
obtained directly by considering complex solutions of the
Laplace equation

c � r
�
a2�t� cosh �mz�

ÿ a1�t� cosh
�
m�zÿ 1��	 exp �ikx� sin �ly� ; �4:11�

which satisfy the conditions czjz�0; 1�a1; 2�t� exp �ikx� sin �ly�.
An important feature of nonlinear system (4.7)±(4.9) is that,
in contrast to linear system (4.10), it illustrates a principal role
of the phase shift for the development of initial perturbation.
Indeed, according to Eqns (4.7), the amplitudes grow if the
phase shift 0 < j < p �sinj > 0�. Further, in an important
special case of equal boundary amplitudes r1 � r2 � r,
system (4.7), (4.8) is reduced to a system of two equations,

dr
dt
� krr sinj;

dj
dt
� ÿ2kr�aÿ cosj� : �4:12�

For j � jn, cosjn � a�m�, system (4.12) has an exact
solution r�t� � r�0� exp �st� which corresponds to a growing
normal mode with increment (4.4). The value j � jn for this
mode corresponds to a fixed point of the second Eqn (4.12)
which exists only for the values ÿ1 < a�m� < 1, i.e., for the
wavenumbers from the interval 0 < k < kb mentioned earlier.
The increment and phase shift for two-dimensional normal
modes are given by the expressions

s �k� � 1

sinh k
�1ÿ a 2�1=2 ;

cosjn � a�k� � cosh kÿ 0:5 k sinh k : �4:13�

The mode of fastest growth with the wavenumber
k � km � 1:606 corresponds to the phase shift cosjn �
a � 0:672 (jn � 47:8�). We stress that the information
about the phase shift is lost in the approach based on normal
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Figure 3. Dependence of instability increment on the wave number for

discrete (solid line) and continuous (dashed line) Eady models.
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modes. The shadow patterns of isolines of buoyancy y � cz

and streamfunction c (pressure perturbation) for the two-
dimensional normalmode of fastest growth are given inFig. 4.
Because of the phase shift, themaxima in the field distribution
on the upper and lower surfaces are displaced relative to each
other. This feature is regularly found in meteorological
observations [60].

For the full system (4.11), (4.12), Ref. [21] gives its first
integrals J1; 2 � const,

J1 � r 2
2 ÿ r 2

1 ; J2 � 0:5 �r 2
1 � r 2

2 � ÿ aÿ1 r1r2 cosj ;
�4:14�

which allow the integration of the system to be reduced to
quadratures. Of interest is the simple exact solution r1�t� �
r2�0��1ÿ a 2�ÿ1=2 sinh �st� which corresponds to the problem
with the initial condition r1�0� � 0. This solution describes
the so-called type-B cyclogenesis, whereby near-surface
vortical perturbations are generated by initial perturbations
at higher levels [64, 65].

According to some existing studies [66], in up to 80% of
cases the formation of near-surface cyclones in the midlati-
tude atmosphere is related to this mechanism. The shadow
patterns of buoyancy isolines presented in Fig. 5 for three
time moments provide a clear illustration of this mechanism.

4.2 Optimal perturbations in the linear Eady problem
In the linear theory of hydrodynamical instability, optimal
perturbations are those with the maximum growth rate for
energy or the ratio of final and initial energies. The search
for optimal perturbations is stimulated by the understand-
ing of the limitations of the classical approach that is based
on finding exponentially growing normal modes. For
example, it was shown that the growth rate of a super-
position of growing and decaying normal modes can exceed
the growth rate of the individual growing mode [67±69].
Even a superposition of two decaying modes can demon-
strate an algebraic (nonmodal) energy growth at the initial
stage. The mathematical reason for such behavior is related
to the nonnormality of differential operators in problems of

the stability theory, and hence the nonorthogonality of their
eigenfunctions [68, 69].

Finding optimal perturbations is, as a rule, associated
with solving a rather numerically complex problem on a
conditional extremum of the full energy functional. For
flows with vertical shear, the algorithm of the problem
solution relies on the finite-difference approximation of the
relevant differential operator in the vertical direction with
subsequent singular value decomposition (SVD) of the
operator matrix [70±74].

An important feature of the Eady problem is that it allows
one to apply an analytical approach for finding optimal
perturbations. The approach resorts to the energy balance
equation and real-valued representation for the streamfunc-
tion of perturbations (3.6) (in terms of edge Rossby waves).
Following Refs [75, 76], we will illustrate this approach
considering (for brevity) the case of two-dimensional pertur-
bations with equal boundary amplitudes.

Introducing the operations of horizontal and vertical
averaging

j x � lim
L!1

1

2L

� L

ÿL
j dx ; hji �

� 1

0

j x dz ;

we write the energy density and full energy of two-dimen-
sional perturbation as

e � 0:5 �c 2
x � c 2

z � ; E � hei �
� 1

0

�e x dz :

From the definition of e follows an identity et � �ccxt�x�
�cczt�z ÿ cqt, where q � cxx � czz. Horizontal averaging of
this identity with subsequent integration over z and the use of
conditions (4.1) leads to the equation of energy balance for
perturbations with zero PV, q � 0,

dE

dt
� cxcz

x
���
z�1

: �4:15�

According to Eqn (4.15), a change in full energy is defined by
the meridional buoyancy flux at the upper boundary.
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Figure 4. Isolines of buoyancy (a) and streamfunction (b) for the fastest-growing normal mode.
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For two-dimensional perturbations with equal boundary
amplitudes, the streamfunction is given by the expression

c � rr�t��cosh �kz� cos ÿkx� j2�t�
�ÿ cosh

�
k�zÿ 1��

� cos
ÿ
kx� j1�t�

�	
; r � �k sinh k�ÿ1 : �4:16�

Making use of (4.16), direct integration and standard
averaging rules for periodic functions result in the expression
for the full energy and its derivative

dE

dt
� cxcz

x
���
z�1
� 1

2

1

sinh k
r 2�t� sinj�t� ;

E �t� � 1

2
hc 2

x � c 2
z i �

1

2

coth k

k
r 2�t�

�
�
1ÿ 1

cosh k
cosj�t�

�
: �4:17�

According to the first expression, the full energy grows if the
phase shift 0 < y < p. Only for such a phase shift can the
perturbation extract energy from the shear flow.

Expressions (4.17) allow one to obtain a simple solution to
the problem of initial optimal perturbations characterized by
maximum energy growth at the initial moment. For the
energy growth rate, (4.17) leads to the expression

g � 1

E

dE

dt
� k sinj

cosh kÿ cosj
; �4:18�

which depends only on the initial phase shift (for a fixed
wavenumber). Since g > 0 in the interval 0 < j < p and turns
to zero at the interval ends, j � jopt exists, such that the
function g�k;j� reaches an extremum. This value corresponds
to the initial optimal perturbation. An elementary analysis of
(4.18) for extrema leads to the expressions

cosjopt �
1

cosh k
; gopt � g�k;jopt� �

k

sinh k
; �4:19�

which define the dependences of phase shift and energy
growth rate on the wavenumber of optimal perturbation.
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Figure 5. Isolines of the buoyancy field at time instants (a) t � 0:1, (b) t � 1:0, (c) t � 4:0. Case of initial perturbation confined near the upper boundary.
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Since cosjn � a�k� for a growing normal mode, a compar-
ison between (4.18) and (4.12) indicates that, in the general
case,jn 6� jopt, i.e., exponentially growing normal modes are
not optimal perturbations. The energy growth rate of growing
normal mode g � gn�k� � 2s�k� equals its doubled increment
(4.13).

From the dependences gopt�k� and gn�k� � 2s�k� plotted
in Fig. 6, it can be seen that there is only one wavenumber
k � k1 � 1:915 for which the normal mode is an optimal
perturbation, i.e., cosjn�cosjopt and gopt � gn. For this
value (the root of the equation tanh k � k=2), the phase shift
is jn � jopt � 73:22�. The value k1 6� km, i.e., the normal
mode of fastest growth, does not correspond to optimal
perturbation. Patterns of isolines of buoyancy and stream-
function for optimal perturbations are qualitatively similar to
the pattern for normal modes shown in Fig. 4. The difference
lies in a more expressed slope of isolines. It is important to
emphasize that, for initial optimal perturbations, the quantity
gopt�k� reaches the maximum in the limit of long waves,
k! 0.

A more general problem on optimal perturbations is
formulated in the following way. For a fixed moment t
(optimization time), find an initial perturbation for which
the functional F � E �t�=E �0� reaches the maximum. Taking
into account expansion F � 1� g�0� t, g�t� � Eÿ1 dE=dt,
t5 1, the initial optimal perturbations considered above
give the problem solution as t! 0. For finite t, the solution
requires integration of the system of dynamical Eqns (4.11).

Using (4.16) and the first integral J2 (4.13), the ratio of
final to initial energy can be reduced to

F � E �t�
E �0� �

aÿ cosj0

cosh kÿ cosj0

cosh kÿ cosj�t�
aÿ cosj�t� : �4:20�

In this expression, the phase shift j�t� is the solution to the
Cauchy problem for the second Eqn (4.11)

dj
dt
� ÿ2r�aÿ cosj�; j�0� � j0 ; �4:21�

which depends on the initial value j0 and the wavenumber k
as parameters j � j�t; k; j0�. Taking into account this
dependence, the functional F becomes a function of three
variables, F � F �t; k;j0�. Finding an optimal perturbation
reduces to finding amaximumof this function for the first two
arguments at fixed values. Let us keep in mind that j0 is the
initial value of the phase shift.

An explicit expression for function F � F �t; k;j0� is
obtained by integrating Eqn (4.20). Standard separation of
variables gives the exact solution j � j�t; k;j0� in the form
of the first integral

Y � X� c�t�
c�t�X� 1

; Y � dÿ1tan
�
j�t�
2

�
;

X � dÿ1 tan
�
j0

2

�
; �4:22�

where c�t��tanh �s�k�t�, d��k=2ÿtanh k=2�=�coth k=2ÿk=2�.
Expressing cosj�t� in (4.20) through the tangent of the half
angle and using the first integral (4.22), after some transfor-
mations, we get the relationship

F � 1

1ÿ c 2�t�

ÿ
X� c�t�� 2 � n

ÿ
c�t�X� 1

�2
X 2 � n

;

X � dÿ1 tan
�
j0

2

�
; �4:23�

which defines the function F � F �t; k;j0�, or equivalently,
the function F � F �t; k;X � in an explicit form. In expression
(4.23), the parameter n � dÿ2 tanh2 �k=2� depends only on
the wavenumber. The value of F for the normal mode
F � Fn � exp �2s�k�t� is found from (4.23) for X � 1.

For t; k fixed in the interval 0 < j0 < p (0 < X < dÿ1),
the function F (4.23) has a single maximum point j0 � jopt

(X � Xopt), which corresponds to the optimal perturbation.
Differentiating (4.23) over X leads to a quadratic equation
X 2 ÿ c�t��nÿ 1�Xÿ n � 0 determining this point. Hence,

Xopt � dÿ1 tan
�
jopt

2

�
� 1

2

�
c�t��nÿ 1�

�
��������������������������������������
c 2�t��nÿ 1� 2 � 4n

q �
�4:24�

and the respective maximum value

Fopt � 1� �n� 1�c 2�t�
1ÿ c 2�t�

�
1� 1

c�t�Xopt

�
: �4:25�

Formulas (4.24) and (4.25) give an analytical solution to the
optimal perturbation problem.

The dependences of Fopt and Fn on the wavenumber k that
correspond to fixed optimization time t � 5 are given inFig. 7.
An important detail lies in the appearance in the curve Fopt�k�
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Figure 6. Dependences gopt (solid line) and gn (dashed line) on wavenum-

ber k.
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Figure 7. Dependence of Fopt (solid line) and Fn (dashed line) on

wavenumber k for t � 5.
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of a maximum point k � kmax�t� that corresponds to a
preferred wavenumber with the maximum energy ratio. For
t � 5 (with an optimization time of about 5 days), the value
kmax � 1:2. As in the case of initial optimal perturbations, at
k � k1, the curves touch each other (the normal mode is an
optimal perturbation). For all other wavenumbers, Fopt > Fn.
If for a fixed k 6� k1 one plots the graphs of the dependences of
Fopt and Fn on time on a logarithmic scale, they become two
parallel lines, one above the other.

References [76, 78] also consider generalized problems
that use other energetic characteristics (kinetic energy,
potential energy at boundaries, and so on) for optimization.
An analytical solution to the optimization problem for a free
shear layer and jet flows in a rotating shallow water layer was
obtained in recent Ref. [78].

4.3 Nonlinear dynamics of perturbations
in the Eady problem
Two approaches are used in fluid dynamics and theoretical
physics to describe the nonlinear dynamics of perturbations.
The first of them is exemplified by the weakly nonlinear
stability theory, including an analysis of different forms of
amplitude equations [79]. This approach is asymptotically
rigorous; however, its applicability requires the presence of
the critical (threshold) parameter that controls the develop-
ment of instability. The second approach consists in a
reduction of the stability problem to finite-dimensional
dynamical systems with the help of the Galerkin method
[80]. The main requirement for such systems consists in
preserving the conservation laws of the initial problem. The
success of the approach depends in many respects on the
appropriate choice of basis functions. Below, following recent
Ref. [81], we present a brief analysis of the nonlinear
dynamics of perturbations in the Eady problem using
maximally truncated Galerkin approximations.

Nonlinear dynamics of flows with a constant vertical
shear are described by a solution of the Laplace equation
with nonlinear boundary conditions:

z � 0; 1 :

�
q
qt
� z

q
qx

�
cz ÿ cx � �c;cz� � 0 : �4:26�

The flow is considered to occupy an infinite horizontal
channel �ÿ1 < x <1, 0 < y < p� with dimensionless
width L � p. To satisfy impermeability conditions on the
channel lateral walls, the perturbation streamfunction can be
taken as an expansion in a series of trigonometric basis
functions fn�y� � sin �ny�. The fastest growing mode of
linear theory for n � 1 is described by expression (4.6),
which can be written as c � A�x; z; t� sin y. In a nonlinear
problem, this mode interacts with other modes that corre-
spond to n � 2; 3; . . .. We limit ourselves only to the
interaction of the first two modes (n � 1; n � 2) and, in
agreement with the Galerkin method, seek approximate
solutions of the form

c � A�x; z; t� sin y� C �z; t� sin 2y : �4:27�

By virtue of the Laplace equation, the expansion coefficients
satisfy the equations

Axx � Azz ÿ A � 0 ; �4:28a�
Czz ÿ 4C � 0 ; 0 < z < 1 : �4:28b�

The equations connecting the distributions of A and C at the
boundaries follow from boundary conditions (4.26). To
obtain these equations, expansion (4.27) is inserted into
conditions (4.26) and, further, the orthogonality conditions
in the system of basis functions with n � 1; 2 are used. These
conditions lead to the boundary equations

z�0; 1 : Azt � zAzxÿAx � �CAxzÿAxCz� � 0 ; �4:29a�
Czt � 1

2
�AxAz ÿ AAxz� � 0 : �4:29b�

Thus, in the framework of the Galerkin method with two
basis functions, the description of nonlinear perturbation
dynamics is reduced to solving linear Eqns (4.28) with
nonlinear boundary conditions (4.29).

The solution of Eqn (4.28a) is sought in a form that
corresponds to the normal mode of linear theory,

A�x; z; t� � r
�
r2�t� cosh �mz� sin �kx� j2�

ÿ r1�t� cosh
�
m�zÿ 1�� sin �kx� j1�

	
: �4:30�

As a solution of Eqn (4.28b), we take the quantity

C � c�t� cosh �2z� ÿ cosh
�
2�zÿ 1��

2 sinh 2
; �4:31�

which has equal values of the derivative at the boundaries
z � 0; 1: Cz � c�t�. The boundary values of the function
proper are C��mc�t�, where the numerical constant is
m��1=2� tanh �1�.

Inserting solutions (4.30) and (4.31) into boundary
Eqns (4.29), one gets a closed system of four equations
relative to c�t�, the amplitudes r1�t� and r2�t�, and the phase
shift between the distributions j�t� � j1�t� ÿ j2�t�,

dc

dt
� ÿ 1

2
krr1r2 sinj ;

dr1
dt
� kr�1� c�r2 sinj ;

dr2
dt
� kr�1� c�r1 sinj ;

dj
dt
� ÿ2kr�a� bcÿ 0:5�1� c��d� dÿ1� cosj� ;

d � r1
r2
: �4:32�

Here, a � cosh mÿ �1=2� m sinh m, b � cosh mÿmm sinh m.
System (4.32) is augmented by an isolated equation for the
sum of phases j� � j1 � j2, which is analogous to (4.9), and
allows the phases to be found.

The dynamical system (4.32) generalizes system (4.7), (4.8)
to a description of nonlinear perturbation dynamics. A
principal difference from linear dynamics is the set of first
integrals (conservation laws) Ik � const, k � 1; 2; 3 that
follow from system (4.31),

I1 � r 2
2 ÿ r 2

1 ; I2 � 1

2
�r 2

1 � r 2
2 � � 2c 21 ;

I3 � r1r2 cosj� 4�aÿ b�c1 � 2bc 21 ; �4:33�

where c1�t� � 1� c�t�. These integrals reflect the conserva-
tion laws for the full energy and surface potential energy at
boundaries (3.3) and (3.4). From the first integral I2, it follows
that, as distinct from the solution to the linear system, all the
solutions are bounded in amplitude. Thus, taking into
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account the interaction of two modes stabilizes the regime of
infinite exponential perturbation growth in the linear theory.
This regime is replaced with the one of stable regular
oscillations.

In the case of equal boundary amplitudes r1 � r2 � r,
system (4.33) is reduced to a system of three equations:

dc1
dt
� ÿ 1

2
krr 2 sinj ;

dr
dt
� kr1r sinj ;

dj
dt
� ÿ2kr�aÿ b� bc1 ÿ c1 cosj� : �4:34�

Figure 8 plots the results of the numerical integration of
system (4.34) with initial conditions c�0� � 0, r�0� � 0:3,
j�0� � 1:07. The value of j�0� corresponds to the phase
shift of the fastest growing normal mode of linear theory with
the wavenumber k � km � 1:478. The computed behavior
explicitly illustrates the presence of the oscillatory regime. As
follows from the analysis, the oscillations take place in the
vicinity of the equilibrium point for system (4.34), which
corresponds to a secondary stationary flow. An expression

for the period of small oscillations in the vicinity of the
equilibrium point obtained in Ref. [81] explicitly illustrates a
strong dependence of the period on the initial conditions. For
the parameters of the fastest growing mode of the linear
theory, the period of small oscillations is T � 40 (about one
month in dimensional units).

The full streamfunction c� is the sum of perturbation
streamfunction (4.27) and background flow C � ÿyz. If the
dependences r�t�, c1�t�, j�t� are known, one can explore the
structure of the full streamfunction at different moments of
time at various vertical levels. Examples of isolines ofc� at the
lower and upper boundaries at a moment of time that
corresponds to a quarter of an oscillation period are given in
Figs 9 and 10. As follows from the analysis, at the lower level,
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Figure 8. Time dependences of (a) r�t�, (b) j�t�, (c) c�t� for k � 1:478 and
initial conditions r�0� � 0:3, j�0� � 1:07, c�0� � 0.
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there is a periodic process of intensification and decay of the
system of cyclonic and anticyclonic vortices, the centers of
which periodically displace toward either the right or left
zonal channel boundaries. The evolution at the upper
boundary reduces to a periodic process of meander forma-
tion in the zonal flow.

It should be mentioned that a regime with regular
oscillations strictly periodic in time was discovered by Hide
in a laboratory modeling of baroclinic instability in rotating
cylindrical vessels [16, 22]. In the time that followed, attempts
were made to discover a periodic regime in atmospheric
observational data [82]. The observed oscillations of energy
parameters in the atmosphere with a period of about 24 days
and their connection to baroclinic instability are described in
Ref. [83]. A theoretical description of nonlinear oscillations
was first obtained by Pedlosky [3, 84±87], who considered an
idealized geostrophic flow of two-layer fluid with a velocity

jump between the layers. The existence of a threshold jump
for the onset of instability enabled the development of a
weakly nonlinear theory of baroclinic instability. According
to this theory, a regime of nonlinear oscillations in flow
parameters is established for small deviations from the
critical value, which is associated with a periodic energy
exchange between the flow and unstable baroclinic waves.
Later, different theoretical aspects of baroclinic instability in
two-layer flows were studied [3, 88±92]; however, it should be
kept in mind that the two-layer structure is a very strong
idealization if applied to Earth's atmosphere.

4.4 General linear problem statement for perturbations.
Generation of baroclinic instability
by vortical perturbations
Instability in the SQG model is linked to the growth of
baroclinic wavesÐperturbations with zero PV distribution.
In the general case, the generation of such waves can be
associated with vortical perturbations with nonzero PV
distribution. In this section, following Refs [77, 93], we
briefly describe the mechanism of this generation.

For simplicity, we consider two-dimensional perturba-
tions in the linear Eady problem. The streamfunction of such
perturbations satisfies the PV conservation equation�

q
qt
� z

q
qx

�
q � 0; q � cxx � czz �4:35�

with the boundary conditions at z � 0; 1: �q=qt� zq=qx�czÿ
cx � 0 (conditions (4.1)).

The general solution of conservation Eqn (4.35) is written
in the form q � qi�xÿ zt; z�, where qi�x; z� is the initial PV
distribution. The description of perturbation dynamics in a
flow with vertical shear is therefore reduced to solving the
Poisson equation

cxx � czz � qi�xÿ zt; z� �4:36�

with boundary conditions (4.1). A solution of this problem is
expressed as a sum of wave and vortex components

c � c �v��x; z; t� � c �w��x; z; t� : �4:37�

Here, the vortex component c �v� is defined as a solution of
Eqn (4.36) with the conditionscz � 0 at z � 0; 1 (ensuring no
buoyancy at the boundaries). The wave component c �w� is
defined as a solution of the Laplace equation c �w�xx � c �w�zz � 0
with boundary conditions

z � 0; 1 :

�
q
qt
� z

q
qx

�
c �w�z ÿ c �w�x � c �v�x ; �4:38�

which are obtained by inserting (4.37) into the original
conditions (4.1). The right-hand side of (4.38) presents a
source enforcing the wave component (baroclinic waves).

An explicit expression for the vortex component can be
obtained for the initial spatially periodic PV distribution

qi�x; z� � F�z� exp �ikx� ; �4:39�

where F�z� describes the vertical structure. For such a
distribution, the vortical component c �v��x; z; t� �
~c�z; t� exp �ikx�, where ~c�z; t� is the solution to the boundary
problem d2~c=dz 2 ÿ k 2~c�F�z� exp �ÿikzt�, ~czjz�0;1 � 0.
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Figure 10. Same as in Fig. 9, but at the upper boundary.
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Using Green's function G�z; x� of this problem, we get for the
vortical component

c �v� � exp �ikx�
� 1

0

G �z; x�F�x� exp �ÿikxt� dx ; �4:40�

G �z; x � � ÿ1
k sinh k

cosh �kz� cosh �k �xÿ 1�� ; 0 < z < x ,

cosh �kx� cosh �k �zÿ 1�� ; x < z < 1 :

(

Just as in the SQG model, the wave component with zero
PV distribution is sought in the form of (4.11) that
corresponds to two-dimensional perturbations (sin�ly� � 1).
Finding from (4.40) values of c �v� at the boundaries, after
inserting (4.11) into boundary conditions (4.38), we get an
inhomogeneous variant of linear system (4.10):

ida1
dt
ÿ kpa1 � kra2 � f1�t� ;

ida2
dt
ÿ k�1ÿ p�a2 ÿ kra1 � f2�t� ;

f1 � r

� 1

0

cosh �kx�F�x� exp �ÿikxt� dx ;

f2 � r

� 1

0

cosh
�
k �xÿ 1��F�x� exp �ÿikxt� dx ; �4:41�

where r � sinhÿ1k. The right-hand sides of system (4.41)
describe the sources of baroclinic wave generation by the
vortical component.

An important particular case corresponds to a singular
distribution F�z� � avd�zÿ h�, where d�z� is the delta-
function, and av is a real amplitude parameter. Taking into
account (4.40), the vortical component for this distribution

c �v� � avG �z; h� exp
�
i�kxÿ ovt�

�
; ov � kh : �4:42�

Expression (4.42) (its real part) describes a neutral vortical
wave with frequency ov and phase velocity Ax � h, which
equals the flow velocity at z � h. In plasma physics, such
waves are referred to as vanKampen±Casewaves, or waves of
continuous spectrum [94].

The propagation of vortical wave (4.42) leads to the
excitation of baroclinic waves (the wave component of the
solution). A description of the excitation can be found from
the solution of system (4.41) with the right-hand sides
f1 � avr cosh �kh� exp �ÿiovt�, and f2 � avr cosh �k�hÿ 1�� �
exp �ÿiovt�. A general solution of inhomogeneous system
(4.41) is the sum of the general solution of the homogeneous
system (baroclinic component) and a particular solution of the
inhomogeneous system (vortical component). It immediately
follows that, for wavenumbers from the instability interval
0 < k < kb, the neutral vortical wave excites unstable bar-
oclinic waves, i.e., catalyzes the development of instability.

An interesting detail is related to the dynamics of
perturbations in the stable (neutral) case k > kb, where, in
the absence of vortical perturbation, the streamfunction of
the wave component represents a combination of two neutral
edge Rossby waves with frequencies

o1; 2 � k

2
� 1

sinh k

��������������
a 2 ÿ 1
p

;

a � a�k� � cosh kÿ 0:5 k sinh k : �4:43�

The propagation of vortical wave (4.42) can lead to the effect
of resonance excitation of neutral baroclinic waves when their

amplitudes grow linearly with time (in the absence of
instability). This effect was described for the first time in
Ref. [95], and it was studied later in Refs [73, 96, 97]. Below,
we give an interpretation of resonance in terms of frequencies.

From system (4.41) taken with initial conditions
a1; 2�0� � 0, one finds the amplitudes a1; 2�t� and then the
streamfunctions of the wave component. The respective
expression can be written as

c �w� � avm1F1�z�
exp

�
i�kxÿ o1t�

�ÿexp �i�kxÿ ovt�
�

ov ÿ o1

ÿ avm2F2�z�
exp

�
i�kxÿ o2t�

�ÿexp �i�kxÿ ovt�
�

ov ÿ o2
;

�4:44�
where the coefficients m1; 2 depend on the parameters k; h and
the functions F1; 2�z� are expressed through hyperbolic
functions. Expression (4.44) is a superposition of two neutral
baroclinic waves with frequencieso1 ando2 (respectively, the
upper and lower edge Rossby waves) and the vortex wave
with frequency ov.

The validity of solution (4.44) is violated in resonance
cases when ov � o1 or ov � o2. The resonance wavenumber
k � kr at which the frequencies coincide is found from
equations ov�k� � o1; 2�k�, which always have a solution.
Taking the limito1 ! ov in (4.44), for the first resonance case
we obtain the solution

c �w� � iavm1t F1�z� exp
�
i�kxÿ ovt�

�
ÿ avm2F2�z�

exp
�
i�kxÿ o2t�

�ÿ exp
�
i�kxÿ ovt�

�
ov ÿ o2

;

�4:45�
which grows linearly with time. Thus, the resonance excita-
tion is realized when the frequency of vortical waves (4.42)
coincides with one of the frequencies of the edge Rossby
waves (4.43).

It should be stressed that the effect of resonance is realized
in the case of singular distribution F�z� of initial vorticity in
the vertical direction. As shown in Ref. [93], in the case of
discontinuous function F�z�, there can be a quasi-resonance
excitation of baroclinic waves with a logarithmic growth in
amplitudes. The problem of optimal perturbations with
nonzero initial vorticity was considered in Ref. [77].

5. Baroclinic instability of zonal periodic flow

Following Ref. [98], we consider one more example in which
the development of baroclinic instability leads to the estab-
lishment of an oscillatory-in-time regime. In this example, a
spatially periodic flow is considered in the framework of the
SQG model with one horizontal boundary z � 0 (the under-
lying surface). The streamfunction and flow velocity profile
are described by the exact two-dimensional solution of the
Laplace equation

C � ÿ exp �ÿz� cos y; U � exp �ÿz� sin y : �5:1�
The dimensional form of velocity profile U �
U0 exp �ÿz=H � sin �y=L�, H � Lf=N, where L is the given
horizontal scale. Writing c � C� c 0 and omitting the prime
further, we arrive at the Laplace equation for perturbations
with the boundary condition

z � 0 : czt � sin y�cxz � cx� � �c;cz� � 0 : �5:2�
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Two approaches were used in Ref. [98] to explore the linear
stability of flows with one boundary. In the first approach,
perturbations harmonic in the coordinate x with a period of
2p=k and with a period of 2p (the period of background flow)
over the transverse coordinate y are considered. Such
perturbations satisfying the Laplace equation can be pre-
sented as a trigonometric series

c � exp �st� exp �ikx�
Xn��1
n�ÿ1

exp �ÿknz� exp �iny�jn ;

kn �
����������������
k 2 � n 2

p
;

where s is the increment of perturbations. Inserting this
representation into the linearized form of boundary condi-
tion (5.2), one gets a dispersion relation to determine s, which
contains an infinite continued fraction. Its truncation at a
finite step leads to successive approximations for the incre-
ment. This approach was first proposed in Ref. [99] for
exploring the stability of the Kolmogorov flow.

In the second approach, low-mode approximations of the
solution are constructed using the Galerkin method. As
shown in Ref. [98], both approaches lead to the same
approximations for the increment. The first approximation
has the form

s 2 � k �1ÿ k��k1 ÿ 1�
2k1

; k1 �
��������������
k 2 � 1

p
: �5:3�

Formula (5.3) describes the dependence of the increment
squared on the wavenumber. According to (5.3), the
instability takes place at 0 < k < 1, and the fastest growth
occurs for k � km � 0:7 (Fig. 11). Thus, there exists a long-
wave instability of the periodic flow with a preferred
horizontal scale (in the zonal direction) about the wavelength
of the background flow.

The Galerkin method can also be conveniently applied to
describe the nonlinear dynamics of perturbations. The
maximally truncated approximation of the nonlinear solu-
tion, which consist of the expansion in three basis functions,
f1 � sin y, f2 � cos y, f3 � 1, has the following form:

c � A �x; z; t� sin y� B �z; t� cos y� C �x; z; t� : �5:4�

By virtue of the Laplace equation, the coefficients of
expansion satisfy the equations

Axx � Azz ÿ A � 0; Bzz ÿ B � 0; Cxx � Czz � 0 : �5:5�

Inserting (5.4) into boundary condition (5.2) and subse-
quently taking account of orthogonality to the basis func-
tions leads to the nonlinear system of equations at the
boundary

z � 0 : Azt � �B� 1�Cxz � �1ÿ Bz�Cx � 0 ; �5:6a�
Czt � 1

2

��B� 1�Az � �1ÿ Bz�Ax

� � 0 ; �5:6b�
Bzt � CxAz ÿ ACxz � 0 : �5:6c�

A linearized variant of system (5.6) reduces to a system of
equations that corresponds to the linear stability theory.

To construct solutions to the nonlinear problemwhich are
periodic in coordinate x, one also uses a variant of the
Galerkin method. Approximate solutions of Eqns (5.5) and

(5.6) are sought in the form

A�a �t� exp �ÿkz� sin �kx� ; C�c �t� exp �ÿkz� cos �kx� ;
B � b�t� exp �ÿz� : �5:7�

For the selected form of the solution, Eqn (5.5) is exactly
satisfied, and boundary conditions (5.6a) and (5.6b) are
reduced to a nonlinear ordinary differential equation with-
out any approximation. Further, the operation of horizontal
averaging over the horizontal coordinate

j x � lim
1

L

� L

0

j dx ; L � 2p
k

is introduced and, for the selected form of the solution, one
computes the averaged nonlinear term of equation (5.6c)
�CxAz ÿ ACxz� x � �1=2�k�k1 ÿ k�ac. From the last expres-
sion, it follows that an approximate solution for the
coefficient B should depend only on time and the vertical
coordinate, which is taken into account in expansion (5.4).
Denoting ~b � b� 1, we obtain a system of ordinary differ-
ential equations for the description of nonlinear dynamics of
perturbation:

da

dt
� a ~bc � 0;

dc

dt
� g ~ba � 0;

d~b

dt
ÿ b ac � 0 : �5:8�

The coefficients of the system

a � k�1ÿ k�
k1

; g � k1 ÿ 1

2
; b � k�k1 ÿ k�

2
�5:9�

depend on the perturbation wavenumber k. For the interval
0 < k < 1 of unstable wavenumbers, a; b; g > 0.

Nonlinear system (5.8) is analogous to the system
describing the motion of a symmetric top in mechanics (or
fluid motion in an ellipsoidal cavity). The respective theory is
presented in detail in Ref. [80]. Formally mathematically,
with respect to a; ~b; c; system (5.8) has two stable equilibrium
states �a; 0; 0�, and �0; 0; c� and one unstable state �0; ~b; 0�. An
important role belongs to the conservation laws following
from (5.8),

ga 2 ÿ ac 2�I1�const ; ba 2 � a~b 2�I2�const : �5:10�

From the second law, it directly follows that, in contrast to the
solution to the linear problem, all solutions are bounded with
respect to time.

0.15

0.10

0.05

0.25 0.50 0.75 1.00k

s

0

Figure 11. Dependence of instability increment on wavenumber for the

first (solid line) and second (dashed line) approximations of the Galerkin

method.
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Taking account of first integrals (5.10), solutions of
system (5.8) can be expressed in terms of elliptical functions.
These solutions describe nonlinear oscillations with a period
depending on the initial amplitude (nonisochrone oscilla-
tions). For the problem with initial conditions a�0� � 0,
b�0� � 0, c�0� � c0, the period of oscillations is given by the
formula

T � 4

n
K�m� ; n 2 � a�g� bc 20 � ; m 2 �

�
1� b

g
c 20

�ÿ1
;

�5:11�
where K�m� is a complete elliptic integral of the first kind,

K �m� �
� p=2

0

dy���������������������������
1ÿm 2 sin 2 y

p :

From (5.11), it follows that the period of oscillations increases
if the initial amplitude c0 is reduced. Results of a numerical
integration of system (5.8) for the value c0 � 0:01 (Fig. 12)
clearly illustrate how the stage of initial exponential perturba-
tion growth is replaced by the stage of stable nondecaying
oscillations.

Using numerical computations, one can construct con-
tour plots of full streamfunction c� � C� c 0 at different
moments of time:

c� �
ÿ
b�t� � 1

�
exp �ÿz� cos y� a�t� exp �ÿk1z�

� sin �kx� sin y� c�t� exp �ÿkz� cos �kx� : �5:12�

The respective patterns are repeated with period T1 � T=2.
As an example, Fig. 13 shows the streamlines at the level z � 0
at the dimensionless moments of time t � 30 and t � 50 for
the parameters c0 � 0:01 and k � 0:5. As can be seen, when
the instability is evolving, a system of isolated vortex
structures is formed in the periodic flow. It is most clearly
seen at the moment t � 50, which corresponds to half the
period T1 � 100. At this moment, a vortex ensemble forms,
which fully destroys the zonal structure of primary flow. As
time progresses, the flow returns to its unperturbed zonal
state (at moment t�100), and this process is repeated
periodically. The life cycle of nonlinear perturbations pre-
sents a periodic process of birth and decay of a system of
closed vortical structures in the flow.

It is important that approximate solution (5.12) exactly
satisfies the energy conservation laws of SQGmodel (3.4) and
(3.5). Indeed, direct computation of energies (taking squares,
integration, and averaging) for solution (5.12) gives

V � 1

2
c 2
z �

1

4

�
~b 2 � k 2c 2 � 1

2
k 2
1 a

2

�
;

E � 1

2

�1
0

�c 2
x � c 2

y � c 2
z � dz

� 1

4

�
~b 2 � kc 2 � 1

2
k1a

2

�
(the star is omitted). Taking into account expressions for
coefficients (5.9) and first integrals (5.10), it can be directly
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Figure 12. Results of numerical integration of system (5.8) for variables a�t� (a) and ~b�t� (b).
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Figure 13. Isolines of full streamfunction (5.12) for moments of time (a) t � 30 and (b) t � 50.
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seen that

V � I2 ÿ k 2I1
2a

; E � I2 ÿ kI1
2a

: �5:13�

Since an arbitrary function of independent first integrals I1
and I2 is also a first integral, (5.13) implies the conservation of
energies V and E, and clarifies the physical sense of integrals
I1 and I2, which (more precisely their linear combinations)
reflect the conservation of surface potential and full energies.
Namely these conservation laws are responsible for the onset
of oscillations in a system without dissipation. We note that
numerical integration of the full system of equations of the
SQGmodel carried out in Ref. [98] confirmed the existence of
the oscillatory regime in the stability problem.

We also stress that the periodic flow considered here can
be seen as a geophysical prototype of periodical flows in
atmospheres of giant planets [100] or the multiple jets recently
discovered in the southern ocean [101,102].

Observational data show that multiple jets meander,
coalesce, depart from each other, and vary in intensity. This
testifies to the internal dynamical instability of such flows and
agrees with the results of the analysis performed here.

6. Discrete variant of SQG model
and baroclinic instability of jet flows

Exploring baroclinic instability becomes much simpler in a
discrete SQG model with two vertical internal levels. Zonal
flows in this model are initiated by given distributions of
buoyancy at the boundaries of the atmospheric layer (the
underlying surface and tropopause). Piecewise-constant
buoyancy distributions in the form of a step or localized
rectangle (analogs of frontal zones) induce, respectively, an
isolated jet or a system of two oppositely directed jets in the
upper half of the atmospheric layer, with an oppositely
directed flow in the lower half. These flows are analogs of
jet flows (3.10) and (3.11) in the continuous model. In
Sections 6.1±6.3, the linear stability theory for such flows is
presented, the interval of unstable wavenumbers is given, and
analytic expressions for instability increments are found.

6.1 Discrete model with two vertical levels
and the statement of stability problems
To construct an SQG model with two levels in the vertical
direction, Laplace Eqn (3.3) is written in the form
Dc� yz � 0, where y � cz, Dc � cxx � cyy. Interval �0; 1�
of the z-axis is split into four equal intervals with length
h � 1=4. The notation c1 � cjz�h, c2 � cjz�3h, ym � yjz�2h is
introduced, and central differences are used to approximate
the derivative yz. Then, for levels z � h and z � 3h, the
Laplace equation leads to the respective equations

Dc1 �
ym ÿ ybott

2h
� 0 ; Dc2 �

ytop ÿ ym
2h

� 0 ; �6:1�
where ytop and ybott are the values of buoyancy at the upper
and lower boundaries. Assuming further ym �
�c2 ÿ c1�=�2h�, from (6.1) we get

Dc1 �
l 2

2
�c2 ÿ c1� �

ybott
2h

;

Dc2 ÿ
l 2

2
�c2 ÿ c1� � ÿ

ytop
2h

;

�6:2�

which connect the distributions of the streamfunction with
boundary buoyancy distributions. Here and below, we denote
l 2 � 1=�2h 2� � 8.

In the framework of the SQG model, conditions (3.2)
should hold at the horizontal boundaries z � 0 and z � 1:
Dybott=Dt � 0, Dytop=Dt � 0. We carry these conditions on
the levels z � h and z � 3h, and, taking account of (6.2),
obtain the equations

q1t � �c1; q1� � 0 ; q2t � �c2; q2� � 0 ;

q1; 2 � Dc1; 2 �
l 2

2
�c2 ÿ c1� ;

�6:3�

which formally coincide with equations of the two-level
quasigeostrophic Phillips model [103] obtained by discretiz-
ing the general PV conservation Eqn (3.1). Its difference from
the classical Phillips model lies in the physical interpretation
of variables. The distributions of PV at the upper and lower
model levels of model (6.3) now have the sense of doubled
buoyancy distributions at the upper and lower boundaries of
the atmospheric layer.

The streamfunction of stationary zonal flows (depending
on coordinate y) is found from Eqns (6.2). These equations
are reduced to two isolated equations,

~Cyy ÿ l 2 ~C � ÿ�Ybott �Ytop� ; �Cyy � Ybott ÿYtop ;

�6:4�
on the barotropic �C � �C1 �C2�=2 and baroclinic ~C �
�C2 ÿC1�=2 streamfunction components. Here, Ybott�y�,
Ytop�y� are the given buoyancy distributions at boundaries
z � 0, z � 1, and all variables of zonal flows are denoted with
capital letters. In the case Ytop�Ybott, the barotropic compo-
nent �C�0, and the velocity field at two levels �U1;U2� �
�ÿU;U �, U � ÿ ~Cy, where Uyy ÿ l 2U � 2dYbott=dy. Thus,
just as in the continuous model, equal boundary buoyancy
distributions induce oppositely directed flows at the upper
and lower levels. Such flows have a well expressed velocity
shear and are therefore the most interesting from the view-
point of stability.

To explore the stability of zonal flows, we assume
c1 � C1 � c 01, c2 � C2 � c 02 and study the linearized
Eqns (6.3):�

q
qt
�U1

q
qx

�
q 01 � 2

dYbott

dy

qc 01
qx
� 0 ;

�
q
qt
�U2

q
qx

�
q 02 ÿ 2

dYtop

dy

qc 02
qx
� 0 :

IfYtop � Ybott, this system transforms into the following:

q
qt
�Dyÿ l 2y� �U

q
qx

Dsÿ 2
dYbott

dy

qs
qx
� 0 ;

q
qt

Ds�U
q
qx
�Dyÿ l 2y� ÿ 2

dYbott

dy

qy
qx
� 0 :

�6:5�

Here, we introduced variables s � �1=2��c 01 � c 02�, y �
�1=2��c 02 ÿ c 01� in terms of which the streamfunctions of
perturbations c 01; 2 � s� y at different levels are easily
expressed.

In the framework of system (6.5), it is straightforward to
obtain a solution to the discrete variant of the Eady problem
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that corresponds to linear distributions Ybott � Ytop � ÿy,
and the velocity field at two levels is �U1;U2���ÿU;U �, where
U�1=4. In this case, system (6.5) is reduced to a single
equation

q 2

qt 2
�Dyÿ 8y� ÿ 1

16

q 2

qx 2
�Dy� 8y� � 0 ;

which has exponentially growing solutions y � y0 exp �st��
exp

�
i�kx� ly�� with the squared increment

s 2 � k 2

16

8ÿ m 2

8� m 2
; m 2 � k 2 � l 2 : �6:6�

A comparison of increment (6.6) with that of the continuous
model (see Fig. 3) shows that the error in finding the right
boundary of the interval of unstable wavenumbers does not
exceed 16%, i.e., the two-level model turns out to be quite
accurate. We note that, in our recent study [104], a general
method for constructing multi-level difference approxima-
tions of the SQG model equation is developed. As applied to
the Eady problem, it is shown that, as the number of levels is
increased, the relative errors rapidly decrease, in particular,
the error of the four-level model no longer exceeds 3.6%

6.2 Instability of an isolated jet flow
This flow is induced by a piecewise-constant distribution of
buoyancy Ybott�y� � a=2, y < 0, Ybott�y� � ÿa=2, y > 0, or
Ybott�y� � a�1=2ÿH �y��, where H �y� is the Heaviside
function. To construct this distribution from the first
Eqn (6.4), one finds the profile of jet flow velocity at the
upper level (Fig. 14)

U2 � U � U0 exp
ÿÿ ljyj� ; U0 � a

l
: �6:7�

At the lower level, there is an oppositely directed flow. Note
that profile (6.7) is close to the observed profile of upper
tropospheric jet flows [58].

The linear stability of flow (6.7) is studied in the frame-
work of system of equations (6.5). Since, for this flow,
dYbott=dy � ÿad�y�, where d�y� is the delta function, this
system is satisfied by solutions for which at y 6� 0

Dyÿ l 2y � 0 ; Ds � 0 : �6:8�
Solutions of Eqns (6.8) periodic over the coordinate x which
decay at jyj ! 1 can be written in the form

y � ÿ 1

2k1
A �t� exp ÿÿ k1jyj

�
cos �kx� ;

s � 1

2k
B �t� exp ÿÿ kjyj� sin �kx� ; �6:9�

where k is the wavenumber; here and below, we use the
notation k1 � �k 2 � l 2�1=2. The amplitude functions
A�t�; B�t� entering (6.9) are found from the conditions on
jumps of normal derivatives at y � 0. Taking into account
dYbott=dy � ÿad�y�, after integration of Eqns (6.5) over a
small vicinity of y � 0, we obtain

q
qt
fyyg �U0

q
qx
fsyg � 2a

qs
qx
� 0 ;

q
qt
fsyg �U0

q
qx
fyyg � 2a

qy
qx
� 0 :

�6:10�

Here, curly brackets denote the jump of derivative
fyyg � yy�y� 0� ÿ yy�yÿ 0�.

It can be easily verified that, for solution (6.9), fyyg �
A�t� cos �kx�, fsyg � B�t� sin �kx�. Inserting these last expres-
sions into (6.10), taking account of a � lU0, we obtain a
system of linear differential equations for the amplitudes
At � U0�lÿ k�B, Bt � �k=k1�U0�k1 ÿ l�A. This system has
solutions of the form A � A0 exp �st�, B � B0 exp �st�, where
the increment squared

s 2 � U 2
0

�
k

k1

�
�lÿ k��k1 ÿ l� : �6:11�

Since k1 �
����������������
k 2 � l2

p
> l, from (6.11) it follows that, for

wavenumbers from the interval 0 < k < l, l � ���
8
p � 2

���
2
p

,
an unstable perturbation exists, i.e., flow (6.7) is unstable. In
dimensional variables, the right boundary of the instability
interval corresponds to the wavelength �2p=l�LR �
2221:4 km (for LR � 1000 km). The maximum increment
(Fig. 15) occurs for the wavenumber k � km � 2:01 and the
wavelength �2p=km�LR � 3118:2 km, and the characteristic
e-folding time for U0 � 1 is T0=gmax � 50:45 h (about two
days).

Taking (6.9) into account, one can obtain an expression
for the streamfunction of growing perturbation at the upper
level c 02 � y� s. This expression is transformed into the
following one:

c 02 � ÿ
A0 exp �gt�

2k1

�
exp

ÿÿ k1jyj
�
cos �kx�

� b exp
ÿÿ kjyj� sin �kx�� ; �6:12�

where b � �����������������������������������������
k1�k1 ÿ l�=k�lÿ k�p

. The contour plot of
streamfunction (6.12) for k � km (the fastest growing mode)
is given in Fig. 16a.

We note that the isolines are sloping against the direction
of flow. Only for such a slope can a growing perturbation
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Figure 14.Horizontal velocity profile (a) and streamfunction (b) for an isolated jet flow at the upper level.
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extract energy from the energy of the jet flow. The perturba-
tion streamfunction at the lower level has a similar shape, but
with an opposite slope of isolines.

6.3 Instability of a system of two opposite jets
A system of two opposite jets is induced by a piecewise-
constant buoyancy distribution Ybott � a, jyj < b, Ybott � 0,
jyj > b. For this distribution, from the first equation in (6.4),
we find the upper level velocity profile

U2 � ÿC2y � U0

sinh �ly�
sinh �lb� ; jyj < b ,

sgn y exp
�ÿ l

ÿjyj ÿ b
��
; jyj > b ,

8<:
U0 � a

j�b� ; j�b� � 1

2
l
�
1� coth �lb�� ; �6:13�

which describes a system of two opposite jets with distance 2b
between their axes and axial velocity U0 (Fig. 17). An
analogous system of jets is formed at the lower level, but it
has the opposite direction.

The stability of flow (6.13) is explored in the framework of
system (6.5). Taking account of dYbott=dy � a�d�y� b�ÿ
d�yÿ b��, system (6.5) is satisfied by perturbations for which
Eqns (6.8) are valid at y 6� �b. Solutions of these equations,
which are periodic over the coordinate x and decay at

jyj ! 1, can be written in the real form as

y � ÿ 1

2
k1
�
A1�t� exp

ÿÿ k1jyÿ bj�
� A2�t� exp

ÿÿ k1jy� bj�� cos �kx� ;
s � ÿ 1

2k

�
B1�t� exp

ÿÿ kjyÿ bj�
� B2�t� exp

ÿÿ kjy� bj�� sin �kx� ; �6:14�

where k 2
1 � k 2 � l 2. Amplitudes A1; 2�t� and B1; 2�t� entering

(6.14) are found from the system of equations on jumps of
normal derivatives at y � �b. For solutions (6.14), the jumps
of derivatives are y � �b: fyyg � A1; 2 sin �kx�, fsyg �
B1; 2 cos �kx�. Inserting these expressions into the system of
equations for the jumps leads to a system of four linear
differential equations for the amplitudes. Taking into account
a � U0j�b�, system (6.14) can be cast into a matrix form,

da

dt
� ÿU0P1b ;

db

dt
� U0

k

k1
P2a : �6:15�

Here, we use the column vectors a � �A1;A2�T and
b � �B1;B2�T and the matrices

P1 � kÿ j�b� ÿj�b� exp �ÿ2kb�
j�b� exp �ÿ2kb� j�b� ÿ k

� �
;

P2 � k1 ÿ j�b� ÿj�b� exp �ÿ2k1b�
j�b� exp �ÿ2k1b� j�b� ÿ k1

� �
:
�6:16�
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Figure 15.Dependence of instability increment on wavenumber for an isolated jet flow (a) and a system of two opposite jet flows (b).
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Figure 16. Perturbation streamfunction at the upper level for an isolated jet flow (a) and a system of two opposite jets (b).
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The study of stability is therefore reduced to an analysis of the
behavior of system (6.15).

System (6.15) has solutions in the form a � exp �st� a0,
b � exp �st� b0, where the vectors a0, b0 satisfy a homoge-
neous system of algebraic equations sa0�ÿU0P1b0, sb0 �
U0�k=k1�P2a0. Denoting ~s 2 � �s=U0�2�k1=k�, one can reduce
this system to one vector equation �P1P2 � ~s 2E� a0 � 0,
where E is an identity matrix. The solvability condition for
the last equation gives an equation on the square of the
normalized increment ~s 2,

det �P1P2 � ~s 2E � � 0 : �6:17�

Equation (6.17) is an analog of the problem dealing with the
eigenvalues of matrix P1P2 and its eigenvector a0.

As follows from an analysis of the roots of Eqn (6.17),
there are two growing eigenmodes. The squares of increments
for these modes are given by the expressions

s 2 � U 2
0

�
k

k1

�
Z1�k�Z2�k� ;

s 2 � U 2
0

�
k

k1

�
m1�k�m2�k� :

�6:18�

For the firstmode, Z1�k� � j�b��1�exp �ÿ2kb�� ÿ k, Z2�k� �
k1 ÿ j�b��1ÿ exp �ÿ2k1b��. For the second one, m1�k� �
j�b��1�exp �ÿ2k1b��ÿk1, m2�k��kÿ j�b��1ÿ exp �ÿ2kb��.
The first mode grows for the wavenumber values 0 < k < kb,
where kb is the root of the equation Z1�k� � 0, i.e., the
equation k � j�b��1� exp �ÿ2kb��. The last equation has
the structure of the equation that arises in the classical
Rayleigh problem on the instability of a free shear layer.
The expression kb�j�b��1�exp �ÿ2bj�b��� provides a good
approximation of the root in a wide range of parameter b. For
large values of b, the second mode is a growing one for
0 < k < l. As follows from Fig. 15, which plots the
dependence of the increment on the wave number, the first
mode (solid line) grows faster than the second one (dashed
line).

Using (6.14) and the expressions for eigenvectors a0,
one can obtain expressions for the perturbation of
streamfunction c 02 � y� s at the upper level. The main
difference for the modes is related to the slope of isolines of
c 02 in the region jyj > b. While the first mode has an
optimal slope against the flow (Fig. 16b), the isolines
slope along the flow for the second mode. Note that the
first and second modes are analogs of sinusoidal and
varicose modes of instability for two-dimensional flows of
a homogeneous fluid [105].

7. Baroclinic instability
in the presence of the beta effect

Everywhere above, we dealt with baroclinic instability with-
out accounting for the variable Coriolis parameter (beta
effect). This effect was taken into account by Charney [12],
who considered the stability of a flow with constant vertical
shear L in a semi-infinite atmosphere (the Charney problem).
The stability is explored in the framework of linearized PV
Eqn (2.4), the solution of which is sought in the form of
normal mode c � F�z� exp �ik�xÿ ct�� sin �ly�, l � pn=L�. In
dimensionless variables, the complex phase velocity c �
cr � ici is found from the solution to the spectral problem
(k 2 � k 2 � l 2)

�zÿ c��Fyy ÿ k 2F� �PyF � 0 ;

z � 0 : cFz � F � 0 ;
�7:1�

complemented by the condition that F�z� be finite as z!1.
Compared to the Eady problem, the presence of the back-
ground gradient of potential vorticity Py � b in (7.1)
substantially complicates the spectral problem analysis
because of the appearance of critical levels (singular points)
that correspond to z � c. The representation of the exact
solution to (7.1) in terms of hypergeometrical functions shows
that there is a countable number of neutral modes that are
regular at critical levels. These modes correspond to some
values of wavenumbers k � ki. In a classical situation (for
two-dimensional shear flows), the values k � ki separate
intervals of stable and unstable wavenumbers. Miles estab-
lished a subtle result [106] that unstable modes (ci > 0) of
problem (7.1) are present both left and right of each k � ki.
Taking into account the beta effect, therefore, leads to the
appearance of a countable set of unstable normal modes. This
is the main distinction from the Eady problem which has only
two modes (growth and decay).

A numerical analysis of the spectrum of (7.1), together
with an analysis of the structure of the fastest growing mode,
was carried out in Refs [107, 108]. The increment of such a
two-dimensional mode (l � 0) is given by the expression
sm � 0:286� f=N �L, which is practically very close to the
analogous expression for the Eady problem sm �
0:31� f=N �L (see Section 3). Constants entering these expres-
sions differ by less than 8%. The wavelength of the most
unstable mode in the Charney problem is also close to that in
the Eady problem (even though the latter has no specific
vertical scale). A detailed comparison of solutions to the two
problems is given by Gill [60].

Studying the beta effect influence on stability becomes
substantially simpler in the framework of quasigeostrophic
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Figure 17.Horizontal profiles of velocity (a) and streamfunction (b) at the upper level for a system of jet flows.
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models which are discrete in the vertical direction. Such
models filter weakly unstable modes with small vertical
scales and allow an explicit description of the role of the
nonzero PV gradient induced by the beta effect. In the
framework of the two-level model, this was done for the first
time in Ref. [103], which triggered numerous publications on
studies of baroclinic instability in the presence of the beta
effect (a review was proposed by Pedlosky [3]). Below, we will
explore the influence of the beta effect in the framework of the
SQG model from Section 6 with two discrete vertical levels.
Taking into account this effect, the dimensionless expression
for the quasigeostrophic potential vorticity can be written as
(omitting the constant f0) q � czz � cxx � cyy � by, where
the parameters b � b0L

2
R=U and (in the beta-plane approx-

imation) b0 � �2O=R� cosj0. The streamfunction of motions
with q � 0 satisfies the equation

Dc� by� yz � 0 ; �7:2�
where, as earlier, y � cz, Dc � cxx � cyy. Just as in Section 6,
the interval �0; 1� of the z-axis is divided into four equal
intervals with length h � 1=4, the notation c1 � cjz�h,
c2 � cjz�3h, ym � yjz�2h is introduced, and central differences
are used to approximate the derivative yz. From the related
differential form of Eqn (7.2), we follow the relationships

Dc1 � by� l 2

2
�c2 ÿ c1� �

ybott
2h

;

Dc2 � byÿ l 2

2
�c2 ÿ c1� � ÿ

ytop
2h

;
�7:3�

where ytop and ybott are the distributions of buoyancy at the
upper and lower boundaries. Inserting (7.3) into boundary
conditions Dybott=Dt � 0, Dytop=Dt � 0, we obtain
Eqns (6.3) of the two-level model:

q1t � �c1; q1� � 0 ; q2t � �c2; q2� � 0 ; �7:4�
where now

q1; 2 � Dc1; 2 � by� F

2
�c2 ÿ c1� : �7:5�

Here, F � l 2. Except for the physical interpretation of
variables mentioned earlier, Eqns (7.4) and (7.5) coincide
with the equations of the two-level or two-layer model with
the beta effect. The value of parameter F, in contrast to that in
a two-layer model, does not depend on the density difference
between the two layers, but on the step of the vertical
subdivision, F � l 2 � 1=�2h 2� � 8.

The streamfunction of stationary zonal flows (depending
on coordinate y) is found from Eqns (7.3). As earlier, these
equations are reduced to two isolated equations,

~CyyÿF ~C � ÿ�Ybott �Ytop� ; �Cyy�by � Ybott ÿYtop ;

�7:6�

on the barotropic �C � �C1 �C2�=2 and baroclinic ~C �
�C2 ÿC1�=2 streamfunction components. Here, Ybott�y�
and Ytop�y� are the given distribution of buoyancy on the
boundaries z � 0, z � 1, and all variables for zonal flows are
denoted by capital letters. Further, we will consider distribu-
tions which induce a flow with equal and oppositely directed
constant velocities at two levels U1; 2 � �U. According to
Eqns (7.6), such distributions should satisfy the conditions

Ybott �Ytop � ÿFUy ; Ytop ÿYbott � by : �7:7�

The second condition of (7.7) corresponds to the zero
barotropic component of the streamfunction. From condi-
tions (7.7), it follows that

Ytop ;bott � 1

2
y�UF� b� ; �7:8�

i.e., to excite flows with opposite velocity directions at two
levels (such a flow is considered most frequently), one needs
special linear distributions of buoyancy at the boundaries,
which include the beta effect.

The analysis of flow stability is carried out in the frame-
work of linearized system of Eqns (7.4). According to (7.8), the
derivatives d�Ytop ; bott�=dy � ÿ�1=2��UF� b� entering the
system and playing the role of PV gradient in each layer are
nonzero: they are defined by b and velocity U. For the
variables y � �1=2��c 02 ÿ c 01� and s � �1=2��c 01 � c 02�, sys-
tem (7.4) is reduced to the following:

q
qt
�Dyÿ F y� �U

q
qx

Ds�UF
qs
qx
� b

qy
qx
� 0 ;

q
qt

Ds�U
q
qx
�Dy� ÿ b

qs
qx
� 0 : �7:9�

Looking for wave solutions of Eqns (7.9) of the form y �
a0 exp �kt� exp �i�kx� ly��, s � b0 exp �gt� exp �i�kx� ly�� and
denoting g 2 � k 2 � l 2, we arrive at the quadratic equations

k 2�k 2 � F �g 2 ÿ ib�2k 2 � F �gÿ b 2k 2

ÿ k 2U 2k 2�Fÿ k 2� � 0 �7:10�
on the complex increment g. The real part of this increment
s � Re g characterizes the growth of perturbations. From
(7.10), it follows that, at b � 0, the increment squared is
given by the expression

g 2 � s 2 � U 2�Fÿ k 2�
F� k 2

; �7:11�

which coincides with (6.6) (for F � 8, U � 1=4). Instability
takes place for k 2 < F. For b 6� 0, the complex increment

g � 1

2k 2�k 2 � F �
ÿ
ib�2k 2 � F � �

����
D
p
� ;

D � k 2
ÿ
U 2k 4�F 2 ÿ k 4� ÿ 4b 2F 2

�
:

�7:12�

According to (7.12), instability occurs if k 2 < F and

U 2 > U 2
c �k� �

b 2

k 4�F 2 ÿ k 4� ; �7:13�

i.e., the flow velocity at the upper level U must exceed the
critical value Uc�k� (7.13). The last condition is obviously
equivalent to the bound on the vertical velocity shear
U1 ÿU2 � 2U. The existence of the threshold velocity is the
main feature introduced by the beta effect. The equation
U � Uc�k� describes the neutral stability curve in the
parameter plane �U; k 2�. For k 2 � F=

���
2
p � 4

���
2
p

, this curve
has a minimum point, the minimum value Ucmin � 2b. Thus,
for any U > 2b, there exists an interval of unstable k 2

containing the minimum point.
Note that, forU � 0 (no vertical shear), g � io1; 2 and the

wave solutions present barotropic and baroclinic Rossby
waves s � C exp �i�kx� lyÿo1; 2t�� with frequencies o1 �
ÿbk=k 2, o2 � ÿbk=�k 2 � F �.
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The existence of a neutral curve allows developing a
weakly nonlinear theory for the velocities U � Uc � D,
D5Uc in terms of the slow time T � D 1=2t [85]. Taking
account of D � 4b 2F 2�U 2=U 2

c ÿ 1�, the increment for linear
perturbations g � rD 1=2, where r � bF=U 1=2

c k 2�k 2 � F �. The
amplitude of linear perturbations satisfies the equation
ATT ÿ rA�0. In the weakly nonlinear theory, this linear
second-order equation is replaced by the equation contain-
ing a cubic nonlinearity,

ATT ÿ rA � NAjAj2 : �7:14�

A principal role is played by the constant N, more precisely,
by its sign. If N < 0, then, in the supercritical case �U > Uc�,
there are oscillations with respect to some equilibrium state
(soft stability loss). For positiveN, the solutions of Eqn (7.14)
grow unboundedly, i.e., nonlinearity fails to stabilize the
exponential growth of linear perturbations. In the context of
the two-layer model, the author of Ref. [85] carried out a
rather cumbersome computation of the constant N and
established that the complex amplitude satisfies Eqn (7.14)
with N < 0. It was also shown that the absolute value of
complex amplitude R � jAj satisfies the equation that
describes particle motion in a field with potential

V�R� � ÿa 2R 2 � bNR 4 � c 2Rÿ2 : �7:15�
For N < 0, the potential V�R� has a minimum point, and the
time dependence R�T � corresponds to periodic (oscillatory)
particle motion in the potential well. These oscillations are
analogous to the ones explored in Section 3 by the Galerkin
method.

8. Symmetric baroclinic instability

Symmetric baroclinic instability, the study of which was
initiated by the classical papers by Rayleigh [109] and
Solberg [110] (see also [111]), occurs in problems formulated
in a cylindrical or spherical geometry where initially there is
zonal (azimuthal) symmetry. An approximate analysis can be
carried out in local Cartesian coordinates ignoring the
curvature of coordinate lines, which is appropriate when the
respective centrifugal forces are much smaller than the
Coriolis force (cf. [112]). In the atmosphere, such symmetric
baroclinic instability may unfold and be noticeable in jet
streams (on their subtropical side), atmospheric fronts,
tropical hurricanes, and the near-equatorial atmosphere in
general [113]. Symmetric baroclinic instability has great (if
not even greater than for the atmosphere) significance in the
ocean (see, for example, [114]).

Consider an f-plane and a circular vortex on it. The
`f-plane' concept implies that the Coriolis parameter f is
approximately constant, which is true when the meridional
scale of motion is not very large. Strictly speaking, the
problem should be treated in cylindrical coordinates r; l; z,
where r is the radial coordinate, l the azimuthal (zonal)
coordinate, and z is the axial (vertical) coordinate. However,
for simplicity, in places where the curvature radius of
coordinate surfaces is already large and the centrifugal
inertia force related to this curvature is small compared with
the Coriolis force, one introduces the local Cartesian
coordinates x; y; z: the x-axis is directed radially, the y-axis
is azimuthal, and the z-axis is directed upward. The respective
velocity components are u; v;w. We assume that hydrodyna-
mical fields vary much more strongly in the radial direction

than in the azimuthal one and write Eqns (2.2) in the form

Du

Dt
ÿ fv � ÿ qf

qx
;

Dv

Dt
� fu � 0 ;

Dw

Dt
� ÿ qf

qz
� b ;

Db

Dt
� 0 ;

qu
qx
� qw

qz
� 0 : �8:1�

The stability of stationary zonal velocity fieldV�x; z�, which
is linked to the buoyancy field B �x; z� by the thermal wind
equation f �qV=qz��qB=qx, is explored. We impose small
perturbations �u 0; v 0;w 0;f 0; b 0���ÿqc 0=qz; v 0; qc 0=qx;f 0; b 0�
on this state, such that the continuity equation is satisfied
identically, linearize (8.1) with respect to the primed quan-
tities, and, by excluding f, arrive at the equations on
perturbations of the streamfunction (cf. [31])

q 2

qt 2

�
q 2c 0

qx 2
� q 2c 0

qz 2

�
�
�
qB
qz

q 2c 0

qx 2
ÿ 2

qB
qx

q 2c 0

qx qz

� f

�
qV
qx
� f

�
q 2c 0

qz 2

�
� 0 : �8:2�

The coefficients in (8.2) are treated as nearly constant, i.e., the
spatial scale of perturbations is supposed to be much smaller
than the scale of basic flow. Equation (8.2) is strict when
V�x; z� andB�x; z� are linear functions of coordinates x and z.
Multiplying both sides of (8.2) by qc 0=qt and integrating over
the entire flow domain with periodic boundary conditions at
its boundaries, we obtain the conservation law

dH

dt
� 0 ; H � 1

2

�� �
c 0 2xt � c 0 2zt �

qB
qz

c 0x
2

ÿ 2
qB
qx

c 0xc
0
z � f

�
qV
qx
� f

�
c 0z

2

�
dx dz : �8:3�

Subscript letters denote derivatives over respective coordi-
nates. In order that Eqn (8.2) have a solution which is
bounded in time and regular in the entire infinite plane (or
satisfying given conditions at the boundary of finite spatial
domain), the linear operator in square brackets in (8.2) should
be elliptic [115] or the quadratic form in the integrand in (8.3)
should be positive definite, which is the same thing. Thus, the
following conditions should be observed: (a) static stability
qB=qz > 0, (b) inertial stability f � f� qV=qx� > 0, and (c) the
discriminant of the quadratic form matrix should be positive,
i.e.,

qB
qz

f

�
f� qV

qx

�
ÿ
�
qB
qx

�2

> 0 : �8:4�

Condition (8.4) of symmetric baroclinic instability can be
written in an elegant form if we introduce the potential
vorticity

P � q�m;B�
q�x; z� �

qm
qx

qB
qz
ÿ qm

qz
qB
qx

;

where m � V� fx, and use the thermal wind equation.
Obviously, (8.4) is reduced to the condition of positivity (in
the northern hemisphere, where f > 0) of potential vorticity

fP > 0 :

Using the thermal wind equation, for f > 0 and for valid
condition a) of static stability, stability condition (8.4) can be
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presented as

1� 1

f

qV
qx
ÿRiÿ1 > 0 ; �8:5�

where Ri � �qB=qz�=�qV=qz�2 is the gradient Richardson
number. When Ri < 1, i.e., the influence of baroclinicity
(vertical velocity shear) is large, the horizontal velocity shear
ceases to be an essential ingredient of instability. Note that in
this case criterion (8.5) looks very essential, because the
related criterion of wave shear instability Ri < 1=4 (Miles±
Howard criterion [106, 116]) is more limiting. Possibly, this is
also the reason why symmetric instability is rather important
in studies of organized mesoscale vortex structures. Thus, the
traditional baroclinic instability that was considered in
Sections 2±7 (let us recall that it is the instability with respect
to perturbations which depend on the along-flow coordinate)
is realized for Richardson numbers which are much larger
than one. Symmetric baroclinic instability with respect to
perturbations that depend on the coordinate perpendicular to
the basic flow is realized for the Richardson numbers in the
interval 1=4 < Ri < 1. Finally, vertical shear instability
occurs for Ri < 1=4. We note that symmetric baroclinic
instability is a form of slantwise convection and is realized in
cases when particle motion occurs in a narrow wedge formed
by isentropic surfaces and surfaces of constant absolute
momentum m � const. In this case, the isentropic surfaces
should be at a larger angle to the horizontal plane than
surfaces m � const.

The second and historically more traditional way of
deriving the criterion of symmetric instability consists in
exploring the instability by the `parcel' method when the
pressure field f is `frozen' and considered to be fully specified
by the functions V�x; z� and B �x; z�. No limitation on the
perturbation scale is imposed. Then, the following system of
equations, written in thematrix form, is valid for perturbations:

q 2

qt 2
v 0
b 0





 



� f � f� qV=qx� qV=qz
f 2 qV=qz qB=qz





 



 v 0
b 0





 



 � 0 :

This matrix equation leads to the conservation law

1

2

��
qv 0

qt

�2

� 1

f 2

�
qb 0

qt

�2�
� f

�
f� qV

qx

�
v 02

2

� qV
qz
v 0b 0 � 1

f 2
qB
qz

b 02

2
� const ; �8:6�

which ensures stability if the quadratic form in (8.6) is positive
definite, i.e., the conditions of static and inertial stability are
observed, as is the condition coinciding with (8.5) by virtue of
the thermal wind equation.

Thus, general rotation and stable stratification are
stabilizing factors, whereas baroclinicity, expressed through
the respective component in the vorticity equation, destabi-
lizes the flow, and symmetric stability is ensured only if this
destabilizing factor is sufficiently small. If this last condition
is violated, then necessary conditions for instability are
fulfilled. K Ooyama [117] proved that violation of (8.4) is
also a sufficient condition for instability. Indeed, multiplying
(8.2) by c 0 and introducing the functionals

K � 1

2

�� �
c 0 2x � c 0 2z

	
dx dz ;

I � 1

2

�� �
c 0 2xt � c 0 2zt

	
dx dz ;

after several integrations by parts we obtain the relationship
(cf. [118])

d2K

dt 2
� 4Iÿ 2H : �8:7�

Assume that the conditions of symmetric stability are violated
in some flow domain. Then, it is always possible to select an
initial perturbation with H�0� < 0. For such a perturbation
from (8.7), it follows that d2K=dt 2 5 2jHj from here by
conservation of H K�t�5 jHjt 2 � _K�0�t� K�0� (the upper
dot implies a time derivative). It is now clear that, however
small the initial value K�0�, as time progresses, K�t� will
exceed any value e > 0 specified before, which implies
instability. This agrees with general theorems by N G Chetaev
[119] on instability. In meteorology, a similar analysis method
for baroclinic instability of zonal flows, based on computing the
second time derivative of perturbation kinetic energy, was
already used in Ref. [120]. As applied to the effect of
spontaneous helicity amplification in a humid atmosphere, a
like approach was used in Ref. [121].

As sufficient conditions, one also takes the condition of
positivity of the matrix trace

f

�
f� qV

qx

�
� qB

qz
> 0

and condition (8.4) of matrix discriminant positivity in the
matrix equation written above (cf. [117]), which are equiva-
lent to the conditions (a), (b), and (c) formulated above. In
astrophysical fluid dynamics, conditions of symmetric stabi-
lity of zonal flows on rotating stars and disks, analogous in
essence but more complicated in their presentation, are
known as Solberg±H6oiland [122, 123] (see below for details).

Note that in the literature such a right-hand coordinate
system �x; y; z� is frequently taken in which the basic flow
U �y; z� is directed along the x-axis and does not depend on x.
In this case, the buoyancy field of the basic flow takes the form
B �y; z�, the thermal wind equation is written as f �qU=qz� �
ÿqB=qy, and the conditions of symmetric stability become

f

�
fÿ qU

qy

�
� qB

qz
> 0 ;

qB
qz

f

�
fÿ qU

qy

�
ÿ
�
qB
qy

�2

> 0 :

An elegant way of deriving the sufficient conditions of
linear symmetric instability consists in using the Arnold
method [37] (see Refs [124, 125], where the case of incompres-
sible layered fluid was considered, but without the Boussinesq
approximation). We depart from (8.1) and take into account
that �u;w� � �ÿqc=qz; qc=qx�. A fluid layer is considered
which is bounded at the top and the bottom by impermeable
surfaces; periodic boundary conditions are imposed in the
horizontal plane. We use the existence of motion integrals in
this problem: the energy

E �
�� � �Hc�2

2
� �mÿ fx�2

2
ÿ zb

�
dx dz

as the sum of kinetic and potential energies, as well as
Casimirs, quantities whose conservation directly (trivially)
follows from motion equations,

F �
�� �

F�m; b� ÿm 2

2

�
dxdz :

Here, m � v� fx, and F is an arbitrary continuously
differentiable function. A linear combination of motion
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integrals is taken: I � E� F. Let �V; B� be a given stationary
zonal flow, whose stability is explored. Vertical circulation is
absent, C � 0, and for this solution geostrophic balance is
observed in the radial direction, and hydrostatic balance is
observed vertically, so that the thermal wind relation
f �qV=qz� � qB=qx is valid. The difference I �m; b;c�ÿ
I �V� fx; B;C� is a motion integral. Assuming that perturba-
tions dm � vÿ V, db � bÿ B, dc � cÿC are small, we
expand I �m; b;c�ÿ I �V� fx; B;C� in series in variations of
increasing orders

I �m; b;c� ÿ I �V� fx; B;C� � dI� 1

2
d 2I� . . . :

The arbitrary function F can be selected such that, for the
given zonal flow �V; B;C � 0�, the first variation dI is zero:

F 0m
��
m�V�f x; b�B � f x ; F 0b

��
m�V�f x; b�B � z :

The prime means partial differentiation over the respective
variable. Computing the second variation, we find

d 2I �
�� ��Hdc�2 � F 00mm�dm�2

� 2F 00mbdm db� F 00bb�db�2
	
dxdz �8:8�

and, omitting intermediate steps, we point out that
F 00mm � f 2�qB=qz�=D, F 00bb � f ��qV=qx� � f �=D, F 00mb � F 00bm �
ÿf �qB=qx�=D, where

D � f

�
qV
qx
� f

�
qB
qz
ÿ
�
qB
qx

�2

:

According to the Silvester criterion, the condition of positive
definiteness of quadratic form in the integrand of (8.8) consists
in conditions qB=qz > 0 and D > 0. This necessitates the
validity of inertial stability condition f ��qV=qx� � f � > 0 and
consequently the positivity of the trace of the quadratic form
matrix, �qB=qz� � f ��qV=qx� � f � > 0. If these inequalities
hold, the zonal flow �V; B� is stable in the Lyapunov sense.

The stability of geostrophic states was also explored using
the direct Lyapunov method in Refs [126, 127]. Reference
[126], published simultaneously with Ref. [124], was based on
a set of simplifying assumptions (in particular, the Boussinesq
approximation). Reference [127] gives a series of strict a priori
estimates for norms of perturbations which follow from the
conditions qB=qz > 0 and D > 0.

Thus far, we have been considering criteria of symmetric
baroclinic stability in an ideal fluid.MMcIntyre [112] showed
that, in the case of viscous heat conducting fluid, for Prandtl
numbers that differ from one, an additional symmetric
instability is possible, which can be both monotonic and
oscillating, even if the criteria mentioned above are valid
(see also [113]).

The method applied above can be generalized to the case
of baroclinic circular vortices, in which case it is necessary to
treat the streamline curvature. For such vortices in the
cylindrical reference frame �r; l; z�, the equations of motion
have the form

Du

Dt
ÿ v

2

r
� ÿ qf

qr
;

Dv

Dt
� uv

r
� 0 ;

Dw

Dt
� ÿ qf

qz
� b ;

Db

Dt
� 0 ;

q
qr
�ur� � q

qz
�wr� � 0 ;

and the unperturbed flow satisfies the thermal wind equation

q
qz

V 2

r
� qB

qr
:

Studying stability with respect to azimuthally-symmetric
perturbations �u 0; v 0;w 0;f 0; b 0���ÿrÿ1 qc 0=qz, v 0; rÿ1 qc 0=qr;
f 0; b 0�, where u; v;w correspond to the radial, azimuthal, and
axial velocity components andc is the Stokes streamfunction,
is more involved technically but remains the same in essence
as in the simple case considered above. Denoting the specific
angular momentum as m � Vr and a convenient shortcut
x � r 2=2 for the radial coordinate, the stability conditions
take the form (a) qm 2=qx > 0, the condition of centrifugal
stability (the Rayleigh criterion [109]); (b) qB=qz > 0, the
condition of static stability; (c) the condition of symmetric
baroclinic stability,

1

4x 2

qm 2

qx
qB
qz
ÿ
�
qB
qx

�2

� 1

2x 2
mP > 0 ;

where P is the potential vorticity

P � q�m;B�
q�x; z� �

qm
qx

qB
qz
ÿ qm

qz
qB
qx

:

Generalization to the case of general rotation consists in a
formal change m!M � m� fr 2=2 � m� fx in the stability
criteria written above, where M is the absolute specific
angular momentum; the Coriolis parameter f is assumed to
be constant.

These considerations can be, for example, applied to the
central part of intense tropical cyclones (see also [128] and
references therein); these publications maintain that, when
the conditions of symmetric instability are fulfilled, one can
correctly pose the problem of finding the meridional circula-
tion created by sources of momentum and buoyancy which
supports cyclostrophically and hydrostatically balanced
vortical motion [129], as well as, under certain assumptions,
the motion in accretion disks in astrophysics. In the first case,
we are dealing in a very good approximation with motion in a
homogeneous gravity field, while in the second (ignoring the
effect of self-gravity), with rotation in the gravity field of a
point massive object at a disk center. We begin with the
equations in cylindrical coordinates

Du

Dt
ÿm 2

r 3
� ÿ 1

r
qp
qr
ÿ qj

qr
;

Dw

Dt
� ÿ 1

r
qp
qz
ÿ qj

qz
;

Dm

Dt
� 0 ;

Dr
Dt
� 0 ; �8:9�

q
qr
�ur� � q

qz
�wr� � 0 ; j � ÿ GM0���������������

r 2 � z 2
p ;

where m � vr is the specific angular momentum, G is the
Newtonian constant of gravitation, and M0 is the mass of a
central gravitating body at the origin of coordinates
�r; z� � �0; 0�. The z-axis is directed along the disk rotation.
The disk is symmetric with respect to the plane z � 0, i.e., the
upper half-space is considered z5 0, and, without loss of
generality, thin, i.e., z5 r. The flow is density stratified,
incompressible, but free from the Boussinesq approxima-
tion. For convenience, the notation x � r 2=2 is introduced,
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as is, following Ref. [124], a new sought-after function
m � �1=4�rm 2. Equations (8.9) allow stationary fluid rota-
tion, which satisfies conditions of cyclostrophic and hydro-
static balances,

ÿ m
x 2
� ÿ qp

qx
ÿ r

qj
qx

; 0 � ÿ qp
qz
ÿ r

qj
qz

;

and, as a consequence, the thermal wind equation

1

x 2

qm
qz
� ÿ q�r;j�

q�x; z� : �8:10�

Let us explore the stability of this stationary rotation with the
help of the Arnold method. We rely on the existence of two
motion integrals: the energy

E �
�� �

ru 2

2
� m
x
� rj

�
dx dz; u � �u;w�

and the Casimir

F �
��

F�m; r� dx dz ;

where F is an arbitrary continuously differentiable function.
We compose the functional I � E� F and explore it on the
absolute extremum, assuming the variations du; dm; dr to be
small. The necessary condition that the first variation equal
zero, dI � 0, is u � 0, F 0m � ÿxÿ1, F 0r � j�x; z�. Now, the
second variation takes the form

d 2I �
�� ÿ

r�du�2 � F 00mm�dm�2 � 2F 00mr dm dr

� F 00rr�dr�2
�
dx dz ;

where F 00mm�xÿ2�qr=qz�=D, F 00rr��1=D� �q�m;j�=q�x; z��,
F 00mr � F 00rm � ÿ�1=D�q�r;j�=q�x; z�, D � q�m; r�=q�x; z�.

Using the thermal wind Eqn (8.10), it can be shown that
the conditions of stability are expressed as

1

D
qr
qz
> 0 ;

1

D2

�
q�m;j�
q�x; z�

�
ÿ qr

qz

�
� q�r;j�

q�x; z�
�
ÿ qm

qz

��
> 0 :

�8:11�

It can be readily seen that the second condition (8.11) has the
form

ÿ 1

D
qj
qz
� 1

rD
qp
qz
> 0 :

Since we are limited to the upper half-space z5 0,

qj
qz
� GM0z

�r 2 � z 2�3=2
� GM0z

r 3
> 0 ;

where the approximate equality is valid because of the
condition on disk thickness z5 r and, respectively, the
pressure decreases with increasing distance to the symmetry
plane, conditions (8.11) take the form

ÿ q ln r
qz

> 0 ; ÿD � q�r; m�
q�x; z� �

r 2

4

q�m 2;ÿ ln r�
q�x; z� > 0 ;

�8:12�

and we arrive at the Solberg stability criterion (cf. [130],
where, instead of ÿ lnr, the specific entropy s is used; for
incompressible fluid, s �ÿcp ln r� const).

An essential problem is the generation of turbulence and
the creation of turbulent viscosity, which is needed to
maintain the disk accretion in a quasi-stationary state [131].
The point is that, if the velocity profile is Keplerian,
v�r� / rÿ1=2, the Rayleigh criterion qm 2=qx > 0 of centrifu-
gal stability is fulfilled, and if additionally ÿq ln r=qz > 0
(static stability in the axial direction), the second condition
(8.12) is fulfilled as well. For the second condition (8.12) to be
violated and instability to occur, one needs to account for
deviations in the velocity profile from the Keplerian one,
which depend on the axial coordinate z (the effect of
baroclinicity expressed by the thermal wind equation [127]).

We note that, to explain the generation of turbulence in
the disk, staying in the framework of the Kepler velocity
profile, we resort to more complex mechanisms, for example,
related to magneto±rotational instability (MRI), discovered
in [132] (see also [133]), when electro-conducting fluid rotates
around an axis parallel to a magnetic field, and angular
rotation speed O�r� � v�r�=r decreases with increasing radius
r [134] (see also [135]). One new research avenue is explicitly
taking account of stable matter stratification in the disk in the
direction perpendicular to its plane, which can lead to
instability of the Kepler velocity profile (which is certainly
stable for neutral stratification), but this time with respect to
azimuthally nonsymmetric perturbations, first and foremost,
with the wavenumber equal to one (the so-called spiral
instability mode). We are dealing with stratorotational
instability (SRI), which at present is studied most thoroughly
using model fluid dynamical problem statements (stratified
Taylor±Couette flow and others) [136±140].

9. Baroclinic instability in astrophysics

Baroclinic (wave) instability is natural for astrophysical
objects, and similar problems were considered beginning in
the 1960s. A set of connected questions was addressed in
Section 8. A detailed review of work from the 1960±1970s is
presented in Refs [122, 141]. In particular, the following
problems could be specially mentioned: (a) stability of
differential rotation as applied to stars in general and solar
tachocline in particular; (b) development of turbulence in
astrophysical disk systems. In the latter case, there are some
distinctions between accretion disks and protoplanetary
systems. Also of interest are problems of baroclinic instabil-
ity in planetary atmospheresÐ from the planets of the Earth
group and giant planets of the solar system to exoplanets
[142±144]. It is noted that the instability is either badly
reproduced or is not reproduced at all in modeling with low
resolution and/or large artificial viscosity.

In the study by Goldreich and Schubert [145], where a
local (shortwave) stability analysis was used, it is shown that a
necessary condition of stability for zones of radiative transfer
on a rotating star is an increase in angular momentum for
increasing distance from the center and the absence of the
dependence of rotation speed on the vertical coordinate. The
role of baroclinicity in the stability of differential rotationwas
analyzed in Ref. [146], which, like many other studies,
considered motions in cylindrical coordinates r;f; z and the
main unperturbed state in the form v0 � r� O � rO�r; z�ef
(here, O is the angular rotation velocity and ef is the unit
vector in the azimuthal direction). The equilibrium position
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satisfies the equation HP � reg, where eg � g� rO 2ef �
HF� rO 2ef is the effective gravity force and F is the
gravitational potential. A sufficient stability condition is the
fulfillment of the conditions egeb > 0 and eg� eb � 0, whereeb � HadH lnPÿ H lnT (Had � d lnT=d lnP for adiabatic var-
iations). The stability condition, as in Ref. [145], holds for
qO=qz � 0. If there is a vertical inhomogeneity in rotation,
qO=qz 6� 0, surfaces orthogonal to the direction of the
effective gravity force and entropy eb gradient are already at
an angle to each other, as shown in Fig. 1. Perturbations that
get wedged between these surfaces become unstable. In
dynamical meteorology, baroclinic instability means an
instability of adiabatic wave motions in a baroclinic atmo-
sphere, and it is considered through a global analysis of
perturbations. A physical mechanism of baroclinic instabil-
ity is very similar to thermal convection, although rotation
makes the resulting instability oscillating. On the other hand,
the instability at hand is accompanied by nonadiabatic
effects. The physical cause of this instability is obvious:
radiative heat exchange between a perturbed fluid element
and its surroundings introduces asymmetry into the oscilla-
tory motion, such that an oscillating element passes its
equilibrium position as velocity increases.

A specific feature of baroclinic instability in astrophysical
fluid dynamics is that the hydrostatic balance and conditions
of geostrophic balance are not necessarily valid.

Analytical estimates of the stability of the linear velocity
profile, which depends on both vertical z and transverse x
coordinates (nonseparable profile) for the barotropic and
baroclinic cases, were obtained in Ref. [147],

V0 � �0; dx� ez; 0� : �9:1�

Here, d, e are the horizontal and vertical shears, respectively.
A local coordinate system is used, where x corresponds to the
radial direction, and y, to the azimuthal one. The method of
variable separation is not applicable for the linearized
problem, and the solution here can be presented as a
nonmodal wave with time-dependent wavenumbers [148]

f �x; y; z; t� � exp
�
i�kÿmdt�x� imy

� i�lÿmet�z� f �t� : �9:2�
For perturbations with m � 0 in the rotating reference frame
under conditions of thermal (azimuthal) wind
2O qV0=qz � bg qT=qx, one obtains oscillatory solutions
with frequency N,

N
2 � k 2N 2 ÿ 4ekl� 2�2� d�l 2

k 2 � l 2
:

The case e � d � 0 corresponds to neutrally stable inertia-
gravity waves. However, for nonzero shears, these waves can
lose stability. For e � 0 and d < ÿ2, the modes with k � 0
(l 6� 0) are unstable. In this case, vertical stratification fails to
maintain the returning force, and the specific angular
moment decreases outside (i.e., in the positive x direction).

If e�d� 6� 0, exponentially growing solutions exist for
Ri < 2=�2� d�, where Ri � N 2=e 2. For d � 0, one gets the
usual criterion for symmetric instability (Ri < 1) of baroclinic
flows. However, for ÿ2 < d < 0, the range of unstable
Richardson numbers is larger. In fact, flows with arbitrarily
large Richardson numbers can be unstable in the presence of
certain horizontal (latitudinal) shear; if d < ÿ2, all flows are

unstable. It is noteworthy that, for N 2 � 0, any flow with
nonzero baroclinicity (e 6� 0) will be unstable.

For the maximum instability increment smax, we have

s 2
max

��
m�0 � ÿN 2 � 8e 2��������������������

n 2 � 16e 2
p ÿ n

; �9:3�

where n � N 2 ÿ 2�2� d�. If e! 0, the instability condition
d < ÿ2 appears once again. The condition of exponential
growth Ri < 2=�2� d� follows for s 2

maxjm�0 > 0.
If d � 0, e 6� 0, the dimensionless asymptotic solution

contains branches � tÿ1�ia exp ��2it� (a��kÿmdt�=m) and
� tÿ4. We can mention that the frequency of oscillations (in
dimensional units) is the rotation frequency 2O instead of the
Brunt±V�ais�al�a frequency. In other words, the returning force
in this case is the Coriolis one, which makes nonaxisymmetric
perturbations stable even in the case of unstable temperature
stratification of the main state. Thus, the stability of
baroclinic flow with a vertical shear is fully dissimilar to the
stability in the barotropic case.

In a general nonaxisymmetric case with e�d� 6� 0,
k�l;m� 6� 0, an asymptotic solution to the problem has two
modes: one decaying as � tÿ3 and the other one growing or
oscillating as � t�iN

0
d exp �� iN

0
t�. The dependences of N

0
,

d on the parameters N, d, e, k, l,m are given in Ref. [147]. For
d 2Ri� 4ÿ 2d < 0, the value of N

02
turns out to be negative;

hence, a sufficient instability condition is Ri < 1=4. Let us
note that the growth of axisymmetric perturbations always
prevails over the growth of nonaxisymmetric ones.

Large horizontal shears are possible in accretion disks.
The buoyancy frequency can be very small (as, for example, in
the vicinity of the convective zones, close to the star center or
in the mid-plane of the accretion disk). The Kepler (hor-
izontal) shear dominates over the vertical shear related to the
baroclinicity of the basic state, and its influence cannot be
neglected. In particular, for long-wave perturbations, the
hydrostatic balance in the vertical direction is preserved
even if geostrophic balance is modified.

In rapidly rotating stars, baroclinic instability may occur
in the entire volume. In slowly rotating stars, it may occur
only in very narrow regions located in the vicinity of (a) the
star's center, (b) the boundary of the convective zone, or (c) a
jump in the gradient of rotation speed [149].

Reference [150] mentions that deviations from the baro-
tropic or baroclinic regime define the level of turbulence in
disks. References [151, 152] carry out a linear analysis of
baroclinic instability in the radiative transfer zone of a star
with radially inhomogeneous rotation. Global perturbations
are considered, i.e., their scale is not assumed to be small
compared to the star radius. The radial scale of perturbation
is still assumed to be small. The unperturbed state is
axisymmetric. The main flow component here is rotation,
which is assumed to be sufficiently slow so that the deviation
of stratification from spherical symmetry is small. Stratifica-
tion proper in radiating zones of stars is stable, i.e., the
specific entropy s � cv lnPÿ cp ln r increases with radius.
The main cause of instability is an inhomogeneity of
rotation. There are two families of unstable perturbations,
which correspond to Rossby waves and internal gravity
waves. The instability is a dynamical one: its growth time,
comprising several thousand rotation periods, is small
compared to the time of star evolution. A reduction in heat
conductivity strengthens the instability. Unstable perturba-
tions are characterized by kinetic helicity. As a result, a
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magnetic field can be generated by turbulence that evolves
during instability. The instability manifests itself for a very
small inhomogeneity of rotation, DO � 10ÿ3O, and this is the
distinction from barotropic instabilities which arise for
relatively large rotation inhomogeneity.

Differential rotation is not the only possible cause of
baroclinicity. In addition to the nonconservative centrifugal
force, a magnetic field can also lead to baroclinicity. As a
consequence, a question arises as to whether the baroclinic
instability induced by a magnetic field is possible.

Reference [153] considers baroclinic instability in a two-
level model on a b-plane in the presence of a zonal magnetic
field. In this case, the potential vorticity is no longer
preserved. The minimum vertical shear needed for instability
does not depend on the b-effect, but is defined by themagnetic
field intensity. Short waves become unstable, whereas long-
wave perturbations become stabilized. Unstable waves trans-
form the available potential energy into the energy of
magnetic field perturbations. The changes in nonmagnetic
components are similar to those in the Phillips model. A
vertical and single-cell meridional magnetic field is generated.

In Refs [154, 155], with the use of the magnetohydrody-
namical (MHD) generalization of the two-level hydrostatic
(but nongeostrophic) model, it is shown that the toroidal field
tends to stabilize baroclinically unstable regimes in the solar
tachocline. Respectively, baroclinic instability should occur
in the tachocline at latitudes where the toroidal field is weak
or changes sign, but not where the field is strong. Reference
[154] mentions that the solar tachocline is likely to be close to
the state of the geostrophic thermal wind for which the
Coriolis force related to the differential rotation is equili-
brated by the gradient of latitudinal pressure, which leads to a
link between the vertical gradient of rotation and the
latitudinal gradient of entropy. The growth rate of unstable
perturbations is approximately five times higher at middle
and high latitudes than at low latitudes.

At all latitudes and for all stratifications, the longitudinal
scale of most unstable perturbations compares to the Rossby
deformation radius, while the growth rate is defined by the
gradient of local latitudinal entropy.

Baroclinic instability in the tachocline, competing with
the instability due to the gradient of angular velocity of
latitudinal rotation, which was found in earlier research, is
important for the functioning of the solar dynamo, and it
should be found in the majority of stars that contain a
boundary between the radiative and convective regions.

In Ref. [156], the baroclinicity is explored namely in the
context of nonzero vertical shear. In a more general sense, a
flow is baroclinic if its isobaric surfaces do not coincide with
its isopycnal surfaces. Such flows become baroclinic because
of molecular-mass gradients: the addition of dust influences
the density, but not the pressure. Baroclinic instability
develops even for large Richardson numbers.

As follows from analytical estimates and three-dimen-
sional modeling, in particular, protoplanetary disks have a
negative gradient of radial entropy, which makes them
baroclinic [157]. Such a baroclinic flow turns out to be
unstable and generates turbulence. The instability is related
to the development of transient (nonmodal) perturbations
[158, 159]. Note that under barotropic initial conditions
turbulence rapidly degrades. Pressure waves, Rossby waves,
and vortices evolve in the disk plane.Most interestingly, these
super-dense anticyclonic vortices form from a low back-
ground noise and become long-lived, which is assumed to

lead to planet formation [160]. Clusters of protoplanetary
matter have a surface density that is up to four times larger
than in the surroundings. Furthermore, they accumulate dust
in their centers, which strengthens their role in processes of
planet formation [161]. Similar results were also obtained in
Refs [162, 163].

Turbulence developing in baroclinic disks carries angular
momentum outside and initiates the transport of matter
directed radially inside. Potential energy is released, and the
excess kinetic energy is scattered. Thermal convection in the
vertical disk direction is not needed for this effect. Convection
creates negative Reynolds stresses, but they prove to be
several orders of magnitude weaker than those created by
baroclinic instability.

In the protoplanetary disk geometry, density becomes
stratified in the radial direction, in contrast to that in
planetary atmospheres; therefore, azimuthal pressure fluctua-
tions lead to a vortical state. A number of numerical models
of protoplanetary disks did not take into account the effects
of baroclinicity and were therefore only able to simulate a
decaying turbulence from some initial distribution of vortical
flows. Reference [164] revealed a new hydrodynamical
instability of protoplanetary disks which can occur through
a change in the dust-to-gas ratio and lead to dust accumula-
tion inside the disk. The instability causes the appearance of a
vertical entropy gradient, which in turn leads to baroclinic
instability capable of generating toroidal gas vortices accu-
mulating dust in rings.

References [165, 166] found that baroclinic instability
with thermal relaxation leads to the formation of large
elliptically unstable vortices. Initially, hollow vortices are
formed which evolve into vortex structures with a turbulent
core. Internal vortical layers evolve over the entire disk along
critical surfaces of the layer and form new vortices in the
upper disk part. Such baroclinic vortices can play an essential
role in the evolution of a global disk and take part in
separating solid bodies from the gas component and also
foster the formation of new vortices outside the disk plane via
the critical layer excitation mechanism.

10. Conclusions

Although the authors have tried to review what is currently
the most interesting work on baroclinic instability in
geophysical flows as fully as possible, the review in many
respects reflects their personal preferences and working
experience. A partial justification for the incompleteness of
the results presented in this review, especially those concern-
ing applications to the real atmosphere and ocean, is our
intention to highlight in the main part of the review modern
tendencies and `points of growth' in the theory of baroclinic
instability in the framework of geophysical fluid dynamics. In
particular, this concerns the focus on systematic use of
motion equations in the Boussinesq approximation (the
approximation of weak fluid compressibilityÐ in the dyna-
mical sense), which allows one to eliminate factors secondary
for the baroclinic instability theory, but strongly complicat-
ing formal analysis, such as a full account for fluid (atmo-
spheric air) compressibility. The tendencies and `growth
points' presented in this review, in our view, characteristic
namely of the last decade of the 20th century and the
beginning of the 21st century, and understandably missing
from reviews from the earlier period touching on baroclinic
instability, including the brilliant reviews by A SMonin et al.,
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could be of interest for a wide physics audience, including
specialists in fluid dynamics and its applications in geophysics
and astrophysics.

The authors hope that the present review will inform the
reader about the present state of the baroclinic instability
theory in geophysical fluid dynamics and will attract readers'
interest in the problems outlined here, assuming also the
possibility of transfer of the described methods to adjacent
branches of physical science.

The work on writing this review was supported by a grant
from the Russian Foundation for Basic Research, no. 20-15-
50175-expansion. The results in Section 6 were obtained with
support from the Russian Science Foundation (project
no. 19-17-00248).
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