
Abstract. Based on generalizations of numerous measure-
ments and calculations, the influence of the low-frequency
part of the atmospheric turbulence spectrum, directly adja-
cent to the inertial interval, on the statistical characteristics
of fluctuations of optical waves propagating in the atmosphere
is analyzed. The measured atmospheric turbulence spectra are

compared with isotropic models. The outer scale of turbulence
in the surface layer of the atmosphere is found to be dependent
not only on the height above the underlying surface but also on
the type of atmospheric stratification. The influence of the
low-frequency part of the atmospheric turbulence spectrum on
the phase fluctuations of optical waves propagating both
along horizontal paths and obliquely through the entire atmo-
sphere is analyzed.
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1. Introduction

The propagation of optical waves strongly depends on the
atmospheric inhomogeneity caused by regular refraction,
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aerosol andmolecular absorption, and scattering, turbulence,
and nonlinear effects [1±5]. The waves propagate successfully,
as a rule, when the influence of these factors on them is
minimal. The optimal choice of conditions for optical
observations is a transparent atmosphere without clouds,
when the influence of absorption and scattering can be
minimized. Under such conditions, the propagation of
optical waves is mainly affected by atmospheric turbulence.

Scattering of light by turbulent atmospheric inhomogene-
ities is one of themain distortionmechanisms of optical waves
propagating in the atmosphere. Random spatiotemporal
variations in the atmospheric refraction index [1±4] distort
the structure of optical beams and images due to intensity and
phase fluctuations of the waves and are manifested, in
particular, in the blurring, jitter, and flickering of radiation-
source images and also in the turbulent attenuation of the
mean detected signal power.

The turbulent inhomogeneities of the refractive index of
atmospheric air caused by variations in its density produced
first and foremost by temperature fluctuations lead to
random variations in the propagation direction of optical
radiation [4, 5±8]. The turbulent inhomogeneities of the air
density produce in the atmosphere transparent lens-like
formations of different sizes without distinct boundaries
with different refractive indices and different optical
strengths [5, 7±12]. These formations, which are randomly
produced and randomly oriented in the atmosphere due to
their motion with respect to each other and their common
motion, cause significant distortions in light beams and
images. They also produce random variations in the radia-
tion propagation direction, intensity, and energy redistribu-
tions in beam cross sections and plane waves, beam defocus-
ing, and an increase in the light field concentration. Due to
propagation of a light wave through a turbulent atmosphere
[13], a detector will record the amplitude (intensity) and phase
distribution as some realization of a random function.

2. Gas-dynamic description of turbulence

In turn, turbulence itself, in particular atmospheric turbulence,
is a complex physical phenomenon studied using the funda-
mental laws of physics presented by hydrodynamic equations
[7, 8] for continuous media describing the motion of gases and
liquids. Therefore, as an introduction to the problem, we will
formulate briefly in this section the main regularities char-
acterizing the turbulent state of a gas or liquid.

Thus, it is known that the flow of liquid is described by the
vector velocity field u�r; t� and the scalar fields of thermo-
dynamic characteristics of a medium: pressure p�r; t�, density
r�r; t�, and temperature T �r; t�, where r � fx; y; zg. The
physical properties of liquid (or gas) are determined from the
values of molecular transport coefficients: dynamic viscosity
coefficient m, kinematic viscosity coefficient n � m=r, second
viscosity coefficient z, thermal conductivity coefficient k, the
liquid heat capacity at constant pressure, and temperature
conductivity coefficient w � kcÿ1p rÿ1. Because the velocity
and pressure fields in laminar and turbulent liquid flows are
described by functions that are the solutions of hydrody-
namic equations under corresponding initial and boundary
conditions [7, 8], the study of the appearance of turbulence
requires the analysis of solutions of boundary problems for
hydrodynamic equations, the so-called Navier±Stokes
equations, with the appropriate initial and boundary
conditions.

Reynolds showed back in 1883 [14, 15] that the liquid-flow
regime passes to the turbulent one when Reynolds numbers
Re exceed the critical value (usually, 102ÿ103). At the same
time, specific conditions are known [16] when the laminar
regime is preserved for Re � 104 and above, and under
atmospheric conditions Re takes values exceeding many
times the critical value (for example, Re is estimated as
� 1011ÿ1012 in [17]), which means that the atmosphere is, as
a rule, in the turbulent state.

2.1 Statistical description of turbulence.
A N Kolmogorov's statistical approach
During the turbulent motion of liquid or gas, it is in fact
impossible to describe separately the time dependences of the
velocity, temperature, and density fields of one individual
flow. For this reason, the properties of moving liquids and
gases are described using statistical approaches and methods
based on investigations of already smoothed characteristics.

Reynolds, who was the founder of the turbulence theory,
proposed to expand the fields of hydrodynamic quantities of a
turbulent flow (for example, velocity [15]) to the averaged
(over the time interval or spatial region) and pulsed
components and to study dynamic equations for averaged
quantities. However, the simple averaging of flows in time or
space proved to be not very convenient in use.

The structure of statistical moments of hydrodynamic
fields is the simplest in the case of homogeneous and isotropic
turbulence, whose concept was introduced by Taylor in his
statistical theory of turbulence [17]. Spatial homogeneity and
isotropy require the absence of boundaries and a constant
mean flow velocity. For this reason, this turbulence model is
of little use for describing real turbulent flows [12], because it
represents a mathematical idealization for the approximate
description of some particular types of turbulent flows
produced in aerodynamic tubes in laboratories.

Kolmogorov applied the statistic approach to the
mechanics of turbulence. He studied the entire ensemble of
possible turbulent flows instead of averaging individual
hydrodynamic fields by using the obtained probabilistic
mean values over the ensemble of analogous flows. In this
case, the fields of characteristics of turbulence will be random
functions of time and space, for which the mathematical
apparatus of the random field theory can be applied [18±21].

Kolmogorov defined in [20] the locally homogeneous and
locally isotropic turbulence and formulated an important
hypothesis that the structure of turbulence in `small enough
regions' with a `large enough Reynolds number' has the local
homogeneity and local isotropy. This can be illustrated by the
following definitions: random field f �r� is locally homoge-
neous if ``the distributions functions of a random quantity
f �r1�ÿf �r2�) are invariant with respect to the displacements
of a pair of points r1, r2''; a locally isotropic field is a locally
homogeneous field in which ``the distributions functions of
the quantity f �r1�ÿf �r2� are invariant with respect to
rotations and mirror reflections of the vector r1ÿr2'' [7].

Kolmogorov formulated the first and second fundamen-
tal hypothesis of the similarity of turbulent flows for locally
isotropic turbulence. According to the first hypothesis [20],
the turbulence spectrum (the spectral energy density of
turbulence) in the equilibrium interval (consisting of the
inertial and viscosity intervals) is uniquely determined by
quantities n and e, where n is the kinematic viscosity
coefficient and e is the average energy dissipation rate per
liquid unit mass. According to the second hypothesis [20], the
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turbulence spectrum in the inertial interval is uniquely
determined by the quantity e and is independent of n [19].
Later, Kolmogorov formulated the third hypothesis about
the lognormal distribution of the dissipation rate of energy er
averaged over a sphere with radius r.

The structural function for the velocity field in the form of
the second-order moment �u�r1 � r� ÿ u�r1��2 introduced by
Kolmogorov [20] (the upper bar means statistical averaging)
is now traditionally denoted by Drr�r�. The function is called
`structural' by Obukhov [10], because the velocity difference
du � �u�r1 � r� ÿ u�r1�� was treated by Kolmogorov as the
basic kinematic characteristic of the local structure of a
turbulent flow used for deriving the stochastic characteristics
of the local turbulence. This characteristic is `local' because it
reflects the influence of only pulsating vortices on a scale
smaller than the characteristic scale of the specified local
region. Because the difference du characterizes the relative
motion of one elementary liquid volume with respect to
another, the longitudinal function is equal to the averaged
square of the relative converging velocity of elementary liquid
volumes at two points or to the velocity of their distancing
from each other. The transversal structural function is equal
to the square of the relative rotation and displacement
velocity of two such volumes.

Kolmogorov called the quantity Z � l � n3=4=e1=4 intro-
duced by him [20] as the scale of the field of higher-order
pulsations gradually decaying due to viscosity the ``internal
scale of turbulence'' [23]; it is now traditionally denoted by l0
and called the Kolmogorov internal scale of turbulence. The
scale of ``first-order pulsations'' [20] was called the turbulence
scale [21], while the ``integrated turbulence scale'' was called
the outer scale of turbulence [13] and is now denoted by L0.

The dissipation rate e of turbulent energy characterizes the
energy dissipated to the unit volume per unit time, i.e., reflects
the average velocity of energy transition from a source in the
low-frequency spectral region (from larger-scale vortices) to
the high-frequency drain (to smaller vortices) [11] and
characterizes turbulence on all scales [22]. In the stationary
turbulence regime, e is assumed equal to the energy transfer
rate over the spectrum [7, 8, 11].

Based on the formulated similarity hypotheses, Kolmo-
gorov and Obukhov made a number of important conclu-
sions about the statistical characteristics of small-scale
components of turbulence [7±12, 13, 20±21]. The main one is
the `two-thirds law' for the structural function

D�r� � Ce 2=3r 2=3 from l0 5 r5L0 ; �1�

which gives expressions for structural functions of Drr�r�,
DT�r�, and Dn�r� of longitudinal velocity V, temperature T,
and refractive index n:

Drr�r� � C 2
V r 2=3�C 2

V � Ce 2=3� ;
DT�r� � C 2

T r
2=3�C 2

T � Cyeÿ1=3N� ; �2�
Dn�r� � C 2

n r
2=3 ; C 2

n � constC 2
T ;

where C 2
V, C

2
T, and C 2

n are the structural characteristics of V,
T, and n, respectively, N is the temperature dissipation rate,
and C and Cy are the Kolmogorov and Obukhov constants,
respectively, with numerical values C � 1:9 and Cy � 3:0
(with a 10% error) [5, 13]).

It is known that atmospheric turbulence (like any motion
with dissipation) [8, 9] can be stationary only in the presence

of energy sources. Energy in turbulent motion is supplied
from external large-scale motions. These can be convective
flows caused by Earth's heating, variations (displacements) in
the velocity of the mean wind, and gravitational waves. These
sources transfer energy to turbulence mainly through the
energy interval in which the main energy of turbulence is
concentrated. As a rule, the Reynolds number of the initial
flow [8, 9] is large, resulting in a loss of its stability and the
formation of vortices about the size of the initial flow playing
the role of the outer scale L0 of the turbulent motion. The
turbulence energy is utilized in the dissipation interval, where
the initial flow energy is transformed into heat under the
action of viscosity forces. If the Reynolds number of the
initial flow is large enough, the energy dissipation region is
separated from the energy interval by the region of wave
numbers k satisfying the condition

Lÿ10 5 k5 lÿ10 ; �3�

called the inertial interval, where l0 is the internal scale of
turbulence.

The character of atmospheric turbulence in inertial
interval (3) is completely determined by the dissipation rate
of the turbulence energy and by an external parameter N
characterizing sources. This leads to the Kolmogorov±
Obukhov `two-thirds law' for locally homogeneous and
isotropic turbulence, to which the `five-thirds law' corre-
sponds in the spectral language [11]:

E �k� � C1e 2=3kÿ5=3 ; �4�

where E �k� is the one-dimensional spectral density of kinetic
energy, C1 � 1:4 [3, 4, 13], and k the spatial wave number.

This is the general picture of turbulent motion according
to Kolmogorov in the briefest presentation. The turbulence
produced in this picture is called in the literature `Kolmo-
gorov turbulence' [12, 18, 22], and the corresponding energy
spectrum is called the `Kolmogorov spectrum'.

2.2 Optical characteristics of atmospheric turbulence
In the absence of cloudiness for a clear unclouded atmo-
sphere, atmospheric turbulence most strongly affects the
quality of images and the structure of propagating radiation
beams. Atmospheric turbulence is described by numerous
optical parameters, the most complete information on the
structure of turbulent flows being contained in temperature
fluctuation spectra.

The refractive index n�l� of air as a function of the
radiation wavelength in the atmosphere differs from unity
only in the fourth decimal point, and it can calculated in the
spectral range from 0.2 to 20 mm by the expressionÿ

n�l� ÿ 1
�� 106 � 77:6P

T
� 0:584P

Tl2
ÿ 0:06Pw:v �5�

using the known values of temperature T [K], atmospheric
pressure P [mbar], and partial pressure Pw:v of water vapor.
According to [4, 6], expression (5) gives a relative error of
measuring the refractive index of nomore than 0.3%. Because
the water vapor pressure in Earth's atmosphere in middle
latitudes does not exceed 40±50 mbar, the contribution of
water vapor to the refractive index in the optical wavelength
range from 0.2 to 20 mm is small. Expression (5) is valid in
`transparency windows' of the atmosphere [1].
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It is known that all themain parameters of the atmosphere
are related by the equation of state of an ideal gas,

P � rR0T

m
;

where m is the molecular weight, r is the density, andR0 is the
universal gas constant.

The air density in the atmosphere changes with height,
which is produced regular refraction. At the same time, the
main distorting factor in the atmosphere is undoubtedly
temperature. Obukhov showed in [12] that, for the spectrum
of the temperature field as a conservative and passive
impurity, the `five-thirds law' is also fulfilled. An estimate of
the influence of the humidity and pressure on the refractive
index in the optical range shows that they do not play any
significant role.

Under the action of inertial forces, large vortices experi-
ence cascade decay into smaller and smaller vortices, until the
influence of viscosity forces exceeds that of inertial forces.
The internal scale l0 of turbulence determines theminimal size
of vortices still existing in the atmosphere of `laminar cells'
[7, 8]. In the case of vortices with smaller sizes, turbulent
motions dissociate into heat. In the atmosphere near Earth's
surface, l0 � 10ÿ3ÿ10ÿ2 m [1, 3, 5, 22], while in aerodynamic
tubes, l0 is about a few tenths of a millimeter. The Monin±
Obukhov scale L in the theory of a stratified (thermally
layered) atmosphere corresponds to the thickness of the
sublayer of dynamic turbulence [9±12] in which turbulence is
mainly caused by dynamic factors [13]. The scale was
determined from dimensionality considerations. The tem-
perature stratification parameter (theMonin±Obukhov num-
ber) z � h=L, where the height h above the underlying surface
characterizes different stratification regimes: stable (the heat
flow is directed downward), unstable (the flow is directed
upward), and indifferent (the flow tends to zero) [7, 8].

Structural functions introduced by Kolmogorov [18±21]
andObukhov [12, 13] are used for the statistical description of
fluctuations of temperature, the refractive index, velocity,
and other characteristics. According to Kolmogorov hypoth-
eses, the structural function for locally homogeneous and
isotropic turbulence in the inertial interval is specified by the
Kolmogorov±Obukhov `two-thirds law' for the refractive
index n:

Dn�r� � C 2
n r

2=3 for l0 5 r5L0 ; �6�
where C 2

n is the structural characteristic of the refractive-
index field. At the same time, for temperature T, we have

DT�r� � C 2
T r

2=3 for l0 5 r5L0 ; �7�

where C 2
T is the structural characteristic of the temperature

field.
In this case, the structural characteristic C 2

n for the
refractive-index field for `dry air' is related to the structural
characteristic C 2

T for the temperature field by the expression

C 2
n �

10ÿ12

T 2

�
77:6

T
P� 0:584P

Tl2

�2

C 2
T : �8�

Structural characteristics C 2
n and C 2

T change in the atmo-
sphere in horizontal and vertical directions, which plays an
important role in the propagation of electromagnetic and
acoustic waves. As a rule, these changes are detected with
metrological and acoustical devices.

The theory developed by Kolmogorov and Obukhov
predicted the shape of the turbulence spectrum in the inertial
interval of wave numbers (3). The corresponding spectrum
for the refractive index of the atmosphere in the inertial
interval has the form

Fn�k� � 0:033C 2
n k
ÿ11=3 : �9�

The correctness of this expressionwas confirmed in numerous
experiments [3, 4, 6, 8, 9]. At the same time, the theory of
spectra outside the inertial interval is absent at present. The
results of numerous experimental and theoretical studies [3, 5]
show that a change in the temperature of atmospheric air by
1 degree causes a change in the refractive index by about 10ÿ6.
The random time pulsations of temperature at a fixed
detection point have an amplitude of about a few tenths
of a degree with a period of 10ÿ3ÿ100 s. On horizontal
paths over distances of about 102ÿ103 m, the amplitude of
spatial fluctuations of temperature can be a few ten
degrees.

3. Calculations of the statistical characteristics
of fluctuations of optical waves propagating
in a turbulent atmosphere

In this section, the main results of the modern theory of waves
propagating in random media are presented. The theory is
based on studies [3, 5] by the scientific schools of S M Rytov
and V I Tatarskii using the results of the Kolmogorov±
Obukhov theory for theoretical and experimental studies of
fluctuations of optical waves propagating in a turbulent
atmosphere.

Theoretical calculations are based on expressions (7)
and (8) for the structural function of the field of the
refractive index and temperature and their Fourier trans-
formÐspectral densities for calculations of statistical char-
acteristics of optical-field fluctuations: the intensity, the
behavior of the centers of gravity of laser beams and optical
images, and other parameters of optical waves formed during
the propagation of optical waves through a turbulent
medium.

The Kolmogorov±Obukhov turbulence model became
the main one for the development of the theory of optical
waves propagating in a turbulent atmosphere. One of the
most important achievements of this theory was the develop-
ment of the so-called smooth-perturbation method [3, 5] for
calculating statistical characteristics, in particular, the struc-
tural functions of intensity and phase fluctuations for an
optical wave. Calculations performed for an initial plane
optical wave in the smooth-perturbation approximation
gave expressions for the structural intensity and phase
functions of an optical wave propagating through a turbu-
lent medium layer:

Dw�r�
Ds�r�

�
� 4p2k 2

�X
0

dx
�1
0

dk kFn�x; k�

� �1ÿ J0�kr�
�
fw; s�k; x� ; �10�

where X is the distance propagated by the optical wave in the
turbulent medium, k in the wave number of optical radiation,
and r is the distance between two observation points of the
optical field. The correlation functions of intensity and phase
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fluctuations are described by the expression

Bw�r�
Bs�r�

�
�4p2k 2

�X
0

dx
�1
0

dk kFn�x; k�J0�kr� fw; s�k; x� : �11�

Functions

fw; s�k; x� �
�
1� cos

�
k2�xÿ x�

k

��
�12�

entering expressions (10) and (11) are called spectral filtering
functions for the intensity and phase. They determine the
interval of the turbulence spectrum making the largest
contribution to the intensity and phase fluctuations.

3.1 Calculations of the intensity fluctuations
of optical waves propagating in a turbulent medium
Note that there is development of the Kolmogorov±Obukhov
model (9) expanding the applicability of the spectrum for
describing the so-called viscosity interval (i.e., the interval of
inhomogeneity sizes depending on the medium viscosity; in
this interval, the kinetic energy converts to heat) [4]:

Fn�k; x � � 0:033C 2
n �x �kÿ11=3 exp

�
ÿ k2

k2m

�
; �13�

km � 5:92

l0
:

Note also that expressions (9) and (10) are written assuming
that the turbulence spectrum is isotropic and can be described
by model (13) in the entire infinite interval of inhomogene-
ities. The features of the behavior of the spectral filtering
function for the intensity allow one to calculate its statistical
characteristics in the entire infinite interval of turbulent
inhomogeneities by using spectrum (13), because

fw�k; x� � 1ÿ cos

�
k2�xÿ x �

k

�
� k4�xÿ x �2

k 2
�14�

for small wave numbers k. This circumstance allowed
applying models (9) and (13) in the infinite spectral interval
in calculations of intensity fluctuations. In this connection,
the statistic characteristics of intensity fluctuations of an
optical wave propagating through a turbulent atmosphere
layer can be correctly calculated, even for a purely power law
spectrum (9).

3.2 Calculations of the statistical characteristics
of phase fluctuations of optical waves
At the same time, model (9) cannot be used to calculate the
correlation function and dispersion of fluctuations for phase
fluctuations. This is explained by the fact that, because of
features in the behavior of functions (12), phase fluctuations
are determined by the largest inhomogeneities of the
turbulence spectrum, whereas intensity fluctuations are most
sensitive to small inhomogeneities of the turbulence spec-
trum. For phase fluctuations, model (9) provides the calcula-
tion of only structural phase function (10). It was shown in
[3±6] that refractive-index fluctuations during the propaga-
tion of optical waves in the atmosphere cause perturbations of
the radiation phase, which are characterized by the structural
function, defined for a plane wave as

Dj�r� � 2:91k 2
0 r

5=3

�L
0

C 2
n

�
h�z��dz : �15�

Expression (15) takes into account the dependence of the
structural constant C 2

n on the height above Earth's surface,
while the integral is calculated along the entire path length L.

By using the structural constant of the refractive index,
the correlation scale for a plane wave in a turbulent medium
(or the Fried radius [25]) was also introduced:

r0 �
�
0:423k 2

0

�L
0

C 2
n

�
h�z��dz�ÿ3=5 ; �16�

where k0 is the wave number of optical radiation.
The use of this parameter simplifies the expression for the

structural function of phase fluctuations to the form

Dj�r� � 6:88

�
r

r0

�5=3

: �17�

The coherence radius r0 is an important characteristic of an
optical system, determining the aperture size (its diameter)
within which distortions can be taken into account in the form
of a uniform slope. The coherence radius r0 characterizes the
minimal distance at which the random phase difference of the
wave front does not exceed p [25]. It is known that in the
absence of an atmosphere the angular resolution of an optical
system is determined by the ratio l=D, where l is the
wavelength and D is the diameter of a transmitter (or a
receiver), while, during observations through a random
inhomogeneous medium, the angular size of the image of a
point source is specified by the ratio l=r0.

Note that the measurement of intensity fluctuations of
optical radiation is a simpler problem than the measurement
of phase fluctuations. Because of this, the first optical studies
of turbulence spectra in the atmosphere involved measure-
ments of intensity fluctuations [14], which made possible the
reconstruction of the turbulence spectrum in the dissipation
interval [26±28].

Along with the study of intensity fluctuations of optical
waves in a turbulent medium, attempts were made to
investigate the behavior of phase fluctuations of optical
waves. Phase measurements in the optical range in the
atmosphere in a large dynamic range of the spatial scatter of
observation points is a technically intricate problem [29]. For
this reason, the structural functions of optical waves in the
spatial scatter of observation points comparable to the height
on ground-level atmospheric paths were reliably obtained in
experiments only in the second half of the 1970s [30±34].
These data and also correlation functions of spatial-position
fluctuations for the centers of gravity [6, 13] of horizontally
spaced optical beams contradicted theoretical calculations
[14] obtained using the purely power Kolmogorov±Obukhov
model for the spectral density of refractive-index fluctuations
in the atmosphere.

The influence of the outer scale on fluctuations of optical
waves propagating in a turbulent atmosphere were first
pointed out in publications [29±32]. Similar investigations
were performed in fact simultaneously in the USA and Italy
[33, 34]. The results of [30±34] suggest that the structural
phase function for optical waves propagating in a turbulent
atmosphere noticeably differs from a power dependence
corresponding to the Kolmogorov model of the turbulence
spectrum.

Note that, for the well-known Kolmogorov model [8, 9,
26] of the turbulence spectrum corresponding to the `two-
thirds law' (more exactly the `two-thirds hypothesis') for the
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structural function of the atmospheric refractive index, of all
the statistical characteristics of phase fluctuations of an
optical wave, only the structural phase function can be
correctly calculated, because the dispersion and the correla-
tion function of fluctuations are not defined for this model
because of the singularity in the behavior of the turbulence
spectrum in the low-frequency region. However, this singu-
larity in the behavior of the spectral density of atmospheric
turbulence is not important in calculations [14, 26] of intensity
fluctuations of an optical wave propagating in a turbulent
medium, which is related to features of the behavior of
spectral filtering functions (12).

4. Reconstruction of the spectral density
of fluctuations of the atmospheric refractive
index from optical measurements

The study of fluctuations of parameters of an optical wave
propagating through a turbulent layer can be used tomeasure
this turbulence, which resulted in the development ofmethods
for remote diagnostics of atmospheric turbulence. Laser
measurements of atmospheric-turbulence parameters offer a
number of advantages, and this resulted in the extensive
development of methods for laser probing atmospheric
turbulence. In particular, optical measurements provide
better stability and reliability of the obtained statistical data,
because they involve by their nature the additional averaging
of characteristics measured along the propagation path. This
resulted in extensive recent studies of the structure of atmo-
spheric turbulence based on analyses of fluctuations of
optical waves propagating through a turbulent medium layer.

It is known that the parameters of a light wave propagat-
ing through a medium containing the inhomogeneities of the
refractive index are distorted [14, 26]. These distortions give
information on the characteristics of the inhomogeneities.
Measurements can be performed remotely, without placing a
detector at a point under study. Thus, a medium under study
is not perturbed, and it is possible to investigate media into
which detectors cannot be placed. Attempts to relate the
results of measurements of fluctuations of parameters of an
optical wave propagating through an atmospheric layer to
atmospheric parameters involves some problems. First, it is
necessary to find the relation between atmospheric para-
meters and experimental data in the form of an equation.
Second, to extract information on the atmosphere from
experimental data, a convenient mathematical apparatus is
required. This problem is far from trivial, because quantities
being measured are related to atmospheric parameters via
integral equations. Thus, the problem involves solving
integral equations. Analytic solutions of such equations can
be found only in some cases of interest, and, as a rule, it is
necessary to use numerical methods. And, finally, measure-
ments should be complete and accurate enough.

The most developed method for measuring the energy
spectrum of refractive-index fluctuation is the method of
reconstructing the latter from measurements of the statistic
characteristics of fluctuations of parameters of optical waves
propagating through a turbulent atmosphere layer. When
optical waves propagate in a turbulent atmosphere, with
small relative fluctuations of the refractive index only weakly
changing at distances of the order of the wavelength,
pulsation spectra of the refractive index of the medium can
be determined from the spectra and correlation functions of
fluctuations of optical-wave parameters [14±26].

One should bear in mind that, in the case of light waves,
the temperature turbulence and the similarity [26] of the
fluctuation spectra of the refractive index and temperature
are in fact always considered. Optical and acoustic methods
of measuring characteristics of the atmospheric turbulence
used in combination allow the efficient study of the local
structure of turbulence.

4.1 Phase optical measurements of fluctuations
of the atmospheric refractive index
In the study of the spectra of atmospheric turbulence by
optical methods, the question arises as to the sensitivity of
optical-wave parameters to the functional form Fn�k� of the
spectral density of the refractive-index fluctuations. The
problem is how to select the characteristic of the optical
wave that would be simply measured and maximally sensitive
to the shape of the spectrum Fn�k� in one spectral region or
another of spatial frequencies k of turbulent inhomogeneities.

The atmospheric turbulence spectrum even in the ground-
level layer has a large dynamic range, with spatial scales of k
extending from a few meters to a few tenths of a millimeter.
For this reason, due to the finite accuracy of optical
measurements, the spectrum cannot be reconstructed from
fluctuations of one of the parameters of the optical wave.
Studies of the sensitivity of different parameters of optical
waves to the shape of the turbulence spectrum in different
spectral regions showed that characteristics related to the
optical-wave phase are mainly determined by the low-
frequency inhomogeneities of fluctuations of the refractive
index, whereas radiation-intensity fluctuations are deter-
mined by the high-frequency region of the turbulence
spectrum [4, 14]. In other words, measurements of fluctua-
tions of the optical-wave phase can be used to study the
energy interval of the turbulence spectrum, while measure-
ments of intensity fluctuations are for studying the equili-
brium interval containing the inertial and viscosity intervals
of this spectrum [27±29].

The first attempts to calculate these fluctuation character-
istics of optical waves in different isotropic models of the
spectral density taking into account the deviation of the
spectrum from a power law in the region of the outer scale
of turbulence were made in [30±37]. However, the degree of
the correctness of these models of the turbulence spectrum
remained unclear. In this connection, attempts were made to
reconstruct the two-dimensional spectrum of refractive-index
fluctuations from the measurements of the structural phase
function. One of the first such attempts was paper [37], in
which the turbulence spectrum was reconstructed from
experiments performed on a horizontal atmospheric path
110 m in length. The path height above the underlying
surface was 1.5 m on average.

The phase fluctuations of an optical wave caused by
atmospheric turbulence were measured in the following
experiment. Radiation from a helium-neon laser was split
into two identical collimated beams 2 cm in diameter. The
distance between the beams (along the y-axis) was successively
changed with a step Dy � 5 cm up to the value ym � 1:1 m.
The fluctuation of the phase difference between the centers of
the two interfering beams was detected with a digital optical
phasemeter [29]. The phase differences 50 s in duration (the
sampling volume was 5000 counts) were used to estimate the
structural phase function Ds�y�.

Structural functions normalized to the value Ds�ym� for
the maximum spacing are shown in Fig. 1 for four measure-
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ment series. One can see that structural functions deviate
from power dependence (15) and even saturate, tending to a
constant level. Therefore, within the framework of the
`frozen' turbulence hypothesis [14, 32] within scales y �V?T
(V? is the wind velocity component perpendicular to the path,
V? � 2 m sÿ1 in experiments), phase fluctuations can be
assumed to be homogeneous. The correlation coefficient for
phase correlations was estimated from the expression

b̂s�y� � 1ÿ Ds�y�
Ds�ym� ; y4 ym ,

0 ; y > ym .

8<: �18�

Using the representation [37] for the correlation function of
phase fluctuations in the first approximation [14] of the
smooth perturbation method, the spectrum of phase fluctua-
tions caused by turbulence can be determined from the
measured correlation coefficient of phase fluctuations (18).
Figure 2 presents the one-dimensional spectral density of
phase fluctuations Vs�k2� calculated based on experimental
measurements of the structural phase function Ds�y� (see
Fig. 1).

The results of this experiment were also discussed by
comparing experimental data with the results of calculations
in the isotropicKarmanmodel [24, 36] for the spectral density
Fn�0; k2; k3� of refractive-index fluctuations in the atmo-
sphere taking into account a finite outer scale:

Fn�0; k2; k3� � 0:033C 2
n �k 2

0 � k 2
2 � k 2

3 �ÿ11=6 ; �19�

where k0 � 2p=L0 is the wave number corresponding to the
outer scale L0 of turbulence and C 2

n is the structural
parameter [14, 26] of the refractive index.

Because the one-dimensional structural phase function
(18) was measured in experiments, the one-dimensional
spectrum of phase fluctuations Vs�k2� was calculated using

model (19):

Vs�k2� � 2pk 2LVn�0; k2� ; �20�

whereVn�0; k2� �
�1
0 dk3 Fn�0; k2; k3� is the one-dimensional

spectrum of refractive-index fluctuations, k � 2p=l, l is the
radiation wavelength, andL is the length of the uniform path.

Experimental and model phase-fluctuation spectra are
compared in Fig. 2. The wave number k0 � 4:3 mÿ1 corre-
sponding to the outer scale for model spectrum (20) was
chosen by a coincidence with experimental values at the
maximum frequency point.

The normalized structural function corresponding to this
spectrum is presented in Fig. 1 (curve 1). Curve 2 in Fig. 1
corresponds to the Kolmogorov±Obukhov model,

Fn�0; k2; k3� � 0:033C 2
n �k 2

2 � k 2
3 �ÿ11=6 ; �21�

when k0 5 k2, k0 5 k3.
One can see from Figs 1, 2 that the spectra and structural

functions correspond as a whole to model (21). However,
deviations of experimental functions from power depen-
dences (curves 2 in Figs 1, 2) are observed at lower spatial
frequencies (larger scales) than are model functions (curves 1
in Figs 1, 2). This means that, using the Karman model of the
turbulence spectrum (19) to calculate the characteristics of
optical waves, coincidence with experimental results can be
expected only for a finite interval of the spatial and time
scales.

4.2 Optical measurements of pulsation spectra
of the refractive index in a convective flow
By analyzing the conclusions made in Section 4.1, note that
measurements in [37] were performed in a real atmosphere
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Figure 1. Normalized structural phase functions. Curves 1 and 3 are

calculated using spectral model (26) (see Section 5): (1) k0K�6:5 mÿ1,
(3) k0K�3:2 mÿ1. Curves 2 and 4 are calculated using spectrum (27):

(2) k0R � 26:5 mÿ1, (4) koR � 11:8 mÿ1. Curve 5 is described by function

ay5=3, where a is selected from the best fit with experiments. Curve 6 is

selected from expression (31) for k0 � 4:3 mÿ1. Different symbols are

experimental data from [37].
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Figure 2.One-dimensional phase fluctuation spectrum reconstructed from

data in Fig. 1. (1, 2) Model spectrum (20) and the asymptotics form of this

spectrum for k0 � 4:3 mÿ1, respectively. Experimental points are denoted

as in Fig. 1. The vertical bar shows the 80% confidence interval [37].
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containing both the convective component of turbulence and
its dynamic component caused by variations in the mean
wind. Theoretical estimates [8, 9, 26] show that it is natural to
assume [38] that vertical convective motions in the atmo-
sphere do not directly interact with the small-scale dynamic
turbulence caused by the gradient of the mean velocity.
Although dynamic turbulence produces vertical pulsations
as well, their contribution to the total dispersion in the case of
developed convection is negligibly small, and one can assume
that vertical motions are caused only by convection. Thus,
atmospheric turbulence should be considered [24±26] in the
spectral respect as a sum of the convective and dynamic
components. Therefore, separate studies of each of these
components of turbulence are of interest.

Such studies of temperature-pulsation spectra [40] were
performed in an artificially produced convective flow. The
experimental setup for simulating conditions of purely
thermal convection represented a heated surface 2� 1 m2 in
size. Heating elements mounted above the surface produced
conditions with different temperature gradients, the gradient
value being determined by the current of heating elements.
Such a regime of purely thermal turbulence in the absence of
wind in a free atmosphere is realized in the case of unstable
temperature stratification. Turbulence was studied using
optical measurements.

In the case of homogeneous and isotropic fluctuations of
the refractive index on a uniform atmospheric path (in the
plane wave approximation), the statistical characteristics of
fluctuations of optical waves B�r� and the isotropic turbu-
lence spectrum Fn�k� �k 2 � k 2

2 � k 2
3 � are related by the

expression

B�r� �
�1
0

dkk f �k;L�Fn�k�J0�kr� ; �22�

where r is the distance between observation points in a plane
perpendicular to the light propagation direction, f �k;L� is
the spectral filtering function determining the spectral region
Fn�k�making themain contribution to fluctuations of a given
wave parameter (intensity or phase), and J0�kr� is a Bessel
function of the first kind.

It is shown in [37, 38, 40] that the solution of integral
equation (22) for obtaining the turbulence spectrum from
measurements of B �r� in a finite interval of r values is a
typical inverse problem [41]. To reconstruct the form of the
function Fn�k� in the inertial and energy intervals of wave

numbers k, it is necessary to measure simultaneously the
intensity and phase fluctuations.

The experimental scheme for measuring phase fluctua-
tions representing a two beams Michelson interferometer is
described in [38, 40]. The interferometer base r (distance
between the centers of beams) was changed from 1 cm to
50 cm. The phase difference between the centers of separated
Gaussian beams was measured with an IFAS analog-digital
phasemeter [29] with a threshold sensitivity of 0.1 rad. The
intensity fluctuations were fixed on the axis of one of the
beams.

The time correlation coefficients of the phase and intensity
fluctuations of the optical wave were calculated from the data
on synchronous realizations of a finite duration for the
intensity and phase-difference fluctuations. The spectrum
Fn�k� was reconstructed from (22) by the set of correlation
coefficients for a phase and intensity corresponding to the
same realization. It is known that the turbulent regime [8, 9,
26] under convection has the property of self-similarity, i.e.,
the viscosity and temperature conductivity coefficients should
not be determining parameters, and turbulent characteristics
depend on the only parameter having the dimensionality of
lengthÐ the height above the heated surface. Therefore, the
study of refractive-index pulsation spectra in the flow
produced as a function of the height above the heated surface
is of interest.

For this purpose, the intensity and phase-difference
fluctuations were measured for radiation propagating in a
convective flow along a path 2 m in length. The path height
above the underlying surface of a heater was successively 8,
14, and 21 cm. Radiation from a helium-neon laser was split
into two identical collimated beams close in their structure to
an infinite plane wave. The beams were separated from each
other in the horizontal direction by the distance r. The mean
floating velocity V of temperature air inhomogeneities was
measured, whichmade possible moving from time correlation
functions to spatial functions.

Figure 3 presents estimates of normalized correlation
functions of intensity (Fig. 3a) and phase (Fig. 3b) fluctua-
tions for different heights above the surface. Note that the
correlation radius of phase fluctuations increases with
increasing height, which can be interpreted as an increase in
the outer scale L0 with height, because, in the case of free
convection, turbulent elements become larger with increasing
height. The phase correlation function was measured in the
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Figure 3.Normalized correlation functions of intensity (a) and phase (b) fluctuations for heights h � 8 cm (X's), 14 cm (circles), and 21 cm (dark dots) [40].

March 2021 Outer scale of turbulence and its inêuence on êuctuations of optical waves 287



range from 1 to 13 cm, which provided the reconstruction of
the spectrum Fn�k� for 0.08 cmÿ1 4k4 1 cmÿ1. The
intensity correlation was measured at 100 points with a step
D � 0:026 cm, the corresponding interval for the spectrum
being 0.4 cmÿ1 4k4 20 cmÿ1. Sewing the spectra recon-
structed from data on the intensity and phase expanded the
reliable-reconstruction interval compared to that in measure-
ments of either intensity or phase fluctuations. Calculations
showed that, for the 8% random measurement error of
correlation coefficients (22), the turbulence spectrum was
estimated in the interval 0.05 cmÿ1 4k4 20 cmÿ1, with the
error not exceeding the measured quantity.

Figure 4 presents the refractive-index pulsation spectra for
different heights above the underlying surface. Each spectrum
distinctly demonstrates two regions: the spectrum saturation
region and the regionwhere the behavior of the functionFn�k�
is described by a power law. The slope of the spectra is close to
ÿ11=3. The difference between spectra is most significant in
the low-frequency region, which is explained by the mono-
tonic increase in the outer turbulence scale with height [42].

The reconstructed spectra Fn�k� obey a power law for k
up to 20 cmÿ1, which means that the internal turbulence scale
l0 for this turbulent medium does not exceed a few milli-
meters.

4.3 Reconstruction of the turbulence spectrum
from synchronous measurements of temporal amplitude
and phase fluctuations in the atmosphere
The spatial correlation functions of phase fluctuations used in
Sections 4.1 and 4.2 for the reconstruction of the turbulence
spectrum require quite long measurements due to the
necessity of changing the distance between interfering laser
beams. However, the invariability of atmospheric character-

istics during these measurements cannot be ensured in
practice. This gave rise to the idea of reconstructing a
spectrum from synchronous measurements of the spectra of
temporal intensity and phase-difference fluctuations.

The study of this problem was initiated in the late 1970s
[44] via the combined efforts of researchers at the Institute of
Atmospheric Optics, Siberian Branch, Russian Academy of
Sciences and the Institute of Atmospheric Physics, Russian
Academy of Sciences. As initial equations, expressions for the
spectra of time fluctuations of the intensity and phase of an
optical wave propagating through a turbulent atmosphere
layer were used. Based on results presented in [3, 4], we can
obtain the equation

oWw�o� � 2:6C 2
n k

7=6L11=6X

�1
X

dk
�
1ÿ sin k 2

k 2

�
� kÿ8=3

ÿ
k 2 ÿ X 2

�ÿ1=2jÿkDÿ1=2� ; �23�
relating the time spectrum of intensity fluctuations Ww�o�
with the function j, which is a correction (characterizing the
deviation from the Kolmogorov spectrum) to the one-
dimensional power spectrum of the refractive-index field in
the form

En�k� � 0:4C 2
n k
ÿ8=3j�kZ� ; �24�

here, X � o
���������
L=k

p
=V is the dimensionless frequency, L is the

length of an optical path in the atmosphere, k is the radiation
wave number, V is the wind velocity across the light
propagation direction, D � L=�kZ2�, C 2

n is the structural
parameter of the refractive index, Z � n3=4heiÿ1=4 is the
Kolmogorov scale, e is the dissipation rate of the turbulence
energy, and n is the kinematic viscosity of air.

The correction j�kZ� in the inertial spectral interval En�k�
is identically unity and ensures the decay in the dissipation
interval. The problem of spectrum reconstruction from
optical measurements is reduced in fact to the determination
of this function.

At the same time, to study the spectrum En�k� in the
inertial and energy intervals, phase measurements are prefer-
able [48, 65]. The corresponding equation

oWds�o� � 10:4C 2
n k

7=6L 11=6 sin2
�
r
2

����
k

L

r
X

�
� X

�1
X

dk
�
1� sin k 2

k 2

�
kÿ8=3

ÿ
k 2ÿ X 2

�ÿ1=2jÿkDÿ1=2� �25�
relates the time fluctuation spectrum of the phase difference
Wds�o� at points separated by the distance r in a plane
perpendicular to the wave propagation direction to the
function j�kZ�. The phase-difference spectrum Wds�o�
carries greater information on the spectrum En�k� in the
region of small wave numbers than does Ww�o�. Because it
is difficult to provide a high enough accuracy inmeasuring the
phase difference in the high-frequency region [29, 30], the
turbulence spectrum was reconstructed from synchronous
measurements of both spectra and the combined solution of
equations (23) and (25).

The mean velocity component V of the wind perpendi-
cular to the path in equations (23) and (25) was determined by
measuring the wind velocity and direction synchronously
with optical measurements. Also, the structural constant C 2

T

of the temperature field was independentlymeasured, because
C 2

n � C 2
T hdn=dT i2 in the optical wavelength range [14].
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Figure 4.Reconstructed spectral density of refractive-index fluctuations at

different heights [40] (notations as in Fig. 3).
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A block diagram of synchronous optical measurements
[43, 44] is presented in Fig. 5. Measurements were performed
in the steppe near the town of Tsimlyansk. Beams from a
helium-neon laser propagated over a flat horizontal surface at
a height of 1.5 m. The path length was 47 m. Amplitude
measurements were performed using a broad collimated
Gaussian beam 5 cm in diameter. Two other spatially
separated identical beams parallel to the first beam were
also formed. Fluctuations in the phase difference between
the centers of interfering optical beams were detected in the
detector plane with a phasemeter [29]. The phase difference
wasmeasured on bases of 55 and 5 cm. The fluctuations of the
phase difference and amplitude logarithm were recorded with
a sampling rate of 46 kHz.

The windmean velocity and direction weremeasured with
a cup anemometer and a rhumbmeter mounted at a height of
1.5 m near the middle of the optical path. A detector for
measuring temperature micropulsations was also placed here.
C 2

T was determined by measuring the mean square of
temperature fluctuations at a fixed frequency of about 3 Hz.

Spectra Wds were calculated using recordings [43, 44] of
phase-difference fluctuations 24 s in duration, while Ww�o�
were calculated from intensity fluctuations 8 s in duration.
Figure 6 presents three experimental spectra of intensity
fluctuations in the upper band of the figure; the lower band
shows the corresponding phase spectra on bases r equal to 55
and 5 cm. Vertical bars in the figure show the scatter of
experimental data. Figure 6 clearly demonstrates different
sensitivities of oWw�o� and oWds�o� to the refractive-index
spectrum at different frequencies. Experimental data were
processed by solving equations (23) and (25) together for the
first time for the reconstruction of the turbulence spectrum in
the entire frequency range. The vertical dashed line in Fig. 6
shows the value at which the reconstructed spectra were sewn.

Note that equations (23) and (25) are Abel integral
equations. The solution of these equations using experimen-
tal data is an incorrect inverse problem requiring regulariza-
tion [41, 45±47]. These equations were solved by the method
of statistical regularization [45, 46].

Figure 7 shows the spectrum calculated by the mea-
sured values. In the region of small scales, the spectrum
exhibits a sharp decay corresponding to the energy dissipa-
tion interval. Such a result was earlier obtained in [48].

Combined measurements of the refractive-index spectrum
[44] provided a significant improvement to the low-frequency
region (compared to results [48]). In this frequency region,
similar measurements of temperature spectra were performed
with resistance thermometers [49, 50]. Refractive-index
fluctuations in the optical range are mainly determined by
temperature fluctuations, and therefore the shapes of spectra
of these quantities can be compared. The solid curve in Fig. 7
shows the temperature spectrum [48] generalizing as series of
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Figure 5.Block diagram of experiments. helium-neon laser (HNL); optical
phasemeter (dS); photodetector (PhD), ampliéer (Am), analog-to-digital
converter (ADC); multichannel tape recorder (MTR); temperature pulsa-
tion detector (TPD); temperature pulsation recorder (TPR).
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measurements for small Richardson numbers (Ri � 0±2)
[7, 8].

The method of optical measurements and data processing
proposed in [43, 44] provided the reconstruction of the
refractive-index spectrum in a very broad range of scales
from 1.5 mm to 5 m, covering the energy, inertial, and
viscosity intervals. These results also showed that, to
describe the turbulence spectrum in the atmosphere cor-
rectly, one should take into account its deviations from the
Kolmogorov±Obukhov model.

5. Analysis of low-frequency model spectra
of atmospheric turbulence

In this section, different models of turbulence spectra using a
finite size of the outer scale of turbulence are analyzed and
compared. The aim is to select the most convenient and
efficient model for theoretical calculations.

Analyses of the results of field measurements of atmo-
spheric turbulence (see Figs 1 and 4) always gave rise to a
natural question about the reasons for the deviation of the
turbulence spectrum in the low-frequency region from the
classical power shape.

The spectrum E �k� or the corresponding refractive-index
pulsation spectrum Fn�k� do not allow statistical character-
istics of phase fluctuations of optical waves propagating in the
turbulent atmosphere to be calculated, because the latter are
determined by the behavior of the turbulence energy
spectrum in the energy interval. At the same time, some
experimental results, such as measurements of correlation
and structural functions of phase fluctuations of optical
waves [30±34], correlations of the displacement of the centers
of gravity of spatially restricted Gaussian beams [35, 36], and
direct measurements of the structural functions of tempera-
ture fluctuations [49, 50], demonstrate a significant deviation
of real spectra E �k� �and corresponding spectra Fn�k�� from
model (9) in the region of small k.

Note, however, that measurements of the refractive-index
(or temperature) pulsation spectra from fluctuations of optical
waves propagating in the atmosphere showed in particular
that the reconstructed refractive-index pulsation spectra are
well described by the Karman model, taking into account the
finiteness of the outer scale of turbulence [31, 44, 51].

5.1 Most popular models
of the low-frequency spectrum of turbulence
The spectral density of refractive-index fluctuations Fn�k� in
the energy interval k < Lÿ10 , unlike that in the inertial interval
of wavenumbers, is not a universal function [14, 51±55]. It was
assumed in [8, 14, 38, 39, 49] that the low-frequency spectrum
depends on both the underlying surface profile (for small
heights) and weather conditions. The shape of a turbulence
spectrum will change, of course, upon changing the height
above the underlying surface andwith variations in the degree
of thermal stability of turbulence. Therefore, the assumption
about the local homogeneity and isotropy of the turbulence
spectrum may no longer be valid.

At the same time, the calculation of statistical character-
istics of optical waves (estimates of fluctuation dispersions)
requires fairly simple and convenient spectral models. At
present, there are the following quite popular isotropic
models of the spectrum Fn�k�, which take into account the
deviation from a power law in the region of the outer scale of
turbulence:

Ð the Karman model [24, 26, 30, 51],

Fn�0; k� � 0:033C 2
n �k 2

0K � k 2�ÿ11=6 ; �26�

Ð the exponential model [36, 56, 57], which is sometimes
called the `Russian model',

Fn�0; k2; k3� � 0:033C 2
n k
ÿ11=6

�
1ÿ exp

�
ÿ k 2

k 2
0R

��
; �27�

Ð and the Greenwood±Tarazano model [54],

Fn�0; k� � 0:033C 2
n

�
k 2

k 2
0G

� k
k0G

�ÿ11=6
: �28�

Here, k0K � 2p=L0K, k0R � 2p=L0R, k0G � 2p=L0G, L0K,
L0R, and L0G are the outer scales of models (26)±(28).

Naturally, models (26)±(28) only partially describe the
behavior of the spectrum in the low-frequency region. In
particular, these models behave differently in the low-
frequency region, while their common feature is the presence
of an inertial interval and the finiteness of the integral over the
spectrum of the type

�1
0 dkkFn�0; k�. Therefore, the volume

density of the turbulent energy for all these models is also
finite. In addition, all these models correctly describe the
inertial interval of the spectrum in which the type (9) power
Kolmogorov dependence takes place.

In turn, the parameters of models (26)±(28), such as the
structural parameter C 2

n of the refractive index and the outer
scale of turbulence L0, can be described by independent
models, for example, as a function of the height h above the
underlying surface. In the literature, different models exist
[58±66], describing the dependence of the structural para-
meter C 2

n of the refractive index on the height. These models
usually contain the following information:

Ð the characteristic value of the structural parameter C 2
n

of the refractive index of the atmosphere near Earth for the
given area and its possible variations (daily and seasonal);

Ð the change inC 2
n �h�with height h above the underlying

surface;
Ð daily, seasonal, and other variations in the integrated

value
�H
0 dhC 2

n �h� on vertical atmospheric paths with the
height of the underlying surface up to some heightH.

At the same time, information on the behavior of the outer
scale L0 of turbulence is quite limited. It is commonly
assumed that the outer scale increases with height, L0 � h,
for small heights above the underlying surface in the case of
convective turbulence [24, 65]. For heights h above 20 m,
some authors, in particular Fried [42], recommend using the
model L0 � 2

���
h
p

(h and L0 are measured in meters). For
heights above 100 m, it is usually assumed that L0 � const. At
the same time, measurements of L0�h� at the Observatoire de
Haute Provence, France were approximated by the analytic
formula [52]

L0�h� � 4

1� ��hÿ 8500�=2500�2 ; �29�

while measurements at the La Silla Observatory, Chile [55]
(belonging to the European Southern Observatory) were
described by the similar expression

L0�h� � 5

1� ��hÿ 7500�=2000�2 : �30�
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In these two models (29), (30), the height h is measured in
meters.

There is also model [55] of the outer scale L0, which uses
the definition introduced in [14]. Of course, one should bear in
mind that the outer scales in all these models should some-
what differ from each other, but undoubtedly they should be
comparable.

5.2 Comparison of the parameters of turbulence-spectrum
models with optical measurements
To compare models (26)±(28), it is reasonable to compare
optical parameters measured using them. This was done for
the first time using measurements of the structural phase
function in [44]. The results are presented in Fig. 1, where
models (26), (27), and Kolmogorov±Obukhov model (9) are
compared. Models (26) and (27) were preliminarily used to
calculate phase correlation coefficients bs�y�, which are
described by the expressions

bs�y� � G�1=6�
p

�
yk0K
2

�5=6

Kÿ5=6�yk0K� ; �31�

bs�y� �
1F1

�
ÿ 5=6; 1;

�
yk0R
2

�2�
ÿ
�
yk0R
2

�5=3

G�11=6� ; �32�

respectively, where Kÿ5=6�x� is the McDonald function and

1F1�a; b; x� is the degenerate hypergeometric Gauss function.
Calculated and experimental correlation coefficients

were compared in [44] (see Fig. 1) by selecting parameters
k0K and k0R to obtain the best coincidence of the measured
values of Ds�y�=Ds�ym� with the quantity �1ÿ bs�y�� in the
saturation region (curves 1, 3) and in the power-law region
�Ds�y� � y 5=3� (curves 2, 4). Curve 5 corresponds to the
calculated structural phase function for purely Kolmogorov
model (9), i.e., to the function ay 5=3, where a is determined by
the best fit of experimental data.

The comparison shows that models (26) and (27) as a
whole well describe the behavior of the structural phase
function; however, they cannot guarantee coincidence in the
entire observation interval. For model (26), the best-fit outer
scale L0K (see Fig. 1) lies in the interval from 0.96 to 1.96 m.
Thus, the most probable value of the outer scale is indeed
comparable to the height 1.2±1.5 m above the underlying
surface on which the measurements were performed in [44].
Recall that measurements in this study were performed on a
horizontal atmospheric path over an even underlying surface.

5.3 Comparison of different models
of the turbulence spectrum
The first attempts to compare calculations of the dispersion of
the phase fluctuation of an optical wave in a turbulent
medium in models (26)±(28), taking into account the finite-
ness of the outer scale of turbulence, were made in [67±73].
Note that these calculations were repeated later by research-
ers in Mexico [74], albeit without mentioning Russian studies
[67±73].

In papers [67±69], several models of the two-dimensional
spectral densityFn�0; k� of fluctuations of the refractive index
in the atmosphere were analyzed. The most popular, namely,
the Karman model (26), the exponential model (27), and the
Greenwood±Tarazano model (28), were compared with each
other. Of course, the outer scales in these models were
somewhat different. The models were compared [70, 71, 73]

by calculating the dispersion of phase fluctuations of an
optical wave propagating in the ground-level layer of a
turbulent atmosphere. The initial expression used in calcula-
tions was the equation describing phase fluctuations of an
optical wave propagating in a turbulent atmosphere in the
smooth-perturbation approximation [14].

For simplicity of analysis, dispersions of phase fluctua-
tions were compared for models (26)±(28) on a homogeneous
atmospheric path. For these models, we have [71±73]

hS iK �
12

5
0:033p2k 2C 2

n Lk
5=3
0K ; �33�

hS iR �
12

5
0:033p2G

�
1

6

�
k 2C 2

n Lk
5=3
0R ; �34�

hS iG � 4p20:033
G�1=6�G�5=3�

G�11=6� k 2C 2
n Lk

5=3
0G ; �35�

respectively. From the condition of the equality of dispersions
of phase fluctuations calculated using different models,

hS iK � hS i R � hS iG ; �36�
we obtainmutual relations between their corresponding outer
scales and their wave parameters for models (26)±(28):

kÿ10K � 2:84kÿ10R ; kÿ10K � 3:71kÿ10G ; kÿ10R � 1:32kÿ10G : �37�

As a result, the calculations of optical characteristics
performed in one spectral model can be reduced to another
model using relation (37). Note here that Russian model (27)
is the most convenient for performing analytic calculations.
Calculations of parameters of optical waves for turbulence
spectra with a finite outer turbulence scale useful for
astronomers are presented in [73]. These results can be used
for practical estimates.

6. Study of the anisotropy
of atmospheric turbulence
in the low-frequency spectral region

One of the most important properties of atmospheric
turbulence is the continuity of motion when the refractive-
index pulsations at each moment contain contributions from
inhomogeneities of all scales. The largest inhomogeneities are
caused by the decomposition of large-scale mean motions:
zonal winds, atmospheric fronts, and inhomogeneities of the
radiation regime. All these motions, decomposing due to
instability, determine the spectrum of turbulent inhomogene-
ities. The region of large-scale inhomogeneities is most closely
related to local meteorological parameters, first of all to the
distributions of the wing velocity, temperature, and their
gradients. For a ground-level layer, this region (with
inhomogeneities of a size exceeding a few meters) is called
the region of energy-producing vortices and is characterized,
as a rule, by anisotropic properties, i.e., the properties of
inhnomogeneities depend on the direction.

The correct description of phase fluctuations of optical
waves now requires consideration of deviation of the atmo-
spheric turbulence spectrum from the Kolmogorov±Obu-
khov power law in the region of low spatial frequencies [8, 9,
39, 70, 71]. At the same time, this region of the turbulence
spectrum is the most poorly studied at present. It seems that
one of the important properties of the turbulence spectrum in
the low-frequency spectrum may be anisotropy.
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The phase fluctuations of optical waves in the model of
the spectral density of refractive-index fluctuations in the
atmosphere can be calculated from the expression [67, 68]

Fn�0; k2; k3� � 0:033C 2
n �X��k 2

2 � k 2
3 �ÿ11=6

�
�
1ÿ exp

�
ÿ k 2

2

k 2
02

ÿ k 2
3

k 2
03

��
; �38�

where X is the coordinate along which the optical wave
propagates, and k02 and k03 are the orthogonal spectral
components of a two-dimensional wave vector correspond-
ing to components of the outer scale size.

Model (38) is isotropic in the inertial interval of wave-
numbers and can describe the anisotropy of the spectrum for
unequal components (k02 6� k03) of the outer scale outside the
inertial interval.

Among characteristics of optical waves propagating in the
turbulence atmosphere, the most sensitive to the anisotropy
of the turbulence spectrum are dispersions of the orthogonal
components of random displacements of the center of gravity
of the optical-source image being formed (or of the optical
beam). Naturally, the properties of the corresponding
statistical characteristics of optical waves also prove to be
dependent on the direction.

Consider the features of random displacements of an
optical image formed in the ground-level layer of the atmo-
sphere on a horizontal atmospheric path. It is known that the
position of the optical image of a remote source formed in the
focal plane of an optical objective (lens) (radius R, focal
distance F ) is determined by the position of its center of
gravity [4, 35, 75, 76],

qc:g: �
� �

d2r qIF�q�� �
d2r IF�q�

; �39�

where IF�q� is the intensity distribution in the focal plane of
the lens described by the expression [4, 5]

IF�q� � k 2

4p2F 2

��
d2r1 d

2r2 U�q1�U ��q2�

� exp

�
ÿ i

kq

F

ÿ
q1 ÿ q2

��
; �40�

where U �q1� is the optical field propagating through a
turbulent layer.

The integration in (39) is performed over the illuminated
surface of the objective. Because image jitter is mainly caused
by phase fluctuations, by disregarding amplitude fluctua-
tions, we obtain the dispersion of displacement of the center
of gravity hr 2

c:g:i in the form

hr 2
c:g:i �

F 2

k 2S 2

� �
d2r qH2Bs�q� : �41�

Here, S is the area of the illuminated lens surface, Bs�q� is the
correlation function of phase fluctuations of the optical wave
U�q�, and the angle brackets mean averaging over the
ensemble of fluctuations.

Using definition (39), we can write expressions for
components of �ry; rz� of the image-jitter vector qc:g:. An
estimate of the total dispersion hr 2

c:g:i � hr 2
y i � hr 2

z i and its
components hr 2

y i and hr 2
z i is possible only when the correla-

tion (or structural) function of phase fluctuations is known.

The results of calculations of these quantities were
compared with experimental results [75±79]. The image-jitter
dispersion in two mutually perpendicular directions hr 2

y i and
hr 2

z i was studied with a tracking device [77] developed based
on a coordinate-sensitive photodetector providing the simul-
taneous measurement of these dispersions. Experiments were
performed for a model thermal turbulence [75±77] and in the
real atmosphere [78±81].

Consider first of all the results in [75, 76] of a model
experiment in which the setup generating a convective
developed turbulence over a path 2 m in length described in
Section 4.2 was used. Dispersions hr 2

y i and hr 2
z i related to

image jitter were estimated frommeasurements for 100 s. The
analysis of experimental data (Fig. 8) revealed a strong
difference between the root-mean-square values of random
displacements of the beam in the vertical, hr 2

z i, and
transverse, hr 2

y i, directions, demonstrating the anisotropy of
turbulence. Dispersions hr 2

y i and hr 2
z i were measured at

several fixed heights (which corresponds to a change in z in
Fig. 8) for different turbulence regimes. At small heights
above the turbulence generator, the increase in the tempera-
ture gradient (with increasing thermodynamic instability)
resulted in an increase in the difference between correspond-
ing dispersions hr 2

y i and hr 2
z i, i.e., the anisotropy of the

spectrum increased. The elongation of the largest-scale
inhomogeneities of the refractive index is probably maximal
at small heights, and because of this the anisotropy of the
medium is the most significant here. As the propagation
height of optical waves increases, turbulence inhomogene-
ities becomemore isotropic, and dispersions hr 2

y i and hr 2
z i are

equalized.
Such measurements on open atmospheric paths were

performed in [75, 56] in Tsimlyansk and Tomsk. Measure-
ments were performed on the scientific base of the Institute of
Atmospheric Physics, USSR Academy of Sciences (Tsim-
lyansk) and on the scientific proving ground of the Institute of
Atmospheric Optics, Siberian Branch, USSR Academy of
Sciences (Tomsk). Optical measurements of fluctuations of
the image jitter of an optical beam on a path 40.4 m in length
(the propagation height of a laser beam was 1.15 m over the
underlying surface) were accompanied by synchronous

14

������������
hr 2

x; yi
q

F
ì

���������
hr 2

y i
q

ì
���������
hr 2

z i
q

12

10

8

6

1.8 2.2 2.6 3.0 z, cm

Figure 8. Height dependence of the root-mean-square deviation of a

random beam deviation [75, 76].
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measurements of temperature gradients and the vertical and
transverse components of the mean wind velocity Vy and Vz.
The processing of optical and metrological parameters
measured in experiments gave the dispersions hr 2

y i, hr 2
z i of

radiation image jitter and the corresponding frequency
fluctuation spectra Wy and Wz. The outer scale L0 of
turbulence and its components L0y and L0z can be estimated
from the measured maximum position in spectra and the
known components of the mean velocity Vy and Vz. In this
case, L0y and L0z are the sizes of the outer scale in the vertical
and transverse directions. The dispersion ratio hr 2

y i=hr 2
z i

characterizing the anisotropy of the turbulence spectrum in
the low-frequency region changed from 1 to 2.1.

It was found inmeasurements [75, 76] that the quantityL0

and its components L0y and L0z depended on the thermo-
dynamic stability of the atmosphere. The outer scale L0 of
turbulence was calculated from these opticalmeasurements to
be from 4 to 1.25 m (the optical path length in these
measurements was 1.15 m).

The results of synchronous meteorological measurements
accompanying optical measurements were used to calculate
the structural temperature parameter C 2

T, the vertical gradient
of the mean temperature (DT=Dz), and then the outer scale
L0meteo from meteorological data using expression [14]

L0meteo �
�

C 2
T

2:8�DT=Dz�2
�3=4

: �42�

As a result, it was found that a comparison [75±79] of the
optical measurements of L0 and L0meteo using expression (42)
gives a high correlation, although a complete coincidence of
L0 and L0meteo is absent.

Note that the corresponding components of the outer
scale L0y and L0z were calculated from the measurements of
positions of the maxima of frequency spectra fWy� f � and
fWz� f � [81, 86] using the simple dependence

fmax �
���
3
p

Vy; z

L0y; z
; �43�

where fmax is the position of themaximum in spectra fWy and
fWz, Vy and Vz are components of the transverse wing
velocity measured in experiments with a laser Doppler
anemometer, L0y and L0z are components of the outer scale,
and L 2

0 � L 2
0y � L 2

0z.
In 1982, in the region of Zelenchukskaya stanitsa (at the

top of the Semirodniki mountains near the Large Azimuthal
Telescope), similar measurements were repeated on a
horizontal track L � 1685 m, but under turbulent condi-
tions at a height of about 2000 m above sea level. Also, the
dispersions hr 2

y i and hr 2
z i of the random jitter of the optical

source image were measured in two mutually perpendicular
directions [79]. Optical measurements were accompanied by
the measurements of meteorological parameters (tempera-
ture T and the mean wind velocity V ). Image jitter was
measured in the focus of a TT-600 telescope with a mirror
diameter of 600 mm. The dispersion ratio K�hr 2

y i=hr 2
z i was

analyzed [79, 80].
The mean value of K proved to be 1.20 for small

temperature gradients, i.e., the vertical random displace-
ments of the image in fact coincide with horizontal displace-
ments. For large temperature gradients and small wind
velocities, anisotropy becomes stronger: K � 2:89. As the
wind velocity increases, the anisotropy decreases toK � 2:14.

As a whole, experimental measurements in the ground-
level atmospheric layer showed that image jitter anisotropy in
this layer (at a height of h � 1:5ÿ3 m) in fact always takes
place [75±77]. This suggests a manifestation of the turbulence
anisotropy. Note that such conclusions about the anisotropy
of the turbulence spectrum were earlier made based on results
in [82].

7. Relation between the outer scale
of turbulence and variations
in meteorological conditions

Asmentioned in Section 5, atmospheric experiments revealed
that the anisotropy of fluctuations of the position of an
optical beam propagating through a turbulent medium layer
depends on the varying meteorological conditions in the
atmosphere [51±54]. Below, experiments verifying this con-
clusion are described.

Many studies on the turbulence theory [8, 9, 14, 16±18]
reliably showed based on numerous experiments that the
behavior of the turbulence spectrum of temperature or the
refractive index of the atmosphere in the low-frequency region
in the ground-level layer can no longer be described with the
help of the only parameterÐ the turbulence intensity. It was
also found that the assumption about the local isotropy for
large-scale inhomogeneities close to the outer scale of turbu-
lence is incorrect [4, 6, 13] for real atmospheric conditions.

7.1 Relation of the outer-scale
to the thermodynamic stability parameter
Fluctuations of optical fields were calculated in different
models [70±74] describing the spectrum at large scales. These
models have two parameters, the second one being the so-
called outer scale L0. Different models of the turbulence
spectrum were used in calculations, and the coincidence of
experimental data with calculations was achieved by selecting
the parameter L0. Calculations showed that the outer scale
proved to be comparable to the propagation height of the
optical beam over the underlying surface [42, 65, 78].
However, the estimates of L0 made by different authors [82±
94] were significantly different.

This difference is probably explained as follows. In the
real atmosphere, along with small-scale turbulence, larger-
scale motions of a different nature are also present. They can
be caused, for example, by the radiation variety of the
underlying surface, the screening of the underlying surface
by cloud structures, and a number of other factors. These
large-scale formations can be considered in the ground-level
layer as slow changes in external conditions determining the
generation of small-scale turbulence. Note that parameters of
turbulence (and its model parameters) in the ground-level
layer should change with time with the characteristic scale of
these large structures.

Therefore, if the model parameter L0 is selected based on
synchronous measurements of fluctuations of the optical-
wave phase and the turbulence intensity C 2

T , it is necessary to
also measure average meteoparameters. Experimental mea-
surements [78] were performed for the homogeneous under-
lying surface on horizontal paths 15, 40, and 45 m in length
with the propagation height of optical beams above the
underlying surface of 1.2 m. The structural phase function
[29] wasmeasured for optical beams separated by the distance
r � 3 m, i.e., whenDs�r!1� � 2s 2

s , where s
2
s is the phase-

fluctuation dispersion in an infinite plane wave.
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Experimental data [78] were compared with the dispersion
of phase fluctuations calculated in the smooth-perturbation
approximation in the Karman model (26) of the turbulence
spectrum andmodel (28). The outer scalesL0 for thesemodels
proved to be comparable.

According to calculations for model (26), we have

Ds�r!1� � 2s 2
s �

24

5
0:033p2k 2C 2

n LL
5=3
0 : �44�

Figure 9 presents a histogram of the measured values of L0

characterizing the frequency of appearance of a certain value
of an outer scale for model (26). Figure 10 shows a histogram
of the distribution of the outer scale for model (28). A
comparison of these two histograms shows that the Green-
wood±Tarazinomodel (28) has lower values of the outer scale
than the Karman model does (26).

Because the measurements of scales L0 presented in Figs 9
and 10 were performed in changing meteorological condi-
tions, an attempt was made in [78] to classify these measure-
ments depending on the level of thermodynamic instability.
For this purpose, the characteristic

B � ghDT
T �V 2

�45�
was calculated from the measured average meteorological
parameters, where DT � �T2 ÿ �T0:5 is the increment of the
average temperature between levels 2 and 0.5 m above the
underlying surface, T and �V are the average absolute
temperature and the wind velocity at height h, respectively,
and g is the acceleration of gravity.

Characteristic (45) allows data in Figs 9 and 10 to be
classified from the point of view of the thermodynamic
stability. This is shown in Fig. 11. The values of L0 exceeding

the mean value proved to be realized for indifferent stratifica-
tion, when B � 0. For unstable (B < ÿ0:01) and stable
(B > 0:003) stratifications, the values of L0 that are lower
than the average value are realized, which is quite explainable.
Because a strong instability, i.e., large negative values of the
parameter B correspond to the high breakup degree of the
initial flow, the probability of a large value of L0 appearing is
small. For a large stability (large positive values of B), the
initial flow proves to be weakly perturbed, and therefore there
is a deficit of the inhomogeneities of all scales, including of the
order of L0. Finally, for values of B near zero (for indifferent
stratification), the appearance of large scales is highly
probable.

These results and conclusions based on them [78, 80, 83]
were earlier widely discussed at international conferences,
accepted by the world optical community, and later used for
estimates of the efficiency of telescopes [73, 90, 95±98] with
very large apertures.

At the same time, the classification of the values of L0 (see
Figs 9 and 10) determined from the measurements of the
mean wind velocity shows that the smaller velocities corre-
spond to the larger values of L0 and vice versa. This confirms
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the conclusion [8±13] that the dynamic component of the
turbulence is characterized by the smaller-scale structure
rather than the convective component.

7.2 Measurement of the outer scale
of turbulence in sediments
All measurements presented in Section 7.1 were made in a so-
called pure atmosphere in the absence of sediments. However,
a `pure' atmosphere under real conditions is far from a given.
In this connection, we consider here the change in the outer
scale observed in [38] with the appearance of sediments in the
atmosphere in the form of drizzle.

Note that changes in the structural phase function Ds�r�
of an optical wave propagating through an atmospheric layer
were measured directly before the beginning of sediments and
during their deposition. Figure 12 presents the results of two
measurement series of Ds�r� for virtually identical values of
C 2

n . This is confirmed by the fact that the data of these two
measurement series in fact coincide in Fig. 12 in the region of
the power increase in Ds�r� (straight line). However, the
measurement data significantly differ in the region of Ds�r�
saturation.

Figure 12 shows that in a `pure' atmosphere turbulence
scales are greater than in a cloudy atmosphere (in the presence
of sediments). This can be explained by the fact that, at the
beginning of sediments and until a change in the turbulence
regime, the directional motion of water particles in the
sediments in fact `breaks' large turbulent structures into
smaller ones, resulting in a change of the turbulence
spectrum in the region of large inhomogeneities.

Thus, numerous optical measurements in different
regions showed that the turbulence spectrum in the ground-

level atmospheric layer significantly deviates from the
Kolmogorov±Obukhov spectrum in the region of scales
comparable to the height above the underlying surface. It
was found that isotropic models of the turbulence spectrum
used in the theory to describe phase characteristics have
certain restrictions. The low-frequency region of turbulent
fluctuations is usually strongly anisotropic. It was found that
both the absolute value and outer scale components in two
mutually orthogonal directions were dependent on the atmo-
sphere instability type. In addition, the presence of large
aerosols (rain, drizzle, fog) in the atmosphere reduces the
effective size of the largest turbulence scales.

One should bear inmind that these regularities observed for
the low-frequency turbulence spectrum concern only the
ground-level atmospheric layer. In the case of vertical or
inclined atmospheric paths, it is necessary to additionally
study the dependence of the outer scale on height. It seems
that here the most useful ones may be astronomical measure-
ments of image jitter for stars [1, 4, 5]. Section 8 is devoted to
this question.

8. Study of atmospheric-turbulence dynamics
based on astronomical observations

In this section, the influence of the outer scale on the data of
astronomical observations is analyzed. A key point will be
consideration of the possibility of introducing the effective
outer scale of turbulence to describe phase distortions of an
optical wave propagating in inhomogeneous vertical atmo-
spheric paths as integral characteristics of the turbulence
along the entire path. We will analyze preliminarily several
known models of the height profile for the outer scale of
turbulence and the structural characteristic of refractive-
index fluctuations in the atmosphere for determining the
effective outer scale. We will also study the influence of the
change in the height profile by the effective outer scale on
image parameters, in particular, we will estimate the error of
Strehl ratio calculations for a telescope using the effective
outer scale compared to the value obtained in calculations
from the model height profile of the outer scale.

8.1 Effective outer scale of turbulence
for the entire atmosphere
The possibility of introducing the effective outer scale to solve
astronomical problems was considered in [60±68]. This is
related to the fact that the projection of a large astronomical
telescope requires the determination of its predicted char-
acteristics based on limited information on parameters [60,
70±74, 79] of the height profiles of the atmospheric turbu-
lence, such as the turbulence intensity C 2

n and its outer scale
L0 in the assumed place of its location. The main character-
istics of a telescope being projected are, as a rule, the point
spread function (PSF) and the effective angular resolution.

One of the main traditional methods for estimating the
angular resolution of a telescope is the measurement of the
parameters of a star image (a long-exposure PSF) obtained in
a small-diameter telescope. However, the turbulent PSF of a
small telescope will correspond to the PSF of a larger-
diameter telescope only when in both cases the outer scale of
turbulence greatly exceeds the telescope diameter. It was
shown in some experimental studies performed at various
observatories [60±64] that this condition is violated inmodern
projects using telescopes with apertures of about 8±10 m (for
example, VLT (Very Large Telescope) telescope-interferom-
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Figure 12. Structural phase function in a cloudy atmosphere (circles and

triangles are measurements in `pure' and cloudy atmospheres, respec-

tively). Vertical bars show the scatter of experimental data [38].
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eters: 4� 8 m, Keck: 2� 10 m). Speaking of the outer scale,
one should bear in mind that this parameter changes with
increasing height, i.e., PSF simulation should use information
on the parameters of the model of height profiles of atmo-
spheric turbulence.

Therefore, of great interest is the possibility of introducing
the so-called effective outer scale L �0 as the integral character-
istic of turbulence, which can be used in some problems to
replace the height profile [83±89]. This characteristic is useful
due to the limited application of height-profile models for
atmospheric turbulence because of their dependence on the
geographical location. This also considerably simplifies
mathematical calculations taking into account the influence
of atmospheric turbulence on the phase characteristics of an
optical wave. Below, we consider a number of questions
related to the introduction of the scale L �0 , such as the
fundamental possibility of using this characteristic, a class of
problems where its application is reasonable, and the
description accuracy. The influence of the replacement of
the height profile by the effective outer scale on the image
parameters is also studied and, in particular, the error of
calculating the Strehl ratio of the turbulent PSF of a telescope
usingL �0 is estimated in comparison with its value obtained by
using the model height profile L0�h�.

Studies were performed using semi-empirical profiles C 2
n

from [66] corresponding to the `best' and the `worst' visual
conditions (astroclimate) and the following height-profile
models L0�h�:

B : L0�h� �
0:4; h4 1 m,
0:4h; 1 < h4 25 m,

2
���
h
p

; h > 25 m,

8<:
C : L0�h� �

0:4; h4 1 m,
0:4h; 1 < h4 25 m,

2
���
h
p

; 25 < h < 1000 m,

2
����������
1000
p

; h > 1000 m,

8>><>>:
�46�

D : L0�h� � 4

1� ��hÿ 8500�=2500�2 ;
E : L0�h� � 5

1� ��hÿ 7500�=2000�2 :
Model B was proposed in paper [42]. Model C is the
generalization and development of model B performed in
[67±69], models D and E were obtained based on measure-
ments performed in different regions of the world [62, 63].

Figure 13 presents vertical profiles corresponding to
models (46). Figure 14 shows the vertical profiles of the
turbulence intensity [66].

Different methods for determining the effective outer
scale L �0 were proposed in [83±86]. Thus, L �0 can be
determined by minimizing the integrated quadratic residual
of structural functions of phase fluctuations of the form

D
ÿ
L0;L0�h�

���rmax

0

dr r
�
Dj�r;L0� ÿDj

ÿ
r;L0�h�

��2
; �47�

where Dj
ÿ
r;L0�h�

�
is the structural function of phase

fluctuations calculated using the height profile L0�h�,
Dj�r;L0� is the structural phase function using a fixed
(effective) outer scale L0 � const, and rmax is the telescope
aperture.

Residual (47) determines the discrepancy of two structural
functions. It was proposed to call the effective outer scale of
the atmospheric turbulence the value of L �0 at which the
residual D�L0;L0�h�� of the form (47) is minimal. Note that
the upper integration limit in (47) in the method proposed is
equal to rmax. In papers [83±86], several different cases were
studied, in particular, rmax � 10 m, which corresponds to the
aperture of a large telescope, and rmax � 1.

Table 1 presents the values of L �0 determined by several
methods for different models of L0�h� and C 2

n �h�.
The dependence of the effective outer scale L �0 on the

profile C 2
n �h� shows that the smaller value of L �0 for the `best'

conditions from the point of view of turbulence is caused by
significant differences in the behavior of C 2

n �h�. Figure 14
shows that the `best' C 2

n �h� profile rapidly decreases with
height, and the probability of large-scale fluctuations appear-
ing decreases, which results in a decrease in Dj�r;L0� and in
the effective outer scale L �0 .
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Figure 13.Models of vertical profiles (46) of the outer scale L0�h�.
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Figure 14. Vertical profiles [66] of the turbulence intensity C 2
n �h�.

Table 1. Effective outer scale L �0 for L0�h� (48) and C 2
n �h� [66] models.

Model L0�h�
`Best' proéle C 2

n �h� `Worst' proéle C 2
n �h�

0 ë 10 m 0ÿ1 0 ë 10 m 0ÿ1
B
C
D
E

34.7
32.5
0.60
0.68

58.4
42.9
0.71
0.84

55.4
40.6
1.04
1.31

98.0
52.3
1.78
1.56
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The considerable difference between L �0 values for the
L0�h� models C and D can be explained as follows. A
characteristic feature of model D is the presence of a finite
maximal value of L0 and its subsequent decrease at heights
above 7±8 km (see Fig. 13), which, in fact, makes impossible
the appearance of greater scales. At the same time, inmodel C
in (46) the value of L0 increases with height, which enhances
the influence of large-scale fluctuations, and therefore an
increase in Dj�r;L0� can be expected, resulting in a
corresponding increase in the effective outer scale L �0 .

Note that similar estimates of the effective outer scale of
atmospheric turbulence were earlier made in papers [87±89]
using the expression

L �0 �
� � 1

0 dhL
5=3
0 �h�C 2

n �h�� 1
0 dhC 2

n �h�
�3=5

�48�

characterizing the dependence of the dispersion of phase
fluctuations on the outer scale.

As awhole, note that, although this problem attracts great
interest [90±114], information on the dependence of the outer
scale on the height is quite limited at present.

8.2 Influence of the effective outer scale
on the calculation characteristics of an image
The influence of the outer scale on the characteristics of
optical systems in a turbulent atmosphere was studied in
many papers [73, 74, 78, 87±89, 91±98]. In particular, the
decrease in the calculated Strehl ratio was studied for
astronomical telescopes taking into account the finiteness of
the outer scale of turbulence. It is known that the turbulent
broadening of an image reduces the peak intensity [91±98].
The Strehl ratio SR is determined by the ratio of the peak
intensity Iturb of the turbulent image to the peak intensity Idiff
of the diffraction image. If the structural function Dj�r� of
phase fluctuations is known, the SR can be directly calculated
[42, 72±74] from the expression

SR � Iturb
Idiff
�
� D
0 dr rt0�r� exp

ÿÿ 1=2Dj�r�
�� D

0 dr rt0�r�
; �49�

where D is the telescope diameter and t0�r� �
�2=p�farccos �r=D� ÿ �r=D��1ÿ �r=D�2�ÿ1=2g is the diffrac-
tion-limited optical transfer function of the telescope.

For a homogeneous propagation path, i.e., when L0 is
independent of the height above the underlying surface, the
SR ratio can be easily measured from the known telescope
diameter D, the coherence radius r0, and the value of L0.
Strehl ratios calculated for the homogeneous path are
presented in Fig. 15. It can be seen that the SR decreases
with increasingL0, i.e., the increase inL0 results in an increase
in image distortion caused by the turbulent atmosphere.

Considering the SR dependence on the ratio D=r0, note
that the increase in D=r0 for fixed D indicates an decrease in
the coherent part of the aperture, which in turn reduces the
peak intensity of the turbulent image. For the inhomogeneous
path, the SR calculation is complicated, because the quantity
L0 in Dj�r� depends on the height. However, the entire
atmospheric path can be divided into layers greater than L0

in size, within which L0 can be assumed constant. Assuming
that correlations of turbulent fluctuations between such
layers are absent in fact [14, 98±100], the total structural
function can be calculated as the sum of structural functions
of each layer.

Using the obtained values of L �0 , we can calculate the
relative error of measuring the Strehl ratio e �
�SRÿ SR ��=SR, where SR is the Strehl ratio for the
turbulent PSF calculated using the profile L0�h�, and SR � is
the Strehl ratio calculated usingL �0 . The quantity e determines
the accuracy of predicting turbulent image distortions when
the height profile is replaced by a finite value.

Summing up the results of studies [95±98], we can make
some conclusions:

(i) The effective outer scale of turbulence can be intro-
duced as an integral characteristic describing the atmo-
spheric turbulence along an inhomogeneous atmospheric
path.

(ii) The introduction of the effective outer scale can
significantly simplify mathematical calculations of the influ-
ence of the atmospheric turbulence on the phase character-
istics of an optical wave propagating along vertical and
weakly inclined atmospheric paths.

(iii) Studies of the description accuracy showed that the
error caused by the replacement of the height profile of the
outer scale by a constant valueÐ the effective outer scaleÐ
highly depends on both the height-profile model and the
measuring method.

(iv) When the effective outer scale exceeds the telescope
diameter, the error ofmeasuring the Strehl ratio caused by the
use of the effective outer scale instead of the profile will not
exceed 16% on average.

8.3 Calculation of image jitter for an optical source
in a random medium with a finite outer scale
Numerous experimental studies in the atmosphere [100±
116] show that it contains regions where the turbulence
significantly differs from the well-known Kolmogorov
turbulence traditionally used for the description [10±13].
One of the possible reasons is the influence of the
finiteness of the outer scale of turbulence. This question
is important, for example, for problems related to
terrestrial astronomy.

It is known that the random displacement of the center of
gravity of the image from a remote optical source, for
example, a star forming a plane wave front, is characterized
by the position q

pl
F of the energy center of gravity, which, in

the first approximation, by ignoring amplitude fluctuations,
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Figure 15. Strehl ratio for a homogeneous turbulent path [83, 85].

March 2021 Outer scale of turbulence and its inêuence on êuctuations of optical waves 297



is described by the expression [4, 5]

q
pl
F � ÿ

F

kS

��
S
HS �q1� d2r1 : �50�

In the geometrical optics approximation, the gradient of
phase fluctuations HS �q1� for a plane wave can be written in
the form

HS �q1�� i

�X
0

dx1

��
d2j1 n�j1;Xÿ x1�j1 exp �ij1q1� ; �51�

where F is the focal distance of the optical system, X is the
distance propagated by an optical wave in a turbulent
atmosphere, n�j1;Xÿ x� is the two-dimensional spectral
density of the expansion of fluctuations of the atmospheric
refractive index, and k is the radiation wavenumber.

Then, similarly to calculations [4, 14], we obtain expres-
sions for the calculations of the jitter of the image center of
gravity in the form of an integral over the turbulence
spectrum h�qpl

F �2i:
�qpl
F �2
� � 2p 2F 2

�X
0

dx
��

d2k k2Fn�j; x�

� exp

�
ÿ k 2R 2

2

�
: �52�

To calculate integrals in (52), it is necessary to select one
model or another of the turbulence spectrum of a medium in
which optical radiation propagates.

We will use below atmospheric turbulence models taking
into account the finiteness of the outer scale of turbulence,
namely, the isotropic Karma model [31±34]

Fn�j; x� � 0:033C 2
n �x ��k 2 � k 2

0 �ÿ11=6 exp
�
ÿ k 2

k 2
m

�
�53�

and the model proposed in Russian publications [36±38]

Fn�j; x� � 0:033C 2
n �x �kÿ11=3

�
1ÿ exp

�
ÿ k 2

k 2
0

��

� exp

�
ÿ k 2

k 2
m

�
: �54�

As shown earlier, the corresponding outer scales for
models (53) and (54) are related by a simple numerical
coefficient. Therefore, fluctuations of optical characteristics
can be calculated with any of these spectra. By using such a
spectrum, we obtained expressions [77] for the dispersion of
displacements of the energy spectrum of an optical beam
and dispersion of fluctuations of the amplitude logarithm
(by the smooth-perturbation method). Thus, Russian model
(54) gives from (52) (for the condition kÿ10 4R) the
expression


�qpl
F �2
� � 2p 2F 20:033G

�
1

6

��X
0

dxC 2
n �x�

�
�
Rÿ1=3

21=6
ÿ k 1=3

0

�
: �55�

In the case of star jitter in an astronomical telescope, the
upper integration limit in (55) should be set equal to1. Then,

the dispersion of the angular image jitter can be calculated
from the expression
ÿ

q
pl
F

�2�
F 2

� 
ÿj pl
F

�2� � 3:23Rÿ1=3
�1
0

dxC 2
n �x�

�
�
1ÿ

�
k 2
0R

2

2

�1=6 �
: �56�

We can now use the so-called outer scale of turbulence for
the entire atmosphere as a whole [83, 85], introduced, for
example, by the expression

�k �0 �ÿ1 �
� �1

0 dxC 2
n �x�k1=30�1

0 dxC 2
n �x�

�ÿ3
: �57�

Using the coherence radius r0 of atmospheric turbulence in
the form

r0 �
�
k 2

�1
0

dxC 2
n �x�

�ÿ3=5
; �58�

we can obtain the dispersion of the angular image jitter in the
focal lane of a telescope in the form
�j pl

F �2
� � 3:23Rÿ1=3rÿ5=30 kÿ2

�
1ÿ 2ÿ1=6�k �0R�1=3

�
: �59�

The term in brackets in expression (59) determines the
variation in the dispersion of the image dispersion jitter as a
function of the receiving aperture size from the Rÿ1=3 power
dependence.

Table 2 presents the dispersion of the image jitter
calculated for different ratios of the effective outer scale for
the atmosphere as a whole �k �0 �ÿ1 to the receiving aperture of
a telescope R. One can see from Table 2 the strong deviation
from the power dependence of the image jitter (59).

Results presented in Table 2 show that, even when the
ratio of the outer scale to the receiving aperture exceeds 103,
the variation in the behavior of the dispersion of image jitter
from a power law Rÿ1=3 [4, 14] is considerable, i.e., the
influence of the outer scale is observed.

9. Experimental astronomical observations
of the manifestation
of non-Kolmogorov turbulence

The world's scientific literature contains much data on
measuring the effective outer scale from optical and, first
and foremost, astronomical observations [78±95, 100±116].
These articles present data obtained with astronomical
telescopes analyzing star images or contrast structures in the
images of the Sun and Moon. The data show that, as a rule,
the outer scale of turbulence increases with height. Several
methods for estimating the outer scale, in particular, its
integrated value for the vertical propagation, were proposed
earlier [100±102]. The use of radiosonde and balloon probing,
as well as the interferometric technique and data obtained
with wave-front sensors, is described in [105±116].

Table 2.Deviation in image-jitter dispersion from a power dependence as a
function of the telescope aperture.

�k �0R�ÿ1 1000 300 100 50 30 10 5

1ÿ 2ÿ1=6�k �0R�1=3 0.91 0.87 0.80 0.75 0.70 0.57 0.42
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9.1 Comparison of energy characteristics
of Kolmogorov and non-Kolmogorov turbulences
First of all, the influence of the outer scale on the dispersion of
temperature (or refractive index) was considered in a number
of studies [82, 91±94]. It is known that the energy distribution
in the turbulence is determined by the spectral density Fn�k�
of refractive-index fluctuations. Because real turbulent
inhomogeneities are three-dimensional, an estimate of the
dispersion of refractive-index fluctuations should involve the
calculation of a functional of the form [19±21, 117, 118]�1

0

dk k 2Fn�k� ; �60�

where Fn�k� is the spectral density of refractive-index
fluctuations in the atmosphere and k is the spatial wave-
number (or the quantity inverse of the turbulent inhomo-
geneity).

Note preliminarily that functional (60) is proportional to
the dispersion of refractive-index fluctuations. We will
calculate this functional for the atmospheric turbulence
spectrum [4, 14] assuming its isotropy in the Karman model
with the Kolmogorov slope of the spectrum like (54). By
calculating integral (60), i.e., the dispersion of refractive-
index fluctuations for model (54), we obtain

s 2
n �

�1
0

dk k 2Fn�k� � 0:033C 2
n

�1
0

dkk 2�k 2� k 2
0 �ÿ11=6

� exp

�
ÿ k 2

k 2
m

�
� 1

2
0:033C 2

nG
�
3

2

�
kÿ2=30

�
�
G�1=3�
G�11=6� 1F1

�
3

2
;
2

3
;
k 2
0

k2m

�
� G�ÿ1=3�

G�3=2�
�

k0
km

�2=3

� 1F1

�
11

6
;
4

3
;
k 2
0

k 2
m

��
: �61�

For the condition k 2
0 5 k 2

m for Karman model (54), we have

s 2
n �

1

2
0:033C 2

nG
�
3

2

�
G�1=3�
G�11=6� k

ÿ2=3
0 : �62�

Calculations in (61) give s 2
n / C 2

n L
2=3
0 , and because, accord-

ing to model [14], C 2
n / L

4=3
0 , we finally have s 2

n / L 2
0 .

This means that energy in a turbulent medium depends on
the outer scale L0 of turbulence and therefore knowledge of
the outer scale is important for estimates of the turbulence
energy. Thus, in our opinion, the outer scale of turbulence is
not simply a parameter for fitting measurement data in the
low-frequency region of changing parameters of optical
waves propagating through a turbulent medium layer: it
also determines the total energy of turbulent motion. It is
known that a conventional parameter such as the structural
constant of the refractive index characterizes the turbulence
energy only within the inertial interval, while the coherence
radius introduced in [42] gives an estimate of the integrated
energy along the propagation path of an optical wave. Then,
our studies have shown that the local values of the outer scale
of turbulence give an estimate of the turbulence energy within
some layer, while the introduced effective outer scale for
inhomogeneities from the point of view of the turbulence level
in the propagation path characterizes the average turbulence
energy, assuming that it is constant along this path.

9.2 Measurements of the coherence radius
and effective outer scale of turbulence
from astronomical observations
Of interest is the experimental verification of the presence of
optical effects in the atmosphere in which the properties
caused by the finiteness of the outer turbulence scale are
manifested. Numerous recent experimental studies world
wide demonstrate deviations of turbulence spectra from the
Kolmogorov±Obukhov model not only in the low-frequency
region, but also within the inertial interval [118±127]. Of
course, to obtain such experimental results, long observations
should be performed in the open atmosphere.

One such measurement was performed in the Sayny
Mountain region at the Sayny Solar Observatory, Institute
of Solar-Earth Physics, Siberian Branch, Russian Academy
of Sciences (Mondy, Buryatia). The dispersion s 2

a of solar (or
lunar) disc-edge jitter was measured with an automated
horizontal solar telescope (AST) [77] as a function of the
receiving mirror size. The source in experiments was the
image of the solar (or lunar) disc edge. The photodetector
was a differential photoelectric Brandt sensor for recording
the jitter of the image of an extra-atmospheric light source.
The Brandt sensor was tested for several ten years and was
earlier used for similar studies.

Measurements were performed for five different dia-
meters, 5, 10, 30, 50, and 80 cm, of the receiving mirror
(aperture) of the telescope and for two angular sizes of 25 00

and 10 00 of the entrance slit of the detector. The zenith angle of
the Sun (Moon) position was controlled. Simultaneously with
optical measurements, meteorological conditions near the
AST were continuously controlled with an ultrasound
meteosystem [118]. A few series of experiments were per-
formed in the period from 2009 to 2012. The results of the
measurements are presented in Fig. 16.

One can see fromFig. 16 that the standard deviation of the
image jitter of the solar disc edge decreases with increasing
receiving aperture. Measurements were performed, as a rule,
in the evening in the transient turbulent regime. Experiments
showed in [18] that the dispersion of displacements of
astronomical images for large-aperture detectors weakly
depends on the aperture, unlike the usual dependence, when
the dispersion for the Kolmogorov spectrum depends on the
receiving aperture � a

ÿ1=3
t . Data in Fig. 16 allow us to

estimate the coherence radius and the effective outer scale
�k �0 �ÿ1 for the entire atmosphere. The integrated atmospheric
scales r0 and �k �0 �ÿ1 can be simultaneously measured from
expression (59). In addition, measurements of image jitter in
experiments should be performed for at least two values of the
receiving aperture to obtain two parameters characterizing
the atmosphere: r0, determined from (58), and �k �0 �ÿ1,
determined from (57). Table 2 presents the calculated
sensitivities of this method.

Finally, the results of measurements lead to the following
conclusions:

(i) Ignoring the influence of the outer scale of turbulence
in measurements of the coherence radius r0 from the image
jitter in the telescope focus overstates its measured values by
approximately 10±25%.

(ii) Using data in Fig. 16 (for any pair of points on curves),
the effective outer scale �k �0 �ÿ1 can be estimated for the entire
atmosphere. Its value proved to be from 12 to 35 m, which
does not contradict our model calculations.

(iii) As a whole, measurements performed at the Sayan
Solar Observatory gave an effective outer scale of turbulence
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between 8 and 12 m and the corresponding coherence radius
(according to Fried) of 25 to 41 mm.

9.3 World experience in measurements
and estimates of the outer scale of turbulence
from astronomical observations
The most reliable and complete experimental data on
estimates of the outer scale of turbulence were obtained in
astronomical observations. Below, we consider astronomical
data used to estimate the effective outer scale for the
atmosphere as a whole.

The first attempt to estimate this outer scale was made by
Mariotti and coauthors [103] at Observatoire Plateau de
Calern, France, who used a 12T interferometer to obtain the
outer scale equal to 8 m. A few years later, Colavita and
coauthors [53] obtained the outer scale at more than 2 km in
measurements with a stellar Mark III interferometer. Using
the same interferometer, Buscher and coauthors [101] esti-
mated this scale as only 30 m. The measurements of
fluctuations of arrival angles with the help of Shack±
Hartmann sensors give an output scale in the range from 5 to
8 m [105]. Experiments [104, 106] performed with the Come-
On electro-optical system gave the outer scale value of about
50 m. Using a modified Differential Image Motion Monitor
(DIMM), Ziad at al. [107] estimated this parameter at a value
from 5 to 100 m. Preliminary experiments performed with a
Grating Scale Monitor at two French laboratories, Observa-
toire de Nice and Observatoire Plateau de Calern [108], gave
the outer scale in the range from 5 to 300 m. Later,
measurements were performed with a Generalized Seeing

Monitor (GSM) at the world's main observatories: La Silla,
Maidanak, Cerro Tololo, Paranal, Roque de los Muchachos,
Mauna Kea, Mount Palomar, and Dome C. These measure-
ments, except those at theDomeCObservatory, gave the outer
scales of turbulence in the range from 12 to 50 m [109, 110].

Note that, according to Ziad's opinion, all the methods
mentioned above are model-dependent, which means that
experimental data are analyzed assuming the applicability of
the Kolmogorov spectral model or models like (26) and (28).
On the other hand, an estimate of the local outer scale can be
obtained from measurement data, as in [111] and [112]. Note
that all these measurements give a local value of the outer
scale of no more than 5 m. Such a large difference between
local values and the effective outer scale for the entire
atmosphere (according to astronomical data) is explained by
the different definition of the latter. Indeed, GSM measure-
ments performed at the Gemini South Observatory [113] in
October 1998 gave the effective outer scale approximately 13±
16 times greater than its local value near Earth. This result is
explained by the use of different definitions of the outer scale
in different measurement methods. At the same time,
meteorological data and predictive models can be success-
fully used for estimates of the outer scale [114, 115].

Note that a comparative analysis [107] of experimental
data accumulated world wide was performed for the first time
by the author of this review in [95]. Table 3 is taken from [95].

As a whole, the values of the effective outer scale obtained
in these experiments agree well with the results of different
optical measurements (see Fig. 16) and with the model
calculations presented in Section 3. Nevertheless, we will

1.8

s a
,a

rc
s

2at, cm

1.6

1.4

1.2

1.0

0.8

101 102

1

2

3

4 5

ì traditional theory (Kolmogorov
incoherent turbulence)

ì coherent theory (non-Kolmogorov
coherent turbulence)

ì experiment

2at, cm

s a
,a

rc
s

100 101 102

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

Kolmogorov turbulence:
ì experiment
ì theory

Coherent turbulence:
ì experiment
ì theory

Figure 16.Root-mean-square deviation s 2
a of the astronomical image jitter of the solar disc edge as a function of the telescope entrance aperture diameter.

Sayan Solar Observatory. 2010 and 2011 summer measurements [116±118].

Table 3. Observed values of the effective outer scale of turbulence.

Data publication year References Effective outer scale, m Astronomical device used Experiment location

1983
1984
1987
1989
1991
1991
1993
1994
1995
1995

Lukin et al. [79]
Mariotti et al. [103]
Colavita et al. [53]
Tallon et al. [105]
Rigaut et al. [106]
Rousset et al. [104]
Ziad et al. [107]
Agabi et al. [108]
Buscher et al. [104]
Fuchs [112]

3 ë 15
8

>2000
5 ë 8
<50
>2

5 ë 100
50 ë 300
10 ë 100
2.4 ë 1.5

TT-600
I2T
Mark III
Hartmann-Shack
Come-On
DIMM
Shack-Hartmann
GSM1
Mark III
Ballons

SAO RAS*
CERGA**
Mount Wilson
Mauna Kea
La Silla
Roque de los Muchachos
OHP***
OCA****
Mount Wilson
Paranal

* Special Astrophysical Observatory, RAS.
** Centre de recherches en geodynamique et astrometrie.
*** Observatoire de Haute-Provence.

**** Observatoire de la Cote d'Azur.
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point out here a considerable difference between our concept
of the outer scale [96±98], which is presented is this review,
and the approach to the estimate of this parameter in [107±
110]. Recent studies [118±127] demonstrate significant devia-
tions in turbulence spectra in the atmosphere from the
Kolmogorov model, even in the inertial interval. This forces
researchers to introduce turbulence spectra of different types,
significantly different from traditional spectra, into models in
calculations of parameters of optical systems, including
adaptive-optics systems [126±132].

Model calculations based on turbulence spectra with a
finite outer scale have long been applied for calculating
parameters of future astronomical telescopes using adaptive
optics. Thus, the potential parameters of a Euro50Ðproject
of large European astronomical telescope were analyzed in
[133] using the seven-layer model of the atmosphere for the
Roque de los Muchachos Observatory, Canary Islands [59].
The effective outer scale for the model was directly calculated
by (48) using the vertical profile of C 2

n and some assumptions
about the vertical distribution ofL0 in the interval of 20±40m,
including the turbulence of the boundary atmospheric layer
[59]. It was found that the variation in the effective outer scale
considerably changes the balance between the global slope of
the wave front and its higher aberrations. Calculations similar
to [33] were successfully used in [105±115] to estimate the
efficiency of the application of astronomical telescopes in
different regions of the world.

10. Conclusions

Numerous measurements in the atmosphere have shown that
the spectral density of refractive-index fluctuations in the
energy interval, unlike that in the inertial interval of
wavenumbers, is no longer a universal function. It is known
that the low-frequency spectrum depends both on the under-
lying-surface profile (for small heights) and on weather
conditions. Naturally, the spectrum shape will change, for
example, with changing height above the underlying surface
and with variations in the thermodynamic stability of
turbulence. Therefore, the assumption about the local
homogeneity and isotropy of turbulence is no longer
fulfilled. At the same time, calculating statistical character-
istics of optical waves (estimates of the dispersion of
fluctuations) requires simple and convenient spectral models.

Experiments on horizontal paths have shown that the
value of the outer scale is comparable to the propagation
height of optical radiation above the underlying surface;
however, these values are different for different authors.
This can be explained by the fact that the real atmosphere
contains, along with small-scale turbulence (no more than a
few meters in size), larger-scale motions of a different nature.
These motions can be caused by the radiation variegation of
the underlying surface, the screening of the underlying surface
by cloudy structures, and some other factors. Such large-scale
formations can be considered in the ground-level layer as slow
variations in external conditions determining the generation
of small-scale turbulence. Note that parameters of the
turbulence (and model) of the ground-level layer should
change in time (and space) with the characteristic scale of
these large-scale structures.

Thus, if a model parameter such as the outer scale was
selected from synchronous measurements of fluctuations of
some optical parameter and the turbulence intensity, these
measurements should be accompanied by measurements of

average meteoparameters: the temperature and wind-velocity
gradients, the transverse component of the wind velocity at
the propagation height of optical radiation, and the disper-
sion of fluctuations of the wind velocity.

Experiments performed in the atmosphere have shown
that:

(i) the outer scale of turbulence in the ground-level
atmospheric layer is comparable to the

(ii) the outer scale of turbulence depends on the thermo-
dynamic stability of the atmosphere;

(iii) the largest large-scale inhomogeneities of the atmo-
spheric turbulence in the ground-level atmospheric layer have
anisotropic properties. This can be manifested in the inequal-
ity of outer scales in the vertical and transverse directions;

(iv) the vertical distribution of atmospheric inhomogene-
ities shows that the atmosphere has a layer-homogeneous
structure;

(v) as the height above the underlying surface increases,
the outer scale increases and can reach 30±50 m in the open
atmosphere.

Numerous studies show that the behavior of the turbu-
lence spectrum in the low-frequency region in the ground-
level layer can no longer be described by a single parameterÐ
the turbulence intensity (it is assumed that the behavior of the
spectrum in this region is not universal). It is necessary to take
into account in calculations that the assumption about the
local isotropy for large-scale inhomogeneities close to the
outer scale of turbulence is not correct enough for real
atmospheric conditions.

Nevertheless, fluctuations in optical fields (for example,
statistical characteristics of phase fluctuations of optical
waves) were calculated using different models describing the
spectrum in the large-scale region. These models already had
two parameters, the second one being the so-called outer
scale. Calculations used different models of the turbulence
spectrum, the coincidence of experimental data with calcula-
tions being achieved by selecting the outer scale. In turn, the
outer scale of turbulence determines in fact the energy
characteristics of turbulent fluctuations.
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