
Abstract. The present work is devoted to describing the current
state of the collective transport theory in liquids. In this connec-
tion, the results of MD-modeling of the root mean square
displacement and the velocity autocorrelation function of a
molecule (VACFM) at large enough times are discussed. The
characteristic function allowing one to estimate the relative
value of collective contributions to the self-diffusion coefficient
is introduced and studied in detail. Low-frequency spectra of the
VACFM are used to determine the Maxwell relaxation time,
playing the key role in the approach presented. The possibility
of determining the binodal and spinodal positions by the tem-

perature dependences of self-diffusion coefficients on isochores
is considered.

Keywords: self-diffusion, collective effects, velocity autocor-
relation function, metastable states, spinodal

1. Introduction

Themain conceptsof and the first results in the theoryof collective
transport ofmolecules in liquidswere outlined in a series of papers
[1±4] initiated by I Z Fisher. February 2019 marked the 100th
anniversary of his birth, and this year, 2021, will mark the 50th
anniversary of the publication of his seminal paper [1] on the
problem of collective contribution to the self-diffusion coefficient.
In this regard, wewould like to present themost important results
obtained by exploring this question over past years.

An important impetus to the development of collective
transport theory were studies by Alder and Wainwright [5±8]
where, using methods of molecular dynamics, it was found
that the velocity autocorrelation function (VACF) of a
molecule (VACFM) of liquid fV�t��hV�t�V�0�i at large
enough time intervals (t4 a=VT � �0:5ÿ1��10ÿ12 s, where
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a is themean distance between nearest neighbors andVT is the
mean thermal motion velocity of molecules) has a universal
power-law asymptotic behavior,

fV�t� !
A

t 3=2
: �1�

In the following years, this result was confirmed in
numerous computer experiments [9±13]. The universal char-
acter of the decay of VACFM soon became the subject of
systematic research in Refs [14±22], which showed that it is
the result of a diffusive decay of vortical hydrodynamic
modes in liquids. In this case, the coefficient A also has a
universal form,

A � kBT

4r�pn�3=2
; �2�

where T, r, and n are, respectively, the temperature, mass
density, and shear viscosity of the liquid, and kB is the
Boltzmann constant. It is important to stress that the best
problem treatment is offered in Fisher's work [1], where it was
assumed that the slowest components of the thermal motion
velocity of molecules are governed by the velocity VL�t� of a
liquid (Lagrangian) particle containing this molecule in the
field of thermal hydrodynamic fluctuations, i.e.,

V�t� � VL�t� � Vr�t� : �3�

The component Vr�t� is assumed to be due to faster modes of
thermal motion of nonhydrodynamic origin. As a conse-
quence, the asymptotic behavior of fV�t� is defined by the
VACF of Lagrangian particle fVL

�t� � hVL�t�VL�0�i,

fV�t� ! fVL
�t� ; t4

a

VT
: �4�

This triggered interest in developing the Lagrangian
theory of hydrodynamic fluctuations. In the first outline of
this theory in Ref. [1], it was assumed that

VL�t� � u�r; t�jr�rL�t� ; �5�

where u�r; t� is the ordinary (Eulerian) hydrodynamic velocity
in liquids and rL�t� is the position vector of the Lagrangian
particle center. The correlation functions (CFs) cu�r; t� �
hu�r; t�u�0; 0�i of Eulerian velocity field u�r; t� were already
well studied by that time [23±26], such that Ref. [1] aimed at
finding a link between the VACF of a Lagrangian particle
fVL
�t� and the Eulerian CFcu�r; t�. The respective operator F̂

linking them, which was established in Refs [1, 2],

fVL
�t� � F̂cu�0; t� ; �6�

was a sum of contributions obtained by differencing over the
raising powers of q=qt.

A weakness of the proposed approach was the fact that
the CF cu�0; t� ! 1 for t! 0, and application of a
differencing operator to it only exacerbated this. In addi-
tion, it is clear that for t! 0 the Lagrangian particle VACF
fVL
�t� should tend to the quantity

fVL
�0� � 3kBT

mL
; mL � 4p

3
r 3Lr ; �7�

where mL is the particle mass.

This and some other problems were overcome in an
approach proposed in Refs [27±30] where the key role is
played by the redefinition of link (5) between the Lagrangian
particle velocity and the Eulerian velocity field,

VL�t� � 1

vL

�
vL

u
ÿ
rL�t� � r 0; t

�
dr 0 ; �8�

where vL � �4p=3� r 3L is the Lagrangian particle volume.
These studies also constructed an integral operator L̂
allowing one to move from CF cu�r; t� to VACF fVL

�t� of
the Lagrangian particle,

fVL
�t� � L̂cu�r; t� : �9�

In this approach, VACF fVL
�t� of the Lagrangian particle

proves to be rigorously defined on the entire time axis
(04 t <1), automatically satisfies condition (7), and natu-
rally passes to the long-time asymptotic form that follows
from the approach of Fisher [1, 2] and other authors [13, 16,
20, 31±38]. Note that at the same time the Lagrangian theory
of thermal hydrodynamic fluctuations was perfected, a theory
dealing with the correlation functions of Eulerian variables in
hydrodynamics was also advanced further [35, 36].

Importantly, in his paper [1], I Z Fisher does not limit
himself exclusively to an analysis of the long-time asymptotic
form of the VACFM, but introduces the important notion of
a collective componentDc in the self-diffusion coefficient and
derives a concrete expression for this component. The
necessity of this notion had already been mentioned earlier
in Ref. [39] exploring thermal neutron scattering.

The origin of the collective component in the self-diffusion
coefficient is naturally illustrated by trajectories of passengers
at underground transfer stations in the morning rush hour.
Each passenger aims to change to the station needed, but,
being surrounded by a dense crowd, only squeezes between the
nearest neighbors and drifts together with them to the side
that corresponds to the strongest passenger flow. The
transport of a passive passenger by local flows occurring at
transfer stations is a precise illustration of collective transport
in liquids.

In liquids, each molecule not only moves relative its
nearest neighbors but also drifts together with them in the
field of fluctuating hydrodynamic flows. In this respect, it
should be stressed that, while the VACFM falls in the class of
single-particle characteristics of the system, the character of
its temporal dependence is determined by the details of the
dynamics of the entire particle set. This remark also remains
valid for the mean square particle displacement.

The collective component in the self-diffusion coefficient
of molecules can be naturally estimated based on the self-
diffusion coefficient DL for a Lagrangian particle of a certain
size. References [27±29] show thatDL � 1=3

� 1
0 fVL

�t� dt of a
Lagrangian particle with radius rL is expressed as

DL � kBT

5pZrL
; �10�

where Z � nr is the dynamical viscosity.
The collective component in the self-diffusion coefficient

of molecules Dc is naturally defined by the relationship

Dc � DLjrL�r� ; �11�

where r� is an appropriate radius of the Lagrangian particle.
The radius is defined as the minimum value of hydrodynamic
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correlation radius rH � 2
����
nt
p

for vortical components of the
fluctuating velocity field. Obviously, theminimum value of rH
is realized for t � tM, where tM is theMaxwell relaxation time
(MRT) of viscous stresses, i.e.,

r� � 2
��������
ntM
p

: �12�

At shorter time intervals, system behavior is governed by
elastic modes that are oscillating and do not contribute to the
self-diffusion coefficient of molecules. As a result, the
collective component of this coefficient takes the form [40]

Dc � kBT

10pZ
��������
ntM
p : �13�

In Fisher's paper [1], a somewhat smaller value of the
numerical factor was obtained,

D �F�c � kBT

16pZ
��������
ntM
p ; �14�

which is explained by the difference between fVL
�t� and

cu�0; t� taken in [1] for fVL
�t�, as t! 0. More precisely, the

d-like contribution entering cu�0; t� (see Refs [1, 41]) was
omitted, even though it leads to a nonzero contribution to the
self-diffusion coefficient of a molecule.

From the discussion above, it follows that the self-
diffusion coefficient of molecules in liquids is the sum of the
collective component Dc and the contribution Dr due to
random displacement of molecules on molecular scales,

Ds � Dc �Dr : �15�

The first estimates of the temperature dependence of Dc,
as well as the relative magnitude Dc=Ds of the collective
contribution, where Ds is given by experimental estimates of
the self-diffusion coefficient, were proposed in Refs [40±49].
These estimates were obtained under the assumption that the
MRT is described by the Maxwell model

tM � Z
G

�16�

and that the high-frequency elasticity modulus G in liquids is
determinedwith the help of computermodeling. In the case of
argon, themagnitude ofGwas estimated inRefs [50±52] in the
1970s±1980s only for several temperature values close to the
argon triple point. That is why to obtain MRT at other
temperatures in the liquid argon existence interval it was
supposed that 1) tM stays independent of temperature and
2) the high-frequency shear modulus is also independent of
temperature. In the first case, the lower bounds on Dc=Ds

were obtained, and in the second case, the upper ones. In the
case of water and liquid metals, it was assumed that the
magnitude of G stays close to the shear modulus in the same
system if it is in the crystal or amorphous state [50].

Based on such assumptions, it has been shown that in
argon the ratio Dc=Ds increases from Dc=Ds � 0:1 in the
vicinity of the triple point to 0.2±0.3 [46, 47, 49] in the vicinity
of the critical point. Similar behavior was observed for liquid
metals. For water, the ratio Dc=Ds was noticeably smaller in
the vicinity of its triple point,Dc=Ds � 0:03ÿ0:05, and tended
to 0.2 for increasing temperatures.

Unfortunately, the degree of reliability of these estimates
left much to be desired, since it depended entirely on how
accurately the MRT was determined.

An important step in the clarification of the role of
collective contributions in self-diffusion was made in studies
by L A Bulavin [53±55] at the end of the 1980s. By processing
experimental results on thermal neutron scattering in electro-
lytes by formulas from Ref. [46] with additional account for
collective transport, it was shown that the magnitude of the
ratio Dc=Ds is on the order of 0.2±0.3 for water molecules.
This explicitly pointed to the importance of collective
transport, at least in solutions of electrolytes.

These facts markedly raised the significance of the MRT
as concerns the role of collective molecule drift in liquids,
which we discuss here. This is why we would like to present
below our main results on this problem, which were obtained
over the last few years [56]. In addition, we will point to a
general method allowing the ratioDc=Ds to be estimated with
the help of molecular dynamics, without resorting to concrete
computations of the MRT. One more motive impelling us to
write this review is an underestimation of the role of collective
contributions to the self-diffusion coefficient in the western
literature [57±60]. We also pay special attention to the
possibility of determining the position of the spinodal
separating the liquid and gaseous system states. Our results
will be illustrated first and foremost by examples of argon and
water. It will be shown that the thermal motion of molecules
in low-molecular liquids has nothing in common with the
activation mechanism.

2. Qualitative features
of the hydrodynamic mechanism
of collective transport in liquids

In this section, we discuss basic qualitative details of the
collective drift of molecules in liquids.

2.1 Universality of the collective drift of molecules
The most important distinction between liquids and solids, to
which they are close if judged by density, is their fluidity,
owing to which there are fluctuating hydrodynamic fields in
liquids, whose spatio-temporal evolution is irreversible. A
random collective drift of liquid (Lagrangian) particles in
such fields is in many respects analogous to the randomwalks
of a Brownian particle (the distinction lies only in the details
of the boundary conditions).

In other words, collective contributions in the self-
diffusion coefficient of molecules are as natural and universal
as the mechanism of self-diffusion for Brownian particles.

2.2 Role of longitudinal and transverse modes
of the hydrodynamic velocity field in the formation
of collective self-diffusion
In the general case, the velocity field in a liquid medium is the
sum of two components [1, 14],

u�r; t� � us�r; t� � up�r; t� ; �17�

where the first one describes vortical type motions and the
second one is a potential type,

div us�r; t� � 0 ; rot up�r; t� � 0 : �18�

The potential component in velocity fields is directly
related to variations in density and temperature. These
variations generally imply forward and return motions in
the medium (sound waves), which can only lead to negligibly
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small displacements in the medium and, as a consequence, to
similarly small contributions to the collective component of
the self-diffusion coefficient. In contrast, vortical displace-
ments lead to a systematic drift ofmolecules in liquids (Fig. 1).

Originally, a molecule in a medium (circle in Fig. 1) is
trapped in vortex 1 and carried over some distance. Vortex 1
then decays, but vortex 2 happens to occur in the vicinity of
this molecule, carrying it further over some distance. Its
subsequent displacements proceed in a similar manner.

An important circumstance is that the solenoidal
(transverse) component of the fluctuating velocity field is
described by the diffusion equation

qus�r; t�
qt

� nDus�r; t� �19�
or its generalization

qus�r; t�
qt

� tM
q 2us�r; t�

qt 2
� nDus�r; t� ; �20�

transforming into diffusion equation (19) at sufficiently large
times (t4 tM) and into a wave equation in short times
(t5 tM), where D is the Laplace operator. Fluctuating
vortical perturbations are described by the same equations.

Note that equation (20) corresponds to the well-known
Maxwell model of the frequency dispersion of kinematic
shear viscosity in liquids:

n�o� � n�0�
1� iotM

:

We stress that, in what follows, we will only use the
definition of MRT given by the last relationship and
equations (16) and (20). The definition of MRT by Green±
Kubo formulas [61±63] does not fully agree with (16) and (20)
(see Refs [64±69]).

2.3 Features of the collective drift of molecules
The mean square displacement (MSD) of a molecule over
time t is defined by the equation

G�t� �
��� t

0

V�t 0� dt 0
�2�

) 2

� t

0

�tÿt 0�fV�t 0� dt 0 : �21�

Using expression (3) for the velocity of amolecule,G�t� can be
written as

G�t� � Gc�t� � Gr�t� ; �22�
where

Gc�t� � 2t

� t

0

fVc
�t 0� dt 0 ÿ 2

� t

0

t 0fVc
�t 0� dt 0 ; �23�

Gr�t��2t

� t

0

fVr
�t 0� dt 0ÿCr ; Cr�2

� t

0

t 0fVr
�t 0� dt : �24�

Here, fVc
�t� is the VACF of a Lagrangian particle with an

appropriate radius r�, and fVr
�t� is the contribution to the

VACF of the same particle due to small-scale modes of
thermal motion of the molecule. It is taken into account that
the components Vc and Vr are statistically independent,
hVc�t�Vr�0�i � 0. Since, for t4 a=VT,� t

0

fVc
�t 0� dt 0 ! 3Dc ;

� t

0

fVr
�t 0� dt 0 ! 3Dr ;

and also fVc
�t� ! A=t 3=2, from (22)±(24) it follows that

G�t� � C� 6Dst

�
1ÿ 10

3p1=2
Dc

Ds

�
tM
t

�1=2

� . . .

�
; �25�

where C � Cr (t � 1). It should be stressed that vortical
hydrodynamic modes creating the power-law long-time
asymptotic form (1) of a VACFM turn out to also be
responsible for the appearance of the square-root contribu-
tion in its MSD. The relative value of this contribution is
proportional to the collective component Dc of the self-
diffusion coefficient. The existence of the square-root con-
tribution in the MSD is also mentioned in Ref. [70]; however,
it is introduced there only to describe more accurately the
results of molecular-dynamical (MD) modeling of the MSD
of a molecule.

In dimensionless variables x� t=tM, ~G�x��G�t�=�6DstM�,
and ~C � C=�6DstM�, formula (25) for x 1=2 4 1 can be
rewritten in the form

Dc

Ds
� F ; F � lim

x!1F �x� ;

F �x� � 3p 1=2

10
x 1=2

�
1ÿ

~G�x�
x

�
;

�26�

where it is taken into account that for such x the dimension-
less mean square displacement of a molecule proves to be
much larger than the constant ~C �~G�x�4 ~C �.

The function F �x� has the sense of a characteristic
function describing the manifestation of the collective drift
of molecules in theMSD. Owing to the isolation of the square
root contribution, a fundamental possibility appears of
determining the ratio Dc=Ds by values of FMD�x� computed
in numerical experiments. Since the values of FMD�x�
obtained in different series of computer computations
slightly differ from each other, for our goal, we need to
apply averaging over different realizations,

Dc

Ds
� AverFMD�x� ; x 1=2 4 1 ; �27�

where

FMD�x� � 3p 1=2

10
x 1=2

�
1ÿ

~GMD�x�
x

�
;

1

2

3

Figure 1.Diagrams of themechanism of collective transport by fluctuating

vortices.
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~GMD�x� is the MSD of a molecule obtained in computer
experiments, and Aver indicates the related averaging
operation. We should mention that with an increase in x
increasingly more computational errors are accumulated, so
that the values of x should be bounded from above by
dimensionless times xu of dynamic system memory. In
ordinary units, tu�Ar� � 20 ps and tu�H2O� � 12 ps (see
Section 5.2 and Appendix 1).

When thismethod is applied to determine the ratioDc=Ds,
a very important circumstance is that its magnitude does not
depend on the precise value of MRT tM. In fact, any value of
tM can be used if it guarantees that x 1=2 4 1.

Since the self-diffusion coefficient in liquids can be
estimated with an acceptable accuracy by the Einstein
formula Ds � kBT=�6pZrp�, the fraction of the collective
component of the self-diffusion coefficient is defined, on the
order of magnitude, by the ratio of the effective radius of
molecule rp to the appropriate Lagrangian particle radius,

Dc � 3

5

rp��������
ntM
p Ds : �28�

The numerical value of the ratio rp=
��������
ntM
p � 2rp=r�, where r�

is the appropriate radius of the Lagrangian particle (see (12)),
substantially depends on temperature and, within the
assumptions mentioned above on the magnitude and tem-
perature dependence of the MRT, varies within 0.05±0.25.
This is equivalent to the statement that the Lagrangian
particle comprises 64 molecules.

3. General structure
of velocity autocorrelation function
of a molecule in liquids and its spectrum

In agreement with the discussion in the Introduction and
Section 2, VACFM fV�t� � hV�t�V�0�i has the following
structure:

fV�t� � fM
V �t� � fH

V �t� ; �29�

where fM
V �t� is the component coming from short-lived

molecular modes, and fH
V �t� is the component with a

hydrodynamic nature.
The properties of fH

V �t� are studied in detail in [1, 14],
where it is shown that

fH
V �t� � fS

V�t� � fP
V�t� ; �30�

where the first and second terms correspond to the vortical
and potential modes. The behavior of vortical contribution
f S
V�t� is governed by hydrodynamic equation (20), which

leads to further specification in the structure of fS
V�t�,

f S
V�t� � f sing

V �t� � f �D�V �t� : �31�

The first term on the right-hand side of (31) is of a singular
character and is described by the expression [29]

f sing
V �t� � 2kBT

mL
exp �ÿx�P�x�y

�
2

�ÿ x

�
; �32�

P�x� �
�
1� 1

2
�2ÿ 3�� x� 1

4
�2ÿ 3��x 2

ÿ �
8
�3ÿ 2� 2�x 3 � 1

16
� 3x 4 � 1

32
� 3x 5

�
;

�33�

where x � t=�2tM�,

y�x� � 1; x5 0,
0; x < 0 ,

�

is the Heaviside function, and � � 4ntM=r 2L. When using the
estimate rL � r�, r� � 2

��������
ntM
p

defining the collective contribu-
tion to the self-diffusion coefficient, � � 1.

The second term on the right-hand side of (31) is described
by the expression [71]

f �D�V �t� �
2D
�F �
c

tM

exp �ÿx�
x

ÿ
I1�x� � I2�x�

�
y�xÿ 1� ; �34�

where D
�F �
c � kBT=�8pZrL�, and In�x�, n � 1; 2 denote the

Bessel functions of the imaginary argument. If x4 1, the
function f �D�V �t� has the following asymptotic form:

f �D�V �t� �
A

t 3=2

�
1ÿ 9

4

tM
t
� . . .

�
; �35�

whose leading term coincides with (1) and (2).
The component fP

V�t� is governed by thermal and sound
modes, and the latter dominate. If the thermal modes are
ignored, this component can be approximated by the
expression [29]

f l
s�x� �

3

p
kBT

mL

�1
0

du

u 2

�
cos uÿ sin u

u

�2

�36�

� exp

�
ÿ su 2 t

r 2L

�
cos

�
cl

u

rL
t

�
;

where cl is the longitudinal sound speed, s � �1=2��
�n� l�gÿ 1�� is the coefficient of sound decay, l � w=�rCp�,
w is the heat conductivity coefficient, g � Cp=Cv, and Cp and
Cv are the isobaric and isochoric specific heats.

The spectral density of aVACFMis given by the expression

fV�o� �
1

p

�1
0

fV�t� cos �ot� dt ;

and in accordance with (29) and (30) has the following
structure:

fV�o� � fM
V �o� � f S

V�o� � fP
V�o� : �37�

The behavior of the second and third terms is studied in detail
in Refs [29, 40], where, in particular, it is shown that the
spectral density of f �D�V �t� is given by the expression

f �D�V �o� � 2D �F �c Re

�
ÿ 1

2
� b�1� b� ÿ �1� b�

��������������
b 2 ÿ 1
p �

;

b � 1ÿ iz ; z � 2otM ; �38�
which leads to the following low-frequency asymptotic form:

f �D�V �o� � 3D �F �c

�
1ÿ 4

3

���������������
2potM

p
�39�

�
�
1ÿ 3

2
otM � 3

8
�otM�2

�
� . . .

�
; otM 5 1 :

Its most prominent feature is the square root character of the
dependence on frequency, which is a reflection of vortical
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motions in liquids. A similar dependence was discovered in
the recent study [72], where the spectrum of the VACFMwas
studied experimentally with the help of the spin echo method.
However, this method detects only relatively large-scale
vortices, with lifetimes of � 10ÿ4 s.

Details of the behavior of f �D�V �o� and fH
V �o� are

described in Ref. [56].

4. Maxwell relaxation time for argon
and water determined
with the help of computer modeling

In this section, the main focus is on finding temperature
dependences of the MRT for liquid water and argon on their
existence curves, as well as discussing limiting temperatures
for their potential applications.

4.1 General requirements for the Maxwell relaxation time
By definition (for details, see Refs [50, 73, 74]), the MRT of a
liquid is linked to its dynamical shear viscosity Z and high-
frequency shear modulus G1 through a relation like (16),
tM�Z=G1. Taking into account that Z � rn andG1=r � c 2t ,
where ct is the transverse sound speed at high frequencies, for
MTR we find

tM � n
c 2t
: �40�

Because the transverse ct and longitudinal cl speeds satisfy
the inequality ct < cl for high-frequency sound, we arrive at
the following limitation imposed on the MRT:

tM > t lM ; t lM �
n
c 2l

: �41�

Numerical values of t lM (which correspond to the values of cl
at several temperatures [75±77]), as well as data for tM known
from the literature, are listed in Table 1. Somewhat unexpect-
edly, the MRT values given in the literature, except for those
of Ref. [74], violate inequality (41). As concerns the values
fromRef. [74], they are obtained through amethod that is not
fully justified.

The second inequality relies on the requirement that the
appropriate radius of a Lagrangian particle be bounded from
below. It cannotbe smaller than the size of themolecular complex
formed by the molecule and its nearest neighborhood, i.e.,

z > 1 ; z�T � � 2
������������������������
n�T �tM�T �

p
3rp

; �42�

because, otherwise, the hydrodynamic sizewill be smaller than
the molecular one. Temperature T�, satisfying the equation

z�T�� � 1 ; �43�

bounds from above the MRT applicability region. For larger
temperatures, hydrodynamic modes in the system will be
diffusive, and the values of the VACFM will be positive at all
times or only slightly enter the negative domain. In this case,
the notion of a Lagrangian particle loses its meaning, and the
thermal drift of molecules loses its collective component.

4.2 Finding the Maxwell relaxation time for water
Low-frequency VACF spectra possess the simplest structure
if temperatures are sufficiently high. In this case, they are
defined largely by diffusive vortical modes of the molecular
velocity field. As an example, the structure of the VACF
spectrum is presented in Fig. 2 for T � 550 K.

At temperature T � 274 K (Fig. 3) the low-frequency
VACF spectrum can be only unsatisfactorily reproduced
with the help of (39). This circumstance arises because the
behavior of the spectrum in this case is governed by both
transverse and longitudinal modes. In all probability, model-
ing the latter by only acoustical contributions like (36) is
insufficiently fine. Fortunately, here, to determine the MRT,
it is sufficient to achieve a satisfactory reproduction of the
lowest-frequency raising interval in the VACF spectrum.

The values of theMRTobtained by an optimal fit ofmodel
spectral curves to the formulafV�o��f S

V�o� � fP
V�o� � . . . ,

where fS
V�o� is given by the sum f sing

V �o� (spawned by (32))

Table 1. Values of tM and t lM for liquid argon on its existence curve.

T, K tM,
10ÿ13 s [50]

tM,
10ÿ13 s [73]

tM,
10ÿ13 s [74]

t lM,
10ÿ13 s

90
100
110
120
130
140
150

� 2:28
ì
ì
ì
ì
ì
ì

1.68
ì
1.58
1.57
1.66

1.73
ì

ì
ì
� 21

� 22

ì
ì
ì

2.68
2.51
2.45
2.75
3.3
4.85
ì
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Figure 2. Character of the fit for the low-frequency component in the

spectrum of the VACF of water performed with the help of expansion (39)

at T � 550 K.
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Figure 3. Optimal fit of VACF low-frequency model spectrum (solid line)

with the help of fH
V �o� that correspond to fH

V �t� � f sing
V �t��

f �D�V �t� � fP
V�t�, where the behavior of the components is defined by

formulas (32), (34), and (36) for T � 274 K (dashed line).
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and f �D�V �o� (38), and the spectrum fP
V�o� is given by the

expression fs
l �x� (36), are collected in Table 2.

These data need to be complemented by a consideration of
the temperature dependence of parameter z�T �which defines
the region where transverse elastic oscillations can be
manifested in the VACF spectra for water molecules. As can
be seen from Fig. 4, this parameter tends to unity for
T � 440 K. This value of temperature proves to be close to
another characteristic temperature, TF � 400 K, which cor-
responds to the disappearance of the plateau region in the
behavior of function FMD�x�. Furthermore, it is also close to
the temperature T � 420 K at which the interval of negative
values in the VACF of water molecules disappears.

The values of theMRTforwater canbe formally determined
at higher temperatures aswell.However, in this case, inequalities
(41) and (42) are violated (either one of them or both), and the
MRT loses its meaning. In other words, the reaction of the
system to low-frequency external perturbations remains viscid,
and transverse modes preserve their diffusive character.

4.3 Maxwell relaxation time for argon
In the case of argon, the MRT and other quantities discussed
by us are defined similarly. They are all presented in Table 3.

From Table 4 and the dependence z�T � (see (42)), it
follows that the characteristic temperature TAr

F proves to be
close to 110 K.

5. Manifestation of collective drift
in the mean quadratic displacement of molecules

In this section, we consider a direct manifestation of collective
drift in the MSD of molecules of liquid argon and water,
determined with the help of computer modeling, and also
estimate the ratio Dc=Ds for these substances.

5.1 Mean square displacement
of molecules of argon and water
The behavior of dimensionlessMSD ~GMD�x� for molecules of
argon and water, as well as the characteristic function
FMD�x�, which differs from zero only if there is a collective
drift ofmolecules, is depicted in Fig. 5. As follows fromFig. 5,
there is no visually discernible manifestation of the square-
root contribution in theMSD of molecules. At the same time,
if we turn to the characteristic functionFMD�x�, the fact that it
exists becomes trivial. Note that widening of curves ~GMD�x�
and FMD�x� is noticeable only beyond xu.

5.2 Finding the relative value of the collective component
of the self-diffusion coefficient in argon and water
The dependence of characteristic function FMD�x� on x,
averaged over six motion trajectories of molecule in the
interval xl < x < xu, where the lower bound satisfies the
inequality xl > 1, is plotted in Fig. 6.

We need to note that the plateau in the behavior of
characteristic function FMD�x� is formed only at tempera-
tures T < 120 K, i.e., there is no collective transport at higher
temperatures. At such temperatures, the size of a Lagrangian
particle with the appropriate radius approaches the size of a
single molecule, which does not make sense (as mentioned in
Section 4.1). The values of Dc=Ds for argon, found from an
analysis of the behavior of characteristic function FMD�x�,
are placed in the second column of Table 4. The third
column of this table gives the values of Dc=Ds, where Dc is
computed by formula (13) and for Ds its experimental values
are taken [80±82].

As can be seen, the collective component Dc in the self-
diffusion coefficient amounts to approximately 14±16% of its
total value in the vicinity of the argon triple point and
increases to 19±26% on approaching T� � 120 K. In the
vicinity of this temperature, Dc drops to zero, which can be
described by approximating the MRT using the formula

tM�T � � tMD
M �T � 1

2

n
1ÿ tanh

�
g�Tÿ T��

�o
;

where gjTÿ T�j5 1 only in a small vicinity of point T�. It is
assumed that tMD

M �T � can be found for all temperatures of the
liquid state.

The consideration for water is identical and leads to the
results presented in Table 5.

5.3 Indicator of the existence
of collective transport in liquids
The analysis of the magnitude and temperature dependence
of the self-diffusion coefficient of a molecule helps to propose
one more indicator of the existence of collective transport in
liquids. This analysis rests on a comparison of temperature
dependences of effective radii of molecules found studying

Table 2. Temperature dependence of tM, Dc, and Ds for water.

T, K tM, ps DMD
s ,

10ÿ5 cm2 sÿ1
D exp

s ,
10ÿ5 cm2 sÿ1

[78, 79]

Dc,
10ÿ5 cm2 sÿ1

Dc=Ds

274
300
350
380

0.98
0.866
0.612
0.489

1.529
2.779
7.04

11.07

1.18
2.41
6.28
9.33

0.053
0.179
0.866
1.732

0.045
0.074
0.138
0.186

1.0 1.21.1 1.3 1.4 1.5 1.6 1.7

Water

Argon

9

7

5

z�T�

3 T � 440K

T=Ttr

Figure 4. Temperature dependences z�T � for water and argon. Ttr is the

respective triple point temperature.

Table 3. Values of tM, Ds, and Dc=Ds for argon for several temperatures.

T, K tM, ps DMD
s ,

10ÿ5 cm2 sÿ1
D exp

s ,
10ÿ5 cm2 sÿ1

[80 ë 82]

Dc,
10ÿ5 cm2 sÿ1

Dc=Ds

85
90
100

0.838
0.682
0.655

1.91
2.31
3.41

2.07
2.36
3.52

0.305
0.456
0.788

0.147
0.193
0.223

Table 4. Ratios Dc=Ds for argon obtained by the values of the character-
istic function and computed directly.

T, K FMD�x� (27) Dc=Ds (13)

85
90
100

0.138
0.151
0.182

0.159
0.197
0.231
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temperature dependences of their self-diffusion coefficients in
the absence and presence of collective drift. Indeed, fitting the
Einstein formula to the experimental data for the self-
diffusion coefficient, we get the following expression for the
effective radius of a molecule of liquid:

rD�T � � kBT

6pZ�T �Ds�T � : �44�

On the other hand, based on our knowledge, the value of the
self-diffusion coefficient is the sum of two collective compo-
nents that correspond to contributions from the nanoscopic
and molecular modes:

Ds�T � � kBT

6pZ�T �
�

1

rp
� 6

5

1

r��T �
�
:

Hence, it follows that

1

reff�T � �
1

rp
� 6

5

1

r��T � ; �45�

where rp is assumed to be independent of temperature and
equal to the value that follows from the analysis of kinematic
shear viscosity in liquids [49, 83]. Our views on the character
of self-diffusion will correspond to experimental data if the
relationship

reff�T �
rD�T � � 1 �46�

is observed in the whole interval of liquid states, or, more
precisely, its deviation from unity is within experimental
error. Formula (46) can be written in the following equiva-
lent form:

rD�T �
rp
� 1ÿ 2

5z�T � � 2
; Ttr < T < T� ,

1 ; T� < T .

8<: �47�

For T! T� z�T � ! 1; hence,

rD�T �
rp

����
T!T�

! 5

7
: �48�

The correspondence of relationships (47) and (48) to experi-
mental data for argon and water is illustrated in Fig. 7.

As can be seen, agreement between experimental and
computational data in temperature intervals Ttr < T < T�
for argon and water is practically complete. The inequality
rD�T �=rp � 1 for T� < T is fulfilled with the same degree of
accuracy.
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Figure 5.Dependence of ~GMD�x� and FMD�x� on the dimensionless time x for water (a, c) and argon (b, d).
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Figure 6. Behavior of FMD�x� for argon at xl < x < xu for temperatures T � 85 K (a) and T � 100 K (b).

Table 5. Values of Dc=Ds for several temperatures for water. �

T, K DMD
s D exp

s FMD�x� (27) Dc=Ds (13)

274
300
350
380

1.529
2.779
7.04
11.07

1.18
2.41
6.28
9.33

0.022
0.081
0.157
0.243

0.05
0.089
0.143
0.191

� The experimental values are taken from Refs [75, 76].
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6. Some features of the behavior
of the velocity autocorrelation function
for molecules of water and argon

The VACF of argon and water molecules has been the
subject of numerous modeling studies relying on MD
methods [5±8, 85±89]. This is why we limit ourselves in this
section to presenting 1) details pertaining to the behavior of
the VACF of argon molecules on approaching the binodal
and spinodal points, as well as at large separation from
them; 2) differences in VACF behavior for water and argon
molecules. All details of VACF behavior will be presented
as functions of temperature and density, which can be
rewritten as functions of pressure by resorting to the system
equation of state.

Direct reconstruction of the VACFM as a function of
pressure is also possible with the help of an NPT-ensemble.
However, in this case, modeling of overcooled states would
present difficulties.

One may consult Appendix 1 for details about the MD
experiment and VACF reconstruction procedure for liquid
argon and water molecules.

6.1 Velocity autocorrelation function of argon molecules
in the vicinity of or far from the spinodal and binodal
The spinodal of a system is its important thermodynamical
characteristic separating the regions of stable and metastable
states from the region of absolutely unstable states. The
position of the spinodal for argon was determined by various
methods in Refs [90±92] (Fig. 8).

It seems natural to assume that the transition to the region
of absolutely unstable states would be accompanied by a
noticeable change in the behavior of the VACF of molecules.
This assumption is indeed confirmed by the results of MD
modeling presented in Figs 9 and 10.

Attention is drawn to the fact that the decay of the VACF
of an argon molecule on isochore r � 0:9 g cmÿ3 becomes
nonnegative at T � 95 K (i.e., the VACF ceases to take
negative values), and for T � 130 K it becomes monotone.
Temperature T � 130 K corresponds to the point where the
spinodal is intersected by the isochore [75, 90], i.e., all other
temperatures that were considered are in the domain located
under the spinodal.

Note that in the region of absolutely unstable states, i.e.,
under the spinodal, the distribution of particles in the volume
of the computational cell becomes inhomogeneous; however,
the position of void regions is not fixed and no irreversible
partitioning into liquid and gas takes place.

From our consideration, it follows that the larger the
system density, the more expressed is the appearance of the

region of negative values in the VACFM. Yet neither the
argon liquid±gas coexistence curve nor its spinodal are
directly seen in the VACF behavior. In Section 7.2, it is
shown that this happens given spontaneous symmetry
violation in the model system.

0.50.4
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r p

Figure 7. Temperature dependences of the ratios of the molecule diffusive

radius to its kinetic radius (rD�T �=rp) for argon and water: the curves

correspond to formula (47) and symbols correspond to experimental data.
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6.2 Spectral density of velocity autocorrelation function
of the argon molecule
The general structure of spectral density fV�o� is depicted
in Fig. 11, which also presents an analogous dependence
from Ref. [93], which studied the VACFM based on
quasiclassical modeling of the dynamics of liquid argon
molecules. The comparison demonstrates rather satisfac-
tory agreement between the spectral densities of the
VACFM, and the frequencies of VACF spectral maxima
practically coincide.

The collective contributions in the VACF of argon
molecules are noticeable in their spectra only in the low-
frequency region (o5 �<�1=tM), where they are described by
the universal asymptotic form (39). The spectral density
maximum occurring at ~o� � 0:1 is observed at temperatures
close to the argon triple point. At sufficient separation from
the triple point, the transverse modes become diffusive, while
longitudinal modes become strongly decaying, and the low-
frequency peak in the VACF spectrum of argon molecules
disappears.

6.3 Velocity autocorrelation function of water molecules
and its spectral density
The behavior of the VACF of water molecules as a whole is
the same as for argon, yet differs in some important details. In
the region where the VACF of water molecule is at a
minimum, as can be seen from Fig. 12, a fine structure (FS)
is formed owing to the effects of dimerization. The most
robust details of the FS are practically insensitive to the
choice of hard or soft intermolecular potentials, i.e., those
potentials that take or do not take into account possible
changes in the configuration of water molecules.

The low-frequency component of the spectral density
of the VACF of water molecules that is related to the TC
(see the insert in Fig. 12) is plotted in Fig. 13. Here, the
rather strong low-frequency peak centered around op �
1:5 psÿ1 comes from the contributions of elastic transverse
and longitudinal modes. A weaker and less confined peak
close to od � 7 psÿ1 corresponds to thermal oscillations of
dimers.

The low-frequency peak is observed for supercooledwater
states and for normal water states if the temperature is
bounded from above, Ttr < T < T�.

The value of T� is estimated from the equation

~fmin�T�� � 0:1~fmin�Ttr�

and is T� � 400 K. For higher temperatures, the reaction of
the system to external perturbations remains viscous even at
frequencies o > 1=tM.

On a qualitative level, similar limitations also pertain to
the weaker peak which appears due to dimerization effects
and is observed only for T < Td, with Td being estimated in
Appendix 2 as Td � 450 K.

6.4 High-frequency asymptotic form
of the velocity autocorrelation function of argon
and water molecules
Also very revealing is the high-frequency asymptotic form of
the VACFM [94, 95], which also possesses a universal
exponential character (Fig. 14):

fV�o�
��
o!1 � Am

ÿ
ota�m�

�q�m�
exp

h
ÿ ÿota�m��p�m�i ; �49�

where the coefficient Am, the power-law indices p�m� and
q�m�, and the characteristic time ta�m� of spectral density
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decay are certain functions of the power-law index m of the
repulsion potential

UR�r� � e
�
s
r

�m

:

References [94, 95] show that p�m� and q�m� are given by the
following expressions:

p�m� � 2m

3m� 2
; q�m� � 1

3
ÿ 2

�
7

9m� 6
� 2

m� 2

�
:

The characteristic time ta�m� has the sense of the duration of a
hard collision between two molecules.

The pertinence of formula (49) for spectral density,
constructed by MD modeling methods for the potentials

U�r� � e
��

s
r

�m

ÿ
�
s
r

�6 �
;

is illustrated in detail in Ref. [95]. There is practically no
expression of attraction forces in high-frequency spectra of
the VACFM. The deviation of m from 12 in a wide range of
temperatures and pressures is discussed, in particular, in
Refs [96±100].

In this respect, the process of collisions betweenmolecules
in liquids can be viewed as a composition of 1) sequential hard
collisions between pairs ofmolecules and 2) soft collisions of a
multiparticle nature caused mainly by attraction forces. The
duration of this collisional component is characterized by the

time

ts � s
VT
� 10ÿ12 s :

The hard component of collisions is present only if there is
direct contact between molecules, which has, as a rule, a pair
character, and its duration th turns out to be much shorter
than ts (see [95]):

th � 1

m
ts :

The notions of hard and soft collisions in liquids are also
used in Refs [101, 102] when constructing the Rice±Allnatt
kinetic equation. Namely these components of collisions
define the high-frequency asymptotic form of not only the
VACF spectra but also other correlation functions.

It is noteworthy that the analysis of high-frequency
spectra for molecular light scattering is the most straightfor-
ward method of finding the repulsion power-law index m
[94, 95, 103±105].

7. Finding self-diffusion
and shear viscosity coefécients in liquids

The adequacy of modeling the VACF using molecular
dynamics methods is attested to by comparing the values for
the coefficients of self-diffusion Ds and shear viscosity n with
experimental data.

7.1 Coefficients of self-diffusion and shear viscosity
The self-diffusion coefficient is defined by the equation

D �f�s � 1

3

�1
0

fMD
V �t� dt �50�

or the relationship

D �G�s �
�
GMD�t�

6t

�����
t!1

; �51�

where fMD
V �t� and GMD�t� are the values of the VACF and

mean square displacement for a molecule found in computer
simulations. It is supposed that the degree to which the thus
found coefficients of self-diffusion agree between themselves
and with the related experimental data,

D �f�s ; D �G�s � D exp
s ;

is one of the crucial factors in favor of the correctness of the
method used by us to compute them.

The value of shear viscosity n can be found from the long-
term asymptotic form of the VACFM,

fMD
V �t���

t!1 �
AMD

t

t 2=3
� . . . ;

with the coefficientA given by relationship (2). It follows that

nMD
t � 1

p

�
kBT

4rAMD
t

�2=3

: �52�

A more advantageous approach, however, lies in determin-
ing shear viscosity from the explicit form of the low-
frequency asymptotic form of the VACF spectral density.
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This is explained by the fact that random short-period
pulsations of the temporal dependence in the region of the
VACF power-law tail are cut off by the Fourier transform
at low frequencies. Taking into account that fV�o � 0� �
3Ds, and also that the main contribution in the spectral
density of the VACFM to the lowest frequencies comes
from the vortical modes, we find

fV�o�
��
o!0
� 3Ds ÿ B

����
o
p � . . . ; �53�

where the coefficient B is defined by the values of low-
frequency spectral density fMD

V �o�. Then,

nMD
o � 1

p

�
kBT

4rAMD
o

�2=3

; �54�

where AMD
o � B=�21=2p�. The validity of the relationship

nMD
t ; nMD

o � nexp

is the second important indicator of the correctness of our
computations.

Numerical values of the self-diffusion and shear viscosity
coefficients computed by formulas (50), (51), and (54)
respectively, are listed in Tables 6 and 7.

As can be seen, the agreement between the computed and
experimental data for argon is highly satisfactory. The
closeness of the values of nMD

o and nexp explicitly attests to
the hydrodynamic nature of the power-law tail of the
VACFM.

In the case of water (Table 8), the agreement between our
computations and experimental values is notably worse,
which in all probability is related to the fact that long-time
tails of the VACFM are prominent enough only at times t in
excess of the dynamical memory time td of MD computa-
tions.

7.2 Locations of spinodals and binodals of argon
and water
There is one surprising feature intrinsic to the temperature
dependences of profiles of the VACFM on isochores: the
related self-diffusion coefficients D

�f�
s �T �, considered as

functions of temperature on different isochores, change their
slope at spinodal and binodal points. This effect is most
apparent at spinodal points (Fig. 15).

A similar picture is observed for all other isochores. The
degree of closeness of the argon spinodal found in this way in
Ref. [92] to its positions found in Refs [90, 91] is illustrated in
Fig. 8.

We note that the change in the slope of temperature
dependences D

�f�
s �T � at spinodal points is explained natu-

rally by 1) the formation of bubbles of the vapor phase and
2) the densification of the liquid phase, which is accompanied
by a decrease in the self-diffusion coefficient of water
molecules (see [92] for details). The higher the degree of
instability, the faster bubbles form in the system, i.e., in
system states under the spinodal, they form substantially

Table 6. Values of self-diffusion coefficient of argon molecules computed
by formulas (50) and (51).

T, K r exp
Ar ,

g cmÿ3
D exp

Ar ,
10ÿ5 cm2 sÿ1

DMD
Ar ,

10ÿ5 cm2 sÿ1

(50)

DMD
Ar ,

10ÿ5 cm2 sÿ1

(51)

90
100
110
120
130
140
150

1.379
1.314
1.243
1.163
1.068
0.944
0.68

2.36
3.52
4.85
6.02
7.43
8.82
ì

2.31
3.62
4.72
6.11
7.44
8.95

12.37

2.304
3.59
4.79
6.065
7.48
9.01
12.45

Table 7. Values of kinematic shear viscosity of argon computed by
formula (54).

T, K nMD
o ,

10ÿ3 cm2 sÿ1
nexp,

10ÿ3 cm2 sÿ1

[75]

en

90
100
110
120
130
140
150

3.2
2.1
1.46
0.964
0.88
0.674
ì

1.903
1.4
1.1
0.937
0.878
0.648
0.519

0.71
0.5
0.33
0.21
0.13
0.09
ì

Table 8. Values of kinematic shear viscosity of water computed by
formula (54).

T, K no,
10ÿ3 cm2 sÿ1

nexp,
10ÿ3 cm2 sÿ1

[75]

en

274
300
350
380
450
480
550

13.7
7.61
3.41
2.6
ì
1.2
1.3

17.4
8.53
3.8
2.8
ì
1.51
1.253

0.21
0.2
0.1
0.06
ì
0.22
0.02

b
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Figure 15. Temperature dependence of self-diffusion coefficient of argon

on the isochores r � 0:837 g cmÿ3 (a) and r � 1:37 g cmÿ3 (b).
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faster than in its metastable states. This is why a numerical
experiment to find the binodal must be considerably longer,
and the size of the particle ensemble in the cell must be
sufficiently large.

To make the detection of the binodal position more
efficient, it is desirable to introduce weak external perturba-
tions into the modeling process of the VACF of argon
molecules, or, in other words, to destroy the symmetry
spontaneously. Such external actions include: 1) short-term
contact with a perturbed twin system; 2) short-term stretching
of a group ofmolecules close to one of the cell faces; 3) a small
change in the coordinates or momenta of some group of
molecules. None of these actions distort the behavior of the
VACFM for stable argon states (Fig. 16a). If the state moves
along the isochore into the region of metastable and
absolutely unstable states, the distinctions between the
equilibrium and `perturbed' VACFs (the blue and red lines,
respectively, in Fig. 16) become visible only for temperatures
T4Tbinodal (Fig. 16b). Deeper in the region of metastable
states, the distinctions between the equilibrium and `per-
turbed' VACFs become more significant and reach a
maximum in the vicinity of the spinodal (Fig. 16c). The
lowering of temperature in the region under the spinodal is
accompanied by a reduction in the difference between
temporal dependences of equilibrium and `perturbed'
VACFs (Fig. 16d). Making use of the Green±Kubo relation-
ships connecting the VACFwith the self-diffusion coefficient,
the temperature dependence of D

�f�
s �T � is obtained for a

perturbed ensemble on the isochore r � 1:37 g cmÿ3

(Fig. 15b). The points where the slope of D
�f�
s �T � changes

coincide with the upper and lower boundaries of metastable
states �T1;T2� (Fig. 15b).

The value of T1 proves to be close to the binodal
temperature Tb for a given density, and T2 proves to be
close to the spinodal temperatureTs. Themore prominent the
change in the slope of the temperature dependence ofD

�f�
s �T �

in the vicinity of the binodal, the further the isochore being
studied is located from the critical isochore.

The temperature dependence of the self-diffusion coeffi-
cient in water behaves similarly. The temperatures of water
spinodals and binodals found in this way on a set of isochores
are presented in Table 9.

8. Similarity relations

In this section, we present the results obtained using similarity
relations for the coefficients of self-diffusion and kinematic
shear viscosity, and also for the MRT. The use of similarity
relations for low-molecular liquids with spherical molecules,
as in argon, is well accepted [107, 108]. This is why our main
attention will be focused on liquids with dumbbell-shaped
molecules such as in nitrogen, disk-shaped molecules as in
benzene, and with hydrogen bonds similar to those formed
between water molecules. We need to stress that this set of
problems is tightly connected to the formation of universal
tails in the VACF of molecules.
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Figure 16. (Color online.) VACF of an argon molecule obtained with the help of equilibrium MD modeling (blue curve) and the VACF of an argon

molecule additionally subjected to an instantaneous perturbation (red curve) on the isochore r � 1:37 g cmÿ3 for T � 100 K (a), T � 80 K (b),

T � 60 K (c), and T � 30 K (d).

Table 9. Temperatures of binodal and spinodal of water.

r, g cmÿ3 Tb, K
[106]

TMD
b , K Ts, K

[106]
TMD
s , K

0.65
0.75
0.79

620
565
558

605
560
530

525
447
443

550
470
423
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A key factor enabling the use of similarity relations for
liquids with nonspherical molecules is their thermal rotation,
which leads to self-averaging of intermolecular potentials and
the formation of mean interaction potentials that are argon-
like [83]. In this respect, we add that the description of the
state of low-molecular liquids with the help of the Van der
Waals equation is only possible because they are defined with
a quite satisfactory accuracy by angular-mean interaction
potentials that are close to the Lennard-Jones potential in
their structure. As applied to liquid nitrogen and benzene, this
question is discussed in Refs [83, 109], and for water and
alcohols in Ref. [110].

In agreement with this, all kinematic coefficients men-
tioned above should satisfy the following similarity relations:

Di�Ti� � si
sAr

�
ei
eAr

mAr

mi

�1=2

DAr�TAr� ;

ni�Ti� � si
sAr

�
ei
eAr

mAr

mi

�1=2

nAr�TAr� ; �55�

Ti � ei
eAr

TAr ; i � Kr ;N2 ;C6H6 ;H2O ; . . . :

Here, eAr and sAr are the parameters of the Lennard-Jones
potential for argon and ei and si are the parameters of
effective Lennard-Jones potentials for nonspherical mole-
cules. The effective interaction potentials Ua�r� arise after
averaging of microscopic potentials U�r;G1;G2� over the
angular variables Gi; i � 1; 2,

1

G 2

�
G

�
G
exp

�
ÿU�r;G1;G2�

kBT

�
dG1dG2 � exp

�
ÿUa�r�

kBT

�
;

�56�

with G the volume of phase space that corresponds to
variables Gi. Such a definition of effective potential ensures
the conservation of the second virial coefficient. The angle-
averaged interaction potential Ua�r� can be rather satisfacto-
rily approximated by a function with the structure of the
Lennard-Jones potential.

In particular, for N2 and O2 the parameters of effective
potentials take the following values [83]:

mN2
� 24 ; eN2

� 95:05 ; sN2
� 3:698 ;

mO2
� 32 ; eO2

� 117:5 ; sO2
� 3:58 :

For water, the values of ew and sw that correspond to various
SPC-type model interaction potentials are compiled in
Table 10.

Figure 17 plots the dependences of the dimensionless
coefficient of kinematic shear viscosity ~ni � �mi=�s 2

i ei��1=2ni
on the dimensionless temperature ~Ti � T=ei for atomic
liquids, in which case the similarity relations hold with high
accuracy, as repeatedly mentioned in [13, 107]. The degree of
agreement with similarity relations for liquids with dumbbell-
shaped molecules (see Fig. 17) is somewhat reduced. For the
vicinities of their triple points, it is naturally related to the
weak influence of angular correlations.

Somewhat unexpected is the observation that the values
of kinematic shear viscosity and the self-diffusion coefficient
for water molecules also vary on their existence curves
similarly to those for argon [84]. In fact, this implies that
the temperature dependences of n andDs for water, as well as
for argon, have nothing in common with the activation

mechanism of thermal motion [111, 112]. Furthermore, a
careful modeling of thermal motion of ions in crystalline iron
in the work by Belonozhko [113] indicated that activation
jumps are also absent in solids. Transitions of ions from
node to node happen not as a jump, but through joint
displacements of no fewer than 5±6 ions, i.e., collective
mixing of the same type as described in Refs [41, 109] is
taking place.

9. Conclusions

Summarizing the research on collective transport in liquids
performed after the publication of the seminal work by
I Z Fisher, we note that during this time:

(1) a consistent theory of thermal hydrodynamic fluctua-
tions for Lagrangian variables of hydrodynamics was created
[27±30, 40±49];

(2) based on this theory, explicit expressions were
obtained for collective contributions in coefficients of self-
diffusion and rotational diffusion of molecules of liquids;

(3) methods to determine theMaxwell relaxation time for
viscous stresses in liquids were developed, and general
limitations imposed on the MRT were formulated;

(4) a model-less method to estimate the relative value of
the collective component in the self-diffusion coefficient was
proposed;

(5) a general method to scan the collective drift of
molecules in liquids was proposed that relies on studying the
temperature dependence of the effective hydrodynamic
radius of molecules;

(6) these results were generalized to the case of two-
dimensional systems.

Additionally, based on an analysis of the long-term
asymptotic decay of the VACFM:

(1) one more method was developed to determine shear
viscosity in liquids and solutions, which complements the
fundamental Green±Kubo methods [62, 63];

Ar
O2

N2

4

~n

3

2

1

0
0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3

~T

Figure 17.Dependence of ~ni on dimensionless temperature for Ar, N2, and

O2 on their existence curves. The curves correspond to experimental data

from Ref. [75], the symbols are the values computed by (55).

Table 10. Parameters of the Lennard-Jones potential that correspond to
various model potentials for water molecules � [83].

SPC SPC/E TIPS TIP3P SPCM TIPSM BM BCM

ew
sw

1.43
2.78

1.42
2.78

1.42
2.77

1.42
2.77

1.42
2.77

1.42
2.75

1.43
2.94

1.42
2.93

� The quantity ew is presented in dimensionless form ew � ewa =�kBTw
tr �.
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(2) it was found that the VACF of molecules of liquids
demonstrates two types of universal behavior: a power-law
long-term asymptotic form and exponential decay of its
spectrum at sufficiently high frequencies;

(3) similarity relations for temperature dependences of
basic kinetic coefficients were generalized for practically all
low-molecular liquids, including water. It relies on using
parameters of averaged intermolecular interaction potentials.

With the help of molecular dynamics methods:
(1) the Maxwell relaxation time for viscous stresses was

determined. It was shown that only in the temperature range
Ttr < T < T�, noticeably narrower �T� < Tc� than the exis-
tence range of the system liquid state, the MRT satisfies all
necessary limitations;

(2) it was found that the relative value of collective
contributions in the self-diffusion coefficient in various
liquids increases with temperature and reaches 25%;

(3) it was shown that the characteristic functions con-
structed on the basis of molecule mean square displacement
reach a plateau, which is a weighty argument for the existence
of collective transport in fluids;

(4) it was demonstrated that it is possible to determine the
leading power-law index of the repulsing component of the
intermolecular interaction potential based on an analysis of
high-frequency spectra of the VACFM.

The existence of vortex motions in a molecular system is
explicitly demonstrated in Refs [114±119]. Reference [118]
shows that the velocity field u�r; t�, which is obtained by
averaging velocities of molecules over the volume of a liquid
particle,

u�r; t� � 1

N�r�
XN�r�
i�1

Vi�t� ;

has a manifest vortical structure (here, Vi�t� is the velocity of
the i-th molecule and N�r� is the number of molecules in the
volume of a liquid particle embracing the point r). Unfortu-
nately, a similarly transparent indication has thus far been
missing for the potential component in the velocity field
u�r; t�.

A series of studies [120±122] belonging to the same
authors explores the character of mutual divergence of two
particles that were initially at the distance r12�0� from each
other. It is shown that themean square distance between these
particles G12�t� � h�r2�t� ÿ r1�t��2i stays practically without
change for about 60 ps if their initial distance r12�0� does not
exceed 5±6 mean distances a between the particles. If
r12�0�4 �5ÿ6�a, then G12�t� increases practically from the
very beginning, following the self-diffusion law,

G12�t� � r 212�0� � 12Dst ;

which corresponds to an independent distancing of molecules
from each other. Based on these results, the authors of
Refs [120±122] conclude that 1) the appropriate radius of a
Lagrangian particle r� should be approximately
r� � �1=2�r12�0� � �2:5ÿ3�a; 2) and its lifetime tL � 60 ps.
We note that the lifetime of a liquid particle estimated as the
time of its disintegration due to self-diffusion processes,

tL � r 2�
12Ds

� 102 ps ;

has the same order of magnitude for r��0� � �5ÿ6�a. These
estimates are in quite satisfactory qualitative agreement with

those obtained by us in the framework of the Lagrangian
theory of thermal hydrodynamic fluctuations.

It is desirable to complement the universal character of the
long-term asymptotic form of the VACF of molecules by
mentioning the universality of the behavior of their spectral
asymptotic form, which decays exponentially. In their
formation, an important role is played by the notion of the
hard component of collision between molecules defined by
the repulsion forces. This component differs substantially
from the more common component of the soft collision,
which has a multiparticle nature in liquids and is governed
mainly by intermolecular attraction forces. Since the repul-
sion forces are short-range, one may speculate about the
sequence of hard binary collisions even in liquids, which lies at
the core of their relatively simple description. This circum-
stance was first used in Ref. [102] and then substantially
extended in Ref. [94] (see also [95]). Exponential high-
frequency asymptotic forms are also intrinsic to the spectra
of correlation functions which describe molecular light
scattering in simple liquids [103±105, 123]. From an analysis
of these asymptotic forms, it follows that, in addition to the
commonly known contribution to the repulsion potential in
atomic liquids,

UR�r� � e
�
s
r

�12

;

the expansion of UR�r� in powers of �s=r�m also includes
terms among which the contribution with m � 28 dominates
at small distances between particles [103±105]. This result is
also confirmed by analyses of the equation of state of liquids
at high pressure, exemplified by the Tate equation [124]. Only
in the vicinity of triple points of liquids does m � 12 (see
Refs [125±127]).

We stress that the values of reduced energyE (see Refs [94,
95]) satisfying the inequality E4 kBT correspond to suffi-
ciently large frequency shifts in light molecular scattering
(LMS) spectra. The most substantial changes in velocity and
acceleration of a particle with reduced mass take place in a
small narrow vicinity of the stop point, where the main role is
played by the leading contribution to the repulsion potential.
The high-frequency asymptotic forms of LMS spectra for this
reason are some of the most efficient means to scan leading
contributions in repulsing components of interaction poten-
tials.

Appendix 1. Details of computer modeling
of the velocity autocorrelation function
for argon and water molecules

We briefly describe specific details related to modeling the
temporal behavior of the VACF for argon and water
molecules by molecular dynamics methods.

In the majority of situations, where the reconstruction of
the VACF temporal profile for argon molecules was needed,
we used an ensemble comprising 106 molecules (further
referred to as a small ensemble) which interact among
themselves through the Lennard-Jones potential

U�r� � 4e
��

s
r

�12

ÿ
�
s
r

�6 �
with the parameters s � 0:3409 nm and e=kB � 120:04 K
[128].

February 2021 Collective contributions to self-diffusion in liquids 171



An especially large ensemble of molecules, including
27� 106 particles, was only employed to study the long-time
tails of the VACF of argon molecules in the low-frequency
part of its spectrum.

Modeling was carried out with the help of the software
package GROMACS 5.1 (GROningen Machine for Chemi-
cal Simulations 5.1) [129±131]. To integrate motion equations
numerically, the fast Verlet algorithm was used [131]. In all
computations, the integration time step did not exceed
4� 10ÿ16 s.

Particles fill a cell that provides a given system density.
The dynamics inside the cell are subject to periodic boundary
conditions. The linear cell size le is substantially larger than
twice the radius rI of intermolecular interactions, le 4 2rI.
The size of the ensemble to be modeled was selected so that
the period tc � le=cl (cl is the longitudinal sound speed in the
system) of the largest scale acoustic oscillations always
exceeded the characteristic time ts of correlations studied
through simulations (ts < tc). The maximum radius of
intermolecular interactions was taken to be equal to rI � 9s.
The equilibrium values of pressure and density at a given
density and temperature were in correspondence with the
experimental equation of state of the system; the values of
self-diffusion coefficients found from the analysis of theMSD
of a molecule and by integration of the VACF are equal to
each other.

Attention should be drawn to the fact that some of the
conclusions formulated above are based on the analysis of
long-term tails of the VACFM and low-frequency VACF
spectra, which implies modeling the system behavior at
times of the order of 20 ps. In this respect, it is particularly
important to bring the properties of the model system into
agreement with those that follow from the equation of
state.

At its initial stage, the model system is an NVE-ensemble
that relaxes to an equilibrium state. A quasistationary value
of temperature is established in the system, which differs
notably from the one given initially. The value of pressure is
also substantially different from the experimental one. To
bring the pressure to correct values, the NVE-ensemble
obtained during the previous modeling stage is employed as
an initial configuration of an NPT-ensemble using a chain of
Nos�e±Hoover thermostats [132, 133] and a Martyna±Tuker-
man±Tobias±Klein barostat [134, 135]. To exclude substan-
tial pressure fluctuations in the system, a large adaptation
time is taken [131]. As a result, the model pressure and
temperature slowly return to the required experimental
values. Owing to the process substantial duration, the spatial
distribution and the distribution of molecules over velocities
stay mutually consistent, whereby large fluctuations are
excluded in the system potential energy. On achieving the
required values of pressure and temperature, the system
density deviates but little from the experimental value. For
instance, for T � 100 K, the experimental density is
r � 1:314 g cmÿ3, whereas the respective model value is
r � 1:321 g cmÿ3. As a result, the density of molecules at a
given pressure and temperature deviates from the experi-
mental one by less than 1%.

The final modeling stage is used to reconstruct the
temporal profile of the VACFM. The NPT-ensemble equili-
brated as described above is taken as an initial configuration
to model the equilibrium molecular dynamics of an NVE-
ensemble. The simulated model trajectories (evolving velo-
cities and coordinates of ensemble particles) were stored every

tenth step. To reconstruct the VACF, a set of at least
23,000 frames was used. The temporal window to compute
the VACF (and the number of frames, respectively) were
selected so as not to exceed the period of the largest-scale
acoustic oscillations in the ensemble being studied. Why this
is important is explained, for example, in Ref. [136]. Each
dependence f�t� used in the work is a result of averaging over
six independent sets of MD trajectories.

To construct the VACF profile for water, an ensemble
comprising 106 molecules was taken. The interaction between
molecules was described in the framework of the four-point
model TIP4P and the four-point elastic model TIP4P/F [137],
which allows excitation of internal molecular oscillations (the
distances rOH between the oxygen and hydrogen ions and the
angle formed by the bonds between O and H). As in the case
of argon, the GROMACS 5.1 software package was used
with an integrated amber99sb-ilbn force field, which natu-
rally supports bothmodelsmentioned above [131]. The values
of parameters for the potential TIP4P/F are given in Table 11.

The dynamic memory time td [136, 138] is 21 ps. This
implies that all the conclusions drawn from the analysis of the
VACF temporal profile modeled at times t < td can be
considered physically grounded.

The relative error e of MD simulations is given by the
relationship

e � 2average

� jfi�t� ÿ fj�t�j
jfi�t� � fj�t�j

�
;

where averaging is carried out over all pairs i and j of various
initial configurations. At large times, the VACF decays
according to the known power law, which causes an increase
in its relative error. For instance, in the time interval 3±6 ps,
the mean relative error is e � 0:081, but it reaches the value
e � 0:237 in the interval 10±15 ps. To smooth noise coming
from the limited size of the ensemble studied, a Savitzki±
Golay spline-filter [139] is used.

Appendix 2. Manifestations of dimer oscillations
in the velocity autocorrelation function
of the water molecule

The water dimer has six degrees of freedom, of which five
correspond to the change in the orientation of water
molecules, and the sixth one corresponds to the change in
the distance between the centers of mass of themolecules. The
appearance of the fine structure in the spectral density of the
VACFM is related precisely to this degree of freedom.

Dimensionless frequencies of normal oscillations of an
isolated dimer ~ok � ok=o0, o0 � 1013 sÿ1, k � 1; 2; . . . ; 6;
are given in Table 12 [44].

Table 11. Values of parameters of the potential TIP4P/F [137].

Parameter Value

e
s, �A

qH=e

Dr, kJ molÿ1

r0, �A

b, nmÿ1

y0, degree
Ky, kJ molÿ1 radÿ2

93.2kB
3.1644
0.5564

432.58
0.9419
22.81

107.4
367.81

172 N P Malomuzh, K S Shakun Physics ±Uspekhi 64 (2)



The normal coordinate that corresponds to oscillations in
the distance between molecules in the dimer is denoted by the
symbol N1. We compare its oscillation frequency with the
position ~op of the small peak in Fig. 12. It can be seen that its
frequency ~op � 4:2 practically coincides with the frequency
of longitudinal oscillations of the isolated dimer.

From the temperature dependence of the dimer oscillation
amplitude hD�T � (Fig. 18), it follows that dimer longitudinal
oscillations can be reliably recorded for temperatures
T < TD, where TD � 450 K.
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